CHAPTER 1 2

INVERSE TRIGONOMETRIC
FUNCTION

12.1 INVERSE FUNCTION

If a function is one-to-one and onto from A to B, then function g which associates each
element y € B to one and only one element x € A, such that y = f(x) < x = g(y), then g is
called the inverse function of f, denoted by g = f'. [Read as f inverse]. Thus, if f : A > B,
theng: B> A.

12.11 Inverse Trigonometric Functions

The equation sin x = y and x = sin” y are not identical because the former associates many
values of x of a single value of y while the latter associates a single x to a particular value of y.
To assign a unique angle to a particular value of trigonometric ratio, we introduce a term called
principle range.

We list below the domain (values of x) and principle ranges (values of y) of all the inverse
trigonometric functions and their graph.

Remarks:

1. sin 5n/6 = 1/2 But 511/6 # sin™'(1/2) .. sin”'x, cos™'x, tan~'x, denotes angles or real number, ‘whose sine
is x’, ‘whose cosine is x’ and ‘whose tangent is x’, provided that the answers given are numerically
smallest available.

2. If there are two angles, one positive and the other negative having same numerical value. Then

. 1 )
we shall take the positive value. For example, cos g: N and cos (7EJ ——L . But we write cos
4

NE}

3. Iquadrant is common to all the inverse functions.
4. 1Il quadrant is not used in inverse function.
5. 1V quadrant is used in the clockwise direction i.e., —1/2 <y < 0.
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12.2 DOMAIN AND RANGE OF INVERSE FUNCTIONS

Function Domain Range Principal Value Branch

y =sin"'x [-1,1] [-m/2,m/2] -n/2<y< /2

y = cos™'x [-11] [0,7] 0<y<m

y=tan’'x R (-m/2,m/2) —M/2<y<7/2

y = cot™'x R (0, ) O<y<m

y =sec’x (=00,—~1]U[1,00) [0, ] - {m/2} 0<y<my=#mn/2

y = cosec™'x (~00,-1] U[1,0) [-m/2, n/2]-{0} -m/2<y<m/2,y#0
Remark:

If no branch of an inverse trigonometric function is mentioned, then it means the principal value
branch of the function.

12.3 GRAPHS OF INVERSE CIRCULAR FUNCTIONS
AND THEIR DOMAIN AND RANGE

1. Graph of function y = sin x, y = sin"'x:

y (1, n/2)
Y1 2| (1,12) (n/2,1)
—» 1/ " . -1 «
2 o a2 X 1 /10 i e 0 1 a2
....... _1J (~1,-n/2) |—n/2 2 y= sinx_ an_d y =sinx
y=sinx y = sin-'x 1.22) (shown in single graph)

2. Graph of function y = cos X, y = cos™'x:

Y (-1.m)
T
Y 1.7 | y=x
(0,n12) /2
1 (9,1)
2 w2 N2,
0 X -1 0 1 T
-1 N (1.9« ~14(10) (2 oy—(n.~1)
P y=cosx and y=cos~'x

y = COsX y = cos~'x (shown in single graph)
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3. Graph of function y = tan x, y = tan"'x:

[>e}

/2

/ @)X
e S Oy x é? 0 qp2

-n/2
-n/2

y=tanx and y = tan"'x

—00

y = tanx y =tan’’x

4. Graph of function y = cot x, y = cot™'x:

+o0
-n/2 0 T <
n/2 n/2
X :
—00 —00
y =cotx y =cot'x y=cotx and y = cot"'x
4. Graph of function y = sec X, y = sec”'x:
Y
A
N i+o0 X ‘/ T +oo
n /2 /
1 -/ - N
’ —oo /2 4 >X
0 X = -1 [01in2m
- -1
o h 4
—00
y =secx y = sec'x y = secx and y =sec™'x

5. Graph of function y = cosec x, y = cosec™'x:

Y
A
+00
\ Y
1 n/2
2 0 w2z 7o X oo |
1 = 10 1 X
3 —n/2

=cosecx and y = cosec™'x
y y

Yy =cosecx Yy = cosec X
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12.4 COMPOSITIONS OF TRIGONOMETRIC FUNCTIONS

AND THEIR INVERSE FUNCTIONS y
12.4.1 Trigonometric Functions of Their 1A
Corresponding Circular Functions &
(i) sin (sin"' x) = x, forall x & [1, 1] - T
(if) cos(cos'x)=x, forallx € [-1,1] -1

(iii)

(iv)

(vi)

12,5

(i)
(id)
(iii)
(iv)
)
(vi)

12.6

y=sin(sin—1x)=cos(cos—1x)=x

1 e
tan (tan™' x) =x, forallx e R {/*
45°

o 1

.............. -1

cot (cot' x) =x, forallx e R

y=tan(tan—1x)=cot(cot—1x)=x

-1x) = x, forall —o0, =1] U [1, 0
cosec (cosec! x) = x, for all x € ( ] U [1, ) _11¥ /

sec (sec!' x) = x, for all x € (—o0, —1] U [1, ) / -1

y=sec(sec—1x)=cosec(cosec—1x)=x

INVERSE CIRCULAR FUNCTIONS OF THEIR CORRESPONDING
TRIGONOMETRIC FUNCTIONS ON PRINCIPAL DOMAIN

sin™' (sin x) = x; for all x € [-n/2, 7/2]
cos™ (cos x) =x; for all x € [0, 7]

tan! (tanx) = x; for all x € (—=/2, 7/2)
cot™ (cot x) =x; for all x € (0, 7)

sec! (sec x) =x; for all x € [0, ], ~ {n/2}

cosec™! (cosec x) = x; for all x € [-n/2, ©/2] ~ {0}

INVERSE CIRCULAR FUNCTIONS OF THEIR CORRESPONDING
TRIGONOMETRIC FUNCTIONS ON DOMAIN

-n—-x, if x e[-3n/2,—7/2]
if x e[-n/2, /2]

. . X’
1. sin! (sinx) = and so on as shown below:

n—X, if x €[n/2, 31/2]
-2n+x, if x €[3n/2, 57/2]
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yT y=sin~'(sinx)

2 INA
VAR
3TE/2 ‘\ \+ nx
2n  5m/2 3n
Domain: R 27
Remark:
v = sin™ (sinx) can be formed by tangents of y = sinx at x = nn as shown below:
& L y }//2=sin*;£sinx) 0
q/(" 2 LA Q g 3,
_3n\_ 512 LN\ 2 & 82 L,
A —TT:
\\(P _30/2 “ (_)n/;/Z b 2n 5m/2 3n
)
-X, if x €[-m, 0]
X, ifxel0, «
2. cos™ (cosx) = [0, 7] and so on as shown:
2n—x, if x e[m, 2|
-2n+x, if x €[2m, 37]
yTy = cos™(cosx)
7S N4 T : s
N HYZE NN : 4 -+ i
|« X H \ /2 H N ¢
SRR IR ZAN BN Y
; J : i g
-3n —2n - [e) T 2n 3r X
Domain: R Range: [0, 7] Period: 27
T+X, if xe (—3Tc/2, —7c/2)
X, if x e (-n/2, m/2
3. tan”! (tan x) = ( ) and so on, as shown:
X—T, if xe(n/Z, 311;/2)
x-2m, ifxe (37':/2, 5n/2)
yA y=tan-'(tanx)

Domain: R~ {(Zn + 1)%} Range: Period: =
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x+27 for x e (-2m,—m)

x+7n forxe(-n,0)
4. y=cot(cotx)={x for x € (0, 1)

x—n forxe(m2m)

x—27 for x e (2m,3m)

The graph of cot™! (cotx) is as shown:
Domain: xe R-{nm,neZ} Range: y e (0, m)
Period: periodic with period mand and cot™ (cotx ) =x V x € (0,m)

y
—X for x €[—m,0]
n
— -1 _ Y q/@
5. y=sec'(secx).= <x forx [0, ] ~<{— x A
2 s S\
S
3n -

2n-x for x &[m2n]~ {7} =2t 372 -ni2 |0 2 3n2 2x
The graph of y = sec”! (secx) is as shown:
Domain: xe R- {(2n+1)g, n GZ} Range: y € [0, w/2) U (n/2, 7]

Period: Periodic with period 2r and sec”!(sec x) =x V x € [0, 7/2) U (7/2, 7]

—(n+x) forxe _?m,_n} ~{-n}

6. y=cosec! (cosec x) =X forxe {—zrc’;c} ~{0}

T—X forxe ,3n}~{n}

y% y=cosec-'(cosecx)
ﬂ/@x-\- }\\\ "2 J’\\/;\ o
ﬁl //23(_’_/ *’/+ F (’.\- —
—2r _n 0 W 2n
/ —1/2
Domain: x € R~ {nmn € 7} Range: y e [- /2, /2] ~ {0}

Period: Periodic with period 2r and cosec™(cosec x) = x for x € [- /2, 1/2] ~ {0}

12.7 INVERSE TRIGONOMETRIC FUNCTIONS OF NEGATIVE INPUTS

(i) sin™ (-x) = -sin! (x), forall x € [-1, 1]

(ii) cos™ (-x) =m - cos™ (x), forallx € [-1, 1]

(iii) tan"'(-x) = -tan™'x, forall x € R

(iv) cosec!(-x) = —cosec!'x, for all x € (—o0, —1] U[1, )
(v) sec!(-x)=m - sec’'x, for all x € (—o0, —1] U [1, 0)

(vi) cot'(-x) =m —cot!x, forallx € R
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12.8 INVERSE TRIGONOMETRIC FUNCTIONS OF RECIPROCAL INPUTS

(1) sin™' (1/x) = cosec™ x, for all x € (=00, -1] U [1, )
(ii) cos™ (1/x) =sec!'x, forall x € (-0, -1] U [1, 0)

cot™x, forx >0
(iii) tan(1/x) =

—n+cot'x, forx<0

12.9 INTER CONVERSION OF INVERSE TRIGONOMETRIC FUNCTIONS

- cos'W1-x* if0<x<1; o X )
(a) sin’x = = tan — ifVxe(-1,1)
—cos'1-x* if —1<x<0 v1-x

1-x° - 1 .
cot”! X fo<x<l secl( 2] 1fxe[0,1)
_ X _ V1-x
4 1-x* . i 1 .
—T+ cot if —1<x<0 —sec if xe(—l, OJ
X V1-x?

= cosec’l(lJ ifx e [-1,1] ~ {0}
X

V1-%x°
. tan™ for xe (0,1
(b) cosx— sin?V1-x2 forxe[O,l] _ ( < ] xe(0,1]
n—sin"'V1-x* forxe[—l, 0] L /1—X2
n+tan” ——— for xe[-1, 0)
X
1
= {cot1 [X] forxe(-1, 1)} = sec” (7] for x e[—l, 1] ~ {0}
1-x X
cosec”' {IJ for x [0, 1)
_ V1-x?
T—cosec”' [ ! J for x e (-1, 0]
NIES'S
1
cos™ [J for xe[0, 1]
[ 2
() tan'x=sin" [Xj forxeR = I+x
VI+x?

]for xe[-1, 0]

1
—cosl[
V1+x?
1
cot™| = forx>0 1+ %2
) [XJ D' . sec ( 1+x ) forx>0 _ {Cosecl[ e

-1 2
—Tc+cot’l[ljforx<0 —sec (\/1+x )forx<0
X
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1
sin™ [] forx>0
(d) g 1+x° = cosl( X ijeR
cortx=f NP
Tc—sinl[ ]forxSO
V1+x?
41
tanl[f) forx>0 /— cosec’l(\ll-t-xz) forx>0
X o V14+x
= = {sec VXER~{O}=
n+tan’1(1Jforx<0 X n—cosec’l(\/1+x2)forx<0
b’
’-1
sin” | XX forx>0
[ X ] a1 tan’l(\/xz—l) for x>0
(e) sec'x= = cos| — VXER~{O} =
X

n—tan"' Vx> —1for x<0

VX -1
T+sin forx<0
X

cot™ 1 forx>0x#1 cosec™!| ——— forx>0
Vx? -1 _ Vx? -1

n—cot™ 1 forx <0;x =—1 TE+COS€C_1[ jforx<0
Vxi -1 x“ -1
[ 2
cos™ [ x -1 ] forx>0
1 X
(f) cosec'x=sin'—forxeR~ {0} =
X Vxi -1
—m+cos™ forx<0
b'e

tan [ T—l for x>0;#1 cot’l( '—xz—l) for x50
jforx<0;¢—1 —COtfl(\lXZ—l)forx<0

1
—tan™
[\/ x* -1

sec™ (X] for x>0;#1

Vxi -1
—n+secl( X
Vx* -1

12.10 THREE IMPORTANT IDENTITIES OF INVERSE
TRIGONOMETRIC FUNCTIONS

(1) sin'x+cos'x=m/2, forall x €[-1, 1]
(i) tan™'x+ cot!'x=m/2,forallx € R
(iii) sec™'x + cosec™ x = /2, for all x €(~o0, -1] U [1, )

]forx<0;¢—1
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12.11 MULTIPLES OF INVERSE TRIGONOMETRIC FUNCTIONS

Property (1):

Property (2):

Property (3):  2cos'x= {

Property (4):

Property (5):

Property (6):

2sin”' x =

3sin”' x =

3cosix=

2tan”' x =

3tan'x =

12.129

sin”'(2x4/1-x%%), if —
n—sin"'(2xv1-x%), if%éxél
2

1
—n—sin"'2xV1-x*),if —-1<x<———

Xx<—

1

1
sin”'(3x — 4x°), if—ESXSf

[\S)

1
n—sin"'(3x —4x°), ifESXSI

1
—n—sin"'(3x —4x°), if _ISXS_E

cos”'(2x* -1); ifo<x<1

2n—cos'(2x*—1); if -1<x<0

1
cos ' (4x” —3x); if —<x<1
2
1 1
2n—cos ' (4x’ —3x); if ——<x<=
2 2
1
2m+cos” (4x° —3x); if—leS—E
2
tan’l( XZJ; if—-I<x<l1
1-x
n+tan™ 2x ifx>1
1-x°
2
patan| =X | ifx<—1
1-x2
Eforle
tan™" 32 —x ; if —<x<i
1-3x* ) V3 3
1
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sin’l( x j; if—1<x<1

1+x’

Property (7): 2tan'x = “—Sin_l(lzxz} if x>1
+X

.o 2x .
—7—sin ~ 5 if x<-1
1+x

l_ 2
cosl[ XJ; if 0<x<o

1-x*
—cosl[1 2]; if —o<x<0
+X

Property (8): 2tan'x=

12.12 SUM AND DIFFERENCE OF INVERSE TRIGONOMETRIC FUNCTIONS

Property (1):

if x*+y’<1
sin’l{x1ll—y2+y\/1—x2}, Y

orif xy <0and x* +y2 >1; wherex,y e[—l,l]

sin”' x+sin"'y = n_Sin_l{XVl_Y2+YV1—X2}> if0<x,y<land x> +y*>>1
—n—sin’l{xdl—yz+y\/1—x2},if—1SX,y<0 and x> +y* >1

Property (2):

if x*+y*<1
sin’l{xwll—yz —yxll—xz}, Y

or xy>0and x’+y’ >1; wherex,ye[fl, l]
sin” x—sin"'y = Tt—sin’l{xxll—y2 —yxll—xz}, if0<x<I,-1<y<0and x*+y’*>1

—Tc—sin’%x«/l—y2 —y\jl—xz}, if—1<x<0,0<y<land x*+y’>1

Property (3):

cos” {xy —vV1-x*/1-y*},

if -1<x,y<land x+y=>0

2n—cos” {xy —vV1-x*4/1-y*},

if -1<x,y<land x+y<0

cos™' X + cosly =
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Property (4):

cos " {xy +V1-x*\/1-y*},

if -1<x,y<land x<y

—cos " {xy +V1-x*/1-y*},

if -1<x,y<land x2>y.

cos'X — cosly =

Property (5):

tanl{;{+y j,if xy <1
—xy

n+tanl(x+yj,if x>0, y>0and xy >1

-1 Ay 4
tan”x + tan~y —Tc+tanl[xy}ifx<0,y<0andxy>l

gforx>0,y>0and xy =1

—gforx<0,y<0and xy =1

Property (6):

tan | 2=Y Jif xy >-1
1+xy

T+tan” x=y ,if x>0, y <0 and xy >-1
1+xy

-1 -1 —_ —
tan"X -tan"y = 3 an X=y ,if x<0, y>0and xy >-1
1+xy

gforx>0,y>0and xy=-1

—gforx<0,y<0andxy=—l



