Integrals

BASIC @

1. Antiderivative (or Primitive): A function ¢(x) is said to be antiderivative or primitive of a function
o ) d
f2) it ¢'(x) = flx) ie., ()} = f(x).

2
For example, *_ is primitive or antiderivative of x because
2

d x2>_l 3
dx( =—-2x=x

2 2
2

Similarly, ;_x<x7 + 1) = %.Zx +0=x
2

Similarly, %(% + c) = %.Zx +0=x

In this way, we see that a function has infinitely many antiderivatives or primitives.

i.e., if §(x) be an antiderivative of f(x), then ¢(x) + C is also antiderivative of f(x), where C is any
constant.

Because, )+l =0 +0= () =)
Indefinite Integrals: If f(x) is a function, then the family of all its antiderivatives is called Indefinite
Integral of f(x). It is represented by [ f(x)dx (read as indefinite integral of f(x) with respect to x)

.X'3 4

For example, fxzdx =5 +C; fx3dx = % +C

Why is it called Indefinite Integral?

It is called indefinite because it is not unique. Actually there exist infinitely many integrals of each function,
which can be obtained by choosing C arbitrarily from the set of real numbers.

2. Some Standard Integrals:

n+1

. n X . dx

(i) [x dx=-—=+Cln#-1) (i) [ =log|x|+C
(iiiy [dx=x+C (iv) [cosxdx=sinx+C
(v) [sinxdx=-cosx+C (vi) [sec’x dx =tanx +C
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(vii) [cosec®x dx =—cotx+C (viii) [secxtanx dx =secx+C

(ix) [cosecxcotx dx = —cosecx +C (x) [e“dx=e"+C
. v, _a*
(xi) [a dx_—loga +C
.. 1 . -1 dx . 1(X
xii) (a dx=sin"x+C b ———=sin" (- )+C
( ) ( ) fﬂ ( ) J. gz_xz ([,Z)
1 -1 1 1 1(X
dx =1 +C b ———dx ="t —)+C
(xiii) (a) f1+x2 X =tan " x (b) fa2+x2 x = tan <a>
(xiv) fxxlﬁdx =gecix+C (xv) f—xxl—z_ldx = cosec ' x+C
. 1 1 _1( X .. 1 1 (X
xvi) |- dx=—cot | )+C Xvii —F———dx=—sec (- )+C
(i) [~ —dr = geot(g) (coid) [ o dx = e (3)
1 1 (X
(co) [ o= oosec” (3 )+ €

. Methods of Integration: It is not possible to integrate each integral with the help of following
methods but a large number of various problems can be solved by these methods. So, we have the
following methods of integration:

(i) Integration by Substitution.
(ii) Integration by Parts.
(iii) Integration of Rational Algebraic Functions by Using Partial Fractions.

. Integration by Substitution: The method of evaluating integrals of a function by suitable
substitution is called Integration by substitution.

We therefore give some of the fundamental integrals when x is replaced by ax + b.

Wi Y (ax+b)""! c . i L B L4 C
+ = - == +b) |+
(1) J(ax+Db)"dx A+ 1) N F# (i1) et p X =g log | (ax +b) |
(i) [e™ "y = eV +C (o) [ dx=L T Ca>0andaz1
a b loga !
() fsin(ax+b)dx=—%cos(ax+b)+C (vi) fcos(ax+b)dx=%sin(ax+b)+C
(vii) [sec(ax+b)dx = ~tan(ax+b)+C  (viii) [ cosec?(ax +b)dx = —=cot (ax +b) + C

(i) [ sec(ax + b)tan (ax + bydx = +sec(ax +b) +C

(x) [cosec(ax +b) cot(ax + b)dx = —%cosec (ax+b)+C

(xi) [tan(ax +b)dx = —%log | cos(ax +b) |+ C (xii) [cot(ax+Db)dx = %log | sin(ax+b) |+C

5. More standard results:

[tanx dx = -log | cosx |+ C =1log | secx |+ C, provided x is not an odd multiple of %

[ cotx dx =log | sinx |+C
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fsecx dx = log|secx + tanx |+ C = log tan<%+%> +C
[ cosec x dx = log | cosec x - cotx |+C = log tan% +C

6. Integration by Parts: To integrate the product of two functions, we use integration by parts. The
method is as given below:

Let u and v be two functions of x then
[uvdx=ufvdx- f{;l—zfv dx}dx

Note:

(i) To integrate the product of two functions we choose the 1st function according to word ILATE, where
I stands for inverse function, L stands for logarithmic function, A stands for the algebraic functions,
T stands for trigonometrical function and E stands for exponential function.

(ii) If the integrand has only one function then unity, i.e., 1 is taken to be the second function.

(iii) Integration by parts is not applicable to product of functions in all cases. For example, the method does

1
not work for f— sinx dx . The reason is that there does not exist any function whose derivative is

1
X .sinx.

(iv) Observe that while finding the integral of the second function, we do not add a constant of integration on
both the sides.

7. Results of Some Special Integrals:

X 1 X
== =+
;=g tan” C

21710g|§12 ‘+C;

x+\/x2+a2

+C or log | x+yx*+a® [+C

dx = log

(iti) f\/Tx
(iv) fﬁdx-log +Corlog | x+y/x2—a® |+C

() <a)fﬁdx in” T +C; () [Va?-Pdx=7 m+§sm1;+c
(0i) fmdx——m —1og|x+m|+c

2
(vii) [va*+x*dx = %\/a2+x2 +%log | x+yx?+a® |+C
Theorem 1. The indefinite integral of an algebraic sum of two or more functions is equal to the algebraic sum
of their integrals,
Le., [1F) + g()dx = [ flx)dax + [ g (x)dx
Theorem 2. A constant term may be taken outside from the integral sign i.e., if k is a constant then

[k f(x)ydx = k[ f(x)dx

S
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Theorem 3. If the numerator in an integral is the exact derivative of denominator, then its integral is
logarithmic of denominator,

‘ f'(x)dx
ie., [———
fx)
Theorem 4. To integrate a function whose numerator is unity and denominator is a homogeneous function
of 1% degree in cos x and sin x i.e., the integrals of these forms:
f dx J‘ dx f dx f dx J‘ dx

a+bcosx’ asinx+b’’ a+bsinx’’ acosx+bsinx’” asinx + bcosx

= log | f(x) |+C

i.e., when integrand is a rational function of sin x and cos x.
To find these, we can use following substitution.

(i) By putting a = r cos a, b = r sin a respectively according to question

OR
2tan% (1 — tan? %)
(i) By putting sinx = T xCosX T
1+tan 5 (1+tan E)

i:
2

Theorem 5. To integrate a function whose numerator is 1 and denominator is a homogeneous function of the
second degree in cos x and sin x or both, i.e.,

dx dx dx dx dx
. 4 . 4 ’ 7 .
a+bsin®x” asin®x+b"" acos’x+b " a+bcos’x” a’sin’x + b*cos’x

and putting tan t and then simplify.

To evaluate such type of integrals we proceed as follows:
(1) Divide the numerator and denominator by cos” x and then

(if) Putting tan x = z or cot x = z and then simplify.
Theorem 6. Integrals of the type [e/@ £ (x)dx, [ ' (x)cos[f(x)]dx, [ sin[f(x)]f (x)dx,
[log[fIf (¥)dx.

To evaluate these type of integrals, put f(x) =t so that f '(x) dx = dt and then integral converts to the standard
forms for which the integrals are known.

Note:If the integrand is a rational function of ¢*, then it always needs a replacement as the differentiation
and integration of ¢" is the same.
Thus, if on substituting denominator = ¢, the derivative of denominator is not present in the
problem, then we need to generate it by multiplying and dividing by a suitable term containing the
exponential function in numerator and denominator.

P(x)

Q(x)

where P(x) and Q(x) are polynomials in x. If the degree of P(x) is less than degree of Q(x) then it is
said to be Proper, otherwise it is called an Improper Rational Function.

8. Rational function: Rational function is defined as the ratio of two polynomials in the form of

P(x
Thus if Q((x; is improper, then by long division method it can be reduced to proper function i.e.,
PO _ 1oy hto T(x) is a function of PRl tional function. Such
=T(x)*+ =, , where T(x) is a function of xan is a proper rational function. Suc
Q) Q) Q) PP

fractions can be evaluated by breaking in factors given as follows:
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S.No. Form of the rational function Form of the partial fraction

px+q A B

1. —_—

(x—zz)(x—b)’u#b (x—a)+(x—b)

5 px+q A N B
(x — a)? (x-a)  (x-a)?

N p’taxtr A, B _ C
(x—a)(x-b)(x-c) (x-a) (x-b) (x-0¢)
px’+gx+r A B C

4 | _)+ — D)

(x —a)*(x - b) (x-a) -2
px’+gx+r A , B ___C D
(x—a)’(x - b) (x-a) x-a)? @x-a® =D
2
x“+gx+r

6. s 211 A4 2Bx+C _where x>+ bx + ¢ cannot be factored further.

(x —a)(x*+bx +c) (x-a) xX’+bx+c

The constants A, B, C, etc. are obtained by equating coefficient of like terms from both sides or by
substituting any value for x on both sides.

To find the integral of the form f — dx , We write
ax“+bx+c
2 2
ax>*+bx+c=a x2+%x+% =a (x+%) +(Z—faz)

2

Now putting x + % =t so that dx = dt. Therefore, writing % - % =k, and find the integral of
a

reduced form 7f% .
la|” (££2£k)
x +
9. Integrals of the form |[ zpiqu
ax“+bx+c

Step I. The numerator px + q is written in the form
d 2
+g=A—(@ax"+bx+c)+
px+q A'dx (ax“+bx+c)+B
= px+q=AQax+Db)+B
Step II. The value of A and B is obtained by equating the coefficients in the above equation.
Step III. (px + q) is replaced by A(2ax + b) + B and we write the given integral as
(px+4q) A(2ax+b)+B
5 dx = 5 d
ax“+bx+c ax“+bx+c
pxtq

10. Integrals of the form | %
ax"+bx+c

Step I. The numerator px + g is written in the form

X

dx.

px+q =A;—x(ax2+bx+c)+B
= px+q=AQax+Db)+B
Step II. The values of A and B are obtained by equating the coeffcients in the above equation.

Step IIL. (px + q) is replaced by A (2ax + b) + B in given integration as

(px+q) A{(2ax+b)+B
Prra dx = (2ax +b) }dx and then solved.

Vax*+bx+c Vax*+bx+c
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11.

12.

13.

()
Integration of the form | 2 ) dx , where p(x) and g(x) are polynomials such that

degree of p(x) > degree g(x).
Step L. p(x) is divided by g(x) and it is written as

p(x) R(x) . . . . . .
7(x) =Q(x)+ ﬁ, where Q(x) is quotient polynomial and R(x) is remainder polynomial.
Step II. ZE;C; is replaced by (Q(x) ())) sf P( )d = f(Q(x)) (( )))dx and then solved.

Integral of the form |[sin™x.cos" x dx
(i) If the exponent of sin x is an odd positive integer, then put cos x = ¢.

(ii) If the exponent of cos x is an odd integer, then put sin x = ¢.

[ () +f () dx = f(x) "+ C

Definition: If F(x) is the integral of f(x) over the interval [a, U], i.e., | f(x)dx = F(x) then the definite

b
integral of f(x) over the interval [a, b] is denoted by | f(x) is defined as

b
[ f(x)dx = F (b) - F(a)

where ‘a’ is called the lower limit and 'b’ is called the upper limit of integration and the interval [a, b] is called
the interval of integration.

Integration as a Limit of Sum: If a function f(x) is continuous in an interval [a, b] then it is integrable on
that interval.

Therefore, we have f f(x)dx = lim$§, .

Or, j f(x)dx = imh[f(a) +f(a+h)+fla+2h) + ...+ fa+n—1h)]

lim$ = hmh[f(a +fa+h)+fla+2h)+..+fa+n-1h)]
Since when 1 — o, i.e., number of intervals is very large, then the width of the interval is very small
which implies that h — 0, so that nh = b —a is a constant.

Some Useful Results: The following results will be useful in evaluating the definite integrals as the

limit of sum.
nn-1)
2

(@) Ym-1)=1+2+3+...+(n-1)=
nn-1)2n-1)
6

n(n-1) >
)

() S(n-1)>=12+22+3%+ .. +(n-1)%=

(iif) z(n—1)3=13+23+33+...+(n—1)3=(

(iv) a+ar+ar2+...+ar"‘1=a<r | )(1fr>1)or a(ll 4 )(1fr<l)
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. { (n—l)h} . nh
sinya + 5 sm7
(v) sina+sin(a+h)+sin(a+2h)+..+sin{fa+(n-1)h} =
sin—+-
2
{ (”—1)}1} . nh
cosya + 7 s1r17
(vi) cosa+ cos(a+h)+cos(a+2h)+..+cos{a+(n—-1)h} = N
Sinz

4. Fundamental Properties of Definite Integrals: There are certain properties of definite integrals
which can be used while solving the definite integral.

(i) fh fx)dx = fb f(z)dz (Change of variable)
(i) fb fx)dx=— bf fx)dx (Inter change the limits)
(i) f fx) dx = f fx)dx+ fb f(x)dx, where a <c<b (Change the limits)

(iv) (a) Off(x)dx=0ff(a-x)dx ®) afbf(x)dx=afbf(a+b—x)dx

) j Ax)dx = Oj Ax)dx + Oj A(2a - x)dx, then following cases will occur:

(@) j“f(x>dx=z | g, i fea- =) 0f“f<x)dx= 0, if f(2a-x) = - f(v)
o) [ feors=n [ )i £3)= o)
(vii) (a) i Ax)dx =2 Of A(x)dx , if fis an even function, i.c., fl- x) = f(x)

(b) fa f(x)dx =0, if fis an odd function, i.e., f (—x) = — f(x)

Selected NCERT Questions A

dx
1. Find .
in fx—\/;
dx dx
Sol. I= =
o = T e
1
Let yx-1=t = mdx=dt
dx
— =2t
R

dt
1= 2f7=2log|t|+c=21og|ﬁ-1|+c
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Sol.

Sol.

Sol.

Sol.

Sol.

Sol.

2x —2x
e —e
Find: | ———-d
in fez"+e‘2" X
dt
Put (¢ +e ) =t = 2e* -2 P dx = dt = (¥ - ¢ ) dx = >
2x -2x
e~ —e 1.1 1 1 _
E jmdx=5f?dt=glog|t|+C=§log|ezx+ezx|+C

ytanx

. 4ax
SINXCOSX

Vi
[—= anx dx = [— dx=| dx
SInXx Cosx sinx > vtanx

Find: [

Puttanx =t = sec’ x dx =dt.
f sec’x
yYtanx

(x+1)(x +logx)?
Find: [ & dx

|

1 £1/2
dx:fﬁdt:ft—l/zdt:m.f_cz2ﬁ+c:2/tanx+c

(x+1)(x +logx)?
X

dx = f(xil )(x+ log x)2dx = f(l +%>(x +logx)2dx

1
Put (x +logx)=t = (1 +;>dx=dt

1 £ 1
f(l +;>(x+logx)2dx=ft2dt =5 +C=5(x+logn)’+C
3 1.4
X" sin(tan "x
Find:f%dx
X
3 1.4 3 3
x’sin(tan™ x°) A, 4 4x : x _dt
f—1+x8 dx, put tan (x)—t=>1+x8dx—dt=>1+x8dx— 4
3o 1,4
x'sin(tan”x%) 1. . _1 _-1 14
f—1+x8 dx—4fs1ntdt—4(—cost)+C— 1 cos(tan™ x%) +C

. cos2x —cos2Q
Find: | ——————>—
f COSX — CoSQ dx

=] C0s2x — cos2a dx=| (2 cos®x —1) — (2 cos®a—1) dv=2] cos’x — cos?a

Let
COSX — COS Q. COSX — COS Q. COSX — COS 0.
cosx —cosa)(cosx +cosa
=2f( ) )dx=2f(cosx+cosa)dx
(cosx — cosa)
=2[cosxdx+2cosa [l.dx =2sinx+2xcosa+C
Find: [—— > dx
Va2 +2x+2

i ! dx = L dx=f;dx
Va2 +2x+2 Jo2+2x+1)+1 Ja+1)2+1

Puttingx +1=t = dx=dt

1 ) 1
e ™ e

[CBSE (F) 2011]

(CBSE (AI) 2013)
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=log | t+yt?+1 [+C=log | (x+ 1) +y/(x*+2x+1)+1 |+C
= log | (x+1)+yx*+2x+2 |+C

8. Find:[ 5~ dx
Ix“+6x+5
1 1 1
Sol. —dx=— | ————————d
’ f9x2+6x+5 * 9fx2+éx+é g
9 9
1 1 1 1 , 1 )
_3 ] 5 5 1 3 1 de—g ﬁdx,puttmgx+3 =t =>dx=dt
2 3erg+(5)-(3) (w+3)+(3)
1
—l 1 _lL 1 t _l 1 3<X+*> _l _1(3x+1>
=9 i 22dt 9.g’can (—2/3) C 6tan 23 +C—6t > +C
t+<§) 3
9. Evaluate: [ ——2202 gy [CBSE Delhi 2011; (AD) 2010]
x/x2+4x+10

Sol. We can express the N as 5x +3 = A%(x2 +4x+10)+B

= 5x+3=A2x+4)+B = 5x + 3 =2Ax + (4A + B)
Equating the coefficients, we get
2A=5 and 4A+B=3
5

A=% = 4XE+B=3 = B=3-10=-7

5x+3=%(2x+4)+(—7)

5
,=dex=§fﬂdx_7fd7x
/i +4x+10 27 /¥ 4x+10 /i +4x +10
5 .
I=21-71 (i)
2x+4 dx
where [ = | ————dxand [, = | ————
! f\/x2+4x+10 : f\/x2+4x+10
N =] (2x +4) p
ow, = ———dx
! \/x2+4x+10
Let ¥’ +4x+10=t¢ = (2x + 4)dx = dt
B dt B 2 B t_1/2+1 B \/7
Il_fﬁ_ft dt—17+C1—2 t+C
=41
2
[ =2yx*+4x+10+C,
dx dx

Again, 12 =

f\/x2+2.x.2+22—4+10 -l (x +2)2+ (/6)>

=log| (x +2) +vx*+4x+10 |+C,

Putting the value of I; and I, in (i), we get
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5 5
I=5x2 > +4x+10 - 7log | (x+2)+V/x*+4x +10 |+<Ec1—7c2>

=5yx*+4x+10 - 7log | (x+2)+Vx*+4x+10 |+C

5
where C = (EC1_7C2)

. 1-x°
10. Find: fx(l—Zx)dx

1
-—~x+1
1, 2 -
2 x(1-2x)

x-2
fx(l—Zx)

1-x? _ _1
Sol. fx(l—zx)dx_f dx ==/ dx

Now, I, = dx

x(1-2x)
=2 A, B ...(i)

—= =
x(1-2x) X 1-2x

is a proper rational function

= x-2=A(1-2x)+ Bx = x-2=(2A+B)x+A
= A=-2and-2A +B=1 = B=1+2A=1+2(2)=-3
Putting values of A and B in (ii), we have
_x-2 _-2 3
x(1-2x) x 1-2x
-2 3
X 1-2x

] x=2 dx

x(1-2x)

dx=|

1
1-2x

log | 1-2x |
i) !

=—2f%dx—3f dx =-2log | x | -3

=-2log | x |+%log | 1-2x [+ C,

Putting the value I; in (i), we have
12 x 1 3
_ = — _ — |- + — — +
fx(l—Zx) x=5-5 2log| x | 2log|l 2x [+C

X 3 Cl
—2+log|x|—4log|1—2x|— >
x 3 G
=E+log|x|—zlog|1—2x|+C,where C=-—"
CHx+1

11. Find: |——dx
f x2-1

2x+1
x2-1

CHxtl
2 -1
Putting x> — 1 = t = 2x dx = dt in second integral, we get
1
22— (1)2
=x72+log | x*-1 |+%log

2x+1 2 2
Sol. i dx=[|x+ dx = [xdx+ | : dx=xf+f *
P | 2 2

1
2(1)

log

x-1 ‘+C

2
dx=7+log|t|+ T+l

_x2 1
=gl

x-1
x+1

¢
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-1
12. Evaluate: [ XC0S X iy [CBSE (F) 2014]

\/1—x2

-1
IZJXCOS X

Sol. Let dx
V1-— x?
1 1 1
Put cos x=z = - dx=dz = dx =—dz

\/1—x2 \/1—x2

I=-[coszzdz=-zsinz+ [sinzdz+C =-zsinz—-cosz + C
I=-cosx.y/1-x*>—x+C [ x=cosz = sinz=ﬂ]
=—y1-x?cos'x—x+C

. «f 1+sinx
13. Find: [e <7l+cosx>

1+2sin2 cos >
1+sinx> =fex sin 5 cos

dx
1+ cosx

Sol. Let I= fex(

2 X
2cos 5

1 ZSingcos% 1 X X
=[e + dx =fex<—sec2—+tan—>dx

2 X 2 X 2 2 2

2cos 5 2 cos 5

=[e" tan = dx + lfex sec? 2y
2 2 2
I 1
— ﬁ X l 2£ X l X 2 X — X X
—(tan2>e—f<2sec 2)edx+2fe sec de = I=e tan2+C
14. Evaluate: f14 (x*- x)dx as limit of sums. [CBSE Delhi 2010; (F) 2011]

Sol. [*(x*-x)dx

We have to solve it by using limit of sums.

_ _ _b-a _4-1 . _
Here, a=1,b=4,h= 0 = le, nh=3

Limit of sum for f14 (x? = x)dx is
= }lm% R[f(1)+f(A+h)+fA+2h) +...+f{1+(n-1)h}]
Now, f(1)=1-1=0

fA+h)=A+h?*-A+h)=h+h
F(1+2h) = (1 +2h)* = (1 +2h) = 4h* + 21

FIL+ (1= 1] = {1+ (=D = (1 + (1= D} = (1= 121 + (n=1)
ff (x* - x)dx = lim k[0 + W2+ h+4h*+ 2k +...(n = 1)*h* + (n = 1)h]
= Il1ir%h[h2{1 4+ . +m-1DH+h{1+2+..(n-1)}]
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=limh[h2.(n)(n_1)(2n_1)+hn(n_1)]
h—0 6 2
-1H(2n-1 -1
['.'1+4+...+(n—1)2=Wandl+2+...+(n—l)=%]
. [nh(nh—h)(Znh—h) nh(nh—h)]
= lim +
h—0 6 2
. [B-h)(3)(6-h) (3—h)(3)]_<3><3><6 <3><3 _aL9 27
_%1?5[ 6 T2 17U )+ 2 >_9+2_ 2
15. Evaluate: f_55|x+2|dx [CBSE (F) 20101
Sol. Here, function is |x + 2| which is defined as
[x+2] sf(x+2), if x=>-2
—(x+2), if x<-=-2
So, we have
— b _(c b
Lx+2 | dr=[7-(@+2)dx+ [ (x+2)dx [L feydx =[] fx)dx+ [ f(x)dx
a<c<b
—_ LZ 2 _2+ L2+2 ’
T2 T T T
_ 2? (-5)° ®)? (-2)*
= 2+ 2 X (5) + T+ 2 X (5) - 2% (2)
25 25
=2+4+—-10+—+10-2+4=29
2 2
16. Evaluate: fonm log(1 + tanx) dx [CBSE (AI) 2011]
Sol. Let  I=["*log(1+tanx)dx ()

I= fon/4 log[l + tan(% - x)]dx (By using property fou flx)dx = fou fla—x)dx)

n/a tan% —tanx
= fo log|l+—————|dx
1+ tanz.tanx

1—tanx]d _frc/4 1+tanx+1-tanx

1+ tanx =k log 1+tanx dx

= J;;IM log[l +

I= fon/4 log

T+ tanx 7~ " log2 - 1og(1 + tanx)]dx ..(ii)

Adding (i) and (ii), we get
21 = ["*log2 dx = log 2" dx = log 2 [x]™/*

T 5
2l = ZlogZ = I= glogZ

17. Evaluate: f_?’1/2| xsin7x | dx [CBSE (F) 2010; Central 2016]

Sol. f_31/2| xsinmx | dx

As we know
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sin®=0 = O=nn, ne”Z
sinmx =0 x=0,1,2,..
For -1<x<0, x<0,sinmx<0 = «xsinmx>0
For O<x<1

x> 0,sinmx >0 = xsinmx>0

For 1<x<%,x>0,sinrtx<0 = xsinTtx <0

3/2, . 1. 3/2 .
Ll/ | xsinmx | dx = Ll xsinmx dx +f1 / (- xsinmx) dx
r 1 3/2
— COSTIX 1 . —COSTX — COSTIX 3/2, — COSTX
xg] —f_ll.idx—[x.i] +f1 2. 790 gy

T 1 T 1 1 T

1 3/2

X . X .
=|-_—cosmx+—sinmx| —[-_—cosmx+ 5 sin mx
T T T T

-1 1

=7l+0+l_0:|_|:0_i_1 — l+l+i+l
LTt T 2 T g T
_ 1 .3 _1+3rn
o
18. Find [e™(cosx - sinx) cosec’x dx. [CBSE 2019(65/5/1)]

Sol. Let I=[e%(cosx —sinx) cosec’x dx = [e*(cotx . cosecx — cosec x) dx

[ e cosecx cotx dx — [ e* cosecx dx
no1

[ e*cosecx.cotx — cosecx e* + C + [ — cosecx cotx e*dx
[Using integration by parts for 2nd integral]

[ e cosecx.cotx dx — e*cosecx + C — [ e* cosecx. cotx dx

=—¢"cosec x + C.

7/3 sinx + cosx

19. Evaluate: —————dx [CBSE Delhi 2010]
fn/ﬁ Vsin2x
Sol. We have,
/3 sinx + cosx 3 sin x + cos x
I= fﬂ ——x = = dx
m6 /sin2x 6 /1 — (cos x — sin x)?
Let t = (cos x —sin x) = dt = — (sin x + cos x) dx
- T n . _4¥3-1
The limits are, when x = 6 = t = cos 6~ sin 6= 2
dx=2 o ¢= E—‘£=1_ﬁ
and x = €os 5 —sin )
(1-y3)/2 1
I=-{ dt
W3-0/2 2
I T Ca1-v3 431
=—[sin"t] ;5, =—|sin 5 —sin > =|-sin 5 *sin >

2

3-1

> [ sin™ (—x) =—sin! x]

= I=2sin~
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20.

Sol.

21.

Sol.

Evaluate: (n/4 sinx + cos x "
*0  9+16sin2x

n/4 sinx + cosx
Let I= fo 9+ 16sin2x *

[CBSE (F) 2011, 2013, 2014]

Here, we express denominator in terms of sin x — cos x which is integral of the numerator.

We have, (sin x — cos x)? = sin® x + cos” x — 2sin x cos x = 1 — sin 2x

= sin 2x = 1 — (sin x — cos x)?
inx +
= fon/4 sinx + cosx _dx
9 +16{1 - (sinx — cosx)~}
- _ fn/4 sinx + cosx d
0 25_16(sinx — cosx)?
Let sinx—cosx =t = (cos x + sin x)dx = dt
The limits are, when x =0 = f =sin0 - cos0 = -1 and x = % = t= sin% - cos% =0
0 dt
= ———
L 25 - 16t
5 0
10 odt 10 dt 1 1[2”
= I—léf_lé t2—16_1 52, = 1_16 2<§>logi t
16 ~ () - 1 sl

| I R
= T 40| 981 789/ Ta0l0 T8\ 9)[T 408
Evaluate: [*— 20X g, [CBSE Delhi 2008, 2010, (AI) 2008, 2017, (F) 2010, 2013, 2014]

secx + tanx

Let [=[—Xanx 5 .0)

0 secx + tanx

= [ (m—x)tan(m — x)

0 sec(m—x) + tan(m — x)

[ fx)dx = [ fla—x)dx]

_ fon (m—x)tanx

....(ii)

secx +tanx
By adding equations (i) and (i), we get

fn tanx

21=7to

secx +tanx g
Multiplying and dividing by (sec x — tan x), we get

» tanx (secx — tanx)

2[ =1}, e’ — tan’y dx = thon(secxtanx — tan’x)dx
= nfonsecxtanx dx—nfonseczx dx+f0ndx
=n[secx]y —mtanx]§+ n[x]; =n(-1-1)-0+n(n-0) = m(m-2)
=  2=n(r-2) = I=%(n—2)
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Multiple Choice Questions Y 17771

Choose and write the correct option in the following questions.

1. fxzex3 dx is equal to
(@) %&3 iC o) %e"4+ C
X 1+
2. gdx is equal to
cos” (xe")
(a) tan(xe®)+C

3. [e*(cos x - sinx)dx is equal to
(@) e‘cosx+C
4. fdix is equal to

sinx cos’x

(@) tanx+cotx+C  (b) (tanx+cotx)>+C

(b) cot(xe®)+C

(b) e*sinx+C

[CBSE 2020 (65/5/1)]
© %e’fs +C ) %exz e
[CBSE 2020 (65/3/1)]
(c) cot(e®)+C (d) tan[e*(1+x)]+C
() —e*cosx+C (d) -e*sinx+C
[NCERT Exemplar]

(c) tanx—cotx+C (d) (tanx —cotx)*+C

3¢* -5 | o
5. If fmdx—ax+blog|4e +5¢7|+ C then
L, _7 1, _ _-t,_=7 1, _-7
(@) a= 8’b 3 b) a 8,b (c) a S,b 3 d) a 8,b 3
6. fwdx is equal to [NCERT Exemplar]
cosx — cos O
(@) 2(sinx+xcosB)+C (b) 2(sinx —xcos0) +C
() 2(sinx+2xcos0)+C (d) 2(sinx —2xcos0) +C
7. | dx is equal to [NCERT Exemplar]
sin(x — a)sin(x — b)
(b i sin(x — b) “C . b i sin(x — a) ‘C
(a) sin(b-a)log sin (r—a) (b) cosec(b-a)log sin (r—b)
. i sin(x — b) ‘C D sint . sin(x — a) ‘C
(c) cosec(b—a)log sin (x ) (d) sin(b—a)log sin (x— b)
8. [tan™'yxdx is equal to [NCERT Exemplar]
(@) (x+1)tan'yYx —y/x+C (b) xtantyx—yx+C
() Yx-xtanyx+C d Vx-(x+1)tan yx+C
1-x \ .
9. [e* 1412 dx is equal to [NCERT Exemplar]
e” —e" e* —e"
a +C b +C c d
(@) e (b) L+ a2 (©) 1+ )7 (@) 1127
. 6
10. | smsx dx is equal to
cos’x
6 7 7
@) W‘Tx+ C ®) tar5‘ x © tar; XLc (d) none of these
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11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

3
If f# dx=a(@1+x)3*+by/1+x*+C, then [NCERT Exemplar]
x
-Lp=1 b a=-+b=1 b= (@) a=sb=-1
(ll) ﬂ—3, - ()a__?)/ - (C)a_?’/ -~ ()H—?), -
9
The integral | mdx is equal to [NCERT Exemplar]
1 1)7 1(,, 1\
(d) 5—x4+; +C (b) g<4+?> +C
1 5 1(1  \°
/8
| tan’(2x)dx is equal to [CBSE 2020, (65/4/1)]
0
4-n 4+m 4-7 4-7
@ 5 ) 5 © 5 @ =5

f::cc f(x)dx is equal to

@ [ fa—odx  ®) [ fec+odx © [ f)dx

@ [ feodx

If f and g are continuous functions in [0, 1] satisfying f (x) = f(a —x) and g(x) + g(a —x) = a, then

Iy f®).g() dx is equal to

a a ra a
@ 5 () 5l f)dx (©) k fo)dx
3
1 X +|x|+1 )
f_l mdx is equal to
@) log 2 (b) 2log 2 © %logZ
[N ¢ = then [ A 1t
b T+7 a, the 0 q+p)? s equal to
(@) a—1+§ (b)a+1—§ (c)a—l—%
2
[ I1xcos7x|dx is equal to
-2
8 4 2
@ = ) + © %
7T
2 tan x
The integral value of ————dx,m>0,is
gralv fo 1+ m”tan’x
logm 2_
1) () log<m 5 ’”) (c) log 3 m
f_21|x | dx is equal to
3
(@) 1 b 5 () 2

[NCERT Exemplar]

(d) afy f(x)dx

[NCERT Exemplar]

(d) 4log?2

e

() a+1+

[NCERT Exemplar]

1
s

(d)

@ 0
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Answers

1. (a) 2. (a) 3. (a) 4. (c) 5. (a) 6. (c)
7. (c) 8. (a) 9. (a) 10. (c) 11. (b) 12. (d)
13. (a) 14. (b) 15. (b) 16. (b) 17. (b) 18. (a)
19. (a) 20. (d)

Solutions of Selected Multiple Choice Questions

1. Wehave, I= fxze’(3 dx

dt
¥=t =3x%dx=dt =>x2dx=?

I= fet% =%fetdt = %et+C
= %e"s +C
e*(1+x)
cos? (xe*)
Letxe*=t = (xe*+e")dx=dt
= (x+1)e‘dx=dt
dt

cos’t

2. Let =

L I=
= I=[sec’tdt = tant + C = tan (xe*) + C

dx (sin’x + cos®x) dx
4 I=| ==
sin“x cos”x sin“xcos”x

= [ sec?xdx + [ cosec?xdx = tanx — cotx + C

sin(b - a)

7. 1=] dx 1 [

sin(x — a)sin (x — b) zsin(b—a) sin(x — a)sin(x — b) *

sin(x —a—x+b)

L

" sin(b—-a)
1 sin{(x-a)-(x-b)}

=sin(b—a) sin(x — a)sin(x — b) x

S

sin (b - a)

sin(x — a)sin(x - b) x

sin (x — a)cos(x — b) — cos(x — a) sin(x — b))

sin(x — a) sin (x — b)

= mf[cot (x - b) - cot (x — a)]dx

1 . .
sin(b—a) [log| sin(x —b)| —log| sin(x—a) |]+C

sin(x - b)

cosec (b - a)log +C

sin(x —a)
n/8 n/8

13. [ tan’(x)dx= [ (sec2(2x)—1)dx
0 0
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n/8

tan (2x)
= [ 2 —-X X
tan% T
2 8 -0
1 n© 4-n
“278 8

15. I= Of f().g()dx = f fla—x)g(a—x)dx = f () (@~ g () da

ff(x)dx ff(x)g(x)dx = l-ajf(x)dx I = 1—§ff(x)dx
0 0

Lo +|x|+1
16, IL
g 22 +20x]+1
! K Podxl+1 o fl |x[+1
g 2+2lx|+1 g K2 +2lxl+1 0 (Jx|+1)

[odd function + even function]

1
f ) Sdx = 2f 7 =2|10g|x+1||(1)=210g2.
0

2
18. Since [ = flxcosnxldx =2 [ |xcosmx|dx
2 0

1

3

2 2 2 3

= 2{ [ |xcosmx|dx+ [ |xcosmx|dx + flxcosnxldx ==

0 i
2

Fillinthe Blanks Y 77

/2

sin"x dx

L fosinsds
o sin”"x + cos"x

2. fom cosx "M dx = [NCERT Exemplar]

3. feta“ x(1+1+ )dx

4. A primitive of |x|, when x <0 1is

T
5. The value of [ sin’x cos?xdx =
-1

Answers

1. % 2.e-1 3. %™ Y4 (o4, —%xz +C 5.0

Solutions of Selected Fill in the Blanks

2 .
2. Letl = fon/ cosx ™™ dx

Letsinx =t = cos x dx = dt
Whenx =0 = t=0
ng = t=1
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1= fol eldt = [et]z) =" =¢-1

— tan_lx 1+L>
3. LetI fe ( L+ a2 dx
Let tan"'x = ¢ = 1 2dx =dt
1+x
1+x2+x>

-1
1= tan " x
Je ( 1+x°
= [e'(1 + tan?t + tan ) dx

[e' (sec?t + tant)dx = [ ¢! (tant + sec?t) dt

=¢'tant+C

-1
— xetan x+C

T
5. Let I= [ sin®x cos®x dx

—T
Let f(x) = sin®x. cos?x = f(=x) = —sin®x cos®x
= f=0 =)
f(x) is an odd function
T a
I= [sin®xcos’xdx=0 ( i f(x)dx =0, when f(x)is an odd function)
_n -a
Very Short Answer Questions (Y 77
dx
1. Evaluate: [ 5 [CBSE 2020 (65/3/1)]
9+ 4x
dx 1 dx 1 dx
f9+4x2_4f2+x2_4f 3V,
)
= lf ez __1.,2, ‘1<L>+C
! 3¢ 473 (32
20
2
14 <2x>
= 6tan 3 +C
x+1_5x—1
2. Find: [ o dx [CBSE 2020 (65/4/1)]
2x+1_ 5X—l 2x+1 5X—1
1. = _
Sol. | 10° dx G5x2)° dx f<5x2)xdx

272 5 1
- J'5"><2x x| 5xx2xx5dx

e o _2x5F 1 27
2[5 dx -5 [27dx logs 5 “log2 '€

2 L1 2
logs° 5 log2 €
L1 2 1

" 5log2 2" log5 5"
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(*+2)
x+1

/

Sol. Let 1=/
X

3
=((x=1+
f(x 1 x+1>dx
1

=f(x—1)dx+3fx+1

dx
2
=7—x+310g|x+1|+C

4. Evaluate: [sec®(7 - x)dx

i /x dx =2[sec’zdz =2tanz+C =2tanyx +C

tan(7 —x
Sol. [sec?(7 - x)dx = #
2
5. Evaluate: [ sec’y/x dx
Vx
1 dx
Sol. Let Jr=z= dx=dz = —
2vx Vx
sec”y/x
6 Evaluate: fdix
x +xlogx
dx
Sol. Let = (1 +logx)

Put 1+logx=2z = %dx= dz

d
I=f7z=log|ZI+C=log|1+logx|+C

a
7 If | dx 5 =£, then find the value of a.
o 1+4x 8
a
Sol. Wehave, [ dx 2=£
0 1+4x 8
- 1f dx @
4,1 -, 8
=4
g
- 1f dax _¢
49 lz 8
@2+ (5
= le[t 12 ]a=£
n an™ 2x}y =g
= tan'22 - tan"'0 =%
-1 —E = E:
= tan 2a—4 = 2a tan4 1
= a=l
2

+C=-tan(7 -x)+C

[NCERT Exemplar]

[CBSE Delhi 2009; (AI) 2010]

[CBSE (AI) 2009]

[CBSE (F) 2009]

[CBSE 2020 (65/4/1)]
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8 Find the value of f14| x-5|dx

4 4
Sol. Wehave, [|x-5ldx= [ - (x-5)dx
i i

2 4 2 2
_ x _ @ 1
= 2 SxL T—5x4—T+5x1
16 1 15
= —[7—2O—§+5]——[7—15]
15

2
9. If[) (3x*+2x + k)dx = 0, then find the value of k.

3 2
Sol. Given, [/(3x+2x+kdx=0 = 3%+%+kx -0
0
= [®+x2+kx]y = 0 =  (1+1+k-(0)=0

[CBSE 2020 (65/5/1)]

[CBSE Delhi 2009]

= k=22

Short Answer Questions-1 N 1T ]

tan®x

COS3X

1. Find [ dx

Sol. We have,
3

sin”x
tan®x cos’x
I= f—3dx = f—a dx
cos’x cos’x
.3
sin”x
= I= [——dx
Cos’x
Letcosx=t = —sin x dx = dt
= sin x dx = —dt
. . 2 .
sin®x.sin x dx (1-cos”x).sinx
I= f 3 = 5 dx
COos X cOS X

-2\ 1 £
= —f( té )dt——jt—6dt+ft—6dt

. B 53
= — [t + [t dt=?+3+c
1 1 1
= — — - —+
5 X 573 X ; C
3 1 B 1 ‘C= 1 1 ‘C
5(cos x)®  3(cos x)* 5cos’x  3cos’x
. V1+sin2x
2. Find fezi
1+ cos2x
Sol I—f . vV1+sin2x q _f . \/sin2x+coszx+251nx.cosx i
o e T os 2y YT 1+ cos 2x X
(sin x + cosx)* sin x + cos x 1 sin x
— (X — (X — 2 (X +
fe 1+ cos 2x ax fe 2 cos’x ax 2 ‘ (cos2x
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=% [e* (sec x +sec x . tan x) dx

= % e*.secx+C [ J e (F o)+ f/(x))dx=e" f(x)+C]
. x-1
3. Find [ = . [CBSE 2019 (65/5/1)]
x-1 A B
Sol. (x-2)(x-3) x-2 Y3
_x-1 _x-1
where A= -3 xzz&B_x—Z -,
_ 1
A=——=-1&B =2
-1
_ x-1 -1 2
(x-2)(x-3) (x-2) (x-3)
x-1 _ dx dx
= fmdx——fx_2+2fx_3 =-log(x-2)+2log (x-3)+C
x-1 _ 2 _ (x_3)2
fi(x_z)(x_g)dx——log(x—2)+log(x—3) +C=log -2 +C
0
4 Find | Lrfanx [CBSE 2019 (65/5/1)]
_na 1-tanx
0 0
Sol. [ de= i tan<%+x>dx
/g 1—tanx n/4
0
= log sec<%+x> e log sec(%)—log sec(%—%)
= log(v2) - log(sec(0)) = log(v2) —log 1
= logy2 = %logZ
dx
5. Find [——————. [CBSE 2019 (65/4/1)]
V5 - dx - 2x
dx dx
Sol. =
V5—dx 23 T 72— 4x 24
_ dx 1 dx
_f __f—
J7-2(1+2x+x%) 42 %_(xﬂ)z

+1
dy xrl

=Ly ! stm—l[ 7
AR

+C = %sinJ(\/%(fo 1))+ C

tan-!
6. Evaluate fol an 2x

dx. [CBSE Delhi 2011]
+x

1
1+x

Sol. Lett=tan'x = dt= dx

2

Alsowhen, x=0,t=0and whenx =1, t=%
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T

dx= || tdt

fl tan"'x

0 1+x2
=[t2]’”‘*=1 LN
21, 2116 32
7. Evaluate: fol dx .
2x+3
Sol. Let I=] Aix_+3= [y @x+3)"%dx

(2x+3)—1/2+1 1 (2x+3)1/2 1

1 1
(‘2+1>X2 Ll 2% |

[CBSE (F) 2009]

=gl/2_31/2 _ J5-/3

Short Answer Questions-11 N X7 ]

2x

1. Evaluate: | ——————dx
v S s

Sol. Let x¥*=z = 2xdx=dz
2x dz
dx =
J (> +1)(x*+3) J (z+1)(z+3)

Using partial fraction.
1 A B

Let (z+1)(z+3)=z+1+z+3
1 _A(z+3)+B(z+1)
(z+1)(z+3) z+1)(z+3)
= 1=A(z+3)+B(z+1) =
Equating the coefficient of z and constant, we get
A+B=0
and 3A+B=1

Subtracting (i) from (iii), we get

1 1

2A=1 = A= ) and B= )
Putting the values of A and B in (i), we get
1 1 1

(z+1)(z+3) 2(z+1) 2(z+3)

| 2x dx =f< 1 1 )d

(2 +1)(x2+3) 2(z+1) 2(z+3)

_E'(z+1 )

[CBSE Delhi 2011]

..(0)

1=(A+B)z+ (3A+DB)

...(ii)
....(ii)

1, dz 1

5!

dz
z+3

1 1 1 1
=Elog| z+1 |—Elog | z+3 |+C=Elog | X2+1 | —Elog | x*+3 |+C

1 x*+1
—Elog TP +C
2

x“+1
=1lo +C
& x2+3
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2
2. Evaluate: [ lx 1 dx [NCERT Exemplar]

1 x? x?

_+__l+_
2 2

Sol. Let I=] x4x=f2 22 zzdx
1-x 1-x9)(1+x9)

[ a®—b*=(a+b) (@a-b)]

1 2
200 1, (-7

2 o dx =) - AT PO dx
(1-x)(1+x% (1—x)(l+x) (1-xP(1+x)f
1 1 1 1
2fl—dex_2I1+x2

1+x

S+ - 5=

1+x

dx = log +C, - ltarf1 x+C,

2

1 -
_Zl g’ Etan1x+C [ C=C+C]

3. Evaluate: fsin x sin 2x sin 3x dx [CBSE (F) 2010, Delhi 2012, 2019 (65/5/3)]

Sol. Let I=sinxsin2xsin3x dx

= %f2sinx.sin2x.sin3xdx = %f sinx.(2 sin2x.sin3x)dx

= lf sinx.(cosx — cosbx)dx [+ 2sin A sin B = cos (A — B) — cos (A + B)]

[2sinx.cosxdx — [ 2sinx.cos5xdx ['.- 2cosAsinB = sin(A + B) — sin(A-B)]

2 X2 2 X2
= Zf sin2xdx — %f(sin6x — sindx)dx

cos2x  cosbx  cosdx

=78 T 16 €
sin®x + cos®x
4. Evaluate: [~ ——— —dx [CBSE Delhi 2014]
SN Xx.CoS x
in®x + cos® sin®x)? + (cos’x)°
Sol. Let [=[3027 %5 o 1=t .)2 ( . )
S X.Cos X S x.Cos™ x

(sin’x + cos?x)(sin*x — sin®x. cos®x + cos*x)
= =] ) 5 dx
sin“x.cos”x

4 2 2
- +
= I= fsm X = sin x. coszx cos’ ¥ x = [tan®xdx — [ dx + [ cot?xdx
sin’x. cos>x
= I={(sec’*x —1)dx — x + [ (cosec’x — 1)dx
= 1= [sec®xdx + [ cosec’xdx — x — x — x + C = tanx — cotx — 3x + C
5. Evaluate: [ S0¥ =2 [CBSE Delhi 2013; (F) 2015
sin(x + a)
sin(x —a
Sol. Let I=] #
sin(x +a)
Letx+a=t = x=t-a = dx=dt
_| sin(? —2a) dt=| sint. COSZLZ'— cost.sin2a it
sint sint

= cos2a[ dt — [sin2a.cott dt = cos2a.t —sin2a.log | sint |+ C
=cos2a.(x+a)-sin2a.log |sin (x +a)| +C

=X C0s 2a + a cos 2a — (sin 2a) log |sin (x +a) |+ C
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6. Evaluate: [————dx [CBSE Delhi 2009, 2019 (65/5/1)]
V5-4e* — >
ex
Sol. Let [=[—Ff— 4x
5— 4e¥ — >
Put ef=t = ¢" dx = dt, we get

- | dt | dt
Vo—at -2 TP +4t-5) /(P +2.t2+27-9)

y dt "ﬁn_1t+2
V32— (t+2)? 3

[ xfsindx -4 )
7. Evaluate: [e (71 ~ cosdx

o sin4x—4>
Sol. Let I=]e (71_@543( dx

[ 2sin2x.cos2x—4
o[y,
2sin”2x
= [ e (cot2x — 2cosec?2x)dx
Let f(x)=cot2x o) =- 2cosec® 2x

I=[e"(f(x) +f (x))dx
= I=¢" . flx)y+C=¢".cot2x+C [ [ e"(f(x) + £ (x))dx = e*f(x) + C]

X+2
+C=sin_1<e 3 >+C

[CBSE Delhi 2010]

[ sin2x=2sinx.cos x and cos2x =1 -2 sin® x]

x+2

8. Evaluate: [————— [CBSE (AI) 2014]
\/x +5x+6

+2
Sol. Let I= fzxidx
Vx“+5x+6
Now, we can express as
x+2= A (x +5x+6)+B

= x+2=A(2x+5)+B = x+2=2Ax+ (bA + B)
Equating coefficients both sides, we get

2A=1,5A+B=2 A1B2i L
TLaATEs = 27T T2 T
1
x+2=5(2x+5)—5
1(2 +5) L
o ex ) 1 2x+5 1 d
Hence, I=f%dx=*f2x7 x—*f27x
Yx +5x+6 27 /x*+5x+6 27 /x*+5x+6
1 1 .
125.11—512 (l)
h f 2x+5 f dx
where, I ———
Vx*+5x+6 VX2 +5x+6
No I = f 2x+5
w, I=
Yx*+5x+6
Letx* +5x+6=2z = (2x + 5)dx =dz
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I"f[ jzzdz— +c =2yz+C =2V/x* +5x+6 +C

2 5
dx dx
Again I, = =
° ’ f\/x2+5x+6 f\/2+2>< XE+<E>2 §+6
X o \2) T
dx dx

ety e

*T2) T VARV
=log|<x+%>+\/xz+5x+6|+C2

Putting the value of I; and I, in (i), we get

1
I=7(2 450 +6+C) - {bg@+ >+Vx+5x+ |+C}
1 5 1
=\/x2+5x+6—§log | <x+§>+\/x2+5x+6 |+§Cl—§C2

1 5 1 1
=\/x2+5x+6—510g|<x+5>+«/x2+5x+6|+C [Here,C=-C, -G,
(* - 3x)
9. Evaluate.f(x_l)(x_z) dx [CBSE (F) 2010]
) (x? —3x)
Sol. Let I=
f(x 1)( fx —3x+2
x*-3x+2-2 2dx
= dx = |dx -
J x?-3x+2 Jax-1 2 3x+2
dx dx
=x-2f =x-2f
x2—2xi+2—2+2 x—§2—<l>2
2 4 4 2 2
3 1
Yoo =
279 dx 1 xX—a
=x-2log 31 +C [ fx2_g2_2010g‘x+a|
X0t
2 2
x-2
—x—210g’x_1‘+C
10. Find: [sin™ dx [NCERT Exemplar]
— [l
Sol. Let I=sin a+xdx

Put x =a tan’0 = dx = 2a tan0 sec’0 d 0

2
I= fsin"l(4 / —szrtatn 626 )(Zatanﬁ.secze) d0 =2asin™ (Saeng >tan6 sec®0d0
a+atan

=24/ sin"! (sin 0) tan 0.sec?0d0 =24 0 tan 0 sIeIc2 040

2040 — f( 0. tan 0. sec26d6 de]

=2a

tan’0 tan”0
0. 5 — 5 de]
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=00 tan’0 - a[ (sec?0-1)d0 = a0.tan’>0 —atan O + a0 + C

= a[%tem‘1 \/% - \/% +tan™ \/%] +C

11. Find: [ S — [CBSE Delhi 2012]
sinx + sin2x
_ 1
Sol. Here, I = fisinx + sinox dx
_ 1
= fsmx+2smxcosxdx = I_fsinx(1+2cosx) ax
N =] . sinx g N =] 2smx
sin“x (1 +2cosx) (1-cos“x) (1 +2cosx)

Letcosx=z = —-sinxdx=dz

= I= fi_dz = I=-f dz
(122 (1 + 22) (1+2)(1-2)(1+22)
Here, integrand is proper rational function. Therefore, by the form of partial fraction, we can write
1 _.A B _C (D)
1+2)(1—2)(1+2z) 1+z 1=z 1+2z
1 _A(l-z)(1+22)+ B(1+2)(1+2z) +C(1 +2)(1-z)
= (1+2)(1=2)(1+22) (1+2)(1-2)(1+22)
= 1=A1-2)1+2z)+B1+2)(1+22)+C (1 +2)(1-2) ... (i)
Putting the value of z = -1 in (i7), we get
= 1=-2A+0+0 = A=-1/2
Again, putting the value of z = 1 in (i), we get
= 1=0+B2.(1+2)+0 = 1=6B = B=%
Similarly, putting the value of z = - 5 in (ii), we get
1\/3 3 4
= 1:0+0+C<2><5> = 1_ZC = C"§
Putting the value of A, B, C in (i), we get
1 __ -1 + 1 + 4
1+z2)1-2z)(1-2z) 2(1+z) 6(1—2) 3(1+2z2)
1 1 1 1 4
=_ + = - -
I=-I- 2(1+z) 6(1 2) 3(1+2z) dz = 2(1+z) 6(1-2)  3(1+22)|%
= log|1+z|+—log|l z|— 10g|1+22|+C
Putting the Value of z, we get
= I= %log | 1+ cosx |+%log | 1- cosx | —%log | 1+2cosx |+C
2
12. Find: [——5——dx [NCERT Exemplar]
xt-x" - 12
j s
Sol. Let I= dx = dx
x4—x -12 xt—4x® 4327 - 12

x*dx
X2 (23— 4) + 3(x*- 4)
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x2

— 5 —dx
(x*=4)(x*+3)

t _ A B 2 _ _
= (t—4)(t+3)_t—4+t+3 [letx“=t] = t=A({t+3)+B(t-4)
On comparing the coefficient of ¢ on both sides, we get

A+B =1

= 3A-4B=0 = 3(1-B)-4B=0

= 3-3B-4B=0 = 7B =3 - Bzg
_3 3_ —1_3_4
IfB—7,thenA+7—1:> A—1—7 7
2
Now, s e a
(x*=4)(x"+3) 7(x —4) 7(x"+3)
*f *f
(2) +(f)
_4 1 x-21,3 1 X
~ 7722 °8|x 2‘+7 e Ete
_1 x-2| V3 X
7log Tra|T 7 @+C
x2
13. Evaluate: fmdx [CBSE Delhi 2013; (F) 2015]
x x
2
Sol. Let = #dx
(" +4)(x"+9)
Put x = t, we get
X’ _ t
(P+4)(x*+9)  (t+4)(E+9)
' A B A(t+9)+B(t+4)
Now, = + =
(t+4)(t+9) t+4 t+9 (t+4)(t+9)
= t=(A+ B)t+ (9A + 4B)
Equating the coefficients, we get
A+B=1, 9A +4B=0
Solving above two equations, we get
4 9
A= 5,B 5
x? B 4 N 9
(*+4)(x*+9) 5(x2+4) 5(x?+9)
x* dx 9dx_él_1ﬁgl 1 X
2 +4)(2+9) f +22 vyl g T gt gty XgtanT g C
2

4x 3 4
_= 4+ = =+
5tan 5 5tan 3 C
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14.

Sol.

15.

Sol.

16.

Sol.

(3sin0 - 2)cosO

Find: fs 26 - aeinf [CBSE Delhi 2016]
- cos”0 - 4sin
We have
in0-2
[- (351n92 )cosf 0
5— cos”0 - 4sin0
Let sin® =z = cos 0d0 =dz
-2)d
1= (3z 2)z
5-(1-2z)-4z
3z-2)d 3z-2 3z-2 3 d
:f(z 2)z :f(z )zdz fz = | ZZZ—Zf z2
5-1+z"-4z 4-4z+z (z-2)2 (z-2) (z-2)
Letz-2=t = dz=dt
3(t+2)dt tdt 2!
j( ) zf —3f— 6f— 2f—_3j—+4f——31og|t|+4 +C
£ 2+1
1
=3log|t|—4.?+C
Putting value of t in terms of z then z in terms of 0, we get
. 4
= 3log| Sme_2|_sin6—2+c
Vx
Find: [———dx [CBSE Delhi 2016]
Va® -
_ Vx CoxMdxe X2 dx
We have I—f\/ae,_ dx = f‘/3 f\/(a3/2)2_(x3/2)2
3 2
Let ¥*2=t = Zu'dx=dt = x'dx=Zdt
2 dt c.3/2 3_ 42
I 3f (a3/2)2 2 [.x/—t=>x =t
2t 2 (%
—gsm <ﬁ>+c=§su‘1 (W +C
_2 .1 x3
3 sin 4/?+C
2% -5 2x
Find: [ % [CBSE (North) 2016]
x_
We have,
2x-5 2x-3)-2
R @3 ]d
(2x -3)3 (2x-3)
e 1 2 o 1 2
=[e3. ™ 2 - 3]zzlx=63fe2 3 2 e
2x-3)" (2x-23) 2x-3)" (2x-23)

dt
Let2x-3=t = 2dx=dt=>dx=?

3
e” 41 2 e’ ;1
= — R — = ot — 4
= I zfe[tz t3]dt = I e C

Putting t =2x -3
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3 2x
_C¢ ox-3 1 _ e

+C = =— 8+
2 (2x - 3)? 2(2x - 3)?
17. Find: [(@x+5)y/10 - 4x - 3x% dx [CBSE (F) 2016]

Sol. Let, I =[(2x+5)y/10 - 4x - 3x>dx

d
Let (2x+5)=A—~(10-4x - 3x%) +B

= 2x+5=A(-4-6x)+B = 2x+5=-4A-6Ax+B
Equating, we get
-4A+B=5 (i) and -6A=2 ...(i1)
y 1
(zz)=>A——3
4 4 11
Now,from(i)§+B=5:>B=5—§=?

SO P 1
¥r5=-g a6ty

1 11
Now, 1=f{—§(—4—6x)+?} 10 — 4x - 3x%dx
1 5. 11 .
=— 5 (- 4-6x)V10 - 4x-3x7dx + [ V10 - dx - 37 dx

1=_%11 13112 ..(iid)
where I, = [ (-4 - 6x)y/10 - 4x - 3x>dxand L= [ /(10 - 4x - 3x?)dx
Now, I =[(-4—-6x)y10—4x—3x2dx
Let 10-4x-3x*=z = (-4-6x)dx=dz

2t

L=[yzdz=T—+C
7+1
2
- 2,3/2 ;
=§(10—4x—3x) +C ...(iv)

Again 12=f\/10—4x—3x2dx=f\/—3<x2+%x—¥>dx
—ff\/ x+2xg+é % 130}dx=f3f\/—{<x+§>2—394}dx
2o [ o2

f V3
( >\/10 4x - 3x +7><f sin™! @ +C, ..(0)
3

Putting the value of I; and I, in (iii), we get

11 2 187./3 3
= —(10 4y -3x )3/2+2f3( #5104 -3 + Z;Fsin_1<@(x+—))+C
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18. Evaluate: folxlog (1+2x)dx [NCERT Exemplar]
N 1
Sol. Let I= fo xlog (1 +2x)dx
2 2 1.2
_ x° 1 x . 1.5 1 X
=|log(1+2%)7 - T4 2y 2 5 dx = 5[ log (1+2v)] 0f1+2xdx
1 ! = 1 1a 14 x
=E[1log3—0]— blx 2 |ax =Elog3—5f0 xdx+5f0 1+2xdx
2 142«
1
—(2x+1-1)
11 102 Lioga- 11 o+ 1
=y log3-5| 5| * 2f0 Qer1) X Tplos3- 2[2 O ghdr=yg b gppdx
_ 1 11 1.1 1
= —log3 T —[x]0 [log |(1+2x)] Iy = ElogS -7 + i g[logS -log1]
= Elog?) - glog3 = glogS
7T 4x :
19. Evaluate: | — > —dx [CBSE (AI) 2014)
0 1+ cos“x
T 4 1
Sol. Let [=]- o )
0o 1+cos“x
T 4(m - x).sin(m — x)
0 1+cos?(m—x)
T 4(m—-x).
=] L):mxdx (i)
0 1+cos“x
Adding (i) and (ii), we get
T 4 + _ 3 T :
or= [AOXTIXSINY gy f RSNX
0 1+cos™x 0o 1+cos“x
o
I=2n] szdx
0 1+cos“x
Letcosx=z = -sinxdx=dz = sinxdx=-dz
The limitsare, x=0 = z=1
xX=n = z=-1
—az _ 141
5 = 2n[tan™ z]
-1 1 s
= 2n[tan"'1 - tan"} (-1)] = 2n[4 4] 2mx
= I=7%
T
20. Evaluate: [ (cos ax —sin bx)?dx [CBSE Delhi 2015]
-
Sol. Here, I = f_i (cos ax—sin bx)2dx
= I= f_:[[ (cos? ax + sin” bx — 2 cos ax sin bx)dx
= I= f_TTE[ cos® ax dx + f_TT[[ sin®bx dx — f_f[ 2 cos ax sinbx dx
= I= Zfon cos? ax dx +2 fon sin®bx dx — 0 [First two integrands are even function while third

is odd function.]
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21.

Sol.

22,

Sol.

23.

Sol.

= I= f07[2c:os2 ax dx + f0n2 sin?bxdx = I= fon(l + cos 2ax) dx + fon(l —cos2bx)dx

= I= fondx+f0nc052ax dx+fondx—fonc052bx dx = 1= Zfondx+f0nc052ax dx—fOTECOSbe dx
3 o [sin2ax | [sin2bx]"
= [=2[x,+| 7, 2% |,
_ sin2an  sin2bn
= [=om =
T xsinx .
Evaluate: | 72dx [CBSE Delhi 2017; (AI) 2012, CBSE 2020 (65/4/1)]
o 1+ cos“x
i T —x)sin (T — x) dx
Lot ks xsnw; 1=fon( ) 2( )
1+ cos"x 1+cos”(m—x)
fﬁ (- x)smx dx —r g sinx dzx q
1+ cos’x 1+ cos“x
fn sin x dx T ¢ Sin x dx
or —— or I=—) ————
01+ cos?x 29 1+ cos?x

Put cos x = t so that — sin x dx = dt.

The limits are, whenx =0, t=1land x =&, t = -1, we get

- - 1 dt
:_f1 f01+t2

e [ [ frydx == [* fx) dx and [ f(x)dx = 2[ f(x)dx]

_ 191 _ -1 S LN L
=mn[tan™ t], = t[tan™ 1 - tan 0]—TE[4 0]

/4 dx
Find: [ —————— [CBSE (Allahabad) 2015]
0 cos’xy/2sin2x
/4 /4
Let I= | — dx_ = — d"_
0 COos x\/251r12x 0 Cos’xy2.2sinx.cosx
_fn/4 _1 n/4 dx
sin x 2 0 Ccos x\/ tanx
cos x«/ oS X" .cos’x
_1 fn/4 sec’x dx _ _fn/4 sec” x.sec’x dx
20 Ytan x 2°0 Ytanx
Lettanx=t = sec’xdx=dt, x=0 = t=0 andxz% = t=1
1+t dt -1/2+1 3/2+1 1
_ 01( ) fo t‘1/2+t3/2)dt—[ t L1t
2 Jt -1/2+1}, 2[3/2+1],
=12 1 2¢509 1_6
le[ﬁ]0+zx5[t ] 1+ 5
12
Evaluate: | 05X ;. [CBSE (F) 2015]
—nt/2 1+ ex
n/2 COSX
Let I= f_ﬁ/z 1+ o° dx In 1st Integrand
_ f cosx , J'Tr/Z cosx , Letx=—4
2] ¢ 0 145 dx = —dt
cost n/2 COSX x=-n/2 =t=1/2
= —dt
fn/z 1+ ( ) f 1+ e* dx x=0 —t=0
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_ th/Z cos t dt+fn/2 cosx fn/z et.costdt fn/z cosx

X
1+ 1+e 0 1+€t
et

dx

0 1+ex

n/2 e*.cosx n/2 COSX

=f0 v dx+ ) x

1+e 1+e

2 (€ +1).cosx
-0 1+¢"

=1.

dx [By property [ f(x)dx = [ f(t)dt]

= fon/z cosx dx = [sinx]2 =sinn/2-sin0

ST

d
24. Evaluate: [7 7“ f [CBSE (AI) 2011]
v anx

n/3
Sol. Let I= f/é m

_ (n/3 dx

_T[/(J T
1+ tan(g 3

n/3 dx n/3 dx
= J‘71/6 = J‘TE/6 1

T

+ - +
1 tan( 5 x) 1 Janx

_ (/3 ytan x dx (ii)
/6 1+ /tan x

Adding (i) and (ii), we get
n/3 (1 +y/tanx) (A +vtany)
™/6 (1+ ytanx)

n/3 /3 _ e T
= e dx = X175 = —6—g

) [By using property fab flx)dx = fuh fla+b—x)dx]..(1)
-

2=

T T
Zl—g or I—E

3
25. Evaluate: f[| x=1|+|x=-2|+|x-3|]ldx [CBSE Delhi 2013]

3 3 3
Sol. Let I= f|x—1|+|x—2|+|x—3|]dx=f|x—1|dx+f|x—2|dx+f|x—3|dx
1 1

3
=[|x- 1|clx+f|x 2|dx+f|x 2|dx+f|x—3|dx
1

[By property of definite integral]
3 2 3 3
=[(x=1)dx+[-(x=2)dx+ [ (x=2)dx+ [ —(x=3)dx
1 1 2 1

x-120,if 1=x<3
x-2<0,if 1=x=2
-220,if 2<x<3

¥—-3=<0, if 1=x=3
3

_ (x—21>2]j_

e o]

(4-0)-o-1)o(-ok(-0-4)-2+F o2
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xtanx

26. Evaluate: fon mdx [CBSE Delhi 2008, 2014; Chennai 2015]

sinx
X.
P xtanx p COSX
Sol. Let I=] ————dx=| ————dx
fosecx.cosecx fo 1 1
cosx ~sinx

I= fon x sin? xdx = fon (1 — x)sin® (1 — x)dx [ foa f(x)dx = foa f(a—x)dx]

T
I= fonnsinzxdx - fon xsinxdx = 2[= EIOEZSinzx dx

sin2x T*

2

=Tmq_ Mg, T - n_E[
2fO(l cos2x)dx 2fodx 2focos2xdx 2[x]0 5

T T . .
= 2] = E(TE -0)- Z(stn —sin0)

2 2
s T
= 2] = 7 -0 = I= I
27. Evaluate | — dx . [CBSE 2019(65/4/2)]
sin(x — a) cos (x — b)
B dx B 1 cos(a—Db)dx
Sol. Let I=] sin(x —a)cos (x —b)  cos(a—b) J sin (x — a) cos (x — b)
B 1 | cos(@a—x+x-D) B 1 fcos((x—b)—(x—a))
~ cos(a—b)’ sin (x —a)cos(x — b) * cos(a—b) " sin (x —a) cos (x — b)
B 1 fcos(x—b)cos(x—a)+sin(x—b)sin(x—u)
~ cos(a—Db) sin(x — a) cos(x — b)
B 1 | cos(x—a) sin(x-"D) gr = 1 fcos(x—a) [ sin(x — b)
~cos(a-b)’ |sin(x—a) cos(x-b) ~ cos(a—b) | sin (x - a) T cos (x=D) *
_ 1 . o B
= s h) [log| sin (x —a) |-log| cos (x-b) | |+C
3 1 sin(x —a)
~ cos(a—b) log cos (x —b) *C
28. Evaluate: |, cot™(1-x +x)dx [CBSE Delhi 2008; (AI) 2008; (South) 2016]

Sol. Let  I= fol cot™ (1 x +x2) dx

1 1
= _%1 tan™! mdx [ cot™lx = tan™ ;]
I (1-x)
fo tan —1—x(1—x)dx
= fl {tan~'x + tan ™ (1 - x)} dx [ tan~! (x + y)= tan™" -
0 1-xy

= fol tan ' x dx + fol tan"! (1 - x)dx
= [} tan " xdx + [ tan™ (1= (1= 0)dx [ f(x)dx = [ f(a - x)dx]

= fol tan~lxdx + fol tanlxdx =2 fol tanlxdx =2 fol 1.tan " x dx

_ a4 a1 1 T 12xdx T 241
—2{[tan x.x]o—fO ﬁ.x.dx} = ZZ_ 04,2 —E—[log [1+x7 1],

T _ T
=5 [log 2 —log 1] > log 2
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29. Evaluate: fol x2(1-x)"dx
I= fol x*(1-x)"dx
I=[ (1-x)2[1-(1-x)]"dx

Sol. Let

=

n+1

[ [} feodx =

[CBSE (F) 2010, 2019 (65/4/3)]

foa fla— x)dx]

=f01 (1—2x+x2)x"dx=f01 (" = 2x" T + X" 2 dx

xn+1 xn+2 xn+3 1 1 2 1
T+l T2 n+30:n+1_n+2 n+3
_ (m+2)n+3)-2n+1)(n+3)+n+1)(n+2)
n+1)(n+2)(n+3)
P45+ 6-2n" —8n-6+n*+3n+2 2
(n+1)(n+2)n+3) (n+1)(n+2)(n+3)
30. Evaluate: ff (2x* + 5x)dx as a limit of a sum. [CBSE Delhi 2012]
Sol. Let flx) = 2x% + 5x
b- 3-1 2
Herea=1,b=3 h=""2=2"02% o =2
n n n
Also,n —> o < h—0.
[" feoydx = imh[f(@) +fa+ 1) + ..+ fla+ (1= Dh]

ff’ (22 + 52)dx = B B [f(1) + f(1+ 1) + .

:‘b—l :‘»—l
L8 L5

= =

[7 + {7 + 9k + 2h%) +

Il Il
= ==
5 L5
> =

i

[7n+9h{1+2+..

=
o

= lim|7nh + 9h> (

2 6
9(nh)2.<1—%> 2(nh)3.<1—

[(2X12+5X 1} + {21 +h)>+ 51 +h)} +...

+fl1+(n-1)h]

+{2(1+(n-1)h)*+5((1+ (n-1)h)]

[Q+5)+{2+4h+2h>+5+5h) + ..+ {2+4(n-1)h+2(n—-1)*h*>+5+5(n-1)h}]
+{7+9(m-1)h+2(n-1)*K*]
A m-D)+2R2{1%+ 2%+ L+ (n-1)?)]

n-1).n i (n-1).n(2n-1)

= lim
h=0

7 (nh) + +

= lim|14 +

n — ool

6

. 1 8 1 1

= lim [14+18<1——>+—<1 - .<2——>]

n—oo n 3 n n
16 96+

—14+18+3><1><2 32+ 3 3 3

2
31. Evaluate: [|x*-x|dx
-1

Sol. If ¥-x=0
= x(x*~1)=0 = x=0or x¥*=1
= x=0or x=%41 = x=0,-1,1
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Hence [-1, 2] is divided into three sub intervals [-1, 0], [0, 1] and [1, 2] such that
3

x’—x=0 on [-1, 0]
¥ -x<0 on [0,1]
and X —x20 on [1,2]

2 0 1 2
Now, [|x®-x|dx= [|x®—x|dx+[|x®—x|dx+[|x®—x|dx
-1 -1 0 1

0 1 5 4 210 4 21t 4 272
_ 3 3 3 _|x x X ox XX
_{(x x)dx+0f (x x)dx+1f(x xX)dx 1 2,112 0+ 120
“lo-(z-3-{(z-2)-0){e-2-(3-3)}
S \a 2/ Ne 2/ 4-2-{33
11 1.1 1 1.3 3 . 11
42— =S Sy
4 2 4 2 4 2 2 4 4
T T
32. Evaluate fezx.sin<z+x)dx. [CBSE Delhi 2016]
0
T
Sol. Wehave I= [ ezx.sin<£+x>dx
0 4
Integrating by part, we get
2x ¢ 2x
—ain (T N T e
I—[sm(4+x>. 2 L fo cos<4+x). 2 dx
1 5
2[smfn e —sm4] "o cos<z+x)dx
1[ & 1 1{ T ezx}n r . (T e
_5<_/§_T> > cos<4+x).70+fo sm(z+x).7dx
21
__¢e +1 5”_ 7 L (T
cos4 4fe .sm(4+x>dx
21
_ el 1, 5no 11
I=- 22 —4.6 .cos4+4ﬁ—41
51 eM+1 1 i W i S !
—=_ + =_ + = (-2+1)=-
4 2/2  4y2 4/2 2y/2 42 42 42
2TE+1
T 5/2
2 2
33. Evaluate: f +5xdx [CBSE (North) 2016]
2 2
Sol. Let I= dx (0
_{ L+5° (@)

2 2 2)_ 2 b
i Z%dx [ feoydx = [ fla+b-x)dx

- ]

2 1+57

_ 2 2
()" dx= | xldx
721+_

536
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2 5%x?

1=_£ i dx ...(if)
Adding (i) and (ii), we get
214592 2, [4 ]2
2l= | —————dx = | x“dx=|—
_£ + 5% _'zf 3 )
1 16 8
= 21—5[8—(—8)] = 1_3><2_§
34. Find: f[log (log x) + m )Z]dx [CBSE Bhubaneswar 2015, (South) 2016]
ogx

1
Sol. Let I= f[log(logx) +—dx
(log)
Let logx=t = x=¢ = dx=¢dt
1
I = f{logt + t—z}etdt
1 1 1 1 1 1
“flogt -+ pfear=llogtpJe( - o

=e¢'.logt- %.et +C [ J(f) +f (x))e"dx = f(x)e* + C]
1

= €% *log (log x) - log 8 ¥+ C [Put t=log x]
= x.log (log x) - lo; P C
. 55 5% ox
35. Find: [5° .5° .5%dx [HOTS]
Sol. Tet I=[5% .55 5%dx
dt
Putting 5" =t = 5%.log 5dx =dtor5".dx = (log 5)
dt 1

Therefore, I=[5° .5%.5%. dx =[5%.5 55,5 dt

“(log5) _ (log 5)

du
. . t= t —
Again, putting 5'=u, 5dt (logd)
1 d 1 u
Therefore, I=7-"% [5". ] u5 = S /5" du = S—_,_ C
(log5) (log5)  (log5) (log 5)*. (log 5)
5u 55t 5551

= +C= +C= +C
(log5)° (log 5)° (log 5)°

Long Answer Questions S 17T 5]

1. Evaluate the following integral as the limit of sums: f14 (¥*-x) dx [CBSE 2020 65/5/1]

Sol. Let I= f14 (x? = x)dx

f(x)=x2—x, a=1, b=4

_b-a _4-1 _3 _
h= n - n T~ 7n =nh=3
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Asn—oo, h - 0

We know that
[ feode=, " Rf@* f @+ )+t f (@t T
[" fydx="m_1"S' fla+ iy (i)
r=0

fla+rh)=(a+rh)?>—(a+rh)
= fA+rh)=(1+rh)* = (1 +rh)=r*h*+rh
Using (i), we have
. n-1
f14 (x? = x)dx = Erfooh Zr) (r*h® + rh)
—1

1
I= Emoh{hznz r2+hnZ r}

r=0 r=0

-1)(2n-1 -1
e D@D o))
1 1 2,2(, 1
_ im |1R (A=) (2-50) R (PW)\
h—-0 +
6 2
(3)°1-0(2-0) (3)*(1-0)
a 6 2
9_2
= 9*5=3
2. Evaluate: f(\/cotx + /tanx)dx [CBSE (AI) 2014; Patna 2015]

Sol. Let I=[(/cot x ++/tan x) dx
. e
sz(\/cosx | Vsinx )dx_f(cosx sin x) "

Jsinx Jcosx Jsinx.cosx
Let (sinx—cosx)=t = (cos x + sin x) dx = dt
. 2_ 2 . 2 2 . )
Also (sinx-cosx) =t = sin“x + cos“x—2sinx.cosx =t
. ) , 1-+
= 1-2sinx.cosx=t = sinx.cosx = —

dt dt
Therefore, I= = ﬁ
J \/ 1-£2 J V1=t
2
=2 sin"lt+ C = /2 sin! (sin x — cos x) + C

1
3. Evaluate: [ dx [CBSE (AI) 2014]

Jn .2 2 4
sin x +sin“xcos“x + cos " x

1

Sol. Let I=[—F——5—— T dx
sin"x +sIN“Xx.cos“x + cos x

Dividing N” and D’ by cos* x, we get
4

sec”x
I= 4 2
tan“x +tan“x +1
Put z=tan x = dz = sec® x dx
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1 1
Again, let z——=t = (1 + —z)dz =dt
4 z 1
dt 1 ot B

= I=fw=ﬁ<tan \@>+C=‘%tan'l(z_\@z>+C ['.'z—%=t]

1 ; _1(2 _1)+C 1 ‘ <tanx l>+
= ——tan an~

«/5 \/gz f ftanx
{75/2 sin’x

4. Evaluate: [CBSE Panchkula 2015; (South) 2016]

sinx + cosx

2 2
2 sm-x
1=["

Sol. Let b

(i)

sinx + cosx

sin® (% - x)

sin(% - x) + cos(% - x)

T2 cos’x
= |

— J'TE/Z
0

['.'Ofaf(x)dx = Ofaf(a - x)dx

e — ..(ii)
0 Cosx+sinx
Adding (i) and (ii), we get
21=f/ sin’x + cos xdx:”/2 . dx
0 sinx+cosx 0 Sinx +cosx
/2 dx 1 /2 dx
= — =]
0 ﬁ(—cosx+—sinx 0 cosx cos£+sinx sir1E
V2 V2 T4 T4
1l 75 selx-T)
—_ sec|x ——)dx [ cos (A—B)=cos A cos B + sin A sin B
-7 3 =75 [+ cos (A~ B) ]

COS( Z

- %[log{sec:(x - %) * tan(x - %)HZ/Z [+ [ secxdx = log(secx + tanx)]
= %[log<sec% + tan%) - log{sec< - %) + tan(— %)H

= %[log(ﬁ +1)- log(sec% - tan%)]
=%[10g(ﬁ+1)—10g(ﬁ—1)] J—log{g 1}

2
%log{(@%f)} = %IOg(ﬁ+ 1)?= ﬁlog(f% 1)

1
Hence, = ﬁlog(ﬁ +1)
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T2 xsinxcosx
5. Evaluate: [ i a
0 SIn x+cos x

X Sin X Cos X

4

n/2
Sol. Let I=] = 1
0 SIn " x+cos x

/2 (%—x).sin(%—x).cos(%—x)
=Of . 4<£ NS dx
sin” (5 —x)+cos (2 —x)

n/2 (E— x) COoS X. sin x

= [=] 2 T dx
o  cos*x+sin*x

/2

By Property
b fdx = ' fla—x)dx

[ sin (% - x) = cos x and cos (E

[CBSE Delhi 2011, 2014; Sample Paper 2017]

5 —x)=sinx]

X

n™/2 cosx.sinx xsinx.cosx
= I= E f — 4 2
0 sin x+cos x 0 SIn " x+cos'x
™2  cosx.sinx ™2 sinx.cosx
= I=*f ﬁdx IDZI—*Iﬁ
20 Sin X +Cos X o sin"x +cos x
sin x . cos x
———dx
1™ costx 4
=) [Dividing numerator and denominator by cos™ x]
0 tan"x+1
n ™2 2tanx.sec’x

T 2X2, 1+ (tan’x)?

Let tan®x= z;, 2tan x . sec? x dx = dz

The limits are, when x=0,z=0; x = E’Z =

o0

T
5= Z[tan_lz]g" = Z(tan‘loo —tan'0)

/2

6. Evaluate: | 2sinxcosxtan ' (sinx)dx
0

Sol. Let I = 2f0ﬂ/2 sinx.cosx.tan™ (sinx)dx

Put sinx=z = cos x dx =dz

.. b
The limits are, when x =0,z = sin0 = 0;x = 2,z = smi =1
a1t 2
o[ ztan (@) dz = 2|tantz. 2| oL Z
I Zfo ztan™ (z)dz Z[tan z.5 ) Zfo 14_22.2dz
2 2
T 11+z7-1 T
2[ 0] 2f01 2dz—4—f0 L+ dz—4—

T ot aqp_T KL P
= -l +lan 2]y = - 14| 0= 7

X

7. Evaluate: fon > P dx

a®cos’x + b*sin’x

T X
Sol. Let = dx
0

a?cos’x + b?sin’x

[CBSE Delhi 2011]

1 1
b dz+

1+22

[CBSE (AI) 2009; (F) 2014]

...(0)

Integrals 293



f Al dv [ | fede=[ fla-x)dx
0 0 0

a*cos? (1 — x) + b?sin’ (1 — x)

T T—X

dx (i

of a?cos®x + b?sin’x (@)
Adding (i) and (ii), we get

T
T
ZI:fz 2 2 . 2
0 a“cos“x+ b sin“x

dx

a?cos®x + b?sin’x

dx =

=3l

N\:l

T sec?x .. . 2
I=—J 5, 5 dx [Divide numerator and denominator by cos” x]
25 a*+b’*tan’x
T
2 sec’x 2 ¢
=) 50— dx x)dx =2 f(x)dx
I T [ ] feydx=2] fdx]

Putbtanx =t =  bsec®xdx=dt

The limits are, whenx =0,t =0and x = %,t =

O S A
by a®>+¢> b'a oy )
2
=" tan! lgy= L T =T
I ab(tan oo —tan™ 0) P M I 2ab
+
8. Solve: f (a+x) dx [NCERT Exemplar]
(a-x)
+
Sol. Let  I=[,/%" " dx
Put X =acos 20
= dx =—a.sin20. 2. dO
+ 20 1
I1=-2 ATACOSEY 6in20d0  |cos20=" = 20=cos > = 0==cos '~
a-acos20 a a 2 a
20 2cos0
=_2q] *cos sin20d0 =24 c052 sin2040
1-cos20 sin“0

=—2a] cot 0. sin20d40 = —Zaf

2s1n6 cos 0d0 = — 4a | cos? 040 = —2a [ (1+ cos20)dO

_ sin20), . _ ; ax 1/ 22
——2a[6+ 5 ]+C =-2a 2Cos i 5 1- = +C
2
=—q cos’1<%)+ N 1—% +C
9. Evaluate the following: f03/2| xcosTx | dx [CBSE (F) 2010; Patna 2015; (Central) 2016]
Sol. f03/2| xcosmx | dx
T
Asweknow, cosx=0 = x=(2n—1)5,neZ
L 13
COS X = = X=5r5
1
For 0 <x<—, x>0 then cos x>0 = x cos x>0

2/
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3
For E<x<5,x>0then cosmx <0 = x cos tx <0
3/2 1/2 3/2
fo/ | xcosmx | dx = fo/ xcosrtxdx+f1/2 (— xcosmx)dx

3/2

sin tx 12 1/2 . SINTx xsinmx 3/2 sinmx
o E il I S dx — 1/2
T T T 1/2 T
X 1/2 3/2
=|—sinmx + —Zcosnx [—smnx — —5 COSTIX
T e e 1/2
( 1 1 ) ( 3 1 5 1
21 2 2t 2:; 2n 2
X
10. Evaluate: f —
o 1+sinasinx
T T T—X
Sol. Let = f . dx= f . ; dx
o 1+ sm(xsmx g 1+sina.sin(m - x)
T
f —dx - f 75&
o 1+ sm(xsmx 1+ sina.sinx
T
I=n| ————7-/—-1
Of 1+ sina.sinx
p dx P dx
= 2] = nf - - = th
o 1+sina.sinx 0 x
2tan§
1 + sina. o
2
+ -
1+ tan 5
X X
T (1 +tan? E> T seCZE
=nf p dx=m [ o . dx
0 1 4+tan> +9ai X 0 2 X L he X
1+ tan 5 2sina.tan 5 tan 5 2sina.tan 5 1
X s X
Let tan5=t = sec de=2dt; x=0= t=0andx=7T = t=
dt
21 = 27tf S ST
*+2sinat+1
o dt
I=n|—5—— 5
0 t°+2sinat+sin“a-sin“a+1
® dt dt

T =7
o (t+sina)?+ (1-sin’a) of (t +sina)? + cos’a

00

X .
tan - +sina
-1 2

cosa

[, _t+sina ]°° T
= tan
0

l an
cosa cosa cosa

Consa (% a a)

0

- COT; a [% — tan”" (tan a)] =

(T —2a)
2cosa

dx

(D)

[CBSE (F) 2016]
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. 1-yx
11. Find: | - \/—dx (HOTS)

1-
Sol. Let I=

o e [ T+ /x
Putting Vx=cosh, ie,x=cos’0 = 0=cos™ xand dx = -2 cos 0 sin0d0, we get

=] 1-cosB

m(— 2sin Ocos0)d0

251112% sin% 9 9
=_2f 7e(sin6cos 0)d0=-2/ 0 <23in5cosicos 9)616
2COSZE cos

—2[2sin? %cos 040 = -2/ (1 - cos 0)cos0d0

—2[(1-cos0) cos0.d0 =—2(cos 0 - cos*0).d0
—2[cos0+[2cos*0.d0 =-2sin 0 + [ (1 + cos20).40

sin 20
2

2y/1-cos?0. cos 0
—24/1-cos?0 +0+ CO; cos +C=-2y1-x+cosWx+y/xy1-x +C

x2

—2sin0+ [1.40+ [cos20.d0 =—2sin0+ 0 +

+C

12. Find: [——————dx [HOTS]
(xsinx + cosx)
2
x“dx XCOSX x
Sol. Let [=[— ydx = - 5
(xsinx + cosx) (xsinx + cosx)~ COSX
. . . . XCOSX i
Integrating by parts, taking as the first function and ————————— as the second function,
cosx (xsinx + cosx)

we get

X Xcosx
= -1

dx

d X XCOSX
ﬁ( cosx )f< xsinx + cosx >.dx

COSX " (xsinx + cosx)?
. xcos xdx
Now, let us first evaluate | T
(xsinx + cosx)

Putting (x sin x + cos x) = t, then (sin x + x cos x — sin x)dx = dt i.e., x cos x dx = dt, we get

XCOs X dt 1 1
.—zdxzf—zz_?z_—.
(xsinx + cosx) t (xsinx + cosx)
-1 cosx + xsinx -1
Hence, [ = R - 5 - .dx
cosx (xsinx + cosx) cos’x (xsinx + cosx)
X -1 —x
= X 5 +fsec2x. dx = 5 +tan x+C
cosx  (xsin x + cos x) €os x (x sin x + cos x)
_ —x+xsin”x +sin x cos x iC= — x (1-sin® x) + sinxcosx ‘C
€os X (x sin x + cos x) €os X (x sin x + cos x)

_€os x (sin x — x cos x)

cos x(x sin x + cos x)

x> dx (sinx — xcosx)

(xsinx + cosx)?  (xsinx + cosx)
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I PROFICIENCY EXERCISE AN

W Objective Type Questions: [1 mark each]
1. Choose and write the correct option in each of the following questions.
0
(@) f 1) dx is equal to [NCERT Exemplar]
-5 -5

B PRI

(ii) The integral of [ J}x+ 1 dx is equal to

@ 2|* §+¢E—1og|(ﬁ+1)|+c o) x‘fﬁz‘- x+log(/x +1)+C
(c) J} ~log(Yx+1)+C (d) None of these
(i) [e*[f(x)+ f' (x)]dx =e" sinx + C then f(x) is equal to
(a) sin x (b) —sin x (¢) cos x —sin x (d) sin x + cos x
/ \/X
(@) a*loga+C (b) 20" loga+C  (c) 20’ log,a+C  (d) log +C
3cos(log x
f #dx is equal to
(a) sin (log 3) () cos (log 3) ()1 (d) %
(vi) fl tan dx is equal to
L 2
(@)1 ) e () ) (d) none of these
2. Fill in the blanks. [1 mark each]
O e [CBSE 2020 (65/4/1)]
3+4 cos”x
2dx
i [————=__ .
V1-4x?
(i) [ fx)dx=0if f(x)isan _ function.
- [CBSE 2020 (65/4/1)]
6
(iv) [ 2[x]dx= _, where [x] is the greatest integer function.
3
B Very Short Answer Questions: [1 mark each]
2
3. If [(e™ +bx)dx = 4e* + 37 find the values of @ and b. [CBSE (AI) 20081
4, If f 3x%dx = 8, write the value of 'a'. [CBSE (F) 2012, 2014]
0
1
5. If [(3x*+2x+k)dx =0, find the value of k. [CBSE Delhi 2009]
0
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10.

11.

12.

13.

14.

15.

If f(x)= [ tsint dt, then write the value of f(x).
0

1
Write the antiderivative of <3«/; + —)

Jx
If [ (ax+Db)2dx = f(x) + C, find f(x).

1
Evaluate: |

1
0 v2x+3
dx

sin’x cos’x

/4

Evaluate: | tan xdx
0

dx

Evaluate: [

Evaluate: [cos™ (sinx)dx

dx
xlogx

82
Evaluate: [
e

d
Evaluate: | ﬁ

d
Write the value of [ *

2+16

W Short Answer Questions-I:

16.

17.

18.

19.

20.

21.

22,

23.

24.

25.

26.

27.

Given [ e*(tan x + 1) sec x dx = e*f(x) + C
Write f(x) satisfying the above.
Evaluate: [(1- x)yxdx

Ifj(

Evaluate : fon

X

X
x sin x

1+ cos?x
Show that fon/z(\/ tanx +y/cotx dx) =27

[ | T
If dx =—,
of4+x2 T8

/4 [sinx + cosx
Evaluate : f A Al
0 3 +sin2x

x dx

find the value of a.

Find: | ———

mn f1+xtanx

“/2(5sinx+3cosx>d
—)dx

Evaluate : [ -
0 sinx + cosx

+ X
Evaluate : f((xi?’)edx
x

+5)3
/2 2sinx
Evaluate : | siny 4 yeosx 4
0
/2

Evaluate: [ e*(sinx — cosx)dx
0
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-1
5 )exdx = f(x)e* + C, find the value of f(x).

[CBSE (AI) 2014]
[CBSE Delhi 2014]
[CBSE (F) 2010]

[CBSE (F) 2009]

[CBSE (F) 2014]

[CBSE (F) 2014]
[CBSE Delhi 2014]
[CBSE (AI) 2014]
[CBSE (AI) 2011]

[CBSE Delhi 2011]

[2 marks each]
[CBSE (AI) 2012]

[CBSE Delhi 2012]

[CBSE (F) 2012]
[CBSE Delhi 2008]
[CBSE (AI) 2008]

[CBSE (AI) 2014]

[CBSE (Ajmer) 2014]

[CBSE Bhubneshwar 2015]

[CBSE Bhubneshwar 2015]

[CBSE Punchkula 2015]

[CBSE Patna 2015]

[CBSE Delhi 2014]



cosyx

28. Evaluate: [ dx [CBSE (AI) 2009]
Vx
29. Write the value of the following integral ﬂ[ﬁz sin’x dx. [CBSE (AI) 2010]
30. Evaluate: | ’:/M [CBSE (AI) 2012, (F) 2016]
W Short Answer Questions—II: [3 marks each]
31. Evaluate: [xsin™ x dx [CBSE (AI) 2009; Chennai 2015]
d
32. Evaluate: [—¢— [CBSE (AI) 2013]
x(x°+3)
33. Evaluate: [x?.cos ™ x dx [CBSE (F) 2009]
d
34. Evaluate: [ ﬁ [CBSE (AI) 2013]
+
35. Evaluate: [——o—>— 3x > [CBSE (F) 2011]
Vyx -8x+7
2
36. Evaluate: [ W [CBSE Delhi 2010, (F) 2013]
+2
37. Evaluate: | (_x > (x) 3 [CBSE (AI) 2010]
38. Evaluate: f T i [CBSE Delhi 2010}
1+sinx
39. Evaluate: f (| x|+ x=2]+|x—4]|)dx [CBSE Delhi 2013]
O .
40. Evaluate the following indefinite integral : [ —— 5 sind d$  [CBSE Sample Paper 2016]
2 x/sm b+2cosd+3
41. Find: [ 47dx [CBSE (Central) 2016]
+x° -2
42. Find: [(3x+1)y4 - 3x — 2x*dx [CBSE (Central) 2016]
n .
43. Evaluate: | — " —dx [CBSE (East) 2016]
0 1+3cos"x
Zrx+1
44, Find: [ —dx [CBSE (North) 2016]
(x*+1)(x+2)
45. Find: [(x+3))v/3—4x —x*dx [CBSE (North) 2016]
(P +1)(x*+4)
46. Find: |————5—dx [CBSE (F) 2016]
J (x*+3)(x*-5)
47. Evaluate the following definite integral : [CBSE Sample Paper 2016]
T 2x(1+sinx)
& 1+cos’x
/2 1-sin?2
48. Evaluate: | ezx<ﬂ>dx [CBSE Guuwahati 2015]
i 1-cos2x
49. Evaluate: fon/z log sin x dx [CBSE (Al) 2008]
2x*+3
50. Evaluate: fzxidx [CBSE (F) 2013]
x“+5x+6
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52. Evaluate: [

53. Find: [

51. Evaluate: [e*.sin(3x +1)dx

1-cosx
cos x (1+ cos x) *
sin 2x
(sin®x + 1) (sin®x +3) '

B Long Answer Questions:

[CBSE (F) 2015]

[CBSE Chennai 2015]

[CBSE 2019 (65/3/1)]

[5 marks each]

/3 dx
54. Evaluate: — CBSE Delhi 2014
valuate n/fe T+ Joots [ elhi 1
3
55. Evaluate [ (™% +x%+1)dx as a limit of a sum. [CBSE Delhi 2015]
1
56. Evaluate: [t —XCOS% [CBSE Ajmer 2015]
x(x +sinx)
TEJ_/4 dx
57. Find: —_— [CBSE Allahabad 2015]
0 cos>xy/2sin2x
/2 2 d
58. Evaluate: | M [CBSE Ajmer 2015]
0 1+3sin“x
Answers
1. (i) () (ii) (a) (iit) (a) (iv) (d) (v) (a) (vi) (c)
2. () ~— =t -1(2C°”)+c (i) sin” (29) (i) odd (i) 24
. (i) —=tan if) sin™ (2x) (i) o iv
2,3 V3
3. a can't be determined, b =3 4. a=2 5. k=-2 6. x sin x
+by
7. 232+ 2/x+C 8. % 9. V5-43 10. tanx -1/ tanx + C
1 o x* .1 1 X
11. 2log2 12. > " +C 13. log2 14.sin" x+C 15. 4 tan 4+C
2 320 2 s5p 1 i
16. f(x)=secx 17. gx —gx +C 18. f(x)=; 19. 22 21l.a=2
1 1
22. —log3 23. log |cosx +xsinx | +C 24. 2n 25. ¢". ;+C
4 (x+5)
2. 27. 1 28. 2siny/x +C 29. 0 30. x—+/1-’sinx+C
2 5
e Lo X s 1
31. 5 SN x—rsinTa+ 1-x"+C 32. 15log x5+3‘+C
3 3
1 1 1 X
33. Xcost x—o1-2% +=(1-x2)¥2 +C 34. —log|——I|+C
5 08 ¥ogVimagox 24 873
1 3
35. 3vx? —8x+7 +17log | (x—4)+Vx* —8x+7 | +C 36-Ex+log|x|—Zlog|2x—1|+C
37. \/x2—5x+6+%log (x—%}+\/x2—5x+6 +C
38 39. 20 40. —si 1(COS¢_1>
. T . . = - = |t
sin 7 +~
a1 Y2 g (L}; x-1
3 J2 ) 6log [x+1
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42,

43.

45.

46.

47.

51.

53.

55.

56.

57.

58.

1 232 5 [ 3} 3. 2 205 _1[ 4 ( 3]}
—(4-3x-2x ——=|x+=|2——x—x" ——— —| x+—||+C
2! PLAT AN T |t

2

V3r 44. élog|x+2|+llog|xz+1|+ltan_1x+C

9 5 5 5
—1(3—4x—x2)3/2+iz 3—4x—x2+zsirfl x+2 +C

3 2 2 V7
2(10—40(—3x2)3/2+£(x+zj\/10—4zx—3xz+zsim_{i(x+zﬂ+c
9 230 3 9 V34l 3

eTE/Z P
e 8. — 49. —5log2  50.2x+11log [x+2| ~21log |x+3]+C
2e% . sin(3x+1)  3e*.cos(3x +1) X
13 - 13 +C 52. loglsecx+tanx|—2tan2+C

llo (sin2x+1)—llo (sin’x+3)+C 54 S
28 278 12

b
R+ -¢7) fine Apply j f)dx =limhif(a+ )+ f(a+2h)+...+ f(a+nh))
3 —>

Write j(ez ¥ 1 x? +1)dx = Iez 3"dx+J(x +1)dx

1
3y e*e3(1 e‘6) _32
Get e L e rdx = —andj.(x +1)dx = 3

log|x|-log|x+sinx|+C
Hint: Write Ismx—xcosx zj-(x+smx)—x(1+cosx)dx

x(x+sinx) x(x+sinx)

. /4 d 1 (/4 d _1rn2 dx
é;Hmt:V 3—x=—jn .x _E.[o 4. —— Thenputtanx =t
5 0 cos’ xy2sin2x 270 3 \/smx 5 cos” x,/tanx
cos” x [——.cos” x
Cos X

3
6

IR, SELF-ASSESSMENT TEST A

Time allowed: 1 hour Max. marks: 30
1. Choose and write the correct option in the following questions. @4x1=4)
(i) The value of [ — s
g oxi o+ 2
- T
(@) 0 ® © @ 5
dx .
(i1) The value of | ————=1is
f xyxt -1

(@) ésec-l @H+C () sec () +C () sec ' x+C @) tan"' (&) +C

Integrals 30 ].



Yy d?y
3 } .
(iii) If x = fi an d— ay, then a is equal to

0 41+ 9 dx?

(@) 3 (b) 6 ()9

(iv) If fxﬁ sin (5x7)dx = %cos (5x7), x #0 then k is equal to

1
@7 ®) -7 © =
2. Fill in the blanks.

1
Q) [~ ng) - .

(ii) flx-zldx=
0

B Solve the following questions.
3. Find the antiderivative of [sin2xdx.

4. Find: [ <x/§ —%)2 dx

B Solve the following questions.

3
5. Find: f%dx
(x=1)

201 1\,
6. Evaluate: [~ - z)e “dx
i \x 2x

7. Show that fon/z(\/tanx +4/cotx dx)=y2m.

a

8. If
of4+x

Sdx = %, find the value of a.
B Solve the following questions.
,I .
9. Evaluate: [ = fmezdx
0 1+3cos™x

10. Find: fidx
x(x*=1)

n/2
11. Evaluate: [= | (2log sinx - log sin 2x) dx
0

B Solve the following question.

/2
12. Evaluate: | log (sin x) dx
0

N =

2x1=2)

2x1=2)

@4x2=8)

B3x3=9)

(I1x5=5)

Answers
1. (i) (b) (i) (a) (iii) (c) (iv) (d)
3. —%cos.Zx 4. %2—2x+log|x|+C 5. (xfx1)2+C
4
8. a=2 9. @nz 10. ilogx “Llic
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2. (i) %(log x) +C (i) 4

T, (1
11. Elog<2)

T
-5 log2



