Chapter : 18. SOLUTION OF TRIANGLES

Exercise : 18A

Question: 1

In any AABC, prov

Solution:

Left hand side,

a(b cos C - ¢ cos B)

= ab cos C - ac cos B
2

a®+b%-c? a%4cZ- a®+b%-c?

-] 2,.2_1.2
= ab — b” [As, cosC = & cosB = 217
2ab 2ac al 2ac
aZ+b2—c? a?+c?-0b?
B 2 2
a2+ b?—c?—-az—-c?+0b?
B 2
Z(U2 — -:2)
B 2
— bZ _ C2
= Right hand side. [Proved]
Question: 2
In any AABC, prov
Solution:
Left hand side,
ac cos B - bc cos A
= ::1-:M - bcw [As, cosB = S COSA = I32+C2_32]
2ac 2bec 2ac 2bec

aZ+c2—b? b%?+c?-a?

2 2
aZ+c2—b%Z—-b%2—c?+a?
B 2
2(a? — b?)
2
=a2_b2

= Right hand side. [Proved]
Question: 13
In any AABC, prov

Solution:

A B C Z+b+c?
Need to prove: cos + cos cosC _ (a c*)
a b c 2abc

Left hand side



cosA cosB cosC

+ +
a b C

bz+':2—:;12_'_c2+:;12—bz_i_az+bz—n:2
B 2abc 2abc 2abc

b2+ c?2—a?+c?+a?—-b?+a?+b?—c?
B 2abc

a?+b?+c?
2abc

= Right hand side. [Proved]

Question: 4
In any AABC, prov

Solution:

c—bcosA cosB
Need to prove: =

b-ccosA  cosC
Left hand side

c—bcosA

b — ccosA

C_bszrcz—a2
2bc

bZ + cZ2—a?
€ 2bc

bh—

2¢2—b? —c? +2a?
2C

207 — b2 — 2 + a2
2b

cZ+ a% —b?
2c

b? +a? — c?
2b

c24+a2-p?

= 5223 [Multiplying the numerator and denominator by i]

zab

cosB

cosC
= Right hand side. [Proved]
Question: 5
In any AABC, prov
Solution:
Need to prove: 2(bc cos A + ca cos B + ab cos C) = (a2 + b2 + c2)
Left hand side
2(bc cos A + ca cos B + ab cos C)

2blblz+|:2—az_l_ -:2+:~,12—bzJr blaerbz—c2
C ca a
( 2bc 2ca 2ab )

b2+c2-a?2+c?2+a?2-b2+a2+b%2-¢2
a2 + b2 + ¢2

Right hand side. [Proved]



Question: 6
In any AABC, prov

Solution:
24 2B 2C 2
Need to prove: 4 (bc cos™- +cacos®- + ab cos 5) =(a+b+c)

Right hand side

— 4(becos? o + 25 abcos?=
= 4(bccos 5 T cacos®> +ab cos 2)

—— tca D) 4 ab S(S—;C]), where s is half of perimeter of triangle.
C ca a

=4(s(s-a) + s(s-Db) + s(s-c))
=43s?-s(a+b+c)

We know, 2s = a +b +c

at+b+c, 5 (a+b+c)?

So, 4(3(2219)2 - (2Bee)

(a+b+c)? (a+b+0)?

= 4(3
( 4 2

_ 4(3(a+ b+c)?—2(a+b+0)
4

=3@+b+c)?-2(a+b+c)?

=(a+b+0)?

= Right hand side. [Proved]

Question: 7

In any AABC, prov

Solution:

Need to prove: a sin A - b sin B = ¢ sin (A - B)

Left hand side,

=asinA-bsinB

= (b cosC + c cosB) sinA - (c cosA + a cosC) sinB

= b cosC sinA + c¢ cosB sinA - ¢ cosA sinB - a cosC sinB

= c(sinA cosB - cosA sinB) + cosC(b sinA - a sinB)

a b c . . .
—— = —— = —— = 2R where R is the circumradius.
sin A sinB sinC

We know that,
Therefore,

= c¢(sinA cosB - cosA sinB) + cosC(2R sinB sinA - 2R sinA sinB)
= c(si nA cosB - cosA sinB)

=csin (A - B)

= Right hand side. [Proved]

Question: 8
In any AABC, prov

Solution:



Need to prove: a? sin (B - C) = (b2 - ¢2) sin A

a b c . . .
We know that, — = —— = —— = 2R where R is the circumradius.
sin A gsin B ginC

Therefore,

a = 2R sinA ---- (a)

Similarly, b = 2R sinB and ¢ = 2R sinC

From Right hand side,

= (b%2-c?)sinA

= {(2R sinB)? - (2R sinC)?} sinA

= 4R?( sin?B - sinC )sinA

We know, sin?B - sin?C = sin(B + C)sin(B - C)
So,

= 4R%(sin(B + C)sin(B - C))sinA

= 4R?(sin(rr - A)sin(B - C))sinA[As, A+ B+ C =1 ]
= 4R2(sinAsin(B - C))sinA [ As, sin( - 8) = sin8 ]
= 4R?sin?A sin(B - C)

= azsin(B - C) [From (a)]

= Left hand side. [Proved]

Question: 9
In any AABC, prov
Solution:

sin(A-B) _ (a®—b?)
sin(A+B) ¢

Need to prove:

a b c . . .
We know that, — = —— = —— = 2R where R is the circumradius.
sin A gsin B ginC

Therefore,

a = 2R sinA ---- (a)

Similarly, b = 2R sinB and ¢ = 2R sinC
From Right hand side,

a? — b?

C2

4R? sin’ A — 4R?sin? B
4R2s5in2 C

4R2 (sin’A — sin®B)
4R?sin?C

sin{ A+ B) sin(A — B)
sin? C

sin{ A + B) sin( A — B)
sin?( m— (A + B))

sin{ A+ B) sin(A — B)
sin?( A + B)




sin( A — B)
~ sin(A+B)

= Left hand side. [Proved]

Question: 10
In any AABC, prov
Solution:

(b—c)

A . (B-C
Need to prove: — o5 = 5111( )
a

2

a b c . . .
—— = —— = —— = 2R where R is the circumradius.
sin A sinB sinC

We know that,

Therefore,
a = 2R sinA ---- (a)
Similarly, b = 2R sinB and ¢ = 2R sinC

From Left hand side,

2R sinB — 2RsinC A
= 2RsinA 2

ZCOS(B—ZI—C)sin(BEC) A
= . cos—
sin A 2

2 sin( EZ;C) cos(g— %) A
= . cos—
sinA 2

~ 2-:-:::52%5111(]3 ; lC)

sinA

sin A sin( B ; lC)

sinA

B-C

= sin

= Right hand side. [Proved]

Question: 11

In any AABC, prov

Solution:
Need to prove: @sing = cos_‘:A;B]
c
We know that, —— = —— = -5 — 2R where R is the circumradius.
sinA sin B sinC
Therefore,

a = 2R sinA ---- (a)
Similarly, b = 2R sinB and ¢ = 2R sinC

atb  2R{sinA+sinB) sinA+sinB

Now, , = .
c ZRsinC sin C

i ESinccosE
sinC - =
A-B

2

Therefore, — = — — = ATE
a+b sin A+sinB 2 sin—co
2

. C C
c sin- cos-
=_% _
- ., mC A-B
atb  sin(——)cos—
z z 2



=—= [ —E
a+b COS—Ccos—
2 2
. C
c sin—
= - — 2
A—-EB

ath , C A-B
= —gin- = cos— [Proved]

c 2 2
Question: 12

In any AABC, prov

Solution:
Need to prove: M_ cos@ = cos@
a
We know that, ,a = ,b = ,c = 2R where R is the circumradius.
sin A sinB sinC
Therefore,

a = 2R sinA ---- (a)

Similarly, b = 2R sinB and ¢ = 2R sinC

2Rsin A sin A
Now, — = . — = — :
b+c 2RsinB+2Rsin C sin B+sinC
., A A
a 25in—cos—
= — =

BFC___B-C
b+c 2sin——cos——

. A A
a Sin— COS_

- . .m A E-C
b+c sm(;—;] cos——

. A A
a sin—Ccos_

- A E—-C
b+e cos_cos——

. A
a sin—
-
b+c cos—
2
T
cos(——=
_ & _ cost 2)

b+c CQS(T]

b+c COS(T]

a
= —= E—C
b+c COS(T]

b+c E+C E-C
= —COS[:T) = C0S—~ [Proved]
a

Question: 13

In any AABC, prov

Solution:

Need to prove: a%(cos?B - cos?C) + b2(cos2C - cos?A) + c%(cos?A - cos?B) = 0

From left hand side,

= a2(cos?B - cos2C) + b2(cos?C - cos?A) + c2(cos2A - cos?B)

= a%((1 - sin®B) - (1 - sin?C)) + b2((1 - sin?C) - (1 - sinA)) + c2((1 - sin?A) - (1 - sin?B))

= a2( - sin?B + sin?C) + b?2( - sin?C + sin?A) + c2( - sin?A + sin2B)



a b c . . .
We know that, — = —— = —— = 2R where R is the circumradius.
sin A gsin B ginC

Therefore,

a = 2R sinA ---- (a)

Similarly, b = 2R sinB and ¢ = 2R sinC
So,

= 4R?[ sin?A( - sin®B + sin?C) + sin?B( - sin?C + sin?A) + sin?C( - sin?A + sin?B)

= 4R2[ - sin?Asin?B + sin2Asin?C - sin?Bsin2C + sin2?Asin?B - sin2Asin?C + sin?Bsin2C ]
= 4R? [0]

= 0 [Proved]

Question: 14

In any AABC, prov

Solution:
Ip_ 2 2 2 2oa_ 2
Need to prove: (cos“B—cos®C) + (cos“C—cos® A) + (cos® A—cos“B) -0
b+c c+a a+b
We know that, — = b __° _ 2R where R is the circumradius.

sinA  sinB  sinC
Therefore,
a = 2R sinA ---- (a)
Similarly, b = 2R sinB and ¢ = 2R sinC

From left hand side,

(coszB—cosjf) (COSZC—COSZA) (coszA—coszB)

b+c¢ c+a a+b
1—sin?B—1+sin’C 1—sin?C—1+sin?A
_l’_
B b+c c+a
(1 —sin®A—1+sin’B)
+
a+b

sin?C —sin?B  sin?A —sin?C  sin?B —sinA
+ +
b+c c+a a+hb

Now,

sin? C — sin® B . sin® A — sin®C . sin® B — sin® A
2R(sinB +sinC) 2R(sinC +sinA) 2R(sinA + sinB)

1 (sinB+ sinC)(sinC — sinB) N (sinA +sin C)(sinA — sinC)

2R sinB +sinC sinA +sinC
N (sin A+ sinB)(sinB — sin A)

sinA +sinB

1
= 2R [sinC—sinB + sin A — sinC + sin B — sin A]

= 0 [Proved]
Question: 15
In any AABC, prov

Solution:



Need to prove:

cos2A  cos2B (1 1
aZ N -

b2 a?  b?
Left hand side,

cos2A cos2B
az b2

1—2sin?A 1-—2sin’B

a2 b2
1 sin’B  sin?A
=~z et T
We know that, — b _ 2R where R is the circumradius.

sinA  sinB  sinC
Therefore,

sin?B  sin? A 1 1

b2 a2 4RZ 4RZ
Hence,

cosZA cos2B 1 1
= =2 [Proved]

Question: 16
In any AABC, prov

Solution:

Need to prove: (c2 - a2 + b%)tan A= (@%2-b%2 4+ c?)tanB = (b%2-c2 +a?)tanC

We know,
abc 1
tanA = ———— - ()
.. be 1 abc 1
Similarly, tanB == ——— and tanC = "= ———
y R c®+a*-b? R a%+b*—c?

Therefore,
(b2 + c*—a®)tanA = % [from (a)]

Similarly,

abc

(c?+a’—b*)tanB = % and (a?+ b? —c?)tanC = =
Hence we can conclude comparing above equations,

(c? - a? + b?) tanA = (a2 - b2 + ¢?) tanB = (b? - ¢2 + a?) tanC
[Proved]

Question: 17

If in a AABC,

Solution:

Given: «C = 90°

(2%-b%)
(a2+b?)

Need to prove: sin(A — B) =

Here, £C = 900 ; sinC = 1
So, it is a Right-angled triangle.

And also, a2 + b? = ¢2



Now,

2 + b2 2
12 sin{A—B) = b2 sin(A — B)
We know that, 2 b _ 2R where R is the circumradius.

sin A gsin B ginC

Therefore,

4R%Zsin® C sin(A-B) .
= sinfl A— B) = ————— [As, sinC = 1]
4RZ%sin® A-4R%sin B [: ) sin® A-sin® B

sin( A — B) sin( A — B)
(sin A + sin B) (sinA — sin B) 2 sin2 ‘zir B o5& ; B] [2 cos A -5 B A ; B]
sin( A — B) sin( A — B)
2 sinu cn:)su 2 sinﬁ cosﬁ sin(A + B) sin(A — B)
2 2 2 2
1
~ sin(A+B)
1 1

= = = 1
sin{m—C) sinC

Therefore,
a?+b?
=z :Sin(A-B)=1
aZ_bZ
=sin(A—B) = e [Proved]

Question: 18
In a AABC, if

Solution:

. cosA cosB
Given: =
a b

Need to prove: AABC is isosceles.

cosA cosB

a b

= v1-sin®A  4/1-sin®*B
a b

1-sin®*A  1-sin®’B
= =
a? b2

[Squaring both sides]

1 sin® A 1 sin®* B

a? a? b2 b2

a b c

We know, = =2R

sin A sinB sinC

sin*A  sin®B

Therefore,

bZ
So,
1 1
= — = —
aZ b2
=a=Db

That means a and b sides are of same length. Therefore, the triangle is isosceles. [Proved]
Question: 19

In a AABC, if



Solution:

Given: sin® A + sin®B = sin® C

Need to prove: The triangle is right-angled
sinA + sin?B = sin2C

a b c

We know, = =2R

sin A sinB sinC

So,

sinZ A + sin®B = sin? C
a’ b2 c?

S

4RZ ' 4R 4R?
a’+b*=c?

This is one of the properties of right angled triangle. And it is satisfied here. Hence, the triangle
is right angled. [Proved]

Question: 20
Solve the triangl
Solution:

Given:a=2cm,b =1cmand c =/3cm

Perimeter=a+b +c=3+,/3cm

Area = [s(s—a)(s—b)(s—c)

= 3+\,"§ 3+\-"§_ 3+\."§_ 3+\."§_ =
e (e RPN TG

— J3+\,"§ V3—1 341 33

2 T2 Tz " o2
_ |e-2E-1
16
= |12_ 23 _ ¥3 om2 [Proved]
16 4 2

Question: 21

Ina AABC, ifa =

Solution:
Given:a=3cm,b=5cmandc=7cm
Need to find: cos A, cos B, cos C

bZ+c¢?2—a%? 52+72-3%2 65 13

cosA = = - _ -
2bc 2.5.7 70 14
3 c?+a?—-b? 7%2+32-5%2 33
COSB=""Ha 273 42
aZ+b%?—-¢c? 3245272 15 1
cosC = = = =—c

2ab 235 30
Question: 22
If the angles of

Solution:



Given: Angles of a triangle are in the ratio 1 : 2 : 3

Need to prove: Its corresponding sides are in the ratio 1:4/3:2
Let the angles are x , 2x, 3x

Therefore, x + 2x + 3x = 1800

6x = 180°

x = 300

So, the angles are 309, 600, 900

So, the ratio of the corresponding sides are:

= sin300 : sin60° : sin909

b |

:E:l
2
= 1:4/3:2 [Proved]

Exercise : 18B

Question: 1

Two boats leave a

Solution:
N
B
60KM
W E
A
50KM C
S

Both the boats starts from A and boat 1 reaches at B and boat 2 reaches at C.
Here, AB = 60Km and AC = 50Km

So, the net distance between ta boats is:

|BC| =[AC - AB|

= /602 + 502 — 2.60.50.cos6 00

= 4/3600 + 2500 — 3000
= 55.67Km

Question: 2

A town Bis 12 km

Solution:



18Km

12Km

Distance from A to Bis =+,/122 + 182 = /468 = 21.63Km

Let, bearing from A to B is 6.

12 3
So,tanf=—=-
12 2

6 = tan™*(2) = 56.31° = 56°20'

Question: 3

At the foot of a

Solution:

After ascending 1 km towards the mountain up an incline of 309, the elevation changes to 60°
So, according to the figure given, AB = AF x sin30°% = (1 x 0.5) = 0.5 Km.
At point A the elevation changes to 60°.

In this figure, AABF = AACS

Comparing these triangles, we get AB = AC = 0.5Km

Now, CS = AC x tan60° = (0.5 x 1.73) = 0.865Km

Therefore, the total height of the mountain is = CS + DC

= CS + BA

= (0.865 + 0.5) Km

= 1.365 Km



