Integration (Indefinite Integrals)

Type: Integration By Parts :

Q1)

(a)] = [ x?sin x dx (b)] = [ x sinxdx

Sol.1)

(@)l = [ x?sin x dx
= x2%(—cosx) — [ 2x. (- cos x)dx
= —x?cosx — 2J x cos x dx
= —x?cosx — 2[x(sinx) — [ (1).sinx dx]
= —x?cosx — 2[x sinx + cosx] + ¢  ans.

(b) = [ x sin?x dx
- fX (1—c025(2x)) dx
= %f x — x cos(2x)dx
= %f xdx — lf x cos(2x)dx

1 x*  1[_sin(2x) sm(2x)
22' 2 z[x f(l) dx ]
= xT %[ xsin(2x) ——f sm(Zx)dx]
2
I = x: — —[ xsin(2x) + - cos(2x)] + ¢ ans.

Q.2)

(@)l = [ log x dx (b)I = [ (logx)?dx
(0 = [ =5 dx

Sol.2)

(a)] = [ log x dx

[ log x. 1dx

logx.(x)— [ i.(x)dx
xlogx — [ 1.dx

I =xlogx—x+c ans.

()] = [ (log x)?dx

[ (log x)?.1dx

(logx)?.x — | 21<:ng_de

x(log x)? — 2 log x. 1dx

x(logx)? — 2 [logx. x)—[ i.xdx]

= x(logx)? — 2[xlogx — x] + ¢ ans.
@1 = [ “&*d
= f;.logx dx

log.x () =/ £() dx

-1 1
—logx + —dx




-1 1
= —logx—=-+c ans.
X X

Q3) | (a) = [sin"'x dx (b)] = [ (sin~'x)%dx
Sol.3) | (a)] = [ sin"'x dx
= [ sin"'x. 1dx
— ain-1 _ 1
= sin"L(x) - [ =X dx
putl —x%2 =t
—2xdx =dt
xdx = —%

J=xsin-ly+ 1%
~JI = x sin x+2f\/E
o 1
= x sin 1x+5><2\/f+c
I =xsin"'x+V1—x2+¢ ans.

(b)] = [ (sin~'x)%dx
[ (sin™'x)2. 1dx

L1
(sin"'x)%.x — | Z%de
x(sin"'x)? — 2 x dx

sin~1x
V1-x2
put sin"lx =t @ (x = sint)
—_dx =dt

Vi

o1 = x(sin"'x)? — 2 sint. tdt

x(sin~1x)% — 2[t(—cost) — [ (1)(—cost)dt]

x(sin"x)% — 2[—tcost + sint] + ¢

x(sin"1x)? — 2[—sin"1xV1 —x2 + x] + ¢ ans. ...
{sint = x then cost = \/1 —sin?t = \/1 - xz}

Q.4) (a)] = f xtan‘lgc do (b)] = xxzsin‘lsc do

(1+x2)2 (1-x2)2

tan~1x
@I=[7% dx
(1+x2)%
B f xtan~1x

V1+x2(1+x2) dx
put tan"lx =t

Sol.4)

. 1
"t 14x2

dx = dt
alsox = tant
xt
. I —fﬁdt
put x = tant
tant.t
1=/

—dt
V1 + tan?t

Jt22 e

sect

[ tsin t dt
t(—cost) — [ (1)(—cost)dt




| 5
—tcost +sint+c¢ | H = \/x2+1 I

Jcost 2. sine = 2|
X

1
=
Vx2+1  V1+x2

—tan~x. +c ans.

x sin™1x

(b)I = T dx

(- 962)2

_ f x?%sin~1x d
(1 x2)V1 —x2

put sin"lx =t (sint = x)
dx =dt

1
"t V1—x2

put sint = x
= f sin?t.t dt

1-sin?t
[ tan?t. tdt
[ (sec?t — 1)tdt
[ tsec?t — tdt
[ tsec?tdt — | tdt

r..sint = x 7
P=xH=1
V1=«

2
= t(tant) — [ (1).tantdt ——
2 tant =

wW|Tw]|v

sect =

2
= ttant —log | sect | —t—+C

+c

| (sin~1x)?
2
(sin~1x)?
2

= sin” x\/_— 108|W
_ x sin~1x A2
= = t; logll x| =

+c ans.

Q5) |f= [ XSI0X g

1-—cosx

S01.5) | (a)1 = [ %dx
x—ZSinE.cosE
- f#dx

. X
2sin2=
sy

Separate

2 2 2

(2o (9) - 12(-en )] -2l
1 2f cot( )dx] - 210g|51n |

2 x 2log [sin (5>|] — 2log |Sm§i

G)+
G)+




—xcot (g) + 2log |sin (§)| — 2log |sin (§>| +c
—Xxcot (2) +c ans.

Q.6) |(a)] = [ xsin~lx dx (b)I = [ sin~"Wxdx
Sol.6) |(a)l = [ xsin~1x dx
s oainly XL ¥
-512n x> f\/1—_;§2'2dx
o X a1 X5
= 22sm X zf @dx
- Xan-l, 41 =X
= 22sm x+2f @dx
_ox% g 1 1-x%-1
= 22sm x+2f Newrei dx
= Xin~1y 41 — 2 _ 1
= 22sm x+2f\/1 X2 — —dx
= %sin‘lx + % E\/l —x?% 4+ %sin‘l(x) — sin‘l(x)] +c
2
......[...f\/az —x2 = 2\/612 — x? +a7sin‘1 (g)]
2
= %sin‘lx + % E\/l —x%— %sin‘lx] +c ans.
(b)] = [ sin™"xdx
put \/E =t
x = t?
dx = 2tdt
o1 =2[sin"tt.t dt
Proceed as above Ques.
x sin~1x + %\/x —x2 — %sin‘lx/f +c ans.
Q.7) _rsinTlx __r sin”Wx—cos™Vx
(@)l = f x?2 dx (b)I = f sin—1y/x+cos~1vVx
=1
Sol.7) (a)] = f anlC2 X dx
putsin"lx =t
x =sint
.. dx =costdt
tcost
o= [ ——dt
= [ tcosect.cotdt
= t(—cosect) — [ (1)(—cosec t)dt
= i+fcosectdt
= Si_—ntt+ log | cosec t — cott | +c
sin—1
= === log L—&tt +c
sint sint
_cin—1 A1 —x2
S x+logll— 10X |+C ans.
X |x X |
=1 /7 coc—1
(b)IZfsm Vx—cos \/de

sin~1v/x+cos™1Vx




. — T
Property : sin"1x + cos lx = 2+ -sin “1/x + cos Wx = 5

sin~1Wx — (——sm \/_)

T

= %f 2sin"1/x — gdx
= %fsin‘lx/}dx — [ 1.ax
put\/; =t
x = t?
dx = 2tdt
=2 [sin~lt.tdt — x
1

B 2
.1, t

sin”'t.——-

! 2 2 \/1—

1= dx

2dt] —x
—x
—51n‘1t+ f \/_dt]—x
?sm 1t+5f\/1—t2—
2
%sin‘lt + %{%\/1 —t2+ %sin‘l(t) — sin‘l(t)}] —x+c
2
t—sin‘1t+l{§\/1—t2—lsin‘lt}]—x+c
= —sm‘1t+ \/1+t2——sm 1t]—x+c

replacetby\/_

- -1
8 ._1\/}+\/§\/1 x _sin Vx

= - —sm
T2 4 4

—.sin

— X

:lIoo=|Ioo:lloo:lIoo=lloo'=||oo=1Ioo=l

]—x+c ans.

Q.8) 2 2401)— ’ _
(a)] = f Vx2+1[log(x2+1)—2logx] dx (b)I = ftan‘l iTidx

x4

Sol.8)

Vx2
(a)] =f x%+1 [log(3;4+1) Zlogx]d

f VxZ+1(log(x2+1)—log(x?)) do

f VxZ+1 Elog—(xi;rl)]

take x%common

f x\/?log(1+ )d

x4

x
1+xi2.log(1+xiz)
i,
X
1
put 1 + o3 =t
Zax = dt pedx =X
X _1 X 2
I = 7f\/f.logtdt

-1 2.2 2,1 3
= 7[]Ogt.§(t)2 —gf ?.tzdt]




_ 5 1
= Elogt. tz—= t2dt]

= Elogt. £ — 4t%] +c

_ 3
—1><Z><t5[logt—31+c
2 73 3

replacing t

= _?1(1+xi2)%.[log(1+x—12)—§] + ¢ ans.

= -1 /1‘_"
(b)I = ftan T dx

put x = cos(20)

o —1 |1—cos(26)
-1 = [tan /—1+cos(29) dx

_1 [2sin26
[ tan™t dx

2cos26
= [tan~!(tanf)dx
= [6.dx
replacing 0

= %fcos‘lxdx

= %fcos‘lx. 1dx

-1 -1 Y i ]

= 2[cos x.x— [ m.xdx

= l[9ccos‘1x+f de]
2 V1-x2 it

putl—x%2 =t xdx=_7

=1 -1, 14t

..I—Z[xcos x zfﬁ

xcos™lx — % X Zx/f] +c

Al
2
%[xcos‘lx —V1- x2] +c ans.

Q.9) 2

X X

(o) = [

a+x (x sin x+cos x)?

(a)l = [ sin™?

Sol.9
ol-9) (@)l = [ sin™! ’a%dx

put X = a tan?0
dx = 2a tanf.sec?6d6

. 29
o1 =2af sin7? /an.tanﬁ.seczede
a+a tan46
-y [tanZd
2af sin! |222 tan.sec?6.do
sec?6

2a/ sin"'Vsin26.tanh. sec?6d6

2a/ sin~!(sind).tanb. sec?6do

2af 6.tan@.sec?0do

2al6. [ tanfsec?8d6 — [ (1. [ tanb. sec?6d6)ds]




put tanf = t in both integrals
s.sec?0dl = dt
= 2al0. [ tdt — [ (J tdt)ds]

[ t? t?
= 2a[0.5~ [ (%) as]
replacing t
r 2
- 2alg.22? —%ftanZH.dH]
= 2a[0.20% 1 [ (sec?0 — 1)d6
= 2a _H.ﬂ—%{tane — 9}] +c

replacing 8 by tan_l\[g

= a tan‘l\/z.f— {\/Z—tan"l\/g}] +c
] a'a a a

= a ftan‘l\/z—\/z+tan"1\/g] +c
la a a a

= a tan‘l\/z(£+ 1) —\/Z] + ¢ ans.
] al\a a

2

x
(b)I = f (x sin x+cos x)2

adjustment
_ J‘ X.X.COSX .seCcx

(x sin x+cos x)2

~(x sec x). [ —1LX__
"7 (xsinx+cos x)?2
Both parts
X COSX d X COSX
= XSecx. —_— — (X secx). —_—
f (xsinx+cosx)? f dx( ) f (x sin x+cos x)?

put x sin x + cos x = t in both integrals
(xcos x + sinx — sin)dx = dt
xcosx dx =dt

d d
ol =xsecx | t—zt—f(xsecxtanx+secx).f t—zt

-1 -1
= X secx [T] — [ (x secx tanx + secx) (T) dx
replacingtbyx sinx + cosx =t
—X Secx

= ———— — [ (xsecxtanx + secx) (_—1)dx

xsin x+cos x xsin x+cos x
—X secx

= ——+ [ secx(xtanx + 1)

xsin x+cosx xsin x+cos x

—XSecx x sin x+cosx 1
= ————> 4+ [ secx _ dx
X Ssinx+cosx COosx xXsinx+cosx

—Xsecx
= ————— — [ sec’x dx
xS_ll'l .7SCg'COSx

X
= — 4+ tanx + ¢ ans.
xsin x+cos x

Q.10)

I = [ sec3x dx

Sol.10)

I = [ sec3xdx
= [ sec x.sec?®x dx




= secx.tanx — [ secx.tanx. tanxdx

= secx.tanx — [ secx(sec?x — 1)dx

= secx.tanx — [ sec®x — secx dx

= secx.tanx — [ sec3x dx + [ sec x dx
[ =secx.tanx — [ +log | secx + tanx |

2] =secxtanx + log | secx +tanx | +c

ST = %[secxtanx+ log | secx +tanx |] + ¢ ans.






