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LIMITS AND DERIVATIVE

CONCEPT TYPE QUESTIONS

Directions : This section contains multiple choice questions. Each
question has four choices (a), (b), (c) and (d), out of which only
one is correct.

1.

10.

The limit of f (x) =x?as x tends to zero equals
(@) zero (b) one (c) two (d) three

. ) I, x<0
Consider the function f(x) = {2 x>0

Then, left hand limit and right hand limit of f (x) at x =0, are

respectively
(@ 12 () 2,1 (© LI (d 2,2
. x? -1 .
The value of lim | is
Xx—>-1| x“+3x+2
(@ 2 (b)y 2 © 0 (d) -1
. A1 NI
The value of lim NIAXINITX is
x—0 1+x
(@ 2 (b -2 (© 1 (@ -1
lim—
Evaluate X_)Qm_m
@@ 1 (b) 2 (¢) -1 (d) -2
. 1-+x-4
Value of lim — > % is
X—5 Xx-5
1 1
@ O (b) 5 ©) ) (d) does not exist
. \]1+x+x2—1
im—— =
x—0 X
1 L 0«
@5 -5 © @ o
2
Iff(x)={X *lox=2l , then the value of lim f(x)is
3x-1, x<l1 x—1
(@ 2 (b -2 (© 1 (@ -1
JA+x%) =V1-x2
The value of lim (+x )2 X is
x—0 X
(@ 1 (b) -1 (© 0 (d) does not exist

1-t
Iff(t)= ot then the value of f' (1/t)is

11.

12.

13.

14.

15.

16.

17.

18.

19.

O 2 2 g 2@ 2
a - A C
(t+1) (t+1)° (t-1% " (t-1)

Let f and g be two functions such that }EE f(x) and
lxiir; g(x) exist. Then, which of the following is incomplete?
@ lim[f()+g @)= lim fx)+ lim g ()
(b) lim [£(x)~g ()] = lim £ (o)~ lim g (x)

© lm[f(x).g]=lmf). limg )

: {f(x)} Hmf )

(d) lim = =

= L0 limg(x)
The derivative of the function f(x) =x is
@ O (b) 1 (c) (d) None of these
The derivative of sin xat x =0 is
@ O (b) 2 (© 1 d 3
The derivative of the function f (x) =3xatx=2is
@ 0 (b) 1 (©) 2 (d 3
The derivative of f (x)=3 atx=0and atx =3 are

(a) negative (b) zero
(c) different (d) not defined
Derivative of fat x = a is denoted by

d df
@ gl ™ ®) Gl

df
o (&),

If a is anon-zero constant, then the derivative of x + a is

a

(d) All of these

@ 1 (b) 0
() a (d) None of these
1+l
The derivative of )1( is
-
2 -2
@ Taxr ® TP
-1 3
© GoF @ TP
The derivative of 4./x —2 is
1 2
@ T ® 2k © T @k



20.

21.

22,

23.

24,

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

LIMITS AND DERIVATIVE

If a and b are fixed non-zero constants, then the derivative sinmZ0
of (ax +b)"is 35. lim isequal to :
@ n(@x+be ! (b) naax+b)" ! @0 b1 ©m @

n—1 n-1
(©) nblax+by™'  (d) nablax+b) 36. Derivative of the function f(x)=7x"is
The deqvatlve of sin"x is @ 2lx*  (b) 21x* (0 2l¢  (d) -21¢
@ nsin"ix () ncos™'x 37. Iff(x)=2sinx—3x+8, then £'(x) is
(¢) nsin""!'xcosx (d) ncos"!'xsinx ’ ’

The derivative of (x>+ 1) cosx is

(@) —x2sin X —sin X —2xcos X

(b) —x2sinx—sinx+2cosx

(¢) —x®sinx—xsinx+2cosx

(d) —x*sinx-—sinx+2xcosx

The derivative of f(x) =tan (ax + b) is

(@) sec?(ax+Db) (b) bsec?(ax+b)
(¢) asec’(ax+Db) (d) absec’(ax+b)

T
Iff (x) =x sin x, then f” (Ej is equal to

1
@ O (b) 1 (c) —1 @ 35
The derivative of function 6x'® — x5 +x is
(@) 600x'%—55x%+x (b) 600x*—55x%+1
() 99x¥—54x*+1 (d) 99x¥—54x>*
lim is
x>0 tan X
@ O (b) 1 (c) 4 (d) not defined
Derivative of log_x is

1

@ 0 (b) 1 © 7 (d) x
Derivative of €3 °¢x is
(@) e (b) 3x? (¢) 3x (d) logx

1
Derivative of x> +sin x + — is
X
(@ 2x+cosx (b)
(c) 2x-2x3 (d)

2
Derivative of (\/; +Lj is
Jx

2x+cosx+(-2)x3
None of these

- b - 1 dy 1+ L
@ 3 ® =7 © d
Iff (x) = ax", then a.=
: (1) : n
@ f') (b (©) n-f'(1)(d) %
n £(1)
Derivative of x sin x
(@ xcosx (b) xsinx
(¢) xcosx+sinx (d) sinx
. sinx _1
Value of lmg . is
x>0 gin X
(@) loga (b) sinx (c) log (sinx) (d) cos x
_ 2sin?3x .
lim ————— isequal to:
x—0 X2
(@ 12 (b) 18 © 0 d 6

38.

39.

40.

41.

42.

43.

44.

(@) 2sinx—12x3 (b) 2cosx—12x3
(¢) 2cosx+12x° (d) 2sinx+12x3
Derivative of the function f'(x) = (x — 1) (x—2) is
(@) 2x+3 (b) 3x-2

() 3x+2 (d 2x-3

If lim ) exists, then which one of the following correct ?
x—al g(X)

(@) Both lim f(x)and lim g(x) must exist
X—a X—a
(b) lim f(x)need not exist but lim g(x) must exist
X—a X—a

() Both limf(x)and lim g(x) need not exist
X—a X—a

(d) limf(x) must exist but lim g(x) need not exist
X—a

X—a
142142
The value of lim 3 s
x—0 X
2 1 2 1
@35 O35 ©3F @3
The value of lim cosx is
x—0TT—Xx
1 1
(@ = (b) - © — d ——
T T

Let 31 (x) — 2 f(1/x) = x, then f(2) is equal to

2 b 1 2 d 7
@ > ®5 © @ 5
What is the derivative of
)= —% 9
2x-1)(x+3)
@ - 3 - 2 _ ) - 3 - 1 i
(x+3)° (2x-1) (x+3)° (2x-1)
© —— 1 @ 2
(x+3)° (2x-1 (x+3)° (2x-1
Asx —a, f(x) >/, then/iscalled ............ of the function
f(x),
(@) limit (b) value

(c) absolute value (d) None of these

STATEMENT TYPE QUESTIONS

Directions : Read the following statements and choose the correct
option from the given below four options.

45.

Consider the function g (x)=| x |, x #0.
Then
I g (0)isnotdefined.

I lim g(x)isnot defined.
x—0
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Which of the following is/are true?
(a2) BothIandIl aretrue (b) Onlylistrue
(c) Onlyllistrue (d) BothIand II are false
2
-4
46. Consider the function h (x)= ~ :

X —
Then,
I h(2)isnot defined.

I limh(x)=4

,X#2

Which of'the following is/are true?

(@) BothlandIlaretrue (b) Onlylis true

(c) Onlyllistrue (d) BothIandII are false
47. Which ofthe following is/are true?

I x® =1 3
L xlg} x'0—1 _E

lim =—
IL x—0 X 2
(@ BothlIandIlaretrue (b) Onlylis true
(c) Onlyllistrue (d) BothIandII are false
48. Which of the following is/are true?
L lim>E o
x>0 x
. l—cosx
I lim =0
x—0 X
(@) BothlIandIlaretrue (b) Onlylis true
(¢c) Onlyllistrue (d) BothIandIIare false
49. Which of'the following is/are true?
. ax’+bx+c ,
I lim————— (wherea+b+c#0)is 1.
x=lex” +bx+a
1 1
J— + J—

L fim X2 is -
o2 x+2 4
(@) BothlandIlaretrue (b) Onlylis true

(c) Onlyllistrue (d) BothIandIIare false
2 2 -
50. llln% (a+h) sin (e;+ h)—asina is equal to
. &sina+2acosa II. a’cosa+2asina
(@ BothIandIlaretrue (b) Onlylis true
(c) OnlyIlistrue (d) BothIandII are false

51. Which of the following is/are true?
I.  The derivative of f (x) = sin 2x is 2(cos?*x —sin? x).
II. Thederivative of g (x) = cot X is — cosec? X.
(@) BothlIandIlaretrue (b) Onlylis true
(¢c) Onlyllistrue (d) BothIandIIare false
52. Which of'the following is/are true?
I.  Thederivative of x*—2atx =10 is 18.
II. Thederivative of 99x at x = 100 is 99.
II. Thederivativeofxatx=11is1.
(@) I, Iland Il aretrue (b) IandIIaretrue
(c) IlandIlI are true (d) TandIIl aretrue
53. Which of the following is/are true?

I The derivative of y = 2x f% is 2.

II. Thederivative of y=(5x3+3x—1) (x—1) is
20x3 +15x>+6x—4

54.

5S.

56.

57.

58.

59.

(@ BothlandIlaretrue (b) Onlylis true

(c) OnlyIlistrue (d) BothIandIIare false
Which of'the following is/are true?

I.  Thederivative of f (x) =x3 is x

II. Thederivative of f(x) = L} is _—21
X X

(@) BothIandITaretrue (b) Onlylis true

(c) OnlylIlistrue (d) BothIand]II are false
Which of'the following is/are true?

I Thederivative of — x is—1.

.. 1
II. The derivative of (—x)'is Z

(@) BothlandIlaretrue (b) Onlylis true
(¢c) OnlylIlistrue (d) BothIand]II are false
Which of'the following is/are true?
I Thederivative of sin (x + a) is cos (x + a), where a is a
fixed non-zero constant.
II. Thederivative of cosec X cot X is cosec’x — cot? X cosec X
(@ BothlandIlaretrue (b) Onlylis true
(c) Onlyllistrue (d) BorhIandIIare false
Which of the following is/are true?
L Thederivative of
flx)=1+x+x>+..+x¥atx=1is 1250.

+1. 1
I Thederivative of f(x) = ~—— is —-
X X

(@) BothlandITaretrue (b) Onlylistrue
(c) Onlyllistrue (d) BothIandII are false
Consider the following limits which holds for function

fand g:
L lim[ f(x)tg(x)]= lim f(x)* lim g(x)

L lim[f(x).g(x)]= lim f£(x). lim g(x)

X—a
M. lim {&} = m /e
x—a| g(x) lim g(x)
x—a
Which of the above are true ?
(@) Onlyl (b) OnlyIl
(c) OnlyllI (d) All of the above

Consider the following derivatives which holds for function
uand v.

L (uxv)y=utv L (w)=w'+v'
IIL (Zj/:u/v—uv'
v v2
Which of the above holds are true ?
(@ Onlyl (b) OnlylI
(c) OnlylI (d) All of these

MATCHING TYPE QUESTIONS

Directions : Match the terms given in column-I with the terms
given in column-II and choose the correct option from the codes
given below.

60.

Column-I Column-II

A, lim f(x) 1. lefthand limitof fata
B limf(x) 2. limitoffata

C.  limf(x) 4. right hand limitoffata

x—a




61.

62.

63.

Codes
A B C
(@ 3 1 2
(b) 1 3 2
© 1 2 3
(d 2 3 1
Column-I (Limts) Column-II (Values)
A. lirr31 x+3 L. T
B, lim(x —Ej 2 6
X7 7
. 2 19
c limm 35
D lim( 4x+3 j 4 -1
Toxod x=-2 ’ 2
lim x4 x+1 22
E x—-1 X — 1 5 n 7
Codes
A B C D E
a) 5 2 1 4 3
(@)
(b) 2 5 1 3 4
c) 5 2 1 3 4
(©
(d 2 5 3 1 4
Column-I (Limits) Column-II (Values)
A limSEX) L 4
© oo (n—Xx) '
. COSX 1
B. Ilim 2. —
x=0 T—X T
. cos2x-—1 a+l1
C. lim———— 3. —
x>0 cosx —1 b
. ax+XCcosx
D. lim———— 4 0
x>0 bsinX
E 1ir13 XSecx 5 1
. sinax+bx
F Iim———
x>0 gx +sin bx
(a,b,a+b=0)
Codes
A B C D E F
(@ 2 2 1 3 5 4
(b) 2 2 3 1 4 5
c) 2 2 1 4 3 5
(©)
d 2 2 1 3 4 5
Column-I (Functions) Column-II (Derivatives)
A. cosec x 1. 5cos x+65sinx
B. 3 cotx+5cosecx 2. —3 cosec® X — 5 cosec X cot X
C. 5sinx—6cosx+7 3. 2sec’x—7secxtanx
D. 2tanx—7secx 4. —cot x cosec X

64.
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Codes

A B C D
(@ 4 1 2 3
b) 4 2 3 1
c) 2 4 1 3
da 4 2 1 3
Column-I (Functions) Column-II (Derivatives)
A, f(x)=10x 1. 2x

1
—2 R
B fx)=x 2. >
C. f(x)=aforfixedrealno.a 3. 0
1

D. fx)= < 4. 10
Codes

A B C D
(a) 4 1 3 2
(b) 1 4 3 2
(c) 4 1 2 3
d 4 3 1 2

INTEGER TYPE QUESTIONS

Directions : This section contains integer type questions. The
answer to each of the question is a single digit integer, ranging
from 0 to 9. Choose the correct option.

65.

66.

67.

68.

69.

70.

71.

72.

73.

If value of lim —M is equal to ! then ‘a’ equals
x—0 X a\/z

@ 1 (b) 2 © 3 (d) 4
. Na+2x—Bx . 243 .

If value oflim —————= is equal to ——, where m s
= Ba+x-2x m

equal to

@ 2 (b) 8 © 9 (d 3

lirr/l2 (sec x —tan x) is equal to
@ 0 (b) 2 (© 1 (d 3

a+bx, x<lI

Suppose f(x) = 14, x=1
b-ax, x>1

and iflirrll f (x)=1f(1) then the value of a + b is

@ 0 (b) 2 © 4 (d 8
. sin(2+x)—sin(2-x) .
If !gf(} " is equal to p cos g, then sum
ofpand qis
@ 2 (b) 1 © 3 d 4
Iff(x)=| x |- 5, then the value of lin51 f(x)is
@ 9 (b) 1 (© 0 (d) None of these
sin X

If value of lim

is equal to 2 then the value of
x>0 ¥ (1+cosx) 2

‘a’is
@ O b) 1 (© 2 @ 3
Value of lim s%n 4x is
x>0 sin 2x
(@ 1 (b) 2 (c) 4 (d) None of these

Iff(x)= {32();:?) ; i i 8 then the value of lxlg(} f(x)is

@ 0 ®) 6 © 2 @ 3
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217

Xx+2,x<-1

74. Letf(x)= ol x>—1

If 1ir1711 f (x) exists, then c is equal to

@ 1 (b 0 (c) 2 (d 3
. 5
75. Ifvalue of im 4\/5_((:0.5 LS LRI a\/2 , then the value
x>G 1—-sin 2x
of‘a’is
@@ 2 (b) 3 (c) 4 d 5
76. Iflin% =2 80 and n € N, then the value of ‘n’ is
X—> X —
@@ 2 (b 3 (c) 4 d 5
. sin2x .
717. llf(} is equal to
@ 2 () 0 (¢ 1 (d 3
78. Iff(x)=x"and f’(1)= 10, then the value of ‘n’ is
@ 1 (b) 5 (© 9 (d 10
k k
79. If lim 2=——> =500, thenk is equal to :
x5 X—5
@ 3 (b) 4 (© 5 d o

ASSERTION - REASON TYPE QUESTIONS

Directions : Each of these questions contains two statements,

Assertion and Reason. Each of these questions also has four

alternative choices, only one of which is the correct answer. You

have to select one of the codes (a), (b), (c) and (d) given below.

(a) Assertion is correct, reason is correct; reason is a correct
explanation for assertion.

(b) Assertion is correct, reason is correct; reason is not a
correct explanation for assertion

(c) Assertion is correct, reason is incorrect

(d) Assertion is incorrect, reason is correct.

80. Assertion: lim>nX _2
x>0 bx b
Reason: lim 222X _ b (a,b#0)

x>0ginbx a

81. Assertion: ling (cosecx—cotx)=0
. tan2
Reason: lim TCX =1

Xo—

2 X——

82. Assertion: If a and b are non-zero constants, then the
derivative of f (x) =ax +bisa.
Reason: If a, b and ¢ are non-zero constants, then the
derivative of f (x) = ax?>+bx + cisax +b.

83. Leta,a,a,,..,a befixedreal numbers and define a function
f(x)=(x-a)(x-a)..(x—a),then
Assertion: lim f(x)=0.

Reason: limf(x) =(a—a)(a—a,)..(a—a ), forsomea+#a,

Ay,

84. Assertion: Suppose fisreal valued function, the derivative
L , . f(x+h)-f(x)

of ‘f” atx is given by f* (x)= lim —

Reason: Ify = f (x) is the function, then derivative of ‘f” at
anyx is denoted by f* (x).

85. Assertion. For the function
100 99 2

X X
f(x)= —+—+..+—+x+1, f’(1)=100f" (0).
®)=700 99 p PXrLE ©

Reason: i(x“) =n.x"".
dx

86. Assertion: lim (1+3x)!/*=¢>.
x—0

Reason: Since lim (1+x)*=e.
x—0

. sin x
87. Assertion: limlog, =0
x—0 X

Reason: lin}) flgx)=f (lin%) g(x)).

an xo

88. Assertion: lim t
x—=>0 x

=1 where x” means x degree.
Reason: If lim f(x) =/, lim g(x) = m, then
x—0 x—=0

lim (£ (x)g(x)} = Im

89. Assertion: Derivative of f (x)=x | x [is2 | X |.
Reason: For function u and v, (uv)’ =uv’ +vu'.

90. Assertion: Let lim f(x)=/and lim g (x)=m. If/and m
X—a X—a

both exist, then lim (fg) (x)= lim f(x). lim g (x)=/m
X—a X—a X—a

Reason: Let fbe a real valued function defined by
f(x)=x*+1,thenf’(2)=4.

91. Assertion: Derivative of f (x) = 2 is zero.
Reason: Differentiation ofa constant function is zero.

CRITICALTHINKING TYPE QUESTIONS

Directions : This section contains multiple choice questions. Each
question has four choices (a), (b), (c) and (d), out of which only
one is correct.

. sin? 2x
92. Evaluate lim 5.
x—0 X
(@) 4 (b)y -4 (¢) sinx (d) cosx
x3 cotx .

93. The value of lim
x—0 1—cosx

18

@ 1 (b) 2 (© 2 (d 0
X
-1
94. The value of fim ¢ D i
x—0 1—cosx
@ O (b) 2 (c) 2 (d) does not exist
0s5. i JJ1—cos 2x
. lim ——
x—0 \/Zx '
(@ 1 b) -1 (c) zero  (d) doesnot exist
ii x tan 2x —2x tan x .
96. xl—IIIO 3 is
(I — cos2x)
(@ 2 (b) 2 () 12 (d -12
: 2
97. lim sin(m cos” x) equals
x—0 xz
(@ -m (b) n (c) w2 @1

98. The value of lim M is
T T

0>-2 9+

4 4

@5 ©® 5 ©-2 @



99.

100.

101.

102.

103.

104.

10sS.

106.

107.

108.
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X+ | X 2T 7

I (x) = | x| , then the value of lim f(x) is ®) sin ( 2x — 1] 24 2x —2x2
x—0 2 2
@ 0 ) 2 x*=-1V | x"+1 |
(c) does not exist (d) None of these C(2x—1)? (2 4ox—2x2 |
f(x) is a function such that " (x) =— f(x) and f' (x) = g(x) and (c) S| — 5
h (x) is a function such that h (x) = [f(x)]2+ [g(x)]> and Tl xTel
h (5) =11, then the value ofh (10) is (x4 2x —2x2 |
@5 -5 (-1 @1 @ Sm[ ; J L,
X - X
Let o and [ be the distinct roots of ax? + bx = ¢ = 0, then . 20 - 3
X—
109. lim - i 1t
11m 1—COS(ax2 +bx+c) iS equal to x4>2|:x_2 X3 —3X2+2X:| 1S equa 0
x> (x—a)? 1 -1
@ 3 ® - (© 1 d -2
2
a_ _ 2 ) n _311
@ 2 (@=P) ®) 0 110. If lmg X =108, the positive integer n is equal to
X—> X —
2 L, @3 ®5  ©2 @4
() —(a- [3)2 (d) E(Ol -B) iy SO 3X — o8 bx m
2 1. e 1 is equal to o where m and n are
. ((a—n)nx —tan x)sin nx . respectivel

If )}E}) 2 = 0, wheren is non-zero real @ P 2t b}: @ (b) a2+ b

number, then a is equal to

n+l1 1
@O0 ®-— ©n @
If sin y=x sin (a +y), then value of dy/dx is
sin(a+y) sin’ (a+y)
@ — b ———
sina sina
2
cos” (a+
© sin’(a+y) @ Sy
sina

X dy .
Ify=xtan 3 then value of (1 + cosx) i —sin x is
(@) —-x (b) ¥ () x (d) None

. . . Xsinx |
Differential coefficient of is
1+ cosx
—X —sinx X —sinx X +sinx X +sinx
@ 1+ cosx 1+cosx 1—cosx 1+ cosx
dy .
Ifx* +y* = 3xy, then value of S
2 2 2 2
Xy X -y X" -y X-y

@ G, ® Ty @O @

2
Ify=ax"""+bx ", then value of x* d_z is

X
@ nm+Dy (b) n*(n+1)y
(© 2n(n-D)y

(d) None of these
2x —1

Ify= f[
x2 +1

o sin(2)2(+1)2{2+2x—2xz}

Xx“+1 x2+1

d
] and f' (x) = sin x2, then value of d_z is

112.

113.

114.

115.

116.

117.

(¢) a?-b%¢? (d) ¢? a?-—b?
lin} [x— 1], where [.] is greatest integer function, is equal to

(@ 1 (b) 2 (© 0 (d) does not exist
. tanx-—sinXx .
lim————— is equal to
x>0 sin” X
1
(@) 3 (b) 0 (© 1 (d) Not defined
If a, b are fixed non-zero constant, then the derivative of

a b )
— ——5 tcosxisma+nb—p, where
X X

) ,
(@ m=4x’,n=—,p=sinx
X
4 2 .
(b) m= ;,H=F,p:smx

() m= = n :?,p:—sinx

2
(d) m=4x’n= ;,p:—sinx

If a is a fixed non-zero constant, then the derivative of
sin(x+a) .
— s
COSX
) cosa —cosa ( sina —sina
a c
¢ cos’ X cos’ X ) cos’ X cos’ x
|x-4] .
lim is equal to
x—4 x —4
@ 1 (b) 0 () —1 (d) does not exist
kcosx T
o when x # E
n—2X
Letf(x)=

3, when x I
2

If lim f(x)=1f (gj , then k is equal to

N
2

@ 2 (b) 4 (© 6 (d) 8
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118.

119.

120.

121.

122.

123.

124.

125.

126.

127.

128.

129.

(7
Iff (x) =|cos x —sin x|, then T (Zj is equal to

@ V2 b V2 (0 (d) None of these
If fix) + f(y) = [ j for all x, ye R (xy # 1) and
£1£r3 f(x) =2.Then, (%)

3 3
@ 5 (b) g (©) g @ 5

If f be a function given by f(x) = 2x*> + 3x — 5. Then,
£7(0)=mf"(-1), where m is equal to

@ -1 (b -2 (c) -3 (d) -4
For the function
100 X99 2
X)=—+—+..—+x+],
100 99 2
f’(1)=mf"’(0), where m is equal to
(@ 50 () 0 (c) 100 (d) 200
2sin’ x +sinx —1
Evaluate: lim
x-m6 25in”> X —3sinx +1
@ 3 (b) -3
(¢ 1 (d -1
The function u = e* sin x, v = e* cos x satisfy the equation
du dv , d*u
V—-—-u—=u"+V =2
@ Vi ®) =2
d?v
© >=—2u (d) All of these
dx
|x|+1, x<0
Iff (x)= 50 , X=0 then lim f(x)exists for all
[x]-1, x>0 .
(@ a=#l (b) a#0 () a#=—1 (d) a#2
53 5/3
Evaluate : lim (x+2) (a+2) .
x—a XxX—a
-5 2/3 5 2/3
(@) ?(a +2) (b) g(a -2)
5 2/3 5 2/3
(©) E(a +2) (d) g(a +2)
. x—sinx
lim 5 s equal to
x—=0 Y x+sin” x
(@ 1 () 0 () » (d) None of these
What is the value of lim XSH; X ?
x—=0 sin “ 4x 55
5 5
a) 0 - c) — d) =
(@) (b) 2 (c) T (d) 2
aX _x@
If lim =—1, then a is equal to:
x—0 xa — aa
(@ -1 (b) 0 (c) 1 (d 2
The value of llm 1+ 2 X - f
L b i
(@) 83 (b) 4 ﬁ (© 0 (d) None of these

130.

131.

132.

133.

134.

135.

136.

137.

138.

139.

The value of lim

x—2a

Vx? —4a?
1 a

1
Ja W 9y

1—tan| | |[1-sinx
o) o

1S

\/x—2a+\/;—\/£ is
\/_

(@) (d) 2va

lim
L BT S
) {1+ tan(2ﬂ[n 2x]

1

@x 0y
[ 1—cos{2(x—2)}

©0 @3

lim

x—2

x=2
(a) equals /2

] is equal to

(b) equals— /2

(d) does not exist

1
(c) equals NG
Let f: R —> [0, ) be such that ling f(x) exists and
x—>

(/@) -9

-3 =0 Then lim/{x) equals :
(b) 1 (c) 2

tan® x —2tanx —3

lim

x—5

@ O ) 3

The value of lim 3 isattanx =3, is
x>0tan” x —4tanx +3
@ 0 (b) 1 (c) 2 (d 3
[ 2 2
lin}) XYz ~(z=%) 2 is equal to
= (\3/8xz —4x? +\3/8xz)
Z
(@) NIIE (b) 5573 (c) 2213, (d)None of these
Z
. 1 1
lim | ————-—| equals to
h—0 (h\3/8+h 2/1)
I RN
@ g O © 5 @ 55
The value of lim €% (sinx) — cos x is
x—0 x4
equal to
@ 15 (b) 1/6 (c) 1/4 (d) 12
_ : _ain3 - 4
The value of lim 1 cosx3+ 2s1n>f 2s1r1 X —X 3+3x S
x>0 tan” X —6sin” X + x —5x
@ 1 (b) 2 (c) -1 (d) -2
o . o g(x)
A function fis said to be a rational function, if f (x) = TX)’
where g (x) and h (x) are polynomials such that h (x) #0, then
g(a)
a) h a¢0=>11mfx—
@ h@) M= 1)
(b) h(a)=0andg(a)=z0= 11£n f(x) does not exist
(c) Both (a)and (b) are true

(d) Both (a)and (b) are false.
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HINTS AND SOLUTIONS

CONCEPT TYPE QUESTIONS

1. (@
2. (a)
3.
4. (@@
5. @
6. (0
7. (@

Given function f (x) = x2. Observe that as x takes values
very close to 0, the value of f(x) also approaches
towards 0.

We say lim0 f(x)=0

(i.e, the limit of f(x) as x tends to zero equals zero).

Given function f (x) = 12” : f 8
Graph of this function K
is shown below. It is
clear that the value of f y=f(x)
at 0 dictated by values 0,2)—
of f(x) with x <0 equals
1,1.e. the left hand limit —9 0,1
of f(x) at x =0 is ' 4 > X
lim f(x)=1

x—>0" v

v

Similarly, the value of
fatx =0 dictated by values of f (x) with x >0 equals 2,
i.e., the right hand limit of f (x) at x =0 is

lim f(x)=2

x—>0"
In this case the right and left hand limits are different,
and hence we say that the limit of f (x) as x tends to
zero does not exist (even though the function is defined
at0).

x-Dx+1) -1-1

xoel (x+2)(x+1) 142

NJI+0++1-0 E
1

From direct substitution — =
1+0

=2

.. . xX(W1+x ++/1-%) VI+x +4/1-%x
Limit= lm ———F— = lim ——————=1
=0 (1+x)—(1-X) x>0 2
. 1-~x-4 . 1=vx—-4 1++x-4

lim——— = lim )

x—5 X—5 x—>5 X—5 1+m

_ 1-x+4 — lim —(X 5)

_x%S(x 5 (1+vVx—4) x-5(x— 5)(1+\/ 4)
. -1 -1 -1

= lim = -
x>5(1+4/x—4)  (1++/5-4) 2

By rationalisation of numerator, given expression

. \/l+x+x2—1 \/1+x+x2+1
= lim

x>0 X \/1+x+x2+1

@

@

@

o l+x+x2-1 . x(1+ )
= lim = lim
0 (e x+x2+1] 0% (VI+x+x? +1
1+x 1

=lim ———=—

014 x4x2 41 2

Lefthandlimit= lim f(x)= lim (3x-1)=3.1-1=2

x—1" x—1

and Right hand limit= lim f(x)= lim+ x2+1)

x—1 x—1
=12+1=2

lim f(x)= hm f(x)=2

x—1" x—1*

So lim f(x)=2
x—1

lim \/l+x —\/1 x2 \/l+x +\/l x2
x>0 X \/1+x +V1-x2

l-i-xz—l+x2

= lim
2032014 x% +41-x )
x2 2 2
= lim
x—0 2

\/1+x +v1- xz) 1+\/_ 2

£1(1) = [1 t} (1+t)(-D-(1-1t)x (1)
1+t 1+1)?
Cl-t-l+t 2
(1+1)? (1+1)?
. 2
S (1] P ——
N (t+1)?
(1)
t
Let fand g be two functions such that both lim f (x)

and ]im g (x) exist. Then,

X—a

(1) Limit of sum of two functions is sum of the limits
of the functions i.e.,

lim [ (9)+ g (9] = lim £ (0)+ lim g ().

(i) Limit of difference of two functions is difference
of the limits of the functions, i.€.,
lim [f (x)—g (x)]= lim f (x)— lim g (x).
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12.

13.

14.

15.

16.

17.

18.

)

©

@

)

@

@

)

(ii)) Limit of product of two functions is product of
the limits of the functions, i.e.,

y_rg [f ®).g ®)]= £1£1} £(x).lim g (x).

(iv) Limit of quotient of two functions is quotient of
the limits of the functions (whenever the
denominator is non-zero), i.e.,

limf(x)

X—a

m ) o lim
X—a g(X) = lim g(X) 2 if x>a 8 (X);éO

It is easy to see that the derivative of the function
f (x) = x is the constant function 1. This is because

,oo g fx+h)-f(x) ..  x+h-x .
()= }g% h n LIES h _lrlglol -
Let f (x)=sin x. Then,

, . f(0+h)-f(0)
£=lm———

— lim sin(0+h)—sin(0) —lim sinh 1
h—0 h h—>0 |

We have,
lim 32+h)-3(2)

h—0 h

. f(2+h)-f(2)
7 = 1 =
re=im =

M:hm&:hnﬁ, =3.
h—>0 | h—0

= lim
h—0 h

The derivative of the function f (x) =3x atx =2 is 3.
Since, the derivative measures the change in the
function, intuitively it is clear that the derivative of the
constant function must be zero at every point.

. f(0+h)-f(0) .. 3-3 . 0
(= lim = =lim—=
£O=1" = = = lhimy =0
.. o 1o fB+H)-f3) . 3-3
Similarly, f*(3) = lim W = lim 0 =0
The derivative of fat x = a is denoted by
f f
if(x) ord— or even [d—)
dx . dx|, dx/ _,
Lety=x+a
Differentiating yw.r.t. X, we get
dy
—=14+0=
dx 1+0
1
Let ——1+; = _ x4l
€ y l_l y X_l
X

Differentiating y w.r.t. x, we get

d d
& (=) D= (D) (x=D)
dx (x—1)

19.

20.

21.

22.

23.

©

)

b)

@

©

_ (x=DI+0)~(x+D(1-0) _x-1-x-1

(x-1)* (x—1)°
dy 2 2
T dx (x=17 (-x)
Lety= 4/x -2 =>y=4x">-2

Differentiating y w.r.t. x, we get

Lety=

1 -
ﬂz 4.lx71—0 =2x?*=
dx 2

(ax+b)"

2
Jx

Differentiating y w.r.t. x, we get

=

Yy = n(ax+b)"” i(ax +b) =n(ax +b)* 'a
dx dx

d
Y~ na(ax + by
dx

Lety=sin"x = y=(sin x)"
Differentiating y w.r.t.x, we get

dx

Lety=

1 n—1 i 3 d_y = 1 n-1
n(sin x) Ix (sinx) = ——=n(sin x)" ' cos x

dx

(x2+1) cos x,

Differentiating yw.r.t. X, we get

dy B

dx

d d
2 _ —_— (2
x*+1) Ix (cos x)+c0sxdx x2+1)

(by product rule)

=(x2+1) (-sinx) +cos X (2x) =—x2sin X —sinx +2x cos X

We have, ' (x) = 1}2})

= lm
h—>0

= lim

h—0

= lim
h—0

= lim
h—0

h—0

cos’

f(x+h)-f(x)
h

tan[a(x +h)+b] - tan(ax+b)

h

sin(ax +ah+b) sin(ax +b)
cos(ax+ah+b) cos(ax+b)

h

sin(ax +ah +b)cos(ax +b)—sin(ax +b)
cos(ax+ah+Db)

hcos(ax +b)cos(ax +ah +b)

asin(ah)

(ax+b)

a.h cos(ax +b) cos(ax +ah +b)

a im sin ah
cos(ax +b)cos(ax +ah+b) -0 ah

[ash — 0,ah — 0]

a
=asec’ (ax +b)



24,

25.

26.

27.

28.

29.

30.

31.

32.

LIMITS AND DERIVATIVE

)

)

(b)
@

)

)

®)

)

©

~ f(x)=xsinx

d
= 'x)= &(xsinx)

. d d . .
= sinX—X +X—sin X =8in X + X COS X
dx dx

f’ T sinTE+TEcosTE 1
= — = —_4— —_——=
2 2 2 2

If given function is 6x'® —x* +x. Then, the derivative
of function is 6.100.x% — 55.x> + 1
or 600x%”—55x>+1

lim
x=0 tan X

We have,

=1

d d
_— 1 = — 1 :0 .o —
dX(ng X) dx( ) [ log x=1]

We have,

d og x d og x> d

&(6312’ )Z&(e“’ )=d—X(x3):3x2 [ ehek=K]
We have,

d . 1
&{xz +smx+;} = %(x2 +sinx+x7)

= %(x2 )+%(sin x)+%(x’2 )

=2x+cosx+(-2)x3

We have,

d 1Yl d 1

— \/;+—j - — —+2

dx{( Jx T odx X+x+
d d

L d :
:d_X(X)JF&(X )+&(2) :1+(—1)x*2+0:1—x—2

We have, f(x) = ox"
Differentiating both sides w.r.t. x, we obtain

d d N
&{f(x)}: &((xx )

= f'(x)= Oti(x“):>f’(x):om.x“’1
dx

Putting x = 1 on both sides, we get

f'(1

f’"H=oan=oa= ra
n

We have,
(;ix(x sinx) = x.(;ix(sin X)+sin x.(;ix(x)

=xcosXx+sinx- 1=xcosx+sinx.

33.

34.

3s.

36.
37.
38.

39.

40.

41.

42.

@

)

@

b)
b)
@

@

@

©

b)

We have,

sinx 1 y
lim — =lim
x>0 gINnX y—=0 y

=log a, where y=sin x

[ x—>0=y=sinx—0]

. 2sin?3

Consider lim LZX
x—0 X

. 2 . 2

= 2. lim [Smx} =2, lim {3 Sm3x}
x—0 X x—0 3x

sin 3x 2

:2.9.1im[ ) =18x1=18
x—0 3x

) .2

Consider fim 000 _ jim | SO0 2y o
>0 O 0—0l m-0

S =73y '==21x"*

f'(x)=2cosx—12x3

Applying product rule,

d d
S @ == (x-2)+ -2 (x-1)

=x—-1+x-2=2x-3

For lim {@}

to exist, then both lim f(x) and
X—a

x—al| g(x)

lim g(x) must exist.
X—a

1+2-1+2

3 2x 2

=lim —=—
x—03x 3

lim
x—0 X

cosx 1

. 1
lim —
n-0 w

x>0 T—X

3f(x)—2fe)=x .0

Put x=l,then 31’(1)—2/’()c)=l ...(i)
X X

X
Solving (i) and (ii) , we get

2
5.2

5f(x)=3x+g:> f'(x) _3.
X 5 X

3 2 1
N =———=—
@ 5 20 2
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. . 7x . sinx
43. (@ Given functionis f(x)=——— lim =1
(@) (x) 2xD(x13) 48. (@ Llim (Standard Result)
Breaking into partial fraction II.Let us recall the trigonometric identity
We get, f(x)= ! + 3 1 cosx—2sin2(£j
’ 2x-1 x+3 2)
Diff tiati It t
ifferentiating w.r.t. X, we ge 1 Zsinz(;(j
PP T Then, fim =% — fim ——.22
2x-1)" (x+3) X
4. @ sm[’z‘j sin[;)
= lim———= sin (ij = lim———= lim sin (ij
STATEMENT TYPE QUESTIONS x>0 X 2) x20 X x20 2
2 2
45. (b) Given function =1.0=0

46.

47.

g(x)=|x|,x#0. Observe
that g (0) is not defined.
Now, on computing the
value of g (x) for values x'
of x verynear to 0, we see
that the value of g(x)
moves towards 0. So,

1i1’1’(1) g (x) = 0. This is

intuitively clear from the
graph of y=|x | forx #0.
(@) Given, the following function.

2

hx)=X =2 x 22 ¥t

X=2 . 0,4) y=h(x)
Now, on computing /
the value of h (x) for ©.2)
values of X very near /
to2 (butnotatx =2), . s »X
we get all these -2,0) @0
values are near to 4. Yy

This is somewhat strengthened by considering the
graph of the function y=h (x).

@ L Given,
15 15 _ 10 _
hmxlo I il X 1 x"-1
x>l x " —] x>l x—1 x—1

3
=15(1)/*+10(1) = 15+10=

II. Puty=1+x,sothaty—1asx—0.

. _ . -1
Then, limﬂ — lim¥XY
x—0 X y—1 y—l
r 1
2_12 l7
TS A W S
1 y-1 2 2

49. () I Given, lim

50. (¢) Wehave 111133)

51.

Observe that, we have implicity used the fact that x — 0

is equivalent to %—)0. This may be justified by
. X

putting y = E

ax’ +bx+c ax (1)’ +bxl+c

x>lex?+bx+a B c><(1)2+b><l+a

B a—l—b+c:1
c+b+a
11
IL lim X2 — lim @+
o2 x 42 x222x(x+2)
1 1 1

= lim —=—=—=
o2 0x 2(<2) 4
(a+h)*sin(a+h)—a’sina
h
_ lim (a> +h*+2ah)[sin a cos h+cos a sin h]—a’sina
h—0 h

h—>0

. {az sina(cosh—1) a’cosasinh
= lim N + "

+(h+2a)(sinacos h+cos a sin h)}

a’sin a(—2 sin® hj
2) b

— [+ 1lim
h -0

. a’cosasinh
= lim 5 -
h—0 h

2

+ }ling(h +2a)sin (a+h)

=a’sinax(0+a?cosa(l)+2asina=a’cosa+2asin a.
(@ 1 Recall the trigonometric rule sin 2x =2 sin X cos X.
Thus,
Liey) = i(2sin X COSX)= Zi(sin X COS X)
dx dx dx
= 2[(sin x)” cos x + sin x (cos x)']
= 2[(cos x) cos X + sin X (—sin x)]
= 2(cos? X — sin®x)
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cosX
II.g (x)=cotx= i

inx
d d d (cosx
— =—(cotx)=—
= dx(g(x)) dx( ) dx(sinxj
(cosx)' (sinx)—(cos x)(sin x)’
- (sinx)?
(—sinx) (sinx)—(cos x)(cos x)
- (sinx)?
— (sin’ x +cos” x) ,
= — = — cosec’x
sin” x
52. (¢) L Letf(x)=x>-2,wehave
yon o f(x+h)—f(x)
Fe= M= ——
2 2
L e i (O 22126-2)
h—0 h
. X" +h*+2xh-2-x*+2
= lim
h—0 h
. h(h+2
= gl_fg% =0+2x=2x
Atx=10,f’(10)=2x10=20
IL Letf(x)=99 x
. f(x+h)-f
Wehave f’ (x) = hmu
h—0 h
e i 99(x+h)—99x
= f'x= hlg})—h
. 99%x+99h-99x .. 9%h
- lim PR i 20

Atx=100,f"(100)=99
IIL Let f (x)=x

f(x+h)—f(x)

We have, ' (x) = llf}) W

_ x+h- .
= F= lim T f’(x)=}1]1n}]%=1

h
Atx=1,f'(1)=1

53. ®) L Wehave y= 2x—%

Differentiating y w.r.t. X, we get

dy
4 2% 1-0=2

II. Wehave, y=(5x3+3x-1) (x—1)
Differentiating y w.r.t x, we get

& =(5x° +3x—1)i(x—1)+(x—1)i(SX3 +3x-1)
dx dx dx

= (5x3+3x-1)(1-0)+(x—-1)(5x3x>+3 x 1-0)
=(5x3+3x-1)+(x—1)(15x*+3)
=5x3+3x— 1 +15x*+ 3x— 15x>-3
=20x3-15x2+6x—4
, o fx+h)-f(x)
4. @ L (=lim————
_ 1im(x+h)3—x3
h—0 h

. X +h’+3xh(x+h)-x’
= lim
h—0 h

= lim (W4 3x (x +h))=3x’

f(x+h)—f(x)

II. £ (x):}gr(}

h
1 1
o LN o3 1
_ i X X7 { f(x)= 7}
h—0 h X
x’—(x+h)’

-0 (x+h)’x’h
_lim x’ =[x’ +h’ +3xh(x +h)]
h—0 (x+h)’x’h

im ~h*® —3xh(x +h)
-0 (x+h)’x’h

—h[h* +3x(x+h)] -3

m =
-0 (x+h)’x’h x*
55. (@ I Letf(x)=—x

. f(x+h)-f
We have, f'(x)= %ﬁw

(by first principle)
_ hm—(x-l—h)—(—x) _ lim_x_h+x
h—0 h h—0 h
= lim =1
= f'x)=Im no
IL Letf(x)=(—x)"
1
= fx=-—
X
. f(x+h)-f(x) o
Wehave, f(x)= ngé 1 (byfirst principle)
1 1
“x+h x
N i X+
= f'x= }E}% h
1 1
< h-x
(x)= lim X X+h _jjm XT
= 0= T T+
h 1 1

im = =
>0x(x+h)h  x(x+0) x°
56. () 1 Lety=sin(x+a)

y =sin x cos a + cos X sin a
[+ sin (A+B)=sin A cos B + cos A sin B]

Differentiating y w.r.t. X, we get
d d . . d
& cos a—(sinx)+sina—(cosx)
dx dx dx
=co0s acosX—sinasin x=cos (x +a)
II. Lety=cosecx cotx

Differentiating y w.r.t. x, we get

& = cosec X i(cot X)+cotx i(cosec X)
dx dx dx

= —cosec X cosec’X + cot X (—cosec X cot X)
= —cosec’x — cot? X cosec X
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57. () I. The derivative of the function is
1+2x+3x%>+ ...+ 50x¥. At x = 1 the value of this

function equals to
1+2(1)+3(1)P2+...+50(1)*=1+2+3+...+50

_BOG) 575

II. Clearly, this function is defined everywhere except at
x = 0. We use the quotient rule with u=x+ 1 and
v=x. Hence, u"=1 and v'=1. Therefore,

df(x) d(x+1) dfu) uv-uv
G P (o

\4
_10-G+Dl_ 1

2 2
X X

58. @ 59.(d)

MATCHING TYPE QUESTIONS

60. () Wesay lim f(x) is the expected value of f'at x = a

given the values of fnear x to the left of a. This value
is called the left hand limit of fat a.

Now, lim f(x) is the expected value of fatx = a given

the values of f'near x to the right of a. This value is
called the right hand limit of f (x) at ¢ and

if the right and left hand limits coincide, we call that
common value as the limit of f(x) at x = @ and denote it

by limf(x) .
61. () A. lin% x+3=3+3=6
B. lim(x—2j=n—2
X—>T 7 7

C limnr’ =qx (1P=n

4x+3 4x4+3 19

D. lim =—
x4 x =2 4-2 2
10 5 10 5
E lim X +x +1:(—1) +(-D +1:1—1+1:—_1
- x—1 -1-1 -2 2
62. @ A. Given, limSn"=%)
=1 T(T—X)
Letm—x=h,Asx —> m,thenh—0
lim sin (T—X) —lim sinh :limlx sinh
X1 n(n_x) h—0 rh h—0 7p h
12t ['.'limsmhzlj
T P h—>0 h
) . COSX
B. Given lim
x=0 1 —X
Put the limit direct] goos9 1
ut the limit directly, we get ="
- - . 2sin’
C. Given, limcos2x lzliml cost:hm sin” x
*20 cosx—1  x20 l—cosx 050X
2

( 1—cos2x =2sin’ x and1—cos x = 2sin? %)

63.

@

A.

Multiplying and dividing by x*and then multiplying

4
by n in the numerator,

2 2
X X
sin®x X4 sinx \’ 2
= lim———x 4_lim( jx 2 x4
x—0 . X x—0 . X
X sin> = X sin=
2
=1x1x4=4
. . aX+XCosx
. Given, lim —————
x>0 bsinx
Dividing each term by x, we get
ax XCosx
~ a+cosx
x—>0  bsinx

x->0 (sinX
X X

a+cosO a+l ( .
= o i

bxl1 b
liII(l)XSGC x=0xsec0=0x1=0

. sinax+bx
lim —
x>0 ax +sin bx
Dividing each term by x,

sinax bx asinax
— +b
= lim —*—2X = |im—2%_
x—>0 ax sinbx x-o0  bsinbx
—+ a+
X X bx

axl+b_a+b_, (
a+bxl a+b

1
sin x
Differentiating y w.r.t. X, we get

. sinx
o lim = 1)
x—>0 X

Let y=cosec x =

dy sinxdix(l)—(l)(;ix(sin X)

=2
dx sin” x

sinxx0—1xcosx

sin” x

0—cosx —cosx 1
= . = . X .
sin? x sinx sinx

dy

= —cot X cosec X
dx

=

. Lety=3 cotx + 5 cosec x

Differentiating yw.r.t. X, we get

dy
dx

= —3 cosec? x — 5 cosec x cot X

. Lety=5sinx—6cosx+7

Differentiating y w.r.t. x, we get

d
d_i/ =5cosx—6(—sinx)+0=>5cosx+6sinx

. Lety=2tanx— 7 secx

Differentiating y w.r.t. X, we get

—— =2sec’x—7 sec x tan X
dx
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mf(x+h)—f(x)

64. (a) A. Since,f'(x)=1li W

= lim lim
h—0 h h—0 h

_ lim(10)=10
. f(x+h)-f
B. Wehave, f'(x)= }g%w

2 \2
lm(x+h) (x)
h—0 h
_lllr%(h+2x) 2x
f(x+h) f(x)
h
zlima a:lim9=0(ash¢0)

h—0 h h—0 K

f(x+h)—f(x)

C. Wehave, ' (x)=

D. Wehave, f’(x) = lim
11
. (x+h) x
b
i X&) o 1 —h
h>0h| x(x+h) h>0h| x(x+h)
-1 -1

— lim -
-0x(x+h) x

INTEGER TYPE QUESTIONS

10(x+h)-10x) _. 10h

\/m\/— V2+x+42 i 2+%)-2

65. ® n X a2 Hom
= lim 1 1
=0 2+x++/2 242
66. (c) m Yt 2 3x | Vaiox+ V3

Hﬂ «/3a+x Z\f Va+2x +43x

_ lim (a+2x)-3x

= (Varx -24x ) (Va+ 2x +3x )

Again rationalizing, we get

(a— x)[\/m+2\/;J 4Ja

Ha (
23

9

T
67. (@ Puty= E_X

. hm (secx— tanx)—hm [sec[g_y) tan(g_yﬂ

: 1—-cos
= lim =1lim Y
y50 [cosec y —cot y] = W | siny

2sin’ Y
:hf(} —lim tan 2 =0
"7 2sin % cos > 30

a+2x ++/3x ) (3a-3x) N

68.

69.

70.

71.

72.

73.

©

@

©

lirrll fx)=1(1)
i.e. RHL=LHL=f (1)
= limf(x)= lim f(x) =4
x—>1* x>
}gr(}f(l—irh) :%ll_rf(}f(l—h):4
= }1111% b-a(l+h)= £1n3 a+b(l1-h)=4

= b-a(l1+0)=a+b(1-0)=4
= b-a=4andb+a=4
On solving, we geta=0,b=4

sin(2 + x) —sin(2 —x)

lim
x—0 X
2COS(2+X+2_X)Sill(2+x—2+x)
zhng 2 2
X x
2 cos2)sinx
=lim # =2co0s2

x—0 X
= p=2andq=2.
Atx=5, RHL= lilgf(x)

= lim f(5+h)= lim |5 +h|—5=0
h—>0 h—0
LHL= lim f(x)= lim f(5—h)
= lim[5—h/-5=0
h—0

Hence, RHL=LHL = lxlglg f(x)=0

)

b)

@

@

2 sin X cos X
sin X

lin& 1+ ) m(l)
-0 x(1+cosx) x— X
XI:Z cos’ }

X
tan —

tanx/2 1

— lim ’; ~Lim—2_1

x—0 2 A 2 %*}0 i 2

2

. sin4x . sin4x 4x 2x
lim = lim X x ==

=0 gin2x x>0 4x sin2x  2x
sin4x 2xX 4x 4

:llm X — Xe— = — =
x>0 4x sin2x 2x 2
(x> 0=4x—>0and 2x - 0)
Atx=0,

RHL= lim f(x) =lim f(0+h)= im3(0+h+1)=3
x—0" — -

LHL= lim f(x) = limf(0—h) = lim2(0~h)+3=3
x—0" — —>

Hence, RHL=LHL = lin(} f(x)=3

At x=—1, limit exists.
RHL=LHL

= lim fx)= lim f(x)
x—-1" x—-1

= Llirgf(—1+h)= Llf(}f(_l_h)

U

. L
limc (~1+hy*=lim (~1-h+2)

c(~1+0P=1-0=c=1

U
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75. (d) We have £10)=1
im 42 = (cos x +sinx)’ a '
e . £(1)=100x1=1007(0)

76.

77.
78.

79.

@

@
@

)

5 s s s
22 —[(cosx +sinx)’]> lim (1+5sin2x)? —22
x5 2 —(1+sin2x) B x>k (1+sin2x)—-2

5 5

otz D2 5 5,
= lim ,wheret=1+sin2x= —x(2)? =52
=2 t—2 2
limX =2 —g0
X—2 X—2
= n2"!'=80 = n2"'=521"= n=5
1imSln2X= 1imsm2x “) - 2.limstx —ox]=2.
x>0 X x>0 2x x>0 2x
Let f(x)=x"
f’(x)=nx""!
f’(I)=n.1""!'=n
10=n
<K _sk
Let lim =500
Xx—5 X—
n n
By using lim =% —n.a"" we have

Xx—a X—a
k.5 1=500
Now, put k=4, we get
4.541=500 = 4.5*=500
which is true.
k=4

ASSERTION- REASON TYPE QUESTIONS

80.
81.

82.

83.

84.

85.

©
©

©

)

®)
@

Assertion is correct but Reason is incorrect.
Assertion is correct

. 1 COSX . l—cosx
lim - =lim

x-0| ginX  sinXx x>0 §in X

., X
2sin’ = X
=limtan—=0

x—0

= lim
x—0 . X X
2sin—cos—
2 2

Assertion is correct but Reason is incorrect.
Reason: f (x)=ax’>+bx +c
f’(x)=2ax+b
Both Assertion and Reason are correct but reason is
not the correct explanation.
Both Assertion and Reason are correct.

We know that i(x”) =nx""!
dx

100 99 2
X X X
SoFor f(x)=——+—+.....+4—+x+1
/) 100 99
100x% 98 )
Py =200 ggX 12y
100 99 2
=xP+x%4+ .. +x+1

86.

87.

88.

89.
90.

91.

(@)

©

b)

@
b)

@

Hence, £'(1)=10070)

. 1/ 3
lim (1+39)* = fim [ (143517 ) [ = ¢
x—0 x—0

. 1/x
because lim (1+x) "~ =e
x—0

Obviously Assertion is true, but Reason is not always
true.
Consider, f(x) =[x] and g(x) =sin x.

X
0 tan| — -
. .. tanx . 180
lim = lim =1
x—0 xO x—0 [ X ]
180

and lim {/(9)2(0} = tim 7)) 1im ¢(x)) = im
x—0 x—0 x—0

Assertion: Letu=x, v=| x |

Both Assertion and Reason are correct.

lim {2+h)>+1 {22 +1)

h—0 h

Reason: f’(2) =

2
_ lim h™+4h _ jip _ ’ iy —
= =limpy+4-4=f@)=4

CRITICALTHINKING TYPE QUESTIONS

92.

93.

94.

9s.

96.

@

©

b)

@

©

. sin?2x
lim 5
x—>0 X

. (2sinxcosx)? . sin?x
= lim —2 =4 lim .cos’x=4
x—0 X x—=0 x
. x> cot x (x3 cotx l+cosx\
lim X

=1
x—0 1—cosx x>0\ l-cosx 1+cosx

3
= lim( .X ) x lim cosx x lim (1+cosx) =2
x—0\sIn X x—0 x—0
x(* -1 _ 2% 1)

4 sin2 X
2

| (x/2)? e -1
_n1 -
_2XE>I})Lin2(x/2)}[ x j—z

J1=cos 2x i J1-(1-2sin? x)
= lim ;
\/Ex x—0 \/Ex
\2 sin? i | sin x|

= lim = lim
x—0 \/5 X x—>0 X
The limit of above does not exist as
LHS=-1#RHL=1
Given expression can be written as

lim

x—=0 1—cosx  x—0

lim
x—0

. xtan2x—2xtanx
lim

x—0

4sin4 X
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X Jtan x where 7 is non zero real number
= lim ——— { >~ 2tan x} sin nx tan x
x—>04sin” x[ 1-tan” x = limn. H(a_n)n_ H:o
P x—0 nx X
_ fim 2xtanx| 1—1+tan” x |
x>0 4sin* x| 1-tan®x = lnf(a-n)n-1]=0= a:;+n
) 2% tan> x 103. () siny=xsin(a+y)
= lim 2 3 .
x—>04sinx” (1—-tan” x) L x=_omy
L x 1 L U S B | sin(a +y)
) x;na sinx cosd x 1—tanZx 2 13 1-0 2 Differentiating the function with respect to y
) ) ) . dx sin(a+y)cosy—sinycos(a+y)
. sin(mcos“x) .. sin(m—msin” x) - = )
97. (®) lim = lim dy sin”(a+y)
x—0 x2 x>0 x° : ;
[+ sin(n—0) = sin0] _sinfa+ty-y) _ sina

.2 - . 2
. . . + +
sin(nsin?x) (nsin?x) sin“(a+y)  sin“(a+y)

B ?}Eﬁ) nsin? x g 2 " Loy sin’(a+y)
1 . dx sina
98. @@ Put9+Z:h0r9:—Z+h 104 Letvex t X dy_1t . ,x 1
. n . (©) eyfxan2:>dxf.an2 X. SecC 2
cos (Z—hj —sin (Z_h) sin X
L]Inlt: hm h — tan§+£sec2 i — _2+L
h—0 2 2 2 X 2 X
n T cos— 2cos” —
cos| ——h|—cos| —+h 2 2
. 4 4 XX
= lim 2sin—cos—+Xx .
h—0 h B 2 2 _sinx+x
2sin " sin h 2c0s” = I+ cosx
= lim —24 =2 2
h—0 h dy .
—h+|h| :>(1+cosx)&fs1nx=x
= lim——— = |j = .
9. (© LHL o0 —h ﬁlino ©)=0 105. @ d ( X sin x j
Y ) dx \l+cosx
RHL= 0 h 2 (14 cosx)(sin x + x cos x) — (xsin x)(0— sin x)
LHL = RHL => limit does not exist a (1+cosx)?

100. @ b (x)=21(x) f'(x) +2 g(x) g'(x) . 2. .2
=21(x) g(x)+2 g(x) f"(x) _ sinx(1+cosx)+xcosx +X(cos” X +sin” Xx)
=21(x) gg)—2 f (Xf)g(X) (14 cosx)*

N h(x);(c) :[h(10§X:)I:(_5) S?]l _ (x +sinx)(1+cosx) _ X +sin X
_ 1-cosa(x—a)(x—P) (1+cosx)? I+cosx
101. (@) Givenlimit= lim ; )2 106. (b) Differentiating w.r.t. X,
X—>o xXxX—0o
) (x— dy dy
. 2sin® (ai(x a)z(x B)) 3x*+3y? dx =3y+3x dx
= lim 5
x—>o (x—a) . - ﬂ i g:XZ_y
st [atmeeB) =373 g )= g T T
= lim X 3 3 107. (@ y=ax""!+bx "
o (x—a) a”(x—0)"(x—P) dy
4 ) ) ) dx =@+ Dax"—nbx !
A=) (=)
d2y
. 4 =2 —(n+Dnax’ +n(n+1)bx "2
_a’(a—P) dx
2 ' dzy
102. d) We are given that x> =@m+Dna.x""+n@m+1)bx™
. [(@a—n)nx—tan x]sin nx dx
lim 5 =0 =n(n+1)[ax""+bx "]=n(n+1)y

x—0 X
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x2 +1

Ly f(2x—lj {(x2+l)2—(2x—1).2x}

dx x2+1/ (x2+l)2
. [27{—1]2 242x-2x2
= Sin 3 . 3
X" +1 x“+1)

2
X"+l x” +1

109. ) We have,
hm{ 1 2(2x 3) }

-2 x—2 x> —=3x%*+2x

108. () We have,y= f[ 2x- lj

:hm' 1 2(2x-3) }
=2 x=2 x(x-1D(x-2)

lim [ x(x-1)-2(2x-3)
"oz x(x-1)(x-2)

lim x2—5x+6
T ooz x(x—1) (x-2)
[ (x=2)(x-3)
= X (- 1) (x—Z)} (x=2#0)

i [ x-3 ] -1
— l1im =—
=2 x(x-1) 2

n n

110. @ Wehave, lim>—2—=n(3)-!
x-3 x—3

Therefore, n(3)"~' =108 =4(27)=4(3)*"!
On comparing, we get n =4

111. (© We have, lim 28 3X=C0s bx
x>0 coscx—1

2sin{(a+b) x]sin[(a_b)x)
2 2

= lin%
2sin’ (E]
2

sin (a+b)x .sin (a-b)x 2

_ lim 2 2 X
= x50 %2 TLLceX
sin® —
2

2
_ cX 4
G @hx . (a-b)x ( )X :
2 2 2 [¢

2 2 ‘a-b
(a+b a—b 4) a’—b’

— lim . .
x—0 (a+b)x ( 2 ) (a—b)x 2 Sinzcl
a+b 2

2 2 E) @
a? — b* and c? respectively.
112. @ Since,RHL= lim [x—1]=0
andLHL= lim [x—1]=-1
x—1"

Hence, at x =1 limit does not exist.

.Hence m andn are

. 1
. . sin X -1
. tanx-—sinx .
113. (@) We have, lim 222 =lim—— X
x=>0  §in” X x>0 sin” X

1—cosx 2sin2§
— lim =lim 2 -

1

x>0 cos xsin’x  x-0 .2 X X)) 2
4sin” —.cos” —
2 2

a b
114. ) Lety= ?—F+cosx

= y=ax*-bx?+cosx
Differentiatin g yWw.r.t. X, we get

Yl ()b )+ (eosx)
dx
—21(—4))C4 I-b (= Z)X*2 '(—sin x)

4a 2b [ d ny _ n_1:|
= ——+——sinx c—(x")=nx

x* X’ dx

sin(x+a) sinxcosa+cosxsina
115. (@) Lety= =

COSX COS X
[--sin (A+ B)=sin A cos B + cos A sin B]

sinx cosa N cosxsina

= =cosatanx +tsina
COSX COSX

Differentiating yw.r.t. X, we get
dy
dx

d d
= cosa— (tanX)+—(sina
dx( X) dX( )

cosa

=cosasec’x+0=—>
cos” x

[x—4|
116. d) Letf(x)=
x—4

Atx=4,RHL= lim f(x)= lim  @4+h)=lim l4+h-4|
~ lim 4+h-4)
S0\ 44h—4

Atx=4, LHL= lim f(x) =,{iff})f(4—h)
x—>4 -

\ 4-h-4] . —(4-h-4)
= =lim
lHO(4 h-4) 1m0 (4-h-4)
. RHL # IHL
*. Hence, at x =4, limit does not exist.

kcosx

117. (¢) Given,f(x)=1{ T~ 2X
3, x=

X #

r
2
r
2

T
Since, limﬂ f(x)= f(aj = limn f(x) =3



LIMITS AND DERIVATIVE
. —ksinh —ksinh , 1 2
e = = f'(x)= 2x =
= n—n—2h = 0 o ) l+x® 1+x?
X jimSinh _ L o o[22 63
= Ty TS B a3 2
._sinh .
= k=6 | lim o =1 120. (¢) Wefirstfind the derivatives of f (x) atx=—1and atx =0.
. We have,
118. d Wehave, f (x)=|cos x—sinX| o hmf(_Hh)_f(_l)
cosx—sinx,for0<x£E D= h—0 h
= f(x)= . ¥ [2(=14h) +3(=1+h) = 5]—[2(=1)* +3(~1)— 5]
sinx—cosx, for—<x<— = Llffg h
4 2
d , Conion
Clearly, Lf’(%) = {d—x(cosx—sm x)} = lim =lim(Zh-1)=2(0)~1=-1

at x =

U
7
= (—sinx—cosx) =2
L

4

T
and Rf’[zj _ {(;ix(sinx—cosx)}mﬂ
4

= (cosx+sinx) r =\/§

4
Lf'(E] # Rf*(ﬂj
4 4

o f ’(%) doesn’t exist.

119. @ f(x)+f(y)—f(x+yj .0
1-xy

Puttingx =y=0, we get f (0)=0
Putting y=—x, weget f (x)+ f (—x)=f(0)=0
= f(x)=-f(x) ..(i)

. f
Also, im ™) _ 5 ..(iii)
x>0 x
. f(x+h)-f
NOW, f’(X): hmM

h—0 h

[using eq. (ii) —f (x) = (—x)]

f( Xx+h-x j
lim I1-(x+h)(—x)

f’(x): h—0 h
[using eq. (1)]
f(hj
= f'(x)= }111% 1+x(x+h)
h
f(1+ }}11+ 2) 1
. xh+x
f’/(x)= lim X
= ) h—0 ( h ) [l+xh+x2
1+xh + x>
( ; )
, . 1+xh +x” . 1
= f'(x)= lim o x lim

and £’ (0)= }}%M
_ o 2005 1) +3(0+h) ~5]-[2(0)° +3(0) 5]

h—0 h

2
~ lim 2h” +3h =lim(2h-+3)=2(0)+3 =3

Clearly, f’(0)=-3f"(-1)

100 99 2
121. (¢) Given,f(x)= 1‘0—0+E+...+"7+x+1
S P 100x99+99x98+ 20
X)= ———+—+...+—
100 99 2
[ fx)=x"=f"(x)=nx""]
= {'®=x+x%+..+x+1 ..(4)

Putting x = 1, we get
M7 +1" 44141 141414141
100 times 100 times

= f’(1)= 100 )
Again, putting x =0, we get

£/(0)=0+0+...+0+1
= f (0)=1 ...(iii)
From egs. (ii) and (iii), we get

£’ (1)= 100f"(0)
Hence, m= 100

()=

122. (b) We have,

2sin’x +sinx—1 i (2sinx —1) (sinx +1)

im
x>w6 2sin” x —3sinx+1  x>w6 (2sin x—1) (sin x—1)

. —+1
— lim 51.nx+1:2 _ 3
X—>7/6 SlnX_l l—l

2

123. d) Wehave, u=e¢*sin x

du
= — =¢'sinx+e*cosx=utv
dx
v=¢€*Cos X
dv .
= —— =¢'cosx—e*simx=v—u

dx

.. Consider vd—u—ud—v =v(utv)—u(v-u)=uv’+v?
dx dx

du_du AV iy iues
& dx o dax o VTeTA
2 dv du
and dv_ov du =(v-u)—(v+tu)=-2u

dx?  dx dx



LIMITS AND DERIVATIVE 231
|x|+1, x<0 [-x+1, x<0 ] oa¥—x?
124. () Given, f(®=10  , x=0=10  , x=0 128. () Asgiven lim~ =1
x|=1, x>0 {x-1, x>0 Applying limit, we have
Let us first check the existence of limit of f (x) at x =0. 1-0
Atx=0, =-1 (. a’=1)
a
RHL= lim f(x) = limf(0+h)= lim(0+h)~1 0-a
x—0" e d
1 Wl
=limh-1=0-1=-1 = —=-l=a=l
h—0 —-a
LHL= lim f(x) = imf(0—h) Taking log on both the sides
0 h—0 aloga=0 = a=0orloga=0
=£1£1;1—(O—h)+1 a#z0 = loga=0 = a=1
— limh+1=0+1=1 129. (a) Therequired limit
h—0
RHIL . I+42+x -3
Z Atxi (L)}gdmit does not exist = Jim : = (on rationalizing)
’ > . X2 (x 2)[\/1+ 2+x +\/§}
Note that for anya <0 ora> 0, limf(x) exists,
asfora<0, imf(x) = lim—x+ 1 =-a+ | exists and i ( X+2—2)( X+2+2)
X—a X—>a = lm
for a> 0, }gri f(x)= }(ig}x— 1 =a— 1 exists. Hence, X—>2(x 2)( 1+v2+x +\/§) (\/X+2 +2)
}(i_rg f(x) exists for alla#0. ; (x+2)—4
= lim
5/3 53 5/3 5/3
125 @ lim G @ e o) X_’2(x—2)(«/1+\/2+x +x/§)(\/x+2+2)
T—a x—a x—a (x+2)—(a+2)
1
513 _45/3 = lim
. -b
= lim ———, "_’2(\/1+\/2+x +\/§)(\/x+2+2)
y—>b y—=>b
wherex+2=y,a+2=5h.and _ 1 l: 1
whenx —>a,y—>b 24374 83
5 1 5 5
3 3 3 130. (b) lim +
x—2a \/X2 442 \/X2 _ 432
: . 1 Jx -2a
126. 0 lim |0 i | = i
. i\ x+sinx  x0 x—2a+/x +2a \/(x—Za)(x+2a)
+
o Vx =2a
=——+ lim
Na o2 (U5 -a) (Vx ++2a ) (x+ 20)
o Jx —2a 1
=——+ lim = +0
Na x> \/(\/;Jr\/g) (x+22) 2a
127. (© lim X505X tan[ﬁ—fj (1—sin x)
x—0 Sin2 4x 131 lim 4 2
[multiply denominator and numerator with x] - @ IR (n—2 x)3
We get, e
lim x2 sin5x ~ lim Sil’l5X. x2 Let x:g-i-y;y—)O
x>0 xsin?4x x>0 X sin?4x y y 5y
Rearranging to bring a standard form, we get, tan(—2).(l—cos ¥) —tanz(Zsin 2)
. 2 = lim = lim
lim 5s1n5x' (4x) ) (—2y)3 y—0 s ﬁ .
x-0 5X  16sin” 4x g
: Y
=i(ﬁmsm5x) 1 _5 =1imitan2 Sin /2 2=L
16\x—0 5x y/2 32

y3032 (yj
2




LIMITS AND DERIVATIVE
_ JI-cos2(x-2)} . 2[sin(x-2)| . 2-38+h
132. lim =lim —— lim ————
@ X2 x=2 xo2  x=2 136. @ 7% 2h3/8+h
LHL - fim Y280G=2) _ Jim 8-(8+h) __ L
(@y=2)  xo2 (x=2) h—02h Y8 +h (8% +8"3.8+n)* + 8 +n)*3} 48
RHL = limw=1 ) sinx+x) . (x—sinx
(atx=2) x—=2 (x=2) 137. ®) cos 2 S 2
Thus LHL # RHL x4
(atx=2) (atx=2)
. (sinx+x . (x—sinx
Hence, lim 1= cos{2(x~2)} does not exist. . sm( 5 ) sm[ 5 j
x—2 x—2 = lim 2 , .
x>0 (s1nx+x) [x—smxj
2
_\S(x) -9 2 2
133. @ lim (()—)zo
x5 |x _ 5| ) ! ) )
= lim [(f(x))2=9]=0 = lim f(x)=3 (1 ), X 6
x—5 x5 . . .
smx IJ (x —sinx)
2
. .t -2t - X
134. (¢) Consider lim —2 . x—2tanx -3
x—0 tan” x —4tan x +3 138. (b
139. (¢) A function fis said to be a rational function, if
_ lim tan® x —3tan x + tan x — 3 g(x)
I tan2 x —3tan x — tan x + 3 f(x)= m, where g (x) and h (x) are polynomials
~ im gan X+ B Eian X— 2 _ lim :t[an X+ 1 such thath (x) #0. Then,
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Now, at tan x =3, we have limf(x):limg(x):Xlﬂg(X):g(a)
W X7, wehav x> wih(x) limh(x) h(a)
lim tanx+1 3+1 4 o
tanx—3 tanx—1  3-1 2 Ifh(a) = 0, there are two scenarios - (i) when g (a) # 0
and (ii) when g (a) =0. In case I, the limit does not exist.
x 7% = (z—x)? In case II, we can write g (x) = (x —a)* g,(x), where k
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is the maximum of powers of (x —a) in g (x). Similarly,
h (x)=(x—a)'h (x) ash(a) = 0. Now, ifk > 1, then

| limg(x) lim(x-a)g,(x)
lim f (x) = limh (x) - lim (x - a)'h,(x)
lim(x-a)"'g,(x) g (a)

limh, (x) h,(a)

Ifk <1, the limit is not defined.



