CHAPTER

Syllabus

Chapter Analysis

The analysis given here gives you an analytical picture of this chapter and will help you to
identify the concepts of the chapter that are to be focussed more from exam point of view.
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Revision Notes

Determinants, Minors & Co-factors
(a) Determinant : A unique number (real or complex) can be associated to every square matrix A = [a;] of order
m. This number is called the determinant of the square matrix A, where a;; = (i, /) element of A.

c d

a b a b
For instance, if A = [ c d] then, determinant of matrix A is written as |A| = = det (A) and its value

is given by ad — bc.
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(b) Minors : Minors of an element a;; of a determinant (or a determinant corresponding to matrix A) is the determinant
obtained by deleting its i row and j column in which a; lies. Minor of a,; is denoted by M;;. Hence, we can
get 9 minors corresponding to the 9 elements of a third order (i.e., 3 X 3) determinant.

(c) Co-factors : Cofactor of an element a,,, denoted by A,-j, is defined by Ai]- = (—1)(i +J) M,-j, where M,-]- is minor of
a;;. Sometimes Cj; is used in place of A; to denote the co-factor of element a;,.

1. ADJOINT OF A SQUARE MATRIX:

LetA={a;] be a square matrix. Also, assume B = (Al where A, is the cofactor of the elements 2, in matrix A. Then
the transpose BT of matrix B is called the adjoint of matrix A and it is denoted by “adj (A)".

b d -b
To find adjoint of a 2 X 2 matrix : Follow this, A = |:? d] oradjA = [ ] .

—-c a
1 2 3
For example, consider a square matrix of order3as A= |2 3 4], thenin order to find the adjoint matrix A, we
2 0 5

find a matrix B (formed by the co-factors of elements of matrix A as mentioned above in the definition)
15 2 -6 15 -10 -1

ie,B=|-10 -1 4 |.Hence,adiA=B"=|-2 -1 2
-1 2 -1 -6 4 -1

2. SINGULAR MATRIX AND NON-SINGULAR MATRIX:
(a) Singular matrix : A square matrix A is said to be singular if |A| = 0 i.e., its determinant is zero.

(1 2 3
e.g. A= |4 5 12
11 3

=1(15-12)-2(12-12) + 3(4-5) = 3-0-3=0
~. A is singular matrix.

-3 4
B=|, _4]_12—12_0

. Bis singular matrix.
(b) Non-singular matrix : A square matrix A is said to be non-singular if |A| = 0.

(0 1 1
e.g. A=1|1 0 1
1 10
=00-1)-1(0-1) + 11-0)
=0+1+1=2%0

. A is non-singular matrix.
e A square matrix A is invertible if and only if A is non-singular.

3. ALGORITHM TO FIND A~ BY DETERMINANT METHOD :

STEP1: Find |A|.
STEP 2: If |A| = 0, then, write “A is a singular matrix and hence not invertible”. Else write “A is a non-singular
matrix and hence invertible”.
STEP 3 : Calculate the cofactors of elements of matrix A.
STEP 4 : Write the matrix of cofactors of elements of A and then obtain its transpose to get adj.A (i.e., adjoint A).
1

STEP 5 : Find the inverse of A by using the relation A™ = m(ﬂde) .
4. PROPERTIES ASSOCIATED WITH VARIOUS OPERATIONS OF MATRICES AND THE DETERMINANTS :
(a) AB=1=BA (b) AA =Tor A1 = A
() (AB)'=B1Aa" (d) (ABC)! = C''B 1A
@ Aly'=A (f) A" =@"h"
(8) AladiA) = (adj A)A = [A| 1 (h) adj(AB) = adj(B) adj (A)
(@) adi(A") = (adj A)" G) (adj A)" = (adj A7)
(k) |adjA| = |A|""L,if |A| # 0, where n is of the order of A.
() |AB| = |A||B| (m) |Aadj A| = |A|", where n is of the order of A.
(m) A = ﬁ , if matrix A is invertible. (o) |A] = |AT|

e |kA| =K' |A|, where n is of the order of square matrix A and k is any scalar.
e If Ais a non-singular matrix (i.e., when | A| # 0) of order n, then |adj A|=|A|"~L.
e If Ais a non-singular matrix of order 7, then adj (adj A)=| A |"~2 A.
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5. PROPERTIES OF DETERMINANTS :
(a) If any two rows or columns of a determinant are proportional or identical, then its value is equal to zero.

a b
eg,|a, b, c| =0[AsR;and R, are the same]
al bl Cl

(b) The value of a determinant remains unchanged if its rows and columns are interchanged.

a bo¢ a, 4, 4,
e.g. a, b, ¢| =1 b, b
a; by ¢ G G G

Here, rows and columns have been interchanged, but there is no effect on the value of determinant.

(c) If each element of a row or a column of a determinant is multiplied by a constant k, then the value of new
determinant is k times the value of the original determinant.

a, b ¢ ka, kb, ke, a, b ¢
e.g. A=la, b, ¢|,A=|a, b, ¢,|=kla, b, ¢ orA =kA
a, by ¢, a, by ¢ a, by, ¢,

(d) If any two rows or columns are interchanged, then the determinant retains its absolute value, but its sign is

changed.
a, b ¢ a; by ¢

e.g. A=|a, b, ¢|,Aj=|a, b, ¢, orA; =-A [Here R, <> R,]
a3 b3 C3 al bl CI

(e) If every element of some column or row is the sum of two terms, then the determinant is equal to the sum of
two determinants; one containing only the first term in place of each sum, the other only the second term.
The remaining elements of both determinants are the same as given in the original determinant.

a+o b a, b ¢ o b ¢
e.g. A= |a,+B b, c,| =1|a, b, c,|+|B b, ¢,
a;+y by ¢ a; by o v by oo

6. AREA OF TRIANGLE :

Area of a triangle whose vertices are (x;, y;), (X, , ¥,) and (x5, y5) is given by,

1M W 1
A= 5 x, Y, 1] sq.units
Xy Y, 1

* Since area is a positive quantity, we take absolute value of the determinant.
¢ If the points (x;, y,), (x, , ¥,) and (x;, y5) are collinear, then A = 0.
®  The equation of a line passing through the points (x,, y;) and (x,, ¥,) can be obtained by the expression given here :

x y 1
x oy 1 =0
X, Y, 1

] Objective Type Questions 2 40=18+14 (1 mark each)

= 2x"=32+40

2x 5| |6 -2 , 72
Q.1.1If 8 =l 3 ; then the value of x is = x =7=36
(@) 3 (b) 3 x=16
(c) =6 (d) 6 a-b b+c a

[NCERT Exemp. ] Q. 2. The value of determinant [b—a c+a b| is

Ans. Correct option : (c)

Explanation : Given that c—a a+b ¢

2x 5 _ 6 -2 (@) a® +b® + 8 (b) 3bc
8 « 7 3f (c) a® + b® + % - 3abc (d) None of these
=2x*-40=18+14 [NCERT Exemp. ]
= 2x*=32+40 Ans. Correct option : (d)
= w="2_3
2
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b*—ab b-c bc—ac b(b-a) c(b—a)
(b—a

gbaﬂhzélbbz 2[ )babéa(b[

b—c

gém @gxﬁeﬂ fide

Class=Xll

Explanation : We have

a-b b+c a| la+c b+c+a a

b—a c+a bj=b+c c+a+b b

a+b c| |c+b a+b+c ¢

[+C,—»C +C,andC, »C,+(,]

at+c 1 a
=(a+b+c)b+c 1 b

c+b 1 ¢

c—a

[Taking (a+ b+ c) common from C,]
["R, >R,-R,and R, - R, -R,]
a-b 0 a-c
=(a+b+c)] 0 0 b-c
c+b 1 ¢

[Expanding along R, ]
=(a+b+c)b—c)(b—a)

Q. 3. The area of a triangle with vertices (-3, 0), (3, 0) and
(0, k) is 9 sq. units. Then, the value of k will be
@9 (b) 3
(c) -9 (d) 6
[NCERT Exemp.]
Ans. Correct option : (b)
Explanation : We know that, area of a triangle with
vertices (x;, y;), (x,, ¥,) and (x5, y;) is given by
v oyl
A= 5 x, y, 1
5oy 1
-3 01
~A==|3 0 1
0 k1
[Expanding along R, ]

9= %[—3(—1()—0 +1(36)]

= 18=3k+3k =6k
k=83
6

b*—ab b-c bc-ac

Q. 4.The determinant ([ab—a* a—-b b®—ab| is equal
bc—ac c-a ab-a’
to
(a) abc(b - c)(c—a)(a-Db)
(b) O-c)c-a)a-Db)
() @+b+c)b-c)c-a)a-Db)
(d) None of these
[NCERT Exemp. ]

Ans. Correct option : (d)

Explanation : We have
b*—ab b-c bc—ac| |[b(b—a) b-c c(b-a)
ab—a* a-b b*—ab|=|a(b—a) a-b bb—a)
bc—ac c—a ab-a*| |c(b-a) c-a a(b-a)
b b-c ¢
=(b-ala a-b b
c c-a a

IO +albino (h— A coarmman

T=a au—10 ‘L\U u} T=a— 8T

= (b a b pa (1 b b
=(b—ay|aCali |
[Oa teking g —a) common
[on taking (b - a) compipaiREIdARsEIEAch]
from|b-andhC eadt)]
=(b-a)blgebbaebc b
=(b—a)’ alebaa-<cb-ab a
[-C—€rECy—a @
[.£h—C -C,]
[Since, two columns@, and C, are identical, so the
value of determinant is zero.]

2 A -3
Q.5. If A=0 2 5|.ThenA™ existif
11 3
(@Ar=2 (b) A =2
(c) A #-2 (d) None of these

[NCERT Exemp. ]

Ans. Correct option : (d)

Explanation : Given that,
2 A 3
A=|0 2 5
11 3
Expanding along R,,
[4]=2(6-5)-4(-5)-3(-2)
=2+5A+6
We know that A™! exists, if A is non-singular matrix,
ie, |[A|=0
S 2+450+6%#0
= 5\ #-8
-8

A#E—
5
So, A~ ! exists if and only if A= _—58

Q. 6.If A and B are invertible matrices, then which of
the following is not correct?

(b) det(A™)=[det(4)]"
(d) (A+B) =B +A™
[NCERT Exemp. |

(a) adj. A=|A].A7

() (AB)" =B"A™

Ans. Correct option : (d)
Explanation : Since, A and B are invertible matrices,
so, we can say that

(AB)'=B"A" ()
1 .
Also, T =—(adj A
SO ‘A‘ (adj A)
= adj A=A | A| ...(ii)
Also, det(A)™ =[det(A)]"
= det(A)" = !
[det(A)]
= det(A).det(A)" = ...(iii)
From equation (iii), we conclude that it is true.
Again, (A+B)'=————adj (A+B)
[(A+B)]
= (A+By'#B'+A™" (iv)
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x |6 2 .
Q.7.1f 18 + 118 6 then x is equal to
(a) 6 (b) =6
(c) -6 (do
[NCERT Ex. |

Ans. Correct option : (b)
Explanation : Given that,
x 2 |6 2
18 x| [18 6
= x*-36=36-36
= x*=36=0

(a) det(A) (b)

(1 (d)o

Ans. Correct option : (b)

det(A)

[NCERT Ex. |

Explanation : Given that A is an invertible matrix,

A7 existsand A = €

=——uadj. A.
|Al

As matrix A is order of 2, let A =|:

d -b
Then, | Al=ad —bc and adj.A:[ ]
- a

a b
c d

|

= x*=36
= x =16 NOW,
Q.8.Let A be a non-singular square matrix of order (4 b
3 X 3. Then |adj A| is equal to . Al TA|
@ |A] o) |A]? A7 =mﬂdj~A=
- a
(© 1A]° (d) 3]A] Al TA]
[NCERT Ex.] -
Ans. Correct option : (b) 4 b
Explanation : We know that, A7 |A| |A|
Al 0 0 |l
(adj A)A=|AlI=| 0 |A| 0 |A| |A]
0 0 4] 1|4 -b
| A | 0 0 - | A |2 —c a
= |(adjA)A|=| 0 |A| 0 1
0 0 |A ‘lAlz(ﬂd—bC)
1 00 1
. _ 3 _ 3 2" | A |
=ladjA[[A|=]AF10 1 0=]A[(I) | Al
0 01 _ 1
ladjA]=| AT | Al
Q. 9.If A is an invertible matrix of order 2, then det(A™) sdet(A™)= !
. det(A)
is equal to
L]
?i Very Short Answer Type Questions (1 mark each)
Q. 1. Find the maximum value of x+3 =2 )
1 1 1 Q.2.Ifxe Nand | 5= , [ = 8, then find the value of
1 1+sin6 1
1 1 1+ cos6 x. [O.D. Set I, II, III 2016]
. 3 -2
[Delhi Set I, II, III 2016] . Given x_—gx oyl =8
Sol. Let the maximum value be
1 1 1 or 2x(x + 3)—(-2) (-3x) =8
A= [1 1+sin6 1 or 2% + 6x - 6x = 8
1 1 1+ cosO 8
or = = 1A
Expanding, we get 2
A=sinB.cos 6 or ¥ =4
_ 2sin6.cos® _ lsinze 1 or x=%2 Y2
2 2 Since xe N,so,x=2
1
-+ Maximum value = ~x 1=+ Commonly Made Error
2 e Sometimes Students attempt this question

plm NI

[as—-1<sin20<1] %2

using long calculations instead of using simple
fundamental concepts.
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Answering Tips
e Illustrate properties of determinants in detail.

Q. 3.In the interval g <x<m, find the value of x for

which that matrix [2 sinx 3

is sineular.
1 Zsinx:| is singular.

[O.D. Set I, II, III Comptt. 2015]

A = |2sinx 3
1 2sin x

Sol. Let

For singular matrix

Al =0
4sin’x-3 =0 bA
or Sinx=ij
2
21
or x=—
3
as g <x<T b2

[CBSE Marking Scheme 2015]

1
Q. 4. Write the value of the determinant plj 1 P ;
[Delhi Set I Comptt. 2014]
Sol pptl =1 1
’ p-1 p

[CBSE Marking Scheme 2014]
Detailed Answer :

RS
p-1 p
=p-p+1 %
2x 5 6 -2
Q.5.If |g x| =|7 3|, write the value of x.
[NCERT Exemplar, Delhi Set I, 2014]
2x 5 6 -2
Sol. 8 =17 3 ‘
or x=%6 1
[CBSE Marking Scheme 2014]
Alternative Method :
2x 5| _ |6 2
8 «x 7 3
2x2-40=18 + 14
or 2x2 =32+ 40 b2
or 2x2 =72
or ¥ =36
or x=1%6 b2

Q.6.If A is a 3 X 3 matrix, |A| # 0 and |3A| = k|A]|,
then write the value of k.

[Foreign Set I, II, III, 2014]

Sol. k=27 1
[CBSE Marking Scheme 2014]

Detailed Answer :
Since |kA| = K"|A|, where n is the order of matrix. 2
[3A| = 33|A|
=27|A]|
or k=27 Ya

Q. 7.1If A and B are invertible matrices of order 3, |A| =
1
2and |(AB)| = . Find |B|. [S.Q.P. 2018]

Sol. L S
| AB| 6
1 1
= |ATIB] ~ 6
= |B| = -3. 1

[CBSE Marking Scheme 2018]

4 6
Q.8.If A = (7 5), then what is the value of
A.(adj A)? [S.Q.P. 2014]
. 22 0
Sol. A.(adj A) = ( 0 _22) 1

[CBSE Marking Scheme 2014]
Detailed Answer :

-y

. _ (5 -6
adj A = (_7 4)
- (4 6)5 -6 1
A-(adj A) (7 5)(_7 4 ) %
_ (20-42 24424\ _ (22 0 ) ,,
35-35 —42+20 0 -2
Q.9.1If ::)r;g (s:i)r?g = - % where o and B are acute

angles, then write the value of o + 3 .

[S.Q.P. 2014]
Sol. (o + B) = g 1
[CBSE Marking Scheme 2014]
Alternative Method :
sina. cosp| _ 1
cosa. sinf 2
or sinosinf—cosacosf = —%
1
or —cos(o+PB)=-=
2
or cos (. + B) = Cosg Vs
or cos (o + B) = cosg
or (a+B) = g Ve
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Q. 10. Evaluate x if : 2 4 _12x 4 .
5 1 6 x
[Delhi Set I, II, III Comptt. 2016]
Sol. 2-20=2x2-24 1
or x= /3
[CBSE Marking Scheme 2016]
4 2 5
Q.11.Given A = | 2 0 3|, write the value of det.
-1 10

(2AA7Y). [A] [Outside Dec. Set I, II, ITI Comptt. 2016]
2447 = @2 [+ AAT=1]
[CBSE Marking Scheme 2016]
Q.12.If A is square matrix of order 3 such that
|adj A| = 64, find |A|. [Al[Delhi Set I Comptt. 2013]

Sol.

Sol. |A] =8 1
[CBSE Marking Scheme 2013]
Detailed Answer :
ladj A| = |A|"~!, where nis the order of the matrix %
|A]% = 64
Or, |A| =8 Y
2 +3 15
Q.13.1If ‘Z(xil) ’;+1 =3 3l write the value of x.
[Delhi Set I Comptt. 2013]
2x x+3 15
Sol. b+1) x+1 T ‘3 3‘ Orx=1 1

[CBSE Marking Scheme 2013]
Detailed Answer :

‘ 2x  x+3 _‘1 5‘

2(x+1) x+1 3 3

o, 2x(x+1)—-(x+3)[2(x+1)]=3-15 P
or, 2% + 20— 202 - 8x -6 =-12

or, —6x—-6=-12

or, -6x=-12+6

or, x=1 1

Answering Tips

e Give extensive practice in different types of
questions based on properties of determinants.

Q.14.For what value of x, the given matrix
A= ‘3 _sz * Z 1 is a singular matrix ?
[O.D. Set I Comptt. 2013]
Sol. x=1 1

[CBSE Marking Scheme 2013]

Detailed Answer :

3-2x x+1
A:‘ 2 4

Since A is a singular matrix. i.e., |[A| =0
3-2x x+1

2 4 | =0 Y

or, 4(3-2x)-2(x+1)=0
or, 12-8x-2x-2=0
or, -10x+10=0
or, x=1 b2
Q.15.If A is an invertible square matrix of order 3 and
|A| = 5, then find the value of |adj A|.
[O.D. Set I Comptt. 2013]

Sol. ladj A| = 25 1

[CBSE Marking Scheme 2013]
Alternative Method :

ladj A| = |A|", where n is the order of the matrix
Y
ladj A| = 5*Or |adj A| =25 Y

+1 -1 |4 -1

Q.16. If i_ 3 ;c+ 2= ‘1 30 then write the value of x.
[Delhi Set I 2013]

Sol. x=2 1

[CBSE Marking Scheme 2013]

Detailed Answer :

x+1 x-1] _ |4 -1
x-3 x+2/ ‘1 3‘
of,(x + N(x +2)—(x=3)(x-1) =12+ 1 Y
or, P+3x+2-%+4x-3=13
or, 7x-1 =13
or, 7x =14
or, x =2 1

Q.17.If Aij is the cofactor of the element a; of the
2 -3 5

determinant (6 0 4|, then write the value of
1 5 -7

a3 s,
Sol.

[O.D. Set I, 2013]

13,A5, = 110 1
[CBSE Marking Scheme 2013]

Detailed Answer :

2 5

Az = _5‘6 4‘
= —5(8-30) v
= _5(-22) =110 va
Q.18.If A is square matrix of order2 and |adj A| =9,

find |A].
[Outside Delhi Set I, II, III Comptt., 2016]
Sol. ladjA| = |A|*!
or, |A| =9 1

[CBSE Marking Scheme 2016]

Q.19.If A is a square matrix and |A| = 2, then write the
value of |AA’|, where A’ is the transpose of matrix
A. [Foreign Set I, II, I1I, 2013]
|AA'| =4 1
[CBSE Marking Scheme 2013]

Sol.
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Detailed Answer :

|AA"| = |AlIA’
=2x2 [ Al = |A'|]7
=4 73
Q.20. IfA = B 170:|, then write A~

[Foreign Set I, II, 111, 2013]

7 -10
-1 _
at=n 3 !

[CBSE Marking Scheme 2013]

Sol.

Detailed Answer :

(3 10
A= 2 7]
A-I:i(ude) 1
|A]
_ 310 _ 0 on
a1 =2 7‘_21 20=1
. [7 -10 4 _[7 -10]
adjA = 2 3 ]orA —[_2 3 |
1

Q.21.If A is a square matrix of order 3 such that
q
ladj A| = 225, find |A’|. [S.Q.P. 2012]

Sol. |A| =x15 1
[CBSE Marking Scheme 2012]
Detailed Answer :
ladj A| = |A|"~!,where nis the order of the matrix. ¥
|A|?=1520r |A| =+150r |A| =215 %

Q. 22. Write the inverse of the matrix [cose —sin 6] .

sin® cos6
[S.Q.P. 2012]
4 | cos® sin®
Sol. ~ |—sin® cos6 g

[CBSE Marking Scheme 2012]
Detailed Answer :

[ cos®
| sin®
R
|Al

A:

—sin®
cos6

A= —(adjA)

_ |cos® - sinB 1
4] = sin®  cos® e

= cos?0 + sin®0 = 1

cos® sin©

adj A = | —sin® cos0 |

a1 [ cos® sin@]
or A= | —sin® cos0 | &

Q. 23. The value of the determinant of a matrix A of order
3 X 3 is 4. Find the value of |54 |.

[Delhi Set I Comptt. 2012]

Sol. |5A4| = 500 1

[CBSE Marking Scheme 2012]
Detailed Answer :
|kA| =K"[A] 2
= [5A| = 5%(4) = 125(4) = 500 Y
Q.24.Is A is square matrix of order 3
|2A| = k|A|, then find the value of k.
[S.Q.P. 2016-17]
Sol. k=2=38 1
[CBSE Marking Scheme 2016]
Q. 25. If the determinant of matrix A of order 3 X 3 is of
value 4, write the value of |3A].
[O.D. Set I Comptt. 2012]

|3A| = 108 1
[CBSE Marking Scheme 2012]

and

Sol.

Detailed Answer :

[kA| = K*| Al
or [3A| = 3%4) Y
=27 (4)
=108 ¥
Q. 26. Write the value of the determinant :
102 18 36
1 3 4 [Foreign Set I, 2012]
17 3 6
102 18 36
Sol. 1 3 4/=0 1
17 3 6

[CBSE Marking Scheme 2012]
Detailed Answer :

102 18 36
A=|1 3 4
17 3 6
17 3 6 1
=1 3 4 (R, ~R) 1
17 3 6 6
=0 (- R;andR;areidentical) /2

Q. 27.For what value of x, the matrix [1+x 7] is a

3-x 8
singular matrix ? [O.D. Set I Comptt. 2012]
Sol. x= 13 1
15

[CBSE Marking Scheme 2012]

Detailed Answer :
Since, A is a singular matrix

1+x 7
3-x g =0
or 81+ x)-7B3-x) =0 b2
or 8+8x-21+7x =0
or 15x-13 =0 b2
13
or x = —
15
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5 3 8 Cl : Cl + 9C2
Q.28.If A = |2 0 1|, write the minor of the element 65 7 65
123 75 8 75 =0 1
a3 [Delhi Set I, 2012] 8 9 86
Sol. =7 1 Since two columns are same, hence the determinant
[CBSE Marking Scheme 2012] value will be zero
Detailed Answer : Q.30.If A = [a; ]] is is a matrix of order 2 X 2, such that
5 3 8 |A| = -15, and C;; represents the cofactor of a;,
Given A=12 0 1 then find a,,c,, + azzczz [RI[S.Q.P 2017—18]
123 Sol. ¢y + aycy, = |A| =-15 1
[CBSE Marking Scheme 2017-18]
5 3 1 8
u =
» ‘1 2‘ Q. 31. If for any 2 X 2 square matrix A, A(adj A) =
_ — 8§ 0
ap=10-3=7 7 |:0 8]/ then write the value of |A].
2 7 65
Q. 29. Write the value of 3 8 75 [RI[OD Set I 2017]
59 86 Sol. |A| =8 [CBSE Marking Scheme 2017]
[O.D. Set I Comptt. 2014] OR
2 7 65
Sol. 3 8 75/ =0 1
5 9 86

[CBSE Marking Scheme 2014]

Alternative Method :
2 7 65
A=13 8 75
5 9 86 [Topper's Answer, 2017]
Q.32.If A is a square matrix such that |A| = 5, write the value of |AAT|. [OD Set I1 2016]
Sol B F: 1 - T ._____' e
T - \ﬁ'(' ‘ !. i s T
ﬂﬁ_‘I__I.Bl _u.ﬁ 11 o s TR P 5 L0 0 N
ls i I _q?km_ﬁi | H LT J—
= - —!F’—!}g' .L‘_BS_LIJ; "19-{{ _) -
il ) ?- _
= Al = Ay / :
[Topper’s Answer, 2016]
Q.33.If A= (; 21) and B = (; 4;] find |AB|. [OD Set I 2016]
Sol. _lagls lells] - {freuided A 5B axesqeaks makrics)

A= t .%_M_. : 6= F‘ L ] gl it v

5 - 5l Sk
. ¢ ! 2 AaAY= 23 = F i A
3 |

f1o.= ‘ ___kfg-:g, E_C-A:Z_‘

L

L
g

S ] Apl=. —7AOE _:f;h;,_,_ . .__‘._'_-.I
[Topper’s Answer, 2016]
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?i Short Answer Type Questions

(2 marks each)

-3 2
Q. 1. Find the inverse of the matrix [ 5 _3:|-

Hence, find the matrix P satisfying the matrix
) -3 2 1 2
equation P = .
5 -3 2 -1

[S.Q.P. 2017-18]
=
Sol. {—3 2} LV —2H3 2} 1+ 7%
5 3| 9-10/-5 -3| |5 3

1 2}{3 2} {13 8}
P = 1
2 -1]|5 3 1 1

[CBSE Marking Scheme 2017-18]

2 3 -1
Q.2.IfA=4 1 0| findM;, XM, +C,; X C;, when
3 3 2
Ml.j is called minor and Cij is called co-factors of A.
R&U
2 3 -1
Sol. We have, A=14 1 0 1
3 3 2
4 0
MlZ_ 3 2‘28—028
3 -1
M2]= 3 2‘:64'3:9
Cp = —‘3 _1=—(6+3)=—9
4 0
Cp= —‘3 2 =—(8-0)=-8
My X My; + Cyy X Cyy
8X 9+ 98 =72+72=144 1
6 0 1
Q.3.IfA= {0 1 2|,thenshow that |[24| =8|A]|.
00 4
R&U
6 0 1
Sol. We have, |[Al =10 1 2
0 0 4
|A] =6(4-0)-0(0-0) + 1(0-0)
=24 1
12 0 2
[2A] = [0 2 4
0 0 8

= 12(16 - 0) — 0(0 - 0) + 2(0 - 0)
=192 1
|2A] = 8 x 24 = 8|A| Hence proved.
Q.4.If A is a skew-symmetric matrix of order 3, then
prove that det A = 0. [OD Set12017]

Sol. Any skew symmetric matrix of order 3 is
0 a b
A=|-a 0 ¢
-b — 0
or = |A|=-a(bc)+a(bc)=0 1
Since A is a skew-symmetric matrix .. AT=_A
|AT] = |-A] = (D’ |4] %
or  |AT| =~ 4]
or 2|A| =0or |A] =0. )
[CBSE Marking Scheme 2017]
OR
Sol.
f‘) A skao syrorndiric ’ S
V\\\ A M ‘ £
e - gl ' A
d bl
/ lap= AL
N s e 7 gl .
{_ 1 R B At e ! .
[Topper's Answer, 2017]

Sol.

Q.5.If A, B are square matrices of the same order, then
prove that adj (AB) = (adj B) (adj A).
We know that
(AB) adj(AB)= | AB| = adj(AB)(AB) (i)
(AB)(adj B adj A)

= A-Badj Badj A = A(Badj B) adj A

=A(|B|)adjA [~ BadjB = |B|I]
= |B|(A- adj A)

= |B||A|I [ Aadj A= |A|ll
= |A[|BII 1
= |AB|I ...(ii)

From (i) and (ii), we get
AB(adj AB) = AB(adj B-adj A)
On multiplying both sides by (AB)™, we get
(AB)Y[(AB) adj AB]
= (AB) [(AB) adj B-adj A]
or adjAB = adj B-adjA 1
Q. 6.If A and B are square matrices of order 3 such that
|A| = -1, |B| = 3, then find the value of |2AB]|.

[Foreign 2017]
Sol. [2AB| =2° x |A| x |B| 1
=8 X (-1)x3=-24 1

[CBSE Marking Scheme 2017]
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‘?i Long Answer Type Questions-I (4 marks each)
Q. 1. Using properties of determinants, prove that :

(a+1)(@a+2) a+2 1 Al = _l[-‘i ‘23]

(a+2)(a+3) a+3 1 =-2 1=

Taking RHS. = B'A™

1 =212 37"
-1 3| |1 —4
3 2] 1[4 -3
11 111-1 2

(a+3)(a+4) a+4 1
[Delhi Set I, II, III Comptt. 2015]

(a+1)(@a+2) a+2 1
Sol. LHS = ((a+2)(a+3) a+3 1
(a+3)(a+4) a+4 1

Applying R, — R, - R, 1 1 [14 5:|
= — 1+1
(a+1)(a+2) (a+2) 1 11/ 5 1
=| 2a+2) 1 0 L.HS. = RH.S.

[CBSE Marking Scheme 2015]

Q. 3. Using properties of determinants, solve for x :
a+x a-x a-x

[uy

(a+3)(a+4) (a+4)

Applying R; — R; — R4
(a+1)(a+2) (a+2)

=

=| 2a+2) 1 0 1 a-x a+x a-x =0
4a+10 2 0 a-x a-x a+x
Expanding along C, [OD Comptt. 2015] [OD 2011] [S.Q.P. 2015-16]
=40 +8-4a-10 1%
=-2=RHS 1 Sol. a+x a—-x a—x

a—x a+x a-x =
a-x a-x a+x

[CBSE Marking Scheme 2015]

2 3 1 -2 .
Q.2.1f A= |:1 _4:|, B= I:_l 3 ] , verify that Applying Ry— Ry + R, + R,
(AB)" =B'A™ 3a-x 3a-x 3a-x
[NCERT] [O.D. Set I, II, III Comptt. 2015] a-x atx a4a—-Xx| = 1
a—x a—-x a+x

Sol. Given A= i‘ _34 Applying C,— C, - C,;
- - 3a-x 0 3a-x
and p=|1 2 a-x 2x a-x| = 1
-1 3
L a-x 0 a+x
then AB=|2 3|1 2| _|-1 5 1 Applying C; > C;-C;
1 4j)-1 3 5 -14
L 4 3a—x 0 O
, . adj(AB) a-x 2x 0| =0 1
Taking L.H.S. = (AB)™ = | AB| i—x 0 2x
; 14 -5 Expanding along C
Here adj(AB) = [_5 _1:| and 4x*(3a - x) 0
x=0,3a 1
|AB| =14-25=-11 [CBSE Marking Scheme 2015]

(AB)! = b [_14 _5] = %[14 5] 1 Q. 4. Using properties of determinants, prove that :

nl- A > 1 1 1+p 1+p+gq
] 3 2 3 4+3p 2+4p+3q =1
adj B =[1 1] 4 7+4p 2+7p+4q
|B| =3-2=1 R&U [OD 2009] [S.Q.P. 2015-16]
adj A = -4 -3 1 1+p 1+p+g
-1 2 Sol. Taking LHS. = |3 4+3p 2+4p+3q
4 7+4p 2+7p+4q
|A] =-8-3=-11 )
Applying R, — R, — 3R,
B! =i(adj3)=[i, ﬂ 1 1+p 1+p+g
|B| -0 1 1+p | 1
4 7+4p 2+7p+4q
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Applying R; — R; — 4R,

1 1+p 1+p+g
1 —1+p 1
0 3 2+3p

Il
[S)

Applying R; — R, - 3R,
1 1+p 1+p+gq

=0 1 -1+p 1
0 0 1
) 1 1+P
Expanding along R, 0 1
=1=RHS. 1

[CBSE Marking Scheme 2015]
Q. 5. Without expanding the determinant at any stage;

prove that :
0 2 -3
2 0 4l =o. R&U [S.Q.P. 2015-16]
3 4 0
0 2 -3
Sol. Let A=|—2 0 4
3 4 0

Interchanging rows and columns

0 2 3
A=(2 0 4 1%
3 4 0
Multiplying R;, R, and R; by (- 1)
0 2 -3
A=-DDED|-2 0 4
3 4 0
1/
or A=(-1Aor2A=0 b2
or A=0 Y2

Hence proved
[CBSE Marking Scheme 2015]

Commonly Made Error

® Mostly candidates expand the determinant to solve
it, though it is clearly determinants.

Answering Tips

o Give extensive practice in different types of question
based on properties a of determinants.

1 2 3
Q.6.If A=| 0 -1 4|, find ()™
2 2 1
[Delhi, 2015]
1 0 -2
Sol. Getting A=(2 -1 2 1
3 4 1

then |A’| = 1(=9)-2(~5)

=-9+10=1=%0 2

Hence A’ is invertible.

Cofactors of A’ are :
Cu=-9Cy=-8C;=-2
Cp=8 Cp=7 C;=2
Cy=-50Cy=-4Cy=-1 1

-9 -8 -2
adjfA’=|8 7 2
-5 -4 -1
. -9 -8 -2
(A,)_1=ad]A =8 7 2|14
|A'] -5 -4 -1

[CBSE Marking Scheme 2015]
Q. 7. Using properties of determinants, prove the
following :
a a bc
b b ca| = (a-b)(b-c)(c-a)bc + ca + ab).
c c* ab

[NCERT] [Delhi Comptt. 2011]
[OD Comptt. 2013] [Delhi Set I Comptt. 2014]

OR
Using properties of determinants, prove that
a b ¢
at b c*|=(a—-b)b-c)c—a)ab+bc+ca)
bc ca ab
[All India 2013C, Delhi 2011C]
a a* be
Sol. A= b
c* ab

Using R, - aR;, R, > bR, R; > cR,

a* @ abc
1 2 3
A= 7 b b ﬂbC 1/2
e & abe

Taking abc common from C,
a a1
A=p* b 1 iz
¢ 1
Using R, - R, - R;, R; = R;—R;
a* @ 1
V-a* b’ -a’ 0 1%
cd-a*> -a 0

A=

Taking common (b — a) from R,, (c —a) from R,
a* a’ 1
A= (b—a)(c—a)b+a b*+ab+a® 0 ¥
c+a c+ac+a® 0
Expanding along C,, we get
b+a b*+ab+a’

A= (b=a)c—a) c+a c+ac+a®




DETERMINANTS

[ 101

R, —-R,-R,;

b+a b*+ab+a’
A= (b—a)(c—u)c_b c?—b*+ac—ab

b* +ab+a*
—(b-c)(a+b+c)

b+a
—(b—¢)

(b—a)(c—a)

b+a b*+ab+a?
-1 —(a+b+c)

(b—a)(c—a)(b-c)

a+b a*+b*+ab
1 a+b+c

—(b—a)(c—a)b-rc)

(a—b)(b—c)(c—a){a2 +ab+ac +ab+b*
+bc—u2—b2—ub}

= (@-b)(b-c)(c—a)ab + bc + ac) 1
[CBSE Marking Scheme 2014]

Q. 8.Using properties of determinants, prove that

following :
b+c a a
b c+a b |=4abc.
c c a+b
[NCERT] [O.D. Set I Comptt. 2014]
[O.D. Set 1, 2012]
b+c a a
Sol. A=|b c+a b
c c a+b

Using R, — R, - R, Ry

0 —-2¢c -2b
=b c+a b 1
c ¢ a+b

R, — cR,, Ry — bR, and taking common (- 2) from R;

0 G b
= ——|bc *+ac bc
Cloc  be  ab+b?

Taking common bc from C;, c from C, & b from C;

0 1 1
= 2bc|]l c+a ¢ 1
1 b a+b
C,—-GC -G
0 0 1
=-2bc|l a @ 1
1 —-a a+b
Expanding along R;, we get
A = —2bc(- 2a)
A = 4abc 1

[CBSE Marking Scheme 2014]

Q. 9. Using properties of determinants, prove that

a+tx y z
x a+y z | =d¥a+x+y+2).
x y a+z

[NCERT Exemplar] [Foreign Set I, 2014]

a+x y z
Sol. A=|x a+ty z
x y a+z
Using C; - C; + C, + G4
at+x+y+z y z
=l|latx+y+z a+y z
at+x+y+z Yy a+z

Taking common (a + x + y + z) from C,

1 y z
= (a+x+y+2z)|l at+ty z 1
1 y a+z
Using R, - R, - Ry, R; > R; - R;
1 y z
= (a+x+y+2z)0 a 0 2
0 0 a

Expanding along C;,
A=@+x+y+2) @*-0)
A=da+x+y+7z)

[CBSE Marking Scheme 2014]

Q. 10. Using properties of determinants, prove that
1 1 1+3x
1+3y 1 1
1 1+3z 1

[CBSE Delhi/Outside Delhi Set I, II, ITI 2018]

Hence,

=9(3xyz + xy + yz + zx)

1 1 1+3x
Sol. LHS = 1+3y 1 1 1
1 1+3z 1
1 0 3x
= [1+3y -3y -3y 1
1 3z 0

(UsingC, > C,-C, & C; > C;-C))
=1 X yz) + 3x(3z + Yyz + 3y)

(Expanding along R,) 1

=9@Bxyz + xy + yz + zx) = RHS 1

[CBSE Marking Scheme 2018]

Commonly Made Error

e Students should know the properties of determinants.
Before applying the properties of determinants, students
directly expand the determinant, which is wrong.

Q.11. Using properties of determinants, prove that

x+A 2x  2x
2x  x+A 2x
2x  2x  x+A

[NCERT] [Delhi 2011, 2009]
[ Foreign Set II, 2014]

= (5x + M)(A-x)~

x+A 2x 2x
A=|2x x+A 2x
2x 2x  x+A

Sol.

Using C; = C; + C, + G4

5x+A 2x 2x
=|5x+A x+A 2x
5x+A 2x x+A
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Taking (5x + A) common from C;

1 2x 2x
= (5x+A)[1 x+A 2x 1
1 2x x+A
Using R, = R, - R;, R; = R;— R,
1 2x 2x
= Gx+A)0 —x+A 0 2
0 0 —x+ M\

Expanding along C;, we get
A = (5x + M{(A - x)*>-0}
A = (5x + M)(A - x)? 1
[CBSE Marking Scheme 2014]
Q.12. Prove the following :
a bc  ac+c’
a+ab b ac
ab b +bc

= 4a?b*c%

[NCERT] [OD 2015] [Foreign Set III, 2014]

a* bc  ac+c*

A=l +ab b ac
ab  b*+bc

Sol.

Taking a, b and ¢ common from C;, C, and C;

respectively
a c a+c
=abcla+b b a 1
b b+c ¢
Using C; —» C; + C,-C;
0 c a+c
= abcl2b b a 1
2b b+c ¢
Using R, — R, - R,
0 c a+c
= abc|0 - a-c 1
2b b+c ¢
Expanding along C;,
A =abc[0 -0 + 2b(ca - + ca + ?)]
or A = abc(4abc) or A = 4a?b?c 1

[CBSE Marking Scheme 2014]
Q. 13. Using properties of determinants, prove that :
2y y-z—x 2y

2z 2z z-x-y| =@x+y+2)>

xX-y-z 2x 2x
[NCERT] [Delhi Set I, 2014]
OR
Prove, using properties of determinants

a-b-c 2a 2a

2b b-c-a 2b |=(a+b+c).

2c 2c c—a-b

[NCERT] [Foreign 2011]

2y Yy—z—x 2y
LHS =| 2z 2z Z=x=1
X—y-z 2x 2x

Sol.

Using R; = R; + R, + R,
X+y+z x+y+z x+y+z
2z 2z Z—x—Y
X-y-z 2x 2x
Using C, - C,-C,C; > C;-C;
(x+y+2z) 0 0
2z 0 —(x+y+z)
x-y—-z (x+y+z) (x+y+z)

Expanding with respect to R;,
=(x+y+2{0x+y+z)+x+y+2* 1
=@x+y+z°
[CBSE Marking Scheme 2014]
[AI] Q. 14. Using properties of determinants, prove that :

a+b+2c a b
c b+c+2a b =2a+b+cp.
c a c+a+2b

[NCERT] [Delhi Set II, 2014]
[Delhi Set I Comptt. 2012]
[Foreign 2011, OD Comptt. 2009]

a+b+2c a b
Sol. A= c b+c+2a b
c a c+a+2b

Using C; = C; + C, + G4

2(a+b+c) a b
= |2(a+b+c) b+c+2a b 1
2(a+b+c) a c+a+2b
Using R, - R, - R;, R; > R; - R,
2(a+b+c) a b
= 0 b+c+a 0 2
0 0 ct+a+b
Expanding along C;,
A=2@+b+c)f@+0b+cP-0}
A=2@a+b+c)? 1

[CBSE Marking Scheme 2014]

Q. 15. Using properties of determinants, prove that :

¥+1  xy xz

2 — 2 2 2
xy y+1 yz | =1+x"+y +2z°
xz yz ' +1

[Delhi Set III, 2014], [NCERT]

OR
Using properties of determinants, prove the
following :
a+1 ab ac
ab b*+1 bc |=1+a*+b*+2
ca b *+1

[OD Comptt. 2011] [Foreign 2009] [Foreign Set I, 2013]

¥+1 wy Xz
Sol. A=| W ¥+l
Xz yz z°+1
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Using R; — xR, R, = yR,, R; — zR,

x(x*+1) xy x’z
= 1 2 2 2
=— w oy +) yz 1
Y2 x? vz z(Z*+1)

Taking common x from C;, y from C, & z from C,

. Zx2+1 x x?
=2y ey %
Yzl 2 z2 Z2+1

Using Ry - R; + R, + R,

1+ +y*+2° 1+x*+y*+2> 1+xX°+y°* +2°
y'+1 y* 1
2

2 22 +1

z z
Using C, - C,-C;, G > G- C;
1+x*+y*+2%) 0 0
= v’ 10 1
z? 0 1
Expanding along C;
A=1+2+y*+7) )
[CBSE Marking Scheme 2014]
OR
Part is Same
Puta=x,b=yandc=z
Rest same
Solution as above.
Q. 16. Using properties of determinants, prove that
x+y x x
S5x+4y 4x 2x
10x+8y 8x 3x

[OD 2009] [O.D. Set I Comptt. 2013]

= x3.

[0.D. Set I, 2014]

Sol. Operating R, — R, - 4R, and R, — R,-8R,, we get

X+y x X
RHS=| x 0 -2x 2
2x 0 —5x
Expanding along C,, we get
=_—x(-5 + 4% = 1+1

[CBSE Marking Scheme 2014]

Q. 17. Using properties of determinants, prove that :

b+c c+a a+b a b c
q+r r+p p+q=2lp q r|
y+z z+x x+y Xy z
[NCERT] [OD Comptt. 2010][O.D. Set II, 2014]
[Delhi Set I, 2012] [O.D. Set I Comptt. 2013]
OR
Using properties of determinants, prove that
b+c q+r y+z a p x
c+a r+p z+x|=2b q y

a+b p+q x+y c r z

[NCERT] [Delhi 2012]

Sol. Operating C; — C, - (C, + C;), we get
a+b

p+q 1%
X+y

-2a c+a
LHS = |-2p r+p
—2x z+Xx

Taking (- 2) Common from C;

a+b
p+q 7
x+y

a c+a
= 2lp r+p
X z+x

C,—Cy—C,, C3— C5—C,

LHS = 2[p r 1%
X

=2 S

a b ¢
+2p q r
X Yy z

G, G =RHS %

[CBSE Marking Scheme 2014]

Q. 18. Using properties of determinants, prove that :
1+a 1 1
1 1+b 1

1 1 1+c

[NCERT] [OD 2009] [Foreign 2016]
[O.D. Set III 2014, 2012]

=abc + bc + ca + ab.

1 1 1
Sol. R,—-—-R,,R,— ERZ' R, —» -R,
a c

1,01 1
al 1[1 Ii
LHS = abc| — —+1 — 1
llj bl 1b
- - —+1
c c ¢
Ri—> R+ R, + R,
= LHS
1+1+1+1 1+1+1+1 1+1+1+1
ulb c ul b b
= abc = —+1 = 1
l{ bl 1b
= = —+1
c c c
. 1 11
Taking (1 + m) common from R;
1 1 1
= abc 1+1+1+1 1 l+1 1 Va
a b c)b b b
1 1 1
- - =+1
c ¢ ¢
C,—»C-Cand C; = G- C;
1 00
= abc(1+1+1+1)1 10 1
a b c)ib

101
c
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OR
Expand along Rll 11 Using properties of determinants, prove that :
= abc (1 + «k—%)(l) 1 1 1
a b oc a b c| =@-bb-c)c-a)a+b+o).
= abc + bc + ca + ab = RHS ¥ P R

[CBSE Marking Scheme 2014]

Commonly Made Error

® Most of the candidates make errors while applying Sol A=
the properties of determinants in the correct order. ’

[NCERT] [Delhi Comptt. 2011] [Delhi Set II, 2012]

3

Q

3

S g p—Y
o S
SH

B

Answering Tips Using R, —» R, — R, R, — R;—R,

o

e Elucidate all properties of determinants and their 1 a a
applications. =10 b-a V-4a° 1
a b c 0 c-a ’-a
Q19.1fa+b+c#0and b c Z = 0, then using Taking (b — a) and (c — 2) common from R, and R,
¢ a respectively
properties of determinants, prove thata = b =c. 1 a a
[OD Comptt. 2017] = (b-a)c—a)l0 1 b*+a*+ab 1
[CBSE OD 2015][NCERT Exemplar] [S.Q.P. 2013] 0 1 c*+a’+ac
a b c Using R; = R; - R,
Sol. A= ¢ a 1 a a
cab = (-a)c-a)0 1 b +a’*+ab A

0 0 c*~b*+ac—ab
Using C; = C; + C, + G4
a+b+c b ¢

a+b+c ¢ a
a+b+c a b

Taking (c — b) from R,

Y 1 a a’
= (b—a)c—a)(c-b)|0 1 b*+a’+ab Y
0 0 a+b+c

A=

Taking a + b + ¢ common from C;

1 b ¢ Expanding with respect to C;
= (@+b+c)l ¢ a % A= (@-b)(b-c)c-a)a+b+c) 1
1ab [CBSE Marking Scheme 2013]
Using R, > R, =Ry, Ry > Ry = R, Q. 21. Find the equation of the line joining A(1, 3) and
1 b c B(0, 0) using determinants and find the value of
= (a+b+c)|0 c-b a-c 1 k if D(k, 0) is a point such that area of AABD is 3
0 a-b b-c square units.
Expanding along C, [NCERT] [O.D. Set I Comptt. 2013]

A=@+b+o)(c-b)b-c)-(a-c)(a-"Db)]

or A= (a+b+0)ab+ be + camd? - P v, Sol. Using determinants, the line joining A(1, 3) and
- - - - 2

Multiplying and dividing by 2 xyl
- Yl £ 5 B(0,0)is givenby |1 3 1| =0 1
A:E(a+b+c)[(u—b)2+(b—c)2+(c—u)z] 1 0 0 1
AsA=0and@+b+c)=0 Expanding along R;, we get 1(3x -y) = 0
thus [(2=b)*> + (b—c)* + (c-a)’] = 0 Y or  y=3x 1

a-b=0,b-c=0,c—a=0ie,a=b=c b2
[CBSE Marking Scheme 2013]

Q. 20. Using properties of determinants, prove that :

Now, D(k, 0) is a point such that area
AABD = 3 sq. units

) 131
1 a a L 0 0 1 = 3| 1
10 b: =(a-b)b-c)c-a)a+b+c). 2k 0 1
1 ¢ c
Expanding along R
[Delhi Set I Comptt. 2013] P g(o B 3kg) K v,
[Delhi Comptt. 2009] -
or k=2 )

[CBSE Marking Scheme 2013]
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Q. 22. Usin roperties of determinants, prove the
g prop P
following :

1 x x

¥ 1 x| =(1-2%2

x x 1

[NCERT] [Delhi Set I 2013]
OR

Using properties of determinants, prove that
2

1 a a
a 1 a|l=1-4a°
a a* 1
[NCERT] [Foreign 2015, 2009]
1 x x*
Sol. A=|x¥* 1 «x
x ¥ 1

Using C; = C; + C, + G4
T+x+x* x x*
=[1+x+x* 1 «x Y

T+x+x* x* 1

Taking (1 + x + x%) common from C,

1 x x°
= (A+x+x)1 1 «x 1
1 2 1

Using R, = R, ~ R, Ry = Ry~ R,

1 x x?

= 1+x+x3)0 1-x x-x 1
0 x¥*-x 1-x*

Taking (1 — x) common from R, and R,

1 x A
= Q+x+x)1-x)?20 1 «x 1
0 —x 1+x

Expanding with respect to C;
A=1+x+x)0-x>1 + x + x?)
={1-x)1 +x + 2}
A=(1-x)? 1
[CBSE Marking Scheme 2013]

Note :OR part is same.

Put x = a & solve by same method
Q. 23. Using properties of determinants, prove that

following :
x xX+y x+2y
x+2y x x+y| =9%x + y).
x+y x+2y x
[NCERT Exemplar] [Delhi 2017]
[OD 2017] [O.D. Set I, 2013]
x x+y x+2y
Sol. | x+2y x x+y
x+y x+2y x

C,->C+C,+C,

1 x+y x+2y

=3x+y) 1 «x X+y 1
1 x+2y x

R —>R-R,R —>R -R,

0y v

=3x+y) 1 x x+y 1+1
0 2y -y

=B(x+y)(-y* -2y*) =9y’ (x+y) 1

[CBSE Marking Scheme 2017]
Q. 24. Using properties of determinants, prove the

following :
1+a* -b 2ab -2b
2ab 1-a*+b° 2a = (1+ a* + b?>.
2b —2a 1-a*-b

R&U[NCERT] [Delhi 2009] [Foreign Set III, 2013]

1+a> -0 2ab -2b
Sol. A= 2ab 1-a*+b* 24
2b —2a 1-a*-b*

Using C; —» C, -bC;, C, » C, + aCy

1+a* +b? 0 —-2b
= 0 1+a* +b? 2a 1
b(1+a*+b*) —a(l+a*+b*) 1-a°-b°

Taking (1 + a* + b common from C, and C,

1 0 —2b
— (1+a®+b*)?*0 1 2a 1
b —a 1-a*-b

Using R, — R, + aR,— bR,

0 -2b
1 2a 1
0 1+a*+0b°

_ (1+a*+b*)?

S O =

Taking (1 + a* + b%) common from R,

1 0 -2b
= 1+a>+b*’|0 1 2a Y
00 1

Expanding with respect to R,
A=(1+a+ 1)
or A=+ %+ bt?> 1
[CBSE Marking Scheme 2013]

Commonly Made Error

o Sometimes candidates fail to take common factor
(1 + a® + b*? and could not simplify the determinant.
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Q. 25. Using properties of determinants, prove that

following :
o By
of B ¥ | =@-BE-Nr-a)o+B+7)

B+y vy+o o+f

[Delhi Comptt. 2010]
[Delhi Set II Comptt. 2012]

o p Y
A: (12 BZ ,Y2
B+y yvy+o o+p

Sol.

Using R; —» R; + R,

o+B+y y+a+B a+PB+y

— o2 Bz ,Yz A
B+y Y+o o+p
Taking o + B +y common from R;
1 1 1
= a+B+y| 0> B ¥ Y

B+y y+o a+f
Using C, —» C,-C;, C; = C,-C;

1 0 0
= (@+B+y)| o B*—a® Y -o 1
B+y a-p a-vy

Taking (B - o) and (y— o) common from C,and C,
1 0 0
= (@+B+Y)B-a)(y-o)| o Pra y+of 1
B+y -1 -1
Expanding with respect to R,
A=(@+B+VB-o)(y-0)(-B-o+7y+0a)
A=(©@-B)B-N-o)+p+7) 1
[CBSE Marking Scheme 2012]

[AT] Q. 26. Using properties of determinants, prove the
following :
b+tc a-b a
c+ta b-c b
a+b c—-a c

[NCERT Exemplar] [SQP Dec. 2016-17]
[O.D. Set I Comptt. 2012]

=3abc-a®-b>-c.

b+c a-b a
c+a b-c b
a+b c—-a ¢

Using Ry - R; + R, + R4

2(a+b+c)

= c+a b
a+b €

0 a+b+c
- b

c
—a (e

Taking (2 + b + c¢) common from R;

2 0 1
= (@a+b+c)c+a b-c b
a+b c—-a c

Using C; — C; - 2C;

0 0 1
= (a+b+c)lc+a-2b b-c b
a+b-2c c—-a c

Using C; —» C; + G,

0 0 1
a-b b—c b
b-c c—-a ¢

= (a+b+c)

Expanding with respect to R,
A=(@+b+o)(c-a)(a-b)-(b-c)
or A=(@+b+co)(—a?-P—c?+ab+bc+ca] %
or A= (Babc—a®-b>-c) Y
[CBSE Marking Scheme 2012]

Q. 27.Using properties of determinants, prove the
following :

a b c
a-b b-c c-a
b+c c+a a+b

[NCERT Exemplar] [Delhi 2009]
[Delhi Set ITI Comptt. 2012]

=a® + b® + & - 3abc.

a b €
a-b b-c c—a
b+c c+a a+b

Sol. A=

UsingC;, > C; + C,+ G5

a+b+c b c
0 b—c c—a b2
2(a+b+c) c+a a+b

Taking (2 + b + ¢) common from C;

1 b c
= (a+b+c)0 b—c c—a 7
2 c+a a+b

Using R; — Ry - 2R,

1 b c
= (a+b+c)0 b-c c—a 1
0 c+a—-2b a+b-2c
Using R; —> Ry + R,
1 b c
= (a+b+c)0 b—c c-a 1
0 a-b b-c

Expanding with respect to C;
A=(@+b+o)[l-c)?-(c—-a)a-D)]
A=@+b+o)@+*+c—ab-bc—ca) Y%
A= (@ + b + - 3abc) Y

[CBSE Marking Scheme 2012]

Q. 28.Using properties of determinants, prove the

following :
a a*—(b-c)* bc
b* b’ —(c—a)’ ca| = (@-b)b-c)(c-a)
c? ¢*—(a-b)y ab
(@a+Db+c)a®+ b+ 3.
[O.D. Set II Comptt. 2012]
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a® a’—(b-c)* bc
Sol. LetA=[p* b*—(c—-a)’® ca
c? c>—(a—b)? ab

Using C, — C, - 2C, - 2C;

a —a*-b*-c* b
= |* —a*-b"-c 1
& —a*-b*-c* ab

Taking (4> + b* + ¢?) common from C,

a -1 ke
= (@ +b*+c*)|* -1 ca 1
¢ -1 ab
Using R, — Ry~ Ry, Ry — Ry~ R,
@ -1 b
= (@+b*+*)|*-a®> 0 c(a-b) 1
c—a*> 0 ba—c)

Taking (2 — b) and (c — 2) common from R, and R,
and multiplying C, by (- 1)
Using R, - R, + R,

@ 1 b
= (a-b)(c—-a)@®+b*+c*)|-a-b 0 ¢ 1
c+a 0 -b
R,—> R, + R,
a2 1 b
= (a-b)(c—a)(a*+b*+c*)|c-=b 0 c-b
c+a 0 -b
a2 1 be
(a=b)(c—a)(c=b)@*+b*+c*)| 1 0
c+a 0 -b
Expanding along C,
(a-b)(c—a)c-b)@® + V> + A
[+1(=b-c-a)]

=@-b)-c)c-a)@®+ v*+ A@a+b+0)]
[CBSE Marking Scheme 2012]
Q.29.If A + B + C = m. then find the value of

sin(A+B+C) sinB cosC
—sinB 0 tanA
cos(A+B) —tanA 0

[SQP Dec. 2016-17]

Sol. AsA+B+C=mn

sin(A+B+C) sinB cosC
—sin B 0 tan A 1
cos(A+B) —tanA 0
0 sinB  cosC
= |-sinB 0 tan A ...(3)
—cosC —tanA 0

0 tanA| . —sinB tanA
=0 wna 0 _Sme—cos 0 1
+ Cx —sinB 0
€os —cosC —tanA
= (0 —sin B tan A cos C + cos C sin B tan A 1
=0 (1)1
[CBSE Marking Scheme 2016]
x 3 7
Q. 30. Given thatx = -9isarootof | 5 2/=0.Find
7 6 «x
the other roots. [Delhi Set I, 2012]
[NCERT Exemplar]
x 3 7
Sol. LHS= |2 x 2(=0 (1)
7 6 x
(Expanding along R) 1
x 2 2 2 2 x
or X6 x—3‘7 x+77 6 =0 1

or x(2-12)-3Qx—14) +7(12-7x) =0
or X -12x-6x+42+84-49x =0
X —67x +126 =0 ...(ii)
x = —9is a root of (ii).
. X + 9is a factor of x° — 67x + 126. 1
Dividing x* - 67x + 126 by x + 9, the quotient is
X -9x + 14.
- (ii) (x+9)(x*—9x + 14) =0
Solving x> - 9x + 14 = 0, we get
v 9+ 81-56
2
_ 9%5
= =
.. The other roots are 2 and 7. 1
[CBSE Marking Scheme 2012]

2,7.

Q. 31. Using properties of determinants, prove that :

a b-c c+b
a+c b c—a
a-b b+a ¢

=(a+b+c)(a® +b*+c?)

[SQP 2018-19]
[O.D. Marking Scheme 2012]

a b-c c+b
Sol. LHS= |a+c b c—a C —aC
a-b b+a ¢
a>  b-c c+b
- —|a*+ca b c-a 1

Q

a*—ab b+a ¢
C, = C,+ bC, + G,
a+b*+c* b-c c+b
aA+b*+c> b c-a
a*—ab  b+a ¢

Q=
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Taking (a, + b, + ¢,) common from C;

Using R, — R, - 2R,, Ry — R;—3R,

. (a2+b2+C2)1 b_C c+b i b c
=——*1 b c-a
a 1 b+a ¢ =0 a a+b 1
0 3a 4a+3b
R =R~ Rl Expanding with tto C
[R, > Ry—R,] xpanding with respect to C;
1 bec c+b A = ala(4a + 3b) — 3a(a + b)]
_ @+’ +c%) 0 ¢ —a-b = a[4a® + 3ab — 3a* — 3ab] 1
a 0 a+c -b =a v
s [CBSE Marking Scheme 2012]
Expanding with respect to C; 1 a a
2 2 2 — 2 —
=@t +C)(—bc+a2+ac+ba+bc) Q.33.1f A= az a 1)=-4
a 1 a
= (@® +V* +c*(a + b + ¢) = RHS 1 , \
[CBSE Marking Scheme 2018-19] a -1 0 a-a
. 3
Q. 32. Using the properties of determinants, show that : then find the valueof | 0 a-a' a'-1)|.
a-a* a-1 0
a a+b a+b+c
2a 3a+2b 4a+3b+2c| =d. [SQP 2017-18]
3a 6a+3b 10a+6b+3c
. -1 0 a-a* |e, ¢, ¢y
[NCERT] [Foreign Set I, 2012]
Sol. Let A,=| 0 a-a* a&-1=|c, cp Cyl 2
a a+b a+b+c a-a* @-1 0 Gy Cy Oy
Sol. A= |2a 3a+2b 4a+3b+2c
3a 6a+3b 10a+6b+3c o
. Where C;; = the cofactor of a and a; = the (i, j)th
Using C, —» C,-C; element &f determinant A
a b a+b+c Cn Cp O
=|2a a+2b 4a+3b+2c 1 We know that |c,, ¢, cy|=A 1
3a 3a+3b 10a+6b+3c
. C31 CSZ C33
Using C;, —» C;-C; -G,
i b c A=A =(-4)Y =16 1
= g“ 3”* Zabb z + g ; 2; 1 [CBSE Marking Scheme 2017-18]
a 3a+ a+3b+3c

Q. 34. Using properties of determinants, prove that
a*+2a 2a+1 1

2a+1 a+2 lz(ﬂ—l)a
3 3 1
[OD Set 12017] [NCERT Exemplar]
Sol. i ats 2arl ot B
1 2ar i a+l _1'__ _
] 3 3 A i
. & - c: a -CL )
e=| a1 -26-1 _l_cuL ' i [ — &, ‘)
"“‘”1“‘-51 a+2 t . _
s - T, - -
-— —-—-—-—~——_~—: - - —_— o -
B 4 .. . e o
¢4 i a-1 ati A | e .
e 3_ o 1’ / . s e
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a+l

]
i".-:-
1
JIH

a4+l
L A1

a+ L

n o

-

=

it

g o ]

"~ [ Bung (a7) common owrd €1

I

Ri — R, -R3

[

Ra—> Ry - Ry

)

[ bn .i;pm?cﬁ:‘g _H“

[Topper's Answer, 2017]

Q. 35. Using properties of determinants show that

1 1 1+x
1 1+y 1 |=xyz+yz+zx+xy.
1+z 1 1
[Foreign 2017]

Sol. Since a negative sign is missing in the question, so
the equality can not be proved. So, 4 marks may
be given for genuine attempt.

[CBSE Marking Scheme 2017]

Detailed Answer :

FromLHS. | 1 1 1+x
1 1+y 1
1+z 1 1
ApplyC;, > C;-C,and C, —» C, - C5
0 —x 1+x
=y v 1
z 0 1
Now, expanding above
1 -y 1 -
= oY - Jra+n? Y
01 z 1 z 0

=0+ x(-y-2)+ (1 + x)(0-2zy)
= —XY—-XZ—-2ZY - XYz

=—(xy + yz + zx + xyz)

= RHS

a b-y c-z
Q.36.If a-x b c—z=0, then using properties
a-x b-y ¢
of determinants. find the value of 7+E+£,
X Yy z

wherex, y,z # 0. [Delhi Comptt. 2017]

Sol. Takingx, y, zcommon from C;, C,, C; respectively.
we get
a b g 4
X y z
xyzg B S_l :0 1
X y z
a4, b 4 ¢
X Y z
C,—->C +(C,+C,
a b, b ey
X Yy z y z
£+2+£_2 E £—1 =0 1
X Yy z y z
2,b,c b 4 ¢
X y z y z
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1 b c
y-1 z-1
[“+b+c—2j1 b ¢ [=0 1
vy y  z-1
1 b

-
R, >R,~-R,-R, >R, R,

1 b c
. y-1 z-1
[“++C—2j0 1 0 [=0
L 0 1
1
{a+b+C2]-1:00ra+b+C:2 Y2
X Yy z X Yy z

[CBSE Marking Scheme 2017]

Answering Tips
e Properties of determinants and their applications.

Q.37.LetA = [_32 ﬂ , then verify the following :

A(adj A) = (adj A) A = |A|I, where I is the identity
matrix of order 2. [S.Q.P. 2015-16]

_|12 1
Sol. A= [ 3 4]
o s[4 37 [4 -1 X
en WA= 2] 7|3 =2
. . (-2 1][4 -1]
Taking A (adj A) = 3 4][_3 2
(=11 o] . [1 0
=lo -7 o 1] 1
. ) _[4 ]2 1]
Taking (adj A)-A = =5 = ][ 3 4]
-1 0 10
1o -11]“”[0 1] 1
: -2 1
Gett Al = =_
cting |41 =7 jl=-11
1
|A|I = —11‘0 (1)‘ 1
A(adj A) = (adj A)A = |A|l
Hence proved.
[CBSE Marking Scheme 2015]
a -1 0
Q.38.If f(x)=|lax a -1, using properties of
ax* ax a
determinants, find the value of f(2x) — f(x).

[Delhi 2015]

Sol.

a -1 0
Given, f(x)=| ax a -1
ax* ax a

On taking a common from C;, we get

1 -1 0
f(x)=al x a -1 1
¥ ax a

On applying C;, = C; + C,, we get
0 -1 0
x+a a -1 1
xX*+ax ax a

fx)=a

Now, on expanding along R;, we get
fx) =a[l{a(x+a)+ 1G>+ ax)}]
=a(ax + a* + x¥* + ax)
=q (6 + 2ax + a%)
=a(x + a)’ 1
o f(2x) = a@x + )
[put x = 2x]
Now, f(2x) — f(x) = a(2x + a)® —a(x + a)?
= a[(2x + a)® = (x + a)?]
=a[2x+a+x+a)(2x +a-x—a)]
[ (a+b)a-b) =a*>-1*]
= a[(3x + 2a) (x)]
= x(3x + 2a)a = ax (3x + 2a) 1
[CBSE Marking Scheme 2015]

Q. 39. Show that A = A;, where

Sol.

Ax x¥* 1 A B C
A=|By y* 1,A,=|x y z|
Cz 2# 1 zy zx xy
[NCERT Exemplar]
[All India 2014C]
Ax x* 1
Given, A=| By y* 1
Cz 22 1

On taking x, ¥ and z common from R;, R, and R,
respectively, we get

A x 1/x
A=xyzl B y 1/y 1
C z 1/z

Now, on applying C; — xyzC,, we get
A x yz A x yz
=—| B y zx |=| B y zx 1

C z xy C z xy

On interchanging rows and columns we get

A B C
A= x oy 2| [ lAI=1A
zy zX XY

or A=A i
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Q. 40. Using properties of determinants, prove that

3x —x+y -x+z
x-y 3y z—y |=3(x+y+z)(xy + yz + zx)
xX-z Y-z 3z
[NCERT] [All India 2013]
3x  —x+y -x+z
Sol. Toprove| *-y 3y  z-y
X-z Y-z 3z

=3x+y+2)(xy +yz + zx)

3x  —x+y —-x+z
LHS=| x-y 3y z—y
X-z Y-z 3z
On applying C;, = C, + C, + C;, we get
x+y+z —x+y —x+z
LHS=| x+y+z 3y z-y 1
X+y+z Y-z 3z

On taking (x + y + z) common from C;, we get

1 —x+y -x+z
LHS=(x+y+2z)|]1 3y xX-y
1 y-z 3z 1
On applying R; = R, - R, R;, = R; - R;, we get
1 —x+y —x+z
LHS=(x+y+2)0 2y+x x-y 1
0 x-z 2z+x

Now, on expanding along C;, we get
LHS = (x +y +2) - 1+ {Qy + 0)(2z + %)
- (- -2)}
= (x +y +2){4yz + 2xz + 2xy
+ X2 -x + xy + zx —yz}
= (x +y +z) - 3xy + 3yz + 3zx)
=3 +y+z) (xy +yz + zx) = RHS 1
Hence proved.
Q. 41. Using properties of determinants, prove that

5a -2a+b -2a+c
—2b+a 5b —2b+c|=12(a+ b+ c)(ab+ bc + ca)
—2c+a -2c+b 5¢

[Comptt. 2018 Set I, I, I11]

Sol. C;,— C; + C, + C; gives LHS as

a+b+c 2a+b 2a+c

a+b+c 5b —2b+c 1

a+b+c —2c+b  5c

Taking common (a + b + ¢) from C;,
1 2a+b —2a+c

= (a+b+o)[l 5b —2b+c Y
1 —2c+b 5¢

R, - R,—R{,R; = R;—R, gives
1 2a+b -2a-2b

= (a+b+c)0 2a+4b 2a-2b 1
0 2a—-2c 4c+2a

On expanding along C,, we get

2a+4b 2a-2b

- (u+b+c)2a—2c 4c+2a 7~
a+2b a-b

= 4(a+b+c) d—c 2c+a

=12(a + b + ¢) (ab + bc + ac) YotV

[CBSE Marking Scheme 2018]
Q.42.Using properties of determinants, prove that

-a* ab ac
ba -b* bc|=4a’b’c’.
ca cb -
[Delhi 2011; All India 2011C]
2

-a© ab ac
Toprove | ba -b* ke
ca b =

Sol. =4a°b*

- ab ac

LHS=| ba -b* bc
ca b -

On taking a, b and ¢ common from R;, R, and R,
respectively, we get

-a b ¢
LHS=abc, a -b ¢ 1
a b —c

Again, on taking a, b and c common from C,, C, and
C, respectively, we get

-1 1 1
LHS=ap*c*| 1 -1 1 1
1 1 -1

On applying C; — C, + C,, we get

0 1 1
LHS=a%"c*| 0 -1 1|1
2 1 -1

= a?PA2[2(1 + 1)] [expanding along C,]
= 4a’*c* = RHS Hence proved. 1
Q.43.Using properties of determinants, prove that
X Yy z
Xyt 2| =xyz(x-y)y - 2)(z - x).
x3 yS ZS
[Delhi 2011, 2010C]
Sol. To prove
Xy z
oyt 2 | =az(x-y)(y-z)(z—x).
x3 yB 23
Xy z 1 1 1
LHS=| x* y* 2* |=xyz| x y z 1
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[taking x, y and z common from
C,, C, and C;,, respectively]
On applying C; — C, — C, and then
C,— C,-C;, we get
0 0
LHS=xyz| x-y y-z z 1%

xz_yz yz_zz 22

On expanding along R, we get

LHS=xyz| | Z_ZZJ 1
On taking (xx— y)ycorr}{morzl from C; and (y — z) from
C,, we get
LHS =xpz(r-y)y-2) = '

X+Y y+z

=xyz (x-y)y -2y + z-(x + y))]
=xyz (x—y)y - z)(z-x) 1

= RHS Hence proved.

Q.44.Using properties of determinants, solve the

Sol.

following for x

x-2 2x-3 3x-4

x—-4 2x-9 3x-16/=0. R&U[AIll India 2011]
x—-8 2x-27 3x-64

Given,

x—2 2x-3 3x-4
x—4 2x-9 3x-16 |=0
x—8 2x-27 3x—64

On applying R; = R; - R, and then R, —» R, - R,,
we get
2 6 12
4 18 48  |=0 12
x—8 2x-27 3x-64

On taking 2 common from R; and R,, we get
1 3 6
2x2) 2 9 24 =0 %
x—-8 2x-27 3x-64

On applying R, = R, - 2R,, we get

1 3 6
4 0 3 12 =0 1
x—8 2x—-27 3x-64

On expanding along C;, we get

1 3 6
4, 0 3 12 | =0
x—-8 2x-27 3x-6x
C,—>C-4C,
1 3 -6
41 0 3 0 =0
x—8 2x-27 -5x+44

on expanding along R,

4x3 6 =0
x—8 -5x+44
12(-5x + 44 + 6x-48) =0
12(x-4) =0
x-4=0
x =4. 1

Q.45.Using properties of determinants, solve the

following for x.
x+a x x
x x+a x |[=0

x X x+a
[NCERT] [All India 2011]
x+a x x
Given,| x x+a x |[=0
x X  x+a

On applying C;, — C, + C, + C;, we get

3x+a x x
3x+a x+a x |=0 1
3x+a x x+a

On taking (3x + 2) common from C;, we get

1 x X
(Bx+a)| 1 x+a x |[=0 Va
1 x x+a

Now, on applying R, = R, - R; and R; — R; - R;, we get

1 x x
(B3x+a)l 0 a 0|=0 1%
0 0 a
On expanding along C,;, we get
Bx+a)(l-a-a)=0
= a?BGx+a)=0
x=-2 1
Q. 46. Find the adjoint of the matrix
-1 -2 -2
A=|2 1 -2|andhence show that
2 -2 1
A(adj A) = |A|I,. [All India 2015]
-1 2 =2
Given,A=12 1 =2
2 2 1

Let A;; be the cofactor of an element a;; of |A].
Then, cofactor of elements of |A| are

-2
A=, =a-9=-3
142 2 -
Ap=CD)", | =-@+H=-6
2 1
Alaz(_1)1+3 A =(-4-2)=-6 %
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2
_ 2+1 _ -
AZl_(_1)+ 2 1 __(_2’_4)_6
242 -1 -
Ap =DM =(-1+4)=3
-1 -2
Ay = (13 =—(4+2)=-6%
2 2
-2 -2
Ay = (-1 =Q2+4)=6
a=CDT L =2+
-1 =2
A = (- 1)3F2 =(-2+4)=-6
2=CDTT = )
-1 =2
Ay = (-1y**? =(-1+4)=3 %
2 1
Clearly, the adjoint of the matrix A is given by
(A, A, Ay 3 6 6
adjA=|A, A, A,|=|-6 3 -6
A, Ay A -6 -6 3
Y
-1 -2 -2
Now, [Al=12 1 =2
2 2 1
=_1(1-4)+2Q2+4)-2(-4-2)
=-1(-3) + 2(6) - 2(- 6)
=3+12+12=27 1
-1 2 2||-3 6 6
and A.(adjA)=|2 1 -=2||-6 3 -6
2 -2 1||-6 -6 3
[3+12+12 —6-6+12 —6+12-6
=|-6-6+12 12+3+12 12-6-6
|—6+12-6 12-6-6 12+12+3
(27 0 0 100
=10 27 0|=27]0 1 0
|10 0 27 0 01
=271, = |Al|l; Hence proved. 1
Q. 47.1If a, b, c are real numbers, then prove that
a b c
b ¢ a=—(a+b+c)(a+bo+ca’)(a+ba’+cw),
c ab
where ® is a complex number and cube root of
unity.
ab c
Sol. A=1b ¢ a
c ab

a+b+c b ¢
b+c+a ¢ a
c+a+b a b

[Applying C; = C; + C, + 5]

1 b ¢
1 ¢ a
1 a b

= (a+b+c)

1

[Taking out (2 + b + ¢) from C;]

1 b c
= (a+b+c)0 c-b a-c
0 a-b b-c
[Applying R, = R, - R; and Ry = R; — R{]
— (1+b+ c-b a-c
= (a C)a—b b-c 1
[Expanding along C,]

=@+b+c){-(-c)?-@-c)a-b)}
LHS = —(a + b + o){(@® + V* + c>—ab—bc — ca)
Also RHS = —(a + b + c)(a + bw + cw?)(a + bw? + cw)
=—@+b+c)a®+ abw® + acw + abw 1
+ P + bew? + acw* + bew* + Fuwd)
=—@+b+ )@+t + c*+ abw? + w)
+ be(@? + w*) + ca(w + w?)]
=—@+b+ )@+t +c*—ab—bc—ca)
=LHS 1
Q. 48. Without expanding, evaluate the determinant :
(@ +a*y (@ -a*y 1
(@’ +a?y (a'-a?)y 1],
@+a’y (@-a’) 1
wherea > 0and x, y, € R.
Let A be the given determinant.
Applying C; — C;-C,, we get
4 @-a7) 1
A=14 @ -a?)V 1 2
4 @ -a) 1
[Using (a + b)* - (a — b)* = 4ab]
Taking out 4 from C,, we get

Sol.

1 (@"-a™) 1
A=4]1 (@ -a?)’ 1 2
1 (" —a7) 1
= A =4Xx0=0[C; and C; are identical]
cost t 1 . f(t)
Q. 49.Letf(t) = Zs_int t 2t|, then find ltlgjl o
sint ¢t ¢
[NCERT Exemplar]
Sol. Given,
cost t 1| |cost t 1
fitt)y = |2sint t 2{{={ 0 -t O
sint t t sint t t

[Applying R, = R, - 2R,]

cost 1 1
0 -10
sint 1 ¢

t 2

Expanding an along R,, we get
t[(= 1)(t cos t —sin t)]
=—t>cost+tsint

lim f(Zt) = lim ~t* cos t2+ tsint
t=>0 f t—0 t

) (—tz cost tsint J
lim —+

-0 t 2

sint

. sint
= ltmg —cosi‘+T = _1+Llm>—=

t—=0

=-1+1=0 2
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?j Long Answer Type Questions-I|

(6 marks each)

Q. 1. Using properties of determinants, prove that :
(b+c) a* bc

(c+a)* b ca| =(a-b)(b-c)(c—a)a+b+c)(a®+b*+c?)
(@a+b)* ¢ ab

[OD Set I2016]

Sol.

y ] | o
+ ' 2 s B _ .
Y3 —— oMy  o.oP | B |

TTC; 5 !
- " o be ] )
P IS i e
| #nd 0ol S
S 3 i 2 :
. __4.\. CE:"H q'& - ab L i g NS
e e o 'C!.'--f?'ﬁ; 4;\,1_‘_-_ - , . _\ Wi
flente t'w’i# e At ‘# C'l ezt it w0 -
T — s R o3 iy

e b— —_—

o p— i S dad . 'j .t__- __r_f- 2y b‘:.‘.-..__..—_j.-,-;h-...._-ij.--'.._“._ # I
A {é‘&is‘ﬁ)q‘; R = Jr/ #T T
- o 24, ol-be

i i e

. _foRiwn __'23‘15_\,

comimen . B % (c=Q) comner Tt —
et O i

e e ——

'”3 o - Sl o

E)»g;.ﬂdh ’
i 2 (b e o ;;,w,a.aﬂc,uw_;.fxw e —

fﬁ( b”@_&)i,ﬂL«s,L ([ sucEb Bl o AR
o (Eadad) Laai) e S(c=c)far ks — - -

I e e
i ;‘:h;c_',arf_l e

[Topper’s Answer, 2016]




DETERMINANTS

[ 115

Q. 2. Prove that |zx - y' xy-z* yz-x*| is divisible by

Sol.

yz—-x* zx-y* xy-7°
xy-z* yz-x* zx-y’

(x + y + 2), and hence find the quotient.

[Delhi Set I, II, III, 2016]

yz—x* zx-y* xy-z°
—|lzx-y* -2 yz-x°

-z yz-x' zx-y’
Applying R, - R, - R;and R; —» R; - R; 1

yz—x° zx—y* xy—2z"
(r-yx+y+z) (Y-z)x+y+z) (z-x)(x+y+z)
(x=z)(x+y+z) (y-x)(x+y+z) (z-ylx+y+z)

Taking (x + y + z) common from R, and R,

yz—x* zx—-y* xy-2°
= (x+y+z)|x-y y-z z-x
x-z y-x z-Yy
Applying C; = C; + C, + G4 1
=(x+y+2)*
(xy+yz+zx)- (X" +y* +2°) zx—-y* xy-2°
0 y—-z  zZ—X
0 y-x z-y
Expanding along C;

=@x+y+2) y+yz+ze- 2+ 2+ 2] 1%
[y -2)z-y) - (- )y -]
=@+y+2)y+yz+zx-(E+ P+ 20 1%

yz-y*—22 + yz—yz + xz + xy — x7]

=@ +y+2)4xy +yz +zx - (F+ P+ AP
Hence, it is divisble by (x + y + z) and the quotient is
(x+y+2)y+yz+zx—-F+ P+ A 1

Q. 3. Using properties of determinants, prove that :

Sol.

y+z)? xy zx
xy  (x+z) yz |=2xyz(x+y+z).
xz yz  (x+y)

[Outside Delhi Comptt. Set I, II, III 2016]

(y +z)? xy zx
LHS=| xy (x+z) yz
Xz yz (x+y)

APPIY (Rl - xR]I RZ - ]/RZ, R3 — ZRS) 1

x(y+z)?  x%y zx*
— 1 2 2 2
= — xy y(x+z) Yz
W2 x2? yz*  z(x+y)
(y+z? X x
=| ¥ (x+z ¥ 1
z* z* (x+y)
Applying C,—» C,-C;, C;— C;-C;

(y +ZZ)2 X —(y+z) X’ —(y+z)

=| y (x+z)* -y 0 1
z* 0 (x+y)P-2°

Taking (x + y + z) common from C, and C;.
(y+z) x-y-z x-y-z
= (x+y+z)?| ¥y x+z-y 0

z? 0 xX+y-—z

Apply, Ry = R;{-R,— R, Y2
2yz -2z -2y
= (x+y+2)?’|y* x+z-y 0
z* 0 x+y-—z
Apply, C,— yC,, C;— zC, 7
(x+y+2) Zyzz -2yz , -2yz
= ———y xytzy-y 0
Yz z? 0 zx+yz—7°
Apply, C,—> C, + C,& C;— G+ G 1
2 |2yz 0 0
- @ ¥ g o
Y z 2 zZx+yz

2
— (i) y; &) -‘(Zyz)-(xzyz +xy’z+xyz’ + 'z’ - yzzz)‘

= 2xyz(x + y + z)® = RHS 1
[CBSE Marking Scheme 2016]

Commonly Made Error

e Sometimes candidates make errors while applying
the properties of determinant in the correct order.

Q. 4. Using properties of determinants, prove that
-bc b +bc *+be
a*+ac —ac ¢ +ac|=(ab+bc+ac)’.
a+ab b’ +ab —ab

[Delhi Set I, II, III Comptt. 2016]

Sol. R,—>aR,, R,—bR,, Ry—cR,,

—abc  ab®*+abc ac® +abc

LHS = —|a*b+abc  —abc  bc* +abc 1%
12 +abe b*c+abc  —abe
abe —bc ab+ac ac+ab
= —|ab+bc —ac bc+ab Ya
C\ac+bec be+ac  —ab
Ry >R, + Ry + R,
ab+bc+ca ab+bc+ca ab+bc+ca
=| ab+bc —ac bc +ab
ac+bc be +ac —ab
1 1 1
= (ab+bc+ac)lab+bc —ac  bc+ab 1
ac+bc bc+ac —ab
C,—GC-C,CG—->C-C
1 0 0
= (ab+bc+ac)lab+bc —(ab+bc+ac) 0
ac+bc 0 —(ab+bc + ca)
1+1
Expanding along R
= (ab+ bc + ca)’. 1

[CBSE Marking Scheme 2016]
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Q.5.A(adj A) = (adj A)A = |A]| I for matrix A =
1 -1 2 = 22=1;6y=1and 3z =1
[ —2] . [S.Q.P. Dec. 2016-17]

3 0 1 1
= X=t—, Y= t—;
10 3 N A3
1
1 -1 2 z= 3t 1
3
Sol. Here, |[Al=13 0 -2 5
1 0 3 [CBSE Marking Scheme 2016]
=1(0 + 0) + 1(9 + 2) + 2(0-0) Q. 7. Using properties of determinants, prove that
=11 1 (a+b)
- — c c
11 0 0 c )
= |AIT= 8 101 101 (1) 72 a (brey a |=2a+b+c).
a
) (c +a)’
0 3 2 b b
adjA=|-11 1 8 2
0 -1 3 [SQP Dec. 2016-17]
1 -1 2 0 3 2 ) ) )
Now, A@djA)=1|3 0 -2f-11 1 8 1 |@+by e c
1 0 3|0 -1 3 Sol. LHS = o a2  (b+c)}
:11 0 o wel p? ¥ (c+a)
=lo 1 0} (i) 1 C, > C,=Cy C,— C,—C, %
L0 0 11 (a+b+c)a+b—c) 0 c?
) = % 0 (b+c+a)b+c—a) a°
d (i Ay (il i’ g ; —01 22 . BC\b+c+a)b—c—a) (b+c+a)b—c—a) (c+a)
n = |- =
0 -13][1 0 3 1
2
11 0 0 (@+b+cp|@Tl70 0 ‘ )
=0 11 0 (i) 2 =— | U Usrg & Z
0 0 11 (b-c—a) (b—c—a) (c+a)
From (i), (ii) and (i) Ry=>Ry-R~R, ) .
Thus, it is verified that Aadj A) = (adj A)A = |A|I (@+b+cy | +0 ~ o v ) ¢
. = +c—a) a
[CBSE Marking Scheme 2016] abe (~2a) (-20)  2ca
0 2y =z )
Q. 6.Find the value of x, yand z if A = |x y -z taking common 2ac from R,
X - z _ A2 2
Y  Qac)a+b+cy ac+bc—c 0 i c2 )
satisfies A’ = AL, [SQP Dec. 2016-17] i — 01 ab + Cﬂ; —a ﬂl %
Sol. The relation A’ = Al gives AA = AA =1 1
0 x x|[0 2y =z C=2C+G6G6-260+0)
Thus, 12y y —yllx y -z dcarbecp|@t & @
z -z z|[x -y =z ="———"| & (batca) o 1
o0 ba'c 0 0 2
= 8 (1) (1)] 17 Taking ¢ from R, & a from R,
) _ 2ac(a+b+c) S
0+x*+x* O+xy—-xy O—-xz+axz DT a b+c a 1
= |0+xy—xy 4y +y*+y* 2yz-yz—yz L C
O-zx+zx 2yz—yz-yz 2z +z°+2° Expanding along R,
2
100 = M[ab+uc+b2+bc—ac]
=010 ek
0 0 1 _ 2abc(a+b+c)
be
22 0 0 a
100 _ 3
10 e ololo ) o ) =2 +b +0) . v
0 0 322 00 1 [CBSE Marking Scheme 2016]
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p q pot+q
q r qo+r
po+gq qo+r 0

Q.8 Ifp#0,9+0and 0, then

using properties of determinants, prove that at
least one of the following statements is true :

(@)p, g rarein G.L,
(b) is a root of the equation px® + 2gx + r = 0.
[SQP 2016-17]
P 9 po+q
Sol. Given equation, | g r go+r|=0 1
po+q qo+r 0

_ : 1| 4 protq’
Givenequation= —| pg pr pgo+pr|=0
po+q qo+r 0
(R > R;-R,) 1
1 0 g-pr q-pr
= pg  pr pgotpr| =0 L
Plpo+q qo+r 0
On Taking Common ¢*— pr from R,
2_ oy 0 1 1
1= pq pr  pgo+pr|=0 1
P9 lpo+q qo+r 0
On Taking Common P from R,
2_ 0 1 1
= q-pr pl g r go+r|=0 1
Pi lpo+q gqa+r 0
(C,—>C,-Cy)
2_ 0 0 1
= up q —qo.  qo+r| =0 1
Pi lpo+q gqo+r 0

Expanding along R,
2 —
= T2 @Ro+m+pgel+qo) = 0
q

= @ -pr)2q0.+ 7+ pad) =0
= qz —pr=0
(i.e., p, g, rarein GP) or 2qo. + r + po? = 0
(i.e., o.is root or the equation (29x + r + px? = 0)
[CBSE Marking Scheme 2016]

Q.9.1f a, b, ¢ are positive and unequal, show that the
following determinant is negative.

a b c
A=1|b ¢ a [All India 2010] [NCERT]
c ab
a b ¢
Sol. Given, A=1|b ¢ a
c ab

On applying R; — R, + R;, we get

a+b+c a+b+c a+b+c

A= b c a 1
c a b

On taking common (z + b + c) from R;, we get
111
A=@+b+c)b c a )
c ab

On applying C, — C, - C; and C; - C;, we get

1 0 0

A=@+b+olb b
c c

c-b a-b
a-c b-c
On expanding along R;, we get
A=@+b+0)[-(b-0)?-(@a-b)(@a-0)
=@+b+c) [—(b2+ cZ—Zbc)—(az—ac—ab+bc)]
=@+b+c) [- b% = ¢® = 2bc + a® + ac + ab - bc]
=(@+b+c)(ab+ bc+ca—a2—b2—c2)
=—(a+b+c)(a2+b2+c2—ab—bc—ca) 1

-% @+ b+ c) 4% + 2b* + 2¢% - 2ab — 2bc — 2ca)
1

[multiplying and divide by 2]

_?1(11+b+c) {@=b>+ -0+ (c-a? <0
1

~A<0 [-abc>0anda#b#c]
Hence proved. 72
[CBSE marking Scheme 2010]

Q. 10. Using properties of determinants, prove that

following
x x* 1+px°
y ¥ 1+py’|= 1+ pryz) (k-y)y -2)(z-x)
z 22 1+p7°
[NCERT] [All India 2010]
x x* 1+px°
Sol. Toprove |y y* 1+py’
z 22 1+p2°
=1 +pxyz) (x-y) (y-2) (z-x)
x xF 1+px
LHS= |y vy* 1+py’
z z¢ 1+pZ
1 fx ¥ pxd
— 2 1 2 3
=Yy Yy Yy vy opy 1
z 22 1 |z 22 pZ°
¥ 1 1 x x*
= v +pxyzll y y° 1
z z¢ 1 1 z 22

[Taking common p from C;, x from Ry, y from R,
and z from R;]
On interchanging C; and C; is Ist determinant, we
get
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1 2 «x 1 x X
LHS =1 y* yl+pxyz[l y ¥’
1 2% z 1 z 2°
On interchanging C, and C; in I** determinant, we
get A
1 x & 1 x
LHS=1 y y’|+pxyz|l v ¥ 2
1 z 2 1 z 2
1 x %
= (+py2)l y v’
1z 22
1

On applying R, — R, - R; and R; — R; - R, we get
1 x x*
LHS = (1 +pw2)|0 y-x (y—x)(y+x)

0 z—x (z—-x)(z+x)

1 x x*
=y-0z-0)1+pyz)0 1 y+x
01 z+x

[Taking common y — x from R, and z — x from R;]
=y-0@E-9@0+pxyz)(z+x-y-2)
1
=1 +pryz) (x-y) y-2) (z-%) 1
Hence proved.
coso. —sina 0
Q. 11.IfA = |sino.  coso 0| find adj A and verify
0 0 1
that A (adj A) = (adj A) A = |A| I,.
[Foreign 2015]

coso. —sina 0
Sol. We have, A = Al sino.  cosoe 0
0 0 1
Clearly, the cofactors of elements of |A| are given
by
Ay =coso; Ay =—-sina; A3 =0;
Ay =sinoy Ayy =cosa; Ay =0

TOPIC-2

Ay =0 Ay = O_and Ay =1 2
All AlZ A13
adj (A) = |Ay Ay Ay
,A?:l A32 A33
[coso. —sinar 0]
= [sina coso O
| 0 0 1]
[ coso.  sino 0]
= [—-sina cosa 0 1
| 0 0 1]
Now, A (adj A)
coso. —sina 0)( coso sino 0
= |sinoc coso. 0||-sino coso 0
0 0 1 0 0 1
cos® o+ sin” o 0 0
= 0 sin®o+cos’o 0 () Y%
0 0 1

cosa.  sino 0
(adj A):(A) = | —sino.  cosa 0
0 0 1

cosow —sino 0

sinot  coso 0

0 0 1
cos® o +sin” o 0 0
= 0 sina+cos’o 0| %
0 0 1
1 00
=10 1 0 .(ii) ¥4
001
coso. —sino 0
and |A| = |sino.  cosa 0
0 0 1
= 1-(cos’a + sin®a)) = 1 ...(iii)) %4
(expanding along R;)
From Egs. (i), (i) and (iii), we get
Aadj A) = (adj AyA = |A| I 1

Solutions of System of Linear Equations

Revision Notes

SOLVING SYSTEM OF EQUATIONS BY MATRIX METHOD [INVERSE MATRIX METHOD

(a) Consistent and Inconsistent system : A system of equations is consistent if it has one or more solutions
otherwise it is said to be an inconsistent system. In other words an inconsistent system of equations has no

solution.
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(b) Homogeneous and Non-homogeneous system : A system of equations AX = B is said to be a homogeneous
system if B = 0. Otherwise it is called a non-homogeneous system of equations.

ax+by+cz=4d,
ax + by +cz=4d,,
asx + byy + c;z = d,

a, b ¢ d, x
STEP 1 : Assume A=|a, b, ¢,|,B=|d,|andX = |y
a, b, c d z

3 3 3 3

STEP 2 : Find | A|. Now there may be following situations :

(i) |A|#0= Alexists. It implies that the given system of equations is consistent and therefore, the system has
unique solution. In that case, write

AX=B
L1
- X = A-1B |:whereA = A(ud]A):|
Then by using the definition of equality of matrices, we can get the values of x, y and z.

(ii)) |A| =0= A does not exist. It implies that the given system of equations may be consistent or inconsistent.
In order to check proceed as follow :

= Find (adj A) B. Now, we may have either (adj A) B=0 or (adj A) B = 0.
e If (adj-A)B = 0, then the given system may be consistent or inconsistent.

To check, put z = k in the given equations and proceed in the same manner in the new two variables system
of equations assuming d; — ck, 1 <i <3 as constant.

e And if (adj A) B #0, then the given system is inconsistent with no solutions.

?i Very Short Answer Type Questions (1 mark each)

Q. 1. For what values of k, the system of linear equations

x+y+z =2 Sol. For a unique solution
2x+y-z =3 11 1
3x +2y + kz =4 2 1 -1 #0 1
has a unique solution ? [Outside Delhi 2016] 3 2 k
k+2+2k+3+4-3%0
= k#-2

[CBSE Marking Scheme 2016]

?1 Short Answer Type Questions (2 mark each)

2 3 —
Q.1.Given A= l:_ 4 7 ] , compute A™! and show that LHS = RHS L
[CBSE Marking Scheme 2018]
2A71 = 91— A. [Delhi 2018, Set I, II, III] ) 3
Sol Al =2 Q.2.If A= [5 _2] , be such that A™! = kA, then find
Al = %[Z g:l 1 the value of k. [Comptt. 2018, Set I, II, III]
- “1[—2 -
LHS = 2A7! Sol. Finding Al=— [ 5 23] 1
7 3 19—
_[4 2]’ -1[2 3] _[2k 3k 1
10 5 3 = 191-5 2| |5k -2k %
RHs = 9|5 1H_4 7] :
= k %

7 3 o
|:4 2:| [CBSE Marking Scheme 2018]
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?i Long Answer Type Questions-|

(4 marks each)

1 2
Q1IfA= [2 1 :| then using A7, solve the following

system of equations : x -2y = -1,2x + y = 2.

[S.Q.P. 2016-17]
Sol. |A| =5
1 2
adjA =|_ 1
L ade_1[1 2]
A7 = Tal 52 1 !

Given system of equations is AX = B, where

h A_— X =
T = , =
where i 1 y

L 3
1{-1+4 5
ly| 5| 2+2 4
5
3 4
x=—andy= — 1
B Y 5

[CBSE Marking Scheme 2016]

Q.2.LetA = B ;}, B= {_42 _46} . Then compute AB.

Hence, solve the following system of equations :
2+ y=43x+2y=1 [S.Q.P. 2015-16]

7

¥

Sol.

_ |2 3
A= 1 2]
[4 -6
and B = 2 4:|
then AB = [2 3][4 -6
11 2|2 4
_[2 0]
AB o 2—_21 1
= A(lBJ =]
2
On multiplying by Al
At =1p
2
(2 3]
-1 —
AT a2 1

The given system of equations are equivalent to

AX=C,

where X =

and C=
X =

Fx] .
LY

r 2 1
4]’A,:
|1 3 2

AYIC=@ATyC

5 =]

x| _[7
= y| |-10
x=7
and y=-10 1

[CBSE Marking Scheme 2015]

Long Answer Type Questions-I|

(6 marks each)

Ly |
31 2 o y
- - o AT exists. 2
Q.1If 4 ; g _i Find A
2 -3 4
Hence, solve the system of equations : Cofactor matrixof A= | 1 -7 2 2
3x+3y+2z=1 -7 15 3
x+2y=4
2x-3y-z=5 [SQP 2018-19] Al = %Ade
31 2 Al
Sol. A= 3 2 -3 -2 1 =7
2 0 -1 1
= T —3 —7 15 1/2
A] =3(-2)-13) + 2(-9) |4 2 3

=_6-3-8=-17%0 1
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Now for given system of equations.

IO

(AhX =B
= X = (AY'B
= X=@A"YB [+ (@AY =@A"]%
1 [2 3 41
X=—1 -7 2|4
7 15 3|5
1 ’—34} [2]
X=—-17|=| 1
“17) 68 | |-4
x=2y=1z=-4 1%
[CBSE Marking Scheme 2018]
2 3 5
Q.2.If A =[3 2 —4:| , Find AL, Use it to solve the
1 1 =2

system of equations
Hence, solve the system of equations :
2x-3y +5z=11
3x+2y-4z=-5
x+y-2z=-3
[Delhi OD 2018 Set I, II, III]

Sol. |A| =-1#0 .. Al exists
Co-factors of A are : 1
A =0; A,=2 Ajz=1 1 m for
Ay =-1, Ap=-9 A,;=-5 4correct 2
Ay =2 A, =23; A,; =13 cofactors
0 -1 2
adj(a) = [2 9 23
1 -5 13
= Al = L.udj(A)
|A]
0 1 -2
|2 9 23 1
-1 5 -13
X 11
For, X = (Y| and B = |-9|, the system of
2 _
equation is A'-X = B ¥
0 1 -=2{|11 1
~X=AlB=|-2 9 -23|-5|=|2 1
-1 5 -13|[-3 3
~x=1Ly=22z=3 1
[CBSE Marking Scheme 2018]
1 2 -3
Q.3.If A = |2 3 2|, find AL Hence solve the
3 3 4

following system of equations :
x+2y-3z=-4,2x+3y+2z=23x-3y-4z=11

[S.Q.P. 2012] [Delhi Set ITI Comptt. 2012]

9]

ol.

1 2 3
A=|2 3 2
3 3 4

Co factors are :

Cy=-6 - Cy=17, Cy =13
Ch,=14 Cp=5  Cy=-8
Cya=-15, Cp=9  Cy=-1 2
|A] =—6+28 + 45 =67
([ 17 13
Al=—l14 5 -8 1
67 15 9 -1

Now the equations are :
x+2y-3z=-4,

2x + 3y +2z=2
3x-3y-4z=11

They may be written as

1 2 =3[« [—4
2 3 2|lyl=1|2 1
3 3 4flz] |1

and

[x] -4
where X=|y|andB = | 2
1Z ] 11
— AX =B
= X=A'B
1"—6 17 13][-4
= X=—|14 5 =8| 2|1
67115 9 -1]|n1
1] 201 3
= —[-134|=| 2 v
7 67 | |1
= x=3,y=-2andz=1 %

[CBSE Marking Scheme 2012]
1 2 1

Q.4IfA = [_1 1 1] , find A~1. Hence solve the system

Sol.

1 31
of equations :

x+2y+z=4,-x+y+z=0x-3y+z=4.
[Delhi Set I Comptt. 2012]

1 2 1
Given A=|-1 1 1
1 31

|[A] =11 +3)-2(-1-1) + 1(3-1)
=4+4+2=10 1
Co-factor Matrix is :
[4 2 2]
5 0 5 1
|1 2 3]

.. adj A = transpose of above matrix
[4 5 1]
=12 0 -2 1
2 5 3|
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L adj(A) Multiplying both sides by A™!, we get
A=A A'AX = AT'B
= X=A"B
1|4 21 x] [2/5 -1/2 1/10][4
2 5 3 2| l1/5 1/2 3/10)|4
2/5 -1/2 1/10 %
= A71: 1/5 0 _1/5 1 —8 2
1/5 1/2 3/10 ==
Given set of equations are : - y _ S
x+2y+z=4 Z Z g
-x+y+z=0 Ya o =dp=
x-3y+z=4 L5 5
1 2 1[x] [4 [x]  [2
= -1 1 1|fy[=]0 = y| =10
1 -3 1f|z| |4 [z] (2
= A-X=B x=2y=0,z=2 1

[CBSE Marking Scheme 2012]

-4 4 4|1 -1 1
Q. 5. Determine the product [—7 1 3 "1 -2 —2] , and use it to solve the system of equations :

5 -3 1|2 1 3
x-y+z=4x-2y-2z=9,2x+y+3z=1 R&U [Delhi Set I, II, I1I-2017, Delhi Set II Comptt. 2012]
4 4 411 1 1] 8 00
Sol. Getting (-7 1 3 ||1 2 -2|=(0 8 0 ..() 172
5 3 -1j[2 1 3] 0 0 8
1 -1 1)\(x 4
Given equations can be writtenas (1 2 2|y [ =9 1
2 1 3 )\z 1
or AX =B
0 -4 4 4
From (i) Al = 37 13 1
5 -3 -1
" -4 4 4\(4
X=A‘1B=§—7 1 319 1
5 -3 -1)l1
X q 24 3
y| = 3 16| = | =2 1
z -8 -1
orx=3,y=-2,z=-1 [CBSE Marking Scheme 2017] %2
OR
[+« 4t -2 ¢ .
[Ft 3 [|1 -2 2af
Le -3 4J[l o 1 3
= [E01su+40)  -u) sqr2) ) C4l) rela)suts) |
30 +101)+3(2) ) w1 () 43()  F(1)w1[-2) 23[3) |
D3)Ma)  5(=1)=3(-2) 1))  5[1) -3(2) -1(3 _
—
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__':_'/IL 2 o o] = J-::'_’,,ﬂ = s :j_d____
o » o i ﬁ T

0 o H—-‘g‘J - __-,_ B B

A=Y+ 2 =Yy o -

—
.Z.Z 2 : . == e B -
It s I e B o
['->-2]]3]=]a] o
L1 3% =] [1]
Ax=®
x=4"8 4[-v 4 4T pa=0ar
ia Ll-vyq 4,1y 32 3
2|~ 13 9 5§ -3 -1
s - LS 8 1)Ly A" =y [-4 4 4]
L B N fls 13
2y JlmHD ruC) by | LE % =
2y ey |
e e R RO DY
it SN R
$ftvavm | T
20 ¥~/
2 B =
[Topper's Answer 2017]
1 -10 2 2 4
Q.6If A=|2 3 4| and B = |-4 2 -4 are S AB =6l
01 2 2 15 On multiplying by A™
square matrices, find A-B and hence solve the A7AB = 6A71]
system of equations : - IB = 6A-1 & A4 = )
x-y=32+3y+4z=17andy +2z=7. 5= ) =
[O.D. Set I Comptt. 2012] [NCERT Exemplar] = - (- =X)
Al=1p
1 -10 = 6
Sol. Given A=|2 3 4 . .
Given equations are :
0 1 2
x-y=3
2 2 4 ~ .
and B=|-4 2 - 14 2x + 3y + 4z =17 A
2 -1 5 y+22z=7
244 2-2 —4+4 S Ny e 3 .
~AB=|4-12+48 4+6-4 -8-12+20 % = (2 3 4)y[=|17 Ve
| 4+4  2-2 —4+10 0 1 2]z 7

3
AX =C, where C = {17] bz

7
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x
X=1Yy s
z

= ATTAX =ATIC
= X=A7C 1
1 2 2 4|3 1 12 2
=>X=>|-4 2 —4|17|=>|-6|=|-1| %
2 -1 57| ©la] |4
x=2,y=-landz=4 ¥
[CBSE Marking Scheme 2012]
1 2 5
Q.7If A =1|1 _1 _1|, find A™'. Hence solve the
2 3 -

following system of equations :

x+2y+5z2=10,x-y-z=-2,2x +3y-z=-1L
[O.D. Set III Comptt. 2012]

[1 2 5]

Sol. A=[1 -1 -1

2 3 -1
ay =(1+3)=4
a,=-(-1+2)=-1
a,=(B+2)=5 %
4y =-(-2-15) =17
1y, = (-1-10) = -11
Ay =-0B-4=1 V2
iy =(-2+5=3
i, =—-(-1-5)=6

Gy =(-1-2)=-3 %
|[A] =1x4+2x%(=1)+5x (5
=4-2+25=27 Y
1[4 17 3
= Al=_—|-1 -11 6
275 1 -3
l4/27 17 /27 1/9}
=|-1/27 -11/27 2/9 1
5/27 1/27 -1/9

Given set of equations can be written as
x + 2y + 5z =10,
X-y-z=-2
and 2x + 3y-z=-11

1 2 5]« 10
1 -1 -y =|-=2 1
2 3 -1z 11

= AX =B,
[x 10
where X = y] andB=[—2]
| Z —11
On multiplying by A™
X =A"B
x| [4/27 17/27 1/9”10}
= y|=|-1/27 -11/27 2/9 | -2
z| |5/27 1/27 -1/9]-11

1

(40 % ®] [z
27 27 27 27
2 6| | 5,

— B =| =
27 27 27 27
50 2 + 88 81

| 27 27 "27] |27

[-1
=[-2
| 3

= x=-1,y=-2andz=3 )
[CBSE Marking Scheme 2012]

5 0 4 13 3
Q. 8. GivenA= 2 3 2 , B_l =1 4 3 ’ Compute
121 1 3 4
(AB)™. [Comptt. 2018 Set I, II, III]
Sol. |A| =5(-1)+4(1)=-1 1
=1 C, =8 Cy=-12
Cp=0 Cp=1 Cyp=-2 2
Cp=1 Cpy=-10 Cyu=15
[1 -8 12
Al=(0 -1 2 1
-1 10 -15
(AB)! = BIA™!
(1 3 3][1 -8 12
=11 4 3|0 -1 2 1
1 3 4]|-1 10 -15
-2 19 =27
=[-2 18 -25 1
-3 29 42

[CBSE Marking Scheme 2018]

Q. 9. Using matrices, solve the following system of
linear equations :

x-y+22=73x+4y-52=-52u-y +3z=12.
[Delhi Set I, II, 111, 2012]

Sol. Given equations can be written as

1 -1 2|[x 7
3 4 S||ly|l=|-5orAX=B 1
2 -1 3|z 12
|A] =1(7) + 1(19) + 2(- 11)
=4%0

. therefore A exists.

Co-factors 1
a,=7, a,=-19 a,=-11

ay=1, a,=-1 a,=-1

ay =-3 a,=11 a,=7

{1 mark for any four correct cofactors} 2

7 1 -3
= Al=21-19 -1 11 A
411 1 7
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¥ 4[7 1 87
y| ==|-19 -1 11]|-5 1
2| 411 a1 7|12

)

Il
| ur——
W =N
| S |

x=2y=1landz=3
[CBSE Marking Scheme 2012]

Q.10. Using matrices, solve the following system of

linear equations :
x-y+z=42x+y-3z2=0,x+y+z=2
[Foreign Set I, 2012]

Sol. Given equations are
x-y+z=4
2x+y-3z=0
and x +y+z =2

We can write this system of equations as

e R

Let AX =B,
(1 -1 1
where A=1(2 1 -=3{,
1 1 1
o
X=\ly
;ZA
4
and B=|{0 bZ)
_2_
1 -1 1
|[Al =12 1 -3
1 1 1
=11+3)--12+3)+12-1)
=4+5+1
=10 1
Now, X=A"'B
For A™!, we have cofactors matrix as
(4 5 1]
P=(2 0 -2 1%
12 5 3]
(4 2 2]
adfA =[5 0 5
! 2 3]
. (4 2 2]
A=A 5 g 5 1%
1 [4 2 2][4
Thus, X =A"B= -5 0 5[0
|1 -2 3]|2

1 [ 16+0+4
= —[-20+0+10
101 4-0+6

The required solution is

~x=2y=-landz=1.
[CBSE Marking Scheme 2012]

x 1"20 2
y| = —=|-10]|=|-1
z] )] [1

)

Y

3 -1 1 1 2 -2
Q1LIfA'=|-15 6 -5|andB=|-1 3 0|, find
5 -2 2 0 -2 1
(AB)™. [Foreign Set I, 2012]
1 2 -2
Sol. [Bl =|-1 3 0
0 -2 1
=1(3-0)-2(-1-0)—2(2-0)
=34+2-4=1%#0 b2
i.e., B is invertible matrix.
= B! exists. %
al3 0
Now Cy = (D™, 1‘:3—0:3
21 0
C12: (_1)12 0 1‘:_(_1_0):1
=1 3
Cp = (D™ 0 _2‘=2—0=2 Y
al2 =2
C21:(—1)“_2 1‘——(2—4)=2
ol =2
Cp = ((12f; []=1-0=1
sl 2
Cpy = (1)) 5=-(2-0)=2 %
a2 -2
Cyy = ((1)™[3 ,]=0+6=6
)
C32=(—1)32_1 0‘:—(0—2):2
sl 2
Cp= (| 3l=B+2)=5 %
312] [32 6
adiB=12 1 2 =|1 1 2 )
6 2 5 2 2 5
11 .
= B _ﬁ(ud]B)
1 3 2 6 3 2 6
=—(1 1 2|=|1 1 2 1
Ha 2 5/ |2 25
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-1 _ p-1.4-1
Now  (AB)™ =B—"A 1 -1 2][2 0 1 100
9 4 6 o~ Sol. AB=[0 2 -3||9 2 3|=]0 1 0| 1
=1 1 2}-15 6 -5 1
22 5ll s 2 2 3 2 4]l6 1 2| [00 1
[9-30+30 —3+12-12 3-10+12 A
=|3-15+10 -1+6-4 1-5+4 20 1
|6-30+25 -2+12-10 2-10+10 or Al-B=|9 2 =3 1
[9 -3 5 6 1 -2
=12 1 0 1 ) - )
1 0 2 Given equations in matrix form are :
[CBSE Marking Scheme 2012] LB 9
0 2 3ly|=|4 1
2305 3 2 4]z -3
Q. 12.IfA = |3 2 -4/, find A™". Hence using A™
1 1 -2 AX =C v
vl al
solve the system of equations 2x - 3y + 5z = 11, or X=Ay C=A47)C 1
3 +2y—4z=-5x+y—-22=-3. X -2 9 619 0
[NCERT] [O.D. Set-II, III 2017] yl=]0 2 1| 4]|=]|5
z 1 -3 -2|-3 3
2 3 5 o
Sol. A=13 2 4 or x=0y=52z=3 %
1 1 -2 [CBSE Marking Scheme 2017]
or |A] =2(0) + 3(-2) + 5(1) = - 1 1 2 31
Ap=0,A,=2A, =1 Q.14.IfA=|1 2 2| find A" and hence solve the
Ay =-1,A)=-9,A)=-5 2 -3 1 -1
Az =2 AS%) B 223' A313 =13 system of equations 2x + y -3z =13,3x + 2y +z =4,
4 x+2y-z=8. [Delhi Set ITI 2017]
o AT=--1 95 Sol. Try yourself like Q.13 long Answer Type Q. II.
2 23 13
2 3 10
0 -1 2 0 1 -2 Q.15.InA= |4 -6 5 | findA™. Using A~ solve the
=-1]2 -9 23|={-=2 9 -23 6 9 -20
-5 13 -1 5 -13
system of equations E+§+E =2; é+E+E =5;
b3 x y z X vy z
Given equations can be written as 6 9 20
2 3 5)\(x 11 ;"‘;"‘? =4 [Delhi Set-II 2017]
3 2 A|ly[=|-5]|orAX=8
Sol. Here |A| = 1200
1 1 2)\z =3
Co-factors are
or X=A"B Cyy = 75,Cyy = 150, C5y = 75
x 0 1 -—=2)11 1 Cy, =110, C,, = -100, C5, = 30 2
or yl=1-2 9 -23||-5|=]2 Ci3 =72,Cp=0,Cys=-24
75 150 75
z -1 5 -13)\-3 3 o 1
A7 = ——(110 -100 30 )
orx=1,y=2,2z=3. 1Y% 1200 o4

[CBSE Marking Scheme 2017]

1 -1 220 1
Q.13.Useproduct |0 2 -3|[ 9 2 -3| tosolvethe
3 -2 4|6 1 -2

system of equations x + 3z =9, —x + 2y - 2z = 4,
-3y +4z=-3 [Delhi Set-12017]

Given equation in matrix from is :

2 3
4 -6
6 9

10
5
—20

N =R R =

2 1%
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or AX =B
or X =A"B
o] :
X 2
or 1 | 2L 1%
y 3
1 1
|z 5

orx=2y=-3,z=5
[CBSE Marking Scheme 2017] 2
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