Continuity and Differentiability

( Y
(_ QUICKRECAP )

CONTINUITY

0 Arealvaluedfunctionfissaidtobe continuous

atapointx=c,ifthefunctionisdefinedatx=c
and lim f(x)=f(c) or we say fis continuous
X—C

atx=ciff lim f(x)= lim+f(x)=f(c)

x—c X —C

>

Discontinuity of a Function : A real
function fis said to be discontinuous at x = c,
if it is not continuous at x = c.

i.e., fis discontinuous if any of the following
reasons arise:

(i) limi f(x)or lim+ f(x) or both does

X—C X—C
not exist.



(ii) limi flx)# lim+ f(x)

(iii) hm - f(x)= lim f(x);tf(c)

A function f is said to be continuous in an
interval (a, b) iff f is continuous at every
point in the interval (a, b) ; and f is said to
be continuous in the interval [a, b] iff f is
continuous in the interval (a, b) and it is
continuous at a from the right and at b from
the left.

A function fis said to be discontinuous in the
interval (a, b) if it is not continuous at atleast
one point in the given interval.

Algebra of Continuous Functions : If fand g
be two real valued functions, continuous at
x = ¢, then

(i) f+ giscontinuous at x = c.

(ii) f- gis continuous at x =c.

(iii) f-gis continuous at x = c.

(iv) (i)is continuous at x = ¢, (provided
4

g(c) #0).
Composition of two continuous functions is
continuous i.e., if fand g are two real valued
functions and g is continuous at ¢ and f is
continuous at g(c), then fog is continuous at c.
The following functions are continuous
everywhere.
(i) Constant function
(ii) Identity function

(iii) Polynomial function

(iv) Modulus function

(v) Sine and cosine functions
(vi) Exponential function

DIFFERENTIABILITY
o Let f(x) be a real function and a be any real

number. Then, we define
(i) Right-hand derivative :

I fla+h)—f(a)
im —————,
h—0"

called the right-hand derivative of f(x)

at x = a and is denoted by Rf’(a).
(ii) Left-hand derivative :

if it exists, is

a—h)—f(a
lim M, if it exists, is called
h—0~ —h
the left-hand derivative of flx) at x = a
and is denoted by Lf”(a).

A function f(x) is said to be differentiable at
x = a,if Rf'(a) = Lf'(a).

The common value of Rf “(a) and Lf “(a)
is denoted by f “(a) and is known as the
derivative of f(x) at x = a. If, however,
Rf "(a) # Lf "(a) we say that f(x) is not
differentiable at x = a.

A function is said to be differentiable in
(a, b), if it is differentiable at every point of
(a, b).

Every differentiable function is continuous
but the converse is not necessarily true.

SOME GENERAL DERIVATIVES

Function Derivative Function Derivative Function Derivative
x" nx"1 sin x COS X COS X —sinx
tan x sec? x cotx - cosec? x sec x sec x tan x
cosec x — cosec x cot x e ae™ e~ e*
1
sin”! x s x€(=LD| cogly ;xe(=11) tan™ x
1-x* 2 S3X€ER
—-x 1+x
cot x 1 sec x ;XE R- ]| cosecx 1
- S XE R | | / _ ’ ———=;x€ R-[-1,1]
1+x x|V? |x|Vx? 1
log, x 1 a* a‘log,a;a>0 log, x ;x>0anda>0
ge —;x>0 B & B xlog,a’
X




EXPONENTIAL FUNCTION

o If a is any positive real number, then the
function f defined by f(x) = a* is called the
exponential function.

LOGARITHMIC FUNCTION

o Let a > 1 be a real number. The logarithmic
function of x to the base a is the function
y=flx)=log,xie.,log,x="0,if x=a’

is called natural logarithm.
The function log,x (a > 0, #1) has the
following properties :

(i) log,(mn)=log,m +log, n;m,n>0

(ii) log, (E): log, m—log,n;m,n>0
n

(iii) log,m" = nlog,m;m >0

log x

(iv) log,x = 7

;x>0

»  The logarithm function, with base a = 10, is 0ga
called common logarithm and with basea =e, (v) log,a=1,log,1=0
SOME PROPERTIES OF DERIVATIVES
1. | Sum or Difference (uxv) =u v
2. | Product Rule (w) =u'v+u/
3. | Quotient Rule (u )’ wv—uy
— | =——,v20
% v
4. | Composite Function B B dy dy dt
(Chain Rule) (a) Let y = f(t) and t = g(x), then a = E X E
(b) Let y = f(t), t = g(u) and u = m(x), then d_y = d_y X ﬁ @
dx dt du dx

5. | Implicit Function Here, we differentiate the function of type f(x, y) = 0.
6. | Logarithmic Function If y = u’, where u and v are the functions of x, then log y = v log u.

Differentiating w.r.t. x, we get i(u") =u’ I:K—u +1 uﬂjl

dx u dx

7. | Parametric Function ’

If x = f(t) and y = g(¢), then d_y = M = g’(t) , f()#0

de dx/dt  f'(t)

8. | Second Order Derivative dy

Let y = f (x), then e f(x)

x
2
If f(x) is differentiable, then Ay = f"(x) or d_y= f7(x)
dx \ dx dx?
ROLLE’S THEOREM MEAN VALUE THEOREM

o Letf: [a, b] — R be a continuous function on
[a, b] and differentiable on (a, b) such that
fla) = f(b), then there exists some ¢ € (a, b)
such that f(c) =0

0 Let f: [a, b] — R be a continuous function
on [a, b] and differentiable on (a, b), then
there exists some ¢ €(a, b) such that

f,(C)I f(b)_f(a)

b-a




Previous Years’ CBSE Board Questions /

9.2 Continuity
(1 mark)

1.

The value of A so that the function f defined
Ax,if x<m
by flx) =

cosx,if x>m
is continuous at x = T is

(2020)

Determine the value of the constant ‘k* so
X
—, if x<0
that the function flx)= || is
3 ,if x>0
(Delhi 2017)
Determine the value of ‘K’ for which the
following function is continuous at x = 3.
(x+3)* - 36
flx)= x—3 ’
k >

continuous at x = 0.

X#3a12017)

x=3

(4 marks)

4. Find the values of p and g, for which
1 sz x’ if x<m/2
3cos“ x
fx)=y p ifx=m/2
q(l_—smz), ifx>m/2
(m—2x)
is continuous at x = 71/2. (Delhi 2016)
5. Find the value of the constant k so that the
function f, defined below, is continuous at
x =0, where
1—cos4x .
— ) ifx#0
fx)= 8x
k , ifx=0 (AI2014C)
6. Find the value of k, for which
V1+kx —+1-k
X if-1<x<0
(x)= x
f 2x+1 .
, if0<x<l1
x—1

is continuous at x = 0. (AI 2013)

10.

11.

12.

1—cos4x
— when x<0
X
If f(x)= a, when x=0

_Nx
L(\/16+\/;)_4

and fis continuous at x = 0, find the value of a.
(Delhi 2013C, AI 2012C)

when x>0

1, if x<3
If f(x)=4ax+b, if 3<x<5
7, if x25

find the values of a and b so that f(x) is a
continuous function.
(AI 2013C, Delhi 2012C)

Find the value of k so that the following
function is continuous at x = 2.
x> +x? —16x+20
5 s X #E2
(x=2)
k ;

fx)=
x=2

(Delhi 2012C)
Find the value of k so that the following

. . . T
function is continuous at x = E :

[kcosx . T
, if x#—

T—2x

flx)= (Delhi 2012C)

5, if x==
2

If the function f(x) given by

[ 3ax+b, if x>1
flx)= 11, if x=1
L5ax—2b, ifx<1

is continuous at x = 1, find the values of a and b.
(Delhi 2012C, 2011)

Find the values of a and b such that the
following function f(x) is a continuous
function :



5, x<1
fx)=4 ax+b, 2<x<I10
21, x =210

(Delhi 2011)
13. For what value of a is the function f defined by

T
asin—(x+1), x<0

flx)=

tan x —sin x

x3

x>0

continuous at x =0 ? (Delhi 2011)

14. Find the relationship between a and b so that
the function ‘f’ defined by

) ax+1,
X)=
bx +3,

is continuous at x = 3.

if x<3
it x>3
(AI2011)
15. Discuss the continuity of the function f(x) at

x= %, when f(x) is defined as follows:

1 1
—+x, 0<x<-—
2 2
1
flx)=9 1, xzz (Delhi 2011C)

3 1

—+x, —<x<1
2 2

16. Find the value of ‘@’ if the function f(x)
defined by
2x—1, x<2

f)=1 a,

x+1,

x =2 is continuous at x = 2.

2
x> (A 2011C)

9.3 Differentiability
(1 mark)

17. The greatest integer function defined by
fix) = [x], 0 < x < 2 is not differentiable at

xX= (2020)
-1 -1 dy .
18. If y =tan™ x + cot™ x, x € R, then o is
X
equal to (2020)

19. If cos (xy) = k, where k is a constant and

xy#nm, ne Z, then & is equal to
x

(2020)

20. Differentiate sin’ (\/; ) with respect to x.
(2020)

21. Let filx) = xlx|, for all x € R check its
differentiability at x = 0. (2020)

22. If f(x)=x+1, find —; (fof )(x).
X
(Delhi 2019)

m (2 marks)

23. Differentiate tan! (

1+cosx .
—) with respect
sinx

to x. (2018)

24. Find d atx = l,yzﬂifsinzy+cosxy=K.
dx 4 (Delhi 2017)

(4 marks)

25. Find the values of a and b, if the function f

defined by £(x) x> +3x+a, x<1
efine x)=

Y bx+2 , x>1
is differentiable at x = 1. (Foreign 2016)

1 \/1+x2+\/1—x2 x2<1
\/1+x2—\/1—x2 )

(Delhi 2015)

26. If y=tan

then find d_y .
dx

27. 1 f(x)=vx +15g(x) =L and

x2+1

h(x) = 2x-3, then find f'[h'(¢'(x))].  (AI2015)

28. Show that the function f{x) = [x - 1| + |x + 1],
for all x € R, is not differentiable at the points

x=-landx=1. (AI 2015)

29. Find whether the following function is
differentiable at x = 1 and x = 2 or not.

X, x<l1
f(x)= 2—x, 1<x<2
2+3x—x", x>2
(Foreign 2015)



30. For what value A of the function defined by

Mx2+2), ifx<0 ,
is continuous at
if x>0

flx)=
4x+6,

x = 0? Hence check the differentiability of f(x)
atx=0. (AI 2015C)
31. Ifcosy=xcos(a + y), where cos a # £1, prove
2
+
that 2 =05 @*y).

dx sina

32. If y=sin" {xxll—x —JxV1-x2 } and
dy
0 <x<1,then find —.
dx
33. Show that the function f(x) = |x - 3|, x€ R, is
continuous but not differentiable at x = 3.
(Delhi 2013, A1 2012C)

(Foreign 2014)

(AI 2014C)

34. Ifsiny =xsin(a + ), then prove that

22
sin~ (a +
Y _ M. (Delhi 2012, 2011C)

dx sina
[, .2
_ 1+x" -1
35. Differentiate tan 1{;} with respect
to x. x (AI 2012)

36. If x\/1+y+y,/1+x=0 for x # y. Prove

the following :
dy -1 )
—-—= X (Delhi 2011C)
ax 1+ x)
37. Ify=asinx + b cos x, prove that

gy 2
y2+(—y) =a’ +b%
dx

(AI 2011C)

9.4 Exponential and Logarithmic
Functions

(1 mark)

38. If y =log(cose), then find Z—y
X

(4 marks)

XZCOSX

(AI 2019)

39. Ify=e + (cos x)%, then find j—y (2020)

-
40. If log (* + yz) =2tan"! (Z ), show that
x
d_y _x+ty

. (Delhi 2019)
dx x-y

41.

42,

43.

44.

-1
If y= Xeos x_ logV1- x*, then prove

\ll—x2

-1
that &5 X (Delhi 2015C)
Ife* + ¢’ = ¢ "7, prove that d—y+ey_x =0
dx(Foreign 2014)
If y=tan 1(£)+log4 /ﬂ, prove that
X x+a
dy  2a°
E_ gt (AI 2014C)
If log(\/1+x2 —x):y\/1+x2 , show that
d
(1+x2)%+xy+1=0 (AI 2011C)

9.5 Logarithmic Differentiation
(4 marks)

45.

46.

47.

48.

49.

50.

51.

52.

53.

Ify=x’ (cos x)* + sin”" Jx, find d_y
X
(2020)

If y = (log x)* + x '°8%, then find Z—y
x

(2020, Delhi 2013)

If ) — y* =4’ find Z—y. (Delhi 2019)
X

Ify=(x)""+ (cosx)"™, then find d_y
X

(AI2019)

Differentiate the function (sin x)* + sin™* \/;
with respect to x. (Delhi 2017)

If ¥ + y* = a, then find Z—y . (AI 2017)
X

sinx

Differentiate x
to x.

COSXx

+ (sinx) with respect

(A 2016)
d
If y=(sinx)” +sin'/x, then find _}/
dx
(Delhi 2015C, 2013C)
dy y

, prove that —=*%.
dx x

(Foreign 2014)

m+n

Ifx™y" = (x+y)



54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

X

If (x—y)-eE =a, provethat y Zy

—+x=2y.
x

(Delhi 2014C)

If (tan"'x) + y™% = 1, then find d_y
dx

(AI2014C)

dy _(1+logy)’

dx logy
(AI 2013)

If y* = &7 prove that

Differentiate the following with respect to x :
. 2x+1 . 3x
sin
1+(36)"

If ¥ = ¢, prove that d_ —o
dx  (1+log x)?

(AI 2013)

(A 2013)

log x

x+1

Find Z_y, if y= sm—l(z ) (AI 2013C)
X

1+4%

d
If (cos x)” = (cos y)*, find dy . (Delhi 2012)

X

2
nx— x“ -1 d
sin x—cos x . find )/.

If y=x +
Y x? +1 dx
(Delhi 2012C)
d 2% -3
Find 2 when y = D N
d 2
X x“+x+2
(AI 2012C)
2
x“+1
Differentiate x*“*** + —— w.r.t. x.
" (Delhi 2011)
dy  logx

If ¥ =7, show that == .
dx  {log(xe)}®
(AI2011)

5.6 Derivatives of Functions in

Parametric Forms

m (2 marks)

65.

If x = asec B, y=>btan 0, then find Z—y at
x

T (2020)

0=1.
3

66.

Find the differential of sin” x w.r.t. €<~
(2020)

(4 marks)

67.

68.

69.

70.

71.

72.

73.

74.

75.

76.

\/1+x2 —\ll—x2
Vi+x2 +41- %2

with respect to cos ' x% (AI2019)
If x=a(26 - sin 20) and y = a(1 - cos20), find

d_y when ng.

dx

If x = a sin 2¢(1 + cos 2t) and
y=bcos 2t(1 - cos 2t), find the values of

Differentiate tan™" [

(2018)

d T T
—yat t=—and t=—.
dx 4 3
(Delhi 2016, AI 2016)
Differentiate
1l1+x2 -1
tan~! ( ]W.r.t. sin ! 2x ,ifxe (-1,1)
x 1+x°

(Foreign 2016, Delhi 2014)
Ifx=aé'(sint + cost) andy = ae'(sin t - cos t),

dy x+
prove that 222

. (A1 2015C)
dx x-y

o
) with respect to

_ 1-
Differentiate tan 1[
x

c()s_1 (Zx\ll— x2 ), when x # 0. (Delhi 2014)

Differentiate tan ™! [

sin”! (2xV1— x? ).

. dy T
Find the value of = at0=—, if
dx 4

X .
with respect to
1-x?

(Delhi 2014)

x=ae’(sin 0 - cos) andy= ae®(sin + cos0).
(AI 2014)

Ifx=asin 2t (1 +cos2t) and y=b cos 2¢(1 - cos 21),

show that at ¢t = E,(d—y)z 2
4 X a

(A 2014)
Ifx = cos #(3 - 2 cos’t) and y=sint (3-2 sin’t),

dy T
find the value of — at t=—. (AI 2014)

dx 4



77. Ifx=2cos0 - cos 20 and y = 2sin 0 - sin 26,

then prove that Z—y =tan (ﬁ )
* (Delhi 2013C)

. -1 —1
78. If x= \/asm ! Y= \/acos !, show that

Y__y (A1 2012)
dx X

79. Ifx=a(0-sin0) and y =a (1 + cos 0), find
dy e ;
— at 9=—. (Delhi 2011C)
dx 3

80. If x=a(cost+log tan%) and y=asin t, find
dy .
de (Delhi 2011C)

5.7 Second Order Derivative

(1 mark)

2 2
_ X d’y
81. Ify—loge[ez),then e equals

X
1 1
@ - b) -~
x x
© = @ -2 (2020
X X
m (2 marks)
d2
82. Ifx=af, y=2at, then find d—f. (2020)
X

2
83. Ifx=acos0;y=>bsin 6, then find Z—)Z/
x

(2020)

(4 marks)

84. Ify = (sin"'x)? prove that

d? d
(1—x2)d—§—xy 2=0. (Delhi 2019)
X

85. If x = sint, y = sinpt, prove that

2
(l—xz)d—;}—xj—erpzy:O.
dx X (AI 2019, Foreign 2016)

86. If y = sin(sinx), prove that

& d
—§+ tanx 2 +y cos’x =0.

y Ix (2018)
X

87.

88.

89.

90.

91.

92.

93.

94.

95.

96.

97.

d2
, prove that £r_ 0.

dx?
(Delhi 2017)

m+n

Ifx"y" = (x + )

2 2
If &(x + 1) = 1, then show that d—{: (d—y) )

dx dx
(A1 2017)
Py 1(dyY
If y = x¥, prove that —;}——(—y) Yoo
dx* y\dx X

(Delhi 2016, 2014)
If y = 2cos(log x) + 3sin(log x), prove that

2
eI L A (AI 2016)
dx2 dx
Ifx=acos®+0bsinb, y=asinO - b cosb,
d’y d
showthaty2 y—x—y+y=0

dxz dx
(Delhi 2015, Foreign 2014, AI 2013C)

msin™! x

If y=e ,—1<x<1, then show that
2

A=x) L XY 200 ar2015)
dx?  dx

If y = (x +V1+x?)", then show that

2
(1+x2) d_y+xd_y: nzy.
dx*  dx
(Foreign 2015, Delhi 2013C)

a2
Ifx = asec’d, y = atan’0, find —;j at ng.

dx
(Delhi 2015C)

If y = Ae™ + Be™, show that

d? d
—y—(m+n)dy+mny=0. (AI 2015C, 2014)

dx? X

Ifx=a(cost+tsint)and y=a(sint-tcost),

2
then find the value of _;/ at t= E.
dx 4

(Delhi 2014C)

t
If x=a(cost+logtan5),y=a sint, evaluate

2
d—yatt=E.

> (Delhi 2014C)
dx



98. If x = asin t and y = a(cost + log tan(/2)),

d2
find =—£ (Delhi 2013)
dx®’
99. If y= log|:x +. 5%+ 4 :|, show that

2
(x* +a )—+xdy

dx’ (Delhi 2013, 2013C)
100. If x = a cos’0 and y = a sin’ 0, then find the
22
value of £y atO=—. (AI 2013)
dx? 6

101.If y=xlog (L ), then prove that
a+bx

d4* dy Y
P (2y].

e (Delhi 2013C)
X

1
102. If x=tan (— logy ), then show that

2
(1+x )
dx

> +(2x a)

(AI2013C, 2011)
103. If x = cosB and y = sin’0, then prove that

d*y (dy}
y—= +( )/) = 3sin’ 6(5c0529—1).

dxz dx

(AI 2013C)
104. If y = sin"" x, show that
d
1-x)22 Y _p (Delhi 2012)
x> dx

105.If y = (tan"'x)?, show that
2
d
2 +12 L pax(r 4 Z =2
dx? dx
(Delhi 2012, AI 2012)

106.If y = 3 cos(log x) + 4 sin(logx), show that

d? d
2222y, (Delhi 2012)
dx? dx
107. If x=a (cost+tsint) and y=a(sint -t cost),
2 2
0<t<£,ﬁnddxdy dd
2 a? dr

(AI 2012, 2011C, Delhi 2012C)
108.If x= a(cost +logtané),y =asint, find
(AI2012)

t
109. If x =cost + logtanz,y =sint, then find the

d? d?
value of —5) and —g att _I
dt dx 4

(AI2012C)

2

d
110. If x = a(0 - sinB), y = a (1 + cosb), find g )2/
x

(Delhi 2011)

111.If x = a (0 + sinB) and y = a(1l - cosB), find
2

7y (AI 2011C)
dx?

5.8 Mean Value Theorem

m (2 marks)
112. Find the value of ¢ in Rolle’s theorem for the

J3,0].

(AI 2017)

function f(x) = x’ - 3xin [—

Detailed Solutions /

1. . f(x)is continuous atx =7
flm) = lim f(x)— hm f(x) ..(i)
Here, f(m) = ...(ii)
And lim+ f(x) = }lirréf(n +h)
= limcos(m+h) = -1 ...(ii)
h—0

From (i), (ii) and (iii), we get

1

Am=-1 = A= ——
I
k_x’ x<0
2. Wehave, f(x) = ||
3 ,x20
. . kx
LHL = lim f(x)=lim —=-k
x—0" x—0 —X



RH.L.= lim f(x)—hm 3=3
x—0" x—0

Since, f(x) is continuous at x = 0.
LH.L =RH.L.=£(0)
= k=3 = k=-3

3. Given, f(x) is continuous at x = 3.

So, lim f(x)= f(3) = lim

x—3 x—3 X

222

= lim —(x+3) 6
x—3 x—3
(x+3+6)(x+3-06)

m =

x—3 x—3

=k

=

= 3+3+6=k
= k=12

4. . flx)is continuous at /2.

(x+3)%
-3

—36:k

lim f(x)= lim f(x)=f(w/2) ..(1)

x—T/2" x—m/2*

Now, lim f(x) —hmf(——h)

x—T/2” h—0

= lim

.3
1—sin (—h) 3
1_
2 = lim —2°

h

.2
h—0 3cosz(;c—h) 0 3sin“h

m (1—cosh)(1+ cos® h+cos h)
h—0  3(1—cosh)(1+cosh)

_ lim (1+coszh+cosh) 1+1+1

h—0  3(1+cosh) 3(1+1)

and lim f(x)= hm f( )
x—n/2"

. T
q[l_mn(2+hﬂ: i 44

= lim

1

2

—cosh)

h—0 - 2 hs0  4h?
[n -2 ( +h ):|
2
h

2sin” — 5
—gxlim =g><—=ﬂ
4 h—0 j 4 4 8
—X4
1 _¢q
and f(m/2) —=1_
f P 2 8 p

[From (1)]

5. - flx) is continuous at x = 0.

o) =k
and lim f(x)= 1-cosdx
x—0 x—0 8x2
. 2-sin® 2x . sin2x -
=lim —— =lim =1
x—0  8x x—0\ 2x

fis continuous at x = 0

- fO=lim f()=k=1

6. - flx)is continuous atx =0
lim f(x)=f(0)= lim f(x) (1)
x—0" x—0
2 1
Now f(0)= X0+ =-1
0-1 2h+1
lim f(x) —hmf(0+h)—l =-1
x—=0" -1
lim f(x)= hmfo h) = lim —”"kh" 1+ kh
x>0 h—0 _h
_ Ni—kh=1+kh _ \1—kh +1+kh
= lim X
h—0 ~h V1—kh +1+kh
. (1-kh)—Q+kh)
= lim
h—0 —h[\1— kh + 1+ kh]
2k 2k
= hm _
h—01—kh++1-kh 2
From (1), we get k = -
7. . flx) is continuous at x = 0.
lim f(x) f(0)= lim f(x) ..(1)
x—0" x—0"
Now f(0) = a
Jh

lim f(x)— hm f(0+h) = lim

x—0" h=0 16 +~/h —4

i Jh \/16+\/E+4
h=0 \J16+Jh —4 \/16+\/ﬁ +4

m\/—(— Ji+h+4) _ lim 16+ Vi +4=8

h—0 16+\/ﬁ_42 h—0

lim f(x)= 11m f(O h)= M
X0 hao (=h)?

. —cos4h . 2sin’2h
= lim = lim

h—0  }2 h—0  }2

= 8. lim (smh )2 =3
"o\ 2h

From (1), we geta=38



8. Continuityatx =3

f(x) is continuous at x = 3

f3) = lim_f(x) lim f(x ..(1)

x—3 x—3"
Now, f(3) =1
lim f(x)= 11m f(3 h)= 11m 1=1

x—3"

lim f(x)— hm f(3+h)

x—3"
= hm[a(3+h)+b]:3a+b
h—0
From (1),3a+b=1 ..(2)

Continuity at x = 5
f(x) is continuous at x =5

f5)= limi f(x)= lim f(x ..(3)

x—>5 x—5"
Now f(5) =

hm flx) = 11mf5+h =lim7=7
x—5" h—0

lim f(x)= hm f(5 h)

x5

= 11m[a(5—h)+b]=5a+b
h—0

From (3),5a+b=7 ..(4)
Solving (2) and (4) we get
a=3,b=-8.

9. - flx)is continuous at x =2
" ler;f(x)zf(Z) (1)

Here f(2) = k
22+ x2—16x+20

lim f(x)= lim e 2)2

x—2 x—2

(x=2)%(x+5)

= lim
x=2  (x—2)
= lim (x+5) =
x—2

From (1), we getk=7

10. - flx) is continuous at x =£,

T .

f(—)z lim f(x) ..(1)

27 45t
Here f(£)=

2 v

P kcos(+h)

lim f(x)= m 2% gim 2
xaz L ET=2x  h—0 2(;+h)

. —ksinh _k sinh k k
T e w22
From (1), we get k = 10

11. - flx) is continuous at x = 1
lim f(x)=f(1)= hm f(x) (1)

x—1" x—>1t

Here f(1) =11
lim f(x)= hm f(l h) —11m[5a(1 h)-2b]

x—1
=5a-2b
lim f(x)= hm f(1+h) = llm[3a(1+h)+b] 3a+b

x—1"

From (1), we get
5a-2b=1land3a+b=11
Solving these, we get
a=3,b=2.

12. Refer to answer 8.

13. -+ flx) is continuous at x = 0,

hm f(x)— hm f(x)= f(0) (1)

x—0"

Here, f(0)= asing =a

lim f(x)=lima sin E(—h+1)
zlimasin(n—hn):
h—0 2 2
lim f(x)= lim tanh —sinh
x—0" h—0 B3
sinh 1
—sinh sinh -1
cosh cosh
= lim = lim
h—0 h3 h—0 h3
sinh 1—cosh
= lim X lim
h—0 h  h—0 cosh-h>
Zsin2 ﬁ 11
=1x lim —— x lim 2) ix-—=—
h—0cosh x—0 h 2 2 2
4x| —
2
= a=—
2

1
Hence, f(x) is continuous at x =0, if a =—

14. - f(x) is continuous at x = 3

lim f(x)= lim f(x)=f(3) (1)
x—3" x—3"



lim f(x)= hm (a(3 h)+1)=3a+1

x—3"

lim f(x)= 11m bB+h)+3)=3b+3
x—3"
Also, f(3)=3a+1

2
From (1),3a + 1=3b+3 = a—b=§,

which is the required relation between a and b.
1
15. Here, f(—)z L.
2
1
lim x)=lim (—h)
S0=m I

1
x| =
2

=lim[l+(1—h)]=1

h—ol2 \2

. TR EN U
h(niyf(x)_z}inof(fh) ,Eﬂ)[f(fh)] 2

x| =
2

Since

lim f(x)# lim f(x)
+ _
(1) (2]
2 2
1
= fis not continuous at x = >

16. For fto be continuous at x = 2, we must have

lim f(x)= f(2)— hm f() .. (1)

x—=2"
Now f(2) =a
lim f(x)— hm f(2 h) = hm [2(2 h)-1]=

x—2"

lim f(x)— hm f(2+h)— 11m[(2+h)+1]

x—2"

From (1), we geta =3

17. The greatest integer function defined by
flx) = [x], 0 < x < 2 is not differentiable at x = 1.

18. We have, y = tan™! x + cot 'x

T a1 -1 T
= == ‘ctan” x +cot x= —
y=5 ( 2)
- Y
dx

19. We have, cos(xy) = k

= —sin(xy)[y—i—xd—y) =0
dx

= y+ d—y: [ xy#nm]
dx
- Yoy
dx x
20. Lety= sin (\/_
——Zsm(\/_) cos(\/_) \/_ \/_sm(Z\/_)

21. To check the differentiability of f{x) = x|x| at
x=0.
fO+h)—£(0)

Consider, lim

h—0 h
lim SO o BlR=0
h—0 h h—0 —0

Hence, f7(0) exists, so f(x) = x|x| is differentiable
atx=0.

22. Given, flx)=x+1

Now, (fof)(x) = fiflx)) =fx + 1)

=(x+1)+1=x+2

d d
E(fof)(x) = E(x+2) =1

23. Let, y= tan ! (m)
sinx
dy d 2cos’ x
= tan
dx  dx 2sin% cos®
sin=cos—
2 2
cos™>
J . X
dx dx .
sin=
dy d 1 ( )
= == tan cot—
dx dx

R d_yzi(ﬂ_z):_l

24. We have, sin’y + cos xy = K
Differentiating w.r.t. x on both sides, we get

2sin y cos y Z—y+(—sin xy)(xj—y+)/)=
X X

dy _ ysinxy
dx sin2y—xsinxy



n. T
d —sin—
dx (l’g) sing—sinE 4W2-1)

25. Given that flx) is differentiable at x = 1.
Therefore, f(x) is continuous at x = 1

= lim f(x)= lim f(x)=f()
x—1"

x—1
= lim (x> +3x+a)= lim (bx +2)
x—1 x—1
= 1+3+a=b+2
= a-b+2=0 (1)

Again, f(x) is differentiable at x = 1. So,
(LHD.atx=1)=(RH.D.atx=1)

fE=fW) _ o [ fW)

= lim
x—1- x—1 x—1t x—1
(P +3x+a)—(4+a) . (bx+2)—-(4+a)
= lim = lim
x—1 x-1 x>l x-1
. x*+3x—4 . bx-2-a
= lim~——=lim——
x—1 x—1 x—1 x-—1
o (x+4H)(x-1) . bx-
= lim = lim [From (1)]
x—1 x—1 x—1 Xx—
b(x-1)

= lim (x+4)=lim = 5=b

x—1 x—1 X—
Putting b=51in (1), we geta =3
Hence,a=3and b=5

26. We have,
\/1+x2+\/1—x2 2<1
\/1+x2—\/1—x2

Putting x* = cos 0 = 0 =cos™' (x°) we get

—

y=tan

y—tan_l J1+cos8 ++/1-cos
J1+cos —+1-cos
0
cosD 4 6ind | I+tans
=tan _ 2 2 |=tan 9
1—-tan—

6 .06
cos——sin—
2 2

tan(n+e]] :E-g-g
4 2 4 2

1 _
= y:g+5cos 1(xz)

—

=tan

Differentiating w.r.t x on both sides, we get
dy  1x2x -X

dx 51— xt  J1-x*

1
27. Here f(x)=\/x2 + =(x2 +1)5
1

= )=t 2oax=—, (D)
12 x? +1
gx)= x2+
x“+1
= g,(x):(xz+1)~1—(x+1)-2x=—x2—2x+1 .2
(x*+1)? (x? +1)*
and h(x) =2x-3
= Kx)=2 (3)
2
FI(g N=f| W X 2+l [Using (2)]
(x*+1)?
=f"(2) [Using (3)]
2 2

=\/ﬁ=ﬁ [Using (1)]

28. The given function is f(x) = |x - 1| + |x + 1|

—(x—-1)—(x+1), x<—1 —2x, x<-1
={—(x—-1D+x+1,-1<x<1 =42, -1<x<1
x—=1+x+1 ,x>1 2x, x>1
Atx=1,
)= tim LSO 272
h—0 —h h—0 —h
o f+h)-f()
/1+ =1 JN A
S hlglo h
2(1+h)-2
= lim (7)=lim %=2
h—0 h h—0 h
fan=fQan
= fis not differentiable at x = 1.
Atx=-1,
)= tim =D
h—0 —h
= lim _2(_1_—11)_(2)2 lim 22_2
h—0 —h h—0 —h
Fer) = tim LEFRZTED 272
h—0 h h—0 h
)2 (-17)
= fis not differentiable at x = -1.
29. Atx=1:
£ = tim LTI -1
x—1" x—1 x—1 x—1



0y tim LS
x—1t x-1

—tim 2= i 12X

x—1 x-—1 x—1x—1

Since, f'(17) # f'(17)
f(x) is not differentiable at x = 1.

Atx=2:

£y = tim LS @_y 22x70_
x—2~ x—2 x—=2 x—=2

0~ tim DS

x—=2t x—=2
— — 2 — — —
—im 2+3x—x 0=lm(1 x)(x 2)=
x—2 x—2 x—2 x—2
Since, f'(27) = f'(2")
f(x) is differentiable at x = 2.

-1

2 oo
30. Here f(x)= Mx*+2), if x<0

4x+6, if x>0

At x =0, f(0) = A(0% + 2) = 2)
LH.L= lim f(x)= hlim f(0—h)
x—=0" —0

= lim A[(0—h)? +2] =2\
h—0

RH.L.= lim f(x)—hmf (0+h)

x—0"

=1lim[4(0+h)+6]=6
h—0

For fto be continuous at x =0
2AL=6=A=3.
Hence the function becomes

3(x%+2), ifx<0
flx)=

4x+6 if x>0

OB~ f©)
fo9= —>0 0-h

2 p—
— fim S FD=0 m(—3h)=0
h—0 —h h—0
0+h)—f(0

and f’(0+): lim S )=J( )=

h—0 0+h h—0 h
= f(0)#f(0")

fis not differentiable at x = 0.

31. We have cosy = xcos(a + y)
cos y

B cos(a+y)

4h+6-6
m =4

Differentiating w.r.t. y on both sides, we get

d d
cos(a+y) d—cosy —cosy @cos(a +y)
_ y

E - cos>(a+ ¥)
- dx _ cos(a+ y)(—sin y)+cos ysin(a+ y)
dy cos? (a+y)
- dx _ cos ysin(a+ y)—cos(a+ y)siny
dy cos’ (a+y)
_sinf[(a+y)—y]  sina
- cos’(a+ ¥) - cos?(a+ §2)

dl _ cos? (a+y)
dx sina

32. We have, y=sin" (xﬂ \/_\/1 x)
= y=sin_1(x\11—(\/;2—\/;\/1—x2)

= y= sin”'x —sin” Vx
Differentiating w.r.t. x, we get
N R AN

dx \/1—x2 \/1_(\/;)2 dx

_ 1 _ 1 ) 1 1 _l. 1
Vi-x? Vl-=x 2x \/l—x2 2 \/x—x2
-3 ,if x=3

(x-=3), if x<3

x
33. flx)=|x-3| 2{_

We have f(3) = |3 - 3| =

lim f(x)= hm f(3+h)—11m(3+h) 3= hmh 0

x—3"

lim f(x)=l1m f(3=h)=lim [-(3—h-3)]=1lim h=0
h—0 h—0

x—3"

hm flx)= lim f(x)=f3)=0
x—3*t —3"

So, flx)is continuous atx=3.
fB+h)-fB)
h

(3+h3)01 h1

h—oh

Now, Rf'(3)= lim

= lim
h—0 h

= lim M lim i =_1
h—0 —h h—0—h
Thus, Rf'(3) # Lf’(3)

f(x) is not differentiable at x = 3.



34. Refer to answer 31.

o)

35. Let y=tan_1|:
X

Put x=tan0 = 0 = tan ' x

5= tan~! (\/1+tan2 0 —1)_ tan~! (sece—l)

tan® tan©
_1(1—c056) _1( 6)
= y=tan - =tan " | tan—
sin® 2
1. 1. dy 1( 1 J
= y=—0=—tan x .. —=_—7
’=3773 de 2 (1442

36. Wehave, x\/1+y+y /1+x=0
= xfl+y=—y 1+x:>x2(1+y)=y2(1+x)

= (xz—y2)+xy(x—y)=0 = yzx_—x

+1
dl_(x+l)(—l)—(—x)(1)_—x—1+x_ -1
dx (x+1) (x+1?  (x+1)?
37. Here, y = asinx + b cos x
= d—yzacosx—bsinx
x
PR
Now, LH.S. = 2 +(y)
dx

= (asinx + bcosx)* + (acosx - bsinx)?
2.2 2 2 . 2 2
=a“sin” x + b“cos” x + 2ab sin x cos x + a“cos”x
+ bPsin’x — 2ab sin x cos x
= a® (sin’x + cos’x) + b*(cos® x + sin’x)
=a’+b*=RHS.

38. Given y = log(cose®)
On differentiating w.r.t. x, we get

d 1 .
9 _ (—sine” -e*)=—e”* tane®
dx  cose®
2
39. Wehave, y=¢" “°* + (cos x)*
_ ex cosx ex(ln COs X)
d 2 d
d_y=ex cosxd_(xZ COSX)
X x
d
+e*meosx =y Incosx)
dx
2
= ¢* ¥ (2xcosx — x% sinx)

1 X .
+e* ¥ Incosx — sinx
cosx

2
= ¥ ¥ (2xcosx —x°sinx)

+ (cosx)* (Incosx — xtanx)

40. Given, log(x* + y*)=2tan™! (X)
X

On differentiating w.r.t. x on both sides, we get

21 2(2x+2yd—y)=2>< 12 i(lj
X +y dx 1 de X

x2

2 2y dy  2x* (1d -1
= 2x2+ 2)/2_)’: 2x 2(__y+y(_zn
xX“+yT xT+y dx x“+y x dx X

oYy | 24 [—_y_l:|
de| 2y 2oy | 2l x

2(y—x)d_y_ —2x% (y+x)

= =
Pryde 2y i
o Y _xty
dx x—y

-1
41. Here y=w—longl—x2

\/l—x2

Differentiating w.r.t. x, we get
_

V1-x2 -i(xcos_1 x)—xcos_lx-i 1-x?
_ dx dx

dx 1-x?

_ (l—xz)cos_1 x+x%cos ! x cos x

(1-x2)V1-2 (1-x*)*"?
42, Givene'+e == 1+ =¢ (1)
Differentiating (1) w.r.t. x, we get
—x d dy
VX 2 (v=x)=e? L
‘ dx (y=x)=e dx
= 7 (dy—l): oY
dx dx



dx
dy .
= Z(-1) [Using (1)]
dx
= d—y+ey_x=0
dx
fa x—a
43. Here, y=tan (—)+log
x x+a

_1(61) 1 (x—a)
=tan~ | — |+—log
x/) 2 x+a

=tan ! (£)+ l[log(x —a)—log(x +a)]
X 2

Differentiating w.r.t x, we get

dy_ 1 .i(ﬁ)ﬁr L1 ]
dx a2 dx\x/) 2lx-a x+a
1+

2
x2 1 [ (x+a)—(x—a)
= A R L e S R
x“+a X 2 x*-a
__% @ _—a(xz—a2)+a(x2+a2)
+a® x*-a? x*—a*
_ 2a3
xt—at

44. Wehave, log(V1+x* —x)= yV1+x°

Differentiating w.r.t. x, we get
1

1
: -x—1
\/1+x2—x [\/l+x2 ]

_dy

Iy

1+x +y-

1+ x>

=(1+x )dy+xy
dx

= (1+x° ) +xy+1 0
45. We have y = x’(cos x)* + sin™ Jx ..(3)
Let z = (cos x)* = ¢* 1085 %

%Zexlogcosx x(—sinx) +logcosx

dx cosx

= (cos x)* X [-x tan x + log cos x] ..(ii)

Now, differentiating (i) w.r.t. x, we get

4y

y = 3x%(cos x)* + x°(cos x)*[~x tan x + log cos x]
X

+ ﬁ[ﬁj [Using (ii)]
= x*(cos x)*[3 - x> tan x + x log cos x]
. ;(;)
2Vx (V1-x
46. Lety = (log x)* + x'°8*
_ exlog (log x) + e(logx)z
Differentiating w.r.t. x, we get

dl =(logx)* i{xlog(logx)} + xk)gx {(logX)z}
dx dx

:(logx)x{x( ! !
logx )x

]— +log(log x)}

+xl08% (2(log x) 1
x

= (log x)* {Lﬂog(logx)}u(l g") log x
log x

47. Wehave,x’ - y* = a’
Taking log on both sides, we get

ylogx — xlogy = bloga (1)
Now, differentiating (i) w.r.t. x on both sides, we
get

dy

Z+(logx)——logy—x—.1d—y=0
X dx

y dx

= (Z—logy)= d—y(f—long
X dx\ y

dyv [ x—vylogx
= (y xlogy)=— y(i)
dx y

d_y:Z(y—xlogy)
dx  x (x—ylogx)

=

(x)cosx + (Cosx)sinx
sinx

48. Giveny=
Let u = (x)°°*, v = (cosx)
y=u+v
B _au dv P
dx dx dx
Now, u = x*°* = logu = cosx logx

Differentiating with respect to x, we get

1du 1 .

—— =cosx-—+logx(—sinx)

udx

du o5y | COSX .
= —=x —— —sinx logx ..(ii)

dx X



Now, v = (cosx)™™ = logv = sinx logcosx

Differentiating with respect to x, we get

ldv . .
——=sinx- (—sinx)+logcosx - cosx
vdx CosXx
) 2
dv ; —sin“ x + cos” xlogcos x
= — =(cosx)""*¥ 5
dx COSX

... (iii)
Putting value of (ii) and (iii) into (i), we get
dy _ cos l:cosx

—sinxlogx
dx X & ]

+ (cosx)*"¥ {

—sin® x + cos? xlogcosx
cosx

49. Lety = (sin x)* + sin”" \/;

= y=u+v [whereu=(sinx)*andv= sin”! \/;]

= dy = du + dv (1)
dx dx dx

Now, u = (sin x)*

Taking logarithm on both sides, we get
log u = x log sin x

1du .
= ——=x—(cosx)+log sin
udx  sinx
du o . .
= ol (sin x)* (x cot x + log sin x) ..(ii)
b

v=sin"! \/;
o () "
I \/ﬁ 2\/; .G

From (i), (ii) and (iii), we get

dy 1
— = (sinx)* (x cotx +log sinx) + — ( )
dx zf N

50. Refer to answer 47.
51. Refer to answer 48.
52. Refer to answer 49.

m+n

53. Givenx™y" = (x +y)
Taking log on both the sides, we get

logx™ + log y" = (m + n)log (x + y)

= mlogx+nlogy=(m+n)log(x+y)
Differentiating w.r.t. x, we get

m-l+n Ldy_ =(m+n)- ! 1+d—y
X y dx x+y dx
dyfn_mtn) min_m
dx|y x+y | x+y x

mx +nx —mx —my

N dy(nx+ny—my—ny]=

dx y(x+y) x(x+y)
- dy( nx—my | _ nx—my dy _y
dx| y(x+y) | x(x+y) Todx x

X

54. Here, (x—y)- et =
Taking log on both sides, we get

X

= log{(x—y)-e*” t=loga

= log(x—y) X = loga
xX=y
Differentiating w.r.t. x, we get

dy
(x—y)~1—x( —)
;.(1_‘1_)/)4_ dx =0

x—y dx (x—y)*

dy dy
= (x-y)|1--% HFx-y—x|1--Z |=0
(1= Jexr=s{1- )

d d
= —y(l—di)+x—y=0 = y%

+x=2y

55. Here, (tan ') + Yo =1

= u +v=1whereu=(tan'x) and v = Yo

Differentiating w.r.t. x, we get

du dv
_+_
dx dx

Now, u = (tan™'x)

= logu = ylog (tan™'x)
Differentiating w.r.t. x, we get
1 du

=0 (1)

1

_dy —log(tan™ x)+y

u dx  dx 1

tan ' x 1+x°

du =(tan"' x)” x
dx

|:dylog(tan x)+ ) ] .(2)
dx

1+ ch)'tan_1 x
And v =y~

= logv = cotx-logy

Differentiating w.r.t. x, we get

Ldv co‘cx-l-d—y—cosec2 x-logy

v dx y dx

d"zycotx[COtx dl

e i —cosec x- logy] -(3)



From (1), (2) and (3), we get

(tan"! x)” d—ylog(tan_1 x)+ %
dx (I+x%)tan™ x

+ycotx |:cotx dy

- —cosec?x - logy] 0
y dx

cotx—1

= Z—y[(tan_1 x)” -log(tan™ x)+ y -cotx]
x

cotx

=y cosec’x - logy - (tan™! x)? 7 —r

(1+x%)

cotx 2 -1 _yy-1 Y
y= " -cosec”x-log y—(tan™ x)7 T -—F——
Cdy_ (1+x7)

cotx—1

Tdx (tan™' x)” log(tan " x)+ y .cotx

56. Herey =¢" "
Taking log on both sides, we get
xlogy=(y-x)loge=y-x
= x(1+logy) =y
__ Y
1+ log y

Differentiating w.r.t. y, we get

(1+logy)'1—y-l

dx _ y __ logy
dy (1+1log y)2 ( +logy)
dy _(1+logy)’
dx log y

2x+1

X
57. Let y:sin_1 CENL
1+(36)"

| 2-2%-3F 1l 2-6F
= y=sm — | = S1n —2
1+(36)* 1+(6%)

Put 6* = tan 8 = 0 = tan"'6"
_1( 2tan® _
y=sin ! (L]: sin 1(sin29)
1+tan’ @
= y=20= 2tan”(6%)
Now differentiating w.r.t. x, we get
Q =2. 1 i 6~
dx 1+(6%)* dx

2log6-6*
1+(36)"

= 6" log6 =
1+(36)*

58. Refer to answer 56.
59. Refer to answer 57.

60. We have, (cos x)” = (cos y)*
Taking log on both sides, we get

ylog (cos x) = x log (cos ) . (@)
Differentiating w.r.t. x, we get

y- -(—sinx) +log (cosx)-d—y
dx

CosSx

=x (- s1ny) +10g (cosy)-1

cosy

= Z—y (xtan y+log(cosx))=ytanx+log(cos y)
x

dy _ytanx+log(cosy)
= - =
dx xtany+log(cosx)

2
61. Here y:xsimc—cosx_+_x2_1
x“+1
i x— -1
Let u=x""* Cosxandv=x2
x“+1
y=u+v
o A _du dv (1)
dx  dx dx
NOW U= xsmx COSXx

= logu = (sinx - cosx)logx
Differentiating w.r.t. x, we get

1 du . 1 .
—-—=(sinx —cosx)-—+(cosx +sinx)-logx
u dx x

du P

au _ (sinx—cosx

dx

sinx —cosx
X -

=

+(cosx +sinx)- logx:| -(2)

X
2
Now, y=> _1=1_ 2
x“+1 x2+1
o 2- (=) +1) 2 2x = 24" C)
dx (x~+1)

From (1), (2) and (3), we get

d inx— sinx—cosx
& _ Sinx—cosx ———+(sinx+cosx)-log x

dx x
4x
S
(x* +1)
2
62. Here, y:xCOtx-i-#
x“+x+2
Let u=xt%, v=72x2_3
XX +x+2
dy du d
= y= uty = X4, 4 (1)
dx dx dx



Now, u = x* = log u = cot x - log x

Differentiating w.r.t. x, we get

1 du 1 2
—-—=cotx-——cosec” x-logx
u dx x
duzxwtx(cotx—cosecleogx) -(2)
dx X
2
Also,v:u
X" +x+2
L v _ (P +x+2)-4x-(2x" -3)-Qx+1)
dx (x* +x+2)°
L dv_ (4 +4x% +8x) - (42’ +22% —6x-3)
dx (x* +x+2)
2
- ﬂ:2x +14x+3 .03)

dx  (x* +x+2)
From (1), (2) and (3), we get

2
d—y =xc°tx(COtx —cosec2x~logx)+ 7232 +ldx +23
dx x 5 (x“+x+2)
x“+1
63. Lety=xxcosx+ :
x“ -1
2
Letu= x**andv== *+1
-1
y=u+v .
dy _du dv ()
dx dx dx
Now, u = x* <**

Taking log on both sides, we get
logu = xcosx-logx
Differentiating w.r.t. x, we get

l @—xcosxd—(lo x)+x10 xi(cosx)
u dx dx s s dx

+cos x log x i(x)
dx

1 du 1 .
= — —=xcosx-—+xlogx(—sinx)+ cosxlogx
u dx X

= cos x — x sin x log x + cos x log x

. %=xxcosx[cosx—xsinxlogx+cosxlogx] -(2)
x
X2 +1
Also, v=
x" =1

Differentiating w.r.t. x, we get

(x* —l)—(x +1)—(x* +1) (x -1)

av_
dx (x —1)

(-1 (2x) - (x +1) (2x)

(x* -1y
Zx[x2 —1—x2—1] —4x
- 2 \2 T2 2 -(3)
(x°=1) (x* =1
From (1), (2) and (3), we get
Z—yzxx “**[cos x—x sin x log x+cos x log x]
x
X
(x* —1)?
xcosx . 4x
= [cosx (1 +logx) — xsinxlogx]—
(x* =1y
64. Refer to answer 58.
We have,
dy _ logx logx  logx
dx  (1+ logx)2 (loge + x)2 (log(xe))2
65. Wehave,x=asecO,y=>btan 0
X _ asecHtan © and d_g =bsec’0
dy
N d_y_E_ bsec 0 _b 1 cosB
“dx dx  asecOtan® a cos® sin®
do
_b 1
a sin6
bl b1 b1 2
dxlg_m a sin® @ ﬁ a3
2
66. Let u = sin’x, v = ¢~
du . COS.X
— =2sinxcosx and — (—sinx)
dx x
du du dx  2sinxcosx _ —2cosx
Now, —=—— =

dV dx dV COSX( slnx) ecosx

\/1+x2 —\/1—x2

67. Let u=tan !|— — = ..(1)

Jiex? -2
Putting x* = cos 20 in (i), we get
1 J1+c0s20 —V1-cos20
1+ 0520 ++/1—cos26

u=tan

_1 \/Zcosze—\/ZSinze

=tan
\/2cos2 0 -i—\/Zsin2 0




_1| cos®—sin6 1| 1-tan®
=tan —  |=tan
cos0+sin0O 1+tan®

=tan! {tan(ﬁ— 9):| =Z_
4 4

T cos_l(xz)

4 2

U D S (i)

dx 2\/l—x4 \/1—x4

_ -2
Let v=cos 1(xz) = ﬂ: d ... (iii)
dx 1— x4
Dividing (ii) by (iii), we get du = —l.
dv 2
68. We have, x = a(20 - sin20) ...(1)
and y = a(l - cos20) ...(ii)
Differentiating (i) w.r.t. 6, we get
Z—g = a(2 -2co0s20) ...(iii)
Differentiating (ii) w.r.t. 6, we get
d
d_)el =2a sin20 ...(iv)
dy dy/do 2asin26 i

Now, ly dy/do® 1 sin20

dx  dx/do a(2—2co0s20) - 1—cos26

. b . T
sin2| — sin| T——
_ (3)_ ( 3)

T 2T T
6—3 1 cos3 l—cos(n—g)

Sm(g) g R

1+cos(£) 1+l
3 2

@
T odx

= 35
69. x=asin2t (1 + cos2t), y = b cos2t (1 - cos2t)

d
Now, d—’: =2acos2t(1+ cos2t)+asin2t(—2sin 2t)

= 2a cos2t + 2a[cos® 2t — sin’ 2]
= 2a cos2t + 2a cos 4t

Also, % =—2bsin2t(1—cos2t)+bcos2t(2sin2t)

= -2b sin 2t + 4b (sin2t cos2t)
= -2b sin2t + 2b sin4t
dy dy/dt  2b(sin4t—sin2t)
Tdx dx/dt 2a(cos4t + cos2t)

dy _b| sint—sin(n/2)
dx tt:n/4_a cosT+cos(m/2)

So.

bl 0-1 | b

“al-1+0| a
dy :é sin(4m/3)—sin(2m/3)
dx hit=m/3 al| cos(4m/3)+cos(2m/3)

SRR

bl 2 2_\/§b

al -1 1 a
2 2
/ 2
70. Tet u=tan" [l-i-xl]
x

Putx = tan 6 = 0 = tan"'x

. u_tan_l[\/1+tan29—1)

tan©
_1( sec6-1 _1( 1—cosH
= u=tan = u=tan -
tan© sin®
20

2sin“ —

- 2 -1 0

= u=tan —=— |=>u=tan tan—

.6 0 2
2sin—cos—
2 2

0 1. .
U=— = u=—tan x
2 2

Differentiating w.r.t. x, we get

du _ 1
dx 2(1+x2)
.o -1 2x -1
Also, let v =sin S| = y=2tan x
1+x
Differentiating w.r.t. x, we get
dv _ 2
dx  1+4x*
@ 1
Cdu gy 20+x%) _du 1
, — =" =~ = =
dv dv 2 dv 4
dx 1+x°

71. We have x = ae'(sin t + cos t)
dx
= E=aet(sint+cost)+aet(cost—sint) =2ae'cos t

and y = ae'(sin t - cos t)

d .
= —);zaet(sint—cost)+aet(cost+sint) =2ae'sin t

t .
. LHs =Y _dldt_2esint_
dx dx / dt 2aet cost



+
Also, RH.S=""2

x=y
ae' (sint+cost)+ae’ (sint—cost)

ae' (sint+cost)—ae’ (sint—cost)
t .
2ae’ sint
=t7=tant=L.H.S.
2ae’ cost

)

X

72. Let u= tan_l[

Putx=cos0

o _1{\/1—c0526}_ _l(sine)
. u=tan [————[=tan —

cos0 cos0

du
=tan'(tan0) =0 = - =1
an (tan 0) 40
Also let,
v:cos_l(Zx 1—x2)=>v=cos_1(2cose 1—c0526)

= cos }(2 cos 0 sin 0) = cos”!(sin 20)

4 T T dv
= B =2 = =22
CoS (COS( 5 26)) 5 20

du du/d® -1
Now —= =—
dv dv/de 2
73. Refer to answer 72.
74. Refer to answer 71.

dy _dy/do _ 2ae® cos 6

= = =cot0
dx dx / de Zaee sine
= & =cotZ=1
dxlg="
4

75. Refer to answer 69.
76. Here, x=cost(3 - 2cos2t),y = sin #(3 - 2 sin’f)

dx
= —z—sint(3—2cosz t)+cost [2-2costsint]
=-3sint+6cos’tsint

d
and d_)t} = cost(3—2sin’ t)+sint(—2- 2sint cost)

=3 cos t - 6 sin’t cos t
dy _dyldt _ 3cost —6sin® t cost

dx dx/dt _3sint+6cos® tsint
_ 3cost-cos2t _

=— cott
3sint - cos2t

[
dxt:

T
= =cot—=1
4

N

77. Here,x =2 cos0 - cos20, y=2sin 0 - sin 20
= d—x=—231n6+25in29

do
and d—y=2c059—2c0529

do

dy _dy/db _2(cos®—cos26)
dx dx/dO 2(sin20—sin0)

. (39). (e)
2sin| — [sin| —
2 2 (36)
=—=<——=Z=tan| — |
(36). (e) 2
2cos| — [sin| —
2 2
78. Here x:\/asmilt

1. _
= logx =Esin 't -loga

Differentiating w.r.t. t, we get

l-d—leloga- ! (1)
x dt 2 1—¢2
Also, y = st

= logy =%cos_1 t-loga

Differentiating w.r.t. t, we get

1dy 1 -1
1Y _Liea. 2
y dt 2 084 ’1—1‘2 @
Now dividing (2) by (1), we get
1d
y dt __ :dlz_l
Td T
x dt
. dx
79. Here,x=a (0 -sinb) = d—eza(l—cose)
dy

and y=a(l+cos0) = d—e—a(—sine)

dy _dy/d® _ —asin® _  —sin@
dx dx/d0 a(l—cos®) (1—cosO)

oW

‘ dy —Sll'lg__\/g/z_\/g

g™ no1-1/2)
-3 l—cosg

t
80. Here, x=a(cost+log tanE)

d 1 1 t
= —x=u —sint+————sec’ —
dt t 2 2
tan—
2



t
Ccos—

. 2 1 . 1
=al| —sint + . =aqa| —sint +——
.t 2t sint
sin— 2cos” —

.2
—sin“t+1
=a( . )_ .
sint sint

_acos’t

Also,y=asint= %zacost
dy_dy/dt_aC sint

= =acost- =tant.
dx dx/dt acos“t
2
81. (d): We have, y = log,| —
e
2 2
d_yze_.i.Zx:E :}d_y:—i
dx  x? ¢ x dx*  x*
82. Given, x = at’, y = 2at
d—x=2at,d—y=2a
dt dt
dy
dy _dr _2a _1
dx CLX 2at t
dt
dy 14t 11 1

So, — 2 - .2 .

x> ¢ dx 2 2at 2t

83. Wehave,x=acos0,y=>bsin0
dx

—:—asine,—yzbcose
do
dy dy d0  bcosO =—2c0t6
" dx de dx  —asin® a
2
Now, 4y = —é(—cosecze)d—e
dx? a dx
= écosecze(—lcosec 6): —icosec36
a a a2
84. Wehave, y = (sin~'x)? ..(1)
dy . -1 1
= —=2(sin X)X ——
dx [1— 52
. (d_y)z B 4(sin_1 x)2
dx (1-x%)
2
N (d_y) =4_y [From (i)]
dx 1-x°
dv 2
(dy) 1-x%)=4y (i)

Again, differentiating (ii) w.r.t. x on both sides, we

get
2
4250 d2)
dx dx dx dx
P2
o - Y5
dxz dx
85. We have, x = sin f and y = sin pt
d—x—costand = pcos pt
i =pcosp
dy
- dl _dt _pcospt
dx dx  cost
dt

Differentiating both sides w.r.t. x, we get

d*y _ —p? sin pt cost + pcos ptsint xﬂ

dx? cos’t dx
N dziy _ —p2 sin pt cost + pcos ptsint
dx? cos’t
- dziy _ _p2 sinptcost + pcos ptsint
dx? cos’ t cos’t
2
2 2
o 4y _-py, w
dx*  cos’t cos’t
= cosztdz—yz— 2 +xd—y
dx> RGP
2
= (1-sin’ t)d—y=—p2y+xd—y
dxz dx

d d
= (1—x2)—y—x—y+p2y=0
dxz dx
86. Here, y = sin(sinx)
Differentiating both sides w.r.t. x, we get
d
Y _ cos(sinx)-cosx
x
Again differentiating w.r.t. x both sides, we get
d*y S . .
— = —sin(sinx) - cosx - cosx + (—sinx) cos(sinx)
dx
= - cos’x - sin(sinx) — sinx - cos(sinx)
d* d
Now, L.H.S. = L) ttanx 2+ ycos2 x
dx2 dx
x

= — cos’x-sin(sinx) - sinx- cos(sinx)

+ tanx(cosx - cos(sinx)) + cos’x - sin(sinx)
= - sinx- cos(sinx) + sinx- cos(sinx)
=0=R.H.S.



87. Refer to answer 53.
Again differentiating w.r.t. x, we get

dy pan

Py Ta’ x(x Yo dy

_2= 2 = 5 =0 .. —2=0

dx x x dx

88. Giventhate (x+1)=1 ..(0)

Differentiating (i) w.r.t. x, we get

d d d
Y (x+1 )—e’ =—(1
e dx(x+ )+ (x+ )dxe dx()

= ey+(x+1)eyﬂ=0
dx

= ey[1+(x+1)dy] 0= w+nP -
d d

x
and d_y:—_l ...(ii)
dx x+1
2
or (dy) __ 1 ...(ii)
dx (x+1)2

Again differentiating (ii) w.r.t. x, we get
d*y 1 d? d

dy_ 1 &y (&
dx (x+1) dx dx

89. We have, y = x* = y = ¢*1°8%
Differentiating w.r.t. x, we get

dy:e’cl‘)gx(xxl+long
dx x

2
) [From (iii) ]

dy

= Z~=x"(1+logx) = d—y=y(1+logx) (1)
dx dx

Again differentiating w.r.t. x, we get
2

—y:(1+logx)-d—y+y><l

dx? x

- (e
dx? dx x
R dzy_l(dy)z_y

i yldx)

90. We have, y = 2 cos (logx) + 3 sin (logx)
Differentiating w.r.t. x, we get

[From (1)]

Y _ —2sin(log x) X 1 +3cos(logx) x 1

dx J X X

= xd—y:—2sin(logx)+3cos(logx) (1)
X

Again differentiating w.r.t. x, we get
2
d—y + d—y =—2cos(log x)><l - 3s1n(logx)><l
dxz dx
2
- 2 Y

2 ™ =—{2cos(logx) + 3sin(log x)]
x

dy

2 2
2d7y Ay 2d7y Ay
dx

= x dx2+xdx y =x e
91. Given,x=acosb + bsinb, y = a sin6 - b cosd
= x*=a’cos’0 + b’ sin’0 + 2ab cosO sin®

and y* = a® sin0 + b” cos®0 — 2ab sind cosO
Adding (1) and (2), we get % +y2 =a’ + b?
Differentiating w.r.t x, we get

+y=0

0= x+yZ =0 (1)
x

Again differentiating w.r.t. x, we get

2 2
1+yd)2/+(jy) =0
dx x

Multiplying by y on both sides, we get

zdy (y d)dy+y 0

2x+2yj—

dx? dx )d.
2

= ysz_xdl+y:0 [From (1)]
de?  dx

s -1
92. Wehave, y=¢""" *

Differentiating w.r.t. x, we get

dy=emsin‘x[ m J= my (1)

Again differentiating w.r.t. x, we get

24y _
2 1-x° -(=2x)
d—;j=m dx 241 —?
dx
(1-x%)
2
= (1—x2)dy=m[my+ a4 ][From(l)]
dx? — 52
1 dy
= (1 2 —yz +x| ==
- onfoee (2]
dy 5 . dy
= (1 x2) =m"y+x—
dx?
d’y _dy
= (1-x) "2 -xZ-m’y=0
dx? d
93. We have,y=(x+\/1+x2)"

Differentiating w.r.t. x, we get

——n(x+\/1+x )y 1(1+2\/12er7]

= ——n(x+\/1+x y! “1+x +x
\/1+x



dy _ n(x+\1+ x> ' ony
dx V1+ %2 \/1+x

Again differentiating w.r.t. x, we get

/ dy 2(xy)
&y dx o144

=n
dx? 1+x2

= (1+x2)d—z=n Vit x—2 2

dx Vi+x?  1+x2
2

= (1+x2)d—y=n2y— d

dx? Vi+x?

(1)

=

&y 5 dy
= (1+xH)L=n’y-x=
1+x )dxz n°y xdx [From (1)]
2
y. . Y _
= (1+x°)—2+x
(Ut )dx2 dx y

94. Here x = a sec’0

= % =a-3sec’ 0-secOtan® = 3a sec’0 tan O

and y = a tan’0

= dl:a&tanze-secze
do

dy _dyldo _ 3atan®@sec’® tan® _ —in®
d.x dx / de 3a Sec3 etane Sece
On differentiating w.r.t. x, we get
2
d——cose @ & icos 0-cotd
dx dx  3gsec’0tan® 3a
2 4
. d—y =1 c:os4E cot— i i -1
dxtlg_m " 3a 4 4 3al|\2
4
111
3a 4 12a

95. Given y = Ae"™ + Be™
Differentiating w.r.t. x, we get

dy _ Ae™
dx

-m+ Be™
mx n2Benx
Now, L.H.s.=d—§—

dx
" _(m + n) (mAe™

(m+n)d—y +mny
dx

= m*Ae™ + n’Be + nBe™)
nX)

+ mn(Ae™ + Be

=A™ [m* - (m + n)m + mn]
+ Be™ [n* = (m +n)n + mn)
=A™ x0+Be™x0=0=RH.S.

96. Here, x = a(cos t + t sin t)

d
= d—jza[—sint+1'sint+tcost]=atcost (D)
and y = a(sin f - t cos t)

dy . .
= E=a[cost—(1~cost—tsmt)]=atsmt

d dv/dt atsint

)/ y/ =———=tant

dx dx/dt atcost

2 2
= DY ey B sect [Using (1)]

dx? dx atcost

11

a tcos’t
d? 11 4 3 8\2
e a0 _82
X _ a nw 37 ma Ta

t 1 4cos

97. Refer to answer 80.
d
We get Y _ tant
dx

Again differentiating w.r.t. x, we get
dzy—seczt dt _ sec’ t _sint
dx? dx  gcos’t/sint acostt

. T
Y YL )

A2l Lot ® a1/t a
3 3

98. Refer to answer 97.
99. Given that y =log(x+ Vx? +a2) ..(1)

Differentiating (1) w.r.t. °x” on both sides, we get

d—y—i —(x+\/x +a%)

dx i \x? +a?

1 1

= 1+ -2
x+\/x2+a2 2\/x2+a2 g

1 ‘(\/x2+a2+x)

x+\/x2+a2 \/x2+a2
:d—yzé: x2+a2d—y=1 ..(2)
dx 2 442 dx



Again differentiating (2) on both sides w.r.t. x,

we get

2
d’y 2x dy_o

+ —_—=
dx’ 2P +a? B

x> +a?

2
=>(x +a )—+xdy 0
dx? dx

100. Here x = a cos® 0, y = a sin” 0

= d—x =3acos>0- (—sin6) and d—y =3asin®0-cos0
do do

.2
dy _dy/dd _ 3asin 2Gcose — tan®
dx dx/d® _3gcos®0sin6
Differentiating w.r.t. x, we get
2
d—g——secz 9@——7562 0
dx dx  —3gcos”0sinf
1 1
3a cos?0-sin6
Cdy 1 1
dx®lp=T 30 4T T
6 6 6
1 1 32
==
3a ﬁ 1 27a
2 2
101. Here, y=xlo X (1)
) i 8l arox

= y=x[logx - log(a + bx)] = xlog x - xlog (a + bx)

dy 1 1
= ZL=x.—+1-1 —[1-L +bx)+x- ‘b
ax o x o B% { gl 0x) arhx ]
=1- bx +log x —log(a + bx)
a+bx 8 8
N dl: a +log X ~(2)
dx a+bx a+bx
dl: a X [Using (1)]

dx a+bx x
Again differentiating (2) w.r.t. x, we get

2
LY g (D ar by 2 b 2ETE)
dx x(a+bx)
_ —ab . a _—abx+a(a+bx)
(a+bx)? x(a+bx)  x(a+bx)?

2

_ a
x(a+bx)?
2
Now, RH.S.= (xdy -y )
dx

2 2
a y ax
{ |:a+bx x] } (a+bx)

and LHS.=x° d—y

dx?
2.2 2
= 2% =[ ax } =R.H.S.
(a-l,-bx)z a-+bx

102. We have, x = tan(llogy)
a

1 -1
= —logy=tan  x

a
Differentiating w.r.t. x, we get
11d_ 1

= (1+x2)d—y:ay
a y dx

1+x° dx

Again differentiating w.r.t. x, we get
2
(1+x2)d—y+2x-d—y:ad—y
dx? dx dx

Ay
= (1+x )—2+(2x a)dy 0

x
103. Given x = cos and y = sin’0

% =-—sinOand d—y =3sin®0cos0

dy _dyldo _ 3sin” BcosO

. = =-3sinBcosH
dx dx/de —sin®
Differentiating w.r.t. x, we get
2
d—yz[—?ﬁcosz 0 —3sinO(—sin 6)]@
dx dx
sin®
2 2
Now, LHS. =y 42 (&
de dx
3 3cos’0—3sin’ 0 2
=sin” ] ———— |+ (—3sinBcos0)
sin®

= 5in%0(3cos’0 —3sin’0) + 9sin’Bcos’0



= 3 5in’0(cos’0 - sin’0 + 3cos’0) 2

= 3 sin”0(4cos”0 - sin’0 ) —; = a[t(—sint)+ cost] = — at sint +acost
=3 5in’0(4cos’0 - 1 + cos’0) dt
=3 sin0(5c0s’0 -1) = R.H.S. d J42
( 1) and 2 = atsint = —yza[tcost+sint]
104. Given y = sin™ x dt de?
Diffe tiati It X, t
d;/ eren 11a Hg WL X We g€ 108. Refer to answer 97.
“_ d
dx V1-x° o y=asint .. d—)tlzacost
Again differentiating w.r.t. x, we get Again differentiating w.r.t. t, we get

1(-2
\/l—xz-O—l-g d2y

2 [{_.2 —-=-—asint
d _ 2V1—x dtz
2 2
dx , 1-x 109. Refer to answer 97.
= (1-x d—;} =7 110. Refer to answer 79.
dx” 11—y .6 9
2 ) dy —sin® -2 SmECOSE
= 1-xH)%2 4. =0 Wehave,d*= n 0 o
dx? 1-x? % (1=cosb) 2511125
&y dy
= (1-x*)"2-x2=0 2
dx? dx d—y = —cotg % Ecosec2 fxd—e
105. y = (tan"'x)? x dx x
Differentiating w.r.t. x, we get . 6 ) cosect 9
d—y:Z-tan lx-i(tan 'x) =2tan Ty 2><cosec % .20 4a
dx dx 1+ x2 2asin 3
d _
= (x2+l)d—y=2tan Tx 111. Refer to answer 110.
X
Again differentiating. w.r.t. x, we get 112. We have, f(x) = x* - 3x
TS PO S f=3)=(—3) =3(—3) =33 +3J3 = 0= £(0).
dx? dx 1+ x2 Since, f(x) is continuous in [—\/5, 0] and
2 differentiable on (—\/5 0) then 3 some ¢ in
2, 247y PN ’
= (x"+1)"—=+2x(x"+1)-—==2 ’
( ) dx? ( )dx (_\/5, 0) such that f'(c) =0
106. Refer to answer 90. Now, f/(x) = 3x* - 3
2 2
107. Refer to answer 96. = 3-3=0=c=1
dx = c=t1=c=-1
Since, we have o = at cost asce (_\/3, 0.
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