I
DAY SIXTEEN

CLeorning & Revision for the Day)

+ Concept of Definite Integrals + Walli's Formula + Definite Integration as the Limit
+ Leibnitz Theorem + Inequalities in Definite Integrals of a sum

Concept of Definite Integrals

Let @(x) be an anti-derivative of a function f(x) defined on [a,b] i.e. % [0(x)] =f(x). Then,
definite integral of f(x) over [a, b] is denoted by Ij f(x)dx and is defined as [@(b) — @(a)] ie.
J'jf[x) dx = @(b) - @a). The numbers a and b are called the limits of integration, where a is
called lower limit and b is upper limit.

NOTE - Every definite integral has a unique value.

The above definition is nothing but the statement of second fundamental theorem of integral
calculus.

Geometrical Interpretation of Definite Integral
b
In general, J’ f(x)dx represents an algebraic sum of areas of the region bounded by the curve

v = f(x), the X-axis, and the ordinates x = a and x =b as show in the following figure.




Evaluation of Definite Integrals by
Substitution

When the variable in a definite integral is changed due to
substitution, then the limits of the integral will accordingly be
changed.

For example to evaluate definite integral of the form
J' f x) dx, we use the following steps

Step1 Substitute g(x) =t sothat g'(x)dx =dt

Step II Find the limits of integration in new system of
variable. Here, the lower limit is g(a), the upper limit

is g(b) and the integral is nong[[ J)f(t] dt.
gla

Steplll Evaluate the integral, so obtained by usual method.

Properties of Definite Integrals
i) j’f(x)dx =0

B

(i) jff[x) dx = [ f)dt
(iii) I dX——J’ f
() [ fde=[ f

where, o <¢, <¢, <...
a) J’:f(x] dX:Lpf(a +B - x) dx
) [, fxdx=] fla-x)dx
(vi) 7 fx)dx
2 ) dx,if f=x) = f(x)
i.e. f(x)is an even function

if f(-x) =- f(x)

i.e. f(x)is an odd function

dx+J' x)dx + .. +J' f(x)

<c, <B

1
ogoo

(vii) fo(x]dx =j’f(x)dx +]’ fl2a - x)dx

L 2o _B uf(x)dx, if f(2a - ‘f[X)
(viii) Io f[X)dX—[J Io if 20 - ) = ~ ()
(b9 [ fx)dx jf[(B @) x +aldx

(x) If f(x)is a periodic function with period T, then

(a) J': +an[X) dx = nJ'OTf(X] dx,n 01

) [ SO de=(B-a) [ 7 dx apDI
(c) J’f:::f[x) dx :J’ff(x) dx,n O

(xi) Some important integrals, which can be obtained with
the help of above properties.

/2 2

J’log sin xdx = J'log cos xdx = —log %QS

rr/4

I log(1 + tan x)dx = —log 2.

(xii) If a function f(x) is discontinuous at points x,, x,,..., X,
in (a,b), then we can define sub-intervals
(a,x,),(x,,%,),....(X,-4> X,), (x,,b) such that f(x)is
contlnuous in each of these sub-intervals and

J‘f X)dx If dx+J‘f X)dx +. +f dx+If

Leibnitz Theorem
If function @(x)and Y(x) are defined on [a,B] and differentiable

on [a,B]and f(t) is continuous on [Y(a), @(B)], then
at0=Fd 0d 0
g B el we) o (9L (60

Walli’s Formula

This is a special type of integral formula whose limits from 0
to /2 and integral is either integral power of cos x or sin x or
cos x sin Xx.

J’:/Z sin” x dx = Iﬁn N
On-1)(n-3)(n-5) ..

a _ _
0 nn-2)(n-4...

=Hn‘1)(n—3)(n -5)... 640
H nn-2)(n-4..580

cos” x dx

. 580 XE, if n=2m (even)
642 2

,ifn=2m + 1 (odd)

where, n is positive integer.

/2

J’sin’" x [dos" xdx
m -1)(m =3)...(2or1).(n -1)(n -3)...(2or1) T
u (m+n)(m+n-2)...20r1) 2’
Ewhen both m and n are even positive integers

1)(m -3)...(2or1) [n —-1)(n —3)...(2or1)
(m+n)(m+n-2)...20r1) ’

0 when either m or n or both are odd

I:ll:l

H positive integers

Inequaliiies in Definite Integrals

i) If f(x) )on [a,B], thenI x) dx >J' g(x)dx
(ii) If f(x) =20 in the interval [a, B], thenJ’ x)dx =0
(i) If f ,g(x) and h[ ) are Contmuous on [a,b] such that

< f(x) thenJ’g dx<J’f X<J'h



(iv) If f is continuous on [a, ] and] <flx)<sM,O —-a

x Ofa,B], then ! B -a) <I f dx <M B -a)

Where,hzb -0 asn- o

The converse is also true, i.e.if we have an infinite series of
(v) If f is continuous on [a, B], the above form, it can be expressed as definite integral.

then f: Fx)dx | < I: | f(x)| dx

Some Por’riculor Cases
(vi) If f is continuous on [a,B] and | f(x)| < k, 0 xJ [a,B]

, . | 1
then Ifo(X]d){ <k(B-a) (i) hm *f%%@ or hm > ;f%@‘_[of[X] dx
Definite Integration as the (i) limy —fEH=[) fds
Limit of a Sum B .

Let f(x) be a continuous function defined on the closed where, :nli mE:O Cr=1)
interval [a,b], thenJ’ x)dx = }Hnmh z f(a+rh) and B= 1{ m% =p (or = pn)
(DAY PRACTICE SESSION 1)

J'3n/4$ is equa| to 7 J—OZ [X2] ax is equal to
4 1+ cos x = JEE Mains 2017 7 7
@-2 )2 (©)4 (@) -1 o @) B oS v
2 Iff(x)is continuous function, then .
(a) _[2 F(x) dx = J. —x)] dx 8 IfI_2|2t| dt =f(x),then for any x = 0,f(x) is equal to
5 (@) 4+ x? (b) 4 - x?
b 2f(x)dx = fx-1)d
(b) [, 2rx dx Ie (=D ax (c)%(4+x2) (d)%(4—x)
c) J'_sz(x) dx = J‘.44 F(x = 1) dx p
5 6 9 J’n cos X — dx is equal to
(d) I,3f(X)dX=I,2f(X_1)dX nizl+e
m/4 . (a) 1 (b) O
3 J’O/ [{/tan x + ,/cot x ] dx is equal to (©) -1 (d) None of these
(a) V2 m (b) o (c) T (d) 2m 10 Let a, b and ¢ be non-zero real numbers such that
. 2 . V2 J'S(Saxz+2bx+c)dx=L3(Bax2+2bx +¢)dx, then
4 J’1 sinPtan™ 1+ XHax is equal to _ _
0 0O 1-x0 (@) a+b+c=3 (b)y a+b+c=1
(c)a+b+c=0 (dya+b+c=2
(a) /6 (b) m/4 (c) m/2 (d)
o _ o2 11 The value of (x) dx,a>1, where [ x] denotes the
5|f/n—I2deand/2m—f2wdx, I o
o sinx 0 sin® x greatest integer not exceeding x, is
n ON, then (a) [alfta) = {f(1) + (@) +... +f([a])}

@) Loy Lo =i O) Loy = Loy =l w1y (b) [alf([a]) - {f(1) + f(2) +... +f@)}
(c) /2(n o T /(n) :/Z(n) (d) 1, (n+1) /1(n +1) :/2(n) (c) af([a]) - {f(1) +1(2) +... + (@)}
(d) af@@) = {f(1) + f(2) +... +f([a])}

6J’ {x? + x — 3} dx, where {x} denotes the fractional part
12 The correct evaluation ofIn /Zasin Qx - Eng'x is
o O 440

of x, is equal to

@) % (1+ 345) (b) éa +346) (@) 2+ 2 (b)
(c) —2++2 (d)

2-42
1 1 0
c) 5(3\6—1) (d) 6(:NE—D



/s IO“ - %Iix%dx, where [ [] denotes the greatest
Tt

integer function is equal to

(a) g(sim + cos) (b) g(sim -sin2)

(©) M (sin1- cos (d) M(sin1+ sin2)
2 2

14 If[. ]denotes the greatest integer function, then the value

ofJ’ x[ x?dxis

@ (b) 0 © > @ >
15 The value ofJ’ %L:X) axis
(a) 5 |og2 (b) EIog2 (c)log2 (d) mtlog?2
16 Lm Ji=sin2x is equal to -+ NCERT Exemplar
(a) 242 (b) 262+1) (c)2 (d)2w2-1)
17 The value ofI Ioge dxis
(b) 5/2 (c) 3 (d) 5

(a) 3/2
n 1
18 The value of f(k =1+ x)dxis
2

(a) J‘;f(x) dx (b) J‘Ozf(x) dx (

satisfiesj’n ; f(x)dx = % O /, then Iia f

c) Io”f(x) dx (d)n I;f(x) dx

19 f(x)is a continuous function for all real values of x and
2 5
(|x])dxis

1 2 3nQ

23 The value of lim 1 + +...+ —[Jis
menm+l n+2 4nQ

(a)5-2In2 (b) 4-2In2

(c) 3-2In2 (dy2-2In2

24 If fand g are continuous functions in [0, 1] satisfying

f( )= f(a -x)and g(x)+g(a—-x)=a,then
= NCERT Exemplar

J’f Xx)dxis equal to
a
a b) 2
@ 2 ®) 7,
(c) Iof(x)dx (d) aJ’Of(X)dx
25 The value of [ w2 sin’ Xd X is
= JEE Mains 2018, 13

T I
Rk 4 d) =
5 (c)4m ()4

(@) m (b)
26 J’n [cot x] dx, where [] denotes the greatest integer

function, is equal to

n - -
(a) 5 (b) 1 (c) -1 (d) 5

2
27 The |ntegra|J' log x dx is equal to
2log x? +log(36 —12x + x?)

= JEE Mains 2015

(@)2 (b) 4 (c) 1 (d)6

28 J':n/z [(x + T)® + cos?(x +3m)] dx is equal to

/2
Ord. m 1L mo s
@ B0+ T ) 7 c) @ZQ 1) =

29 Iff:R - Randg:R - R are one to one, real valued
function, then the value of the integral

equal to
19 35
19 b) 22 n .
@3 ®) [ 1700 + (=01 [gx) ~ (=) dx is
17
(c) o (d) None of these (@ o (b) Tt (c) 1 (d) None of these
2011 = 2 dxl. = 2 dx.l. =( 2% dxand 30 The value of lim O D n n
=J XL =], ko= xan ne e [(n+1) \/2n+1 (n+2)2( 2n+2)
2 3
I =L 2% dx, then . n D
@ 1. >, 0) 1, =1, CIERCCEEARNET
(c) ,>1, (d) 1,>1, (a) I () I
3 2
21 Th | f \/
evalueo I tan® x dx is = JEE Mains 2013 (c) ; (d) None of these
a) log 22 (©) Zlog 2 N .
2 31 1fP :J’ f(cos? x) dx and Q =I f( cos? x) dx, then
(c) 2log 2 (d) log~/2 0 0
w2 sin®x (a) P-Q=0 (b) P-2Q=0
22 J’ ———————dxis equal to - NCERT Exemplar (c) P-3Q =0 (d)P-5Q=0
0 sinx+cos x 2x(1+ sin x)
o 2x in x
1 1 = = =/ i
() ﬁlog(ﬁﬂ) (b) Elog(\@ﬂ) 32 J’_n T+ cos? x dx is equal to
(d) None of these (a) i (b) e (C) 0 (d) E
4 2

(c) ~log(v/2 +1)



33 If f(x)is differentiable and I; X f(x)dx = % t°, then

4.
f%@s equal to

2 5 5
< b) -2 1 d) 2
(a) c (b) 5 (c) (d) 5
34 I f(x) %I:[mz (1)] dt then f* (4)is equal to
(a) 32 (b) %2
(c) 3792 (d) None of these
J’XZ sin/t dt
35 The value of Iim =*————is
X- 0 X
(a) O (b) 2/9
(c) 1/3 (d) 2/3
36 If ], = dl—zdth
} —J’ \/+7X an I en
(@) I, >1, (b)/2>/1 ©) 1l =1, @), >21,
d?y .
37 If x = I —, then ——-is equal to
i+t ax - JEE Mains 2013
(@) y (b) J1+y?
()~ (d) y*

38 Letf:R - R be a differentiable function having f(2) = 6,

3
QA—Q Then, lim () 4t dt is equal to
X - 2 6 X -
(a) 18 (b) 12 (c) 36 (d) 24
4 4 4 3 3 3
39 lim 1+2 +35+...+n ] [1+2 +35+...+n ]iS
n— e n n
equal to
(a) - (b) 0 (c) - (a2
30 4 5
40 If | = " ax dx, then
IO Ji+sin®x
I
a) 0< /<1 b) I>——
(a) (b) 5/5
(c)I<V2m (d) I<2m
41 h‘/-I1 S\I/nfx dxanddJ = IW cosxdx. Then, which one

of the following is true?

(a)/>%andJ<2 (b)/>§andJ>2

(c)/<§andJ<2 (d)/<§andJ>2

4(+2 -1)
3
x* , for 0<x <1

a
oVx , for 1sx<2

Statement Il f(x)is continuous in [0, 2].

(a) Statement | is true, Statement Il is true; Statement Il is a
correct explanation for statement |

(b) Statement | is true, Statement Il is true; Statement Il is
not a correct explanation for statement |

(c) Statement | is true; Statement Il is false

(d)Statement | is false; Statement Il is true

42 Statement | Iozf(x)dx =

’

where, f(x) =

43 Statement | The value of the mtegralI e % is %
++/tan x

(a+b-x)dx

Statement I J’
= JEE Mains 2013

de’

(a) Statement | is true; Statement Il is true; Statement Il is a
correct explanation for Statement |

(b) Statement | is true; Statement Il is true; Statement Il is
not a correct explanation for Statement |

(c) Statement | is true; Statement Il is false

(d)Statement | is false; Statement Il is true

44 Statement | IfI; e™dx = A, then J’Om e""*dx = 200\

Statement Il If Io”a f(x)dx:nj'oaf(x)dx, nO/ and

f(a+ x) =f(x)
(a) Statement | is true; Statement Il is true; Statement Il is a
correct explanation for Statement |
(b) Statement | is true; Statement Il is true, Statement Il is
not a correct explanation for Statement |
(c) Statement | is true; Statement Il is false
(d)Statement | is false; Statement Il is true

1 1 2
45 Statement IIO e cos? x dx <J’Oe‘x cos? x dx

Statement II I:f(x) dx <J’:g(x) dx, Tf(x) < g(x)

(a) Statement | is true; Statement Il is true; Statement Il is a
correct explanation for Statement |

(b) Statement | is true; Statement Il is true, Statement Il is
not a correct explanation for Statement |

(c) Statement | is true; Statement Il is false

(d)Statement | is false; Statement Il is true



(DAY PRACTICE SESSION 2 )

PROGRESSIVE QUESTIONS EXERCISE

1 If f(x)is a function satisfying f §l§+ x?f(x) =0for all
I

cosec 0

non-zero X, thenJ’ e f(x) dx is equal to
sin

(b) sin?@
(d) None of these

(a) sin® +cosec 6
(c) cosec’d

sin x

e

2159 f(x f(x)= x>0 IfI e dx =f(k) - f(1), then
ax
the possible value of k, is
(a) 15 (b) 16 (c) 63 (d) 64
2
3 1fg(1)=g(2),then [ [FgOON™ Fig(x)} ' (x) dx is
equal to
(a) 1 (b) 2 (c) O (d) None of these
4 ForO<sx< g the value of
[ s (Whate [ cos (Wit is
0 0 = JEE Mains 2013
T T
a) — b) O c) 1 d) - =
(a) 2 (b) (c) (d) 2
* logt
5 If F(x )+ f @Q where f(x 0 dt.Then, Fe)
is equal to
(a)1/2 (b) O (c) 1 (d) 2
J’ [x]dx
6 The expression On , where [ x] and {x} are integral
J’ {x} dx
0
and fractional part of x and n ON, is equal to
@ - (! (©) n (d) -1
n-1 n
7 Iff(x) —If(_ - x)] dx and
l, = I:(‘_a)) glx(1 = x)] dx, then the value of ’72 is
1
(a) 2 (b) -3 (c) -1 (d) 1
I e'’at)?

8 The value of lim is

= J’ “edt

(d) None of these

(a) 1/3 (b) 2/3 (c) 1

9 The |ntegraIJ’\/1 +4sin” = —4S|n—dx is equal to
= JEE Mains 2014
2T _

(a) m-4 (b)? 4-443

c)4V3 -4 (o|)4\/§—4—’§T

10 J': xf(sin x) dx is equal to

(a) nJ‘"fsinx)dx 2J’ f(sin x)

T[J' f(cos x) HIOfcosx)d

“ dt, then f(x) increases in

11 Iff(x):J’Xz e

(@) (2,2 (b) no value of x
(c) (0 ) (d) (-, 0
1/n
12 |im n+1n ;2)"'3'7@ is equal to
e n = JEE Mains 2016
1 27
(@) = (b) =
(C)g2 (d)3log3-2
e
13 The least value of the function
X [6n 41
= + et
f(x) Iw (3 sinu + 4 cos u) duon the interval 84 3 B
is
3 3 1
a) 3+ = -3+ 2+ —
(a) 5 ' 7
3 1
c) =+ — d) None of these
(c) N (d)

14 If g(x) =I;f(t) dt, where f is such that, 15 <f(t)<1, for

t 0[0,1]and 0 <f(t) < 15 for t O[1, 2]. Then, g(2) satisfies

the inequality

3 1
a) - S<g@)<—
(a) 5 9(2)

3 5
(c) §<g(2)s§

15 Letn =1,n Oz. The real number a J(0, 1) that minimizes
1

3
(b)§<g() 5
(d) 2<g(2)<4

the integralﬂx” -a"|dx is
0

16 The value of

/n
lim %an %@tan % tan % tan %’Eg is
n-» g n 2n 2n nln

(a) 1 (b) 2
(c) 3 (d) Not defined



17 1f f(x) = 2=
X +

k =1,2,3,...and g(x) = f"**®¥(x), then Ij/ g(x) dx is equal

to
(a) 0 (b) 1 (c) -1 (d) e

18 If f(x)is a function satisfying f' (x) = f(x) with
f(0) =1and g(x)is a function that satisfies
1
f(x) + g(x) = x?. Then, the value ofJ’O f(x)g(x)dx,is

2
5 bye+ -3
2 2 2
2
g (d)e+i+§
2 2 2

19 Ifn>1,then

Statement | J’ - X = J’ 1 ax
o1 +x" Jo(1-x")

1/n

Statement IIJ’bf(x) dx :J’bf(a +b - x)dx

(a) Statement | is true, Statement Il is true; Statement Il is a
correct explanation for Statement |

(b) Statement | is true, Statement Il is true; Statement Il is
not a correct explanation for Statement |

(c) Statement | is true; Statement Il is false

(d)Statement | is false; Statement Il is true

20 Consider sin® x and cos® x is a periodic function with Tt.

12
Statement | J’: (sin® x + cos® x) dx lie in the interval

2

Statement Il sin® x + cos® x is periodic with period 11/ 2.

(a) Statement | is true, Statement Il is true; Statement Il is a
correct explanation for Statement |

(b) Statement | is true, Statement Il is true; Statement Il is
not a correct explanation for Statement |

(c) Statement | is true; Statement Il is false

(d)Statement | is false; Statement Il is true

ANSWERS

"

2 (d) 3 (o) 4 (b)
11 (a) 12 (b) 13 (d) 14 (d)
21 (b) 22 (a) 23 (o) 24 (b)
31 (o) 32 (b) 33 (a) 34 (o)
41 (o) 42 (d) 43 (d) 44 (d)

—

1(d) 2 (d) 3 (c 4 (a)

11 (d) 12 (b) 13 (b) 14 (b)

H W N =

5 (b) 6 (b) 7 (d) 8 (a) 9 (a) 10 (o)
5 (d) 16 (d) 17 (b) 18 (c) 19 (b) 20 (o)
5 (d) 26 (d) 27 (o) 28 (b) 29 (a) 30 (a)
5 (d) 36 (b) 37 (a) 38 (a) 39 (d) 40 (b)
5 (a)

5 (@) 6 (d) 7 (a) 8 (d) 9 (d) 10 ()
15 (a 16 (a) 17 (o) 18 (c 19 (b) 20 (b



Hints and Explanations

SESSION 1

3m/4 dX
1 Let 1= J' -
™4 1+ cos x
_ @m4 1 —-cosx
4 1 - cos® x
an/a 1 — COS X
= " Tdx
Wi gin® x
3m/4 5
:I , (cosec” x — cosec x cot x)dx
/4

=[-cotx + cosec xJ¥’

=[1+V2) - (-1 +42)] =

2 Since, f is continuous function.
Let x=t-1
a dx =dt
When x tends to — 3 and 5, then
t tends to -2, 6.

Therefore, J'if(x) dx = Ii ft-1)dt

=[ flx-
3 Letl =J’nl4[«/tanx + Jeot x] dx

n/4sin X + cos x

I A sin x cos x

J.n/4 sinx + cos x

Putsinx —cos x =t
O (cos x + smx]dx =dt

=" dx

- (sinx - cos x)*

oI= II 01 =+2[sin?1]°,
J1 -t
:\/EO— - /2 :l
[0 = (=-m/2)] N
1, g 4 |1+ ]
4 J'nsm E;tan - ;{de

Put x = cos 6, then

| ]
sin 2tan™ 1+cos® COSGD
0 1-cosO
ot9
2

sin 2 tan™

e
%tam’1 gtan
"B e

=sin (11— 6) =sin 6

=41 -cos’0 =41 - X

E

S1

.

N‘CD

it

0 0
O I;sin 2tan™ 1+ XD
[} - X0

= [ -x dx

=0 - X2D+1[sin’lx]},=E
2 4

B B

5 IZ[n) - IZ(n—l]

n/2[sin® nx — sin*(n — 1) x] dx

I sin® x
nizsin(2n — 1) XIEinXdX

I" sin® x

Iﬂ/ZSln 2n-1)x X g = I,
0 sin x

01 -1, =1

2(n+1) 2(n) 1(n+1)

6 (X+x-3dx=[ {x¥+xd
:Il (X + x - [ + x])dx
0¥ | 20

Hﬁ H J’ [x* + x]dx
—J'UT [x* + x]dx
- J’(lﬁm [ + x] dx
=241-0-109 -¥5-14
3 ] 2 0
:%+\/E_1:1(1+3\/§)
3 2 6

7 I§ [xz]dXZJ'; (] dx

+ Lﬁ[xz]dX+J'j; (] dx
+ I; [x°] dx

1 No

=J’0 0dX+I] 1dx

+Ifzdx+ﬁ3 3dx

=[x + [2x]}] + [3xT;

=42 -1+2J3 -242 +6 -343
-3 -2

8 J’f2|2t|dt:f[x]
= [ letlde + [ ‘2tdt

_,xd @0
‘%R, %A

—2[0—2]+2§—0§:4+x2
9 Let [ = I bOCOSX gy
/2 1+6
_J_ cosx g
Sz + ¥
m2 COS X g
+
[ e

On putting x = — x in 1st integral, we get
0 COoSX _ nze’cos x
J'fn/21+ex Io 1+ e*

nize* COs X g nl2 COS X
orI= J’ I dx
1+e” 0 1+e”

niz(1+ e*)cos x
-I 1+e*
n/2:1

—I *cosx dx = [sinx] |

10 J':(Saxz+2bx+c)dx

:If(Baxz+2bX+c)dx
0 J’;(Bax2 + 2bx + ¢)dx
+J'13(3axz + 2bx + ¢)dx

=LB (3ax* + 2bx +c)dx

O a+b+c¢c=0

11 SlnceJ' x)dx = J’ f'(x

+ [ 2f () dxr ...+L“H] [alf'(x)dx

L + 20/ +... +[dlf(0],
f@- f1)+2f(3) -2f(2) +...

+[d f(a) - [dl f([a])
=ldfla) = @)+ f@2) +... + f([aD)}

12 et I = J'“m Esin @x - Eﬁgdx

13

-
oo e

L

e
Fs

dn/Z
sm —

DZ EI am
* In/z = J-n lnai
=0 +sinl J'mz dx + sin2 I"

=0 (sin1 + sin2)

14 Here,-l':5 x[x*] dx

I=I;dex+J'lﬁXDdx + [x 2dx



,oed
"B H

{2-1} + {(1.5)* -2}

+ X

N\b—\N\H

+2.25- 2—1
2

| w

1
i
1810g(l+x)dX
1+ x)
Putx=tan 00 dx =

15 Let I = J'

sec’0d 0

Whenx=00 tan®6=0
O 6= 0

When x=1=tan® 00 8= 1
4

orI= J'
_BI
I—SI
=8%Dog2§

U ™" 1og (1 + tanB)de = Mlog2”
gfo 8( M6 = -log2

/4 8log (1 + tanB)
1+ tan’0

Bec’0d 6

log (1+ tanB8)d6

log + tan 0)d 0 ...(1)

= 1tlog 2

16 Let I =J‘0"“\/1 ~sin2xdx
_ /4
_J'O
/2

+J’ (sin x —cos x)*dx
/4

(cos x —sin x)* dx

[ cos x —sin x > 0 when x [J ED’EHaHd
4

cos x —sin x < 0 when x [(11/4, 1/2)]

/4 .
=J’U (cos x —sin x) dx

+I sz cos x)dx

= [sin x + cos x] [/*

+[-cos x —sinx] 12

= %inE + COS—Q— (sin0 + cos 0]D
4 4 H
™ . T[E Q_ LI T%
+ COS— —-sin—[]— COS— —sin—
e o ;
ﬁ%l A B L2
2 2 2 2

2

O D
= 1+[]
Bz E
=(V2 - 1)+ (-1 ++2) =242 -1)
¢* |log, x _ ¢t |log, x
17 J’w Td"‘fw e
*|log, x
+L 7){ dx
1 -log, <* log,

:Ie" . X,dx+I1 7X'de
:I: —zdz+J'§de

[putlog, x=2z O (1/x)d= dz)

ZZ

QDDN
NM—\
N\m

Dz
EF

[

= D—
:

18 Let I=J’ flk =1+ x)dx

19

20

211

o I= L»—1 f(t)dt, where

t=k-1+x
0 dt =dx
k
O I:Ik—l f(x)dx

0 Z [, fxdx
= [ fdx+ [ fdx ot flx)dx

=J’:f(x)dx
[ fUxDdx = [ flxDdc+ [ f(Ix]dx
= 2J': f(x)dx + J'; f(x)dx
=2 [ f(xdx + [ f(x)dx + [ f(x)dx
+ E[:f(x)dx + I:f(x)dxﬁ

.0 .1 ,2°0, 09, 16[0_35
2l BT
Given that, I, =J’:2"zdx

I, =J':2XJ dx,

I, :Lzzx‘dx
and I, :LZZ"SdX

Since, 2* <2¥ for0< x<1
2% >2% forx>1

0 I;Z dx<J';2X2 dx

and

2 < 2 2
and J']Z dX>LZ dx
O I,<I and I,>1I,

J' \/tan xdx

!
J’ |tanx|dx+f“ ’
7T 4 21

' |tan x |dx

2 7T /3
—In taIleX+In tan x dx
7 /4

7m/3

= - [log sec x]2%,, + [log sec x| X

- Eog sec2Tt — log stacl-[D

4 H

7T 0
+ dog sec — - log sec 2T
é 3 B

- Eogl - log sec %E

+ Eog sec ETI - log 15

=log+/2 + log2 = 1 log2 + log2
2

log 2

N\w

22
22 We have, I:I:/Z SIL X gk

sin x + cos x

e
b el

/2 COS X

IZI ——— ~  dx
0 sinx + cos x
Thuszl— n/
cos@v ﬁ
_ 1
_TI secﬁx ﬁd
1
=___ + t
\/,gg[;;ec@x @ an@x n@%
1 T
=— eC—+tan
IE 4§
-1 o t Rl
oS%ec@»4@+ an§»4%
1
=—[log ( 2 +1) log(«/ﬁ—l]]
J2
:Llog\/i_'—1 ilog[(\/ii—1JZD
NN R RN ]
= log(+2 + 1)
0 1= Llog(W2+1)
V2
23 lim %1 R . 3“8
nmenm+1 n+ 2 n+3ng
o210 r O
= lim
n- o nn+rQd
—I dx
01+ x
O
ZISDI— 0 dx
°0 1+ x0O
=[x-In(1+x)]}=3-In4
=3-2In2

4 1 =[f(x)g(x)dx
:I“f (a-x) g(a-x)dx
_If
=af f(x)dx= [ f(x) B(x)dx
=af f(x)dx-1

O 1=EJ’0f x)

x){a-g(x)}dx

n/2 sin® x
m/i2] + 2%

/sinzﬁj+l[—x§ix
/2
oo1=g 2 2 dx
- /2 LY
1+22 2

g.‘J'jf(x)dx =I:f(a +b - X]dxg

25 et = J'




O1=(" sinZXdX
J’*n/zl.‘.z‘x

0 = n/2 2% 3in’ XdX
I—n/z 1+2

7= n/2 2 [$in® x
In/z 1+2X

o 2l =J'n/v/ sinzxdx=J'0m22$in2 x dx
=T

dx

—J’ 1 - c0s2x)dx
stxD =E
2= g - z
O :E
4
26 Let I =ID" [cot x] dx ()

0 I :ID” [cot (11 - x)] dx
:I“ [~ cot x] dx (i)

On addlng Egs. (i) and (ii), we get
21 —J’U [cot x] dx + .Io [-cot x] dx

:J': (—

O 1ifx 0Z0O
gl -x =g
OﬂxDZB
=[-xj=-m
Or1= —E
2
4 log x*
27 | =J’ dx
2 log x* + log(36 —12x + x*)
_ 2log x
L 2log x + log(6 - x)*
_ 2log x dx
2 2[log x + log (6 — x)]
_ log xdx Q)
I [log x + log(6 = x)]
4 log(6 - x)

0l= dx ..(ii)

2 log (6 — x) + log x

g.'ﬁf(x] dx =J': fla+b -x) dxg

On adding Egs.(i) and (ii),we get
2l = ﬁ%wg
0 2l = I:dx = [x]*
O 2l=20 1=1
28 Let! = Iﬂ’;’;[(

x + T +cos® x] dx

o =" ”—3"—x+n§
ol PR e

b
+ cos® ————X%dX

B L’j £(x)dx

=J'af(a+b —X)dXE

O I= _mz[—(x+ m)° + cos® x] dx

—

—31/2

- /2

O 2l ) 2cos” x dx
2

1
—

-/
" %(1 + cos 2x)dx

—-31/2

1
—

. - /2
sin 2x[J

2 E—311/2
., sin (- )
2 2

_ %SJ + sin (—SH)%: -
2 2

+

1
mao A

O [:E
2

29 Let ¢(x) =[f(x) + f(=)] [g(x) —g( =]
O t xF [ft x3 f(x)][gt x)

- g(x)] = -9(x)
o J’ (p

x)dx= 0

(- @x)is an odd function)
lim s .n
n-edg (n+ r),r [2n +r)

b

5* I 1+X1/X+XZ
_ dx
I x) 0+ xf -1

= [sec’1 1+ x)];

30 s =

_ g} T
=sec'2-sec”1=—
3

31 p =Imf(cos2 x)dx and

Q= J’ (cos® x)dx
Also, P = 3J'0 f(cos® x)dx =3Q
O -3Q =0
32 Letl = J’ " 2;{i+7$1nx) dx
cos” x
2x dx

J.‘"1+cos X

2xsin x

+J' 7dx
T 1+ cos® x

X sin x

O I’O+4I dx  ..()

° 1+ cos® x

0. 2x

————is an odd function
H 1+ cos” x

2x sin x

. . a
and is an even functlonH

1+ cos® x
n (TT— x)sin (TT— x)
1+ cos® (T — x)

DI=4I dx

33

34

35

36

0 I_4J_ Tisin x
0 1+ cos® x
_4J, XSlIlX dX
° 1+ cos® x
0 I=anf TosinX gy
® 1+ cos® x
[from Eq. (i)]

sin x

DI-ZTIJ’ dx

0 1+ cos® x

Put cos x =t
0- sin xds dt

DI:—ZT[I'1 Ly
1 + 2
=2mftan” 1]}, =2m 2+ O
i % & 28
=1
Using Newton-Leibnitz’s formula, we get

L)}

i TE

GmJEiw@=zf

O

eA{ft?
f)=t

B
M

[neglecting negative sign]

)} 2t =2t*

o o

O

We have,

_*I (4t -

0 f'[X]=—[4X‘—2f'(X)]

o

E[64 2f'(4

(t)] dt

(t)] dt
o f4=
o f'4)

)J-0

32
9

- sin +t dt
lim ‘[07 gorm oo
X0 % OE
sin x[2x

"
W=
o8

2]

g

5

WM wWN

=
B
>

[
1
w N

We have, (1 + ¥*)> x*, Ox

0 1+ x¥>x0x0 12

0 L <l oxape
J1+ X X

: dx

Dfm

0 I,>1

2 1

<_[Zdi‘t|1 <1,




v oodt
37 We have, x =
Ioive
By Leibnitz rule, we get
o4
A1+ yZ dx
= .1+ yz

S A
dXz 1+y2 dX

2
D d y = Y D 1 + yz =y
dx* 1+ yz
I I Yat® dt
38 1imI 7dt—hm
X X-2 X_z)
00
orm —
Er 0
[by Leibnitz’s rule]
3
= lim SR {f[lx)} f(x)=a{f@)F (@)
:4>((6]3 xl
48
Ut =6and f'(2 =1 'enD
E|ff() '@ 28 &Y g
=18
a+2*+3" 0 a+2+3 0
| | |
39 lim | +...5+n O_ fim U +"'F+n o
n- o n n- o HJ

n 4 n 3
= lim 1 Eig—lim 1y liml Qr»@
neepn &lpd n-e n-en & Un

=('xtdx - lim L x [\ % dx
Ip Ip

nee p
X0 1
“HsH, s
5H, 5
40 Since,xDé),EDD 1<1+sin’x<2
28
0 P
N2 1 sind x
/2 1 2 dx
O —dx< =
I“ V2 I“ J1+sin®x
/2
SIO dx
Mo ™
242 2
41 Since, I = [ 0% gx < 7d
ince, J' e J’ X,
because in x [1(0, 1), » sin x
1 _2 J271
0 1<J’0&dx-§[x3 IR
0 I<E
3
and J = Il Cosxdx<ﬂ =

42

43

44

45

1

= J': X dx=2 (X1 =2
O J<2
Since, f(x)
Of fGx)dx = [ fx)dx + [ f(x)dx
= [ dx+ IZ& dx

is continuous in [0, 2].

DXX I:l DXS/Z

BB B

+ 2 (23/2 -1
3

L A2

3

1

W= W=
'S
T@
OoOod

_ _ -1

w N

3

O

/3 dX

/6 1+ /tanx

/3 dx

O 1=J’ _—
m/6
1+ tan@?—x@

ns L/tan xdx

-I"’6 1+ /tan x

On adding Egs. (i) and (ii), we get

/3

ZI—J' dx

Let 1=J’

0l-=

O 2= [X] /3

/6

203 60 12

Hence, Statement I is false butf f(x)dx

= J'p f(a+b —x)dx is a true statement by
property of definite integrals.

sin x

Smce period ofe™* is 2 1T

DI e”‘”‘dx#ZOO}\

0

For0< x<1,x> X

0 - x<-x¥0 e*<e™

O Ile”‘ coszxdx<‘|'1e”‘2 cos”® xdx
0

If f(x thenJ’f x)dx= [ g(x)dx

SESSION 2

We have,f%ﬁ+ % f(x) =

-8

sin

=J' . f(t)dt, wheret =

x| =

cosec 0
g I1=-

sin 8

fit)dt = -1

24 jin=*

O2r=o00I1=0

sin x

X
43 dns _ 43X e
O L < e dx = L o e’ ¥ dx
Put x* =t
0 3xdx=dt
O = o iﬂl
=" i

=[for"

= f(64) - f(1)
On comparing, we get

k=64
Let I = [ [ {g(x)}1" /" {g(x)} {g'(x)} dx
Put flgx)r =2
O f'{gx)} g'(x)dx=dz

When x=1,thenz = f{g(1)}
When x-= 2 then z = f{g(2)}

0o1I= I/{ = dz =[log 2] ﬁ%')}}
0 I=log f{g )} —log fig(1)} =0
[ g2)=g)]
Put t =sin’z in 1st integral and
t = cos’u in 2nd integral, we get
dt = 2sinz cos z and
dt = —2cosusinudu

DIJ’

z(2sinzcos z) dz

+J’ u(2cosusinudu)
:IXZSiHZZ dz —J’X u sin 2u du
01 n me
- D—zﬁLZZ . sin 2z []
B 2 4 R
_ [ucos2u | sin 2u ]
B 2 4 B,
ﬁos 2X 51n2X ~{0 +O}D
H E
_ I:I_le:ros 2x + sin 2x _@E +0%
H 2 4 4
=
4
. x logt
Since, Xx) = dt
=g 25

and (x) = fx)+ 0]
0 Fle)=fle)+ f [E

0 Fe) =J.e log t 1/e log t

dt I dt
T1+t o1+t

Put t = 1 in second integration
t

0 Fle) = Plogt t+J. logt %E
11+t 141
t




_ ¢ logt dt_J,etlogtx —dt@
L1+t T (1+1t) t
clogt gy L gt
11+t 11+ t)
_ elogt elogt e logt
= dt
e g
_ Plogt E_I 1 _1 10
=1, Hta t t+1H
_mwwﬁ
“§ 28
O Ch
’
=5 lllog e)* - (log 9°]
=1
2

6 We have, I :[X]dX
=J’;0dx +J’121dx +Lszdx +
+ f (n —1)dx

=12-1)+2(3-2)+3(4 -3) +

L+ @m-1)1{n-(n-1)}
=1+2+3+..+(n -1)
_n@n-1)
=

and IO“ {x} dx=I: (x - [x] )dx =§
Ion [x] dx

n

J‘o {x} dx

a =n-1

7 Giventhat, f(x)= : e

fla) f -a) =1
0 fl@)=1-f(-a)
Let f(-a)=t
o fl=1-
Now, I, :I: xg [x(1 - x)] dx ...(ii)

g.'l =J’bf(x]dx =ff(a +b —X]dxg

o I :Ll (1 - x)g[x(1 - x)] dx ...(iv)
On adding Egs. (iii) and (iv), we get
21, = _I': Tglx(1 - x)]dx =1, [given]

/

N

O =2

—

1

10

11

00
oH

Use the formula,
D x—aq,

[r[x a) x<a

integral in two parts and then integrate
separately.

/@1 2sin X de
gt
+ élcosfg'J Qx + élcosfgg

:4\/5—4—f
3

x2a

|x—al= to break given

|1 Zsm7|dx

Let 1= Iﬂ" x f(sin x)dx ..
o I =IO" (10 = x)f[sin (7T~ x)] dx
o I =_|'" (- x) f(sin x)dx  ...(ii)
On adding Eqs. (i) and (i), we get

21 :In Tf(sin x)dx

_ T .
DI_EIU f(sin x)dx

5 =

... (iii)

Elizf:f x)dx, if f(2a - x —f(x)g
0o Jf f2a-x)= - f(x
oI= T[J':/Zf(sin x)dx

Put E—X:iF O X:E—t
2 2

Putdx = -dt in Eq (iii] we get
I= t)dt
) I f(cos
f(cos x)

= 1
= T[I0 f cos x)
[ f(cos x)is an even function]

On differentiate the given interval by
using Newton-Leibnitz formula,

weget f'(x)=e ™V B—X + 1%

L

-e

12

13 We have, f'(x

—(x* +1)

=e " x-e
—92xe! (x* +2x +1](1_
For f'(x)> 0
then2x (1 -e* *')>0
| 2x<0
| x<0

=) oy

er2 +1 )

1

n+1)[{n+2 ﬁ

Let I = lim

= lim

n- o

1
n+1][ﬂn+2 n+2n§

+1 +2 + 2n l’
Pt
On taking log on both sides, we get

%1 + *Hﬁl + %
log I = lim 1 I:log D

e 2n
HH 0 Nk %

O logl—hm—
fo 2w B 2
+ log Q{ +§%

= lim

n- o

O logl—hm Zlog@l+—@
O logIZJ'jlog(1+X)dX
O log1=§og[1+x]
u
O = [ D
1+ x H
0 log I =[log (1 + x) k]
_J,2x+1—1dX
O 1+ x
2 1 O
O logl=20o0g3-( - Odx
& s I”D 1+ x0

log I =20og3 - [x —log|1 + x|I}
log 1 =2 0og 3 —[2 - log 3]

log I =3 0og 3 -2

log I =log 27 -2

O O oo g

] =¥ 2 =07 [p2 :zl
e

)=3sinx+ 4 cos x

Since, 1r1[:E 4“5]‘[

the least value at the point x = —

x)< 0, s0 assume

Thus,

D“[D I 351nu + 4cos u)du



14

15

=[-3cosu + 4sinu] i1’

=3_ S

= 243 + 7
We have, =J': ft)dt
0 g2)= [ ft)dt

:I;f(t)dt + sz(t)dt

We know that, m < f(x)< M for x O[aq, b]
- a) I f dX <M (® -a)

0 ES f(t)< 1, fort 0[0, 1]

and 0< f(t)< % fort O[1, 2]

0 %(1—0)sfﬂlf(t)dt£1(l—0]
2 1
d -1)< dt<=(2-
and 0z -1 [ f(ndts 2 -1)
0 %sj;f(t]dtSI andOSLZf(t]dts%

2
O

IN

1
O 5J’f dt+J’f dt<7
1
2

8R)=

N | w

Letf( IlXH_ 11
=J':(a - x" dX+J' x" —a")dx
. n+1 I:l DXnﬂ |:1|
g1 n+1a B 7R
n+1
:I:Inﬂ _a D+
n+15
n+l
01 _an_a +an+l|:|
Hh+1 n+1 H
:Za”” _2(1“” —d 1
n+1 n+1
w0 n 0 1
=2a"" —a't——
57+1Q n+1
0 f'a)=n@a-1)a""

Thus, only critical point in (0, 1) is
a=1/2

Also, f'(a)< 0for a O BD%H

and f'(a)> 0fora O %, 1@

0  f(a)is minimum for a = 1
2

n 1/n
16 Let P =lim SI'! tan %%
few = n
ln tan %
> :
1
= J'O In tan E?de

0 InP :E_[wlntanxdx
T 0

O lnP—hm

n- o

andIn P = gJ'n/zlncot xdx
T 0

On adding Eqs. (i) and (ii), we get

2InP = —J’ lntanx+ Incot x)dx
== 1 dx =
r[Iﬂ nldx =0
O InP=0
O P=1
17 We have, f x-1
x+1
Ox —-10
O 2 = =
F(x) = fIf(x)] f%%
x -1 -1
-x*r1  __1
x -1 1 X
x+1
_ 1
0 =PI = R
_ 1 _
= —=x
1
b'e
D X :f 998 f20f19ﬂﬁ(X)
D X :fZ f1996
SR i
={(f0f0f4 f4 (x) =
A
499 times
0 gx)=-+
b'e
1 _ 1 1
O, sdr= [l p i
O ﬁmmn&=—g%ﬁ—b&
-[0+1 =-1
18 Given, f'(x)= f(x)
and fl0)y=1
Let flx)=e"

10
eH

(i)

19

20

Also, f(x)+ g(x)=x

0 gx)=x -e” .. (ii)
Now, I;f(x]g(x) dx

=J;€X(X2 -

[from Egs. (i) and (ii)]
:I;Xze * dx -I;e“ dx

=[x%e” —Ier * dx]}, —%[e“]lﬂ

=[xe* -2xe" +2e"], —=(e* -1)
—lez +1
2

2
-(0 -0 +2)e]

=[(¥ -2x + 2T,

=[(1 -2 +2)e"

—e -2 —i
2
In LHS, put x" = tan’0

O nx"'dx=2tan 0sec’0d0

o _ 2 mn
DJ’O _;Io tan
/
=2 @t de
n 0

In RHS, put x" =sin’6
O “’ldx—ZSinGcosede

DI“‘fﬁ‘*I

Slﬂ“ 9cosede_7J'"/Ztan[2/n]—1ede
n 0

172+2/nede

1+ x"

Cosz/ne

sin® x + cos® x = (sin® x)° + (cos® x)*
= (sin’ x + cos’® x)* -3 sin’
x cos® x (sin’ x + cos® x)
=1 —-3sin® x cos® x
period = o
28

0.
S|

So, the least and greatest value of

=1 —EsinZ 2x
4

. 1
sin® x + cos® x are — and 1.
4

Hence, @E—Oﬁxl
<I sm x +cos” XﬂX<E» Oﬁxl
D—<I

(sin® x + cos X)dx<—
2
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