JEE(AdVv.)-Mathematics Application of Derivatives
APPLICATION OF DERIVATIVES

M

1. TANGENT & NORMAL :

The tangent to the curve at 'P' is the line through P whose slope is limit of the secant slopes as Q — P from
either side. Line perpendicular to tangent & passingh through P is called normal at P.

Tangent
Secants P

(1\ Tangent

Secants Q

1.1  Geometrical Meaning of g—i

As Q — P, h —» 0 and slope of chord PQ tends to slope of tangent at P (see figure).

f h)—f
Slope of chord PQ = fx+h)-f(x)

h
Q(x+h,f(x+h))
; o f(x+h)-f
CL'TP slope of chord PQ = rLI_T) w
P(x, f(x))
dy
= slope of tangent at P = f'(x) = ax
1.2 Equation of tangent and normal
(a) The value of the derivative at P(x,, y,) gives the slope of the tangent to the curve at P.
Symbolically
fr(x )2 Y
(Xl) = d_x = Slope of tangent at P(x,,y,) = m(say).
(x1,y1)
. . dy
(b) Equation of tangent at (x,, y,) is ; y-y, =— (x=x,)
dx i, y,)
. , 1
(c) Equation of normal at (x,, y,) is; y-y, = —d— (x—=x,).
y}
dx

If f'(x,) = 0, then tangent is the line y =y, and normal is the line x = x,.

i lim f(xq +h)—f(x4)

o h = o or —o , then x = x, is tangent (VERTICAL TANGENT) and y =y, is normal.
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Note :

(i) If the tangent at any point P on the curve is parallel to the axis of x then dy/dx = 0 at the point
P.

(i) If the tangent at any point on the curve is parallel to the axis of y, then dy/dx not defined or
dx/dy = 0.

(iii) If the tangent at any point on the curve is equally inclined to both the axes then
dy/dx = 1.

(iv) If a curve passing through the origin be given by a rational integral algebraic equation, then the

equation of the tangent (or tangents) at the origin is obtained by equating to zero the terms of the
lowest degree in the equation. e.qg. If the equation of a curve be x?—y?+ x3+ 3x%y —y*= 0, the tangents
at the origin are given by x?—y?=0ie.x+y=0andx—-y =0

1.3  Myths About Tangent :
(a) Myth : A line meeting the curve only at one point is a tangent to the curve.

Explanation : Aline meeting the curve in one point is not necessarily tangent to it.

Y
C
—><]~ Here L is not tangent to C
ol > X
(b) Myth : Aline meeting the curve at more than one point is not a tangent to the curve.

Explanation : Aline may meet the curve at several points and may still be tangent to it at some

point
P /
s q - o
Here L is tangent to C at P, and cutting it again at Q.
C
(c) Myth : Tangent at a point to the curve can not cross it at the same point.

Explanation : Aline may be tangent to the curve and also cross it.

S

Here X-axis is tangent to y = x®at origin.

il




JEE(AdVv.)-Mathematics

Application of Derivatives

SOLVED EXAMPLE

1
Find the equation of all straight lines which are tangent to curve y = -1 and which are

Example 1:
parallel to the line x +y = 0.
Solution : Suppose the tangent is at (x,, y,) and it has slope — 1.
d
= d—y =—1.
X (X1,Y1)
1
= - 2 =—1.
(x1-1)
= X, = or 2
= y,==1 or 1
Hence tangent at (0, — 1) and (2, 1) are the required lines (see figure) with equations
—1x=0)=(y+1) and -1(x-2)=(y-1)
= x+y+1=0 and y+x=3
Example#2  Find equation of normal to the curvey = [x2—| x| |atx = - 2.
Solution : In the neighborhood of x = -2, y = x2 + x.
Hence the point of contact is (- 2, 2)
d
L A x+1 = dy =-3.
dx dx -
oo
So the slope of normal at (— 2, 2) is 3
Hence equation of normal is
1
g(x+2)=y—2 = 3y=x+8
Example #3 Prove that sum of intercepts of the tangent at any point to the curve \/; + ﬁ = Jg on the
coordinate axis is constant.
Solution : Let P(x,, y,) be a variable point on the curve Ix + \/; = Ja, as shown in figure.

= equation of tangent at point P is

(X_X1) = (y_y1)

1

G

.Y

M

(0. a)

P(x:. vi)

A (a, 0)

(ax1,0)
JXq +4lyr =+a)

Hence pointAis ( axy, 0) and coordinates of point B is (0, y/ay,). Sum of intercepts

=Va(yx; ++y1)=+a.vJa =a (whichis constant)
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Example # 4 : Find the equation of the tangent to the curve y = (X3 —1)(X —2) at the points where the curve

cuts the x-axis.

Solution : The equation of the curve is y=(x3—1)(x—2) .......... (i)
It cuts x-axis aty = 0. So, puttingy = 0in (i), we get (x3 —1)(x—2) =0
:>(x—1)(x—2)(x2+x+1)=0 =x-1=0,x-2=0 [ x2+x+1¢0]
=>x=1, 2.

Thus, the points of intersection of curve (i) with x-axis are (1, 0) and (2, 0). Now,
dy dy dy
— (3 _ _ - - 2 — 3 —_Z - — =
y—(x 1)(X 2) - dx 3X (X 2)+(X 1) :(de(l,o) 3 and (dx (2.0) k
The equations of the tangents at (1, 0) and (2, 0) are respectively
y—0=-3(x-1)and y—0=7(x-2) = y+3x-3=0 and 7x-y-14=0
Example # 5 : Find the equation of normal to the curve x+y =X, where it cuts x-axis.

Solution : Given curve is x+y=x> (i)
at x-axis y = 0,
©x+0=x" = x=1
- Point is A(1, 0)

Now to differentiate X+Yy =X’ take log on both sides

1 dy | 1 dy
1 =yl I+—= =y.—+(logx)—
= 0g(x+y) ylogx x+y{ dx JF y . ( g )dx
dy | (d}’J
i =1ly= I+—= =0 = |— =-1
Putting x =1,y =0 { dx JF dx )

-, slope of normal = 1

-0
121 = y=x-1

Equation of normal is,

Problems for Self Practice-1:

(1) Find the slope of the normal to the curve x =1—-asin0,y=bcos?0at 0 = g
(2) Find the equation of the tangent and normal to the given curves at the given points.
3
(i) y=x*—6x3+13x>-10x + 5 at (1, 3) (i) y2 = 4X ~ at(2,-2).
(3) Prove that area of the triangle formed by any tangent to the curve xy = ¢? and coordinate axes is
constant.
4) Acurve s given by the equations x = at? & y = at® . A variable pair of perpendicular lines through the

origin 'O" meet the curve at P & Q . Show that the locus of the point of intersection of the tangents
atP & Qis 4y?=3ax - a2.
a
Answers : (1) ~ 2
(2) (i) Tangent:y=2x+ 1, Normal :x + 2y =7
(i) Tangent: 2x +y =2, Normal :x —2y =6
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2. LENGTH OF TANGENT, SUBTANGENT, NORMAL & SUBNORMAL :

A y = f(X)
P
2%,
) <
e
\J
A yo @
T O M S\ d
Length _Y
}1— Length of subtangent —» er;gf tan ¥ T dx
subnormal
JUEGOT |
(a) Length of the tangent (PT) = Y, '[ (x,)]
fex) |
(b) Length of Subtangent (MT) = N
£'(x,)
(c) Length of Normal (PN) = ymll+[ f‘(xl) ]2
(d) Length of Subnormal (MN) = |y, f'(x,)]
(e) Initial ordinate : Y intercept of tangent at point P(x, y) = OS
(f) Radius vector (Polar radius) : Line segment joining origin to point P(x, y) = OP
(9) Vectorial angle : Angle made by radius vector with positive direction of x-axis in anticlock wise

direction is called vectorial angle. In given figure o is vectorial angle.
SOLVED EXAMPLE

s
Example #6: Find the length of the normal to the curve X = a(9+sin 9), y= a(l —CoS 9) at 0= E )

(dyj
Solution : dy _\do)__ asin® :tang :(d_yJ =tan(£J=1
dx (dxj a(1+cos0) 2 dx J,_= Z)
do

Also at GZE, y=a l-cosZ |=a
2 2

2
d
-, required length of normal =y, [1+ (d_yJ —aJ1+1=+2a
X
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t .
Example # 7 : Find the length of the tangent to the curve X = a(cos t+logtan EJ, y=asint.

Solution : d_y_ dl d7x = acost =tant
olution : i dt it _( ‘ IJ_

a _Slnt+‘7
sint

length of the tangent =

1+ dy 2
dx . Wl+tan’t : (sect}
y—— Sint———  =asint| —— |=a
dy tant
(dxj

Example #8 Find the length of tangent for the curve y = x3 + 3x2 + 4x — 1 at point x = 0.

tant

. dy
Solution: Here, m=—
dx |, _o
d
—y—3x2+6x+4 = m=4
dx
and, k=y(0) = k=-1

1 1 V17
=k 1T+ — = 1@=|(—1)|,/1+—=—
m 16

Example #9 Prove that for the curve y = be*?, the length of subtangent at any point is always constant.
Solution : y = be¥a

dy b.e'2 Y1
Let th int b , = = = —
et the point be (x,, y,) = m X | a a
Y1 Y1 _
Now, length of subtangent = m = e =] a|; which is always constant.
1

Problems for Self Practice -2 :

(1) Prove that at any point of a curve, the product of the length of sub tangent and the length of
sub normal is equal to square of the ordinates of point of contact.

(2) Find the length of subtangent to the curve x? + y2 + xy = 7 at the point (1, =3).

(3) For the curve x™*" = am-ny2" 'where a is a positive constant and m, n are positive integers, prove
that the m™ power of subtangent varies as n'" power of subnormal.

a+\la —x2
4) Prove that the segment of the tangent to the curve y = E n
a—y/a®
between the y-axis & the point of tangency has a constant length .

(5) Find the length of the subnormal to the curve y? = x® at the point (4, 8).
Answers : (2) 15 (5) 24

a?-x2 contained
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L0
3. ANGLE OF INTERSECTION BETWEEN TWO CURVES : y
Angle of intersection between two curves is defined as the angle
between the two tangents drawn to the two curves at their point
of intersection. 0
3.1 Orthogonal curves : 5 —>x
If the angle between two curves at each point of intersection is 90° then they are called orthogonal curves.
For example, the curves x? + y? = r2 & y = mx are orthogonal curves.
SoLVED EXAMPLE
Example # 10 : Find the angle of intersection between the curve x* = 32y and y2 =4x at point (16, 8).
dy x dy 2
, 2 2 Y
Solution : X"=32y >D—=— o y'=4x =L ==
Y dx 16 J dx vy
d d 1
at (16,8), | =X | =1,[ L | ==
dx ), dx ), 4
1
- 3
So required angle = tan ™" 4 |- tan"' | =
1 5
1+1| —
4
Example #11:  Check the orthogonality of the curves y?=x & x2=y.
Solution : Solving the curves simultaneously we get points of intersection as (1, 1) and (0, 0).
d 1
At (1,1) for first curve 2}/(—}/) =l=>m =— YA
dx ), 2
(L,1)
dy > X
& forsecondcurve 2x=|—| = m, =2 0] i
dX ’ \
m,m, = -1 at (1,1).
But at (0, 0) clearly x-axis & y-axis are their respective tangents hence they are orthogonal at
(0,0) but not at (1,1). Hence these curves are not said to be orthogonal.
Example#12: Ifcurve y=1 —ax” and y= x? intersect orthogonally then find the value of a.
d d
Solution : y=l-ax’ = = 2ax y=x> =L =2x
X dx
dy ) (dy
Two curves intersect orthogonally if | —=— | | 7| = -1
dx ), \dx ),
= (—2ax)(2x) =-1 =4ax’ =1 (i)

Now eliminating y from the given equations we have 1— ax’ =x’

:>(1+a)x2=1 ..... (ii)

Eliminating x2 from (i) and (ii) we get 4—:1 =a=—
1+a 3
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Problems for Self Practice-3 :
(1) Iftwo curvesy = a*and y = b¥intersect at an angle a, then find the value of tana.
(2) Find the angle of intersection of curvesy =4 —x2and y = x2.

_ /na—/nb . NG}
Answers : (1) —1+ /nainb (2) tan —7
LL]
4. LEAST/GREATEST DISTANCE BETWEEN TWO CURVES :

Least/Greatest distance between two non-intersecting curves usually lies along the common normal. (Wherever
defined)

Note : Given afixed point A(a, b) and a moving point P(x, f (x)) on the curve y = f(x). Then
AP will be maximum or minimum if it is normal to the curve at P.

SOLVED EXAMPLE

Example #13: Find the co-ordinates of the point on the curve x2 = 4y, which is at least distance from the line y

=x-4.
Solution : Let P(x,y,) be a point on the curve x? = 4y
at which normal is also a perpendicular to the liney = x — 4.
d d X
Slope of the tangent at (x,, y,) is 2x = 4= - =1 9
dx dX (Xl’yl) 2 / Cd
/]
? =1 = x,=2 4
Xi=4y, =y, =
Hence required pointis (2, 1)
Problems for Self Practice-4 :
(1) Find the coordinates of point on the curve y? =8x, which is at minimum distance from the line
X+y=-2.
Answers : (1) (2,-4)
Ay
5. RATE MEASUREMENT :

Whenever one quantity y varies with another quantity x, satisfying some rule y =f(x), then

dy

d
d_ (or f'(x)) represents the instantanious rate of change of y with respect to x and d—y} (or f'(a)) represents
X X

X=a

the rate of change of y with respect to x at x = a.



JEE(AdVv.)-Mathematics Application of Derivatives

SOLVED EXAMPLE

Example # 14

Solution :

Example # 15

Solution :

Example # 16

Solution.

Example # 17

How fast the area of a circle increases when its radius is 5cm;
(i) with respect to radius (ii) with respect to diameter

dA
(i) A=nr?, ar = 2nr

El:s =10nx cm?/cm.

dA} .
T~ = — = 2
dD |y 1o = 2 .10 = 5t cm?/cm.

If area of circle increases at a rate of 2cm?/sec, then find the rate at which area of the inscribed
square increases.
Area of circle, A, = nr?. Area of square, A, = 2r> (see figure)

A dr A, o dr
at "™ gt dt Tt Soee |
pop O a1

=27r. = gt = x

dA 1 4
—2 =4 . — = — cm?%sec

t T T

) 4
Area of square increases at the rate - cm?/sec.

The volume of a cube is increasing at a rate of 7 cm?®'sec. How fast is the surface area increasing
when the length of an edge is 4 cm?
Let at some time t, the length of edge is x cm.

- v3 d_v—3 2d_x bt d_v_7
vex = at - X g but G =0
o7

= gt = 3x2 Cm/sec.

Now S =6x?

as o s _ 7 _28

at = Xt = at = a2 T
dS

when x =4 cm, E=7cm2/sec.

Sand is pouring from pipe at the rate of 12 cm?®/s. The falling sand forms a cone on the ground in
such a way that the height of the cone is always one - sixth of radius of base. How fast is the height
of the sand cone increasing when height is 4 cm?
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1

Solution. V= 3 nr2h
but h=—
u ~ 6
1
= V= 3 (6h)?h
= V =12n h?
N, G
EERGCALENPT
dVv
when, gt - 12 cm3/s and h=4cm
dh 12 1
2 = -5 cm/sec.

dt " 36m(4)2 ~ 48n

Example # 18 : x and y are the sides of two squares such that y = x — x2. Find the rate of change of the area of the
second square with respect to the first square.

Solution : Given x and y are sides of two squares. Thus the area of two squares are x? and y?
dy
2y 2y-—*+
We have to obtain d(y ) - dx :X'ﬂ ........ (i)
d(x?) 2x x dx
dy
where the given curve is, y = x - x2 = & =1-2x .. (i)
2
Thus, d(y ):Z(l_zx) [from (i) and (ii)]
d(x?) x
d(yz) (x —x*)(1-2x) d(yz) )
= =(2x" -3x+1)
Tdx) X - ax)

The rate of change of the area of second square with respect to first square is (2x2 — 3x + 1)

Problems for Self Practice-5 :

(1) Radius of a circle is increasing at rate of 3 cm/sec. Find the rate at which the area of circle is
increasing at the instant when radius is 10 cm.
(2) A ladder of length 5 m is leaning against a wall. The bottom of ladder is being pulled along the

ground away from wall at rate of 2cm/sec. How fast is the top part of ladder sliding on the wall when
foot of ladder is 4 m away from wall.

(3) Water is dripping out of a conical funnel of semi-vertical angle 45° at rate of 2cm?/s. Find the rate at
which slant height of water is decreasing when the height of water is J2 cm.

(4) A hot air balloon rising straight up from a level field is tracked by a range finder 500 ft from the lift-
off point. At the moment the range finder's elevation angle is /4, the angle is increasing at the rate
of 0.14 rad/min. How fast is the balloon rising at that moment.

(5) A stone is dropped into a quiet lake and waves move in circles at the speed of 5cm/s. At the instant
when the radius of the circular wave is 8cm, how fast is the enclosed area increasing?

8 1
. 2 — —_— i
Answers : (1) 60 cm?/sec (2) 3 cm/sec  (3) o cm/sec. (4) 140 ft/min.
(5) 80 ncm?/s
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M

6.

APPROXIMATION USING DIFFERENTIALS :

In order to calculate the approximate value of a function, differentials may be used where the differential
of a function is equal to its derivative multiplied by the differential of the independent variable.

In general dy = f'(x)dx or df(x) = f'(x)dx

Note :
(i) For the independent variable ‘x’, increment A x and differential dx are equal but this is not the
case with the dependent variable ‘y’ i.e. Ay = dy.
Approximate value of y when increment Ax is given to independent variable x in 'y = f(x) is
d
y + Ay = f(x + AX) = f(x) + —y.Ax
dx
, : : dy ., : . .
(i) The relation dy = f'(x) dx can be written as d_ =1f'(x) ; thus the quotient of the differentials of
X

‘v and X’ is equal to the derivative of ‘y’ w.r.t. ‘x’.
SoLVED EXAMPLE

Example # 19 : Find the approximate value of square root of 25.2.

Solution : Let f(x) = \/;

AX

2Vx

Now, f(x + Ax)—f(x)=f(x).Ax =

we may write, 25.2 = 25 + 0.2
Taking x = 25 and Ax = 0.2, we have

0.2
f(25.2) - f(25) = ——=

2425

or  f(25.2) - /25 :?;02:0.02 = f(25.2) = 5.02

or (25.2) =5.02

Problems for Self Practice-6 :

N5

I

(1)  Find the approximate value of (0.009)"3.
Answers : (1) 0.208

MONOTONICITY OF AFUNCTION :

Let f be a real valued function having domain D(D < R) and S be a subset of D. f is said to be monotonically
increasing in S if forevery x,, x, € S, x, <x, = f(x,) <f(x,). f is said to be monotonically decreasing in S if for
every x,, X, € S, x, < x, = f(x,) > f(x,)

fis said to be strictly increasing in S if for x,, x, € S, x, <x, = f(x,) <f(x,). Similarly, f is said to be strictly
decreasing in S if for every x, X, € S, x, <x, = f(x,) > f(x,) .
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Notes : (i) fis strictly increasing = f is monotonically increasing. But converse need not be true.
(ii fis strictly decreasing = f is monotonically decreasing. Again, converse need not be true.
(iii) If f(x) = constant in S, then f is increasing as well as decreasing in S

71

Note :

(iv) A function f is said to be an increasing function if it is increasing in the domain. Similarly, if f is
decreasing in the domain, we say that f is monotonically decreasing

(v) fis said to be a monotonic function if either it is monotonically increasing or monotonically decreasing
(vi) If f is increasing in a subset of S and decreasing in another subset of S, then f is non monotonic in
S

Application of differentiation for detecting monotonicity :
Let I be an interval (open or closed or semi open and semi closed)

(@) If f'(x) >0V x €1, then f is strictly increasing in I

(i) If f'(x) <0V x e, then f is strictly decreasing in I

Let | be an interval (or ray) which is a subset of domain of f. If f '(x) > 0, V x e I, except for countably many
points where f '(x) = 0, then f(x) is strictly increasing in I.

{f '(x) = 0 at countably many points = f '(x) = 0 does not occur on an interval which is a subset of 1}

Let us consider another function whose graph is shown below for x e (a, b).

a ¢ d e b
Here also f'(x) > 0 for all x € (a, b). But, note that in this case, f'(x) = 0 holds for all x € (c, d) and (e,b).
Thus the given function is increasing (monotonically increasing) in (a, b), but not strictly increasing.

SOLVED EXAMPLE

Example # 20 : Let f(x) = x3. Find the intervals of monotonicity.

Solution :

Example # 21 : Let f(x) = x —sinx. Find the intervals of monotonicity.

Solution :

f'(x) = 3x2

f(x) = x°
f'(x) > 0 everywhere except at x = 0.

Hence f(x) will be strictly increasing function

forx e R {see figure}

f'(x) = 1 — cosx

Now, f'(x) > 0 every where, except at x = 0, £ 2x, + 4n etc. But all these points are discrete (countable)
and do not form an interval. Hence we can conclude that f(x) is strictly increasing in R. In fact we
can also see it graphically.

n 2n 3n 4n
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Example # 22 : Find the intervals in which f(x) = x3 — 3x + 2 is increasing.
Solution : f(x)=x3-3x+2

f'(x) =3(x2—-1)

fi(x)=3(x-1)(x+ 1)

for M.I. f'(x) >0 = 3(x=1)(x+1)=0 _’1 1

= X € (—oo, —1] U [1, «), thus f is increasing in (— «, —1] and also in [1, «)

Example # 23 : Find the intervals of monotonicity of the following functions.
(i) f(x) = x (x - 2)?
(i) f(x) =x ¢nx

(iii) f(x) = sinx + cosx ; x < [0, 2x]
Solution : (i) f(x) =x2(x—-2¢ = fi(x)=4x (x=1)(x=2)
— + — +
observing the sign change of f'(x) 0 1 2
Hence increasingin [0, 1] and in [2, «)
and decreasing for x € (-, 0] and [1, 2]
(i) f(x) = x ¢nx
f(x)=1+/nx
1
f(x)>0 = nx=>—1 = XZE
= increasing for x e {1 OO] and decreasing for x e [0, 1}
e e
(iii) f(x) = sinx + cosx
f'(x) = cosx — sinx
forincreasing f'(x)>0 = COSX > sinX

= fisincreasing in {0, %} and {57?,271}

T 5
fisd ingin |—, —
is decreasing in {4 2 }

Note : If a function f(x) is increasing in (a, b) and f(x) is continuous in [a, b], then f(x) is increasing on [a, b]

Example # 24 : f(x) = [x] is a step up function. Is it a strictly increasing function for x € R.

Solution : No, f(x) = [x] is increasing (monotonically increasing) (non-decreasing), but not strictly increasing
function as illustrated by its graph.




JEE(Adv.)-Mathematics Application of Derivatives

Example # 25 : If f(x) = sin*x + cos*x + bx + ¢, then find possible values of b and c such that f(x) is monotonic

forallx e R
Solution : f(x) = sin*x + cos*x + bx + ¢
f'(x) = 4 sin®x cosx — 4cos®x sinx + b = —sin4x + b.
Case - (i) : forM.l. f'(x)>0 forall xeR
S b > sindx forall xeR S b>1
Case - (ii) : for M.D. f'(x) <Oforall x eR
S b < sindx forall xeR < b<-1

Hence for f(x) to be monotonic b € (— w0, — 1] U [1, ©)and ¢ € R.

Example # 26: Find possible values of 'a’ such that f(x) = e>*— (a + 1) & + 2x is monotonically increasing for

x e R
Solution : f(x)=eZ—(a+1) e+ 2x
fi(x)=2e>—(a+1)ex+2
Now, 2e*—-(a+1)ex+2>0 forall xeR
1
= 2[ex+e—xj—(a+1)20 forall xeR
x 1
(@+1)<2|¢© +e_" forall xeR
x 1 -
= a+1<4 e +— has minimum value 2
e
= a<3
Aliter (Using graph)
2ex—(a+1)ex+2>0 forall xeR

putting ex=t ; te (0, x)

22— (@a+1)t+2>0 forall te(0,x) U

Case - (i) : D<0
= (@+1y2-4<0
= (@+5)(@-3)<0
= ael[-5,3]

or
Case-(ii):  both roots are non positive \
D>0 & l<0 & f(0)=0
> ~ 23 (0) >
1
—  ae(-w,—5U[3 ) & aT+<0 & 2>0
= ae(—w,—5]U|3, x) & a<-1 & aeR

= ae(—o, -5
Taking union of (i) and (ii), we get a e (— =, 3].
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Application of Derivatives

Problems for Self Practice-7 :

(1) Find the intervals of monotonicity of the following functions.
. =_x3 + 2 __ — 1 = +
(i) f(x) x3+6x2-9x -2 (ii) f(x) =x ]
(iii) f(x)=x. e (iv) f(x) = x — cosx
(2) Let f(x) = x — tan~'x. Prove that f(x) is monotonically increasing for x € R.
(3) If f(x) = 2ex—ae™+ (2a + 1) x — 3 monotonically increases for V x € R, then find range of values of
a
4) Let f(x) = e>*—ae* + 1. Prove that f(x) cannot be monotonically decreasing for V x e R for any value
of 'a'.
(5) The values of 'a’ for which function f(x) = (a + 2) x® — ax? + 9ax — 1 monotonically decreasing for v
x e R.
Answers : (1) (@) Iin[1,3];Din (-, 1] W (3, )
(i) Iin(-o,—2]U[0,©); Din[-2,-1)uU (-1, 0]
1 1
(i) Tin|=% 1 ;Din —o 5| U1, )
(iv) [forx e R
(3) a0
(5) —-0<a<-3
N
8 MONOTONICITY OF FUNCTION ABOUT A POINT :
1. A function f(x) is called as a strictly increasing function about a point (or at a point) a € D, if it is strictly
increasing in an open interval containing a (as shown in figure).
) Ma +h)
; / f(a—h)
a-h a a+h 5
2, A function f(x) is called a strictly decreasing function about a point x = a, if it is strictly decreasing in an open

interval containing a (as

shown in figure).

f(a — h) \
‘\ga) yf(a — h)

f(a + h)
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eg.:

8.1

Which of the following functions (as shown in figure) is increasing, decreasing or neither increasing nor
decreasing at x = a.

) - - (i) /

neither increasing x=a
nor decreasing at x = a Increasing at x = a

(iii) . : _ (iv) '\

neither increasing X=a
nor decreasing at x = a decreasing at x = a

Test for increasing and decreasing for differentiable functions about a point

Let f(x) be differentiable.

(1) If f'(a) > 0 then f(x) is increasing at x = a.

(2) If f'(a) < 0 then f(x) is decreasing at x = a.

(3) If f'(a) = 0 then examine the sign of f'(x) on the left neighbourhood and the right neighbourhood of

a.
(i) If f'(x) is positive on both the neighbourhoods, then f is increasing at x = a.

(i) If f'(x) is negative on both the neighbourhoods, then f is decreasing at x = a.

(iii) If f'(x) have opposite signs on these neighbourhoods, then f is non-monotonic at x = a.

SOLVED EXAMPLE

Example # 27: Let f(x) = x® — 3x + 2. Examine the monotonicity of function at points x = 0, 1, 2.

Solution : f(x)=x3-3x+2

fi(x) =3(x2—-1)
(i) f(0)=-3 = decreasingatx =0
(i) f(1)=0
also, f'(x) is positive on left neighbourhood and f'(x) is negative in right neighbourhood.
= neither increasing nor decreasing at x = 1.

(iii) f(2)=9= increasing atx = 2

Note : Above method is applicable only for functions those are continuous at x = a.
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Problems for Self Practice-8 :

(1) For each of the following graph comment on monotonicity of f(x) at x = a.

(2) Let f(x) = x3 — 3x2 + 3x + 4, comment on the monotonic behaviour of f(x) at (i) x = 0 (ii) x = 1.

x 0<x<1 , . .
. Graphically comment on the monotonic behaviour

3 Draw the graph of function f(x) =
@) grap (){[X]1£X£2

of f(x) at x = 1. Isf(x) M.I. forx € [0, 2] ?
Answers : (1) (i) neither M.I. nor M.D. (i) M.D.

(2) M. bothatx=0andx=1.
(8) Neither M.I. nor M.D. at x = 1. No, f(x) is not M.1. for x € [0, 2].

I

© ./

USE OF MONOTONICITY FOR PROVING INEQUALITIES

Comparison of two functions f(x) and g(x) can be done by analysing the monotonic behaviour of
h(x) = f(x) — g(x)

SOLVED EXAMPLE

T
Example # 28 : For x e [0, Ej prove that sin x < x <tan x

Solution : Let f(x) = x—sinx = f'(x) = 1—cos x

T
f'(x)>0forx e [0, Ej

= f(x) is M.L = f(x) > f(0)
= x—-sinx>0 = X > sin X
Similarly consider another function g(x) = x — tan x = g'(x) = 1 —sec

T
g(x)<0forx e [0, Ej = g(x) is M.D.

Hence g(x)<g(0)
x—tanx <0 = X < tan x
sin x < x < tan x Hence proved

x3 x3 . tan™" x
Example # 29 : For x € (0, 1) prove that x — 3 <tan'x<x-— 3 hence or otherwise find )'('_T) X
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3

Solution : Let f(x)=x- X? —tan'x
f(x)=1-x2-
0 X 1+ x2
4
X
f'(x) = —
(x) 1+ x2

f(x)<0 forx e (0,1) = f(x) is M.D.

3
= f(x)<f(0) - X—X?—tan*1x<0

3
Similarly g(x) = x— 3 —tan™"'x

geg=1- 2 1+x?
~ x2(1-x2)
T 2(1+x?)
gx)>0 forxe(0,1) = g(x) is M.1.

= g(x)>g(0)
3

X x tan"'x>0
6

from (i) and (ii), we get

x3 x>
X— 3 <tan'x <x-— 3 Hence Proved
2 -1 2
X X
Also, 1——<tan X<1——,forx>0
3 X 6
: lim tan'x _ .
Hence by sandwich theorem we can prove that |7 ——— =1 but it must also be noted that
X
tan~"x . tan'x
as x — 0, value of —— 1 from left hand side i.e. <A1
: tan~' x
lim —
= x—0 |: X :| =0

NOTE : In proving inequalities, we must always check when does the equality takes place because the point of
equality is very important in this method. Normally point of equality occur at end point of the interval or will
be easily predicted by hit and trial.
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Example # 30 :

Solution :

Example # 31

Solution :

Example # 32 :

Solution :

p 3
Forx e [0, E] prove that sin x > x — %

3

Let f(x)=sinx—x+ 3
2

f(x)=cosx—1+ X?

we cannot decide at this point whether f'(x) is positive or negative, hence let us check for
monotonic nature of f'(x)
f""(x) = x — sinx

T

Since f(x)>0 = f/(x) is M.1. forx e [0, Ej

= f'(x)>f'(0) =f(x)>0

= f(x) is M.1. = f(x) > f(0)

x3 x3
= sinx—x+?>0 :>sinx>x—?.Henceproved
: sin x tan x

: Examine which is greater : sin x tan x or x2. Hence evaluate )'('_T) {T} where

(o3

Let f(x) = sinx tanx —x2
f'(x) = cos x . tan x + sin x . sec?x — 2x

= f'(x) = sin x + sin x sec?x — 2x
= f"(x) = cos x + cos x sec?x + 2sec?x sin x tan x — 2
= f"(x) = (cos x + sec x — 2) + 2 sec?x sin x tan x

N a
~—

Now cosx+secx—2= («/cosx —«/secx)2 and 2 sec?x tan x . sin x > 0 because x e [0, a5

= f'(x)>0 = f'(x)is M.I.
Hence f'(x)>f'(0)

= f(x)>0 = f(x) is M.1.

= f(x)>0 = sinxtanx—-x2>0

Hence sin x tan x > x2

i . in x tan x
sin x tan x lim {s a }

= e >t= e

1 X
Prove that f(x) = (1 + ;j is monotonically increasing in its domain. Hence or otherwise draw
graph of f(x) and find its range
1) , 1
f(x) = 1+; , for Domain of f(x), 1 + lie 0

1
N XT+>0 = (=0,-1)U (0, )
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1" 1, x -1
Consider f'(x) = [1+_] m1+— +1_1_2

= f'(x) = (1+%) {En(ﬂ%)—ﬁ}

1\ 1
Now (1 + ;J is always positive, hence the sign of f'(x) depends on sign of /n [1 +1j -—
X

1+x
. 1 1
ie. we have to compare /n [1+—j and ——
X 1+x
So let =/n|1 L T
o lets assume g(x) = /n +; ~ X1
R B R U
90T ey T WG
X
(i) forx € (0,©), g'(x)<0 = g(x) is M.D. for x € (0, »)
g(x) > 1M g(x)
g(x)> 0. and sinceg(x)>0 = f'(x)>0
(i) forx € (~o,—1),g'(x)>0 = g(x) is MLI. for x € (— o, —1)
= g()> M gx) = g(x)>0 = f(x>0
Hence from (i) and (ii) we get f'(x) > 0 for all x € (- w0, —1) U (0, «)
= f(x) is M.1. in its Domain
For drawing the graph of f(x), its important to find the value of f(x) at boundary points
i.e. t o0, 0, —1
y
. 1 X A
o, (”;) =e
1) 1)
lim —| = lim —| =
x—0* (1+Xj =1 and x—>-1 (1+Xj =® e y=f(x)
so the graph of f(x) is 1 /—
Rangeisy € (1, ©) — {e} X
-1 0
Example # 33 : Compare which of the two is greater (100)"1% or (101)"101,
Solution : Assume f(x) = x"*and let us examine monotonic nature of f(x)
) = X1 [1—/@nxj
'(x) = x"*.
X2 e1/e
f'(x)>0 = x € (0,e)
, 100)1/100
and f(x)<0 = X € (e,») ( (101)1/101
Hence f(x)is M.D. for x>e ]
and since 100 < 101
= f(100) > f(101) s 100101

= (100)1/100> (101)1/101
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Application of Derivatives

Problems for Self Practice-9 :

(1) Prove the following inequalities

(i) X <—/n(1-Xx)

(ii) x> tan™'(x)
(iii) e>x+1
[ X /n(1+x)<x
(iv) 1+x B
) 2 _ sinx <1

T X

M

for
for

for

for

for

x e (0, 1)
x € (0, »)
x € (0, »)

10. MAXIMA & MINIMA :

(@) Local Maxima/Relative maxima :

A function f(x) is said to have a local maxima atx = a

iff(a)zf(x)VXE(a—h,a+h)mDﬂx)

Where h is some positive real number.

(b) Local Minima/Relative minima:

A function f (x) is said to have a local minima
atx=aif fa)<f(x)Vxe(@a-h,a+th)nD,,

Where h is some positive real number.

(c) Absolute maxima (Global maxima) :

\<

i
i
i
i H
a k{ c d e f g
local local local local  local local  I6%al
min max max/min  min max min  max

A function f has an absolute maxima (or global maxima) at c if f(c) > f(x) for all x in D, where

D is the domain of f. The number f(c) is called the maximum value of f on D.

(d) Absolute minima (Global minima) :

A function f has an absolute minima at c if f(c) < f(x) for all x in D and the number f(c) is called the

minimum value of f on D.

Note :

(i) The term 'extrema’ is used for both maxima or minima.

(i)  Alocal maximum (minimum) value of a function may

not be the greatest (least) value in a finite interval.

(i)  Afunction can have several extreme values such that

local minimum value may be greater than a local

maximum value.

local
maxima local local
maxima  maxima

local
maxima

local
minima

local
minima

local
minima
>X
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11. DERIVATIVE TEST FOR ASCERTAINING MAXIMA/MINIMA :

11.1 First derivative test :
If f'(x) =0 ata point (say x = a) and
(i) If f'(x) changes sign from positive to negative in the neighbourhood of x = a then x = a is said to be a
point local maxima.
(i) If f'(x) changes sign from negative to positive in the neighbourhood of x = athen x = ais said to be a
point local minima.

Y Y
N N
d j_z=od
Yy Yy
S 0 Y
dx> : dx<0 g
H =<0 d
' dx dy 0
! Pdx
O X=a X O X=a X

Note : If f'(x) does not change sign i.e. has the same sign in a certain complete neighbourhood of a, then f(x)
is either increasing or decreasing throughout this neighbourhood implying that x=a is not a point of extremum
of f.

SOLVED EXAMPLE

1
Example # 34 : Let f(x) = x + —; x # 0. Discuss the local maximum and local minimum values of f(x).
X

2 _ ‘., =
Solution : Here, f'(x) =1 - iz _X . & 1)(2X+1) _1 -
X X X

Using number line rule, f(x) will have local maximum at x = —1 and local minimum at x = 1
local maximum value of f(x) = -2 at x = —1
and local minimum value of f(x) =2 at x =1

{3){2 F12x -1, —1<x<?2
If f(x) =

Example # 35 : , then
37-x, 2<x<3,
(A) f(x) is increasing on [-1, 2) (B) f(x) is continuous on [-1, 3]
(C) f'(x) does not exist at x = 2 (D) f(x) has the maximum value at x = 2
, . 3x2+12x -1, —1<x<2
Solution : Given, f(x) =
37-x, 2<x<3

= fi(x) =

6x+12, —-1<x<L2
-1, 2<x<3
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Example # 36 :

Solution.

(A) which shows f'(x) > 0 for x € [-1, 2)
So, f(x) is increasing on [-1, 2)
Hence, (A) is correct.
(B) for continuity of f(x). (check at x = 2)
RHL = 35, LHL = 35 and f(2) = 35
So, (B) is correct
(C) Rf'(2) = —1 and Lf'(2) = 24
so, not differentiable at x = 2.
Hence, (C) is correct.
(D) we know f(x) is increasing on [-1, 2) and decreasing on (2, 3],
Thus maximum at x = 2,
Hence, (D) is correct.
(A), (B), (C), (D) all are correct.
Let f(x) = x3 + 3(a— 7)x? + 3(a2 — 9) x — 1. If f(x) has positive point of maxima, then find possible
values of 'a’".

f(x)=3[x2+2(@-7)x + (a®>-9)]
Let a, B be roots of f'(x) = 0 and let o be the smaller root. Examining sign change of f'(x).
+ = .+
o B
Maxima occurs at smaller root o which has to be positive. This basically implies that both roots of
f'(x) = 0 must be positive and distinct.

(i) D>0 = a< ?

) b

(ii) — 5 >0 = a<7

iy  f(0)>0 = ae(—wo,-3)U (3, x)

from (i), (ii) and (iii) = ae(-w-3)u [3, %}

Problems for Self Practice-10 :

(1)
(2)

Find local maxima and local minima for the function f(x) = x® — 3x.
If function f(x) = x3 — 62x2 + ax + 9 has local maxima at x = 1, then find the value of a.

X 2
(3) Let f(x) = 5 + < Find local maximum and local minimum value of f(x). Can you explain this
discrepancy of locally minimum value being greater than locally maximum value.
(x+1)> x<0 . _
(4) If f(x) = cosx x>0 find possible values of A such that f(x) has local maxima at x = 0.
Answers : 1) local max. at x = -1, local min. at x = 1
2) 121

) Local maxima at x = -2, f(—2) =—2; Local minima at x = 2, f(2) = 2.
4) rel[-1,1)



JEE(Adv.)-Mathematics Application of Derivatives

11.2 Maxima, Minima by higher order derivatives :
11.2.1 Second derivative test :
Let f(x) have derivatives up to second order

Step - I. Find f'(x)

Step - l. Solve f'(x)=0. Let X = ¢ be a solution
Step - lIl. Find f'(c)

Step - IV.

(i) If f(c) = 0 then further investigation is required

(i) If f(c) > 0 then x = c is a point of minima.

(iii) If f"(c) < 0 then x = c is a point of maxima.

f{c) =0

c-hcc+h

For maxima f'(x) changes from positive to negative (as shown in figure).
= f'(x) is decreasing hence f"’(c) < 0

SOLVED EXAMPLE
Example # 37 : Find the points of local maxima or minima for f(x) = sin2x — x, x € (0, «).

Solution. f(x) = sin2x — x
f'(x) = 2cos2x — 1

1
f(x)=0 = COos 2Xx = 5 = X =

f"(x) = — 4 sin 2x

Y T
f”[—j <0 = Maxima at x =

6 6
5n L 5n
f [Fj >0 = Minima at x = 3
11.2.2 n* Derivative test :

Let f(x) have derivatives up to nth order
If fi(c)=f"(c)=......... =fr(c)=0and
fn(c) = 0 then we have following possibilities
(i) nis even, f"(c) < 0 = x = cis point of maxima
(i) nis even, f"(c) > 0 = x = c is point of minima.
(iii) nis odd, f(c) < 0 = f(x) is decreasing about x = ¢
(iv) nis odd, f™ > 0 = f(x) is increasing about x = c.

SOLVED EXAMPLE
Example # 38 : Find points of local maxima or minima of f(x) = x5 —5x* + 5x3 — 1

Solution. f(x) = x5 —5x* + 5x3 — 1
f'(x) =5x% (x—1) (x = 3)
f(x)=0 = x=0,1,3

f"(x) = 10x (2x2 - 6x + 3)
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Now, f"(1)<0 = Maxima atx =1
f"(3) >0 = Minimaatx=3

and, f"(0)=0 = 11" derivative test fails

SO, f'(x) = 30 (2x2—4x + 1)

=

f'(0) = 30
Neither maxima nor minima at x = 0.

Note : It was very convenient to check maxima/minima at first step by examining the sign

change of f'(x) no sign change of f'(x) at x =0

f'(x) =5x% (x—1) (x = 3)

Example # 39 :

Solution :

Example # 40 :

Solution :

+ =y
0 1 3
max. min.
If f (x) = 2x® — 3x2— 36x + 6 has local maximum and minimum at x = a and x = b respectively, then
find ordered pair (a, b)
f(x) =2x3-3x2—-36x + 6
f'(x) = 6x2— 6x — 36 & f"(x) =12x -6
Now f'(x)=0 = 6(x*-x-6)=0 = (x-3)(x+2)=0 => x=-2,3
f"(-2) =-30
x =-2is a point of local maximum
f'(3)=30
x =3 is a point of local minimum
Hence, (-2, 3) is the required ordered pair.
Find the point of local maxima of f(x) = sinx (1+cosx) in x € (0, n/2).

1
Let f(x) = sinx ( 1+ cosx) = sinx + 5 sin 2x

=  f'(x) = cos x + cos 2x

f"(x) = — sin x — 2sin 2x
Now f'(x) =0 = cos x + cos2x = 0
= cos2x=cos (t—Xx) = X =73

Also f"(n/3) = — \/5/2 - \/§<0 . f(x) has a maxima at x = /3 Ans.
Problems for Self Practice-11 :

. . . Inx

(1) Find local maximum value of function f(x) = —
X

(2) If f(x) = x2e"2 (x > 0), then find the local maximum value of f(x).
(3) Identify the point of local maxima/minima in f(x) = (x — 3)°.
4) Find the points of local maxima or minima of f(x) = sin 2x — x
(5) Letf(x) =sinx (1 + cosx) ; x € (0, 2n). Find the number of critical points of f(x). Also identify which of

these critical points are points of Maxima/Minima.

Answers :

(1) 1/e (2) 1/e? (3) local minimaatx=3
(4) Maximaatx=nn+ % ; Minima atx=nn—%
(5) Three

Y
X=3 is point of maxima.

X = mis not a point of extrema.

T . ..
is point of minima.

X=73
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Application of Derivatives

11.3  Global extrema for continuous functions :
Function defined on closed interval
Let f(x), x € [a, b] be a continuous function

(i)

(i)

SOLVED EXAMPLE

Example # 41 :
Solution.

Example # 42 :

Solution :

Step -1 : Find critical points. Letitbec,,c, ....... ,C

Step- 1l : Find f(a), f(c,).......... , f(c,), f(b)
Let M =max- {f(a), f(c,),........... , (c,), f(b)}

m =min - {f(a), f(c,), ........ f(c,), f(b)}

Step - I : M is global maximum.

m is global minimum.

Function defined on open interval.
Let f(x), x € (a, b) be continuous function.

Step - | Find critical points . Letitbe c,, c,, ....... cC,
Step - I Find f(c,), f(c,), ......... ,f(c))
Let M =max - {f(c,), ....... f(c,)}
m =min- {f(c,),............ f(c,)}
Step - llI Lim f(x) = ¢, (say), Lim f(x) = 1, (say).

Let /=min.{¢,, (,}, L=max.{(,, (,}

Step - IV

(i)
(ii)
(iii)

If m < ¢ then m is global minimum
If m > ¢ then f(x) has no global minimum
If M >L then M is global maximum

(iv) If M <L, then f(x) has no global maximum

Fin

for

d the greatest and least values of f(x) = x3 — 12x xe[-1,3]
The possible points of maxima/minima are critical points and the boundary points.

x € [-1, 3] and f(x) = x3 — 12x
x = 2 is the only critical point.

Examining the value of f(x) at points x = —1, 2, 3. We can find greatest and least values.

x | f(x)
1
21-16
3] -9

Minimum f(x) =— 16 & Maximum f(x) = 11.

Find the global maximum and global minimum of f(x) =

f(x) = T is differentiable at all x in its domain.
h 00 et —e " 100 e +e "
en X)= ———, f"X) = ————
2 2
et —e "
f'ix)=0 = T=0 > e*=1 = x=0
f*(0) =1 x = 0 is a point of local minimum

Points x = —log,2 and x = log,7 are extreme points.

X —X

in [Hog, 2, log, 7].
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Now, check the value of f(x) at all these three points x = —log2, 0, log7

f( I 2) e—logCZ +e+10g€2 5
—lo == —
= % 2 4
) = e’ +e” 1
2
—log,2
elogs7 +e—logs7 25
flog,7) = —————— ==

2 7

x = 0 is absolute minima & x = log7 is absolute maxima
Hence, absolute/global minimum value of f(x)is 1Tatx =0

and absolute/global maximum value of f(x) is 7 at x = log,7 Ans.

X2 + X ;7 —1<x<0

Example # 43 : Let f(x) = A ; x=0

log x+l ; 0<x<E
1/2 5] >

Discuss global maxima, minima for A = 0 and A = 1. For what values of A does f(x) has global
maxima

Solution : Graph of y =f(x) forA=0

No global maxima, minima
Graph of y = f(x) for L = 1

1

—1/2 \ 32

N

-1

Global maxima is 1, which occurs at x =0
Global minima does not exists

Lim — Lim — _

0 f(x)=0, o0+ f(x)=1,f0)=2

For global maxima to exists

f(0)>1 = A=>1.
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4
Example # 44 : Find extrema of f(x) = 3x* + 8x®— 18x2 + 60. Draw graph of g(x) = 40 and comment on its local and

f(x)
global extrema.
Solution : f'(x)=0
= 12x (x2+2x-3)=0
= 12x (x=1) (x+3)=0
= x=-3,0,1
fi(x)=12(x + 3) x(x = 1)
. + . . +
- -3 o - 1

local minima occurs at x = -3, 1
local maxima occurs at x =0
f(-=3)=—175, f(1) = 53 are local minima
f(0) = 60 is local maxima

o )=, M fx) =
Hence global maxima does not exists : Global minima is — 75

-40
g'(x)= W f'(x) = g(x) has same critical points as that of f(x).
A rough sketch of y = f(x) is
....... 60
\ /
53
Ny
B 9 1
-75

Let zeros of f(x) be o, B
g(a), g(B) are undefined,

Lim g(x) = e, LM g(x)=—w0, Lim g(x)=—o, HM g(x)= o0
X—>B~ x—p* X~ X—>o
X=oa,Xx=p areasymptotes of y = g(x).

Lim gx)=0, HmM g(x)=0
= y = 0 is also an asymptote. x =-=3, x =1 are local minima of

y=f(x) = x = -3, x =1 are local maxima of y = g(x)
similarly, x = 0 is local minima of y = g(x)
Global extrema of g(x) does not exists.
A rough sketch of y = g(x) is

Y

2/3

-3

—(8/15)
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Problems for Self Practice-12 :

(1)

Let f(x) = 2x3—9x2 + 12x + 6

(i) Find the possible points of Maxima/Minima of f(x) for x € R.
(i) Find the number of critical points of f(x) for x € [0, 2].
(iii) Discuss absolute (global) maxima/minima value of f(x) for x € [0, 2]
(iv) Prove that for x € (1, 3), the function does not has a Global maximum.
Answers :
(1) (i) x=1,2 (i) one
(iii) f(0) = 6 is the global minimum, f(1) = 11 is global maximum

an

12. USEFUL FORMULAE OF MENSURATION TO REMEMBER :

o bd-=

® N o

10.

1.

12.
13.
14.

15.

16.

SOLVED EXAMPLE

Example # 45 :

Solution :

Volume of a cuboid = ¢bh.
Surface area of cuboid = 2(¢b + bh + h¢).
Volume of cube = a3
Surface area of cube = 6a?
1
Volume of a cone = 37 rZh.
Curved surface area of cone = nir¢ (¢ = slant height)
Curved surface area of a cylinder = 2rrh.
Total surface area of a cylinder = 2rrh + 27rr?,
4
Volume of a sphere = gnr?
Surface area of a sphere = 4nr?.

. 1 . .
Area of a circular sector = 5 r2 0, when 0 is in radians.

Volume of a prism = (area of the base) x (height).

Lateral surface area of a prism = (perimeter of the base) x (height).

Total surface area of a prism = (lateral surface area) + 2 (area of the base)
(Note that lateral surfaces of a prism are all rectangle).

1
Volume of a pyramid = 3 (area of the base) x (height).

1
Curved surface area of a pyramid = 5 (perimeter of the base) x (slant height).

(Note that slant surfaces of a pyramid are triangles).

Application of Derivatives

Determine the largest area of the rectangle whose base is on the x-axis and two of its vertices

2

lie on the curvey = ™™ .

Area of the rectangle will be A = 2a. e’hl2

For max. area, da _ i(2ae’az y=e ¥ [2—4a’]
da da
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dA 0 1
—_ = =+
da =@ T2

dA
& sign of —— changes from positive to negative at a =+—
g da g p g \/5

1 2 {4 .
- X :E are points of maxima = A__ =$ e [ﬁ] = s units .Ans.

Example # 46 : A box of maximum volume with top open is to be made by cutting out four equal squares from
four corners of a square tin sheet of side length a ft, and then folding up the flaps. Find the
side of the square base cut off.

Solution : Volume of the box is, V = x(a — 2x)? i.e., squares of side x are cut out then we will get a box
with a square base of side (a — 2x) and height x.

Removed

dv
d_x = (a — 2x)? + x-2(a — 2x)(-2)
dv
d_x = (a — 2x) (a — 6x)
dv
For V to be extremum d_x =0 = X = al2, alé

But when x = a/2; V = 0 (minimum) and we know minimum and maximum occurs alternately
in a continuous function.

Hence, V is maximum when x = a/6. Ans.
Example #47 :  If a right circular cylinder is inscribed in a given cone. Find the dimension of the cylinder such

that its volume is maximum.
Solution : Let x be the radius of cylinder and y be its height

V = nx%y

X, ¥ can be related by using similar triangles x

y h h
== = y=—(-x
r-x r T h
h rth v
=  VX)=mx2—(r—x) = V)= —(m®-x%

nth X
V'(x) =— (2rx — 3x?) —r—
r
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Application of Derivatives

2r
x=0, —

Vix)=0 = 3

h
V'(x) = %(2r —6x)

V"(0) = 2rh = x =0 is point of minima
of 2r 2r
\4 (?J =—2nh = x :? is point of maxima

h

Thus volume is maximum at x = (%j andy = g

Example # 48 : Find two positive numbers x and y such that x + y = 60 and xy? is maximum.

Solution. x+y=60
=N X =60—-y = xy® = (60 —y)y?
Let fly)=(60-y)y* ; y € (0, 60)

for maximizing f(y) let us find critical points
fly) =3y?(60-y)-y*=0
fly) =y?(180-4y)=0

= y =45

f'(45*) < 0 and f'(457) > 0. Hence local maxima at y = 45.

So x=15andy = 45.

Example # 49 : Rectangles are inscribed inside a semicircle of radius r. Find the rectangle with maximum area.

Solution. Let sides of rectangle be x and y (as shown in figure).
= A=xy.
Here x and y are not independent variables and are related by Pythogorus theorem with .
2 2
X 2 X
— +y’=r2 = =,4rF——
4 y 4
2
= A(X) = X 4|12 X
4
4
= A(X) = 4 x?r? _XT

Let f(x) = r’x2 - XT ; x € (0,r)

A(x) is maximum when f(x) is maximum

X=r42
fi(ry2- )>0

Hence f'(x)=x(2r2—x?)=0 =

also f'(r\/2_+)<0 and

r
confirming at f(x) is maximum when x =r,/2 &y = E .
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Aliter Let us choose coordinate system with origin as centre of circle (as shown in figure).
A=xy
(- rcosb,rsing) (rcos0,rsind)
SN T
1 y
!
(0, 0)
f—— X ——
= A =2 (rcos0) (rsin0) = A=r?sin20, 0¢ [0, gj

T r
Clearly Ais maximum when 6 = = x=ry2 and y= E .

4

Example # 50. Show that the least perimeter of an isosceles triangle circumscribed about a circle of radius r’ is

6\/§r.

Sol. AQ=rcota=AP
AO =r coseca.

_x
AO +ON

x = (r coseca + r) tana

X = r(seca + tana)

Perimeter = p = 4x + 2AQ

p = 4r(seca + tana) + 2rcota
p = r(4seca + 4tana + 2cota)

= tana

P
= r[4seca tana + 4sec? o — 2cosec?a]

do
d
for max or min ﬁ =0 = 2sin® o + 3sin2a-1=0 = (sina + 1) (2sina, + sina—1) =0
(sina. + 1)? (2sina—1) =0 = sino = 1/2 = o =30°=n/6

Example # 51 : Among all regular square pyramids of volume 36 V2 cmé. Find dimensions of the pyramid having
least lateral surface area.

Solution. Let the length of a side of base be x cm and y be the perpendicular height of the pyramid

(see figure).

1

V= 3 x area of base x height %M

1 108+v2 /

= V= 3 x?y = 36+/2 = y= ;/_
X

1 . .
and S= > x perimeter of base x slant height

1

= E (4X). l
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2
X 2 X 2
but 0= 4—+ S=2 1}—+ = /x* 2y?
u 2 y = X 7 y X" +4x“y

2
— S = \/x4+4x2{108;/§J

X
4 8.(108)2
S(x) = 4/X Tt
X
.(108)?
Let f(x) =x*+ w for minimizing f(x)
16(108)2 6 6
i =ao- B g L p=a X8 g
X X
= X = 6, which a point of minima

Hencex=6cmandy=3\/§.

Important note :

(i)

(if)

If the sum of two real numbers x and y is constant then their product is maximum if they are
equal.

i.e.

1
Xy= [(x+y)y—(x=y)]

If the product of two positive numbers is constant then their sum is least if they are equal.

i.e.

(x+yy=(x-y)y+4xy

Problems for Self Practice-13 :

(1)
(2)

(3)

Find the two positive numbers x and y whose sum is 35 and the product x2 y> maximum.

A square piece of tin of side 18 cm is to be made into a box without top by cutting a square from
each corner and folding up the slops to form a box. What should be the side of the square to be cut
off such that volume of the box is maximum possible.

Prove that a right circular cylinder of given surface area and maximum volume is such that the
height is equal to the diameter of the base.

2 2

(4) Anormal is drawn to the ellipse )2(—5 + % = 1. Find the maximum distance of this normal from the
centre.

(5) A line is drawn passing through point P(1, 2) to cut positive coordinate axes at A and B. Find
minimum area of APAB.

(6) Two towns A and B are situated on the same side of a straight road at distances a and b respectively
perpendiculars drawn from A and B meet the road at point C and D respectively. The distance
between C and D is c. A hospital is to be built at a point P on the road such that the distance APB is
minimum. Find position of P.

Answers : (1) x=25,y=10. (2) 3cm 4) 1 unit

(5) 4 units (6) P is at distance of from C.

ac
a+b
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13. CONCAVITY AND POINT OF INFLECTION
Afunction f(x) is concave upward in (a, b) if tangent drawn at every point (x,, (f(x,)), for x, € (a, b) lie below
the curve. f(x) is concave downward in (a,b) if tangent drawn at each point (x, f(x,)), X, € (a, b) lie above the
curve.

A point (c, f(c)) of the graph y = f(x) is said to be a point of inflection of the graph, if f(x) is concave upward
in (c— 3, c) and concave downward in (c, ¢ + 8) (or vice verse), for some 6 € R*.

Results : 1. If f'(x) >0 V x e (a, b), then the curve y = f(x) is concave upward in (a, b)
A
a b
2, If f"(x) <0 V x e (a, b) then the curve y = f(x) is concave downward in (a, b)
A
a b
3. If f is continuous at x = c and f”(x) has opposite signs on either sides of c, then the point (c,
f(c)) is a point of inflection of the curve
4, If f"(c) = 0 and f"'(c) = 0, then the point (c, f(c)) is a point of inflection

13.1 Proving Inequalities using curvature :

Generally these inequalities involve comparison between values of two functions at some particular points.
SOLVED EXAMPLE

2e* 1 g™ 2)(13+ =
Example # 52 : Prove that for any two numbers x, & x,, <% >e
Solution : Assume f(x) = e*and let x, & x, be two points on the curve y = e*.

Let R be another point which divides PQ in ratio 1 : 2.

X

y=e
(xz,exz/
Q
R
X1
(X“e ) S 2X4+Xy
| P e 3
|
|
|
N ,
X, R X, ”
2X4 + Xy
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Example # 53 :

2X1+Xy
X X
28 +€ andy coordinate of point Sis e 3 . Since f(x) = e*is

y coordinate of point R is

concave up, the point R will always be above the point S.
2e% 4o P
= T >e 3

Alternate : Above inequality could also be easily proved using AM and GM.

X1+X2+X3j . sin X4 +SiN X, + sin X3

If 0 < x, <X, <X, <mnthen prove that sin ( 3 3 . Hence

prove that : if A, B, C are angles of a triangle then maximum value of

Solution :

Example # 54 :

Solution:

SinA + sinB + sinCis ——

3V3
o

L[ X{+ X + X,
sin| ———
[ 3 j
/ sinx, + sinx, + sinx,
3

(X,, sinx,) F
B
G{ C(X,, sinx,)
—1 ]
(X1l I
1
1 |
] |
] |
] |
1 1
1 |
] |
] |
1 1
0 X, X2 Xq+X, +Xg X, T

3
Point A, B, C form a triangle.

sin X4 +sin X, + SiN X5

y coordinate of centroid G is and y coordinate of point F is

3
. (X1+X2+X3 [ X1+ Xp+ X3 Sin X4 + sin X, + SiN X3
sin|— % Hence sin|— % |2 .
3 3 3
If A+B+C=mrx, then
_ [A+B+C] sin A +sinB +sinC
sin >
3 3
sin A +sinB +sinC
= sinEZ = £2$inA+sinB+sinC
3 3 2
= maximum value of (sinA + sinB + sinC) = %

Find the points of inflection of the function f(x) = sin?x x € [0, 2n]

f(x) = sin?x
f'(x) = sin2x
f"(x) = 2 cos2x
f'(0)=0
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= x=— 3n
4’ 4
both these points are inflection points as sign of f”’(x) change on either sides of these points.
11 f(x) = sin’x
1]
2
t 1t 3t =
4 2 2

Example # 55 : Find the inflection point of f(x) = 3x* — 4x3. Also draw the graph of f(x) giving due importance to
concavity and point of inflection.

Solution : f(x) = 3x* —4x3
f'(x) = 12x3 — 12x2
f'(x)=12x2 (x = 1)
f(x) = 12(3x2 — 2x) f(x)
f"(x) = 12x(3x — 2)

2

f'(x)=0 = x=0, 7.
3

Again examining sign of f"'(x)

+ . - . +
0 2/3 0 213 1 —/4 X
2 3
thus x =0, = are the inflection points s 16
Hence the graph of f(x) is [5'_5

Problems for Self Practice-14 :

2 2

(1) Identify which is greater 1+ee or 1+nn
2) If 0 < x, <x,<x,<m, then prove that sin [—2)(1 s 22 . X3] > 2sinx + sizxz +sinx,
(3) If f(x) is monotonically decreasing function and f’(x) > 0. Assuming f~'(x) exists prove that
)+ 17'0x) (M]
2 2
Answer : (1) 1+:2

14 ROLLE’S THEOREM :

If a function f defined on [a, b] is
(i) continuous on [a, b]

(i) derivable on (a, b) and
(i) f(a)=f(b),

then there exists at least one real number c between a and b (a < ¢ < b) such that f'(c) =0
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14.1 Geometrical Explanation of Rolle’s Theorem :
Let the curve y = f(x), which is continuous on [a, b] and derivable on (a, b), be drawn (as shown in figure).

73 PN

A(a, (a)), B(b, f(b)), f(a) = f(b), C(c, f(c)), f'(c) = 0.

C, C,

/

"a b

C, (c,, f(c,)), f'(c,)=0

C, (c, f(c,)), f'(c,)=0

C, (c,, f(c,)), f'(c,) =0

The theorem simply states that between two points with equal ordinates on the graph of f(x), there exists at
least one point where the tangent is parallel to x-axis.

14.2 Algebraic Interpretation of Rolle’s Theorem :
Between two zeros a and b of f(x) (i.e. between two roots a and b of f(x) = 0) there exists at least one zero of f'(x)

SOLVED EXAMPLE

Example # 56 :

Solution :

Example # 57 :

Solution :

Verify Rolle’s theorem for f(x) = (x — a)" (x — b)™ , where m, n are positive real numbers, for
X € [a, b].

Being a polynomial function f(x) is continuous as well as differentiable. Also f(a) = f(b)

= f'(x) = 0 for some x € (a, b)

n(x—a)™" (x—b)"+m(x—a)" (x—-b)™"'=0

= (x—a)"(x=b)™" [(m+n)x—(nb+ma)]=0

nb +ma
m+n

= X = , which lies in the interval (a, b), asm, n € R".

If 2a + 3b + 6¢ = 0 then prove that the equation ax? + bx + ¢ = 0 has at least one real root between
Oand 1.

3 2
Let f(x) = % + b% +cX

a b
f(0)=0 and f(1)=§+5+c=2a+3b+60=0
If f(0) = f(1) then f'(x) = 0 for some value of x € (0, 1)
= ax? + bx + ¢ = 0 for at least one x € (0, 1)

Problems for Self Practice-15:

(1)

(2)

If f(x) satisfies condition in Rolle’s theorem then show that between two consecutive zeros of f'(x)

there lies at most one zero of f(x).
Show that for any real numbers A, the polynomial P(x) = x” + x3 + & , has exactly one real root.
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M

15.

Proof:

15.1

LAGRANGE’S MEAN VALUE THEOREM (LMVT) :

If a function f defined on [a, b] is

(i) continuous on [a, b] and
(i) derivable on (a, b)
: f(b)-f(a)
then there exists at least one real numbers between a and b (a < ¢ < b) such that “b_a - f'(c)
Let us consider a function g(x) = f(x) + Ax, x € [a, b]
where A is a constant to b determined such that g(a) = g(b).
f(b)-f(a)
~ b-a
Now the function g(x), being the sum of two continuous and derivable functions it self
(i) continuous on [a, b]
(i) derivable on (a, b) and

(i) g(@)=g().
Therefore, by Rolle’s theorem there exists a real number c € (a, b) such that g'(c) =0
But g'(x) =f'(x) + A

0=g'(c)=f'(c)+ A

flc)=—1= —f(bb) :;(a)

Geometrical Interpretation of LMVT :

The theorem simply states that between two points A and B of the graph of f(x) there exists at least one
point where tangent is parallel to chord AB.

C(c, f(c)), f'(c) = slope of AB.

Alternative Statement : If in the statement of LMVT, b is replaced by a + h, then number c between a and
b may be written as a + 6h, where 0 <6 <1. Thus

f(a+h)-f(a)
h
SOLVED EXAMPLE

=f'(a+ 6h) or f(a+h)=f(a)+ hf' (a+6h),0<0<1

Example # 58 :Verify LMVT for f(x) =—x2+4x -5 and x € [-1, 1]
Solution : f(1)=-2 ; f(-1)=-10

f(1)—f(—1

= —2c+4=4 = c=0
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Example # 59 :

Solution :

Example # 60 :

Solution:

Using Lagrange’s mean value theorem, prove that if b>a > 0,

b-a <tan b—tan-' a < b-a
1+b2 anb—tan—a 1+a?

Let f(x) =tan™' x; x e [a, b] applying LMVT

then

_tan'b-tan"'a
b-a

Now f'(x) is a monotonically decreasing function

Hence ifa<c<b = f'(b) < f'(c) < f'(a)

f'(c) fora<c<bandf'(x)=

1+ x2

1 tan"'b—tan'a 1
2 <——(— < 2
1+b b-a 1+a

Hence proved

Letf: R — R be a twice differentiable function such that f(2) = 8, f(4) > 64, f(7) = 343 then show that
there exists a ¢ € (2, 7) such that f”(c) < 6c¢.
Consider g(x) = f(x) — x3

By LMVT
g4)-g(2) _ g(7)-g(4) _ |

T4 Cgl)2<e<dand TR EglE) 4<e T
g'(c,)>0,9'(c,)<0

By LMVT

g'(cy)-d(cq)

22 S g"(c), c,<c<c, =g"(c)<0 = f"(c)-6¢c<0

Cy —Cy

forsame c € (c,, ¢,)c (2, 7)

Problems for Self Practice-16 :

(1)

(2)

(3)

If a function f(x) satisfies the conditions of LMVT and f'(x) = O for all x e (a, b), then f(x) is constant
on [a, b].

Using LMVT, prove that if two functions have equal derivatives at all points of (a, b), then they differ
by a constant

If a function fis
(i) continuous on [a, b],
(ii) derivable on (a, b) and (iii) f'(x) > 0, x  (a, b), then show that f(x) is strictly increasing on [a, b].
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I £xercise + 1 N

PART-l : SUBJECTIVE QUESTIONS

Section (A) : Equation of Tangent /Normal and Common Tangents /Normals

A-1.

A-2.

A-3.

A-4.

A-5.

A-6.

A-10.

A-11.
A-12,

A-13.

A-14.

A-15.

Find the equation of tangent and normal to curve
()y=3x2+4x+5at (0, 5) on it.
(i) x2 + 3xy + y2=5 at point (1, 1) on it.

iy x =228 = 230 the point for which t——
(iii) _1+t2’y 1T t2a e point for whic 5

at (0, 0)

- x?sin1/x x=0
() 0  x=0

The tangent to y = ax? + bx +5 at (1, 2) is parallel to the normal at the point (-2, 2) on the curve

y = x2+ 6x + 10. Find the value of a and b.

Find all the tangents to the curve y = cos (x + y), — 2n < x < 27, that are parallel to the line x + 2y = 0.

Find the equation of normal to the curve x3 + y® = 8xy at point where it is meet by the curve y2 = 4x, other than
origin.

If the tangent to the curve xy + ax + by = 0 at (1, 1) is inclined at an angle tan™' 2 with positive x-axis in
anticlockwise, then findaand b ?

The normal to the curve 5x5—10x3 + x + 2y + 6 = 0 at the point P(0, —3) is tangent to the curve at the point(s).
Find those point(s)?

Prove that the length of segment of all tangents to curve x2? + y?? = a3 intercepted between coordinate axes
is same.

If the tangent at (1, 1) on y2 = x(2 — x)? meets the curve again at P, then find coordinates of P

If ax + by = 1 is a normal to the parabola y? = 4Px, then prove that Pa® + 2aPb? = b2,

(i) Find equations of tangents drawn to the curve y2 — 2x2 — 4y+ 8 = 0 from the point (1, 2).

(i) Find equations of tangents to curve y = x* drawn from point (2, 0).

(iii) Find the equation of tangents to the parabola y2 = 9x, which pass through the point (4, 10).

(iv) Find all the lines that pass through the point (1, 1) and are tangent to the curve represented parametrically
as x=2t—t?andy=t+

Find equation of all possible normals to the parabola x? = 4y drawn from point (1, 2).

The number of tangent drawn to the curve y — 2 = x5 which are drawn from point (2, 2) is/are

The equation of tangent drawn to the curve x[y —%j = 4 from point [0%) can be

Find length of subnormal to x = /2 cost,y=—3sintatt= %E .

Show that subnormal at any point on the curve x?y? = a?(x2 — a?) varies inversely as the cube of its abscissa.
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Section (B) : Angle between curves, Orthogonal curves, Shortest distance between two

B-1.

B-2.

B-3.
B-4.
B-5.
B-6.
B-7.

curves

Find angle of intersection of the curves y = 2 sin?x and y = cos 2x.
Find the angle of intersection of the curves y? = 4ax and x2 = 32ay.

If the two curves C, : x = y? and C, : xy = k cut at right angles find the value of k.

Find the condition that curves ax? + by?2 = 1 and a’ x2 + b’ y2 = 1 may cut each other orthogonally

Find the co-ordinates of the point on the curve x2 = 4y, which is at least distance from the liney = x — 4.
Find the point on hyperbola 3x? — 4y2 = 72 which is nearest to the straight line 3x + 2y + 1 =0

Find the shortest distance between the curves f(x) = — 6x8 — 3x* —4x?2 -6 and g(x) = e+ e>*+ 2

Section (C) : Rate of change and approximation

C-1.

C-2.

C-4.

C-5.

C-8.

The length x of rectangle is decreasing at a rate of 3 cm/min and width y is increasing at a rate of 2 cm/min.
When x =10 cm and y = 6 cm, find the rate of change of (i) the perimeter, (ii) the area of rectangle.

x and y are the sides of two squares such that y = x — x2. Find the rate of change of the area of the second

square with respect to the first square.

A man 1.5 m tall walks away from a lamp post 4.5 m high at a rate of 4 km/hr.

(i) How fast is his shadow lengthening?

(i) How fast is the farther end of shadow moving on the pavement?

Water is being poured on to a cylindrical vessel at the rate of 1 m3/min. If the vessel has a circular base of
radius 3m, find the rate at which the level of water is rising in the vessel.

Water is dripping out from a conical funnel of semi vertical angle /4, at the uniform rate of 2 cm?/sec through
a tiny hole at the vertex at the bottom. When the slant height of the water is 4 cm, find the rate of decrease of
the slant height of the water.

If in a triangle ABC, the side 'c' and the angle 'C' remain constant, while the remaining elements are changed

da N db
cosA cosB

=0.

slightly, show that

(i) Use differentials to a approximate the values of ; (a)~/36.6 and (b) /26 .

Find the approximate change in volume V of a cube of side 5m caused by increasing its side length by 2%.

Section (D) : Monotonicity on an interval, Monotonicity about a point, local maxima/minima

D-1.

Find the intervals of monotonicity for the following functions.
2
(a)f(x)=2. ¥+ (b) f(x) = e¥x (c) f(x) =x2e> (d) f(x)=2x2—In|x|

X4 3

(e) 2t 3T 3x2+5  (f) log3 x +log,x
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D-2.

D-4.

D-5.

D-10.

Find the intervals of monotonocity of the functions in [0, 2x]
(a)f(x)=sinx—cosx inx €[0,2n]
(b) g (x) = 2sinx + cos2x in (0<x<2n).

4sin X —2X — X COSX

©)f 0= 2+cosx

X
Show that f(x) = Jrix /n (1 + x) is an increasing function for x > —1.
+ X

If g(x) is monotonically increasing and f(x) is monotonically decreasing for x e R and if (gof) (x) is defined
for x € R, then prove that (gof)(x) will be monotonically decreasing function. Hence prove that
(gof) (x + 1) <(gof) (x —1).

Check monotonicity of f(x) at indicated point :

(i) f(x)=x3-3x+1 at x=-1,2
(i) f(x)=|x=1]+2]|x=-3|—|x+2]| at x=-2,0,3,5
(iii) f(x)=x" atx=0
- P _
(iv) f(x)—x+x2 at x=1,2
x3+2x2 +5x, x<0
V) f(x)= 3sinx, x>0 at x=0
x?; x>0
Let f(x) = . Find real values of 'a' such that f(x) is strictly monotonically increasing at
ax; x<0
x=0.
tanx, X, P
Prove the inequality, tanx, > x_1 for0<x, <x,< o

n . 3x
Forx e [0, Ej identify which is greater (2sinx + tanx) or (3x). Hence find X'L”(; {m} where

[.]denotes the GIF.
Let f and g be differentiable on R and suppose f(0) = g(0) and f'(x) < g’ (x) for all x > 0. Then show that

f(x) < g(x) for all x > 0.
Find the points of local maxima/minima of following functions

(i) f(x) = 2x3 = 21x2 + 36x — 20 (i) f(x)=—(x=1)3 (x +1)?

(iii) f(x) = x £nx (iv) f(x) = (2x=1)(2x- 2)?

(v) f(x) = x2e™> (vi) f(x) = 3cos*x + 10cos®x + 6cos?>x — 3, x € [0, 7]
x2 -2

(vii) f(x) = 2x + 3x23 (viii) f(x) = 21
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D-11. Draw graph of f(x) = x|x — 2| and, hence find points of local maxima/minima.

D-12. Let f(x) =x2; x e [- 1, 2). Then show that f(x) has exactly one point of local maxima but global maximum is not
defined.

3-x 0<x<1 _ -
D-13. Letf(x) = . Find the set of values of b such that f(x) has a local minima at x = 1.

x? + /nb x=>1

Section (E) : Global maxima, Global minima, Application of Maxima and Minima

E-1. Find the absolute maximum/minimum value of following functions

(i) fx)=x° ; x e[-2,2]
(i) f(x)=sinx + cosx ; x € [0, «]

2 9
(iii) f(x)=4x- X? ; X € {—Z E}
(iv) f(x)=3x*—-8x3+12x2—-48x + 25 ; x € [0, 3]
(v) f(x)=sinx+% cos 2 x ; X€|:0,g:|

(vi) y=x+sin2x, 0<x<2n
(vii) y=2cos2x —cos4x,0<x<n

E-2. Findthe dimensions of the rectangle of perimeter 36 cm which will sweep out a volume as large as possible
when revolved around one of its side .

E-3. John has X' children by his first wife and Anglina has 'x + 1’ children by her first husband. They both marry and
have their own children. The whole family has 24 children. It is given that the children of the same parents
don't fight. Then find then maximum number of fights that can take place in the family.

E-4. If the sum of the lengths of the hypotenuse and another side of a right angled triangle is given, show that the

area of the triangle is a maximum when the angle between these sides is =/3.
E-5. Find the volume of the largest cylinder that can be inscribed in a sphere of radius 'r ' cm.

E-6. Show that the semi vertical angle of a right circular cone of maximum volume, of a given slant height is

tan”'\/2.

E-7. Arunning track of 440 m. is to be laid out enclosing a football field, the shape of which is a rectangle with semi
circle at each end . If the area of the rectangular portion is to be maximum, find the length of its sides.

E-8. Find the area of the largest rectangle with lower base on the x-axis and upper vertices on the curve
y=12-x2.

E-9. Find the minimum and maximum values of y in 4x2 + 12xy + 10y? -4y + 3 =0.
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Section (F) : Rolle's Theorem, LMVT

F-1.

F-9.
F-10.

2
X +ab
Verify Rolle’s theorem for the function, f(x) = log, (m} +p, for[a, b]where 0 <a<b.

Using Rolle’s theorem prove that the equation 3x2 + px — 1 = 0 has at least one real root in the
interval (—1, 1).

. T
xsin— for x>0

Using Rolle's theorem show that the derivative of the function f(x) = { 0 X ; 0 vanishes at an infinite
or x =

set of points of the interval (0, 1).

Let f(x) be differentiable function and g(x) be twice differentiable function. Zeros of f(x), g'(x) be a, b respectively
(a < b). Show that there exists at least one root of equation f'(x) g'(x) + f(x) g”(x) = 0 on (a, b).

f(x) and g(x) are differentiable functions for 0 < x < 2 such that f(0) = 5, g(0) = 0, f(2) = 8,
g(2) = 1. Show that there exists a number c satisfying0<c<2andf'(c)=3g' (c).

Assume that f is continuous on [a, b], a > 0 and differentiable on an open interval (a, b).
fj}g) f(b)

= ——, then there exist x; € (a, b) such that x f '(x,) = f(x,).

Show that i
b

sin®x sin®a sinb

xe* ae?  beP
IFf(x)=| «x a b

2 1+a%? 1+b?

1+ x

where 0 < a < b < 2z, then show that the equation f’(x) = 0 has atleast one root in the interval (a, b)

-8x ; 0<x<1

3 .
A function y = f(x) is defined on [0, 6] as f(x)= (X ~3)" & T<x<4
4<x<6

Show that for the function y = f(x), all the three conditions of Rolle's theorem are violated on [0, 6] but still f'(x)
vanishes at a pointin (0, 6)
2n

T T T
If f(x) = tanx, x {0’—} then show that 5 < f(—j < 5

5 5
Use LMVT to establish following inequilities

(i) x = sinx V x €[0,)

b-a

> V0<a<b

(ii) b;az <tan'b-tan"'a<
1+b 1+a

(iii) b-a <£n[9j<b_a VO0<a<b
b a a
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PART-Il : OBJECTIVE QUESTIONS

Section (A) : Equation of Tangent/Normal and Common Tangents/Normals

A-1.

A-2.

A-3.

A-4.

A-5.

A-6.

A-T7.

A-8.

A-9.

A-10.

A-11.

A-12,

A-13.

A-14.

The slope of the curve y = sinx + cos?x is zero at the point, where-

(A)x= (B)x= C)x=n (D) No where

A3
|3

The slope of the normal to the curve x = a(6 —sin0), y = a(1 — cosb) at point 6 = n/2 is-

(A)0 (B) 1 (€)1 (D) 1132
The equation of tangent at the point (at?, at®) on the curve ay?= x3is-
(A)3tx -2y = at? (B) tx — 3y = at® (C)3tx+ 2y =at® (D) None of these
The equation of normal to the curve y = x3— 2x2+ 4 at the point x = 2 is-
(A)x+4y=0 (B)4x-y=0 (C)x+4y=18 (D)4x-y=18
The equation of normal to the curve y = (1 + x)¥ + sin~!(sin>) at x = 0 is
(A)x+y=1 (B)x+2y=1 (C)x+3y=1 (D)2x +y=1
The line x/a + y/b = 1 touches the curve y = be™?at the point-
(A) (0, a) (B)(0,0) (C) (0, b) (D) (b, 0)
The curvey — e¥ + x = 0 has a vertical tangent at
(A)(1,1) (B) (0, 1) (©)(1,0) (D) no point
The abscissa of point on curve ay? = x3, normal at which cuts off equal intercepts from the coordinate axes is
n = ®) o ©) ¢ o) -2

9 9 9 9

If the tangent at a point P, with parameter t, on the curve x = 4t2 + 3,y = 8t — 1, t € R, meets the curve again
at a point Q, then the coordinates of Q are :

(A) (2 +3, 8= 1) (B) (2 + 3, —t*— 1)
(C) (1612 + 3, — 641> — 1) (D) (42 + 3, -8t3— 1)

3
Thelinesy = —3X andy=- %x intersect the curve 3x2 + 4xy + 5y? — 4 = 0 at the points P and Q respectively.

The tangents drawn to the curve at P and Q:

(A) intersect each other at angle of 45° (B) are parallel to each other

(C) are perpendicular to each other (D) none of these

The number of tangents drawn to the curve xy = 4 from point (0, 1) is

(A)O (B) 1 (C)2 (D) Infinite
The equation of tangents drawn to curve y = (x + 1) from origin can be :

(A)dy +27x=0 (B)4y—-27x=0 (C)y=x (D)x=0
The equation of normal drawn to curve x2 = 4y from (1, 2) can be

(A)x—2y+3=0 B)x+y=3 (C)2x-y=0 D)y-x=1

The equation of normals to y2 = 4x from point (6, 0) can not be
(A)y=0 B)y+2x-12=0 (C)y—-2x+12=0 (D)x+2y—-6=0
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A-15. The subtangent, ordinate and subnormal to the parabola y? = 4ax at a point (different from the origin) are in

(A)AP (B) GP (C)HP (D) none of these
A-16. The length of subtangent to the curve x?+ xy + y?=7 at the point (1, —3) is-
(A)3 (B)5 (C)15 (D) 3/5

Section (B) : Angle between curves, Orthogonal curves, Shortest distance between two
curves

B-1. The lines tangent to the curve y® —x2y + 5y — 2x = 0 and x* — x%y? + 5x + 2y = 0 at the origin intersect at an
angle 6 equal to-

T T T
() ¢ ®) © 3 ©)

2

NG

B-2. The angle of intersection between the curves y?=8x and x2=4y — 12 at (2, 4) is-

(A)90° (B) 60° (C)45° (D) 0°
B-3. Ifcurvey=1-ax?andy = x? intersect orthogonally then the value of a is
(A)1/2 (B)1/3 (C)2 (D)3
2 2
B-4 The value of a2 if the curves P +7 =1 and y? = 16x cut orthogonally is
(A) 3/4 (B) 1 (C)4/3 (D) 4

B-5. The coordinates of the point of the parabola y?= 8x , which is at minimum distance from the circle
X2+ (y+6)2=1are
(A)(2,-4) (B) (18, -12) ©)(2,4) (D) none of these

B-6. If (a, b) be the point on the curve y = |[x2 — 4x + 3| which is nearest to the circle x? + y2 —4x —4y + 7 = 0, then
(a + b)is equal to -

A) 4 (B) 0 (C)3 (D)2

Section (C) : Rate of change and approximation

C-1. Water is poured into an inverted conical vessel of which the radius of the base is 2m and height 4 m, at the
rate of 77 litre/minute. The rate at which the water level is rising at the instant when the depth is 70 cm is
(use = 22/7)

(A) 10 cm/min (B) 20 cm/min (C) 40 cm/min (D) 30 cm/min
C-2 Onthe curve x® = 12y. The interval in which abscissa changes at a faster rate then its ordinate

C-3. Akite is 300 m high and there are 500 m of cord out. If the wind moves the kite horizontally at the rate of
5 km/hr. directly away from the person who is flying it, find the rate at which the cord is being paid?

(A) 4 (B)8 ()3 (D) cannot be determined
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C-4. A Spherical balloon is being inflated at the rate of 35cc/min. The rate of increase in the surface area
(in cm2/min.) of the balloon when its diameter is 14 cm, is :

(A) 10 (B) 10410 (C) 100 (D) 10
C-5. The approximate value of tan 46° is (take © = 22/7) :
(A)3 (B) 1.035 (C)1.033 (D) 1.135

Section (D) : Monotonicity on an interval, Monotonicity about a point, local maxima/minima
D-1. When0<x<1,f(x)=|x|+|x—1]is-
(A) strictly increasing (B) strictly decreasing (C) constant (D) None of these

2
D-2. The function f (x) = tan™ [l — XZ J is -
I+x
(A) strictly increasing in its domain
(B) strictly decreasing in its domain
(C) strictly decreasing in (— «, 0) and strictly increasing in (0, «)
(D) strictly increasing in (— o, 0) and strictly decreasing in (0, )
D-3. If function f(x) = 2x2+ 3x — mlogx is monotonic decreasing in the interval (0, 1), then the least value of the
parameter m is-

15 31
W7 ®) © 7 (D)8

D-4. The complete set of values of ‘a’ for which the function f(x) = (a + 2) x® — 3ax? + 9ax — 1 decreases for all real
values of x is.
(A) (=, - 3] (B) (=, 0] (C)[-3,0] (D) [-3, =)
D-5. STATEMENT-1: e" is bigger than r®.
STATEMENT-2 : f(x) = x" is a increasing function when x € [e, )
(A) Statement-1 is True, Statement-2 is True
(B) Statement-1 is True, Statement-2 is False
(C) Statement-1 is False, Statement-2 is True
(D) Statement-1 is False, Statement-2 is False

| x—1]
X
(A)x=3 B)x=1 (C)yx=2 (D) none of these
D-7. Iff(x)=1+2x2+4x*+6x5+...... + 100 x' is a polynomial in a real variable x, then f(x) has:
(A) neither a maximum nor a minimum

D-6. The function is monotonically decreasing at the point

(B) only one maximum
(C) only one minimum
(D) one maximum and one minimum

D-8. Iff(x) =a ¢n|x| + bx? + x has its extremum values at x =—1 and x = 2, then
Aa=2,b=-1 (B)a=2,b=-1/2
(C)a=-2,b=1/2 (D) none of these
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D-9.

D-10.

D-11.

If f(x) = sin®x + A sin? x ; —n/2 < x < n/2, then the interval in which A should lie in order that f(x) has exactly one
minima and one maxima

3
(A) (-3/2, 3/2) — {0} (B) (-2/3, 2/3) — {0} (C)R (D) {_E’ Oj
If f(x) = x3+ ax2+ bx + ¢ is minimum at x = 3 and maximum at x = —1, then-
(A)a=-3,b=-9,c=0 (B)a=3,b=9,c=0
(C)a=-3,b=-9,ceR (D) none of these

If (x —a)*™(x — b)**', where m and n are positive integers and a > b, is the derivative of a function f, then-
(A) x = a gives neither a maximum, nor a minimum

(B) x = a gives a maximum

(C) x = b gives neither a maximum nor a minimum

(D) None of these

. Letf (x) =ax2—b | x|, where a and b are constants. Then at x = 0, f(x) has

(A) a maxima whenevera>0,b>0

(B) a maxima whenevera>0,b <0

(C) minima whenevera>0,b>0

(D) neither a maxima nor minima whenevera>0,b <0

Section (E) : Global maxima, Global minima, Application of Maxima and Minima

E-1.

E-2.

E-3.

E-5.

E-6.

E-7.

The greatest value of x3— 18x2+ 96x in the interval (0, 9) is-

(A) 128 (B) 60 (C) 160 (D) 120
Difference between the greatest and the least values of the function f (x) = x(In x —2) on [1, €?] is
(A)2 (B)e (C)e? (D)1

The greatest, the least values of the function, f(x) =2 —,/1+2x+x*, X € [-2, 1] are respectively

(A)2,1 B)2,-1 (©)2,0 (D)-2,3

The sum of lengths of the hypotenuse and another side of a right angled triangle is given. The area of the
triangle will be maximum if the angle between them is :

(A) /6 (B) n/4 (C) /3 (D) 51/12

Two sides of a triangle are to have lengths 'a’ cm & 'b' cm. If the triangle is to have the maximum area, then
the length of the median from the vertex containing the sides 'a' and 'b' is

1 2 b 2 2 2b
) Va + b’ ®) a; ©) \/% D) “3

P is a point on positive x-axis, Q is a point on the positive y-axis and 'O’ is the origin. If the line passing through
P and Q is tangent to the curve y = 3 — x? then the minimum area of the triangle OPQ, is

(A)2 (B)4 (C)8 (D)9

The least area of a circle circumscribing any right triangle of area S is :

(A) 1S (B) 218 (C) V2 1S (D) 4 1S
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E-8.

E-9.

E-10.

E-11.

E-12.

The radius of a right circular cylinder of greatest curved surface which can be inscribed in a given right
circular cone is

(A) one third that of the cone (B) 1/4/2 times that of the cone

(C) 2/3 that of the cone (D) 1/2 that of the cone

The dimensions of the rectangle of maximum area that can be inscribed in the ellipse (x/4)? + (y/3)?> = 1 are
(A) V8,42 (B)4,3 (C) 248,342 (D) V2, V6

The largest area of a rectangle which has one side on the x—axis and the two vertices on the curve y = e_"2
is

(A) 2 e (B)2e-'? (C) e (D) none of these

Statement 1 : ABC is given triangle having respective sides a,b,c. D,E,F are points of the sides BC,CA,AB

1
respectively so that AFDE is a parallelogram. The maximum area of the parallelogram is n bcsinA.

Statement 2 : Maximum value of 2kx — x?is at x = k.
(A) Statement-1 is True, Statement-2 is True

(B) Statement-1 is True, Statement-2 is False

(C) Statement-1 is False, Statement-2 is True.

(D) Statement-1 is False, Statement-2 is False

The bottom of the legs of a three legged table are the vertices of an isosceles triangle with sides 5, 5 and 6.
The legs are to be braced at the bottom by three wires in the shape of a Y. The minimum length of the wire
needed for this purpose, is

(A)4+343 (B) 10 (C)3+443 (D) 1+642

Section (F) : Rolle's Theorem, LMVT

F-1.

The function f(x) = x® — 6x2 + ax + b satisfy the conditions of Rolle's theorem on [1, 3]. Which of these are
correct ?

(A)a=11,beR (B)a=11,b=-6

(C)a=-11,b=6 (D)a=-11,beR

The function f(x) = x(x + 3)e™ satisfies all the conditions of Rolle's theorem on [-3, 0]. The value of ¢ which
verifies Rolle's theorem, is

(A)O (B)-1 (C)-2 (D)3

Consider the function for x € [-2, 3]

-6 ; x=1

f(x) = x3 —2x* —=5x+6 X£1" The value of c obtained by applying Rolle's theorem for which f'(c) =0 is
x—1 ’

(A)O (B) 1 (C)1/2 (D) 'c' does not exist
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F-4. Avalue of ¢ for which the conclusion of Lagrange's Mean Value Theorem holds for the function f(x) = log _x
on the interval [1, 3] is-

1

(A) 2log.e (B) E log.3 (C) log,e (D) log 3

1 2/3 tan[x] , x#0
F-5. Given: f(x)=4 — (——XJ g(x) = X
2 1 , x=0
h(x) = {x} k(x) = 5"
thenin [0, 1], Lagrange's Mean Value Theorem is NOT applicable to
(A)f.g.h (B) h, k ©)f. g (D) g, h, k

where [x] and {x} denotes the greatest integer and fractional part function.

F-6. If the function f (x) = 2x2 + 3x + 5 satisfies LMVT at x = 2 on the closed interval [1, a], then the value of 'a' is

equal to
(A)3 (B)4 (C)6 (D)1

F-7. If 2a+ 3b + 6¢c =0, then at least one root of the equation ax?>+ bx + ¢ = 0 lies in the interval-
(A) (0, 1) (B) (1, 2) (C) (2, 3) (D) none

F-8. |If f(x) satisfies the requirements of Lagrange’s mean value theorem on [0, 2] and if f(0) = 0 and
1
f'(x) < 5V x € [0, 2], then

(A)[f(x) <2 (B) f(x) < 1
(C) f(x) =2x (D) f(x) = 3 for at least one x in [0, 2]

PART-IlIl : MATCH THE COLUMN

1. Column-l Column-ll

X
(A) If curves y? =4axandy = e 22 are orthogonal then ‘@’ (p) 36

can take value

(B) If 0 is angle between the curves y =[| sin x | + | cos x]], (Q) 1/2
([ - 1 denote GIF) and x? + y2 = 5 then cosec?0 is

2
(C) Maximum value of (V—3+4X—X2 +4] +(x=5)? () 5/4

(where 1 <x < 3) is

(D) If normal at point (6, 2) to ellipse passes through its nearest (s) 0
focus (5, 2) having centre at (4, 2) then its eccentricity is



JEE(AdVv.)-Mathematics

Application of Derivatives

2,

(D)

Column-I Column-Il
: . 1.

The number of point (s) of maxima of f(x) = x? + x_2 is (p) 0
(sin-'x)3 + (cos™' x)® is maximum at x = (a) 2

. . . . 8
If [a, b], (b < 1) is largest interval in which (r) 3
f(x) = 3x* + 8x3® — 6x2 — 24x + 19 is strictly increasing
then = |

en  is
ad+b3
Ifa+b=8,a,b>0then minimum value of T (s) -1
Column-I Column-lIl
Arectangle is inscribed in an equilateral triangle of side 4cm. (p) 65
Square of maximum area of such a rectangle is
The volume of a rectangular closed box is 72 and the base (Q) 45
sides are in the ratio 1 : 2. The least total surface area is
If x and y are two positive numbers such that x + y = 60 and x%y is (r) 12
maximum then value of x is
The sides of a rectangle of greatest perimeter which is inscribed (s) 108
ina semicircle of radius ,/5 are aand b. Then a3+ b=
Column-I Column-lIl
sinx . ) o

f(x) = ox x € [0,7] (p) Conditions in Rolle's theorem are satisfied.

13
f(x) = sgn ((ex—1) /nx), x {55} (@) Conditions in LMVT are satisfied.

f(x) = (x=1)?5, x € [0,3] (r) At least one condition in Rolle's theorem is not
satisfied.
1
ex -1 11— {0
f(x) = X 1 . xe[-11]-{0} (s) At least one condition in LMVT is not satisfied.
ex +1
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I txercise + 2 I

PART-l : OBJECTIVE

2

1. Equation of normal drawn to the graph of the function defined as f(x) = Sihx , X # 0 and f(0) = 0 at the origin
is
(A)x+y=0 (B)x-y=0 (C)y=0 (D)x=0
2, If tangents are drawn from the origin to the curve y = sin x, then their points of contact lie on the curve
(A)x—y=xy (B)x +y=xy (C) x2 —y? = x?y? (D) x2 +y?=x??
a
3. The x-intercept of the tangent at any arbitrary point of the curve —t == 1 is proportional to:
X y

(A) square of the abscissa of the point of tangency
(B) square root of the abscissa of the point of tangency
(C) cube of the abscissa of the point of tangency
(D) cube root of the abscissa of the point of tangency.
4, Acurve is represented parametrically by the equations x =t+e® and y=—t+e*whent € Randa > 0. Ifthe
curve touches the axis of x at the point A, then the coordinates of the point A are
(A)(1.0) (B) (17e, 0) (C) (e, 0) (D) (2e, 0)
5. A curve is represented by the equations, x = sec?t and y = cot t where t is a parameter. If the tangent at the
point P on the curve where t = /4 meets the curve again at the point Q then PQl is equal to:

p 33 g 33 295 35

( > ( > (C) IS (D) -

6. The tangent to curve y = x —x2 at point P meets the curve again at Q. The locus of one of the point of trisection
of PQis
(A)y=x+5x3 (B)y = —x—5x3 (C)y=x-5x3 (D)y=x-x3

7. Number of tangents drawn from the point (—1/2, 0) to the curve y = e®. (Here { } denotes fractional part
function).
(A)2 (B) 1 (C)3 (D) 4

2
—X ,x<0
8. Let f(x) = {xz +8 x>0 Equation of tangent line touching both branches of y = f(x) is

(A)y=4x+1 (B)y=4x +4 (C)y=x+4 (D)y=x+1
9. Let f(x) and g(x) be two functions which cut each other orthogonally at their common point of intersection (x,).

Both f(x) and g(x) are equal to 0 at x = x, . Also [f'(x,)| = |g'(x,)|, then find /im [f(x) . g(x)], where [.] denotes
X—>Xq

greatest integer functions.
(A) -2 (B) -1 (©)0 (D) Does not exits
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10.

1.

12.

13.

14.

15.

16.

17

18.

19.

20.

2 2
If curvesa—2 el =1 and xy = c?intersect orthogonally, then

(A)a+b=0 (B) a2 =b? (C)atb=c (D) none of these
The point(s) on the parabola y2 = 4x which are closest to the circle,
x2+y?— 24y + 128 = O is/are:

(A) (0, 0) (B) (2 , 2\/5) (C) (4, 4) (D) none of these

Let f(x) = x® + ax? + bx + 5 sin?x be an increasing function in the set of real numbers R. Then a & b satisfy the
condition :
(A)a?-3b-15>0 (B)a?-3b+15<0 (C)a?+3b-15<0 (D)a>0&b>0

2 2
X
= = < <
If f(x) > 2cosx g(x) 6x —Bsinx where 0 <x <1, then
(A) both'f and 'g' are increasing functions (B) 'f" is decreasing & 'g' is increasing function
(C) 'f'isincreasing & 'g' is decreasing function (D) both 'f' & 'g' are decreasing function

Iff:[1,10] - [1, 10] is a non-decreasing function and g : [1, 10] — [1, 10] is a non-increasing function. Let h(x)
= f(g(x)) with h(1) =1, then h(2)

(A)liesin (1, 2) (B) is more than 2 (C)is equal to 1 (D) is not defined
Let f(x) = 1 —x —x3. Find set of all real values of x satisfying the inequality, 1 — f (x) — f3(x) > f (1 — 5x)
(A) (-2, 0) (B) (2, ) (C) (-2, 0) v (2, ) (D) (0,2)

If f(x) = |ax — b| + c|x| is stricly increasing at atleast one point of non differentiability of the function where
a>0,b>0,c>0then

(A)c>a (B)a>c (C)b>a+c (D)a=b

The set of values of p for which all the points of extremum of the function f(x) = x®—3px?+ 3 (p2-1)x + 1 lie
in the interval (-2, 4), is:

(A) (-3, 9) (B) (-3.3) (C)(-1,3) (D) (=1, 4)

f(x) = X xCH0x 5, xet fvalues of b for which f(x) h | =1is given by:
Let f(x) = —2x+|og2(b2—2) X1 the set of values o or which f(x) has greatest value atx = 1 is given by:
(A) 1<b<2 (B) b={1,2}

(C) b e (~o0, —1) (D) [ —\/@,—\Eju(ﬁ,\/@ }

Four points A, B, C, D lie in that order on the parabola y = ax? + bx + ¢. The coordinates of A, B & D are known
as A(-2, 3); B(—1, 1) and D(2, 7). The coordinates of C for which the area of the quadrilateral ABCD is
greatest, is

(A) (1/2,7/4) (B) (1/2, - 7/4) (C)(-1/2,7/4) (D) (-1/2,-7/4)

In a regular triangular prism the distance from the centre of one base to one of the vertices of the other base
is £. The altitude of the prism for which the volume is greatest, is :

¢ ¢ / ¢
) 3 ®) 73 © 3 ® 7
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21. The maximum area of the rectangle whose sides pass through the angular points of a given rectangle of

sidesaand b is
1 1 a’
(A)2 (ab) B) 5 (a+by (€) 5 (@+b?) ©)

22. There are 50 apple trees in an orchard. Each tree produces 800 apples. For each additional tree planted in
the orchard, the output per additional tree drops by 10 apples. Number of trees that should be added to the
existing orchard for maximising the output of the trees, is
(A)5 (B) 10 (C)15 (D) 20

23. Square roots of 2 consecutive natural number greater than N2 is differ by

1 1 1 1
A)> 2N B)= 73 ©)<N D)>y
24. Let hbe atwice differentiable positive function on an open interval J. Let
gx)=/Mm(hx)vxed
Suppose (h'(x))? > h"(x) h(x) for each x € J. Then
(A) gis increasing on J (B) g is decreasing on J
(C) gis concave upward on J (D) g is concave downward on J

25. STATEMENT-1 : If f(x) is increasing function with concavity upwards, then concavity of -'(x) is also upwards.
STATEMENT-2 : If f(x) is decreasing function with concavity upwards, then concavity of f-'(x) is also
upwards.

(A) Statement-1 is True, Statement-2 is True (B) Statement-1 is True, Statement-2 is False

(C) Statement-1 is False, Statement-2 is True (D) Statement-1 is False, Statement-2 is False
26. Iff(x)=(x—4)(x=15)(x=6)(x—7)then,

(A) f'(x) =0 has four roots.

(B) three roots of f'(x) = 0 lie in (4, 5) U (5, 6) U (6, 7).

(C) the equation f'(x) = 0 has only one real root.

(D) three roots of f'(x) =0 liein (3, 4) U (4, 5) U (5, 6).

27. IfRolle's theorem is applicable to the function f(x) = /nTx , (x> 0)over the interval [a, bl where a € I, b €1, then
the value of a2 + b2 can be
(A) 20 (B) 25 (C)45 (D) 10

28. If f(x) is a twice differentiable fucntion such that f(x) =x v x € {1, 2, 3, 4, 5}, then minimum number of real
roots of f"(x) =0 is
(A) 2 (B)3 (C)4 (D)5

PART-Il : NUMERICAL QUESTIONS
<4
1. The number of values of ¢ such that the straight line 3x + 4y = ¢ touches the curve 7 =x+yis
2. There is a point (p,q) on the graph of f(x) = x2 and a point (r,s) on the graph of g(x) = —8/x where

p>0andr> 0. If the line through (p,q) and (r,s) is also tangent to both the curves at these points respectively
then find the value of (p + q).
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3.

10.

1.

12.

Tangent at a point P, [other than (0, 0)] on the curve y = x® meets the curve again at P,. The tangent at P,
meets the curve at P, & so on. Show that the abscissae of P,,P,, P, ......... P, form a GP. Also find the ratio

4| Area of A(P,P,P,)
area of A(P,P,P,) )’

If at any point on a curve the length of subtangent and subnormal are equal, then the tangent is equal to A
|ordinate| then the value of A is

The curves x3 + p xy? = —2 and 3 x?y — y® = 2 are orthogonal then |p| is

by
Minimum distance between the curves f(x) = e & g(x) = /n x is E then the value of A is

Alight shines from the top of a pole 50 ft. high. A ball is dropped from the same height from a point 30 ft. away
from the light. If the shadow of the ball moving at the rate of 1002 ft/sec along the ground 1/2 sec. later [
Assume the ball falls a distance s = 16 t2 ft. in 't' sec.], then [A] is :

A variable AABC in the xy plane has its orthocentre at vertex 'B', a fixed vertex 'A' at the origin and the third

7x2
vertex 'C' restricted to lie on the parabolay = 1 + —— . The point B starts at the point (0, 1) attime t = 0 and

36
moves upward along the y axis at a constant velocity of 2 cm/sec . If the area of the triangle increasing at the
7 .
rate of 'p' cm?/sec when t = 5 sec, then p is.

If f(x) = 2ex—ae™+ (2a + 1) x — 3 monotonically increases for V x € R, then the minimum value of 'a' is

If the set of all values of the parameter 'a’ for which the function

f(x) = sin2x — 8(a + 1) sin x + (4a2 + 8a — 14) x increases for all x € R and has no critical points for all x € R,
is (—0, —m — +/n ) U (4/n , ®) then (m2 + n2) is (where m, n are prime numbers) :

The graph of the derivative f'(x) of a continuous

function f(x) in (0,9). If Z
(i) f isstrictly increasing in the interval 3Q J~

(a,b]; [c,d];[e,f) and strictly decreasing P, )

in [p, ql;[r, s]. 1 /
(i) f hasalocal minimaatx =x, and x =X, or T 745 6 /8 0 X
(iiiy f"x)>0in(/, m);(n,1t) -1 /
(iv) f hasinflection pointatx =k -2 C/
(v) number of critical points of y =f(x) is 'w'".
Findthevalueof (a+b+c+d+e)+(p+q+r+s)+ (/+m+n)+(x, +x,)+(k+w).

. [ P(x)

Let P(x) be a polynomial of degree 5 having extremum at x = -1, 1 and ngl( i —2j =4,

If M and m are the maximum and minimum value of the function y = P'(x) on the set A = {x|x? + 6 < 5x} then find

m
vE
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

24.

a
The exhaustive set of values of 'a' for which the function f(x) = 3 x3+(a+2)x?+ (a—1)x + 2 possess a

negative point of minimum is (g, ©). The value of q is :

2
Least value of the function, f(x) =2* -1 +——%— is:

2%+
The three sides of a trapezium are equal each being 6 cms long. Let A cm? be the maximum area of the
trapezium. The value of /3 A is:
A sheet of poster has its area 18 m2. The margin at the top & bottom are 75 cms. and at the sides 50 cms. Let

£, n are the dimensions of the poster in meters when the area of the printed space is maximum. The value of
2 +n?is:

3
ax

If the complete set of value(s) of 'a' for which the function f (x) = = +(@a+2)x?+(a—-1)x+2possess a

negative point of inflection is (— o, o) U (B, ), then |a| + |B] is :

If p € (0, 1/e) then the number of the distinct roots of the equation linx| —px=0is:

1
For—1<p<1, the equation 4x3 — 3x — p = 0 has ‘n’ distinct real roots in the interval {E 1} and one of its root

1
is cos(kcos™"p), then the value of n + K is :

Real root of the equation

(X=1)1+ (x=2)20B8 + (x —=3)0B +, ... +(x — 2013)?°'% = Q is a four digit number. Then the sum of the
digitsis :

Let f(x) = Max. {x2, (1 —x)?, 2x(1 — x)} where x € [0, 1] If Rolle's theorem is applicable for f(x) on largest
possible interval [a, b] then the value of 2(a + b + ¢) when ¢ € (a, b) such that f'(c) =0, is

3 x=0
For what value of a + m + b does the function f (x) = |:—x2+3x+a 0<x<l1
mx +b 1<x<2

satisfy the hypothesis of the mean value theorem for the interval [0, 2].

Let f(x) = x> —ax + b. Roll'es theorem can be applied on f(x) in [-2, 1]. Further the value of 'c'in (-2, 1) where
f'(c) = 0 divides the interval (-2, 1) in the ratio 1 : 2, then find the value of a2 + b2.

f(x) is a twice differentiable function such that line joining p(a, f(a)) and Q(b, f(b)) meetsy =f(x)atR, S, T, U,

V also. (Note R, S, T, U, V do not coincide with P or Q). Find minimum number of roots of f"(x) = 0, given
b>a.
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PART - Il : ONE OR MORE THAN ONE CORRECT

10.

If tangent to curve 2y® = ax? + x3 at point (a, a) cuts off intercepts o, B on co-ordinate axes, where
o? + B2 = 61, then the value of 'a' is equal to
(A) 20 (B) 25 (C)30 (D) -30

n n
X
The equation of normal to the curve (gj J{%) = 2 (n is even natural number) at the point with abscissa

equal to 'a' can be:
(A)ax + by =a%-b2 (B) ax + by = a? + b? (C)ax — by =a?-b? (D) bx —ay = a? - b?
The equation of line which is tangent at a point on curve 4x3 = 27 y? and normal at other point are :

(A)y= . 2x-2/2 B)y=-2x-22 (C)y=J2x+2,/2 D)y=-2x+2./2
If the curves y = 2(x — a)? and y = e* touches each other, then 'a' is less than-

(A)—1 (B)O (C)1 (D) 2

For the curve C : y = e¥cosx, which of the following statement(s) is/are true ?

(A) equation of the tangent where C crosses y-axisisy = 3x + 1

(B) equation of the tangent where C crosses y-axisis y = 2x + 1

nT 371

(C) number of points in (_E’?J where tangent on the curve C is parallel to x-axis is 4.

n 3n
(D) number of points in (_E’7J where tangent on the curve C is parallel to x-axis is 2.

Forthe curve x =2+ 3t -8,y = 2t — 2t — 5, at point (2, — 1)

(A) length of subtangent is 7/6. (B) slope of tangent = 6/7

(C) length of tangent = ,/(85) /6 (D) none of these

Given that g(x) is a non constant linear function defined on R-

(A)y =g(x)and y = g~'(x) are orthogonal (B) y = g(x) and y = g~'(—x) are orthogonal
(C)y =g(—x) and y = g~'(x) are orthogonal (D)y = g(—x) and y = g~'(—x) are orthogonal

Let A(p,q) and B(h,k) are points on the curve 4x2 + 9y2 = 1, which are nearest and farthest from the line
72 + 8x = 9y respectively, then -

1 1 1 1
(A) PFa="7 B) PF4=7 (C) h+k 5 O) h+k=

Which of the following statements is/are correct ?

(A) x + sinx is increasing function

(B) sec x is neither increasing nor decreasing function

(C) x + sinx is decreasing function

(D) sec x is an increasing function

Let f(x) = x™" for x € R where m and n are integers, m even and n odd and 0 < m < n. Then
(A) f(x) decreases on (— «, 0] (B) f(x) increases on [0, «)

(C) f(x) increases on (— «, 0] (D) f(x) decreases on [0, x)
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11. Letfand gbe two differentiable functions defined on an interval I such that f(x) > 0 and g(x) <0 for all x e I and
f is strictly decreasing on I while g is strictly increasing on I then
(A) the product function fg is strictly increasing on I
(B) the product function fg is strictly decreasing on |
(C) fog(x) is monotonically increasing on I
(D) fog (x) is monotonically decreasing on I
12. Letg(x)=2f(x/2) + f(1 —x) and f"(x) < 0in 0 < x < 1 then g(x)

2
(A) decreases in {0, %} (B) decreases {5 ) 1}
. . 2 . |2
(C) increases in {0, 5} (D) increases in {5 , 1}
13.  Let ¢(x) = (f(x))® — 3(f(x))? + 4f(x) + 5x + 3sin x + 4 cos x V x € R, where f(x) is a differentiable function VxeR,
then
(A) ¢ is increasing whenever f is increasing (B) ¢ is increasing whenever f is decreasing
(C) ¢ is decreasing whenever f is decreasing (D) ¢ is decreasing if f'(x) = — 11
14. Letf(x) = (x2-1)" (x2+ x + 1). f(x) has local extremum at x = 1 if
(A)n=2 (B)n=3 (C)n=4 (D)n=6
X b
15. Iff(x)= 17 xtanx’ X e [0, E] , then
(A) f(x) has exactly one point of minima (B) f(x) has exactly one point of maxima
(C) f(x) is increasing in [0, g] (D) maxima occurs at x, where x, = cosx,
~V1-x* , 0<x<1
16. Iff(x) = , then
-X , X >1
(A) Maximum of f(x) existat x = 1 (B) Maximum of f (x) doesn't exists
(C) Minimum of f~'(x) exist at x = —1 (D) Minimum of f-'(x) exist at x = 1
40
17. Letf(x)= . Which of the following statement(s) about f(x) is (are) correct ?

3x* +8x% -18x% + 60

A) f(x) has local minima at x = 0.

B) f(x) has local maxima at x = 0.

C) Absolute maximum value of f(x) is not defined.
D) f(x)islocal maximaatx=-3,x=1.

o~~~ o~

18. Let f(x,y)=\/x2+y2+\/x2+y2—2x+1+\/x2+y2—2y+1+\/X2+y2—6X—8y+25 vX,yeR,
then-

(A) Minimum value of f(x,y) =5+ V2 (B) Minimum value of f(x,y) =5 2

4
(C) Minimum value occurs of f(x,y)for x = % (D) Minimum value occurs of f(x,y) for y = 7
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19.

20.

21.

22,

23.

24.

Graph of y = f(x) is given, then

I

A)y= =max{f(t): t <x} V x € R has no point of extrema

(
(B) y = |f(x)] has 5 point of extrema

(C)y = f(|x|) has 5 points of extrema
(D) y = f(]x|) has 3 points of extrema
For the function f(x) = x* (12/nx - 7)

(A) the point (1, —7) is the point of inflection (B) x = e'?is the point of minima

(C) the graph is concave downwards in (0, 1) (D) the graph is concave upwards in (1, «)
x+1

The curve y = 2 has
x“+1

(A) x = 1, as point of inflection B)x=-2+ \/§ , as point of inflection

(C) x = -1, as point of minimum (D)yx=-2 -3 , as point of inflection

Let f(x) = ax® + bx2 + cx + 1 have extrema at x = a, such that af <0 and f(a) . f(B) < 0, then which of the
following can be true for the equation f(x)=0?

(A) three equal roots (B) three distinct real roots

(C) one positive root if f(a)<0and f(B) >0 (D) one negative root if f(a) > 0and f(B)<0

For the function f(x) = x cot-'x, x > 0

(A) there is atleast one x € (0, 1) for which cot~'x = 12

(B) for atleast one x in the interval (0, «), f(x +gj —f(x) <
T

(C) number of solution of the equation f(x) = sec x is 1

(D) f'(x) is strictly decreasing in the interval (0, «)

Which of the following statements are true :

(A) tan™' x —tan™'y| < |x —y|, where x, y are real numbers.

(B) The function x'% + sinx — 1 is strictly increasing in [0, 1]

(C) If a, b, c are is A.P, then at least one root of the equation 3ax? —4bx + ¢ = 0 is positive
(D) The number of solution(s) of equation 3 tanx + x3 = 2in (0, w/4) is 2
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25. Letf(x) be a differentiable function and f(a)) = f(B) = 0 (o < B), then in the interval (a., B)
(A) f(x) + f'(x) = 0 has at least one root
(B) f(x) — f '(x) = 0 has at least one real root
(C) f(x) . f'(x) = 0 has at least one real root
(D) none of these

26. Forallxin[1,2]
Let f"(x) of a non-constant function f(x) exist and satisfy |f"(x)| < 2. If f(1) = f(2), then
(A) There exist some a € (1, 2) such thatf'(a) =0
(B) f(x) is strictly increasing in (1, 2)
(C) There exist atleast one ¢ € (1, 2) such that f'(c) > 0
D) fFx) <2V xell,2]

27.  Which of the following is/are correct ?
(A) Between any two roots of e* cosx = 1, there exists atleast one root of tanx = 1.
(B) Between any two roots of e* sinx = 1, there exists atleast one root of tanx = —1.
(C) Between any two roots of e* cosx = 1, there exists atleast one root of e*sinx = 1.
(D) Between any two roots of e* sinx = 1, there exists atleast one root of e*cosx = —1.

—X

€
28. Forthe equation
x+1

= a; which of the following statement(s) is/are correct ?

A) If a € (0,:), then equation has 2 real and distinct roots
B) If a € (—w,—€?), then equation has 2 real & distinct roots.
C) If a € (0,00), then equation has 1 real root

D) If a € (—e,0), then equation has no real root.

o~ o~ o~ o~

T
29. Let f(x) =sin>’x& 0<A<B, whereA,B ¢ (0, ZJ then

A) (B —A) sin2A < sin?B — sin?A < (B — A)sin2B
B) (B —A)sin2A > sin?B — sin?A > (B — A)sin2B
C) cos2B < cos2A

D) Bcos2A > Acos2B

o~~~ o~

30. Letf: [O,g} — [0, 1] be a differentiable function such that f(0) = 0, f[g] =1, then

A)f'(a)= J1-f*(a) forall o E[O,Ej.
(A f(o)= \J1-1*(a) >

2 T
(B) f'(a) = — for all o e[o,—] .

T 2

1 T

(C)f(a) f'(a) = ; for atleast one o e O,E

8al -
(D) f'(ar) = ) for atleast one o 5[0,5] _
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31. Letf(x) be a non-negative function. Further x = 0 and x = 2 are two consecutive roots of f(x) = 0. If f(x) is twice
differentiable V x €[0,2], then

(A) f'(x) =0 has aroot in (0, 2)
(B) f"(x) < O for atleast one x (0, 2)

(C) f(x) has atleast one point of maxima in (0, 2)

(D) If [f"(x)[ <2, V x €[0,2], then |f'(x)| <4, V x €[0,2]

PART - IV : COMPREHENSION

Comprehension # 1

Let P(x) be a polynomial of degree 4 and it vanishes at x = 0. Given P(-1) = 55 and P(x) has relative
maximum/relative minimum atx =1, 2, 3.

1. Area of the triangle formed by extremum points of P(x), is
(A)1 (B) 2 (C)3 (D) 4
2. If the number of negative integers in the range of P(x) is A, then A equals—
(A)6 (B)7 (C)8 (D)9
3. If P(x) + u = 0 has four distinct roots. then p lies in interval
(A)(1.2) (B) (8. 9) (C) (3. 4) (D) (-5, 7)

Comprehension # 2

, V x € [0, nr], which satisfies

Consider a function f defined by f(x) = sin™* sin [ X+sin X]

f(x) + f(2n —x) ==, V X e [r, 2n] and f(x) = f(4n — x) for all x € [2n, 4x], then

4, If o isthe length of the largest interval on which f(x) is increasing, then o =
(A) g (B) 1 (C) 2x (D) 4x
5. If f(x)is symmetric about x = 3, then § =
(04 a
(A) 5 (B) o ©) 4 (D) 20
6. Maximum value of f(x) on [0, 4n] is :
B B
(A) (B) B ©) (D) 2p
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Comprehension # 3
For a double differentiable function f(x) if f”(x) > 0 then f(x) is concave upward and if f(x) < 0 then f(x) is
concave downward

_f(B)
f(B)
f(a)
k, K, k, K
Ao, 0) M D(B, 0) Ala, 0) M D(B, 0)

ko +KkoB
i hate-Lad o
Here M ( k, +k, J

Kf() + Kof(B) f(ka +koB

If f(x) is a concave upward in [a, b] and a, Be [a, b] then K, 1k, R J where k., k, eR*

Kf(o) + Kof(B) _ f(ka +koB

If f(x) is a concave downward in [a, b] and a, B € [a, b] then K, +K, = Tk K, J,where k, k, eR*

then answer the following
7. Which of the following is true

sina+sinf . (a+p sina+sinf . (o+p
—— > 8In ;a, B (0, ) (B) <sin o, B e (m, 2n)
2 2 2
sina+sinf . (o+p
— < sin — Jia,peOn) (D) None of these
8. Which of the following is true
2% 4 2P oz 2/n o+ (np [20c+[3j
c - 3 - - ~F s /in|—-
(A) 3 <2 (B) 3 > 3
1 1 n o B a+2p
(© Enorien B tan(“ B] abeR  (0)S1% se 3
2 2 3
9. Let o, B and y are three distinct real numbers and f” (x) < 0. Also f(x) is increasing function and let

=1 =1 =1 _fa+B+
A= (o) +f 3(B)+f (1) andB=f 1[#} , then order relation between A and B is ?

(A)A>B (B)A<B (C)A=B (D) none of these
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I txercise + 3 I

PART -1 : JEE (ADVANCED) / lIT-JEE PROBLEMS (PREVIOUS YEARS)

1. Let f be a function defined on R (the set of all real numbers) such that
f'(x) = 2010 (x — 2009) (x — 2010)? (x — 2011)3 (x — 2012)*, for all x € R.

If g is a function defined on R with values in the interval (0, «) such that f(x) = /n (g(x)), for all x € R, then the

number of points in R at which g has a local maximum is [IT-JEE 2010, Paper-2, (3, 0)/ 79]
2
2. Letf, g and h be real-valued functions defined on the interval [0, 1] by f(x) = e"2 + e"‘2 ,g(x)= xe* + e"‘2
2

+ e"‘2 . If a, band c denote, respectively, the absolute maximum of f, gand h on [0, 1], then

[IT-JEE 2010, Paper-1, (3, —1)/ 84]

and h(x) = x%e

(A)a=bandc=b (B)a=canda=b
(C)azbandc=b (D)a=b=c
3. Match the statements given in Column-I with the intervals/union of intervals given in Column-II

[IT-JEE 2011, Paper-2, (8, 0), 80]

Column-I Column-l|
(A) The set {Re(f'zzj :zis a complex number,|z|=1z = J_r1]J} is (p) (o0, =1) U (1, )
-z
8 3)X72

(B) The domain of the function f(x) = sin~" (WJ is (@) (—o0, 0) U (0, )
1 tano 1

C)  Iff(0)= ‘ta;‘e t1 . ta;‘e , Mn 2
- —tan

]
then the set {f(e) :0<0< 5 J> is

(D) If f(x) = x32 (3x — 10), x > 0, then f(x) is increasing in (s) (—o0, =11 U [1, )

(t) (—o0, 0] U [2, 0)

4. The number of distinct real roots of x* —4x3+ 12x2+x—-1=0s [IT-JEE 2011, Paper-2, (4, 0), 80]
5. Let p(x) be a real polynomial of least degree which has a local maximum at x = 1 and a local minimum at

x=3.Ifp(1)=6p(3) =2, then p’(0) is [IT-JEE 2012, Paper-1, (4, 0), 70]
6. Let f : IR — IR be defined as f(x) = |x| + |x? — 1|. The total number of points at which f attains either a local

maximum or a local minimum is [IT-JEE 2012, Paper-1, (4, 0), 70]
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7.

10.

1.

12.

The number of points in (— o, ), for which x? — x sinx — cosx = 0, is

[JEE (Advanced) 2013, Paper-1, (2, 0)/60]
(A)6 (B) 4 (C)2 (D)0
A rectangular sheet of fixed perimeter with sides having their lengths in the ratio 8 : 15 is converted into an
open rectangular box by folding after removing squares of equal area from all four corners. If the total area of

removed squares is 100, the resulting box has maximum volume. The lengths of the sides of the rectangular
sheet are [JEE (Advanced) 2013, Paper-1, (4, — 1)/60]

(A) 24 (B) 32 (C) 45 (D) 60

2 2

Avertical line passing through the point (h, 0) intersects the ellipse XT+y? =1 atthe points P and Q. Let the

tangents to the ellipse at P and Q meet at the point R. If A(h) = area of the triangle PQR, A, = /718X | A(h) and

, 8
A,= TN A(h), then EAF 8A,= [JEE (Advanced) 2013, Paper-1, (4, — 1)/60]

The function f(x) = 2|x| + |x + 2| — ||x + 2| — 2|x|| has a local minimum or a local maximum at x =

[JEE (Advanced) 2013, Paper-2, (3, —1)/60]

2
(A)-2 (B) = (C)2 D) 3
Paragraph for Question Nos. 11 and 12

Let f: [0, 1] —> R (the set of all real numbers) be a function. Suppose the function f is twice differentiable,
f(0) = f(1) = 0 and satisfies f"’(x) — 2f'(x) + f(x) > e*, x € [0, 1].

Which of the following is true for0 <x <1 ? [JEE (Advanced) 2013, Paper-2, (3, —1)/60]
1 1
(A) 0<f(x) <o (B)- 5 <f(x)< >
2 2
1
(C)_Z<f(x)<1 (D) —o<f(x)<0

1
If the function e™ f(x) assumes its minimum in the interval [0, 1] at x = e which of the following is true ?

[JEE (Advanced) 2013, Paper-2, (3, —1)/60]

W0 <H0), 5 <x<5 B) 1> 1,0 <x< +

(©) 1) <70, 0<x< 0) <1, > <x<1
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13.

14.

15.

16.

17.

Aline L:y =mx + 3 meets y - axis at E(0, 3) and the arc of the parabola y?> = 16x, 0 <y < 6 at the point
F(x,,Y,)- The tangent to the parabola at F(x , y,) intersects the y-axis at G(0, y,). The slope m of the line L is
chosen such that the area of the triangle EFG has a local maximum.
Match List | with List Il and select the correct answer using the code given below the lists :

[JEE (Advanced) 2013, Paper-2, (3, —1)/60]

List - List -1l
B 1

P m= 1. E
Q. Maximum area of AEFG is 2. 4
R Y, = 3. 2
S y, = 4. 1
Codes

P Q R S
(A) 4 1 2 3
(B) 3 4 1 2
(C) 1 3 2 4
(D) 1 3 4 2

Leta e Rand letf: R — R be given by f(x) = x> - 5x + a. Then

[JEE (Advanced) 2014, Paper-1, (3, 0)/60]
(A) f(x) has three real roots if a > 4 (B) f(x) has only one real rootif a > 4
(C) f(x) has three real roots if a < — 4 (D) f(x) has three real roots if —4 <a <4
A cylindrical container is to be made from certain solid material with the following constraints: It has fixed
inner volume of V mm?, has a 2 mm thick solid wall and is open at the top. The bottom of the container is solid
circular disc of thickness 2 mm and is of radius equal to the outer radius of the container. If the volume of the
material used to make the container is minimum when the inner radius of the container is 10 mm, then the

is [JEE (Advanced) 2015, P-1 (4, 0) /88]

lue of v
value of 5o~

T
X2 4=
6

1 1
Let F(x) = IZCOSzt dt for all x e R and f: {OE}—) [0, ) be a continuous function. For a 6{0,5] if
X

F’'(a) + 2 is the area of the region bounded by x =0, y =0, y = f(x) and x = a, then f(0) is

[JEE (Advanced) 2015, P-1 (4, 0) /88]
Letf, g: [-1, 2] »> R be continuous function which are twice differentiable on the interval (-1, 2). Let the
values of f and g at the points —1, 0 and 2 be as given in the following table :

x=-1|x=0|x=2

-
o

3
0 -1

In each of the intervals (-1, 0) and (0, 2) the function (f — 3g)" never vanishes. Then the correct statement(s)
is (are) [JEE (Advanced) 2015, P-2 (4, —2)/ 80]

(A) f'(x) — 3d'(x) = 0 has exactly three solutions in (-1, 0) U (0, 2)

(B) f'(x) — 3d'(x) = 0 has exactly one solution in (-1, 0)

(C) f'(x) — 3d'(x) = 0 has exactly one solution in (0, 2)

(D) f'(x) — 3g'(x) = 0 has exactly two solutions in (=1, 0) and exactly two solutions in (0, 2)
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18.

19.

20.

21.

22.

23.

Let f: IR — (0, ©)and g : R — R be twice differentiable function such that f" and g" are continuous functions

on R. Suppose f'(2)=g(2) =0, f"(2) = 0and g'(2) = 0. If limM =1, then
=2 fi(x)g'(x)
[JEE(Advanced)-2016, P-2 (4, -2)/62]
(A) f has a local minimum atx =2 (B) f has a local maximum atx =2
©) f'2)> f(2) (D) f(x)— f"(x) = O for at least one x € R

Answer Q.19, Q.20 and Q.21 by appropriately matching the information given in the three columns of
the following table.

Let f(x) =x +log x —x log X, x € (0,).

*  Column 1 contains information about zeros of f(x), f'(x) and f"(x).

*  Column 2 contains information about the limiting behavior of f(x), f'(x) and f"(x) at infinity.

*

Column 3 contains information about increasing/decreasing nature of f(x)and f'(x).

Column 1 Column 2 Column 3
(I)  f(x)=0for some x € (1,€%) (i) lim_ f(x)=0 (P) fisincreasingin (0,1)
(I f'(x)=0forsomex e (1,e) (i) lim_ f(x)=—0 (Q) fisdecreasingin (e,e”)
(1 f'(x) =0 for some x € (0,1) (iiiy  lim__ f'(x)=-o (R) f'isincreasingin (0,1)
(IV) f"(x)=0forsomex € (1,e) (iv) lim__f"(x)=0 (S) f'isdecreasingin (e,e’)

Which of the following options is the only CORRECT combination ?

[JEE(Advanced)-2017, P-1 (3, -1)/61]
(A) (IV) (i) (S) (B) (1 (i) (R) (C) (1) (iv) (P) (D) (1) iii) (S)
Which of the following options is the only CORRECT combination ?

[JEE(Advanced)-2017, P-1 (3, -1)/61]
(A) (1 (iii) (R) B)(1) () (P) (C) (V) (iv) (S) (D) (In) (i) (Q)
Which of the following options is the only INCORRECT combination ?

[JEE(Advanced)-2017, P-1 (3, -1)/61]

(A) (1) (i) (P) (B) (1) (iv) (Q) (C) (1 (iii) (P) (D) (1) (i) (R)

cos(2x) cos(2x) sin(2x)

If f(x) = | —COSX COsX —SInX | then [JEE(Advanced)-2017, P-2 (4, -2)/61]
sin X sin X CoSX

(A) f'(x) = 0 at exactly three points in (-, nt) (B) f(x) attains its maximum atx =0

(C) f(x) attains its minimum atx =0 (D) f'(x) = 0 at more than three points in (-, nt)

1 1
If f: R — Ris atwice differentiable function such that f"(x) > 0 forall x € R, and f(zj = > f()=1,then

[JEE(Advanced)-2017, P-2 (4, —2)/61]

1
(A) 0<f'(1)S% (B) f'(1) =<0 ©€) f(H>1 (D) §<f'(1)51
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24. For every twice differentiable function f : R — [-2, 2] with (f(0))* + (f'(0))° = 85, which of the following
statement(s) is (are) TRUE ? [JEE(Advanced)-2018, P-1 (4, —2)/60]
(A) There existr, s € R, where r < s, such that f is one-one on the open interval (r, s).
(B) There exists x,, € (-4, 0) such that |f'(x )| <1

() lim f(x) =1
(D) There exists a € (-4, 4) such that f(a) + f"(a) =0 and f'(a) = 0
25. Letf: R —» R begivenby [JEE(Advanced)-2019, P-1 (4, -1)/63]

x> +5x* +10x3 +10x% +3x +1,  x<O0;

x2—x+1, 0<x<l;

f(x)= Ex3—4x2+7x—§, 1<x<3;
(x—2)loge(x—2)—x+§, x>3

Then which of the following options is/are correct ?

(1) f' has a local maximum at x = 1 (2) f isonto
(3) f is increasing on (-, 0) (4) f'is NOT differentiable at x = 1
sin Tx
26. Let f(x)= R >0 [JEE(Advanced)-2019, P-2 (4, -1)/63]

Letx, <x,<x,<..<Xx_ <...beall the points of local maximum of f
andy, <y,<y,<..<y_ <.. beall the points of local minimum of f.
Then which of the following options is/are correct ?

(1) Ix,—y,| > 1foreveryn (2) x, <y,

1
(3) x, € (2n, 2n +E) foreveryn (4)x ,,—x >2foreveryn

PART -1l : JEE(MAIN) / AIEEE PROBLEMS (PREVIOUS YEARS)

1.  Letf: R — Rbe defined by [AIEEE 2010(8, -2), 144]

k—2x,if x<-1
f)= Yok 43, if x>—1

If f has a local minimum at x =— 1, then a possible value of k is

(1) o @ - @)1 @) 1



JEE(Adv.)-Mathematics Application of Derivatives

1
2, Let f: R — R be a continuous function defined by f(x) = ———— [AIEEE 2010(8, —2), 144]
e

+2e7*

1
Statement -1 : f(c) = 3 for some c € R.

1
Statement -2 : 0 <f(x)< —=, forall x e R.
(x) 2\/5 €

1) Statement -1 is true, Statement-2 is true ; Statement -2 is not a correct explanation for Statement -1.
2) Statement-1 is true, Statement-2 is false.
3) Statement -1 is false, Statement -2 is true.

o~ o~ o~ o~

4) Statement -1 is true, Statement -2 is true; Statement-2 is a correct explanation for Statement-1.

3. Let f be a function defined by - [AIEEE 2011 (4, -1), 120]
tanx
f(X) — ” , X#* 0
1, x=0

Statement - 1 : x = 0 is point of minima of f

Statement -2 : f'(0)=0.

(1) Statement-1 is true, statement-2 is true; statement-2 is a correct explanation for statement-1.
(2) Statement-1 is true, statement-2 is true; statement-2 is not a correct explanation for statement-1
(3) Statement-1 is true, statement-2 is false.

(4) Statement-1 is false, statement-2 is true.

4, A spherical balloon is filled with 45007 cubic meters of helium gas. If a leak in the balloon causes the gas to
escape at the rate of 72x cubic meters per minute, then the rate (in meters per minute) at which the radius of
the balloon decreases 49 minutes after the leakage began is : [AIEEE 2012(4, —1), 120]

9 7 2 9

(1) > @ g 33 4) 5

5. Let a, b € R be such that the function f given by f(x) = ¢/n |x| + bx2 + ax, x # 0 has extreme values atx =— 1 and
X=2.
Statement-1 : f has local maximum at x =—1 and at x = 2. [AIEEE 2012 (4, -1), 120]

1
2:a= — = —,
Statement a 5 and b 7

1) Statement-1 is false, Statement-2 is true.
2) Statement-1 is true, statement-2 is true; statement-2 is a correct explanation for Statement-1.
3) Statement-1 is true, statement-2 is true; statement-2 is not a correct explanation for Statement-1.

~ o~ o~ o~

4) Statement-1 is true, statement-2 is false.
6. The real number k for which the equation, 2x® + 3x + k = 0 has two distinct real roots in [0, 1]
[AIEEE - 2013, (4, -1/4),120]
(1) lies between 1 and 2 (2) lies between 2 and 3
(3) lies between —1 and 0 (4) does not exist.
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7.

10.

1.

12.

13.

14.

15.

If f and g are differentiable functions in [0, 1] satisfying f(0) = 2 = g(1), g(0) = 0 and f(1) = 6, then for some

cel0, 1[: [JEE(Main) 2014, (4, —'4), 120]
(1) f(c)=g'(c) (2) f'(c) = 29'(c) (3) 2f(c) = g'(c)
(4) 2f(c) = 3g'(c)
If x =—1 and x = 2 are extreme points of f(x) = alog|x| + x? + x then : [JEE(Main) 2014, (4,-1), 120]
1—2——1 2—2—l 3—6—l 4—6—l
()(1— 7B_ 2 ()(1— ’B_z ()a__7B_2 ()a__7B__2
: : - f(x)

Let f(x) be a polynomial of degree four having extreme values at x = 1 and x =2. If )|(I_F)T(1) 1+ 2 =3, then f(2)
is equal to : [JEE(Main) 2015, (4, —V4), 120]
(1)-8 (2)—4 (3)0 (4)4

A wire of length 2 units is cut into two parts which are bent respectively to form a square of side = x units and
a circle of radius = r units. If the sum of the areas of the square and the circle so formed is minimum, then :

[JEE(Main) 2016, (4, - 1),120]
(2x=r (2)2x = (n+4)r (3) (4 —m)x =mr (4)x=2r

1+sinx - T
Consider f(x) = tan—1 l—sinx |'X€ (0,_j .Anormaltoy=f(x)atx = g also passes through the point :
- 2

[JEE(Main) 2016, (4, — 1),120]

yis 27 yis

_’0 0’_ _’0
<1>[4 j (2) (0, 0) (3)[ 3j (4)[6 j
The normal to the curve y(x —2)(x — 3) = x + 6 at the point where the curve intersects the y-axis passes through
the point : [JEE(Main) 2017, (4, - 1),120]

11 1 1 11 1 1
M (5’5) @) (‘5"5) 3) (5’5) “) (5"5)

Twenty meters of wire is available for fencing off a flower-bed in the form of a circular sector. Then the
maximum area (in sq. m) of the flower -bed, is :- [JEE(Main) 2017, (4, - 1),120]
(1) 30 (2)12.5 (3)10 (4) 25
If the curves y2 = 6x, 9x2 + by2 = 16 intersect each other at right angles, then the value of b is :

[JEE(Main) 2018, (4, - 1),120]

1 U 2)4 3 J 4)6

(1) 5 (2) (3) 5 )
1 1 f(x)

Letf(x)=x2+ — and g(x) =x — e xe R={-1,0,1}. If h(x) = @ , then the local minimum value of h(x)
X

is : [JEE(Main) 2018, (4, - 1),120]

(1)-3 (2) —242 (3) 212 (4)3
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16.

17.

18.

19.

20.

The maximum volume (in cu.m) of the right circular cone having slant height 3m is
[JEE(Main) 2019, Oniline (09-01-20) P-1 (4, —1),100]

4
(1) 6n (@) 33 ®) 3" (4) 2437

Let A(4, —4) and B (9, 6) be points on the parabola y2 = 4x. Let C be chosen on the arc AOB of the parabola,

where O is the origin, such that the area of AACB is maximum. Then, the area (in sq. units) of AACB, is :
[JEE(Main) 2019, Oniline (09-01-20) P-1 (4, —1),100]

(1) 31> (2) 32 (3) 301 (4) 310

4 2 4

Let the function, f: [-7, 0] > R be continuous on [-7, 0] and differentiable on (-7, 0).

If i—7)=-3 and f (x)<2, for all xe (-7, 0), then for all such functions f, f(—1) + f (0) lies in the interval :
[JEE(Main) 2020, Oniline (07-01-20) P-1 (4, —1),100]

(1) [-6, 20] (2) (—o0, 20] (3) (— o, 11] (4)[-3, 11]

The value of cin the Lagrange's mean value theorem for the function f(x) = x3—4x2 + 8x + 11, when x € [0, 1] is:
[JEE(Main) 2020, Oniline (07-01-20) P-2 (4, —1),100]

ﬁ;z (3) 22 _f @2 ;ﬁ

2
()3 @

. f(x
Let f(x) be a polynomial of degree 5 such that x = +1 are its critical points. If 1im (2 +%) =4 | then which

one of the following is not true? [JEE(Main) 2020, Oniline (07-01-20) P-2 (4, —1),100]
(1) fis an odd function
2) x =1 is a point of minima and x = —1 is a point of maxima of f.

(
(3) x =1 is a point of maxima and x = —1 is a point of minimum of f.
4)f(1)-4f(-1)=4
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Exercise # 1

PART - |

SECTION-(A)

A-1.

A-2.

A-3.
A-4.

A-10.

A-11.
A-13.
A-14.

(i)tangent:y =4x +5, normal: x +4y —-20=0
(i) tangent : y + x = 2, normal: y = x
(iii) tangent : 16x + 13y = 9a,
normal: 13x — 16y = 2a
(iv) tangent:y =0, normal: x =0
S

a=1,b=—
2

Xx+2y=7n/2 & x+2y=-37/2

y =X A5 a=1,b=-2
(1,-1),(-1,-5) A-8. (9/4,3/8)
(iY2x+y=4,y=2x

4096 2048
(i)y=0,y— 81 (x — 8/3)

(ii)4y =9x + 4,4y =x + 36
(iv)x=1,5x—4y =1
Xx+y=3 A12. 2
16 (y - 1)=—(x-8)

(9/2)

SECTION-(B)

B-1.

B-5.
B-7.

K2
3

3
g at (0, 0), tan™ [gj at (16a,8a)

1 1 1
+ B e
'2\/5 B-4. a b a b

(2, 1) B-6. (-6,3)
10

SECTION-(C)

C-1.
C-2.

(i) — 2 cm/min, (ii) 2 cm?/min
2x2—3x + 1 C-3. (i) 2km/hr, (ii) 6 km/h

C-4. 1/97m m/min C5 — cm/s
s
C-7. (i 6.05, (b 89
7. (i) (2) 6.05, (b) -
C8. 756m?
SECTION-(D)
D-1. (a)Strictlyincreasingin[2,) & Strictly decreasing
in (-, 2]
(b) Strictly increasingin [1,) & Strictly decreasing
in (-, 0);(0,1]
(c) Strictly increasing in [0, 2] & Strictly decreasing
in(—o0,0];[2, )
1 1
(d) Strictly increasing in {—E,OJ{E@O) & Strictly
L 1 1
decreasing in [—oo,— —}[0,—}
2 2
(e) Strictly increasingin[-3, 0]; [2, «) & Strictly
decreasing in (— o, =3]; [0, 2]
. o F w) .
(f) Strictly increasing in 73 & Strictly
- (O L}
decreasingin | Y% 73
D-2. (a) Strictly increasing in [0, 3n/4]; [7n/4 , 2 ] &
Strictly decreasing in [3n/4 , 7 /4]
(b) Strictly increasingin [0, w/6]; [/2 , 51/6]; [3n/2, 27]
& Strictly decreasing in [/6 , /2]; [57/6, 31/2]
(c) Strictly increasing in [0, n/2] U [3n/2, 27] and
Strictly decreasing in [n/2, 31/2]
D-5. (i) Neither increasing nor decreasing, increasing

(ii) at x = — 2 decreasing
at x = 0 decreasing
at x = 3 neither increasing nor decreasing
at x = 5 increasing
(iii) Strictly increasingatx =0
(iv) Strictly increasing at x = 2, neither | nor D at
x=1
(v) Strictly increasingatx =0
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D6. acR" A-11. (B) A-12. (B)
D-8. 2sinx + tanx, 0 A-13. (B) A-14. (D)
D-10. (i) local max at x =1, local min atx = 6 A-15. (B) A-16. (C)
(i) local max. atx=— % local min. atx =—1 SECTION-(B)
(iii) local mini atx = l No local maxima B-1. (D) B-2. (D)
e B-3. (B) B4 (C)
(iv) local maxima atx =log, % and local minima B-5. (&) B-6. (©
atx=1
(v) local min at 0, local max at 2 SECTION-(C)
o n c-1. (B) Cc-2 (C)
(vi) local max at x = 0, 3 local min at x = o C-3. (A) c-4. (D)
C-5. (B)
(vii) local maxima at—1 and local minma at 0 SECTION-(D)
(viii) local minimaatx=+./2,0 D-1. (C) D-2. (D)
D-11. local max at x = 1, local min at x = 2. D-3. (A) D-4. (A)
D-13. b < (0, €] D-5. (B) D-6. (A)
D-7. (C) D-8. (B)
D-9. (A) D-10. (C)
SECTION-(E) D-11. (A) D-12. (A)
E-1. (i) max=8,min.=-8
(i) max=+2,min=-1 SECTION-(E)
(iii) max.=8, min. =-10
(iv) max. =25, min=-239 E-1. (C) E2. (B)
(v) max.=3/4; min.=1/2 E-3. (C) E-4. (C)
(viymax=2x, min.=0 E-5. (A) E-6. (B)
(vii) max = 3/2, min=-3 E-7. (A) E8. (D)
E-2. 12cm, 6 cm E-3. F=191 E-9. (C) E-10. (A)
E-11. (A) E-12. (A)
4nr3 220
E-5. 33 E-7. 110m, —m SECTION-(F)
E-8. 32 sq. units E-9. 1,3 (respective) i; Eé)) :Z_i Ei))
F-5. (A) F-6. (A)
PART-II : F-7. (A) F-8. (B)
SECTION-(A) PART-III
Al B A2 (©) 1 A (a0 ®)>0:(©C) @)D
A3 (A) A4 () 2. (A)> @) B)(s), (C) > (@) (O) > ()
A AS.(©) 3 (A1), (B)~>(s), (C) > (a), (D) > (p)
o © o, (O 4 (W) (pa)B) > (r9). (C) > (s). (O) > (1)
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Exercise # 2
PART - |
1. (A 2. (C)
3. (C) 4. (D)
5. (D) 6. (C)
7.  (B) 8. (B)
9. (B) 10. (B)
1. (C) 12.  (B)
13. (C) 14. (C)
15. (C) 16.  (A)
17 (C) 18. (D)
19. (A) 20. (B)
21. (B) 22. (C)
23. (C) 24. (D)
25. (C) 26. (B)
27. (A 28. (B)
PART-II
1 1 2. 20
3 0.25 4. 1.41
5. 3 6. 2
7 15 8. 9.42 or 9.43
9. 0 10. 29
1. 74 12. 6
13. 1 14. 1
15. 81 16. 39
17. 2 18. 3
19. 4 20. 8
21. 3 22. 8
23. 13 24. 5
PART - 1l
1.  (C,D) 2. (A,C)
3. (AD) 4. (B,C,D)
5. (B,D) 6. (A,B,C)
7. (B,C) 8 (A,D)
9. (AQ) 10. (AB)
1. (AD) 12. (B,D)
13. (AD) 14. (ACD)
15. (B,D) 16. (AC)
17. (A,C,D) 18. (A.C,D)

19. (AB,D) 20. (AB,C,D)
21. (AB,D) 22. (B,CD)
23. (B,D) 24. (AB,C)
25. (AB,C) 26. (A,CD)
27. (AB,C,D) 28. (B,C,D)
29. (ACD) 30. (C,D)
31. (AB,C,D)
PART - IV
1. (A 2. (D)
3. (B) 4. (C)
5. (B) 6. (A
7. (€ 8. (D)
9. (A
Exercise # 3
PART - |
1. 1 2. (D)
3. (A)—>(s), (B)=> (1), (C)—>(r), (D)—>(r)
4. 2 5. (9)
6. (5 7. (©)
8. (AC) 9. 9
10. (A, B) 1. (D)
12. (C) 13. (A
14. (B,D) 15. 4
16. 3 17.  (B,C)
18. (AD) 19. (D)
20. (D) 21. (D)
22. (B,D) 23. (C)
24. (AB,D) 25.  (1,2,4)
26. (1,3,4)
PART - i
1. (3) 2. (4
3. (2 4. (3
5 (2) 6. (4)
7. (2 8. (1)
9. (3 10. (4)
1. (3) 12. (3
13. (4) 14. (3)
15. (3) 16. (4)
17.  (4) 18. (2)
19. (4) 20. (2
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_Rellable Ranker Problems N

10.

1.

Tangent at any point on the curve x?° + y2® = a?® meet the coordinate axes at P & Q. Find locus of mid point
of PQ.
Show that the equation of the tangent to the curve represented parametrically by the equations.

y a
0] _ vl - olt ALV
X = a{m J} andy = a{w J} can be expressed in the form ¢((t)) \\Vu( 2) f((t) =0

where f, g and h are the differentiable functions.

2 2
X
Show that the condition, for curves x?? + y23 = c?® and — +—b 1totouch,isc=a+b.
a

If the relation between subnormal SN and subtangent ST at any point S on the curve by? = (x + a)® is

p(SN) = q (ST)?, then find value of % in terms of b and a.

Show that in the curve y = a. In (x2—a?), sum of the length of tangent & subtangent varies as the
product of the coordinates of the point of contact.

y
Show that the angle between the tangent at any point 'A’ of the curve In (x2 + y2) = C tan™ ; and the line

joining A to the origin is independent of the position of A on the curve.

Awater tank has the shape of a right circular cone with its vertex down. Its altitude is 10 cm and the radius of
the base is 15 cm. Water leaks out of the bottom at a constant rate of 1cu. cm/sec. Water is poured into the
tank at a constant rate of C cu. cm/sec. Compute C so that the water level will be rising at the rate of 4 cm/sec
at the instant when the water is 2 cm deep.

Water is flowing out at the rate of 6 m3/min from a reservoir shaped like a hemispherical bowl of radius R =

T2
13 m. The volume of water in the hemispherical bowl is given by V = g'y (BR—y) when the water is y

meter deep. Find
(a) At what rate is the water level changing when the water is 8 m deep.
(b) At what rate is the radius of the water surface changing when the water is 8 m deep.

Aparticle moving on a curve has the position at time t given by x = f'(t) sint + f'(t) cos t, y = f'(t) cos t - f"(t) sin t,
where f is a thrice differentiable function. Then prove that the velocity of the particle at time tis f'(t) + f"(t).

1
Find the values of 'a' for which the function f(x) = sinx —asin2x — g sin3x + 2ax strictly increases throughout

the number line.

2
X 27
Find the interval of increasing and decreasing for the function g(x) = 2f(7} + f [7"‘2}, where

f"(x)<Oforallx eRR.
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12.

13.

14.

15.

16.

17.

18.

19.

20.

Find the interval to which b may belong so that the function f(x) = {

at every point of its domain.
Using calculus, prove that log,3 > log,5 > log,7.

Prove that e*+ /1,2 >(1+X)+ J2+2x+x? VXxeR

V21-4b-b?

b+1 Jx3+5x+ /6 isincreasing

Let f' (sinx) <0 and f’ (sin x) >0, V x € [0, gj and g(x) = f(sin x) + f(cos x), then find the intervals of

monotonicity of g(x).

tan~'x
1+Xx

Find which of the two is larger /n (1 + x) or

Prove the following inequalities
(i) 1+ x2> (x sinx + cosx) forx e [0, ).

T
(i)  sin x —sin 2x <2x forallx e {0’ g}

2
(i) X?+2x+32(3—x)ex forall x>0

Sin_x <E (n—1)for0<x<g

(iv) O<xsinx—

Find the set of values of the parameter 'a' for which the function ;

f(x) = 8ax — a sin 6x — 7x — sin 5x increases & has no critical points for all x € R, is

a 1
If all the function f(x) = a?x®— — x> —2x —b are positive and the minimum is at the point x, = - then show that
2 0

-1 1
= - < — = < - —
when a 2 =Db 57 andwhena=3 = b 5

3

Find the values of the parameter 'k’ for which the equation x* + 4x®—8x2+ k =0 has all roots real.

Comprehension (Q. No. 21 to 23)

21.
22,
23.

A function f(x) having the following properties;
(i) f(x) is continuous except at x = 3
(i)  f(x)is differentiable exceptatx =—2and x =3

iy  £0)=0, M f(x) 5—oo, M fx)=3 M f)=0

7 x—>3 ? X—>—© 7 X—>®

(iv)
v)

f'xX)>0VXx €(—0,-2)U(3,o)and f'(x) <0V x e (-2, 3)
f"xX)>0Vxe(-0,—-2)u(=2,0andf"(x)<0Vx e (0, 3)u (3, ©)

then answer the following questions

Find he Maximum possible number of solutions of f(x)=|x |

Show that graph of functiony =f (— | x |) is continuous but not differentiable at two points, if f '(0) = 0

Show that f(x) + 3x = 0 has five solutions if f '(0) > - 3 and f(— 2) > 6
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24.

25.

26.

27.

28.
29.

30.

31.

32,

33.
34.

35.

36.

37.

38.
39.

With the usual meaning for a, b, c and s, if A be the area of a triangle, prove that the errorin A resulting from

a small error in the measurement of ¢, is given by dA=A 1+ L + L ]
4|(s s-a s-b s-c

‘dc

Find the possible values of 'a’ such that the inequality 3 — x? > |x — a| has atleast one negative solution

If(m—1)a>-2ma, <0, then prove thatx™ +a, x™"'+a,x" 2+ ... +a__ +a,=0hasatleast one non real

If f'(x)>0,f'(x)>0Vxe(0,1)andf(0)=0,f(1) =1, then prove that f(x) ' (x) <x2 ¥V x € (0, 1)

Using calculus prove that HM < GM. < AM for positive real numbers.

Find positive real numbers ‘a’ and ‘b’ such that f(x) = ax — bx® has two point of extremain (-1, 1) at each of
which | f(x) | =1 =|f(1)] = |f(=1)]

sinA sinB sinC
+ +

B C

For any acute angled AABC , find the maximum value of

Suppose p,q,r,s are fixed real numbers such that a quadrilateral can be formed with sides p,q,r,s in clockwise
order. Prove that the vertices of the quadrilateral of maximum area lie on a circle .

2
For what real values of ‘a’ and ‘b’ all the extrema of the function f(x) = 5% x3+2ax2—-9x +b

are positive and the maximum is at the point x , = o

Find the minimum value of f(x) = 8+ 8 *—4(4+4) v x e R
Find the cosine of the angle at the vertex of an isosceles triangle having the greatest area for the given
constant length ¢ of the median drawn to its lateral side .

Atangent to the curve y = 1 —x?is drawn so that the abscissa x, of the point of tangency belongs to the interval
(0, 1]. The tangent at x , meets the x—axis and y—axis at A & B respectively. Then find the minimum area of the
triangle OAB, where O is the origin

A cone is made from a circular sheet of radius \/5 by cutting out a sector and keeping the cut edges of the
remaining piece together. Then find the maximum volume attainable for the cone

A a)l
Suppose velocity of waves of wave length X in the Atlantic ocean is k {[E}r[%j JF, where k and a are

constants. Show that minimum velocity attained by the waves is independent of the constant a.

Find the minimum distance of origin from the curve ax? + 2bxy + ay?=cwherea>b>c>0

A beam of rectangular cross section must be sawn from a round log of diameter d. What should the width x
and height y of the cross section be for the beam to offer the greatest resistance (a) to compression; (b) to
bending. Assume that the compressive strength of a beam is proportional to the area of the cross section and
the bending strength is proportional to the product of the width of section by the square of its height.
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40.

41.

42.

43.

45.
46.

47.

The graph of the derivative ' of a continuous function fis shown with f (0) =0

(i) On what intervals f is strictly increasing or y
strictly decreasing? 3 )
fr(x) 2 /
(i)  Atwhat values of x does f have a local 1 ra 'K ISr-minimbm?
(i)  On what intervalsis f'>0or f"< 0 o /1 2B KD 7/8 P "
U/ %
(iv)  State the x-coordinate(s) of the point(s) of inflection. -2 /

(v)  Assuming that f (0) = 0, sketch a graph of f.

3 5
Find the set of value of m for the cubic x3 _E x? +E = 10g1/4 (m) has 3 distinct solutions.

A cylinder is obtained by revolving a rectangle about the x —axis, the base of the rectangle lying on the x-axis

and the entire rectangle lying in the region between the curve y = & the x-axis. Find the maximum

X
x%+1
possible volume of the cylinder.

Let f(x) and g(x) be differentiable functions having no common zeros so that f(x) g'(x) = f'(x) g(x). Prove that
between any two zeros of f(x), there exist atleast one zero of g(x).

If §(x) is a differentiable function v x € Rand a € R* such that ¢(0) = ¢(2a), d(a) = ¢(3a) and ¢(0) = ¢(a) then
show that there is at least one root of equation ¢'(x + a) = ¢'(x) in (0, 2a)

Prove that, x2—1>2x Inx > 4(x—1) -2 Inx for x> 1.

Let a> 0and f be continuous in [-a, a]. Suppose that ' (x) existsand f' (x) <1 forall x € (—a, a). If f(a) =
a and f(— a) = — a, show that f(0) = 0.

Letf be continuous on [a, b] and differentiable on (a, b). If f (a) = a and f (b) = b, show that there exist distinct
C,, C,in (a, b) suchthatf'(c,) +f'(c,) = 2.
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1.

12.

16.

25.

32,

35.

40.

41.

4 (x2 +y?) = @2 4. 8 |y 6. 0=tan >
27 C
1+ 36 / 8. (a) L mi (b) /mi 10. [1, )
.cm . ——— m/min., (b) - m/min. . ,
7T CU. cm/secC a 241 2887-5 00

g(x) is increasing if x € (=0, —3] U [0, 3]
g(x) is decreasing if x € [-3, 0] U [3, «© )

-7,-1ul2 3] 15. Increasing when x e [%gj , decreasing when x e [O, EJ :
/mn(1+x) 18. ae|[6, ») 20. ke[0,3] 21. 3
ae[—ﬁﬁj 29. a=3,b=4 30. o3
4 2n
If -2 th b>§'lf —ﬂth b>ﬂ 33 10 34 A=0.8
a= 4, then 5 s lfa= 5 then 243 .- . cosA=0.
4+/3 c d d
—\/_ 36. 27/3 38. 39. (@) x=y=—4,(b)x=—, y=\/§d
9 a+b V2 V3 3

i)I in[1,6];[8,91andDin |0, 1]; [6, 8];
ii)L.Min.at x=1andx=8; L.Max.x=6
iii) (0,2) U (3,5) U (7,9)and (2, 3) U (5, 7);

iv) x=2,3,5,7
| zm

345 67 89

(
(
(
(

(v) Graphis _0

(=)
me|—,— 42. n/4
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