Inverse Trigonometric
Functions

Chapter at a Glance

1. Inverse trigonometric function : We know that the function x = sin 6, means that 6 is an angle whose sine

is x or x is the sine of 0. Hence,

0= sin"lx if sin 0= x
Similarly 0= cos lx if cos 0= x
and 0= tan lx if tan0= x

Then functions sin~'x, cos ~1x, tan~1x, sec ! x, cosec™! x and cot~! x are called inverse trigonometric functions.
It is important to note that,
(i) sin 6 is a number whereas sin~! x is an angle.
(i) sin~'x # (sin x)~ ! or 1/sin x
2. Inverses of trigonometric functions are all relations and not functions. eg. for y = sinx = 1/2, the function
{(x, y) : y = sin x} will be an infinite set of ordered pairs {(1t/6 +2nm, 1/2), (57/6 + 2nm,1/2), n € I}, then to find
inverse of sin x, y is replaced by 1/2. Thus the inverse of this function is the set of ordered pairs {(1/2, 7/6
+2nm), (1/2, 51/6 + 2nm, n € I}, which is obviously not a function, because corresponding to a value of the
independent variable (domain), there are more than one value of the dependent variable (range). Hence, we
have to place certain restrictions on either the domain or range so that inverse of t-functions may be made
a function. In the above example, since the domain is already restricted to —1< x <1, we consider restricting
the range from —7/2 to 7t/2. Then defining the sin"'x as { 6 : m—~ 2< 0 <7/2} denoted by sin"'x = 0. Now
we find that all values of x in domain are associated with one and only one value in the restricted range.
3. Principal value : The principal value of an inverse trigonometric function is the smallest numerical value,

either positive or negative of the function.

Limitations for principal values of inverse circular functions can be placed in a table given below :

Function Domain (x) Range (0)
sin-lx [-1,1] [~ /2, ©/2]

cos™lx [-1,1] [0, n]

tan~! x (= 0, @) (- m/2, /2)

cot-1x (— 0, ®) (0, m)

sec 1 x (=00, -1) U (1, ) [0, =/2) U (n/2, ®)]
cosec™ 1 x (=00, -1) U (1, ) [~ =/2, 0) U (0, w/2]

4. Graphs of inverse trigonometric functions :

(Note : “arc sinx’ is also used for sin~lx)
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5. Properties of inverse trigonometric functions :

(I) Same angle can be expressed by different inverse trigonometric function.

30° = sin~! (1/2)

_ cos' (v3/2) =tan-1 (1//3)

(II) Inverse property :

(A) (i) sin~1(sin0) =9, -m2<0< /2
(i) cos~1(cosB) = 6, 0<6<m
(ifi) tan-!(tan 0) = 0, —m2<0<n/2
(B) (1) sin(sin"lx)=x, -1<x<1
(i) cos(cos 1) = x, -1<x<1
(iii) tan (tan~1x) = x, XER
(ITI) Principal of reciprocality : Following reciprocal relations exist between the inverse trigonometric
functions.
(i) sin-lx = cosec ! (1/x),-1<x=<1 (ii) coslx =
(iii) tan"l!x = cot-1(1/x), x>0 (iv) cotlx = tan-!
or
cot™! x
(v)  seclx = cos ! (1/x),x<-1,x>1 (vi) cosec 1 x =
(IV) Inverse trigonometric functions are odd functions within the principal values :
(i) sin"1(—x) = —sin~1 (x), -1<x<1
(ii) cos !t (-x) = m—cos1(x), -1=sx<1
(iii) tan~! (—x) = —tan~!x, x E€R
(iv) cot- 1 (-x) = m—cot 1 x. xER

secl(1/x),-1=x=<1

(1/x), x>0

1
=m+tan! — x<0
X

sin~! (1/x), x<-1,x>1.



v) secl (-x) = m—secly, xER-[-1,1]
(vi) cosec! (-x) = —cosec 1y, xER-[-1,1]

(V) Some fundamental formulae :

(1) sin-!x+cos~1x = m/2, -1<x<1
(ii) tan-!x+cot~1x = m/2, x ER
(ili) sec!x+cosec~lx = m/2, xER-[-1,1]

(VI) Addition and subtraction formulae :

@) sinl x +sin! y = sin™! [xy1-y* +yv1-x7] “1<sxy<1x2+2<1.
(ii) costx+cos!y = cos! [y F1-x7 1= 7] ~1<xys<1, Fx<y
(i) tanlx+tanly= tan"! | 2T x, y>0,xy<1

1-xy
(iv) tanlx-—tanly= tan! | 2 Y x,y>0,xy>-1

1+xy

(v) cottx+cotly = cot! {L_l}

(vi) cot!x—cotly = cot™! {Lﬂ}
y-x

(vi) tan'x+tan”ly+tanz
—yz—zx—2xy

{x+y+z—xyz}

(VII) Some important formulae :

(i) 2tan‘1x=sin‘1( 2x J

1-x? 2x
-1 = -1
cos [1+x2] tan (1_3(2}

1+x2
(ii) 2sin-!x=sin"! (2x V1-x?) (iii) 2cos !x=cos!(2x2-1)
(iv)  3sin~lx=sin"1(3x - 4x%) (v) 3cos lx=cos 1 (4x°-3x)

3
(vi) 3tan-lx=tan-! 3x—x
1-3x

X

(vii) sintx=cos ! V1-x* =tan-! ( J =cot™! [—M] =sec” [

- (1)

el

[ 2
] = cot™! (lj =sec! V1+x? =cosec! ( Lix J

1-x2

V1-x? 1
(viii) cos7!x =sin"l V1-x? =tan’! ( xx j =sec! (;) = cosec” [

(ix)  tan~!x=sin! [
x

il =cos‘1{ !
\/1+x2J V1+x?



Multiple choice questions 10. The sum of tan-1 % +tan-1 % +tan-1 % Foon iS

1. If sin! x + sin! y = 2?11’ then the value of (a) g ®) =
cos7lx +cos™! y will be: . .
@ = ® 3 95 Dy
3 3
T scot13] =
() g d) =« 11. cot( 4 2cot713| =
2. tan™! /3 -sec’! (-2)is equal to : @ 7 (b) 6
(c) 5 (d) none of these
(a) = (b) —g 12. sin[cot™ {cos(tan™! x)}] =
. o x2+1 b x2 -1
© 3 @ @ 32 ®) Ve
. . n . x-1 d x+1
3. If sin1(1-x) -2 sin x=E,thenxlsequa1to: © i @ i
1 1 4 2
(@ 0, 5 (b) 1, ) 13. The value of tan [COS‘1 st tan~1 gj is =
1 6 7
© 0 @ 5 @ - ®) -
5 2
4. The value of cot (cosec*l 3" tan-1 g) is: () - (d) none of these
@) 5 () 6 14. Iftan-1x+tan-1y+tan-1z=nthenx+y+z=
17 17 (a) xyz (b) 1
3 4 1
2 ) = 0 d —
(© 17 (d) 17 (©) (d) oy
5. cot-1 ab+1 +cot-1 bc+1 +oot-1547F 1_ 15. Which of the following is the principal value
a- -c c-a branch of cos™ x ?
(@) 0 (b) 1 [—n n}
—_—, = b ,
(©) /4 d) -1 @ 573 (b) 10, =l
6. The solution of 0 D -
. 2a ~ 1-p2 a 2x . (C) TE—[,TE] () (,TC)_E
sin1 —cos™1 = tan 5 is:
1+a2 1+0b2 1-x 4
a—b 14 ab 16. If tan"lx + tan"ly = 2", then cot™l x + cot-l y =
@) 1-ab ®) a-b
b1 2n
ab-1 a-b @ = ®) =
(©) (d)
ab+1 1+ab 3
7. sec?(tan"! 2) + cosec? (cot™1 3) = © 5 (d)
@ 5 (b) 10 17. The value of sin™! (sin 12°) + cos™!(cos 12°) is equal
(©) 15 (d) 20 o
8. :; tatl;l_-l j’ tanl—1 3 iﬁ, tvs./o angles of a triangle, then () zero (b) 24-2x
¢ tird angle witl be: (c) 4m-24° (d) none of these
(a) m/4 (b) 3mn/4 cosx
() w2 (d) mw/6 18. tan™! T o =
2
9. The formula cos”! +—% =2 tan-! x, holds only T ox
a2 @ ;-3 b) S+
for:
(@) xeR (b) Ixl>1 © g ) %—x

© xel-1,1] d) x e[l )



19.

20.

21.

22.

23.

24.

25.

26.

27.

. _1 1 . _1 2 . _1 .
If sin 3 +sin 3 -sinTy, then x is equal to :

5-442
o 0 v B
\/g + 4\/5 T
@ S @ 2
The value of sin~![sin 10] is :
(a) 10° (b) 10-3n
(¢) 3m-10° (d) none of these

4 3
cos71 = +tan-1 5=

27
a) tan 1=
(a) 11

11
c) cos1—=
© 7

-1
If tan-1%X

x+2
1
© 7

(c) J—fE

11
b in-1—
(b) sin >

(d) none of these

T

1
+tan1——=—,thenx=
+2 4

1
® =75

1
@

. . 1
The value of expression 2 sec 1 2 + sin~! 2

(a) (b)

a1
g

() d 1

N o=
oy

-1

. . 11
The equation 2 cos™ x + sin"lx = Tﬂ has:

(a) no solution (b) only one solution

(c) two solutions (d) three solutions

If o = sin-1 4 +sin-1 1 and B = cos! 4 +cos™1 1
5 3 5 3

then

(@) a<pP (b) a=p

(c) a>p (d) none of these

. 2
If cos (Sln‘1 3 +cos 1 x) =0, then x is equal to :
[NCERT Exemplar]
2
by =
(a) ®)

(© 0 d 1
Which of the following corresponds to the principal
value branch of tan~1x ?
T T
(b) [ E’ﬂ

T T
@ (‘5'5]
(© (_E’EJ_{O} (d)

gl =

n T
(0, m)

28.

29.

30.

31.

32.

33.

34.

35.

36.

The principal value branch of sec! x is:

(a) P§§}4W (b)

© O (d)

m—ﬂ—g}
9
2'2

The principal value of the expression cos™ [cos

(- 680°)] is :
21 -2n
zn by <t
(a) 5 (b) 5
34n T
Sl a =
(c) 9 (d) 5
The value of cot (sin™! x) is:
@ M b)
X V1+x2
1 1—x2
(© = (d) >
X X
The domain of sin™! 2x is:
(a) [0,1] (b [-1,1]
I
(C) 2 7 2 ( ) [_ 7 ]
-3
The principal value of sin! ( > ) is:
2m T
_cn by -2
(a) 3 (b) 3
4m 5n
an 4 2t
(© 3 (d) 3

The domain of y = cos™! (x> - 4) is:
(@) [3,5]

(b) [0, 7]

(© [-v5,-V3]In[-5,43]

@ [-+5,-3]ulV3,5]

The domain of the function defined
f(x) =sin! x + cos x is:
(@ [-1,1] (b) [-1, m+1]
(©) (-, ) (@ ¢
The value of sin [2 sin™! (0.6)] is:
(@) -48 (b) 96
© 12 d) sin12
4
The value of tan {cos ! —— —sin™! —} is:
{ 52 V17
J29 29
NeZ by 22
(a) 3 () 3
V3 3
N2 d =
© %5 @ %

by



37.

38.

39.

40.

41.

42,

43,

44,

If cot™!

VY

- %) =0, the value of sin 0 is :
(a) (b)

(© (d)

e ol
ol gl

If a. <2 sin™! x + cos™ x < B, then:
- n

(a) OL=—,B=—

2 > (b) a=0,B=mn

() a=_7n,[3=37n (d) a=0,B=2n

The value of tan? (sec™! 2) + cot? (cosec™ 3) is:

@) 5 ®) 11
© 13 d) 15
The value of tan [lcos‘l(ﬁj:l is:
2 3
[CBSE OD, Set-3, 2020]

3+5 3-5
(a) 2 (d) —

-3+45 -3-45
(© 2 (d) 2

The principal value of tan™ (%j is:

n n
z b) =
(@ 5 (b) e
T
= d
(c) 3 (d) =
The principal value of sec! (_—2) i
e principal value of sec is:
p p 3
5 2n
ald b) 2=
(a z (b) 3
(c) g (d) None of these

The inverse of cosine function is defined in the
intervals :

(@) [-m 0] (b)

n n
0/_ ~
@ [o3] @ |37
If sin"1x =y, then:
-7 T
0<y< b) ——<y<—
(a) ysx (b) y SV=5
-7 T
O<y< d) — i
© 0<y<n @ <<

45,

46.

47.

48.

49.

50.

51.

52.

53.

sin (E —sin~! (— 1)) i l1to:
3 5 )| isequalto:

(@) 12 (b) 1/3
(c) 1/4 (d) 1
The value of

tan~1 (_T;J+cot‘1 (%)+tan‘l (sin (— g)) is:

n n
(a) 3 (b) 12

T _
(o) 1 (d) T

. 3
The value of tan™1 [2 sin (2 cos~1 %)] is:

L 2n
z by 2=
@ 3 ® =3
T
- d) =
(©) (d) 3
The value of tan™1! (tan 5—:)+ cos! (cos BTE) is:
i
0 b) =
(a) (b) 3
L 2n
z 4 =
© 2 @ 3
The domain of the function cos™1 (2x-1) is:
[NCERT Exemplar]
(@) [0,1] (b) [-1,1]
( L1 (d) [0, n]
The domain of the function defined by f(x) = sin™1
Jx—1 is: [NCERT Exemplar]
(@ [1,2] (b) [-1,1]
(o) [0, 1] (d) none of these

3
The value of cos™! (cos ?n) is equal to :

[NCERT Exemplar]
i 3n
z by 2=
@ 2 ®
5n n
2= d L=
© = @
Solve sin (tan~1x), | x | <1isequal to: [NCERT]
X b 1
@ -2 O —
1 d X
(© 1+ x2 () V142

x x
sec1=—sec 7" sec’l b -sec! a, then x equals.
a

(@) a

(b) b
(c) ab 1

(d)



54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

2sin-1 3 +cos™1 24 =
5 25
(a) (b)

(d)

g N A
w|g N

()

. 5 =n
If sin-1X 4+ cosec12=" ,then x =......
5 4 2

(a) 4
(© 1

(b)
(d)

sin~1(x1—x —Vx V1= 22) = ceeerrnene

sin-lx +sin~1/x

(b)
(d)

(@)
(©

sin~1/x —sin~1x

1 1
cos [2 cos~1=+sin™1 —} =...
5 5

21

none of these

(a) tan-l (%tan g) (b) 2tan—1(2tan %)

(c) %tan—1 (2 tan~1 gj (d) 2tan7! (%tan gj

Assertion and Reason based questions

5
3

sin-lx —sin1/x

Choose the correct option :

(a) Both (A) and (R) are true and R is the correct
explanation A.

(b) Both (A) and (R) are true but R is not correct
explanation of A.

(©

(d)

none of these

..... 65.
26
5
_1
5
—x2
2 is equal to
1 66.
L
V2
0 67.
L
2

(a) % (b)
1
(© B (d)
sin {tan‘l( 1- xzj + cos‘l( 1
2x 1+
(@ 0 (d)
© 2 (d)
If 2cos™1 ’1+Tx = gf then x =
(@ 1 (b)
1
© -5 @

If gs x < 3?“, then sin™! (sin x) is equal to .........

(b)
(d)

(a) «x

(© (t+x)

64.

A is true but R is false.
A is false but R is true.
Assertion (A) : sin”! (sin3) =3
Reason (R) : For principal values sin! (sin x) = —x

Assertion (A) : The solution of system of equations
2
cos x + (sinl y)? = %

4 2
and (cos™! x) (sin”! y)?2 = 711:_6 is x= cosnz andy=+1,

Vpel
Reason (R) : AM > GM

2n
Assertion (A) : If lem‘l Yi=nm,neN
i=

n n > n 3
Then, 2 %=X X =X %;
i=1 i=1 1

i=
s . T
Reason (R) : - 5 <sinlx< 5 Vxel[-1,1]
Assertion : The equation 2(sin™ ! x)? - 5(sin™ ! x + 2)

=0.
Reason : sin~! (sin x) = x if x € [~ 1.57, 1.57].

Competency based questions

—-X

m—=X

2
Iftan-1x+2 cotlx= ?n,thenx=

@@ 2 (b)
© 3 (d)
If A =tan™1 x, then sin 2A =
() _2x
-2 (b)
2x
(0) ) (d)

_1| 3+5cosx
cos 1| ——
5+3cosx

3

V3 -1
J3+1

1-x2

none of these

} is equal to :

68.

Two men on either side of temple of 30m height
observe its top at the angle of elevation o and
respectively. The distance between the two men
is 40+/3 m and distance between men A and the

temple is 30+/3 m.

B
\
30m
re.re EIF rllg nn
a B
&A yen poe DML 1T BA
N e =S === )\ W
40,/3m
Based on above information answer the following

questions:
(i) Find ZCAB=a =



1 L2 (iv) ZABC=?
in-1— by sinl-——
v R @ = ®) =
NG 4 6
(c) sint— (d) sin™'2 -
2 () > d =
(ii) ZCAB=a =7
1 2 . 1.0
cos7t= b) cos!Z (v) Domain and range of cos™! x ?
(@) 5 (b) 5
(@ (-1,1),(0mn)
433 d) cos 4
() cosmy @ 5 () [-1,1, O, 7)
(iii) ZBCA=B=? (¢) [0, 7], [-1,1]
1
@ tan'to (b) tan”t2 d 1,1), [‘E,E}
2 2
tan™! — q) tan43
(c) 3 (d)
Solutions
1. (b) sinl x+sinly = 2n = 1-siny =cos2y
3 = 1-siny =1-2sin’y
T n 2n = 2sin’y—siny =
= —-coslx+=—cosly = == ) }
2 2 3 = 2x5—x =
T =0 1
( sin~lx +cos lx= E) = x =0,
= 2n cos—1 x + cos1 y X = % does not sarisfy the given equation.
-2 =
Hence, x =0
costx+cosly =2 5 )
3 4. (b) cot[cos ec! 37 tan1 g}
2. (b) tan"13 -secl(-2) )
2
= tan~1y/3 — (n - sec12) = cot _Cot‘l % —1+tan! %}
T mtsec2 _ — ,
=3 = cot| cot~1 +tan-1 —}
T n L 32 3
=—-m+— -
° 3 ., [16 42
2n = cot| cot™t,|— +tan~!t —
_m_ I 9 3
3 —
4 2
T = cot| cot~l =+ tan-1 —}
- 3 3 3
= t_t n12 ¢ fan-12
3. (a) sin‘l(l—x)—Z—sin‘1x=g = cot| tan~1 -+ tan~1 2
Let x =siny tan-1 3 + 2
= sin™! (1 —siny)-2y = T = cot —3 3
2 1-=-x=
4 3
= sin(1-siny) = g +2y - 9418
n = cot| tan! 121E6
= 1-siny = sin[z + 24 i o




it 417 =tan—12+2n_2n
R R 1+4n2 -1
.6 _ tan-l 2n+1)-(2n-1)
= Cof(cot 1ﬁj = 1+Qn+1)2n-1)
6 a, =tan”! 2n+1)—tan!(2n-1)
17 a, =tan”!3-tan"!1
— fan-1 -1
_qab+1 b+l o+l 4, =tan™ 5-tan™" 3
5. (a) cot n+cos - + cot p— ay =tan™' 7 —tan! 5
L, a-b . b-c L, c—a
= tan! +tan1 +tan1
ab+1 1+bc 1+ca a, =tan oo~ tan! 1
=tanla—tanlb+tanlb—tanlc+tanlc o0
—tan-l4 Y a4, =tanloo—tan"1
n=1
=0
2a 1-5p2 2x T
6. (d) sin-! —cos™1 = tan—1 L
@ 1+a2 1+b2 1-x2 2 4
= 2tanlg-2tan'b =2tanlx _T
= 2tanla-tan1bh] =2tanlx 4
a-b T
= tan—1 =tan! x X ocot-1
1+ab 11. (a) Co’{4 cot 3}
a-b Mt 1
= X = — g -1_—
1+ ab -co’c_4 2tan 3}
7. (c) sec? (tan"! 2) + cosec? (cot™! 3) r 1
= [sec (tan™! 2)]2 + [cosec (cot™! 3)]2 o ) 2%
) ) = cot i tanl——2—
= [sec(sec—1 4+1 )] + [cosec(cosec—1\/32 +1 )J 1 _(l)
3
=5+10 B
=15 2
8. (a) We know that sum of angles of a triangle is 180°. = cot~1 % —tan1 %
tan12+tant3+x =180° 9
= tan~1 +x =1
- = cot™! [ tan-! —}
= tanl—+x =g - 3
- = cot| tan-1 1—tan~1 —}
3n - 4
= T +Xx = - 3
3 "y
-1
= v =g - cot| tan 3
4 1+-—
L 4
= X = % l
14
9. (d) x e[l, o] — cot| tan~! z
10. (d) tan! % + tan1 % +tan1 S L 4

18 = cot [cot™! 7]

SR =7
12. (a) sin[cot™! {cos (tan~! x)}]
1

a, = tan~! 2 = sin[co‘c—1 {COS(SQC_l V1+x2 )H
2

. 1
sin| cot~1/cos1
4n? 1+x2

= tan~! 1 +tan~1 1 +tan~1
2x12 2x22 2x32

tan—1—



= Sin

1 17. (a) sin™!12°+cos™!12°
i [cot—l( ﬂ

J1+x2 We know that, the principal value of
sinlx e [—E E} Vxel-1,1]
= sin {cosec—1 1+ ! } 2°2F ’
1+x2

&costxel0,n], Vxel[-1,1]

249 T T
. [ . [__ _}
sm{cosec 21 } since 12 ¢ 25| or 12 ¢ [0, m]
T T
_ sin[sin—l x2+1 } butl2-4 ¢ [—E,E] &4n-12 ¢ [0, 7]
x2+2
5 sin~![sin(12 — 4r) + cos~! (cos (47 — 12))
_ ¥+ —12-4n+4n-12
x2+2 =0
4 2 CcosXx
t 1= +tan-1= 18. (a) tan—!
13. (d) an[cos 5 an 3} (a) T oins
= tan sec—lé+tar1—1 2} cos2 > —sin2 ¥
L = tan~1 2 2
r 55 9 coszg+sin2§+251n§.cos£
- tan|tan~! [~ -1 +tan"12 X
L 16 3 x x x x
_ 3 ) (cosz—sina)(cos§+sin5)
= tan| tan~1= + tan~! —} = tan™! 5
L 4 3 X .Xx
(cos§+5m5j
e
173 x x
= tan tan—l% cos = —sin—
1-=-x= = tan-1 _’)26
L 4 3 cosE+sin§
_ [ » 17}
= tan| tan™' — X
6 1-tan—
17 = tan—l—i
T 6 1+tan=
6 2
14. (a) Given: nx
tan-lx+tan"ly+tan-lz=n - tan™! [tan(z —EH
> tan-!x+tan"ly=n—tan !z
X+
> tan‘l—y=n_tan—lz X
1-xy 4 2
Xty -1 19. () sin—11 +sin1 2 sin"! x
> -y = tan(t — tan™ ' 2) . 3 3
Xty . o [E 21
=— ~lz)=— sin7!| =X, [1-—+—=,[1-— | =gin~!
= 1=y tan(tan™" z)=-z 3 973 g | =sin'x
> X+y=-z+xyz 15 2 22
= X +y+z=xyz. sin EX? 353 sin™ x
Hence Proved. )
15. (b) [0, 7] V54 2} -
s —+— | =sin"'x
4r L 9 9
16. (a) tan'x+tanly = =
REIE
n .. » 4n 9 9
——cotlx+=—cotly = —
2 2 5 20. () 3n-10
tLx+cotly = _an - - n
cot - x+cot 'y =m 5 We know that sin lies between TSxSE

. cotlx+cotly = n Given that x = 10 which not lies between



21.

22,

23.

(a)

(©

-7
—<x<
2

N a

3n — 10 lies between _—zn and g

sin 10 =sin(3w - 10)
sin~(sin 10) = sin™! [sin(37 - 10)]

=3n-10

cos™1 4 +tan~1 3
5 5

sec™1 > +tan-1 3
4 5

2
tan-1 (Ej —1+tan-1 3
4 5

tan-12 4+ tan-12
4 5

3 3
1’5
_ -1
= tan 1_2
20
=’can—1Z
11
’can‘1x_1+‘can—1x+1 =T
x+2 x+2 4
x—1 x+1
—~ tanl-X+f2 x+2 _ ™
1o G=h+D) oy
(x +2)?
(x—1+x+1)(x+2)
= =
(x+2)2-(x2-1)
N 2x)x(x+2) _1
X2 +4x+4-x2+1
= 2x2+4x =4x+5
= 2x2=5
= 3c2=E
2
5
T
= X 5

2sec12 + sin~1 1
2
= 2cos™1 1 +sin~1 1
2 2

= cos~1 L +cos~1 1 +sin-1 1
2 2 2

24. (a)

25. (b)

26. (b)

6
6
2 cos1x +sin-l x= 17
= cosl x+ cos ! x + sin-l x= L%
= coslyx+ & = 1m
2 6
g, _1ln =
= cosly=—2"_2
6 2
1 11n-37
= cosly=—""-"
6
_8#
6
4n
=—¢[0,m
3 [0, m]

So, function has no solution :

. 4
o= sin-1=+4sin-1=

i G 3]

: 1{4 242 1 3}
s = X——+—X—
573 35

gnA[gJi:3} (1)

4 1
B = cos! 5t cos™1 3 (Given)

242

. .3 .
= sin~1 5 +sin1—=—

3
w5522

: _1[3 1,22 4}
sinTl =X —+——x—
53 3 5

sin—l{g‘/ﬂ?’}

15

From (1) and (2), we get

a=p
We have,
.12 _1
cos|sin"t=+cos" x| =0
5
.12 _1 1
= sin g+cos x =cos 0

.12 -1 Y
= sin"' =+cosTtx=—
5 2



27.

28

29.

30

31.

32.

33.

. (d)

(b)

(d)

.12 1 T
= sin”' —+cos”'x = —
5 2
1 .42
= cos™'x = ——sin™ —
2
-1 ~12
= cosT X = cosT —

ee—1 -1,
- cos”1x+sin x—E

X =

arl N

cos! [cos (- 680°)] = cos! [cos (720° — 40°)]
= cos™! [cos (- 40°)]
= cos™! [cos (40°)]

21
=40°= —-
Letsinl x=0,
then sin® =x
1
= cosec O = —
x
5 1
= cosec- 0 = -
x
5 1
= 1+cotc0 = )
x
1-x2
= cot O =
x
. 1-x2
= cot (sin"! x) =
x

Letsin™1 2x =0

So that 2x = sin 6.

Now, -1 <sin 6 <1, i.e.,, -1 <2x <1 which gives
1

1
—— <x< —.
2 2

R Gr R —sin®
sin 5 sin 3
=—sin™! | sin T

3

L

3

y =cos (x2-4)

= cosy =x2-4

ie., -1 <x?2-4<1(since-1<cosy<1)
= 3<x?2<5

= V3 <lxi<+B

=x e [-/5,-/3]U[V3,/5]

34. (a) The domain of cosis R and the domain of sin1 is
[-1, 1].
. The domain of cos x +sin"! xis R~ [-1, 1], i.e.,
-1,1].

35. (b) Letsin™ (-6) =0, i.e., sin 0 ="6.
Now, sin (20) =2 sin 6 cos 0 =2 (-6) (-8) = -96.
1 4
36. (d) tan{cos ! —=—sin"! —}
@ { 52 V17
-1
Let A=cos —=
© 52
A 1
c -
RN
= cos? A = =
50

= sec2A =50
= tan2A=50-1=49

4
- -1
d B=sin —
an T
Be 2
sin T
sin? B = E
17
cosec?B = 17
16
C0t2 B = z_ = l
16 16

tanA =7andtanB =4

Now, tan{cos_lL—sin_li}
' 5V2 V17
=tan (A -B)
tan A—-tanB
1+tan AtanB
7-4 3
1+7x4 29

37. (d) Given: cot_l(%l) =0, where 6 € (0, )

o= 1
CO = 5
1 1

sin 0= =
cosec 0 1+cot? 0

111
\/1+(‘ 5) 25 V25

ﬁm
(o



38. (d) We have N L T - sin [_4._} [ sin-1] —= =—_n}
2 2 2 6
= _—n+E <sinlx+ T E+E ;
2 2 272 2 = sinz=1.
= 0<sinlx+(sinlx+costx)<m 1 1 1
-1 -1 1 &
= 0<2sin~!x+ cos! x < . 46. (c) tan (ﬁj+cot (ﬁ]ﬂaﬂ (sm(—ED
39. (b) tan?(sec!2) + cot? (cosec™! 3)
=sec? (sec™' 2) — 1 + cosec? (cosec™! 3) -1 - _rt,T_ T
—22x1432-2=11. 6 3 4
-2n+4n-3n -m
1 =T 2
40. (b) Let y = tan{gcos‘l(gﬂ 12 12
-1\ -= 1 n -7
ctan~!| — |=—, cot™ 1| —= |==, sin| — |=-1
Putting, X = COS_l[%] { [\/5) 6 (\/5) 3 ( 2 ) }
- = V5 . 47. (a) Given, tan~! {2 sin| 2 cos™! ﬁ }
cos x = =5 ..(i) 2
Now, y= tan[lxx) = tan~! [2 sir1(2><£):tan‘1 [2 sin EH
’ 2 6 3
y = tan(f) = tan~! 2><£ =tan~ 13 ="
2 2 3
1-cos(x) 1 5 1 L
t tan— | =t t. -—
y 1+ cos(x) 48. (@) an (an 6) e 6
_ ﬂ F . = tan 1(—tan—j=__n
¥y = 1+\/§/3 [From (i)] 6
-1 137
\/3_\/3 ~ (3_\@)(3_\/5) and cos COST
Y=\N3+45 \(3+5)(3-5)
-1 T _ -1 T T
= Cos cos(2n+—)—cos (cos —j ==
(3-5)2 3-v5_3-45 6 6) 6
y= _5 - _
9-5 J4 2 -mom
_ 3-5 6 6
Y 2 49. (a) We know that cos™ ! x is defined for x € [- 1, 1]
. flx) =cos™! (2x - 1) is defined if
. _1[ V5 3-5
ie., tan{—cos 1(%)} = -1 <2x-1<1
i = 0<2x<2
41. (b) g = 0<x<1.
5 ) 50. (a) We know that sin~! x is defined for
-1 = -1
42. sec | —=|=m—-sec | — x e[-1,1]
@ (@J (ﬁ) S
- flx) =sin x—1 is defined if
_ n_gz%n - 0< Jx-1<1
43. (a) Cosinef . d . 1o, 0] = 0<x-1<1
. (a osine functions respected to any interval [- 7, 0],
wx—-120and -1<vVx-1<1
[0, ], [, 2x] etc., is bijective with range [~ 1, 1]. [z an x-1<1]
. [-n= = 1<x<2
44. (b) Range of sin™! x is [T’E} xe[l,2]
_ 3n 3t 3m
- T 1. cos ! cos— | # 2= as 2—¢|0,
Tgyg_ 51. (a) ( z)izasze[Oﬂs]

2
- 3n n
, 1 - cos-10=
45. (d) sin [—g —sin~! (— —; ﬂ s (COS 2 ) s cos 0= 2



52. (d)

53. ()

54. (a)

55. (d)

tany =x

X
= smy=ﬁ

Let tan~! x =y. Then,
. 71 x
=sin~ | ——
Y [ V1+x2 )
= tan-1x = sin~! ad
V1+x2

1
1+ x2

sin (tan~! x) = sin (Sin‘

x x
sec™1Z —gec1 3" seclb-secla
a

a 1 1 b
cos1——cos1= = cos™1 3 cos—1—

a

-1 2 1_ 1_ﬁ 1_i

cos cha 2 / 3
1.0 f 1 b2

=cosl|=x=— [1-—,[1-—
L x b2 xz}

2 2
ALY Ul P S S I S ol
X x2 a2 x b2 x2

Va2 —a2 a2 -1 _ Vb2 -1 x2 12

x a b x
On squaring both sides
x2-a2 a2-1  b2-1 x2-D2
2 a2 Ry

b2(x2 - a?) (a2 - 1) =a?(b? - 1) (x2 - 1?)

b2x2a2_b2x2_b2a4+a2b2

=2 b2 2 -2t —a?2 x2+ a2 b2

x2(a% - b2) = a2 b%(a? - b?)
2 =22

x =ab

2sin-1 3 +cos™1 24
25

Il
w
A
=}
L
—
(o) N
X
S gl w
—_
|
Bl
N
+
a
]
@
i
]
&)}

I
2]
@
5
i
|
X
+
(@}
o]
0
N

Il
»
3

—_

|

+
(@)
)

N

|

N3

56. (b)

57. (b)

59. (b)

. X
= sin-1= _
5

X . / 16
in-1= = sin7! [1-—
= sin 5 25

= sin1X = gin-12
5
X 3

j J— = —
5 5

= x=3

sin*l[x\/ﬂ —Jx 1 —sz

sin-1| 11— (V& v T=GF |

sin-lx —sin~1/x

1 1 . 1
cos| cosT1=+cos1=+sin-1=
5 5 5

— 42
sin {tan‘l ( 1-x
2x

cos[cos—l 1 + E}
5 2

. [ 711}
—SsIin| CoOs™+ —
5
—sin| sin~1 /1—i
25

2
5

-}
j+cos‘1(1 x)
1+ x2

Put x =tan 0.

= sint =1
2cos™1 1+x =T
2 2
—  cosl I+x _m_ 1 [1tx
2 2
cos-1 1+x sin-1 1+x
- iTr _ iTx
2 2
1+
- cos 1 [1-—%
2
— cos1 Itx _ cos™1 1-x
2 2

2tan0 1+tan26

sin[tan!(tan 20) + cos™! cos 26]

sin| tan—1 {tan(g - 26)} + 29}

sin E—ze+2e}
2

N _1[1—tan28j _1(1—tan28
sin| tan™'| ———— |+ cos™!| ————

)



64. (d) " 3~171° (lies in II quadrant)

1+x 1-x
= 5 A\ 2 sinlsin3 =3-n#3
But sin~! sin x = x for principal values.
- Irx 1-x 65. (a) " AM >GM
? ? . cosTlat(sinTly)? > \/(cos‘1 x) (sin~1y)?2
- l+x=1-x - > = Y
= 2x = 2 _ pr?
= x=0 = —_—2
i 3n -7 T 8 8
60. (d —<x<— => —<x-m<=
(d) 5 5 > x 2 = p =2
n . Thus, we conclude that the only value of p that
> Sm-x< 5 satisfies all conditions is p = 2.
Then, cos™l x = (sin”! y)?
= sin™! [(sin (1 —x)] =n —x -
. = (cos1x)2 = —
61. (c) tanlx+2cotlx =22 16
2
= coslx =+—
= tan~ x + cotl x + cot x = 2% 4
3 2
= cos| £ T
= X = r—
e 4
2 3
2 m
cotlx=2_T o COS(ZJ
3 2
4
_ 4n-3n Also, (sinty)* = s
6 16
-1 _ E
cot-ly = * = sin™ y iz
6
T
. — o + =
= x = cotZ v y=sm (_ zj
6
=x+1
NG -
66. (a) Since, maximum value of sin”! x;is =
62. (c) A =tan!x 2
= x =tan A 22’:1 sin-1 x . ble. if
AR, i =nnis possible, i
We know, sin2A = % i=1
+ tan
X =Xy=X3=...=Xy, =1
. 2x n
T 142 El Y =1+1+1+.. uptontimes=n
1+x 1
63. b)  2cosl|—= =T Y %7 212412412412+ .. upto n times = 1
2 2 i=1
g [Itx g i 3_.13413413 -
=  Cos — :Z arldi=1 xP =1°+1°+1°+ .. upton times=n
n n n
1+x n Hence, Y X=X x> - X x°-,
L T cos— i=1 i=1 i=1
Tix 1 67. (d) 2(sin"1x)2-5@in"1x)+2=0
= +25-
X V2 = sin—1x=$:2,%

Squaring on both sides

1+x 1 = sinlx= %,sin‘1x=2
2 2
1
1+x=1 S X =sin (5) and x =sin~ ! 2 is not possible
x =0



1
c.ox=sin (E] is only solution

.. Assertion (A) is false.

68. (i) (a) B
60 m
30m
o
A «— 5P
< 40‘\/3_m 7
. BD
SsiIno = ——
AB
AB = \/(30V/3)? +302
= 4/2700+900
= /3600 = 60.
301
s o = 60 2
o =sin™! 1
2
Word of Advice

(i) (c)

(iid) (d)

(iv) (0)

AD 30V3 3

COSETAB 60 2
o = COS 7

BD_ 30 3 _ g
- — = = =4/3
tnf=H5c" 1073 3

BC = /302 +(104/3)2

= 900+ 300 = 1200 =203 m

AB2 + BC2 = AC2
(60)2 + 1200 = /3600 + 1200
AC = 4800 = 403

. By convex of pythagoras theory

/ABC = L
2

(V) (C) [Or TE]/ [_ 1/ 1]

1. Several students made errors while applying properties of inverse trigonometric functions,
converting one inverse trigonometric function into another equivalent inverse trigonometric function and in

simplification.

2. Many students made errors in applying the formula of sin"! A + sin™! B. Also, errors took place in
simplifying and solving higher degree algebraic equations. Some students converted all terms into a
particular inverse function form, for example tan™! and could not handle the resulting equations.

3. A few students not only wrote incorrect formula for tan™! x + tan™! y but also made errors while

simplifying the expression.

4. Several students made errors while converting sec

x and cosec™! x to its correct form.



