Trigonometric Ratios, Identities

& Equations Chapter 12

BASIC FORMULAE
1. sin? A+cos’ A=1or cos> 4=1-sin’ dorsin’4 =1—cos* 4.
2. l+tan® A=sec’ Aorsec’A—tan’ A=1. 3. l+cot® A=cosec’4, or cosec’A—cot’ A=1

4. sinAcosecA=tan Acot 4 =cos Asec A =1.
A system of rectangular coordinate axes divides a plane into four quadrants. An angle € lies in one and
only one of these quadrants. The values of the trigonometric ratios in the various quadrants are shown in
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Formulae for the trigonometric ratios of sum and differences of two angles

1. sin(A+B)=sinAcosB+cosAsinB
2. s1n(A B)—smAcosB cos Asin B
3. cos(A+B)=cosAcos B—sin Asin B
4. cos(A—B)=cos AcosB+sin Asin B
A B —
5 tan(A+B) tan 4 + tan 6. tan(A—B): tan A —tan B
l1—tan Atan B 1+tan Atan B
AcotB -1 A
7. cot(A+B)=w 8. cot(A—B)=COtC—OtB-’_l
cot B+cot 4 cotB—cot 4
9.  sin(A4+B)sin(A4—B)=sin’ 4—sin’ B =cos’ B—cos’ 4
10.  cos( A4+ B)cos(A4—B)=cos’ A—sin’ B =cos’ B—sin’ 4
i i i + i sin(A+ B
11 tanAitanB=SmAismB=SmACOSB_COSAsmB _ ( )’
cosA cosB cos Acos B cos 4.cos B
sin(BiA)
12. cotAtcotB=———+
sin AsinB
cos(B—A)
13. tanA+cotB=——"=-

cos Asin B
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14.

—cos(B+A)

cos Asin B

tan 4 —cot B =

Formulae for the trigonometric ratios of sum and differences of three angle

l. sin(A+B+C)=sinAcosBcosC+cosAsinBcosC+cosAcosBsinC—sinAsinBsinC
or sin(4+B+C)= cos A cos B cos C (tan 4 +tan B + tan C —tan A4. tan B. tan C )
2. cos(A+B+C) = cos Acos Bcos C —sin Asin Bcos C —sin Acos Bsin C —cos Asin BsinC
cos(A+B+C) = cos Acos Bcos C(1—tan Atan B—tan Btan C —tan Ctan A)
3 tan(A+B+C): tan A+ tan B+ tan C —tan Atan Btan C
1 —tan A tan B —tan Btan C —tan C'tan 4
cot Acot Bcot C —cot A—cot B—cotC cot A+ cot B+ cotC —cot Acot BecotC
4. cot(A+B+C)= =
cot Acot B+cot BcotC+cotC.cot A—1 1—cot AcotB—cotBcotC—cotCcot A4
In general
5. sin(4 +A4,+...+4,)= cos 4 cos 4,..cos 4, (S, — S, + S-S, +...)
6. cos(d4 +A,+...+4,)=cos 4 cos 4,..cos4,(1-5,+85,-S,....)
7o tan(A 4 Ay bd )= B TS
1-8,+8, -8, +...
where, S, =tan 4 +tan 4, +...+tan 4, = The sum of the tangents of the separate angles.
S, =tan 4, tan 4, + tan 4, tan,+... = The sum of the tangents taken two at time.
S, =tan 4, tan 4, tan A4, +tan 4, - tan 4, tan 4, +... = Sum of tangents three at a time, and so on.
If 4=4,=..=4 =A,then S, =ntan 4
S, =" C,tan’ 4,8, =" C, tan’ 4,..
8.  sinnd =cos A(”C1 tan 4—" C, tan’ A+" C, tan’ A—...)
9. cosnA=cos"A(1—” C, tan> A+" C, tan4A—...)
n _n 3 n 5 _
10 tannd — Cltanzj[ C, tan 13+ C, tan /:
1-"C,tan" A+" C,tan” A-" C  tan” A +...
sin a+ n— 1 'B/ .sin nﬁ/
. ) ) ) 2 2
11. 31n(a)+s1n(a+,B)+sm(a+2,6’)+...+s1n(a+(n—1),8)—
()
2
cos{ n-— )(%)}sm(n'%)
12. cos(a)+cos(a+B)+cos(a+2p)+..+cos(a+(n-1)B) = 7
()
2

Formulae to transform the product into sum or difference

l.

2
3.
4

2sin Acos B =sin( A+ B)+sin(A4—B)
2cos Asin B =sin(A+ B)—sin(4—B)
2cos Acos B =cos( A4+ B)+cos(A4—B)
2sin Asin B = cos(A—B)—cos( A+ B)
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Let A+B=C and A~B=D Then 4= 4P andB=C_TD
Formulae to transform the sum or difference into product
1. sinC+sinD=2sinC+DcosC;D
2. sinC—sinD:2cosC+Dsinc_D
2 2
3. COSC+COSD=ZCOSC;DCOSC;D
4. cosC—cosD=2sinC+DsinD_C=—2$inC+Dsinc_D
2 2 2 2
Trigonometric ratio of multiple of an angle
1. sin2A=2sinAcosA=%
1+tan” 4
2
2. cos2A:20052A—1=1—ZSin2A=coszA—sin2A:w.
1+tan” 4
3. tan2d4=—280A4
1—tan” 4

4, sin34 =3sin A—4sin’ 4 = 4sin(60" —A).sin A.sin(60” + A)
5. cos34A=4cos’ A-3cos A= 4cos(60” —A).cos A.cos(60” + A)

Stand-tan A _ tan (60° — 4). tan A.tan (60" + A)
1-3tan” 4
7.  sin46=4sin6.cos’ @ —4cosHsin’ &
8. cos40=8cos'@—8cos’H+1
4tan @ —4tan’ @
1-6tan* # +tan* @
10. sin54=16sin’ 4—20sin’ A+ 5sin 4

11. cos54=16cos’ 4—20cos® A+5cos A
Trigonometrical values

1. sin22%°=cos67i°=% 2—\/5 2. sin67%°=cos22%°:%\/2+\/§

~1 3 +1

6. tan3A4 =

9. tan46 =

&N

3. sinl5°=cos 75° = —— 4. cos15°=sin75° =
22 22
5. tan15°:cot75°=\/§_1=2—x/§ 6. tan75°:cot15°=\/§+1:2+\/§
J3+1 V3-1
7. tan(22%) =cot(67%) =2 -1 8. tan(67%) = cot 22%) =2 +1
9. sin180:$=cos72° 10. sin36°=—‘10;2\/§:COSS4°
11. sin54°= \/§4+1 =c0s36° 12. sin72°:10+Tz\/§:cosl8°
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CONDITIONAL TRIGONOMETRICAL IDENTITIES

If A+ B+C =180, then

1. sin2A4+sin2B+sin2C = 4sin Asin BsinC
2. sin2A4+sin2B—-sin2C = 4cos AcosBsinC
3. c0s2A4+cos2B+cos2C = —1—-4cosAcosBcosC
4 c082A+cos2B—cos2C = 1-4 sin AsinBcosC
5. sinA+sinB+sinC = 4cos£cos£cos£
2 2 2
6. sin4+sinB—-sinC = 4sin£sin£cos£
2 2 2
7. cos A+cosB+cosC = 1+4sin£sin£.sin£
2 2 2
A B .
8. cosA+cosB—cosC = —1+4cos—.cos—.sin—
2 2 2
9. (i) sin®>A+sin’ B—sin®>C = 2sin Asin BcosC
(i) cos® A+cos’ B—cos’C = 1-2sin Asin BcosC
(iii) cos® A+cos’B+cos’C = 1—2cos Acos BcosC
(iv) sin® A+sin’ B+sin®C = 2+2cos Acos BcosC
10. (i) tanA+tanB+tanC = tan Atan BtanC
(1) cotBcotC+cotCcotA+cotA.cosB =1
B C C A A B
(i) tan—tan—-+tan—tan—+tan—.tan— = 1
) A B C A B C
(iv) cot—+cot—+cot— = cot—cot—cot—
2 2 2 2 2 2
TIPS AND TRICKS
1. sinnzt = 0
2 cosnz = (-1)"
3 sin(nﬂiﬁ) = i(—l)" sin @
4. cos(nﬁiﬁ):(—l) cos @
5 tan(nz +6)=*tan 0
n—1
6 sin ﬂJr@j _ (-1)2 cos®, if nis odd
2 (—1)4 sin@, if nis even
n+l
7 eos ﬂﬂgj _ (-1)2 sin@, if nisodd
2 (—1)4 cos®, if niseven
A  —1++l+tan’ 4
8. tan— =
2 tan 4

371, “r
4 +V~;\/\,/' 4
A
\L
T ve

P AN T
5 “\——
5 4

sin @ —cos @ is +ve or —ve in interval
shown above

3z a1
T \\\\/ "',"\"e 4
/‘l\’
_Yék)\/
5z Nz
e ~ 4

sin @+ cos @ is +ve or —ve in interval
shown above



74

10.
1.

12.

13.
14.
15.

16.

17.

18.

19.

20.

21.

22.

23.
24.

24.
26.

27.

28.

29.

30.

31.

n-1 : n
Hcos 2"A = sm? A
20 2"sin A

tana = cota—2cot2a, cosec2a = cota —cota

seca.sec(a+ ) = cosecﬁ{tan(a+ﬂ)—tana}
tana.tan(a + f) = cotﬂ{tan(a+,8)—tana}—1
cosecacosec(a+ f) = cosecﬁ{cota—cot(a+,8)}

tana.sec2a = tan2¢ —tano

tan’ @.tan 2 = tan2a —2tan

sin(A+B)
tan A+tan B=————=
cos Acos B
sin(4—B)
tan4—-tanB=————2~
cos Acos B
sin(A+B)
cotA+cotB=—————~
sin Asin B
sin(B—A)
cotA—cotB=———=
sin 4sin B
cos(A—B)
l+tan 4tanB = ———=
cos Acos B
cos(A+B)
l-tan AtanB = ——=
cos Acos B
cos(A—B)
I+cotAcotB = ——=
sin Asin B
—cos(A+B)
l-cotAcotB = ————=
sin Asin B
If a+f+y = 0 then
(a) sina+sinf+siny = —4sin%sin§sin%, (b)
B .

a
(¢) cosa+cosf+cosy= —1+4coszcoszcos

tan@+cotd = 2cosec2d 25. cot@—tan@ = 2cot28
sin(A4+ B)sin(4—B) = sin® A—sin’ B = cos’ B—cos’ 4.
cos(A+B)cos(A—B) = cos’ A—sin’ B = cos’ B—sin’ 4.
a+ﬂc0sﬂ+ycosy+a

2 2 2
a+ﬂsinﬁ+ysiny+a

2 2

cota +cot f+coty

cot(a+pB+y)

cosa +cos B+cosy +cos(a+B+y) = 4cos

sina +sin S +siny —sin(a+ f+y) = 4sin

tan +tan B +tany —tan(a+ f+y)=tana tan Stany|1—-

For any «, f and y we have the following identities.

tana +tan f+tany = tano tan Stany
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(a) sinasin(ﬂ—y/)+sinﬂsin(7—a)+sinysin(a—ﬂ) =0
(b) cosasin(f—y)+cosfsin(y—a)+cosysin(a—p) = 0.
32. (a) (cosx+sinx)(cosy+siny)=cos(x—y)+sin(x+y)

(b) (cosx—sinx)(cosy—siny)=cos(x—y)—sin(x+y)
TRIGONOMETRICAL EQUATIONS WITH THEIR GENERAL SOLUTION.

Trigonometrical equation General solution
sin@ =sina 0 =nr+(-1)" o where nel
cosf =cosa 0=2nrta where nel
tanf =tan o 0 =nr+a where nel

sin? @ =sin’* &
2 2
tan” @ =tan” «
) R O=nrta where nel
cos“ @ =cos” «

But it is better to remember the following results instead of using above formulae in the following cases.

Trigonometrical equation General solution

sinf =0 0 =nr where nel
cosd=0 O=nr+m/2 where nel
sinf =1 0=2nr+7x/2 where nel
sinfd =—1 0=2nr—rx/2 where nel
cos@ =1 0 =2nr where nel
cosd =—1 0=(2n+1)z where nel
sin@ = *1 0=(2n+1)7/2 where nel
cosf ==l 0 =nr where nel

GENERAL SOLUTION OF THE FORM acos@+bsinf =c
In acos@+bsin@=c,put a=rcosa and b=rsina where r=+a’+b* and |c|<Va®+b" .

Then, r(cosacos@+sinasingd)=c = cos(0—a) :;zcosﬁ, (say)
Ja’ +b°

b . .
=>0-a=2nrxf = 0=2nrxp+a,where tana =— is the general solution.
a



