
Chapter 12
Inverse trIgonometrIC  
FunCtIon

12.1 INVerse FuNctIoN

If a function is one-to-one and onto from A to B, then function g which associates each 
element y ∈ B to one and only one element x ∈ A, such that y = f(x) ⇔ x = g(y), then g is 
called the inverse function of f, denoted by g = f–1. [Read as f inverse]. Thus, if f : A → B,  
then g : B → A. 

12.1.1 Inverse Trigonometric Functions

The equation sin x = y and x = sin–1 y are not identical because the former associates many 
values of x of a single value of y while the latter associates a single x to a particular value of y. 
To assign a unique angle to a particular value of trigonometric ratio, we introduce a term called  
principle range.

We list below the domain (values of x) and principle ranges (values of y) of all the inverse  
trigonometric functions and their graph.

Remarks:

 1. sin 5π/6 = 1/2 But 5π/6 ≠ sin−1(1/2) ∴ sin–1x, cos–1x, tan–1x, denotes angles or real number, ‘whose sine 
is x’, ‘whose cosine is x’ and ‘whose tangent is x’, provided that the answers given are numerically 
smallest available.

 2. If there are two angles, one positive and the other negative having same numerical value. Then 

we shall take the positive value. For example, cos 
1

4 2

π
=  and cos 1

4 2

π − = 
 

. But we write cos–1

1
42

π  = 
 

 and cos–1 1

2
 
 
 

≠ −
4
π

.

 3. I quadrant is common to all the inverse functions.

 4. III quadrant is not used in inverse function.

 5. IV quadrant is used in the clockwise direction i.e., −π/2 ≤ y ≤ 0.
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12.2 DomaIN aND raNge oF INVerse FuNctIoNs

Function Domain Range Principal Value Branch

y = sin–1x [–1, 1] [–π/2,π/2] –π/2 ≤ y ≤ π/2

y = cos–1x [–1 1] [0,π] 0 ≤ y ≤ π

y = tan–1x ℝ (–π/2,π/2) −π/2 < y < π/2

y = cot–1x ℝ (0, π) 0 < y < π

y = sec–1x (–∞,–1]∪[1,∞) [0, π] – {π/2} 0 ≤ y ≤ π, y ≠ π/2 

y = cosec–1x (–∞,–1] ∪[1,∞) [–π/2, π/2]–{0} –π/2 ≤ y ≤ π/2, y ≠ 0

Remark:
If no branch of an inverse trigonometric function is mentioned, then it means the principal value  
branch of the function.

12.3  graphs oF INVerse cIrcular FuNctIoNs  
aND theIr DomaIN aND raNge

 1. Graph of function y = sin x, y = sin–1x:

Y

X

1

–1

–π/2 π/2

y=sinx

–∞ ∞
O

  

π/2 (1,π/2)

y = sin–1 x
(–1,–π/2) –π/2

–1 O 1
x

y

  
y = sinx and y = sin–1 x
(shown in single graph)
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 2. Graph of function y = cos x, y = cos–1x:
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 3. Graph of function y = tan x, y = tan–1x:

Y ∞

X
–π/2

–∞

π/20

1

–1

  
–π/2

π/2

–∞ ∞
O x

y

  

π/2

π/2

–π/2

–π/2
–∞

–∞

+∞

∞ xx

y

0

 y = tanx         y = tan–1x          y = tanx and y = tan–1x

 4. Graph of function y = cot x, y = cot–1x:
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 4. Graph of function y = sec x, y = sec–1x:
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 5. Graph of function y = cosec x, y = cosec–1x:
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12.4  composItIoNs oF trIgoNometrIc FuNctIoNs  
aND theIr INVerse FuNctIoNs 

12.4.1  Trigonometric Functions of Their  
Corresponding Circular Functions

 (i) sin (sin−1 x) = x, for all x ∈ [−1, 1]

 (ii) cos (cos−1 x) = x, for all x ∈ [−1, 1]

 (iii) tan (tan−1 x) = x, for all x ∈ ℝ

 (iv) cot (cot−1 x) = x, for all x ∈ ℝ

 (v) cosec (cosec−1 x) = x, for all x ∈ (−∞, −1] ∪ [1, ∞)

 (vi) sec (sec−1 x) = x, for all x ∈ (−∞, −1] ∪ [1, ∞)

12.5  INVerse cIrcular FuNctIoNs oF theIr correspoNDINg 
trIgoNometrIc FuNctIoNs oN prINcIpal DomaIN

 (i) sin–1 (sin x) = x; for all x ∈ [−π/2, π/2]
 (ii) cos–1 (cos x) = x; for all x ∈ [0, π]
 (iii) tan–1 (tanx) = x; for all x ∈ (−π/2, π/2)
 (iv) cot–1 (cot x) = x; for all x ∈ (0, π) 
 (v) sec–1 (sec x) = x; for all x ∈ [0, π], ~ {π/2} 
 (vi) cosec–1 (cosec x) = x; for all x ∈ [−π/2, π/2] ~ {0}

12.6  INVerse cIrcular FuNctIoNs oF theIr correspoNDINg 
trIgoNometrIc FuNctIoNs oN DomaIN

 1. sin−1 (sin x) = 

−π− ∈ − π −π
 ∈ −π π
π− ∈ π π
− π+ ∈ π π

x, if x [ 3 /2, /2]
x, if x [ /2, /2]

x, if x [ /2, 3 /2]
2 x, if x [3 /2, 5 /2]

 and so on as shown below:

x

y

1

1

y=
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y=sin(sin–1x)=cos(cos–1x)=x

x

y

y=x

O
45°
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y=tan(tan–1x)=cot(cot–1x)=x
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X

y

−π /2 y=
x

y=
x

π−

y=-(
x)

π+

y=3
x

π−y=
x-2

π

−3π

y=–(3π+x)

/2

y=
2π

+x

−5π/2
π/2

3π/2
5π/2π−π

−2π−3π
2π 3π0

y=sin–1(sinx)

  Domain: ℝ		 Range: ,
2 2
π π −  

  Period: 2π

Remark:
y = sin–1 (sinx) can be formed by tangents of y = sinx at x = nπ as shown below:

–3π

–3π/2

–5π/2 –π/2
π/2 y=π–x y=

x–
2π y=3π–x

π/2
3π/2

5π/22π 3π
x

–π/2
–π πO

y=π

y y=sin–1(sinx)

y=
2π+

x

y=(3π+x

y=–(π+x)–2π

 2. cos−1 (cos x) = 

x, if x [ , 0]
x, if x [0, ]
2 x, if x [ , 2 ]

2 x, if x [2 , 3 ]

− ∈ −π
 ∈ π
 π− ∈ π π
− π+ ∈ π π

 and so on as shown:

π

π 2π–π–2π–3π 3π
x

π/2

y=2π–x

y=
x–

2π

y=
x

y=
x+

2πy=–(x+2π)

y=–x

y

O

y = cos–1(cosx)

  Domain: ℝ	 Range: [0, π]  Period: 2π

 3. tan−1 (tan x) = 

( )
( )
( )
( )

x, if x 3 /2, /2

x, if x /2, /2

x , if x /2, 3 /2

x 2 , if x 3 /2, 5 /2

π+ ∈ − π −π


∈ −π π


−π ∈ π π
 − π ∈ π π

 and so on, as shown:

x

y

−π /2
−π /2−3π/2

π /2

π/2 3π/2
π

−π−2π
2πO

y=tan–1(tanx)

  Domain: ~ (2n 1)
2
π + 

 


 Range: ,
2 2
π π − 

 
  Period: π
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 4. 1

x 2 for x ( 2 , )
x for x ( ,0)

y cot (cot x) x for x (0, )
x for x ( ,2 )
x 2 for x (2 ,3 )

−

 + π ∈ − π −π
 + π ∈ −π= = ∈ π
 −π ∈ π π
 − π ∈ π π

  The graph of cot–1 (cotx) is as shown:
  Domain: x ∈ R − {n π, n ∈ ℤ}   Range: y ∈ (0, π)
  Period: periodic with period π and and cot−1 (cot x ) = x ∀ x ∈ (0,π)

 5. y = sec–1 (sec x). = 

x for x [ ,0]

x for x [0, ]~
2
32 x for x [ ,2 ]~
2


− ∈ −π
 π ∈ π  

 
 π π− ∈ π π  

 

 

x

y

π/2

π/2

−π /2−3π /2 3π/2

y=2π–x

y=
x

y=
x+

2π y=–x

π

π

–π
−2π 2πO

y=sec–1(secx)

The graph of y = sec–1 (secx) is as shown:

  Domain: x ∈ ℝ − (2n 1) , n
2
π + ∈ 

 
   Range: y ∈ [0, π/2) ∪ (π/2, π]

  Period: Periodic with period 2π and sec−1(sec x) = x ∀ x ∈ [0, π/2) ∪ (π/2, π]

 6. y = cosec–1 (cosec x) 

3( x) for x , ~ { }
2 2

x for x , ~ {0}
2 2

3x for x , ~ { }
2 2

 − π −π − π+ ∈ −π   
 −π π = ∈   
 π π π− ∈ π   

y

x

−π /2

y=x

y=
x

π−

y= – (
x)

π+y=2
x

π+

y=
x –2ππ /2

π−π−2π 2π0

y=cosec–1(cosecx)

  Domain: x ∈ ℝ ∼ {nπ:n ∈ ℤ}   Range: y ∈ [– π/2, π/2] ∼ {0} 
  Period: Periodic with period 2π and cosec−1(cosec x) = x for x ∈ [– π/2, π/2] ∼ {0}

12.7 INVerse trIgoNometrIc FuNctIoNs oF NegatIVe INputs

 (i) sin–1 (–x) = –sin–1 (x), for all x ∈ [–1, 1]
 (ii) cos–1 (–x) = π – cos–1 (x), for all x ∈ [–1, 1]
 (iii) tan–1(–x) = –tan–1 x, for all x ∈ R
 (iv) cosec–1(–x) = –cosec–1 x, for all x ∈ (−∞, −1] ∪[1, ∞)
 (v) sec–1 (–x) = π – sec–1x, for all x ∈ (−∞, −1] ∪ [1, ∞)
 (vi) cot–1(–x) = π − cot–1 x, for all x ∈ R

x

y

y=
x

π−π−2π 2π0

y=
x–

π

y=
x+

π

y=
x+

2π

y=cot–1(cotx)
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12.8 INVerse trIgoNometrIc FuNctIoNs oF recIprocal INputs

 (i) sin−1 (1/x) = cosec−1 x, for all x ∈ (−∞, –1] ∪ [1, ∞)
 (ii) cos−1 (1/x) = sec–1 x, for all x ∈ (−∞, –1] ∪ [1, ∞)

 (iii) tan−1(1/x) = 
1

1

cot x, for x 0
cot x, for x 0

−

−

 >

−π+ <

12.9 INter coNVersIoN oF INVerse trIgoNometrIc FuNctIoNs

 (a) sin–1x = 
1 2

1 2

cos 1 x if 0 x 1;

cos 1 x if 1 x 0

−

−

 − ≤ ≤ 
 
− − − ≤ ≤  

 = 1

2

xtan
1 x

−  
 

− 
 if ∀ x ∈ (–1, 1)

       = 

2
1

2
1

1 xcot if 0 x 1;
x

1 xcot if 1 x 0
x

−

−

 −
< ≤ 

 
 

− −π+ − ≤ <  

 = 
)

(

1

2

1

2

1sec if x 0, 1
1 x

1sec if x 1, 0
1 x

−

−

  
∈   

−  
 

  − ∈ −   −  

       = 1 1cosec
x

−  
 
 

 if x ∈ [–1, 1] ~ {0}

 (b) 
−

−

−

  − ∈  =  
 π− − ∈ −   

1 2
1

1 2

sin 1 x for x 0, 1
cos x

sin 1 x for x 1, 0
 = 

2
1

2
1

1 xtan for x (0, 1]
x

1 xtan for x [ 1, 0)
x

−

−

  −   ∈
    

 −
π+ ∈ − 
 

        = 1

2

xcot for x ( 1, 1)
1 x

−
   ∈ −  

−   
 = { }1 1sec for x 1, 1 ~ 0

x
−    ∈ −    

        = 

1

2

1

2

1cosec for x [0, 1)
1 x

1cosec for x ( 1, 0]
1 x

−

−

  
∈  

−  
 

  π− ∈ −  −  

 (c) 1 1

2

xtan x sin for x
1 x

− −  
= ∈ 

+ 


 = 

1

2

1

2

1cos for x [0, 1]
1 x

1cos for x [ 1, 0]
1 x

−

−

  
∈  

+  


 − ∈ −  + 

               = 

1

1

1cot for x 0
x

1cot for x 0
x

−

−

   >    


 −π+ <   

 = 
( )
( )

1 2

1 2

sec 1 x for x 0

sec 1 x for x 0

−

−

 + >

− + <


 = { }
2

1 1 xcosec for x ~ 0
x

−
  +   ∈    
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 (d) 
1

2
1

1

2

1sin for x 0
1 xcot x

1sin for x 0
1 x

−

−

−

  
≥  

+  = 
 π− ≤  + 

 = 1

2

xcos x
1 x

−
   ∀ ∈ 

+  


               = 

1

1

1tan for x 0
x

1tan for x 0
x

−

−

   >    


 π+ <   

 = { }
2

1 1 xsec x ~ 0
x

−
  +  ∀ ∈    


 = 

( )
( )

1 2

1 2

cosec 1 x for x 0

cosec 1 x for x 0

−

−

 + >

π− + <


 (e) 

2
1

1

2
1

x 1sin for x 0
x

sec x
x 1sin for x 0

x

−

−

−

  −   >
   = 

  − π+ <    

 = { }1 1cos x ~ 0
x

−  ∀ ∈ 
 

  = ( )1 2

1 2

tan x 1 for x 0

tan x 1 for x 0

−

−

 − >

π− − <

               = 

1

2

1

2

1cot for x 0 x 1
x 1

1cot for x 0; x 1
x 1

−

−

  
> ≠  

−  


 π− < ≠ −  − 

 = 

1

2

1

2

xcosec for x 0
x 1

xcosec for x 0
x 1

−

−

  
>  

−  


 π+ <  − 

 (f) { }1 1 1cosec x sin for x ~ 0
x

− −= ∈  = 

2
1

2
1

x 1cos for x 0
x

x 1cos for x 0
x

−

−

  −   >
   


  − −π+ <    

.

  = 

1

2

1

2

1tan for x 0; 1
x 1

1tan for x 0; 1
x 1

−

−

  
> ≠  

−  


 − < ≠ −  − 

 = 
( )
( )

1 2

1 2

cot x 1 for x 0

cot x 1 for x 0

−

−

 − >

− − <


               = 

1

2

1

2

xsec for x 0; 1
x 1

xsec for x 0; 1
x 1

−

−

  
> ≠  

−  


 −π+ < ≠ −  − 

12.10  three ImportaNt IDeNtItIes oF INVerse  
trIgoNometrIc FuNctIoNs

 (i) sin–1x + cos–1 x = π/2, for all x ∈[–1, 1]
 (ii) tan–1x + cot–1 x = π/2, for all x ∈ R
 (iii) sec–1x + cosec–1 x = π/2, for all x ∈(–∞, –1] ∪ [1, ∞)
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12.11 multIples oF INVerse trIgoNometrIc FuNctIoNs

Property (1): 

1 2

1 1 2

1 2

1 1sin (2x 1 x ), if x
2 2

12sin x sin (2x 1 x ), if x 1
2

1sin (2x 1 x ), if 1 x
2

−

− −

−


− − ≤ ≤


= π− − ≤ ≤


−π− − − ≤ ≤ −


Property (2): 

1 3

1 1 3

1 3

1 1sin (3x 4x ), if x
2 2

13sin x sin (3x 4x ), if x 1
2

1sin (3x 4x ), if 1 x
2

−

− −

−

 − − ≤ ≤

= π− − ≤ ≤

−π− − − ≤ ≤ −

Property (3): 2cos–1 x = 
1 2

1 2

cos (2x 1); if 0 x 1
2 cos (2x 1); if 1 x 0

−

−

 − ≤ ≤

π− − − ≤ ≤

Property (4): 3 cos–1 x = 

1 3

1 3

1 3

1cos (4x 3x); if x 1
2
1 12 cos (4x 3x); if x
2 2

12 cos (4x 3x); if 1 x
2

−

−

−

 − ≤ ≤

 π− − − ≤ ≤

 π+ − − ≤ ≤ −

Property (5): 

1
2

1
2

1

1
2

2xtan ; if 1 x 1
1 x

2xtan if x 1
1 x2tan x

2xtan ; if x 1
1 x

for x 1
2

−

−

−

−

   − < <  − 
  π+ >   − = 

 −π+ < −  − 
π =

Property (6): 3 tan–1 x = 

3
1

2

3
1

2

3
1

2

3x x 1 1tan ; if x
1 3x 3 3

3x x 1tan ; if x
1 3x 3
3x x 1tan ; if x
1 3x 3

1for x
2 3

−

−

−

  −
− < <  − 

  − π+ > −  
 −−π+ < −  − 

π
=
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Property (7): 2 tan–1 x = 

1
2

1
2

1
2

2xsin ; if 1 x 1
1 x

2xsin ; if x 1
1 x

2xsin ; if x 1
1 x

−

−

−

   − ≤ ≤  + 
  π− >  + 
  −π− < −  + 

Property (8): 2 tan–1 x = 

2
1

2

2
1

2

1 xcos ; if 0 x
1 x

1 xcos ; if x 0
1 x

−

−

  −
≤ <∞  +  


 −− −∞ < ≤  + 

12.12 sum aND DIFFereNce oF INVerse trIgoNometrIc FuNctIoNs

Property (1):

{ }
{ }
{ }

2 2
1 2 2

2 2

1 1 1 2 2 2 2

1 2 2 2 2

if x y 1
sin x 1 y y 1 x ,

or if xy 0 and x y 1; where x, y 1,1

sin x sin y sin x 1 y y 1 x , if 0 x, y 1 and x y 1

sin x 1 y y 1 x , if 1 x, y 0 and x y 1

−

− − −

−

 + ≤
− + −

< + > ∈ −   
+ = π− − + − < ≤ + >

−π− − + − − ≤ < + >



Property (2):

{ }
{ }
{ }

2 2
1 2 2

2 2

1 1 1 2 2 2 2

1 2 2 2 2

if x y 1
sin x 1 y y 1 x ,

or xy 0 and x y 1; where x, y 1, 1

sin x sin y sin x 1 y y 1 x , if 0 x 1, 1 y 0 and x y 1

sin x 1 y y 1 x , if 1 x 0, 0 y 1 and x y 1

−

− − −

−

 + ≤
− − −

 > + > ∈ −  
− = π− − − − < ≤ − ≤ ≤ + >

−π− − − − − ≤ < < ≤ + >



Property (3):

cos–1 x + cos–1y = 

1 2 2

1 2 2

cos {xy 1 x 1 y },
if 1 x, y 1 and x y 0

2 cos {xy 1 x 1 y },
if 1 x, y 1 and x y 0

−

−

 − − −


− ≤ ≤ + ≥

π− − − −

 − ≤ ≤ + ≤
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Property (4):

cos–1x – cos–1y = 

1 2 2

1 2 2

cos {xy 1 x 1 y },
if 1 x, y 1 and x y

cos {xy 1 x 1 y },
if 1 x, y 1 and x y.

−

−

 + − −


− ≤ ≤ ≤

− + − −
 − ≤ ≤ ≥

Property (5):

tan–1x + tan–1 y = 

1

1

1

x ytan , if xy 1
1 xy

x ytan ,if x 0, y 0 and xy 1
1 xy

x ytan , if x 0, y 0 and xy 1
1 xy

for x 0, y 0 and xy 1
2

for x 0, y 0 and xy 1
2

−

−

−

  +
<  − 

  +π+ > > > −  
  +−π+ < < >  − 
π > > =

 π− < < =


Property (6):

tan–1x – tan–1 y =  

1

1

1

x ytan , if xy 1
1 xy

x ytan , if x 0, y 0 and xy 1
1 xy

x ytan , if x 0, y 0 and xy 1
1 xy

for x 0, y 0 and xy 1
2

for x 0, y 0 and xy 1
2

−

−

−

  −
> −  + 

  −π+ > < > − +  
  −−π+ < > > −  + 
π > > = −

 π− < < = −



