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CONTINUITY

1. DEFINITION 5. If f(x) is continuous on [a, b] such that f(a) and f(b)

A function f'(x) is said to be continuous at x = a; where are of opposite signs, then there exists at least one
a € domain 6f F(x), if solution of equation f(x) = 0 in the open interval (a, b).

lim f(x)= lim f(x)=1(a) 3. THE INTERMEDIATE VALUE THEOREM

i.e., LHL=RHL =value of a functionatx=a Suppose f(x) is continuous on an interval I, and a and b are any
or lim f(x)=f(a) two points of I. Then if y, is a number between f(a) and f(b),
o their exits a number ¢ between a and b such that f(c) =y,.

12.1 Reasons of discontinuity A
: : . f(®) |
If f(x) is not continuous at x = a, we say that [ (x) is I
discontinuous at x = a. Yo I
There are following possibilities of discontinuity : () i i
' I I I
1. lim f(x) and [im f(x) exist but they are not | I I
x—a x—a" 1 1 1 >
equal. 0 a c b X
The Function f, being continuous on (a,b)
2. lim f(x) and [im f(x) exists and are equal but takes on every value between f(a) and f(b)
x—a x—a”*
not equal to f(a). /
f(a) is not defined. Note. ..

At least one of the limits does not exist. Geometrically,
the graph of the function will exhibit a break at the

point of discontinuity. That a function f* which is continuous in [a, b] possesses

the following properties :

i) If f(a) and £ (b) possess opposite signs, then there

S — o exists at least one solution of the equation
f(x)=0in the open interval (a, b).

(il) IfKisanyreal number between f(a)and f(b), then
there exists at least one solution of the equation f

0 T I I I > (x) =K in the open interval (a, b).
1 2 3 4

The graph as shown is discontinuous at x = 1, 2 and 3. 4. CONTINUITY IN AN INTERVAL
2. PROPERTIES OF CONTINUOUS FUNCTIONS (@  Afunction f is said to be continuous in (a, b) if fis

continuous at each and every point € (a, b).

Let f(x) and g (x) be continuous functions at x = a. Then, () A function f is said to be continuous in a closed
. . . interval [a, b] if :

1. ¢ f(x) is continuous at x = a, where c is any constant. (1)  f is continuous in the open interval (a, b) and

2. f(x)+ g (x)is continuous at X = a. 2) f is right continuous at 'a' i.e. Limit
x—>at

3.  f(x).g(x)iscontinuousatx =a. f(x)=/(a) = a finite quantity.

4.  f(x)/g(x)is continuous at x = a, provided g(a) # 0.- @3) f is left continuous at 'b'; i.e. Limit
x—b"

f (x) = f(b) =a finite quantity.
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5. A LIST OF CONTINUOUS FUNCTIONS

SARESIR S .

N

~

9.

10.
11.

12.
13.

14.

6. TYPES OF DISCONTINUITIES

@

Function f (x) Interval in which
f (x) is continuous

constant ¢ (—o0, )

X", nis an integer > 0 (00, 00)

X", n is a positive integer (0, 0)— {0}

[x—a| (o0, 00)
Px)=ax'tax"'+..+a  (-o0,0)

p (x) RPN

———, where p (x) and (=00, 0)—{x ; q (x)=0}

q(x)

q (x) are polynomial in x

sin x (00, 0)

cos X (00, 0)

tan x (—oo, OO)—{(Zn-rl)g:neI}

cot x (—o0,0) {nm:n e}

sec X (-0, 0)—{(2n+ 1)
/2 :nel}

cosec X (-0,0)— {nm:n € I}

e* (_007 OO)

log x (0, )

Type-1 : (Removable type of discontinuities)
In case, Limit f (x) exists but is not equal to f(c) then the

X—>C

function is said to have a removable discontnuity or
discontinuity of the first kind. In this case, we can redefine

the function such that Limit f(x) = f(c) and make it
X—>C

continuous at x = c. Removable type of discontinuity can be

further classified as :

Missing Point Discontinuity :

Where Limit f (x) exists finitely but f(a) is not defined.

X—a

(1-x) (9—x2)

Eg f(x)= (1 ) has a missing point discontinuity
-X
atx=1,and
sin x . o o
fx)= has a missing point discontinuity at x = 0.
X
MY fx) Lim f(x) —> exist finitely.
’ /f(a) > does not exist.
|
— I
- X
a

missing point discontinuity at x = a

(b) Isolated Point Discontinuity :

Where Limit f (x) exists & f (a) also exists but;

X—a

Limit #f(a).

X—a

X

6
Eg f(x)= 1 x #4and f(4)=9 has anisolated point

2
X —

discontinuity at x = 4.

o 0 ifxel )
Similarly f'(x) = [x] + [-x] = . has an isolated
-1 ifxegl
point discontinuity atall x € I.
NY Lim J(x) — exists finitely

o 109

! o f(a) — exists.
I But, Lim f(x) = f(a)

|
|
|
|
; >x

Isolated point discontinuity at x =a

Type-2 : (Non-Removable type of discontinuities)
In case, Limit £(x) does not exist, then it is not possible to
X —>a

make the function continuous by redefining it. Such
discontinuities are known as non-removable discontinuity
or discontinuity of the 2nd kind. Non-removable type of

discontinuity can be further classified as :

AY X
1 Lim f(x)—does not exist.
X—ra

non-removable discontinuity at x = a
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@)

b)

©

Finite Discontinuity :
1
E.g., f(x)=x—[x] atall integral x; f(x)=tan! — atx=0and
X
1
fx)= T atx=0 (notethat f(0)=0; f(0)=1)
1+ 2%

Infinite Discontiunity :

B f(0= — org (9= —— atx=4; f(x)=2
L f(X)=——org(x)= 7 5 atx=4; f(x)=2"*
g x—4 g (X—4)2
tx= = and f(x)= —— atx=0

atx= - an fx)= L ax=0.

Oscillatory Discontinuity :

1
E.g., f(x)=sin — atx=0.
X

In all these cases the value of f(a) of the function atx =a

(point of discontinuity) may or may not exist but Limit does
X—a

not exist.

Nature of discontinuity

From the adjacent graph note that

— f is continuous at x =—1
— f has isolated discontinuity at x = 1
— f has missing point discontinuity at x =2

— f has non-removable (finite type) discontinity at the origin.

s A

(a)

(b)

(c)

(d

(e)

®

@

In case of dis-continuity of the second kind the non-
negative difference between the value of the RHL at
x=aand LHL at x=a is called the jump of discontinuity. A
function having a finite number of jumps in a given interval
Iis called a piece wise continuous or sectionally continuous

function in this interval.

All Polynomials, Trigonometrical functions, exponential
and Logarithmic functions are continuous in their

domains.

If f(x) is continuous and g (x) is discontinuous at x = a
thentheproduct function (x) =7(x) . g (x) is not necessarily

be discontinuous at x = a. e.g.

sinE xz0
f@=xand g(®)= | x
0 x=0

If f(x) and g (x) both are discontinuous at x = a then the
product function ¢ (x) =f(x) . g (x) is not necessarily be

discontinuous at x =a . e.g.

1 x>0

-1 x<0

f(X):—g(X)=[

Point functions are to be treated as discontinuous eg.

f(x)= 4/1-x + 4/x—1 is not continuous atx = 1.

A continuous function whose domain is closed must have

a range also in closed interval.

If f is continuous at X = @ and g is continuous at

x = f'(a) then the composite g [ f (x)] is continous at
xsin

sinx
x2+2

x=a Egf(x)= and g (x) = [x| are continuous at X

=0, hence the composite (gof) (x) = will also be

x2+2

continuous at x = 0.
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DIFFERENTIABILITY

7. DEFINITION

Let f(x) be areal valued function defined on an open interval
(a,b) wherec € (a,b). Then f(x) is said to be differentiable or
derivable atx =c,

it fim 2 =) (x) = /()

exists finitely.
X—>C ( X— C)

This limit is called the derivative or differentiable coefficient
of the function f (x) at x = ¢, and is denoted by

£(e) or < (£(x)), -

Y4 y—f ()
Right secant (ath, f(ath))
through A :
Left secant :
through A A :
Tangent at A.
(ah f@h) Q ;
i : : S
> X
a-h a ath

h) —
U Slope of Right hand secant = M as

h — 0, P — A and secant (AP) — tangent at A

—  Right hand derivative = Lim [M]
h—0 h

= Slope of tangent at A (when approached from right)
S'(@).

° Slope of Left hand secant =

— 0, Q > A and secant AQ — tangent at A

= Left hand derivative = Lim [Mj
h—0 -h

= Slope of tangent at A (when approached from left) f'(a").
Thus, f(x) is differentiable at x = c.

BICEYE

exists finitely
X—>¢ (X - C)

o gm IO S ()
X—C~ (X—c) x—c* (X—C)
o gl S(erh) /(o)
h—0 —-h h—0 h
Hence, lim f(x)=£(¢) — lim f(e=h)-f(c) S
X—>c¢ (x—c) h—0 —h

called the left hand derivative of f(x) at x=c and
is denoted by f’ (¢”) or L /' (c).

While, lim f(x) = f(e)

X—¢C

—tim f(e+h) = f(c)

h—0 h

is

X—)C+

called the right hand derivative of f(x)atx=c
and is denoted by f' (¢*) or R f” (c).

If /" (c)= f' (c), we say that f(x) is not differentiable

atx=c.
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8. DIFFERENTIABILITY IN A SET

1.

A function f(x) defined on an open interval (a, b) is said to
be differentiable or derivable in open interval (a, b), if it is
differentiable at each point of (a, b).

2. A function f(x) defined on closed interval [a, b] is said to be

differentiable or derivable. “If f is derivable in the open
interval (a, b) and also the end points a and b, then f'is said
to be derivable in the closed interval [a, b]”.

ie., lim M and [im M,both exist.

xoa’  X-—a x-b” X—b

A function f'is said to be a differentiable function if it is
differentiable at every point of its domain.

s A

1. If f(x) and g (x) are derivable at x = a then the
functions 1(x) + g (%), f(X)— g (%), f(x). g (x) will also
be derivable at x =a and if g (a) # 0 then the function
f (x)/g(x) will also be derivable at
X=a.

P If f(x) is differentiable at x = a and g (x) is not
differentiable at x = a, then the product function
F x) = f(x). g (x) can still be differentiable at
x=a.E.g. f(x)=x and g (x)=[x].

3. If £ (x) and g (x) both are not differentiable at
x = a then the product function; F' (x) = f(x). g (X)
can still be differentiable at x = a. E.g.,
Jx)=[x|and g (x) = x|

4. If f(x) and g (x) both are not differentiable at
x = a then the sum function ' (x) = f(x) + g (X) may
be a differentiable function. E.g., f(x) = |x| and
g(x)=—[x.

RELATION B/W CONTINUITY &

DIFFERENTIABILITY

In the previous section we have discussed that if a function
is differentiable at a point, then it should be continuous at
that point and a discontinuous function cannot be
differentiable. This fact is proved in the following theorem.

Theorem : If a function is differentiable at a point, it is
necessarily continuous at that point. But the converse is
not necessarily true,

or f(x)is differentiable atx =c

=  f(x)iscontinuous atx =c.

s A

Converse : The converse of the above theorem is not
necessarily true i.e., a function may be continuous at a
point but may not be differentiable at that point.
E.g., The function f(x) = x| is continuous at x = 0 but it is
not differentiable at x = 0, as shown in the figure.

S =

The figure shows that sharp edge at x = 0 hence, function
is not differentiable but continuous at x = 0.

s A

(a) Let f""(a)=p & f' (a) = q where p & q are finite then

i p=q = fisderivableatx =a
= f is continuous at x = a.
(i)p=q = f isnotderivable at x = a.

It is very important to note that f may be still continuous
atx=a.

In short, for a function f:

Differentiable = = Continuous;
Not Differentiable = Not Continuous
(i.e., function may be continuous)
But,
Not Continuous = Not Differentiable.

(b) If a function fis not differentiable but is continuous at
X = a it geometrically implies a sharp corner at
x=a.

Theorem 2 : Let fand g be real functions such that fog is
defined if g is continuous at x = a and f is continuous at g
(a), show that fog is continuous at x = a.
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DIFFERENTIATION

10. DEFINITION

(@)

(b)

Letus consider a function y =f(x) defined in a certain interval.
It has a definite value for each value of the independent

variable x in this interval.

Now, the ratio of the increment of the function to the increment

in the independent variable,

Ay _ f(x+Ax)-f(x)
Ax Ax

A
Now,as Ax —> 0,Ay— 0and A_Z — finite quantity, then

d
derivative f{x) exists and is denoted by y” or f'(x) or d_z

x—0 \ AX Ax—0 AX

o, (0t 2 o 222010

(if it exits)

for the limit to exist,

1imM: lim f(x—h)—f(x)
h—0 h h—0 —h

(Right Hand derivative) (Left Hand derivative)

The derivative of a given function f at a point x = a of its

domain is defined as :

f(a+h)-f(a)
h

Limit -
h—0

, provided the limit exists & is

denoted by f(a).
Note that alternatively, we can define
f(x)-/(a)

—a

/"'(a) = Limit =—=———— provided the limit exists.
X—a X

This method is called first principle of finding the derivative
of f(x).

11. DERIVATIVE OF STANDARD FUNCTION

d

() &(x“)=n.xn_l;xeR,neR,x>0
(i) d%(ex)=ex

(iii) %(ax) =a*.Ina(a>0)

. d 1
(iv) d—x(ln|x|) -
d 1
) o (log, [x])=—log, e
(vi) &(sin x) =C0S X
(vii) dix(cos X)=-—sinx
(viii) i(tan x) =sec? x
dx

(ix) i(sec X)=sec X . tan x
dx

d
) d—(cosec X ) =—cosec X . cot X
X

(xi) %(cot X)=— cosec? X

(xii) %(constam)zo
(i) ——(sin %)= ==,  _1<x<
X 1-x2
(xiv) i(cos‘lx)= - —1<x<1
'V dX l_XZ s X
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d/ 4 1

(xv) &(tan X)_l+x2’ xeR
Cd -

(xvi) &(CO'[ X)_l+x2’ xeR

. d S1g) 1
(xvii) &(Sec X)—Mﬁ, x|>1

.. d gy
(xvm)d_x(coSec X)—Mﬁa |X|>]
(xix) Results :

If the inverse functions f' & g are defined by

y=/f(x) &x=g(y). Then g (f(x)) =x.
= g(fx).f®=1

. . Ly dy
This result can also be written as, if — exists & — # 0, then

dx dx
%:I/EQJ or ﬂ.d—leorﬂzl/ dx d—x;tO
dy dx dx dy dx dy )| dy

12. THEOREMS ON DERIVATIVES

If u and v are derivable functions of x, then,

i)  Term by term differentiati -i(u+v)—@+ﬂ
) erm by term differentiation : o X dx

d du
(i) Multiplication by a constant — (K u)=K-—— where K is

dx dx
any constant
(i) “Product Rule” i(lLV) = Uﬂ + Vﬂ known as
dx dx dx
In general,
(a If U, Uy, Uy, Uy, ., U are the functions of x, then

&(u1 Uy Uyl Uy.ly)

:(d_xl](uz u; uy "'u“)+[d_>:](ul Uy Uyl )

du d
+(d—x3j (uuyuy ...un)+(%) (uyuyuzu5..uy)

+ +du—n(uuu Uy )
“ee dX 1 Uy Us ..Uy

du j ( dv j
( o &
(iv) “Quotient Rule” i(gj = k) \dx) where v # 0

dx\ v v2

known as

(b) ChainRule: Ify=f(u),u=g(w), w=h(x)

dy dy du dw

then 4 = qu dw dx

or %= f'(u). g'(w).h'(x)

s A

In general if y = f(u) then g—y = f"(u) du
X

I

13. METHODS OF DIFFERENTIATION

13.1 Derivative by using Trigonometrical Substitution

Using trigonometrical transformations before differentiation
shorten the work considerably. Some important results are

given below :
. . . 2tan x
() sin2x=2sinXCOSX= ————
1+tan” x
1—tan?x
(i) cos2x=2cos’x—1=1-2sin*x =———
I+ tan” x
2tanx 2 1-cos2x
(i) tan2x=————.,tan"x=—"—"—
I-tan“x 1+ cos2x

(iv) sin3x=3sinx—4sin’x

(v) cos3x=4cos’x—3cosx

3tanx —tan’ x
1-3tan®x

T 1+tanx
tan| —+x |[=——
4 1—tanx

(vi) tan3x=

(vii)
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s 1-tanx
(vii) tan| ——X |=—
4 1+tanx

(ix) J(1£sin x)=

X . X
coS—t sin—|
2 2

+
® tan'x*tan"'y=tan™' ( x>y j
1¥xy

(xi) sin’lxisin’ly:sin’l{xdl—yziyVl—xz}
(xii) cos’lXicos’ly:cos’l{xyixll—x2 wll—yz}

(xiii) sin”'x + cos'x =tan"'x + cot 'x =sec'x + cosec 'x = n/2

(xiv) sin'x=cosec !(1/x); cos 'x =sec”'(1/x) ; tan 'x =cot™'(1/x)

sia A

Some standard substitutions :

Expressions Substitutions
(az—xz) X =asin 6 oracos 0
(a2+x2) x=atan O oracot

x =a sec 0 or a cosec 0

a+x a—x
or X =acos 0 oracos 20
a—x a+x

(a—x)(x—b)or

x=acos’ 0+ b sin® O

(x—a)(x-b)or x=asec’?0—btan’0

(Zax—xz) x=a(l —cos0)

13.2 Logarithmic Differentiation

To find the derivative of :

If y:{f1 (X)}fz(X) ory=fx).f£,(X).f;(X) ...

or y=

then it is convenient to take the logarithm of the function
first and then differentiate. This is called derivative of the
logarithmic function.

Important Notes (Alternate methods)

L Ify — {f(x)}g(x) — eg(x)ln f(x) ((Variable)vmable) {o X:elnx}

d g(Xx)n f(x d d
; d_z:ec( )i f( ).{g(x),&lnf(x)+1nf(X).&g(X)}

= X £lx) X &+n x).g'(x
{0 L 0.0

2 Ify={f(x)}¢®

d
" d_z = Derivative of'y treating f(x) as constant + Derivative of

y treating g(x) as constant

= {f(x)}g(x) .]nf(x),%g(x)+g(x){f(x)}g(x)—l %f(x)

=L 7 (x)-g'(x)+ ()L (0 ()

13.3 Implict Differentiation : ¢ (x,y)=0

(1 In order to find dy/dx in the case of implicit function, we
differentiate each term w.r.t. X, regarding y as a function of x
& then collect terms in dy/dx together on one side to finally
find dy/dx.

(i) Inanswers of dy/dx in the case of implicit function, both x &
y are present.

Alternate Method : Iff(x,y)=0

of
th dy _ (8}() _ diff. of f w.r.t. x treating y as constant
en dx ( of j diff. of f w.r.t. y treating x as constant

oy
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13.4 Parametric Differentiation

Ify =1(t) & x = g(t) where t is a Parameter, then

dy dy/dt
dx dx/dt -
L%;‘ﬂ. . /
Lo
©odx  dt dx

2
2. dy_d (dyj d (dyj dt ('.'gin terms of t)
dx?  dx\dx dx dx

(5070

{From (1)}

13.5 Derivative of a Function w.r.t. another Function

dy _dy/dx _/'(x)
Lety=/(x);z=g(0then 4, = 4, /4x ~ g'(x)

13.6 Derivative of Infinite Series

If taking out one or more than one terms from an infinite
series, it remains unchanged. Such that

(&) IFy=r(x)+
then y=.//(x)+y = (*-y)=/()

Differentiating both sides w.r.t. x, we get (2y — 1) —=f"(x)

®) If yz{f(x)}{f(x)}{f( )} then'y = {£(x)} Dy:eyln-f(x)

Differentiating both sides w.r.t. x, we get

dy_ SACY IS VA )
dc () nf(x) Sy (%)

14. DERIVATIVE OF ORDER TWO & THREE

Let a function y = f (x) be defined on an open interval
(a,b). It’s derivative, if it exists on (a, b), is a certain function
f'(x) [or (dy/dx) or y'] & is called the first derivative of y w.r.t.
x. If it happens that the first derivative has a derivative on

(a, b) then this derivative is called the second derivative of

yw.r.t. x & is denoted by f"(x) or (d%y/dx?) or y”.

Similarly, the 3™ order derivative of y w.rt. x, if it exists, is

3 2
defined by &y = i dy itis also denoted by f"(x) or y"".
dx®  dx 2
Some Standard Results :
O ()" = (axb) ">
i ax + = a".(ax + m>n
dx™ m-n)!
ii x" =n!
(i dx"
dn

(i) (e™)=m".e™, meR

n

d - (sin(ax+b)) =a" sin(ax+b+n—2ﬁj, neN

(iv)

dx

n

- (cos(ax+b)) =a" cos(ax+b+%), neN

™)

dx

n

- {ea" sin(bx+c)} =r".e™ sin(bx+c+n¢),neN

(vi)

X

where r = (a2 +b2), ¢p=tan"'(b/a).

n

an

{ea".cos(bx + c)} =1".e™.cos(bx+c+n¢),neN

(vii)

where r = (a2 +b2), ¢p=tan"'(b/a).
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15. DIFFERENTIATION OF DETERMINANTS 16. L' HOSPITAL'S RULE

S (X) g (X) h (X) Iff(x) & g(x) are functions of x such that :
IfF(X)=| £(x) m(x) n(x)]: . . . .
u(x) v(x) w(x) @ lim f(x)=0=limg(x) or lim f(x)=c0=limg(x) and
wheref, g, h, £ m, n, u, v, ware differentiable function of x then (i) Bothf(x) & g(x) are continuous at x =a and

f’(x) g'(x) h'(x) f(x) g(x) h(x) (@ii)) Bothf(x) & g(x) are differentiable at x =a and
o m(x) n(x) [+ £'(x) m'(x) n(x) (iv) Bothf'(x) & g'(x) are continuous at x = a, Then
(

)
x) v(x) w(x)| Ju(x) v(x) w(x)

[et

Limit ) = Limit £ 0) _ e S0
f(X) g(X) h(X) x—>a g(X) X—a g(X) x—>a g (X)
+ £(x) m(x) n(x) indeterminant form vanishes..
u'(x) vi(x) wi(x)

17. ANALYSIS & GRAPHS OF SOME USEFUL FUNCTION

. . . T T
() y=sin"' (sinx) xeR;ye|—-——,—
2°2
¥
Repeated Curve %A Main Curve Repeated Curve
................................ A‘[ .¢> y="/2
o ."'. ", . v 2 W S
i . 2 y 2 & A
£ o " g ¥ . —0
s, L 0O z T = P A
) “, 2 2 2 .
e R R e Wi > y=-72
2
(i) y=cos!(cosx) xeR;ye[0,7] ‘
b4
(m, m)
Y —— > y=1
S -
e ‘?P N X“VK\ K X ‘3}\ S\f’j % 4
* ST + S
5 xory=20
In n % 4n
T T T
(i) y=tan! (tanx) xeR—{x:x=(2n+1)-,neZ};ye|l -——, =
2 22
¥
'y
B alhtebet IeLCLLRD A b o) & - y=1/2
~ b <
— : — . ¥ — x
—3n/2 - -T2 0O 72 m 3n/2 2n 5n/2
T HIRRRNNON S BURRN] DRI 0 (RERIRRRERERSRR 7z RIS » y=m/2
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SOLVED EXAMPLES

5x—4, when0<x<1
Show that f(x)= 3
4x” —3x, whenl<x<?2

is continuous at x = 1.

Sol. We have,

(LHLatx=1)= lim f(x)=1lim 5x -4

x—1" x—1
[ f(x)=5x—4,whenx < 1]
=5x1-4=1,
(RHLatx=1)= lim f(x) = lim 4x> - 3x
+ x—1

x>l
[ f(x)=4x3-3x,x>1]
=4(1)*-3(1)=1,

and, f(1)=5x1-4=1
[ f(x)=5x—4,wherex <1]

lim f(x)=f(1)= lim f(x)
x—1t

x—>1"

So, f(x) is continuous at x = 1.

Example -2

|x|

—; x=0
f(x)=9 x

1; x=0

Test the continuity of the function f (x) at the origin :

Sol. We have,

—0)= lim f(x)=lim f(0-h) = lim f(-h
(LHLatx=0)= Im (x) = lim £(0~h) = lim f(-h)

=1im&=lim£=hm—l=—l
h—»0 —h h—>0—-h h—-0

and, (RHL atx=0)= llrég f(x)=1lim £(0+h) = lim £(h)

h|_, b
=lim—=1lim P=1lim1=1
h—0 h h—0 h—0

Thus, f(x) is not continuous at the origin.

Discuss the continuity of the function of given by
f(x)=|x—-1|+|x-2|atx=1andx=2.

Sol. We have,
f(x)=|x-1|+|x2|

-x-1)-(x=-2), if x<1
= fx)=9x-1)—-(x-2),if 1<x<?2
x-D+(x-2), if x=>2

-2x+3, ifx<l
= fx)= 1, if1<x<2
2x -3, x=>2

Continuity atx = 1:
We have,
lim f(x)= lim (2x+3)=-2x1+3=1

x—1" x>l

lim f(x)= lim 1=1
x—-1 x—1t
and, f(1)=1.
lim f(x)=f(1)= lim f(x)
x>l xol1t
So, f(x) is continuous at x = 1.
Continuity atx =2
We have,
lim f(x)= lim 1=1

x—2" x—2"

lim f(x)=lim (2x-3)=2x2-3=1
x—2

x—2t

and, f(2)=2x2-3=1.
lim f(x)= lim f(x)=1(2)
+

x—2" x—2

So, f(x) is continuous at x = 2.
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Example—4

Examine the function f(t) given by

cost
s tETW/2

f(t)=9 n/2-t
1 ; t=m/2

for continuity at t = /2

Sol.

and,

We have,

(LHLatt=n/2)= lim f(t)

tomn/27

=1

~ lim f(/2~h) = lim —<2S(F/2=0)__; sinh
h—0 h—>0 1/2—(n/2—-h) h>0 h

lim f(t)

ton/2

(RHL att=m/2) =

~ lim f(n/2+h) = lim <SS/ 2H0)
h0 b0 71/2—(rt/2+h)

—sinh
~h

. sinh
=1lim =
h—»0 h

=lim 1

h—0

Also, f(/2)=1.

~ lim f(t)= lim =f(r/2)

ton/27

t—>m/2

So, f(t) is continuous at t = /2.

Prove that the greatest integer function [x] is continuous
at all points except at integer points.

Sol.

and,

Let f(x) = [x] be the greatest integer function. Let k be any

integer. Then,

k-1,
k,

ifk-1<x<k

By def.
Fhexcksy DYdet]

£(x) =[x] ={

Now (LHLatx=k)
= lim f(x)=1lim f(k—h)=lim [k —h]
h—0 h—0

x—k
=lim (k-1)=k-1
h—0
[ k-1<k—-h<k .. [k-h]=k-1]
(RHL atx=Xk)
= lim f(x):{llirgf(k+h):}11£13[k+h]

x—k"

=limk=k

h—=0

[-~k<k+h<k+1 . [k+h]=k]
lim f(x)# lim f(x)
x—k x—kT

So, f(x) is not continuous at x = k.

Since k is an arbitrary integer. Therefore, f(x) is not
continuous at integer points.

Let a be any real number other than an integer. Then, there
exists an integer k such thatk— 1 <a<k.

Now, (LHL atx=a)

lim f(x)=lim f(a—h)=lim [a—h]
x—a_ h—0 h—0

=limk-1=k-1

x—0
[-k—1<a-h<k .. [a-h]=k-1]
(RHL atx=a)

= lim f(x)=lim f(a+h)
+ h—0

X—a
=lim[a+h)=lim (k—-1)=k—1
h—0 h—0

[--k—1<a+h<k .. [ath]=k—1]

and, f(a)=k-1
[‘k—1<a<k .. [a]=k-1]
Thus,
lim f(x) = lim f(x)="f(a)
x-a x—at

So, f(x) is continuous at X = a. Since a is an arbitrary real
number, other than an integer. Therefore, f(x) is continuous
at all real points except integer points.

Example—6

Show that the function f(x) given by

el/X_l

> when x # 0
f(x)=1 &> +1 is discontinuous at x=0.
0 , whenx=0
Sol. We have,
(LHLatx=0)= lim f(x)= lim f(0—h) = lim f(~h)
x—0" h—0 h—0
! 1
~1/h Tn B
“lim S ! jim € _o-t_
h»Oel/hJ,-l hso 1 0+1
Ql/h +1
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{ . L _ O} = lim log (1+ax) lim log (1-bx) —k
: h—s0 el/h x—0 X x—0 X
and, (RHLatx=0)= lim f(x)=lim f(0+h) = lim f(h) o alim 020 g, log 0=
x—=0t h—0 h—0 x—0 ax x-0  (-b)x

M1 1-1/e"" 1-0
=lim = =1

Vh i1 hs0141/e™ 140

So, f(x) is not continuous at x = 0 and has a discontinuity of
first kind atx =0.

Example -7

Find the value of the constant A so that the function
given below is continuous at x =— 1.
x> -2x-3 x %1
f(x)= x+1
A , x=-1

Sol. Since f(x) is continuous at x =—1. Therefore,

lim £(x) = £(~1)

lim x2—2x—3_ D=

= lim ST [ 1) =]
lim w;k: lim (X*3):7\.:>*4:7\,
x—>-1 X+ x—>-1

So, f(x) is continuous atx =—1, if A =—4.

Example -8

If the function f(x) defined by

log (1+ax)—log (1-bx)
f(X) = X ’
k ,

ifx=#0

ifx=0

is continuous at x = 0, find k.

Sol. Since f(x) is continuous at x = 0. Therefore,

lim £(x) = £(0)

im log (1+ax)—log (1-bx) —k

1 .. =
= 50 X [+ f0)=k]
~  lm [log (1+ax) log (l—bx)} _x

x—0 X X

= a()-¢b)()=k
{Using:lim le}
x—0 X

= at+b=k

Thus, f(x) is continuous at x =0, ifk=a + b.

Example-9

—1_“’254" , ifx<0
X
Let f(x) = a , ifx=0
o esso
V16 ++/x —4

Determine the value of a so that f (x) is continuous at x = 0.

Sol. For f(x) to be continuous at x = 0, we must have

lim f(x) = lim £(x)=(0)

x—0 x—0

— lim f(x)= lim f(x)=a ()

x—0" x—0"
Now, lim £(x) = lim 17625 4%
7 x50” x—0 X
1-cos 4
{ f(x) =~ for x < o}
X
2sin? 2x

2

. lim f(x)=lim
x—0 X

x>0~

sin 2x 2
— lim f(x)=2 lim( j

x—0" x>0 X

sin 2x o2 .
7% =8(1)" =8 ... (1)

— lim f(x)=2x4.lim
x—0" x—0

lim f(x)= lim ——

d,
ME ot 0 J161x —4
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__x
J16++/x —4

wf(x)= forx >0

(\/16+ X +4)

lim f(x)=lm —————
= )= e J— 16

= hm f(x)—hm(\/6+ x+4) 4+4=8

x—0T

... (iii)

From (i), (ii) and (iii), we geta=8§.

Example-10

Determine the value of the constant m so that the function

£ = {m(xz —2x),

COS X ,

if x<0 . .
is continuous

if x>0

Sol. When x <0, we have

f (x)=m (x?- 2x), which being a polynomial is continuous at
eachx<0.

When x >0, we have

f (x) = cos x, which being a cosine function is continuous at
eaxhx>0.

So, consider the point x = 0.
We have,

(LHL atx=0)= lim f(x)= 11m (x 2x)=0, for all values of

x—0"

m

and (RHLatx=0)= lim f(x)= llm cosx=1

x—0"

Clearly, lim f(x)# lim f(x) forall values of m.
x—0" x—0"

So, f (x) cannot be made continuous for any value of m.

In other words, the value of m does not exist for which f(x)
can be made continuous.

Example - 11

1 , 1fx<3
Iff(x)=<ax+b , if3<x<5
7 , if5<x

Determine the values of a and b so that f(x) is continuous.

Sol. The given function is a constant function for all x <3 and
for all x > 5 so it is continuous for all x <3 and for all x > 5.
We know that a polynomial function is continuous. So, the
given function is continuous for all x € (3, 5). Thus, f(x) is

continuous at each x € R except possiblyatx =3 andx = 5.

At,x =3, we have

lim f(x)= hm 1=1, lim f(x)=1lim ax+b=3a+b, and,

x—3" x—3" x—3
f3)=1

For f(x) be continuous at x = 3, we must have

lim f(x)= lim f(x)=£(3)

x—3" x—3"
= 1=3a+b
Atx =35, we have ...(1)

lim f(x)—hm ax+b=5a+b;
x5~ -5

7=17,and, f(5)=7

For f(x) to be continuous at x = 5, we must have

lim f(x)=lim
x—5" X—>5

lim f(x) = 11m f(x)=£(5)
N

x5
= Sa+b=7

Solving (i) and (ii), we geta=3,b=—8 .. (i)

Show that the function f(x) =] sin x + cos x | is continuous
atx=T1.

Sol. Letg(x)=sinx+cosx and h (x) =|x|. Then, f (x) =hog (x).
In order to prove that f (x) is continuous at x = 7. It is
sufficient to prove that g (x) is continuous at x = and h (x)
is continuous at y = g () = sin © + cos ©=—1.

Now,

lim g(x)= lim (sinx+cosX)=sint+cost=—1
X—>T X—T

and g(m)=-1
lim g(x)=g(m)
X—>T
So, g (x) is continuous at X = 7.
Wehave, g(n)=-1=y=g(n)=-1.
Now, lim h(y)= lim |y|= lim-y=—(-1)=1
y—>-1 y—>-1 y—>-1
and, h(g (m)=h(-1)=|-1|=1.
lim h(y) =h (g(n))
y—>—1

= lim h(g(x))=h(g(n))
g(x)>-1

= lim h(g(x)) = h(g(n))

g(x)—g(m)
= his continuous at g (7)

Hence, f (x) =hog (x) is continuous at x = 7.
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Example - 13

Show that the function f(x) = {

differentiable at x = 2.

x—1,

2x =3,

if x<2

. is not
ifx>2

Sol. We have,
(LHDatx=2)= lim =2
x—2" Xx—2
i (=D -(4-3)
= (LHDatsz):}(ILI;T

[ f(x)=x—1forx<2]

—  (LHDatx=2)= lim *=2 — lim 1=1
x—2 X — x—2
_f(x)-f(2
and, (RHDatx=2)= lim 1) =I@)
x—2t x-2
(2x —3)—(4-3)

= (RHDatx=2)= lim
x—2 x—2

[+ f(x)=2x—3 forx >2]

2x
= (RHDatx=2)= lim ==

= (LHDatx=2)=(RHDatx=2).
So, f(x) is not differentiable at x = 2.

Example — 14

x—2

4=lim2=

2

2
Show that the function f(x) =

X sin(lj, ifx#0
X is

0 5 ifx=0
differentiable at x=0and ' (0) = 0.
Sol. We have,
(LHD atx=0)= lim fx -1
x-0-  x—0

£(0—h)—f(0)

= (LHDatx=0)= }lll_r)rg)ﬁ
. f(-h)-f(0)
= (LHDatx=0)= }lg%_—h

2gin[ L |-
(-=h) sm(_hj

0

= (LHDatx=0)= lim =

. (1
= (LHDatx=0)= lim hsin (EJ

= (LHDatx=0)=0x (an oscillating number between—1 and 1)=0

£(x)—£(0
(RHD at x = 0) = O+%
X—>
 £(0+h)—f(0
= (RHDatXZO):}lllil?)ﬁ
1
hZsin| — |-0
Lo f)=F©O) Sm(hj
=  (RHDatx=0)= lim == ——=lim ———~—

. (1
= (RHDatx=0)= klll~r>r(l]h51n (E)

= (RHDatx=0)=0 x (an oscillating number between—1 and 1)=0
. (LHDatx=0)=(RHDatx=0)=0.
So, f(x) is differentiable at x = 0 and f' (0) = 0.

Example—15

Discuss the differentiability of f(x) =|x— 1 |+|x—2 .

Sol. We have,

fx)=|x—1|+|x-2|

—-(x-)—-(x-2)forx<1
= fx)=yx-1-(x-2)for1<x<2
x-D+(x-2)forx=>2
-2x+3 x <1
= fx)= 1 , 1<x<2
2x-3 , x22

When x < 1, we have

f (x) = —2x + 3 which, being a polynomial function is
continuous and differentiable.

When 1 <x <2, we have

f (x) = 1 which, being a constant function, is differentiable
on(l,?2).

When x > 2, we have
f (x) = 2x — 3 which, being a polynomial function, is
differentiable for all x > 2. Thus, the possible points of non-
differentiability of f(x) arex=1 and x =2.

Now,
. fx)-fd
(LHDatx=1)= hQM
x—1 x—1
(—2x+3)-1
= (LHDatx= 1)—11mT

[ f(x)=—2x+3forx<1]
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. 2(x-1
= (LHDatx=1)= lg%=—2
x _

(RHDatx=1)= lim M

xo1t x-1

. 1-1
= (RHDatx=1)=lim =0
x—1 X —1
[--f(x)=1forl1<x<2]
(LHDatx=1)=(RHD atx=1)
So, f(x) is not differentiable atx = 1.

. f(x)-1(2)
—7y= lim —————=
(LHD atx=2) T x2
liml—(2><2—3)
= (LHDatx:2):)H2—X_2

wf(x)=1for1<x<2
and f(2)=2x2-3

=0.

= (LHDatx=2)=lIm-——

(RHD atx=2)= lim fx-f(2)

x—2" Xx—2

(2x-3)—-(2%x2-3)
X—2

=7 =1l
= (RHDatx=2) Xlgé
[-f(x)=2x—3 forx>2]

lim 2X 74 i 26=2)
= (RHDatx=2)= M~ —-=1m— ——=

(LHD atx=2)# (RHD atx =2)
So, f(x) not differentiable at x =2.

Remark It should be noted that the function f(x) given by
fx)=|x—a|+[x—a|+(x—a|+..+|x—a]

is not differentiable atx=a, a,, a,, ..., a .

Example—16

Discuss the differentiability of

_L+lj
f(x) =1 xe {‘X‘ * , x#0
0 , x=0

atx=0.

Sol. We have,

Now,

(LHD atx=0)= lim )=
x—0" x—0
. x—0
= (LHDatx=0)= lim =1

x—0 X —

[ f(x)=xforx<0andf(0)=0]

and,
(RHDatx=0)= lim - =10
x—0" x—0
-2/x
. -0
—~ (RHDatx=0)= lim ==
x—0 X

“+f(x) = xe > *for x > 0
and £(0) =0

. -2/x
= (RHDatx=0)= lime™" =0,

= (LHDatx=0)=(RHDatx=0)
So, f(x) is not differentiable at x =0.

Example—-17

Find the values of a & b so that the function is continuous

IA
ola Bla

IA
a

forO0<x<m
X +av2sinx, 0<x
T
f(x)= 2XcotX+Db, ZSX
. T
acos2x —bsinx, 5< X

Sol. Since, f(x)is continuous for 0 <x<m

RHL[at X= fj — LHL [at X :fj
4 4

= 2.Ecot£+b = E+ax/5.sinE
4 4 4 4

= Tib="4a
2 4

= a—b:E
4

()

Also, RHL(atx - gj - LHL(atx - gj

= acosz—n—bsinE = Z.E.cot£+b
2 2 2 2

= —a-b=b
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= a+2b=0 )
Fromegs. (i) and (ii), a = % and b = %

Example - 18

Let f : R —»> R be a function defined by
f (x) = max {x, x’}. Show that the set of points
{-1,0, 1}, f(x) is not differentiable.

Sol. f (x) = max {x, x’} considering the graph separately,
y=xandy=x.

f(x)zx in (—oo, —l]
X in [-1, 0]
X in [0, 1]

x* in [, »)

Now,

The point of consideration are

Ay
A(L 1)
X' X
O
B
(7]9 7]) v yv

S'1)=1 and f'(-1")=3
S'(=0)=0 and f"(0")=1

S'(1)=1 and f"(1")=3

Hence, f is not differentiable at—1, 0, 1.

Example-19

Show that the function f(x) is continuous at x = 0 but its
derivative does not exists at x =0

in(logx?); 0
iff(x)={xsm(;gx ). zfo

. o N o 2
Sol. LHL—I{%f(th)—I{Z}%f( h) sin log (—h)

— i - 2
= l{z_}zz)hsm logh

Ash — 0, log h? — —oo0.
Hence sin log h? oscillates between —1 and +1.

— 717 . . 2
LHL = ~lim (h) x lim (sinlog h®)

=—0 % (number between—1 and +1)=0

RHL = lim f (0+h)

. N 2 . . . 2
= }l]% hsin logh” = }{’L’% h }l]zg% sin log h
=0 X (oscillating between—1 and +1) =0
f(0)=0 (Given)
= LHL.=RH.L.=f(0)
Hence f(x) is continuous at x = 0.

Test for differentiability :
Lf'(0) = lim M

h—0 —h

. 2
. —hsin log}Eh) -0

h—0
= 1{@0 sin (loghz)

As the expression oscillates between —1 and +1, the limit
does not exists.

= Left hand derivative is not defined.

Hence the function is not differentiable at x =0

Example —-20

Draw graph for y=max. {2x, x?} and discuss the continuity
and differentiability.

Sol. Here, to draw, y=max. {2x, x*}

6] 2

?y y =2
| o
1 Y=
\ | I
L
o IES 2l

Firstly plot y=2x and y = x*on graph and put 2x =x*= x =

0, 2 (i.e., their point of intersection).

Now, since y=max. {2x, x*} we have to neglect the curve below
point of intersections thus, the required graph is, as shown.

m

¥ u=ma
L y=max

{2x, 'A:}

,/’ﬁeg1ecttr1g
Thus, from the given graph y = max. {2x, x*} we cansayy =
max. {2x, x*} is continuous for all x € R.

But y = max. {2x, x?} is differentiable for all
x eR-{0,2}
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s A

One must remember the formula we can write,

fx)+e(x) +|f(X) ~g(x)|

max.{f(x),g(x)} =

2 | 2
min. {£(x), g(x)} = f(x); g(x) _If(X);g(x)I

Find the number of points of non-differentiability of
f(x) = max. {sinx, cosx, 0} in (0, 2nm).

Sol. Here, we know sin x and cos x are periodic with period 2.

Thus we could sketch the curve as; (In the interval 0 to 2m)
Which shows

y =sin X

sla—r

y =max. {sinx, cosx, 0}

cosx,0<x<£or3—n<x<2n
4 2
= O,7t<x<3—7T
2

. s
s1nx,z<x<7t

Clearly, y = max. {sin x, cos X, 0} is not differentiable at 3
points when x = (0, 27).

Thus, y = max. {sin x, cos X, 0} is not differentiable at 3n
points.

Example - 22

Let f(x) =maximum {4, 1 +x% x>~ 1} ¥ x € R. Then find the
total number of points, where f (x) is not differentiable.

Sol. We have discussed in last chapter for sketching maximum

{4,1+x%,x*~1} as

1+ %2 1+ x?
i 4
\\ “».' AY 1/ /*
\ y
\ Iy i )
1 ]
\‘ [\\ l/! /,
oo ¢ 3 Fy
oo Py
R S
o \ s 2 '
\! \ / 17
4 \ ’ I}
\ . ’ /"
I S
[ /’ 1
] \ r
e i > X
Y 0 ’ 3
-3 _1\\ e v3
~ 47
-1
OR
2
x<+1 v X2 +1
.y
-3
T2
=+1
| | >
T 0 i >X
-v3 V3

Thus, from above graph we can simply say,
f(x) is not differentiable at x ==+ /3 .
And it could be defined as :

0 :{4,—\/53 x <3

x> +L,x<— 30rx2\/§
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Example - 23 Example - 24
Let f(x +y)=f(x) +f{(y) forall x, y € R. Iff(x) is continuous If f: R — R is continuous and satisfies the relation
at x = 0, show that f (x) is continuous at all x. f(x+y)+f(x—y)=2 f(x) +2 f(y)
. ) . and f (1) = 1, then f(3) is equal to .
Sol. Since f(x) is continuous at x = 0. Therefore,
lim_ f(x)= lim+ f(x)=f{0) Sol. Inthe given relation, taking x =y =0, we have f(0) = 0. Also
x=0 x=20 x=0 implies
lim f(0—-h)=1i = +f(—y)=0+
= lim £(0~h)=lim f0+h)= (0) £(y)+(y)=0+21(y)
= f(y) =1y

= }11152) F(O+(=h) = }11123) £(0+h)=1(0) Again if we put y = x in the given relation we get

f(2x)=4f(x) =2*f(x)
Now replacing y with 2x in the given relation we obtain
f(3x) + f(—x) =2f(x) + 2 f(2x)

= lim[£(0)+£(=h)]=lim [f0) +f(h)] = (0)
[Using : f(x +y) =1(x) + f(y)]

= £(0)+ lim £(-h) =£(0)-+ lim £(h)=£(0) Therefore [+ £(+0) = (0]
f(3x)=1(x)+2f(2
= limfC-h)=lmf(h)=0 (3%)=1x) +2£(2%)
h—0 h—0 =f(x)+2.2*f(x)
Let a be any real number. Then, =3f(x)
lim f(x)=1im f(a—h)=lim f(a+(=h)) Therefore by induction, we have f (n x) = n? f(x) for all
x—a_ h—0 h—0 . . . . .
positive integers n. Replacing n with —n and observing
= lim f(x)= 1111_r>r(1) [f(a)+f(=h)] that f (—x) = f(x) V x, we have
X—a

f (—nx) = f(nx) = n*f (x) = (-n)*f (x)

Therefore f (nx) =n?f (x) for all integers x. Also
f(n)=n* (- f()=1)

If x = p/q is rational, then

[ fix+y)=f(x)+1{y)]
N lim f(x)= f(a)+l£irr(1) f(=h)

x—a

lim f(x)=f(a)+0 Usine (i
= sing (i
i [Using ()] ()= f(q) = () =p* (1) =p2(-+ f(1)=1)
. _ Therefore
- Xlir? f(x)="1f(a). and,
. . f _ ﬁ ) .
lim f(x)=lim f(a+h) (x) == =x" forall rational
xoat h—0 q
- lim f(x)=lim [f(a)+f(h)] Ifx isirrational, thenlet [x ] be a sequence of rational numbers
x—at h—0 such that x — x as n — 0. Since f'is continuous, by Theorem
[ f(x+y)=1(x)+1(y)] we have
— lim f(x)=f(a)+lim f(h) f(x,) > f(x)asn— oo
x—a® h—0 But
= xh:?* f(x)=1f(a)+0="1(a) [Using (1)] 31330 f(x,)= 31330 (x2)=x>

Thus, we have Therefore f(x) = x> when x is irrational. Also f (x) = x*for all

lim f(x)= lim f(x)="f(a) real x. Hence
- +
Xx—a Xx—a f(3):32:9
f(x) is continuous at x = a.

Since a is an arbitrary real number. So, f(X) is continuous at
allx e R.
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Example - 25

If f is a real-valued function defined for all x # 0, 1 and
satisfying the relation

)22
1-x x 1-x

Then )I(ILI% f(x) is .

Sol. Givenrelation is

1 2 2
f<">+f(1_xj—;‘: -

1
Replacing x with Tox in above equation Eq. we have
-X

1 -1 2(1-x)
f(l_xj+f(xx )=2(1—><)+TX Q)

Again replacing x with % in Eq. (1), we get
-X

x—1 2x
f +f(x)=-2x—

( " j (x) =-2x x .03
Now adding Egs. (1) and (3) and subtracting Eq. (2) gives
2f(x)=(3—i—2x— 2x j—Z(l—x)—z(l_X)

x 1-x 1- X

=(3—2(1_X)j+[ 2 = j—Zx—Z(l—x)

X X l-x 1-x

_2x 2(1+x)
X (1-x)

2(x+1)
x—1

=2+ 2

_2(x+1)
x—1

Therefore

X +1

f(x) =

X —

Taking limit we get

lim x+1 :2+1:3
x-2\ x —1 2-1

Example —26

If fis a real-valued function satisfying the relation

f(x)+2f(lj =3x
X

for all real x # 0, then }g% (sin x) f(x) is equal to

(a)l (b)2
(©)0 (d)oo
Ans. (b)
Sol. We have f(x)+2f (l] =3x (1)
X

Replacing x with 1/x, we have

2f(x>+f(lj = Q)
X) X
FromEgs. (1) and (2) we get
f(x)= £ X
X
Therefore

lim (sin x) f(x) = lim[z SINX_ ysin xj
x—0 x—0 X

=2(1)-0=2.

Example - 27

P (x) is a polynomial such that P(x) +P (2x) = 5x*— 18.

Then lim (LX)) =
X

x—3 — 3
(@6 b9
(o) 18 @o
Ans. (2)

Sol. Since 5x? — 18 is a quadratic polynomial and
P(x) + P (2x) = 5x>— 18 it follows that P(x) must be a quadratic
polynomial. Suppose

P(x)=ax’>+bx +c

By hypothesis
(ax’*+bx +c¢) + (4ax>+ 2bx +¢) = 5x>— 18

or Sax*+3bx+2c=5x>-18

This gives a=1,b=0,c=-9

So Px)=x*-9

P(x)

Therefore }(12} = }gr% (x+3)=6
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Example —28 (i) Lety=en.
Putting u = x sin x, we get
Differentiate the following function w.r.t.x : .
y=e"andu=xsinx
log sin x?
gy =¢" and du_ X COSX +sinx.
Sol. We have, du dx
Lety=1log sin x*. dy ﬂ du
Putting v =x* and u = sin x* = sin v, we get Now, dx  du  dx
y=logu,u=sinvand v=x2
dy )
= - =e".(XxcosXx+sinx)=e*"*(x cos X+ sin x)
ﬂ:l d—u—cosvandd—:Zx. dx
du u’dv dx
Example —30
Now,
dy dy du dv xsin”!
&:EXEX& Ify= S +logv1-x?2, then prove that
1-x

1 1
ﬂ:—xcosvx2x: -

COSVX2X
= dx u sinv

[+ 4 =sin V]

d
= Y _ cotv.2x = 2x cot x°
X

[+v=x%]

d .
Hence, —(log sin x? ) = 2x cotx”
dx

Example —29

Differentiate the following functions with respect to x :

(i) log (sec x + tan x) (ii) e*sx

Sol. (i) Lety=Ilog (sec x + tan x).
Putting u = sec x + tan x, we get

=loguandu=secx + tan X

ﬂzlandd—uzsecxtanx+sec2x.
du u dx
dy_dy du
Now. 4 “du " dx
= ﬂ:l.(secxtanerseczx)
dx u
ﬂ_ 1

= secx(tanx+secx)=secx.
=  dx secx+tanx ( )

Sol. We have, y = xsin™! x(l —x? )71/2 +%log(1 -x? )

Differentiating with respect to x, we get

%=(%{X. sin”! x .(l—x2 )1/2}+% (;ix{log(l—xz )}

= :%:Sinflx,(l_x ) l/zdi(x)JrX%(Sln 1x) (l_xz)—l/Z

32 d 1
+xsin”" x (——J —x2) &(1_X2)+2(1—X2)(0 2x)
PR
N dy _sin 1x X X (sm 7;)2 (0-2x) X i
dx _XZ 2( x ) 1-x
dy sin 1x x* sin lx
=
dy sin' x 14 X2 _sinflx>< I sin™' x
7 & \/l x? _\/l—x2 1_Xz_(l—)<2)3/2
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Example - 31 Example — 32
\/az+xz+\/az—x2 If h dy 1
Ify= , show that X4\/l+y +yV1+x =0, prove t ata—— >
\/a2+x2 —\/az—x2 (x+1)
dy _ ~2a {1+ a’ } Sol. We have,
dx X3 4 4
Va'—x )Ty + 3T x =0
Sol. We have, = xXl+y=—yJl+x
VaZ+x? +va—x?  al+x2+val-x2 a?+x? +4a?—x> = x(1+y)=y’(1+x) [On squaring both sides]
y= = .
\/a2+x2 7\/a27x2 \/a2+x2 7\/a27x2 \/a2+x2+\/a27x2 = X27y2:y2XfX2y
+ —V)=— _
R PRI oo B A
= Y= (a2+xz)_(a2_xz) = 2%’ = x+ty=-xy [*x—-y=#0. as y = x does not satisfy the
given equation]
_232+2 at —x* = XT-y-Xy
= - 2x? = y(l+x)=-x
= Y <2 <2 1+x
= y:azx72+ /a4_x4 X2 ﬂ:_ (1+X).1—X(0+1)
7 dx (1+x)’
= ﬂ =a’ i(x‘z)+i{\/a4 —x* x'z}
dx dx dx d 1
__
R = A (1+x)
. :—i:—hzx’} +(—2)x’3\/m+(x’z)%(a4 —x4)7l Hi(aﬁ —x4) ( X)
Example — 33
2
— gzz—?—% at—x* + ! (—4x3)
dx  x* x 2x*a* —x* . . dy sin’(a+y)
If siny =x sin (a +y), prove that dx  sina
dy 2% 2 pama 2%
= dx x* X 4_ x4 . L . . . .
a —-x Sol. Differentiating both sides of the given relation with
respect to X, we get
d 932 4 4
= dz_ x'§1 _2{ ax3X 4X 4 i(sin )—i[x sin(a+ )]
a’ —x dx y ax y
dy -2a° at —x* +x* dy . d
—= -2 cosy—=1.sin(a+y)+xcos(a+y).—(a+
o L oy & sin(asy) e xeos(a ). SH(ary)
2 4 2 2 dy . dy
dy —22a°  2a _ 2], a = cosyd—x:s1n(a+y)+xcos(a+y).d—x
- A X x’va* —x* X’ at—x*
— cosyj—y—xcos(a+y)j—y:sin(a+y)
X X
d
. Y

{cosy—xcos(a+y)}d—: sin(a+y)
X
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= {cosy—% . cos(a+y)}j—z: sin(a+y)

ssiny =xsin(a+y)
_ siny
B sin(a+y)

_ {sm(a+y)co.sy—smycos(a+y)}ﬂ:sin(a+y)
sin(a+y) dx

. _ c 2
sin(a+y y)xd—yzsin(a+y):>g=sm (a+y)

sin (a + y) dx dx sina

Example - 34

If VI-x° +4/1-y° =a(x3 —y3), prove that

dy x> [1-y°
d_x:7 1—x where— 1 <x<land-1<y<1.

Sol. Putting x> = sin A and y* = sin B in the given relation, we
get

—  l—sin® A ++/1—sin’ B =a(sin A —sinB)
A+B A-B . [A-B A+B
= 2cos cos =2asin cos
2 2 2 2

COt(A_BJ_aSA_B
= 2 2

= A-B=2cot!(a)

=cot ' (a)

= Sin'x*-sin'y*=2 cot(a).

Differentiating both sides with respect to x, we get

1-x¢ dx 1-y® dx
x3x% — 3y g
= 1-x° 1-y° dx
dy _x* Loy’
= & y> V1-x°

Example - 35

Differentiate the following functions with respect to x :

(i) x* (ii) (x* )
Sol. (i)Lety= x* .Then,
y= & .logx
On differentiating both sides with respect to x, we get
dy X d
—=¢" .logx—(x". logx
dx g dx( g )
dy x* d xlogx
—=x" —e . logx
= dx dx( g )
dy X d log logx d
—=x" Jlogx.—(e*"*** )+e****.—(logx
=~ dx { & dx( ) dx( g )
- i}::x"x {logx.e" log X%(xlogx)Jrex'“gX%}
dy X 1 1
——=x" Jlogx.x"| x.—+logx |+x*.—
= dx { £ ( X £ ] x}
dy x x*
—=x" {x*(1+logx).logx +
= dt { ( g ) g x}
dy x 1
——=x" . x*q(1+logx).logx+—
= & {( gx). log X}
(i) Lety=(x*)* Then,

X.X X

y =X""" =X
2
y=¢" .logx
On differentiating both sides with respect to x, we get

dy_ x2 d 2
d—x—e .logxd—x(x .logx)

%: exz ) logx[log X . d;dx(xz)-l-x2 dix(logx)j

ﬂz x* [10gx.2x+x2 lj
dx

X
2 2
[ e* .logx =x" ]

%: x* (2x.logx +x)

j—i}: x. x5 (2logx +1).
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Example - 36

Differentiate : (log x)* + x'°¢* with respect to x.

Sol.

Lety=(logx)*+x logx. Then,

y= elog(lch)X + elog(XIng)
y= ex log (log x) + elogx . log x

On differentiating both sides with respect to x, we get
dy tog(logx) _d togx? d 2
—L =erlelee™  — fxlog(logx)}+e"®" —(logx

i o (xlog(logx)] 5 (ogx)
ﬂ:(logx)" log(logx).i(x)+x.i(log(logx)) +x°e
dx dx dx

{2 (log x.i (log x))}
dx

ﬂ: (logx)* < log (log x) + X.
dx log

! l}+ x '8 {210gX.l}
X X X

ﬂ:(logx)x IOg(logx)+L +Xlogx{210gx}'
dx logx X

Differentiate the following functions with respect to x :

2x% =3
x*+x+2

cot x
X

Sol.

cotx

Let y=X"" +————— . Then,

2x* -3
X2 +X+2

|:_ . Xcotx _ elogxcotx _ ecot x.logx:|

cotx. logx
= g

y

On differentiating both sides with respect to x, we get
g:i(ecotx.logx)_‘ri 2X2—3
dx dx dx | x* +x+2

dy
dx

cotx.logx
= g

i(cot x. logx)
dx

S -i—x-i-Z)i(Zx2 -3)-(2x° —3)i(x2 +x+2)
dx dx

+
(x> +x+2)

dy_

d d
X *ogx . —(cotx)+cotx . — (logx
i { g dx( ) dx( g )}

N (x* +x+2)(4x)—(2x* =3)(2x +1)
(x* +x+2)°

2x% +14x +3
(x* +x+2)

d cotx
S yeonx —cosec’x.logx + +
dx X

Example — 38

(ZX—IJ , o dy
Ify=f il andf(x)—smx,ﬁnd&.

Sol.

o L)L) &

dy d(2x-1
2 ()| 22
= dx (Z)dx(x2+1)

dy oo ]2 +D)-(2x-1)2x
= dx_f(z){ X 11y }

2 2
dy _sing 2(x"+1)—(4x” —2x)
dx (x* +1)°

“+ £'(x) =sinx*
- f'(z) =sinz?

2
- ﬂzZSin(zi lj 1+x x2
dx x“+1 (x2 +1)
Example -39
Given that cos % OS>, Cos~...= smx, prove that
1 ,x 1 ) X 2 1
—5Sec” —+—sec” —+... = COSeC X ——
2 2 2 4 X
Sol. We have,

X X X sin x
COS —. COS—. COS—...=
2 4

X
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Taking log on both sides, we get
X X X .
log cosE+ logcosz+logcos§...:logsmx —logx

Differentiating both sides with respect to x, we get

. X . .
B smE B sin— B sm8 cosx 1
2 X 4 X 8 X sinx X
cos— cos— cos—
2 8
1 x 1 X
——tan———tan———tan—...=cotXx ——
2 4 8 X

Differentiating both sides with respect to x, we get

1 2 X 1 2 X 1 2 X 2 1
——ZSGC ———ZSCC ———ZSCC —...=—C0S€C X+—2
2 2 4 4 8 8 X

,x 1 ,x 1 2 X 2 1
——ZSCC —"r‘—zSCC —+—ZSCC —...=C0SEC X——2
2 2 4 4 8 8 X

y’logy
x(l—ylogx . logy) )

dy
, prove that dx

If y=a"

Sol.

The given series may be written as

y:a<xy>

logy=xYloga [Taking log of both sides]
log (logy) =y log x +log (log a)

d
logy dx

(logy) :ﬂ . logx+y.i(logx)+0
dx dx

[Differentiating both sides with respect to x]

1 1dy_dy
logy 'y dx dx

dy ! —logx =¥
dx |ylogy X

dy J1-ylogy.logx | 'y
dx ylogy

1
Jdogx+y.—
X

X

dy y’ logy

dx x{l-ylogy.logx}

Example —41

....to ©
X+CX+ to

Ify=e*e dy y

, show that - = —2—
dx 1-y

Sol.

U

=

Example — 42

The given function may be written as

y= ety

logy=(x+y).loge [Taking log of both sides]
logy=x+y[ loge=1]

1 dy dy

; dx =1 dx [Differentiating with respect to x]
dyf1 oy __ v

dx\y dx 1-y

d
Find ﬁ in the following cases :

@) X = a{cost +%log tan’ %} andy=asint

(i) x=a(0—sinB)andy=a(l—cosB)

Sol.

@

=

=

We have,

1 ) t .
X=a cost+510gtan 5 andy=asint
X=a cost+1210 tant i

> g > andy=asint

t
X = a{cost +log tanz} andy=asint.
Differentiating with respect to t, we get

dx . 1 ,t 1 dy
— =as-sint+ sec"—.—p and — =a cost t
dt tant/2 2 2 dt

d
2 _a and—y:acost

—sint
dt { S +25in(t/2)cos(t/2)} dt

dx . 1 dy
—=aq—-sint+——pyand —=a cos t
dt sint dt

dx acos’t d
—=— and & = acost
dt sin t t
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dx —sin® t+1 dy Example—44
— ~——=ay—— ———cand —=acost
dt sint dx
VI+x* —1-x?
Differentiate tan™' NIEX TN X with respect to
N ﬂ_ dy/dt  acost ~ tant N1+ x2 +4/1=%2
=2 — =
dx dx/dt acos’t cos ! x2
sint
(i) We have, SoL. Lot - Nex? —J1—x> vz a5
x=a(0-sin0)andy=a (1 - cos0) . u= > v= X%
VI+x* +41-
Differentiating with respect to 6, we get X X
d d Putting x> = cos 0, we get
& a(1-cos6) and Y _asing
de de
U= tan"" J1+cos0 —+/1—cosB
dy dy/do__ asin® _ 2sin(0/2)cos(0/2) —eot® J1+c0s0 ++/1—cos 0
dx dx/d® a(l-cosb) 2sin’ (0/2) 2
Example — 43 N J2c0s?0/2 —/2sin0/2
— = | V2cos20/2+42sin 6/2
Ifx: aSin I’ y= % I’ a>0and—1<t<l,sh0w
d
that —~=—< ' (cos0/2—sin0/2
dx X — u=tan \——————
c0s0/2+sin6/2
Sol. We have,
1-tan6/2
] -1 —tap i 1%
x=Va"" " and y=ya*" " = u=tn {1+tan6/2}
= CC% = %(asmq ‘ )71/2 %(asmil l) and(% = %(a“’{‘ ‘ )7”2 %(a“’{‘ ‘) [Dividing numerator and denominator by cos 6/2]
dx 1 ~711)*1/2( B d,. 4 n 0
—=—[(a™ a®™ 'lo a).— sin” t d, u=tan {tan| ———
= 2( 8 dt( ) an = 4 2
N-1/2 B
%:%(aws ll) (aCOS " log, a) ’ %(cosil t) T 1 T 1
u:———@:———cosfl X2 e w2 = . —1 2
= 1 2977173 [«» x*=co0s 0 -.0cos™ x?]
2
= d—X:l(aS‘“l‘) (log, a)x 1 == XlOgez and,
dt 2 -t 24—t du_ 1 - x
dy 1 1 \2 -1 -ylog,a o2 et V=
—=—(a“°s ‘) (log, a)x = ¢
dt 2 -7 241t
and, v=cos x> = =¥ = —2x
dy dx 1-x*
dy_ de
dx dx
dt So du _du/dx 1
“dv dv/dx 2
dy _-ylog.a 2 1-t© -y
- —I= —

dx 92y1-t? xlog,a x
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Example — 45 = u=2tan'x-7x [0 =tan"" x]
Diff iate tan”! 2x th du_ 2 2
1fterentiate tan — with respect to = dx  1+x2 1+ x2
2% and, v=sin" (sin2 0) =sin™! (sin (n—2 0))=nt—-26
sinl[ 5 j,if =n—2tan'x
1+x
. i} dv_og 2 _ 2
(i) xe(-1,1) (i) x €(1, ) = dx 1+x2 1+x2
(iii) x €(—o0, —1) du 2
o du_dx _14x?
L 2x T Sy dv 22
Sol. Letu= tan T and v = sin (sz) dx  1+x2
Putting x = tan 6, we have (i) When x &(—o0, —1).
. 4 2tan® We have,
u= tan’l (anej and v = SIn ! [ﬁj
1—tan’ 0 +tan x=tan 0 and x €(—o0, —1)
= u=tan’' (tan 2 0) and v =sin' (sin 20)
s s T
(i Whenx e (-1,1). = —00<tan9<—13—5<9<—Z:>—n<29<—5
We have,
X e (-1,1)and x =tan 0 u=tan'(tan20) = tan ' {tan (n+20)} =t +20 =+ 2tan ' x
du 2 2
I T T I
_ _z 22 ad —=0+ =
= —l<@nf<l=- <8< =-2<20<7 = & 1+x? 1+x°
= tan' (tan20)=2 0 and sin™' (sin 0) =26 and, v=sin"' (sin2 6) =sin"' {-sin (1 +2 6)}
u=20andv=206 = v=sin'(sin(-t-20))=—n-20=—m—2tan"'x
= u=2tan'xandv=2tan"'x dv_ 2
[--x=tan 0 = O tan' x] = dx 1+x
- du = Lz and dv = 2 - du 2
dx 1+x dx 1+x d_u:d_x= 1+x2 _
dv dv 2
du 2 dx 1+x?
du_dx _1+x’ _ 1
= =4x _ =
dv dv 2 Example — 46
dx  1+x°
Ify=Acos (logx) + B sin (log x), prove that
(i) When x &(l, )
dZ
We have Xz_y"‘X—y“‘Y:O.
’ dx’ dx
x&(l, ©) andx=tan 0
Sol. We have,
- I< tanf <= <f<—=<20<n y=Acos (log x) + B sin (log x).
4 22 On differentiating with respect to x, we get
u=tan' (tan 2 6) =tan' {—tan (1 —2 0)}
=tan” {tan (20 -m)} =20-n j_y = —lA sin (log x) +EcoS(log X)
X X X
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dy ) dy a2x2
= x-=—Asin(logx)+Bcos(logx). > X 5= (axbxy [Multiplying both sides by x’]
On differentiating again with respect to x, we get )
& d’y ( ax j
2 : — =
Xd_zz+ﬂ=_Acos(logx)_Bsm(logx) = ax’ \a+bx
dx® dx X X . .
From (i) and (ii), we have
, d’ d
= _y+x_y =—{A cos (logx) + B sin (log x)} sd’y [ dy ’
dx* dx X' =Xy
dx dx
d’y  d
24y y _ Example — 48
X +X——=—
= dx? dx Y
2 dy
2 Ify=sin"! {xxll—x —Vx l—Xz}th find == .
= X d—}21+xﬂ+y 0 y=sin ( ) en find dx
dx dx
Sol. We have y = sin™! {X\/(l —x)—/x V1- x2}
X L&y (L dy 2 Puttingx=sin @ and \/x =sin¢
Ify=xlog | 15 | Prove that X e Y theny=sin"! {sin 0 cos ¢ — cos @ sin ¢} =sin ' sin (0 — ) =
0-¢
Sol. We have, =sin "' x —sin "' Vx
X b _d - x——sm‘lf
y=xlog dx  dx dx
a+bx

= y=x[logx—log(a+bx)]

= I logx —log(a +bx)
X

On differentiating with respect to x, we get

xg—y
dX2 =l— ! i(a+bx)
X X a-+bx dx
dy ) |1 b
X——y=X"<——

= dx Y {x a+bx}
d_y_ _ax

= dx Y a+bx

Differentiating both sides of (i) with respect to x, we get

d2y+dy dy _(a+bx).a-ax(0+b)
dx*> dx dx (a+bx)?
Ly

x> (a+bx)?

1 1 d 1 1

_ B _ B 1
\/(l—xz) J1—x dx \/1_X2 JI-x 2%

Example — 49

Ifu=1(x?), v=g (x*), f(x) = sinx and g'(x) = cos x then find
du
dv

Sol.

Differentiating u = f(x?) and v =g(x*) w.r.t.x we get
du =f'(x*).2x =sin(x”).2x

dx
[ £'(x) =sinx = £'(x”) =sin (")}
dv 3 2 3 2
—=g'(x7).3x" =cos (x7).3x
& x7) (x7)

frg'(x)=cosx = g'(x’) = cos(x’)}

du
Cdudx sin(x?). 2x _2 sin x°
Cdv dvocos(x?).3x  3x cosx’

dx
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Example-50

If \/(1—x2“)+\/(1—y2n) = a(xn —yn) then prove that

g_xn—l 1_y2n
dx  y"\1-x2" )

Sol.

=

We have \/(1 )+ \/(1 —y)=a(x" —y") (D)

Putting x" =sin® = 0 =sin"'x" 2
L . (2)
y' =sin¢g = ¢=sin""y

then (1), becomes cos 0 + cos ¢ = a (sin 6 — sin )
2 cos( 0+9 j cos(uj =a.2 cos(mj sin(uj
2 2 2 2

cot[e;d)j:a = 0-¢=2cot'a

and

sin”! x"—sin"! y"=2cot ' a {from (2)}
Differentiating both sides w.r.t. x, we get

1 N 1

(—z).nx —z).ny“_l%=0
1_X n ’ y n X

-1
dy . Xn—l 1— y2n
& - yn—l 1—x2n

(Remember)

-
|

Corollary : (i) Forn=1

(i)

(iii)

dy _ [[1-y°
Ja=x?) +y1-y?) =alx—y) then g = (I_XzJ

Forn=2

Ja-xH +a-y*) =ax—y?)

dy _x [1-y*
then 5 y\l1-x*

Forn=3

Ja=x®) +a-y®) =a( - y?)

dy _x? f1-y°
then 5 y2 L 1-x°

Find the derivative of f (tan x) with respect to

g (secx) atx =, if (1) =2, g'(V2) =4.

Sol.

Letu=f(tanx)
3_z:f'(tan x).sec” x (1)

and let v=g (sec x)

dv_ '(sec x).secx tanx ..(2
=% : Q)

From (1) and (2)

du
du _ (dxj _ f'(tanx).sec’x  f'(tanx) 1
dv (de ~ g'(secx).secxtanx  g'(secx) sinx

dx

du
dv

_ SO s
x=n/4 g’(\/z)(l/\/z) 4 \/5

s A

Example — 52

du

d
In general if y = f(u) then Yo f’(u).&

dx

If f, g, h are differentiable functions of x and
f g h
A(x)=| (xf)' (xg)' (xh)'|, prove that
(D" (g (x’h)"

A f g h
(X) - f ' g ' h Al
dx 3 3 3
(X f")' (X g")’ (X h")'
f g h
Sol. A(x)= f+xf"' g+xg' h+xh'

2f +4xf'+x*f" 2g+4xg'+x’g" 2h+4xh'+x’h"

£ (°F) = 2xf + x°F (x3F)" = 2(f + xf') + 2xf '+ xf "}
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f g h
= xf"' xg' xh' ,

R,—>R,~2R,R, >R R

Xaf" X3g " X3hn

taking the common factor x from R to R,

f! gl h'
LG I
X X3fu X3gu X3hu
f h
+ f" n h"

(FF) (")’ (h)

f g h
:0+X3 f" gu hn
f" gu h"

f g h

+ fl gl hl

(FF) (g (Ch)

f g h
=0+x’x0+| f' g' h'
(Xsf")’ (X3gu)v (X3hu)v

f g h
— f! gv h'
(Xan)v (ng”)' (XShn)l

2xf'+x* " 2xg'+x’g" 2xh'+x*h"

Find the sum of

sinx + 3sin 3x + 5sin 5x +...+ (2k—1) sin 2k -1) x.

Sol.

Example — 54

Let S=cos x + cos 3x + cos 5x +...+ cos (2k—1) x.
Here the angles are in AP whose first term = x, common diff.
=2x.
sin k.2x
- 2 COS{X+(21{—1)X}
. 2x 2
sin —
2
sin kx sin 2kx
=— 0s kx =—
sin X 2sin x
in 2k
cos x +cos 3x +cos 5x +...+ cos (2k-1) x = sm. X
2sin X
Differentiating w.r.t.x,

—{sinx+ 3 sin3x + 5sin5x +...+ (2k—1) sin (2k-1) x}

_l 2k cos 2kx . sin X —sin 2kx . cos x

2 sin’ x
sinx + 3sin 3x + 5sin 5x +...+ (2k—1) sin (2k-1) x

. . [
T e’ x [k{sin(2k +1)x —sin (2k—1) x} > {sin(2k+1)x +

sin (2k—1)x}]

1
= Asin’x [(2k+1) sin (2k—1) x— (2k—1) sin (2k+1) x]

x> sinx cosx

Let f(x)=

-1 0 |, where p is constant then

6
p p* p’

d3
find o {f(x)} atx=0.

Sol.

We have
x> sinx cosx
f(x): 6 -1 0
p p° P
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FE FER & - (x+1)-x ! (x+2)—(x+1)
s o gIsinx Lcosx o (l+x(x+l) T ke (x+2)
F{f(x) =l 6 -1 0
X p p2 p° + ! (x+3)—(x+2) - (x+4)—(x+3)
1+(x+2)(x+3) 1+(x+3)(x+4)

(- All elements in second row and third row are constants)

. 3n 3n
3! sin| Xx+— | cos| X+—
2 2

l+(x+n-1)(x+n)

Foreerns +tan1((x+n)_(x+n_l))

=tan”! (x+1)—tan"'x +tan”! (x +2) —tan"! (x + 1)
+tan! (x +3)—tan! (x +2) +tan”! (x +4) —tan' (x+3)
F o ttan (x+n)—tan ! (x+n—1)=tan"' (x +n)—tan"' x
dy 1

dx 1+(x+n)2 (1+x2)

Example — 56

If (a+ bx)e”* = x, show that x> y" = (xy'— y).

p p’ p’
6 sino" 3n
& sin cos : 6 -1 0
dx 2 3 2 .3
x=0 Ip p p p p p
(- first and second rows are identical).
Ify= tan™! +tan”!
(x +x+1) (x2+3x+3)
-1 ) 1
+tan~ ———+tanT ——— +... to
(x2+5x+7) (X2+7X+13)
. dy
nterms. Find ——.
dx
Sol. Since
y= tan~! +tan~! ;
(x2+x+1) (x2+3x+3)
-1 1 4
+tan +tan — +... tonterms.
(x2+5x+7) (x2+7x+13)

Sol. We have (a+bx)e’*=x

= e¥x-_X o))

(a+bx)

Taking logarithm of both sides, we have

Zzlnx—ln(a+bx)
X

Differentiating both sides w.r.t. x, we get

xy'-y _1 b

x? X (a+bx)

v — ax — qpY/X
= YT )

{from (1)}
Again taking logarithm of both sides, we have
In(xy'-y)= 1na+%

Again differentiating both sides w.r.t. x, we get

(xy'—y.l)

(y"+y=y)_,, :

(xy'— y) X

Hence x’y"= (xy - y)2




(b) nowhere
(c) everywhere
(d) everywhere except atx =0

5.  The function f (x) = (1+x)***is not defined at x =0. The value
of £(0) so that f (x) becomes continuous at x =0 is

(@)1 (b)0
(c)e (d) none of these
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Checking continuity at a point !
The function f(x)=————, where u= ,1s
. L L i vz .
: et f (%)= 4x -1 4’ o ANCORE discontinuous at the points
. . T T . 1 1
continuous in {O, —}, then f(—j is (a) x=-2, 1’5 (b) x =5 1,2
2 4
(@) 172 (b) 172 (c)x=1,0 (d) none of these
©1 (d)-1 If f: R — Ris defined by
2. If f(x) be a continuoes function and g(x) be discontinuous 5
function, then f(x) + g(x) is a 2)(;, if xeR—-{l,2}
) ] . ) ) X°=3x+2
(a) continuous function  (b) discontinuous function f(x) = 2, iFx=1 ,
(c) can’t say anything (d) none of these 1, ifx=2
3.  The point of discontinuity of the function
1+ cos 5x
F(x)= 2%, .
. x)—f(2
1+ cos 4x then hrr% (x)-f(2) _
x> x—2
(@)x=2 (b) x =§ @0 (b)-1
(©1 (d)-1/2
T
(©)x=m (d) x=—
4 1= sin’
Sin” x T
, X<—
3cos® x 2
. x#0 T
4. The function f(x)=4{4* -1’ is continuous If f(x) = a, X :E . Then f (x) is
0 x=0 b (1-sinx) T
X>—=
- 2)()2 2
(a) everywhere exceptatx=0andx =1 (ﬁ

continuous at x =~ if
2

1 1 8
a)a=—,b=2 b)a=—b=—
(@ a 3 (b) a 3 3

2 8
(©a =3 bzg (d) None of these
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Finding unknown when function is continuous

10.

11.

12.

13.

(x* +x? —16x +20)
(x-2)*
k if x =2

if x#2

Let f(x) =

If f (x) is continuous for all x, then k=

(@7 (b)2
(©)0 (d)-1
2

x“—(A+2)x+A

If the function f(x)= <_2 , forx=#2 is
2 s forx =2
continuous at X = 2, then
(a)A=0 (b)A=1
(c)A=-1 (d) None of these
The function f(x)= Inl+ax) ~In A=5%) ¢ 101 efined
X

at x = 0. The value which should be assigned to fat x =0 so
that it is continuous at x = 0, is

(a)a—b (b)a+b

(c)ilna+mnb (d) None of these

tan X —cotx T

—’ X ¢_

x—" 4

Let f(x) =

i

a, X=—

4

. . .
Then the value of a so that f(x) is continuous at x = 2 is

(@2 (b)4
©3 d1
ax’+b, 0<x<1
F(x) = 4, x =1 then the value of (a, b) for

x+3, l<x<£2

which f(x) cannot be continuous at x = 1.
()(2,2) (OIENY)
(c)(4,0) (d)(5,12)

14.

15.

16.

17.

A +3cosx
— x<0
=1 7
Btan——,
[x+3]
where [.] represents greatest integer function is
continuous at x = 0. Then,
3
() A=-3,B=—3 (b>A=3,B=‘§
(c)A=—3,B=—£ (d)A=—£,B=—3
2 2
1—cos 4x
- , x<0
X
Let f(x)= a , x=0
Jx
—_— x>0
(16+x)"? —4

The value of ‘a’ for which f (x) becomes continuous at 0
must be

(2)2 (b)4
(©)6 ()8
—gin”!
The value of f(0) so that the function fi(x) =~ S0_*
2x +tan” X

is continous at each point on its domain is

1
@2 b) 3

2 1
©3 =3

1
F(x) = (x —1)>* isnot defined at x = 2. If f(x) is continuous,

then F(2) is equal to
(a)e (b)e!
(c)e? @1
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18.

19.

20.

21.

X +a+/2sinx, O£x<§
. T s
If the function f(x)=4{ 2x cotx+D, ZSXSE
a cos2x —bsinx, %<x£n
is continuous in the interval [0, «t], then
T T I T
a:—,b:— a:——,b:_
@a=¢-2=7; (b) &8==5-0=1;
T T
a=——,b=—— a=—,b=——
(© =g 12 @ a=73 12
x—4 +a, x<4
|x—4|
Let f(x)= a+b, x =4 then f (x) is continuous
IX_4|+b, X >4
x—4
atx =4, when
(a)a=b=0 (b)a=b=1
(c)a=-1,b=1 (d)a=1,b=-1
Ax—B, x <1
If the function f(x)=4 3x, l<x<2 be
Bx*-A, x22

continuous at X = 1 and discontinuous at x = 2, then
(a)A=3+B,B#3 (b)A=3+B,B=3
(c)A=3+B (d) none of these

2-(256-7x)"®

If f(x)=
) (5x+32)"° -2

(x #0); then for f to be

continous everywhere, f(0) is equal to
(a)-1 (b1
(c)2¢ (d) none of these

Mixed Problems of Continuous Differentiability

22.

The function f (x) = sin™' (cos x) is
(a) discontinuous at x =0

(b) continuous at x =0

(c) differentiable atx =0

(d) None of these

23.

24,

25.

26.

27.

28.

The function f(x) =1+ |sinx | is

(a) continuous no where

(b) continuous every where and no differentiable at x =0
(c) differentiable no where

(d) differentiable atx =0

COS X

For the function f(x) = (1 —x) ; x#m, f(m)=1, which

| sin x |
of the following statements is true ?
(a)f(n—0)=-latf(n+0)=1
(b) f(x) is continuous at x =7
(c) f(x) is differentiable atx =m
(d) None of these

[2x-3].[x], x2>1
The function f(x)={ . (nxj
sinf — |, x<1

(where [x] denotes greatest integer < x)

(a) continuous at x =2

(b) differentiable at x =1

(c) continuous but not differentiable at x =1
(d) None of these

[x]-1
x—1"
0, x=1

, where [x] denotes greatest

If f ()=

integer <x. then f(x) is

(a) continuous as well as differentiable at x = 1
(b) differentiable but not continuous at x = 1

(c) continuous but not differentiable at x = 1

(d) neither continuous nor differentiable at x = 1
3, —1<x<1

,thenf(x) is
4-x, 1<x<4

If £(x) = {

(a) continuous as well as differentiable at x =1
(b) continuous but not differentiable at x =1

(c) differentiable but not continuous at x = 1
(d) none of the above

The set of points where the function f (x) = [x—1| e*is
differentiable is

(AR
(c)R—{-1}

(b) R—{1}
()R- {0}
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29.  If f(x) = x+——+———+...tooo, thenatx =0, f(x) [x=3],  x21
I+x (1+x) 35.  For the function f(x)=4x2 3x 13 which of
T — 7 + Z , X< 1
(a) lim f(x) does not exist
the following is incorrect ?
(b) is discontinuous (a) continuous at x = 1 (b) continuous at x =3
() ?s 09nt1nuqus but not differentiable (c) derivable at x = 1 (d) derivable at x = 3
(d) is differentiable
30 ¢ — £00) £0v) forall 36. The number of points at which the function
- Letflxty)=f(x) f(y) forallx,y R, f(x) =[x —0.5|+ [x—1| + tan x does not have a derivative in
Suppose that £ (3) = 3 then, f' (3) is equal to interval (0,2) is
(a)22 (b)44 (a1l (b)2
(c)28 (d) none of these (©)3 (d)4
31.  Iff(x)=xsgnx, then |
< .
(a) fis derivable atx=0 37. F(x) = [cos mx], X , then f(x) is where [.] denotes
[x-2]|, 2>x2>1
(b) fis continuous but not derivable at x =0
) greatest integer fraction.
(c)LHD atx=0is 1
) (a) discontinous and non-diff. at x=—1 and x =1
(d)RHDatx=0is 1
) ) (b) continuous and differentiable at x =0
32.  The set of points where the function
fE)=[x] |1 -x|-1<x<3 (¢) discontinuous at X = 1
where [.] denotes the greatest integer function, is not 2
differentiable, is (d) cont. but & t not diff. at x =2
(a){-1,0,1,2,3} (b) {-1,0,2} 38. A function is defined as follows :
(C) {Oa 15293} (d) {_1907 192} 3 5
e . o £ =4 X <1 The function is
33.  Letf(x)= }lfalo (sin x)*. Then, which one of the following is x; x>>1
i ?
incorrect (a) dis continuous at x = 1
ti tx=m/2
(a) continuous at x =/ (b) differentiable at x = 1
i ti tx =m/2
(b) discontinuous at x = (c) continuous but not differentiable at x = 1
i ti tx=—m/2
(c) discontinuous at x =—7 (d) none of these
(d) discontinuous at infinite number of points.
x(3e'* +4)
"‘1;2'; - 39. 1 f0)=1 2 % ° %% then
34, Iff(x)=qtan (x+2) then f(x) is o: <=0
=2 x=-2 ' -

(a) continuous at x =2
(b) not continuous at x = -2
(c) differentiable at x =2

(d) continuous but not diff. at x =-2

(a) lim f(x)=1

(b) f(x) is continuous at x =0
(c) f(x) is differentiable atx =0
(d) None of these
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40.  Iff(x)= y1-I—x? thenf(x)is 46. Ify=2".3"" then % is equal to
X
(a) continuous on [—1, 1] and differentiable on (-1, 1)
. . . (a) (log2) (log 3) (b) (log 18)
(b) continuous on [-1, 1] and differentiable on (—1,0) W (0, 1) o
(c) (log 187) y (d) (log 18) y

(c) continuous and differentiable on [-1, 1]
(d) None of these
Questions Based on Basic Differentiation
(Product Rule, Quotient Rule)

41.  Derivative of x’ + 6" with respect to X is

(@) 12x (b)x+4
(c) 6x’+6" log 6 (d) 6x° +x6""
b2
42. Ify= a+52 andy’ =0atx =35, then the ratioa : b is
X

equal to

(a) v/5:1 (b)5:2

(©3:5 (d)1:2

43. Ify=log x+log a+ log x+log a,then g—y is equal to
X

1 loga x
(a) —+xloga b .t
X x loga
i 1 loga
—+xloga -
(C) Xloga g (d) Xloga X(log X)2
inx + d
4. Ify= tan ' {M} then et is equal to
cOs X —sin x dx
1 N
@ ®
(©0 (d1

45. Ify=(1+ xz) tan ' x —x, then j—y is equal to
X

(a)tan ' x (b)2x tan”' x

2x

tan~' x

(c)2xtan 'x—1 (d)

Questions Based on Chain Rule

47.  Iff be a polynomial then, the second derivative of /(¢”) is
@f'() (b) /() e+ (e")
@/ e+ @S e E)e

2 2 ! \/;
48. Iff(x)= ,/1+cos (X ), then the falue of J o is

(a) % (b) —\/g
1 i
© 5 @ Jg
d’y

49. Ify=e™ then cos’x —-=
dx

dy dy
(a)(1—sin2 X)d_x (b) —(1 +sin 2x) d_x

d
(c) (1 +sin2 x) d_z (d) None of these

50.  Ifgis the inverse of fand f'(x) = then g' (x) is

1+x°
equal to
@1+[®)P b) ——
a g(x -
+[g(x)]
©) [g®)P (d) None of these
s1. Ify:(X+V1+X2)n,then (1+X2)gx—};+ Xj—zis
() n’y (b) —n’y
© -y (d)2x%y
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52. Iff(x)=log (log x),thenf’ (x)atx=eis Questions Based on Parametric Functions
1 1-t2 2t d
(a)e (b) N 59. Ifx= W andy= 1412 then d_z is equal to
© = (@0 -3 b) >
. @~ (b)
53. Iff(x)=¢"g(x),g(0)=2,g (0)=1,thenf" (0)is X X
_2 d) =
(a1 (b)3 (© y (d) .
(©)2 (d)o
Questions Based on Impticit Function 60. Ifx=acos'6,y=asin'0, then % atf = % is
X x+ dy .
54. If2°+2"=2"", then the value ofd—X atx=y=1,is (a)-1 ®1
(c)-a’ (d)a’
@)0 (b)-1 o 3
61. Ift€(0,2)andx=sin (3t—4t)and
(01 (d)2
[z dy
d =cos | ( 1—t2),then — is equal to
55. Ifx’=¢"", then ﬁ is equal to Y dx a
O 5 (a)12 (b)2/5
(a) (1+/ogx) (b) (1 +logx)
5 (©)32 (d)1/3
(¢)logx.(1+logx) (d) None of these
) o’
56. Ife’ +xy=e, then the value of d_z] forx=0, is 62.  Ify=Acosnx+Bsinnx, then ? -
X
2
(a) /e (b) 1/¢* (@) -n'y (b) -y
2
©) 1/¢ (d)e (c)ny (d) none of these
2 2 dy — g - ﬁ ;
57.  If2x —3xy+y +x+2y—8=0, then ——= 63. Ifx=asinOandy=bcos0,then — isequal to
’ dx dx
3y—-4x-1 3y+4x+1 a 2 b >
A e a) —sec” 0 b) ——sec” 0
@ 2y 3x 12 ®) 5y 3x+2 @ 42 ® =3
b 3 b 3
3y—4x+1 3y—4x+1 (c) —ysec 0 (d) ——sec 0
© 2y 3x—2 @ 5y 3x+2 a a
2
1 1 d 4. Ifx= —sin 50, then (1-x?) 9°Y _ ¥ _
58. Ifx2+y2:t+¥andx4+y“:tz+t—2,thend—zisequalto 6 x=cos 9, y=sin 50, then (1-x) dx? de
v v (a) -5y (b) Sy
(a) " (b) - (c) 25y (d)-25y
©= (@-=
y y
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Questions based on Differentiation of a function w.r.t. another | Logarithmic Differentiation
function.
3/4
n 71 4 logle*| == i 1t
65.  The derivative of f(tan X) w.r.t. g (sec X) at x = e where : dx g 42 1S equat to
f(h=2andg’ (V2) =4,is
x% +1
@1 ) 2,
(@) —= (b) V2
\/_
©1 (d) None of these - x X1
e”.
© 2, @< 5y
3
. S . .
66. The derivative of e” with respect to log x is 7. The derivative of y = M
(a) o (b) 3x> 26X (a)x™Inx (b)x"™ " 1nx
(C) 2Xlnx—l ln X (d) X1nx—2
3 3
(c) 3x7 & (d) 3x%e* +3x? dy
73, Ify= ™ then —— i
67.  The derivative of log , x with respect to X is y= U Max
1 2
(a) —210ge 10 (b) —210g10 e @) b0 log () ¢(x)df(x) og fix). S8 d¢(X)
2x X f(x)dx
1
() ﬁl()glo e (d) None of these b) 0(x) [df(x)] o) | oz f(x)
f(x) dx
68. If y—e$" '* andu= log X, then dy is £'(x)
. y= P gy (c) e L p(x) —==+ ¢ (x) log £'(x)
f(x)
osin”'x 1 (d) None of these
@ T (b) xe
2 xe dy
74. Ify=log,  sinx, then Ix is equal to
X eSin Ix esm—l N (a) (cot x log cos x + tan x Jog sin x)/ (log cos x)2
© N-x2 (d) (b) (tan x log cos x + cot X log sin x)/ (log cos x)2
R R (c) (cotx log cos x + tan x Jog sin x)/ (log sin x)2
69.  The derivative of sin” x with respect to cos™ X is
R (d) None of these
(a)tan” x (b) tanx
(c)—tanx (d) None of these 75. Letf(x)= (XX )x and g (x)= X(Xx) then
1 1 M) = ") =
70.  Let f(x)= %(2’;) then £'(0)is (@ () =1 and gi(l) =2
X —
(b) g(1)=2 and f'(1)=2
9 1 £'(1)=1 and g'(1)=0
(@ 5 Ol (c) f'()=1 and g'(l) =
(d) f')=1 and g'(1) =1
13
(©) ) (d) None of these
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Differentiation of Infinite Sereis

. : . dy .
76. If y:\/smx+\/smx+4[smx+_.,oo, then & 1S equalto

cos X —COS X
@ 2y—1 ® 5y
sin X —sinx
© 122y ) 22y
d
77. If y:\/x+\/y+1lx+4/y+,_.oo , then d_z is equal to
y+X y3 —-X
(a) y2 —2X (b) 2y2 _2Xy_1
VP +x
(©) 2yz——x (d) None of these
78. If y=x* , thenx (1 —y log x) i
(@)X’ ®)y’
©xy’ (d)xy
1 dy
79. If }’=X+—1 , then find Ix
X+ X
1
X+
X+.....00
y X
@) 2y —x (b) 2x -y
Y X
©7 % @5y
sin X .
80. Ify= cosx then y'(0) is
1+ b
sinx
+—
cosX
1+ — ... o
1+sinx
(@1 (b)0
( . (d)2
95 )

d
81. Forlx|<l,lety=1 +x+x +...to o, then d_z equal to

2

X X
(a) v (b) =

X 2
(c) = (d)xy +y

Differentiation Based on Trigonometric Substitution

2x
1+x°

82. Ifx e (0, 1)The derivative of sin’' [ ] with respect

. 1-x2
to cos m is
(a)-1
(c)2

(b) 1
(d)4

(2
83.  Letf(x)=sin 1( a
1+x

],ﬁnd £'(1/2)
6
() 7

5
(@) 3

8 7
(©) 5 (d) s

2
84.  Find the derivative of y = tan™' (1 X B ) atx=0
-X

I
@0 )5
1
(b) 5 (d) None
85.  Let f(x)=tan" [\/_—“i”‘\/_ “1_"} then £'(0) s
+x +/1-x
I
@0 OF
©1 (d)2
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2x — d’y.
86. Letf(x)=2tan x+sin [mj Then. 92.  Ifyx+y+yy-x=cthen dx® "
@f" =3 (b)f"(2)=0 2x 2
@& (b)
1) 16
f'| = |=—
(© (2) 5 (d) All the above 5 5
© -z @ =
. » 1-x2
87. Iff(x)=2tan x+cos m > then 2
93. Letx=sin (/nt) and y = cos (/ nt) then e is
, 4
(@ f'(=2)=5 1 !
__— b) ——
(@) y2 (b) y3
(b) f’(—l)z—l
1 1
(c) f'(x)=0 for all x<0 (c) N~ (d) 7
(d) None of these 94. Ify=acos (logx)+bsin (logx) where a, b are parameters,

o 2cosx —3sinx o dy |
88. Ify=cos (TJ;O<X<E,then&1s
(a) zero (b) constant = 1
(c) constant # 1 (d) none of these
Problems Based on Higher Order Derivatives
89. If y2 = ax’ + bx + ¢ where a, b, ¢ are constants, then

y ﬁ is equal to
dx*’

(a) a constant

(b) a function of x

(c) a function of y

(d) a function of x and y both

X dzx .
90. Ify:x+e,thenyls

X

. e
(a)e () (1 Lo )3
e .
2
© (1+e") @ (1+e")2

91. Ifx’+y’=1,then
@yy' -2yY+1=0 () yy'+(y)+1=0
©yy' +(@y)-1=0 @) yy" +2(y')+1=0

the xzy” +xy’ is equal to
@y (b) -y
(c)2y (d)-2y

Problems Based on Existence of Differentiation

95.

96.

97.

98.

99.

Iff(x)= v/x* —=10x + 25 , then the derivative of f(x) on the

interval [0, 7] is

(@)1 (b)-1

©)0 (d) Does not exist
Iff(x) = Vx> +6x +9 , then /" (x) is equal to
(a) 1l forx<-3 (b)-1forx<-3
(c)1forallx eR (d) None of these

Iff(x)=](x—4) (x-5) |, thenf’ (x) is equal to
(a)—2x+9,forall xeR (b)2x-9if4<x<35

(c)2x+9if4<x<5 (d) None of these
Iy = | cos x| sinx | then L at x = 2
y=|cos x|+ |sinx | then dx 3 s
1-3
(a) ()0
2
1
(©) 3 (\/§ -1) (d) none of these

Iff(x)=log |x|, x # 0 then f"(x) equals

1 1
@ ®)

1
(c) X (d) None of these
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. 107. A triangle has two of'its vertices at P (a, 0), QO (0, b) and the
100. Iff(x)=sin {E[x] —XQ} where [x] denotes the greatest third vertex R (X, y) is moving along the straight line y =x.
dA
Ifab <(a+b) x and A be the area of the triangle, then — =
integer less than or equal to x, then f” (\/ﬂ/ 3) is equal ( ) g dx
to
a-b a—b
(a) N (b) 4
@ n/3 (b) —/n/3
a+b a+b
(©) —Vr (d) None of these © = (@ =
Misc. Problems 108. Iff(x)=cosx.cos2x.cos4x.cos 8x . cos 16x, then the
Xa a+b Xb b+c XC c+a , E .
101. Iff(x)= [ij [XC] (x"] then f”(x) is equal to value of f 4)"
@)1 (b)0 @1 () /2
(c) xbre (d) None of these 1
c) T d)0
102. Ify= : + : ' : © 2 “
) YT X x P ax P x4+ xP - dy
d 109. Ify=f )2(_ and /' (x) =sin x’, then —— is equal to
th a4 x“+1 dx
en .
dx
0 b)1 2
@ ®) (2x-1) | x2+2x+42
(c) (o +p +y) xe Bt (d) None of these (a) SIN| — 2
X" +1 (x2 +1)
cm m+n . n n+p b p+m
103, If £ (x) = sin™ x sin" x sin® x . then
sin” x sin” x sin™ x )
2
f‘ﬂ (X) is equal to (b) Sin{Zx—l] 2+2x-2%
2 2
(a)0 (b) 1 X“+1 (x2+1)
(c) cos™™P x (d) None of these
" d AE _x2
104. Ify=(1+x)(1+x*)(1+x%).. (1+x2 j,thend—y atx=0is (c) sin 2x -1 ) 2+2x-x
X x* +1 (x2 + 1)
(a)-1 (b)1
(©)0 (d) None of these (d) None of these
105, Ify=(1+x) (1 +x2) (1x), then - = 110. If y=|tan" B +
) ’ dx l+x+x° x> +3x+3
(a)l (b)-1
4 1 ,
(©)x d) Jx +tan er ....upton terms} then y'(0) equals
d
106. Iff (x)= \2x? —1 andy=f(x’) then d—z atx=1is » o
@ = (b) =
1
@2 )1 n° + n°+1
(c)-2 (d) none of these 2

(c) ﬁ (d) None of these
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EXERCISE - 2 : PREVIOUS YEAR JEE MAINS QUESTIONS

7. Let f'(x) be a polynomial function of second degree. If

L) = L (1) =2, then fimYY (-1 (2002) F(1)=f(~1)and a, b, ¢ are in AP, then /* (a), /* (b) and f'(c)
N | arein (2003)
(@)2 (b)4 @) AP
©]1 d) 12 (b)GP
(c)HP
2
2. If y=(x+V1+x%)", then (1+x%) d—}; + x% is (2002) (d) Arithmetico-Geometric Progression
dx
8. Let f(a) = g(a) =k and their nth derivatives f(a), g"(a) exist
(a) n%y (b) —n’%y and are not equal for some n. Further if
(©) -y (d)2x’y
o F@200 @) —g@) f() +8(a) _,
x—a —f ’
3. If siny =xsin (a +y), then j—y is (2002) g(x)~£(x)
X then the value of k is equal to (2003)
@ sin a ®) sin® (a+y) (@)4 (b)2
sin® (a+y) sin a (©1 (d)0
sin’ (a - y) {i3)
(c) sin a sin*(a +y) d) —— 9.  Iff(x)=4xe " x#0, thenf(x)is (2003)
sin a
0, x=0
4. If XY= e* Y, then dy is (2002) (a) continuous as well as differentiable for all x
dx (b) continuous for all x but not differentiable at x =0
1+ x 1-logx (c) neither differentiable nor continuous at x =0
(@ (b) & disconti X
1+logx 1+logx (d) discontinuous everywhere
oY t® dy .
¢ defined @ log x 10. Ifx=¢’ , x>0, then i is (2004)
(¢)mo (1+log x)*
5. I f (x+y)=/ (0. () vx yandf (5) =2, (a) > b) =
£7(0)=3, thenf" (5) s (2002) I+x X
(@0 (b)1 _ 1
(0 1= (d) —
()6 (d)2 X X
6. If f(x)=x, then the value of
1. Let f(x):ttﬂ,xig,xe[o,g:l. If £ (x) is
' 1 " 1 "1 _1\" ¢m X—T
AOE / ()+f () s )+...+( ). () is (2003)
1! 2! 3! n!
T
n-1 ti i T\ then f|— [i 2004
(2)2 (b)0 continuous in l:(), 2}, en (4) 1s ( )
1 2'
© @ @1 (b) 12

©)-12 (d)-1
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12.

13.

14.

15.

16.

17.

Suppose f (x) is differentiable at x = 1 and

}}E&% f(1+h)=5, then f” (1) equals (2005)
()6 (b)5
(c)4 (d)3

If f'is a real-valued differentiable function satisfying
/X))l <(x—y)’,x,y € Rand f(0) =0, then /(1) equals

(2005)
(@)1 (b)2
()0 (d)-1
dy .
Ifxmy"=(x +y)""", then el (2006)
X

X+y
Xy

(@

(b)xy

X
©7 @5

X isdifferentiable, is

The set of points, where f(x) = 1
+

(2006)
(@) (o0, -1) U (-1,%0)
(©)(0,0) (d) (=00, 0) U (0, 0)

Let f : R - R be a function defined by
f(x)=min {x + 1, x|+ 1}. Then, which of the following is
true ? (2007)

(a)f(x)>1forallx e R
(b) f(x) is not differentiable at x = 1

(b) (=o0, )

(c) f(x) is differentiable everywhere
(d) f(x) is not differentiable at x =0
The function f: R/{0} — R given by
2

e -1

f(x):%—

can be made continuous at x = 0 by defining f (0) as
(2007)

(a)2 (b)-1
©0 @1

18.

19.

20.

21.

22.

(x-1) sinL, if x#1

Let f(x) = x—1
0, if x=1

Then which one of the following is true ? (2008)
(a) fis differentiable at x = 1 butnotat x =0

(b) fisneither differentiable at x=0noratx =1

(c) fis differentiable atx =0 and atx =1

(d) fis differentiable at x =0 but notatx =1

Let f(x)=x [x| and g(x) =sinx

Statement I gof is differentiable at x = 0 and its derivative
is continuous at that point.

Statement I1 gofis twice differentiable atx =0.  (2009)
(a) Statement I is false, Statement I is true.

(b) Statement I is true, Statement II is true;

Statement I1 is a correct explanation for Statement 1.

(c) Statement I is true, Statement II is true,

Statement II is not a correct explanation for Statement .
(d) Statement I is true, Statement II is false

Let y be an implicit function of x defined by

x¥—2x*coty—1=0. Then, y’' (1) equals (2009)
(a)-1 (b1
(c)log2 (d)-log2

If f: (-1, 1) > R be a differentiable function with

S(0)=-1andf"(0)=1.Letg (x)=[f(2/(x) +2)". Then g'(0)

is equal to (2010)
(@4 (b)—4
(©0 (d)-2
’x
d_yz equals (2011)
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23.

24,

and

25.

The values of p and q for which the function

sin (p+1) x +sinx

, x<0
X
f(x)= q, x=0
Vx+x2 —x
—xm , x>0

is continuous for all x in R, are (2011)
5t R |
1.3 ool 3

Define F (x) as the product of two real functions
[®=x,x€lR,

sinl ifx#0
f,(x) = X as follows
0, ifx=0
F) = [ FOOLG0, i x 20
0, if x=0

Statement I F (x) is continuous on IR.

Statement I1 f (x) and f(x) are continuous on IR. (2011)
(a) Statement I is false, Statement 11 is true.

(b) Statement I is true, Statement II is true;

Statement II is a correct explanation for Statement I.

(c) Statement I is true, Statement I is true,

Statement II is not a correct explanation for Statement I.
(d) Statement I is true, Statement II is false

If f: R > R is a function defined by f (x) = [X] cos

2x —1
( XZ jn, where [x] denotes the greatest integer

function, then f is (2012)
(a) continuous for every real x

(b) discontinuous only at x =0

(c) discontinuous only at non-zero integral values of x

(d) continuous only at x =0

26.

27.

28.

29.

30.

Consider the function, f(x) =[x - 2|+ [x—5|,x € R.
Statement 1 {'(4)=0

Statement 2 fis continuous in [2, 5], differentiable in (2, 5)
and f(2)=1(5). (2012)

(a) Statement I is false, Statement 11 is true.

(b) Statement I is true, Statement II is true;

Statement II is a correct explanation for Statement I.

(c) Statement I is true, Statement II is true,

Statement II is not a correct explanation for Statement I.

(d) Statement I is true, Statement II is false

dyfdx )
If y = e™ then x> dy2 is equal to:

(2014/Online Set—1)
(a) ne™ (b) ne™
(©1 (d) -ne™
Let f(x) =x|x|, g(x) = sin x and h(x) = (gof) (x). Then
(2014/Online Set-2)
(a) h(x) is not differentiable at x = 0.

(b) h(x) is differentiate at x =0, but p’ (x) is not continuous
atx=0.

(¢) h' (x) is continuous at x =0 but it is not differentiable at
x=0.

(d) n' (x)is differentiableat x =0
Let f, g : R — R be two functions defined by

X sin (lj ,Xx#0
X and g(x) = xf(x)
0, x—0

f(x)z

Statement I : f'is a continuous function at x = 0.

Statement II : g is a differentiable function atx = 0.
(2014/Online Set-3)

(a) Both statements I and II are false.

(b) Both statements I and Ii are true.

(c) Statement I is true, statement II is false.

(d) Statement I is false, statement II is true.

Let fand g be two differentiable functions on R such that

f'(x) >0 and f’(x) <0, forallx € R. Then for all x:
(2014/Online Set-3)

(b) fg(x)) > f(g(x+1))

(d) g(f(x)) > g(f(x+1))

(a) f{g(x))> f(gx-1))
() g(f(x))> g(f(x-1))
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(a)125y (b) 224 y2
—MS"Z_I X#T () 225y (d)225y
31, If the function ()77 (1-x) is L
k , X=T 37. If2x:yg+y§and
continuous at x = 7, then k equals: 5
2 dy dy .
(2014/Online Set—4) (x"=1) @ﬂL }Lxd_x +ky =0, then ) +k isequal to :
1 i _
(2)0 (b) 2 (2017/Online Set-2)
(a)-23 (b) 24
1 (c)26 (d)-26
©2 @ 4 38.  Let f'be a polynomial function such that
32. Letf:R — Rbeafunctionsuch tht [f(x)| <x? forallx € R. f(3x)= f'(x)-f"(x), forall x eR. Then:
Thenatx=01is: (2014/Online Set—4)
. . . (2017/Online Set-2)
(a) continuous but not differentiate
(b) continuous as well as differentiate (a) £(2) +f'(2)=28 (b) f'(2)-1'(2)=0
(c) neigher continuous not differentiate (c) f"(2)-f(2)=4 d) f2Q)-f'(2Q)+f"(2)=10
(d) differentiable but not continuous. 39.  The value of k for which the function
33.  If the function.
tan 4x
kvx+1 , 0<x<3 4 un s>
x)= > g . (—j , O0<x<—
g mx+2 . 3<x<5S differentiable, then the fx)= 5
value ofk + m s: (2015) k+g, x=2
5 2
10
@5 (b)4 _
is continuous at x = X is: (2017/Online Set-2)
2 d 16
© @75 17 2
. . @ 355 () 5
34.  The distance, from the origin, of the normal to the curve,
x=2cost+2tsint y:2sint—2tcostatt:E is: 3 _2
gl 4 2 (C) 5 (d) 5
(2015/Online Set-1)
(2)4 (b)3 40. Let S= {teR:f(x):|x—n|.(e‘X‘ —l)sin|x| is not
OF (d) 22 differentiable at t}. Then the set S is equal to:  (2018)
35. Forx e R, f(x)=|log2 -sinx|and g(x) = f(f(x)), then : (@ {0, ﬂ} (b) ¢ (an empty set)
(2016) (© {0} (A {n}
(a) g'(0)=cos (log 2)
1
b) g'(0)=— log2 -1)2x
(b) ¢(0) =~ cos (log2) | o Letf(x)=d (<) oLy
(c) gis differentiable at x =0 and g'(0) =—sin (log 2) : k x=2
(d) g is not differentiable at x =0
The value of k for which f'is continuous at x =2 is:
15 15 .
36. If yz[xJﬂ/xz —1] J{x—\sz —IJ , then (2018/Online Set-2)

d’ d
(x2 —1)—}2,+ xY isequalto: (2017/Online Set-1)

dx dx

(a)l (b)e
(c)e! (d)e?
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EXERCISE - 3 : ADVANCED OBIJECTIVE QUESTIONS

Single Type Questions

1.

The functionf(x)=x—[x —x*,— 1 < x < 1 is continuous on
the interval

@[1.1]
(©) [-1,1]-{0}

(b)(=1,1)
(d) (1, D)-1{0}

4,-3<x<-1
5+%x,-1<x<0
5-x,08x<2

If f(x)=

,then f [x|is

x2+x—3,2Sx<3

(a) differentiable but not continuous in (-3, 3)

(b) continuous but not differentiable in (-3, 3)

(c) continuous as well as differentiable in (-3, 3)
(d) neither continuous nor differentiable in (-3, 3)

Let f(x) = a [x] + b ek + ¢ |x]*, where a, b and ¢ are real
constants. where [x] denotes greatest integer <x. If f(x) is
differentiable at x =0, then

(a)b=0,c=0,aeR
(c)a=0,b=0,ceR

(b)a=0,c=0,beR
(d) None of these

(I+cosmx)" +1

If f(x)= [im » then

1> (14+cosmx)" -1
(@) f(1+0)=1
(b) f(1-0)=2
(c) f(x)is continuous atx =1

(d) f(x)is not continuous at x = 1

[x]-1
If f(x)=4 x-1"
0, x=1

, where [x] denotes greatest

integer <x. then f(x) is

(a) continuous as well as differentiable at x = 1
(b) differentiable but not continuous at x = 1
(c) continuous but not differentiable at x = 1

(d) neither continuous nor differentiable at x = 1

10.

11.

Let f be a function defined and continuous on [2, 5].
If f(x) takes rational values for all x and f'(4) = 8 then the
value of f(3.7) is

(@0 (b)8
(c)—1 (d) None of these

If f(x) =3 —x|+ (3 + x) where (x) denotes the least integer
greater than or equal to x, then

(a) f(x)is continuous as well as differentiable at x =3
(b) f(x) is continuous but not differentiable at x =3
(c) f(x) is differentiable but not continuous at x =3

(d) f(x) is neither differentiable nor continuous at x =3

X, when x is rational

i f(x):{

1-x, when x is irrational, then

(a) f(x) is continuous for all real x
(b) f(x) is discontinuous for all real x
(¢) f(x) is continuous only at x = 1/2

(d) f(x) is discontinuous only at x = 1/2

x(3e1/"+4)
——,x%0 .

2_el/x , then f(x)is
0 ,x=0

Iffx)=

(a) continuous as well as differentiable at x =0
(b) continuous but not differentiable at x =0
(c) differentiable but not cotinuous at x =0

(d) None of these

an2 X .
The function f (x) = (sin 2)()t * is not defined at

x = /4. The value of f(n/4) so that f is continuous at

xX=m/41is

(@) Ve (b) 1/Je

(©)2 (d) None of these
If f is a periodic function, then

(a) f"and f" are also periodic

(b) f"is periodic but f"" is not periodic

(c) f" is periodic but f” is not periodic

(d) None of these
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12. Letf(x)=[n+psinx],x € (0,n),n e [,pisaprimenumber | 18. Let f(x+y)= f(x). f(y)and f(x)=1+xg(x) G (x) where
and [x] denotes thf: greatest.mteger l.ess thar.1 or equ.al to x lim g(x)=aand lim G (x)=b.Then /" (x)=kf(x), where
The number of points at which f(x) is not differentiable is x—0 x=0
(@p-1 (b)p k is equal to
(c)2p+1 (d)2p-1 (a)a/b (b) 1+ab
[ 3] (c)ab (d) None of these
13. Iff (x) = (—1) *where [.] denotes the greatestinteger | 19.  Let f(x) = Sgn (x) and g(x) = x(x2 —5x + 6). The function
function. then f(g(x)) is discontinuous at
(a) f(x) is discontinuous for x =n'?, where n € I (a) infinitely many points (b) exactly one point
(b) 73/2)=1 (c) exactly three points  (d) no point
() f'(x)=0for—-1<x<1 T
(d) None of these 20.  The function f(x)= {X [?ﬂ, x# 0, is ([x] represents the
14. Let /' : R — R be a function such that greatest integer < x)
(a) continuous at x = 1
x+y ) _ S(x)+f(y 'O =
f( 3 j: ( )3 ( ) f(O) =0 and f'(0) =3. Then (b) continuous at x =—1
(c) discontinuous at infinitely many points
(a) f(x) is a quadratic function .
(d) continuous everywhere
(b) f(x) is continuous but not differentiable
(¢) f(x) is differentiable in R 21.  The function f (x) = maximum { x(fo), 2— x} is
(d) f(x) isbounded inR non-differentiable at x equal to :
h)-f(0 a) 1 b) 0,2
15.  If f is an even function such that /im M has @ ®)
h—0" (©) 0,1 (d1,2
some finite non-zero value, then 22. Let f(x)=[n+psinx],x € (0, ), n € Z, p is a prime number
(a) f is continuous and derivable at x =0 and [x] is greatest integer less than or equal to x. The
(b) f is continuous but not derivable at x = 0 number of points at which f(x) is not differentiable is
(c) f may be discontinuous atx =0 @p ®)p-1
(d) None of these (©)2p+1 (d)2p-1
16.  Ifafuncti :R—>Rb hthat f(x +y)= . fi T
afunction f esuch that f(x-+y) = /(). /() for 23.  The derivative of f(tan x) w.r.t. g (sec x) at x = — , where
allx,y € Rwhere f(x)=1+x ¢ (x)and ling ¢ (x)=1, then 4
X
(a) /" (x) does notexist  (b) £ (x)=2(x) forall x fh=2andg’ (¥2) =4,is
(c) f' (x)=f(x) forall x (d) None of these !
17.  Let f(x)=a+b x|+ cx*, where a, b and c are real constants. (@) N (©) 2
Then f(x) is differentiable at x =0 if
(a)a=0 (b)b=0 (©1 (d) None of these
(c)c=0 (d) None of these 24

Ify:tanf1 1+sin x ,E<x<n, then ﬂ equals
l-sinx ) 2 dx

(a)-1/2 (b)—1
© 12 @)1
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I dy
— 2 = = _— = =
25.  The differential coefficient of tan™ [%] wrt | 31 Lety=x —-8x+7 and x = f(t). If ” 2and x =3 at
-2x
1 | t=0, then ;ﬂ att=01is given by
- t
sec | x2_1 atx= 3 is equal to
19
1 ) 1 @1 (b) >
@ 5 (b)—
2
(o)1 (d) None of these (©) 1o (d) None of these
2 = _ =
26.  Ify=c™ then cos’x d7y _ 32. If’f ('x) | x-3 | and ¢ (x) = (fof) (x), then for x > 10,
x 2 @ (x)is equal to
@1 (b)0
d d
(a) (1 —sin2x) d—y (b)—(1 +sin 2x) d—y (©-1 (d) None of these
x X 33.  Letf(x)=sinx, g (x)=2xand A (X) =cosX.
o dy m
(© (1 +sin2x) 5 (d) None of these If ¢(x)=[go ()] (x), then ¢"| 7 | is equal to
27.  Let f(x) be a polynomial function of second degree. If (a)4 (b)0
£ :f(.—l) and a, b, c are in AP, then /' (a), f ' (b) and ()4 (d) None of these
f'(c)arein
(@) AP 34. Iff(x) =sin (g[x]—xsj,l <x <2and [x] denotes the
(b)GP
(c)HP
. J .
(d) Arithmetico-Geometric progression greatest integer less than or equal to x, then f (f/;J is
2 d -1
28.  Iff(x)= ———— with codomain=R — {1}, then () equal to
X" +2x X
i 1to )" )"
1S equa s b) -5 =
@ (2j ® (2j
3 3
(a) - W (b) —(1 ) ()0 (d) None of these
35.  Iff(x)=[x-1landg (x)=f[f{f(x) }], thenforx>2, g'(x) is
1 equal to
© (-x) (d) None of these (a)-1if2<x<3 (b) 1if2<x< 3
(c) 1 forallx>2 (d) None of these
29. Ify=f(x)is an odd differentiable function defined on 36 Let b I il ofd 3 such that £(3) =1
(—o0, ) such that /" (3) =-2, then /' (—3) equals ) et/(x) be a polynomial of degree 3 such that /(3) =1,
f'3)=-1f"(3)=0andf "(3)=12. Then the value of
(a)4 (b)2 .
S (1)is
()2 @0 (a)12 (b)23
30. Iff(x)=log|2x|,x=0,thenf" (x)isequal to (0)-13 (d) None of these

1
@ o)

() -

N (d) None of these
X
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37.

38.

39.

40.

41.

Let f & g be differentiable functions satisfying
g'(a)=2, g(a)=b & fog =1 (Identity function). Then f"'(b) is
equal to

2
@2 ) 5

(© % (d) None

Let £ (x) = a(x) B(x) v(x) for all real x, where

a (X ) , B(x) and y ( x) are differentiable functions of x. If

') =187(Q2), a'(2)=3a(2), B'(2)=-4B(2) and

v'(2)=ky(2), then the value of k is

(2)14 (b) 16
(©)19 (d) None of these
ax+b
Ify= R where a, b, ¢ are constants then 2xy’ +y) y"
is equal to
@3 xy"+y)y" (b)3 (xy' +y")y"
©3xy"+y)y (d) None of these
| 1-(log x)2
Iff(x)=cos | ——— |thenf"(e)=
1+ (logx)
. 2

(a) does not exit (b) N

1
(c) — (@1

e

ax+b dy d’y .
Ify= (mj, then 2 &§ is equal to

ayY d’y
(a) (@] (b) 3dx2
ﬁ ’ d 3dz_X
© 3[dx2j @33

d
42. Ifsiny=xsin(a+y), then Y is

dx
. L2
(@) — ilna (by Sin (a+y)
sin’(a+y) sina
. 2
sin” (a —
(c) sinasin’ (a+y) (d) M
sina

2

d
43 Ifax'+2hxy +by' = 1 then Y
X

is equal to

" ab—h? h? —ab
(hx+by)3 (hx-i—by)3

© h? +ab (d) None of th

C) = one o €se
(hx +by)’

1 1 d
44. Ifx2+y2:t+¥andx4+y4:t2+t—2,thend—zisequalto

(@) L (b)-<
X X

© = (d)-=
y y

45.  Iff(x)= x> —10x +25 , then the derivative of /(x) on the

interval [0, 7] is
(@1 (b)-1
©0 (d) none of these
46. If y2 = P(x), a polynomial of degree n>3, then

d(dy
2dx [y dxzj
(@)-P(x).P"(x) (b)P(x). P"(x)

©)P(x).P"(x) (d) None of these

47. lff(x),g (), h (x),r=1,2,3 are polynomials in x such that
f.(@)=g (a)=h(a),r=1,2,3 and

L(x) LX) £
F(x)= g(x) &(x) gs(x),thenF'(a)isequalto
h(x) h(x) h(x)
(b)—a
(d) None of these.

(a)a
©0
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48.

49.

50.

51.

52.

If y = ksinpx, then the value of the determinant

Yy i ¥
Ys Y4 Ys| isequalto
Yo Y1 Ys
(@1 ()0
(c)-1 (d) None of these.

where y _denotes nth derivative of y w.r.t. x.

X" n! 2
If f (x) = [cosx cosn—;t 4| then the value of
sinx  sint 8
2
d" .
dx" [f(x)]x:() 18
(@0 (b)1
(c)-1 (d) None of these
sinx cosx sinx

Ify=|cosx -—sinx cosX|, then dy is equal to
X 1 1

(@1 (b)-1

©)0 (d) None of these
x b b

If Ay=|a x b|and A, :‘X are given, then
a a x ax

(@A, = 3(A2)2 (b) d;dXAl =3A,

© A, =3(4,)° () A, =3(4,)"
dx

Let U(x) and V(x) are differentiable functions such that

pand[ YO o ey BHO
MUy )~ pg

U g g TO
V) VX

has the value equal to
(a1 (b)0
()7 (d)-7

53.

54.

5S.

56.

57.

58.

Suppose f(x) = ¢+ ¢”, where a # b, and that
f"(x) - 21" (x) —15f(x) = 0 for all x. Then the product ab is

(@)25 (b)-15
(©9 (d)-9

Let f(x)=¢"—¢ ™ —2sinx —§x3 , then the least value

of'n for which ;“ f(x)|x =0 is non-zero
X

(a)4 (b)5

()7 (d)3

Let f(x)=x[x], x &1 where [.] denotes the greatest
integer function, then f'(x) is equal to

(a)2x (b) [x]

(©)2[x] (d) None of these

Letf(x)=(2x— n)3+ 2x —cos x. The value of di £7'(x)
X

X=T
is

(a)3m°+2 (b)-2

1
3 +2

1
(© 3

Let f(x)=x", ne W . The number of values of n for
which f'(p+q) =1f'(p)+f'(q) is valid for all +ve p & q is
(@0 (b)1

(©)2 (d) None of these

f (x), g(x), h(x) are functions having non-zero

derivatives. The derivative of f(x) w.r.t g(x) is ou(x) and
derivative of g(x) w.r.t h(x) is f(x). Then derivative of

h(x) w.r.t f(x)=

o(x)

@oax).px) (b) B(x)
1 B(x)

© axBx) @ a(x)
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) 63.  Function f: R — R satisfies the functional equation
59. Letf(x)=¢'—e —2sin x— §x3 , then the least value of n
f(x
F(x—y) =)
n f(y)
for which f(x)| isnon-zero is .
dx" o Iff'(0)=p and f' (a) = q, then {' (-a) is
a)4 b)5 2
@ © () > by 1
(©7 d)3 q p
60. Let f (x) = 2/(x+1) and g(x) = 3x. It is given that
(fog) (x,) = (gof) (x,). Then (gof)’ (x,) equals © % d)q
32
(a)-32 (b) =~ 64. Letf(x)=2"" "forall x > 1. Then (f ') (4) is
(1/k) log e where the value of k is
-32 -32 ()4 (b)8
(¢) — () =~
9 ©9 @12
65. If0<x<1,then
. sin (mx/2) \/g —1 X
61. If(siny) +——Sec (2x)+2 tan(log(x+2))=0then
2 1 2x ax*  8x’
. + + + +..0=
dy/dxatx=-11is I+x 1+x* 1+x* 1+x°
0 —— ) — ! x
a — 2
-3 wn’ -3 @15 ® 15
3 3n X 1-x
—_— (c) (d)
N N L+ bex
66. Ifa function f (x) is continuous, f (1) > 0 and satisfies the
62. If y- ax’ N bx S relation f(x) < f(y) \i/henever x <y for all positive x and y,
(X_a)(x_b)(x_c) (X_b)(X_C) X—C thenforXZl,f(X)thas
then dy/dx is equal to (a) exactly one root (b) exactly two roots
(c) more than two roots (d) no roots
-y( a b c
(a) — —t b Tt <10
XAx—a X x—¢ 67.  Let g is the inverse function of f and f'(x) = Tix) If
+x

X

(b)l( a | b L C
x—a

(C)Z(a+b+c

X

(d)_l(a . b cj

X\ X—a

g(2) =athen g’ (2) is equal to

5 1+a’
(a) S (b) D
al l+a'
d
© 1+a? @ a’
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68.

69.

70.

71.

72.

A non zero polynomial with real coefficients has the
property that f(x) = f(x) . f (x). The leading coefficient of
f(x)is

1 1
@ ® 5

! il
© @ 75

People living at Mars, instead of the usual definition of
derivative D f(x), define a new kind of derivative, D*f(x) by
the formula

M where ' (x) means [f (x)]".

« L
D*f(x) = }ll_rg
If f (x) =x/nx then

D* f(x)|X:e has the value

(@e (b) 2e
(c)4e (d)8e

Suppose the function f(x) — f(2x) has the derivative 5 at
x =1 and derivative 7 at x = 2. The derivative of the function
f(x)—f(4x)atx =1, has the value equal to

(@19 ()9
(c)17 (d) 14

Ify= cos ' cos (Ix|—f(x)), where

L, if x>0
f(x)=<-1, if x<0, thenﬂ is
. dx|,_s®
0, if x=0 =
(a)-1 (b)1
©0 (d) Indetermine

3 In(x+h) _ s /nx
Let £(x) = })im (sin (x +h)) (sin x)

-0 h
then f (Ej is
2
(a)equal to 0 (b) equalto 1
(©)In g (d) non existent

Multiple Type Questions

73.

74.

75.

76.

77.

If f(x)= Y a, |x—1[°, wherea e R then

k=0
(a) f(x) is continuous atx =1 foralla, e R

(b) f(x) is differentiable atx =1, ifa =0

(c) f(x) is differentiable atx =1, ifa 0

(d) f(x) is continuous at x = 1, if & only ifa,, =0

%+

Iff(x):

, where [.] denotes the greatest function,

1
[sinx]

then
(2) Domain of f(x)is (2nm+ 1, 2nmt +27) U {2nn + g}

wheren € |
(b) f(x) is continuous when x € (2nmt + «t, 2nm + 27)
(¢) f(x) is differentiable at x = 7/2
(d) None of these

Let [x] denotes the greatest integer less than or equal to x.
If f(x) =[x sinx], then f(x)is

(a) continuous at x =0 (b) continuous in (-1, 0)

(c) differentiableatx=1  (d) differentiable in (—1, 1)
The function f(x) =max. {(1 —x), (1 +x),2}, X € (o0, ), s
(a) continuous at all points

(b) differentiable at all points

(c) differentiable at all points exceptatx =1 and x =—1.
(d) continuous at all points exceptatx=1and x=-1,

where it is discontinuous.
Iff(x)= /| x—1| and g (x) =sinX, then

(2) (fog) (x)= 4/l=sin x forallx
sin( x—1), ifx>1

sin(\/g), if x<1

(c) gofis differentiable atx = 1

(b) (gof) ()=

(d) gof'is not differentiable at x = 1
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78. A function f (x) satisfies the relation 83. IfFx)=f(x)g(x)andf’(x)g’ (x)=c,then
"0)=— @F =c [—.+—.} (b) & ="+=
If £7(0) 1, then g F [/ g fg
(a) f (x) is a polynomial function
(b) f (x) is an exponential function (©) R = A i (d) "o +g_...
(©) f (x) is twice differentiable for all x € R Fos s LA
(d) /" (3)=8 [ 2x
84. Iff(x)=sin ( > j, then
1 1+x
79. Let f(x)= ([.] denotes the greatest integer
[sinx]’ (a) /is derivable for all x, with x| < 1
function) then (b) fis not derivable at x =1
(a) domainof f(x)is(2nn+7,2nw+2n) U {2n T+ W2}, (c) fisnot derivable at x =—1
wheren € 1 (d) fis derivable for all x, with [x| > 1
(b) f(x)iscontinuous, whenx € 2nn+m, 2n 1+ 27),
wheren e I 85. Iff (x)= ¢/ forallne Nandf, (x)=x, then — {f(x)} is
(c¢) f(x)isdifferentiable at x = /2 equal to
(d) none of the above
80. If f(x) =tan  cotx, then @) — {/: 1 (%)} OVAC VAN Y
(a) f(x) is periodic with period &
(b) f(X) is discontinuous at X = TC/2, 3n/2 (C)J:I(X) ﬁl,l(x)fé(x) fi(x) (d) Hf; (X)
(c) f(x) is not differentiable at x = i, 997, 1007 =
(d) f(x)=—1,for2nm<x<(2n+ 1)n 86.  Letf(x)=c"sin (bx+c)and f"(x) =r’¢"sin (bx + 0) then
2 4 fa-b  x bs0 (r=a’+b’ (b) r=+/a’ +b’
= —=t tan — > _ _
Sl My = =™ (Wazp 12?707 (©)0=c+2tan ' (b/a)  (d)0=2atan (b/a)
then 87.  Suppose fand g are functions having second derivatives
f”and g” everywhere, if f(x) . g (x) = 1 forall x and ' and g’
2 : H "
(a) d_y - 1 (b) = bsin x > are never zero, then ) _¢g - (x) equals
dx a+bcosx dx”  (a+bcosx) f'(x) g
. f'(x) 22(x)
1 d? —bsin x (a) 2—— (b) —
@¥__ 1 @& . £(x) 2(x)
dx " a—bcos x dx”  (a-bcosx)
_ f'(x) LI
82. IHf)+/(MN+f(@+/(X).f(y).f(z)=14forallx,y,z R, (c) - (d)2
then f(x) f(x)
@)/ (0)=2 iy |
88. Ifx=o(t)and y =y (t) then d_2 is equal to
X

b)f'(x)=0,forallx eR
(©f' (x) > 0,forallx e R
(d) None of these

’ ”_ ’ " (p!\u”_w!(p!!
(@) X VP (b) ——5——

¢

¢ AR
C d_,_—,
© 7 @ o7 or
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89.

90.

91.

92.

Ifx'—2xy'+5x+y—5=0andy(1)=1 then
(@)y'(1)=4/3 (b)y"(1)=-4/3

(© y'()=-8 22

27 @y (1)=2/3

If f(x)=e™'" for all n € N and f, (x) = x, then

d .
Ix {f (x)} isequal to

(@) fn(X)-di i 0F 0.1,
X

OF®).f ,©.£0.£6  (d) ];[fi(X)

Choose the correct statement :

(a) If u(x) is differentiable then % lu= % u#0
u

(b) If u(x) = sin bx then u” (x) + b’u (x)=0

2X + d
(c) If g(x) =/x (x +n)anda =%,then d—§=§

(d) none of these

Which of the following statements are true ?

(a)Ifxe® =y +sin’x, thenat y’ (0) = 1

(b) Iffx)=a,x" '+a x"+a,x" +...+a, =0(a,z0)
is a polynomial equation with rational coefficients then
the equation f'(x) = 0 must have a real root. (m € N)

(¢) If (x — r) is a factor of the polynomial
fix)=a x"+a_ X+ a, X't a, repeated m times
where 1 <m < n then r is a root of the equation f'(x) = 0
repeated (m—1) times

(d) If y =sin ' (cos sin" x) + cos ' (sin cos ' x) then j_y is
X

independent on X.

93.

9.

5 then which of the

(sin X +sin 2x + sin 3x)’
Let y=
+(cos X +cos 2X + cos 3x)

following is correct ?

(a) ﬂwhenx:ﬁis—z
dx 2

T 3+\/§

b) value of y when x =—1is
(b) value of y when 5 7

n . JTevZ e

(c) value of y when x = T s——

2
(d) y simplifies to (1 + 2 cos x) in [0, 7]

1— Xn+1

1-x
Then the constant term in f'(x) % g(x) is equal to

2 3  n+l
Let f(x) = andg(x):1—2+7— ......... +(1) O

2
-1
(a) % when n is even

n(n+l) .
(b) s when n is odd

(©) —%(n +1) whenn is even

M when n is odd

(d)

Paragraph Type Questions

95.

Passage-1

A curve is represented parametrically by the equations
x=f(t)=a""®and y =g(t) = b3 b>0andaz1,

b#1 wheret € R.

Which of the following is not a correct expression for

Y,
dx ’

__1 b t 2
® t oy )2

f(t) gt
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96.

97.

98.

99.

100.

2
The value of g—}; at the point where f (t) = g (t) is
X

1
@0 ®) 5

©1 d)2

£ (0 ) 10

The value of . .
'y f'(-t) f'-v f'(v

teR,is

equal to
(a)—2
(c)—4

(b)2

(d)4
Passage — 2
A curve is represented parametrically by the equations
x=e¢'cos t and y = ¢'sin t where t is a parameter. Then
The relation between the parameter ‘t” and the angle o
between the tangent to the given curve and the x-axis is
given by, ‘t’ equals.

(a)g—a (b) %m

b T
© a7 @ 5o

2

The value of g—z at the point where t = 0 is
X

@1

()2

(b)2
(d)3

IfF (t)= _[(x +y) dt then the value of F[gj -F(0)is

(a1
(c)e

(b)-1
()0

/2

ASSERTION REASON

(A)

B)

©
D)
()

ASSERTION is true, REASON is true, REASON is a
correct explanation for ASSERTION.

ASSERTION is true, REASON is true, REASON is not
a correct explanation for ASSERTION.

ASSERTION is true, REASON is false.
ASSERTION is false, REASON is true.
Both ASSERTION and REASON are false.

101.

102.

103.

104.

Assertion : Letp (x)=a,tax+ax’+..+ax"
If |p (x)|<|ex!—1]| forall x >0 then
la, +2a +..+na|<1.

Reason P p®)|<let-1]
= p(1)=0and

. p(l+h) - p(l)
! 1 —
AU

(a)A (b)B

©C (dD

(©E

. _ 1-cos(1-cost)

Assertion : The function f'(t) = e
. . . 1
is continuous every where if f(0)= Py

Reason : For continuous function

JO)= Lt f(1)

(a)A (b)B

(©C (dD

(©E

Assertion : Let/(x)=[cosx +sinx], 0 <x<2m,
where [x] denotes the integral part of
x then f(x) is discontinuous at 5 points.

Reason : for x = E, 3—n T, E3_n right hand

2 4 4 2
limit not equal to left hand limit.

(a)A (b)B

(©C (d)D

(©)E

d J
Assertion : o {tan" (sec x +tan x)}
= % feof"(coseex +eotx)} x 6[0 Ej’
gx \cot (cosecx Feotx)}, "2

Reason : sec’x —tan’x = | = cosec’ X — cot’X.

(a)A (b)B ©C

(dD ©E
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i n is continuous function then b =
105.  Assertion : f(x)=cos X+ cos’ [x +§) - COS X COS (X +§j (S) loga|
then f’(x) =0 (1) 0
109. Column - I Column - 1T

Reason : Derivative of constant function is zero.
(@A (b)B
(dD (e)E

©C

106.

L = 2x
Assertion : Derivative of sin ' (1 5
X

jwith respect to

2
cos ' [1 ijislfor0< x< 1.
1+x

G 2 G(1-x°
Reason:sinIE1 Xz)_cosl[prxzjforlﬁxﬁl
+X X

(a)A
(@D

(b)B
(e)E

107. Assertion : Ife”+ In(xy) +cos(xy) + 5=0, then ——=—=.

dy__y

dx X
(b)B
e)E

d
Reason : &(X}’) =0=

(a)A

(dD
Match The Column
108.

©C

Column-II
(P) 6

Column-1
(A) If the function

sin 3x

=1 ¢
?;

, x#0

x=0

is continuous at x =0, then k=

x2-10x+25

@) If f(x)="5— — ~forx#5 (Q)2logla

& it is continuous at x = 5 then f(5) =

(©) If f R — R defined by ®R)3

a?cos? x+b%sin?x(x<0
f@)z{ (x<0)

eax+b (X >0)

(A) ' ®)=V3x*+6&y =fx) () -2

dy

thenatx=1, a—

(B) Iffbe a difft. fun. such that Q -1
Jxy)=fx)+f(y); vxyeR
then f(e)+f(1/e)=

(©) Iffbe atwice diffr. fun. suchthat (R) 0
F == &S (x)=g(x);
I (x) = (f(x))"+ (2(x))’ & h(s)=9
then h(10)=?

(D) y=tan" (cotx)+cot' (tanx), S 9

b4
E<x<n then—y

dx

Subjective Type Questions
110. The function given by

x/Eﬂ/cos’lx

f(X)= Jx+1 #
1
\/ﬁ , x=-1

The value of A for which the function f(x) is continuous at
x =—1 from the right, must be

36 —9% -4 +1

1. If f(x)=42 - J(1+cosx)’
A

R x=0

x#0 )
1S continuous at

x=0,then A= \/E In 2. In 3 then the value of p must be

8 —4X —2X 41"
112. If f(x)= x>
e*sinx+mx+AIn4,

, x>0 . .
is continuous at

x<0

x = 0, then the value of 1000 ¢* must be
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cos” (1-{x}).sin”" (1-{x}) dy  6y*+16y*>+10
113. Let f(x)= ,then the value of . = + =——2 7  “n
m.(l—{x}) 116. Ify=tan(x+y),then " " must be
equal to
20082 i
T XLI?* f(x) must be (where {x} denotes the | 117, Letf, g and h are differentiable functions. If f (0) = 1;
) g (0) =2; h (0) = 3 and the derivatives of their pair wise
fractional part of x). products at x = 0 are
o ¢ a6 (fg)' (0)=6:(gh) (0)=4and (h 1)’ (0)=5
114. Ifthe third derivative of (x—l)(x—Z) is (x—2)4 + (x- 1)4 then compute the value of (fgh)’ (0).
118. Let P (x) be a polynomial of degree 4 such that

115.

then the numerical quantity k must be equal to

1
Iff(x)= - then

sinx—sina  (x—a) cos x

. -1
—lim f (x) = seca—seca tan” a.

The numerical quantity k should be equal to

P(1)=P(3)=P (5)=P'(7)=0. Ifthe real numberx = 1,3, 5
is such that P (x) =0 can be expressed as x = p/q where ‘p’
and ‘q’ are relatively prime, then find (p + q).
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EXERCISE - 4 : PREVIOUS YEAR JEE ADVANCED QUESTIONS

Single Answer Type Questions

1.

For real number y, let [y] denotes the greatest integer less
than or equal to y. Then the function.

(x) - tann[(x—n)] y

1981
1+ [x]2 ( )

(a) discontinuous at some x

(b) continuous at all x, but the derivative f* (x) does not
exist for some Xx.

(c) f'(x) exist for all x but the derivative /"' (x) does not
exist for some x.

(d) f"(x) exists for all x.

_ G(x)-G()
IfG (x) =— /25— x?, then LIE}T

has the value

(1983)

1
(b) 5

1
T}
(c) —/24

(d) None of these

log (1+ax)—log (1-bx)
X

The function f(x)= is not

defined at x = 0. The value which should be assigned to f

at x =0, so that it is continuous at x =0, is (1983)
(a)a-b (b)a+b

(c)loga+loghb (d) None of these

Iff(x)=x (v/x ++/(x +1), then (1985)

(a) f (x) is continuous but not differentiable at x =0
(b) f(x) is differentiable atx =0

(c) f(x) is not differentiable at x =0

(d) None of the above

The set of all points where the function,

fx)= X is differentaible, is (1987)
(1))

(a) (—o0, ) (b) [0, 0)

(©) (2,0 (0, ) (@ (0,)

10.

If f(x)= %x —1, then on the interval [0, 7] (1989)

(a) tan [f (x)] and 1/f (x) are both continuous
(b) tan [f (x)] and 1/f (x) are both discontinuous
(c) tan [f (x)] and £ (x) are both continuous

(d) tan [f (x)] is continuous but 1/f (x) is not continuous

2x —1
The function f (x) = [Xx] cos [ X jn, [.] denotes the
greatest integer function, is discontinuous at  (1993)
(a)allx (b) all integer points

(c)nox (d) x which is not an integer

Let [.] denotes the greatest integer function and

f(x)=[tan?*x], then : (1993)
(a) 111-% f(x) doesnot existx — 0
x>
(b) f(x) is continuous atx =0
() f(x)is not differentiable atx =0
(@ 0)=1
If y = (sin x)lanx , then % is equal to (1994)

. an X 2 .
(a) (sin x)m (1+sec x logsin x)
(b)tanx (sinx)"" cos x

. an X 2 .
(c) (sin x)mn sec x log sin X

(d)tanx (sinx)™""

x° sinx cosx

Letfx)=[6 -1 0
2 3

p P p

where p is a constant. Then

3

% (f(x))atx=01is (1997)
X

@)p ®)p+p

©p+ p3 (d) Independent of p
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11. The function f (x) = [x]*— [x?] (where [X] is the greatest | 18.  The domain of the derivative of the functions
integer less than or equal to x), is discontinuous at
(1999) tan"'x, if |x|<1
. f(x)=11 is (2002)
(a) all integers 5 (Ix|-1, if|x|>1
(b) all integers except 0 and 1
(c) all integers except 0 (a)R—{0} (b)R— {1}
(d) all integers except 1 ()R- {-1} (R-{-1,1}
12.  The function f(x) = (x> — 1) [x? — 3x + 2| + cos (]x|) is not ( 2) ( )
differentiable atx : 1999 Sf(2h+2+h7 )= f(2
Hherentiableatx AN 1 19 fim | given that £/ (2) = 6 and
(a)-1 (b)0 h—0 f(h—h2+1)—f(1)
1 2
© @ f(1)=4: (2003)
. > i i .
13 Let f(x) be defined for all x > 0 and be differentiable (a) does not exist (b) is equal to -3/2
f(x) satisfy f (ﬁj =f(x)—f(y) ¥ X,y € R andf(e)=1, (c)isequal to 3/2 (d)is equal to 3
y 20. Ifyisa function of x and Jog (x +y) — 2xy = 0, then the
then (1999) value of y’ (0) is equal to (2004)
| @1 (b)-1
(a) f(x) is bounded b)f (—) —>0asx—0 ©)2 ()0
X
21. Ify=y(x)and it follows the relation
©)xf(x)>1lasx—0 (d)f(x)=1nx Y
) x cosy +ycosx=m, theny” (0) (2005)
14. Let f: R — R be any function. Define g: R — R by
2(X)=|f(x)| forallx. Then gis : (2000) @-1 (b)m
(a) onto if /' is onto ©-n (1
(b) one-one if f is one-one 22. Fet f x)=|[x|—1|, then points where f(x), is not differentiable
) o ) is/(are) : (2005)
(c) continuous if fis continuous (@0 b1
a
(d) differentiable if f is differentiable
. (©*1 (d)0,%1
15.  Let /R — Rbeafunction defined by f(x) =max {x,x}. The
set of all points where f(x) is not differentiable is : OV O\
(2001) 23. IfF(x)= (f(ED + (g(zjj where f"'(x) =—f (x) and
(@) {-1. 1} (b) 1,03 g(x)=f"(x) and given that F(5) =5, then F'(10) is equal to
(©){0, 1} (d) {-1,0, 1} (2006)
16.  Theleft hand derivative of f(x) =[x] sin (T x) at x =k, k is an (@5 (b)10
integer is (2001) ©0 d) 15
(@ CDk-1n b)) D (k=17
(©) (-1)kn (d) (1)< 'kn sec x
. . L . [ £t
17.  Which of the following functions is differentiable at x = 0? Y
24, lim -— equals (2007)
(2001) i 2l
(a) (cos[x) + x| (b) cos ()~ x t6
(¢) sin ([x[) + [x| (d) sin (|x[) —[x] )
8
(@) —£(2) (b) —f(2)
T T

(d)4£(2)

2 1
(© p f (5]
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25 d'x | (2007) 2| cos X
. equals — 0 R
dy* 28, Let ) =1 "% *T7 ™ thentis 2012)
0, x=0
5 N 5 V! -3
(a) dy (b) — dy) (dy
dx? dx? dx (a) differentiable bothat x=0and x =2
(b) differentiable at x = 0 but not differentiable at x =2
© [dzyJ (dy jz @ ( d’ y] (dy j_3 (c) not differentiable at x = 0 but differentiable at x =2
o) | — || == |22 2L
dx* )\ dx dx* )\ dx (d) differentiable neither at x =0 nor at x =2
26. Letg(x)=log f (x) where f (x)is a twice differentiable | 29  Letf:R—>R.f,:[0,00) >R, f;:R - Randf,:R—[0,0)
positive function on (0, ) such thatf (x + 1) =x f (x). be defined by
Then, forN=1,2,3, ....... , (2008) )
x| if x <0,
1 1 £ =71 ifxxo0;
gu N“ra _gu E —
£(x)=x*;
1 1 1 £60) = sinx if x <0,
(3)74 l+§+g+...+m 3(X = X i x>0
and
(b)4{1+—+—+ ! 2} £.(x) f,(f,(x)) if x<0,
— X)=
(2N-1) s £(f,(x)-1 if x>0. (2014)
: List] ListII
4+ =+—=+ ) i . -
(©) { 25 (2N +1)2} P. f, is 1. onto but not one-one
Q. f) is 2. neither continuous nor one-one
R f, of | is 3. differentiable but not one-one
1 1 1
@4 l+—F+—=+..+— S. f) is 4. continuous and one-one
9725 7 (2N +1)
P Q R S
27.  Letfbe areal-valued function defined on the interval (—1,1) (A) 3 1 4 2
x B) 1 3 4 2
such that e *f(x) =2 +I\/t4 +1dt, forallx € (-1, 1) and ©) 3 1 P 4
0
(D) 1 3 2 4

let /' be the inverse function of /. Then (f')’ (2) is equal to

(2010)
1
@1 ®) 3
! !
© 5 @ 3

Multiple Answers Questions

30.

If x + |y| =2y, then y as a function of x is
(a) defined for all real x
(b) continuous at x=0

(c) differentiable for all x

(1984)

d hthtﬂ—lf <0
(d) such tha ix 3 or X
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31.

32.

33.

34.

3s.

The function f (x) =1 + [sin x| is (1986)
(a) continuous no where

(b) continuous everywhere

(c) differentiable atx =0

(d) not differentiable at infinite number of points

Let [x] denote the greatest integer less than or equal to x.

If f (x) =[x sin tx], then f (x) is

(a) continuous at x =0

(1986)
(b) continuous in (-1, 0)

(c) differentiableatx=1  (d) differentiable in (-1, 1)
|x=3], x>1

The function f(x)=4x2 3x 13 is  (1988)
x <1

4 2 4

>

(a) continuous at x = 1 (b) differentiable atx =1
(d) differentiable atx =3

The following functions are continuous on (0, ) (1991)

(c) discontinuous at x = 1

(a)tanx

o1
(b)L)tsnlzdt

1,0£x£3—7t
4

©

. 2 3m
2sin—X,—<X<T
9 4

. i
xs1nx,0<x£5

(d)

T . i
—sin (T+X), —<X<T
2 2

0

then for all x (1994)

Letf(x)= {

b
xz, x>0

(a) f"is differentiable

(c) f' is continuous

(b) f is differentiable

(d) f is continuous

36.

37.

38.

39.

40.

Let g(x)=x f(x), where f(x)= X
Atx=0 (1994)
(a) g is differentiable but g’ is not continuous
(b) g is differentiable while /" is not

(c) both fand g are differentiable

(d) g is differentiable and g’ is continuous
The function

f(x)=max {(1-—x),(1+x),2},x € (—0,0) is

(a) continuous at all points

(1995)

(b) differentiable at all points

(c) differentiable at all points exceptatx=1and x =—1

(d) continuous at all points except atx=1and x=-1,
where it is discontinuous

Let 4(x) =min {x, x*} for every real number ofx. Then

(1998)
(a) A is continuous for all x
(b) h is differentiable for all x
() ' (x)=1,forallx>1
(d) & is not differentiable at two values of x.
If f(x)=min {1, x% x*}, then (2006)

(a) f(x)is continuous V x € R

() f(0>0, ¥ x>1

(¢) f(x) is continuous but not differentiable ¥ x € R
(d) f(x) is not differentiable at two points.

Let f: R > R be a function such that f (x +y) =f (x) + {(y),
Vv X,y € R.Iff(x) is differentiable at x =0, then  (2011)

(a) f(x) is differentiable only in a finite interval containing
Zero

(b) f(x) is continuous ¢ x € R
(c) f'(x) is constant ¥ x e R

(d) f (x) is differentiable except at finitely many points
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41.

42.

43.

44.

. S
2 2
If f(x) =4 —cosx, —g <x <0, then (2011)
x—1, 0<x<1
In x, x>1

. . T
(a) f(x) is continuous at x = 5

(b) f (x) is not differentiable at x =0
(c) f(x) is differentiable at x =1

3
(d) f(x) is differentiable at x = )

For every integer n, let a and b_be real numbers. Let
function f: R — R be given by

a, +sin mx,
f(x) = >
b, +cos mx, forx €(2n-1,2n)

for x €[2n, 2n +1] . 1
or a

integers n.

If fis continuous, then which of the following hold(s) for

alln? (2012)
(a) an—l - bn—l = O (b) an_ bn = 1
(C) an_ bn+ 1 = 1 (d) an—l - n: _1

For every pair of continuous functions f, g: [0,1] > R
such that

max{f(x):x € [0,1]} =max{g(x):x € [0,1]},

the correct statement(s) is(are): (2014)
(a) (f(©)) *+3 f(c)=(g(c))* +3 g(c) forsome ¢ € [0,1]
(®) (f(©)?* +f(c)=(g(c)’* +3 g(c) for some ¢ € [0,1]

(©) ()’ +3 f(c)=(g(c))* + g (c) for some ¢ €[0,1]

(d) (f(c))*=(g(c))* for some ¢ € [0,1]

Letf: [a, b] — [1, ) be a continuous function and let g :

R — R be defined as

0 if x <a,
g(x)= j:f(t)dt ifa<x<h,
[0rwat if x>b

45.

46.

47.

48.

Then (2014)
(a) g (x) is continuous but not differentiable at a

(b) g (x) is differentiable on R

(c) g (x) is continuous but not differentiable at b

(d) g (x) is continuous and differentiable at either a or b
but not both.

Let g : R — R be a differentiable function with g(0) =0,
g'(0)=0and g'(1) #0.

lg
x|
0, x=0

(x) , x#0
Letf(x)= (2015)
(a) fis differentiable at x =0

(b) ks differentiable at x =0

(c) foh is differentiable at x =0

(d) hof is differentiable at x =0

1
Let f:[—%ﬂ} —R and gi[—gﬂ} —R be functions

defined by f(x) =[x>— 3] and g(x) = |x| f(x) + |[4x — 7| f(x),
where [y] denotes the greatest integer less than or equal
toyfory € R . Then (2016)

(a) fis discontinuous exactly at three points in [_1,2}
2

(b) fis discontinuous exactly at four points in

(c) g is NOT discontinuous exactly at four points in

(d) gis NOT discontinuous exactly at five points in
Leta,b e R and f/: R — R, be defined by f(x) =a cos
(Ix* —x|) + b [x| sin (jx* + x|). Then fis (2016)
(a) differentiable atx =0ifa=0andb=1

(b) differentiable atx=1ifa=1andb=0

(c) NOT differentiable atx =0 ifa=1andb=0

(d) NOT differentiableatx=1ifa=1andb=1

Letf: R>R, g: R>R, and h: R>R, be
differentiable functions such that

Jx)=x*+3x+2,g(f(x))=xand h(g(g(x)))=xforallx € [R .
Then (2016)

1
@e(2)=—

T (b) (1) =666

(©)h(0)=16 (d) h(g3)) =36
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Assertion and Reason

GV

(B)

©

If both assertion and reason are correct and reason is the
correct explanation of assertion.

If both assertion and reason are true but reason is not
the correct explanation of assertion.

If assertion is true but reason is false.

(D) If assertion is false but reason is true.

49.

Let f and g be real valued functions defined on interval
(~1,1) such that g"(x) is continuous, g(0) = 0, g’ (0) = 0,
g"(0)=0,and f(x) =g (x) sin x.

Assertion : Hr(} [g(x) cotx —g (0) cosec x] =" (0).

and

Reason : f (0)=g(0). (2008)

Match the Columns

50. Match the conditions/expressions in Column I with
statement in Column II. (1992)
ColumnI Column II
(A)  sin(m[x]) (p) differentiable everywhere
B)  sin {m(x—{x])} (q) nowhere differentiable
(r) notdifferentiable at 1 and —1
51.  Inthe following, [x] denotes the greatest integer less than
or equal to x. (2007)
ColumnI Column II
A)  xK (p) continuous in (-1, 1)
B) | x| (q) differentiable in (-1, 1)
© x+[x] (r) strictly increasing (-1, 1)
(s) not differentiable at least at
O |x=1+|x+1] one pointin (-1, 1)
Fill in the Blanks :
52, Let f(x)= {(;8 +x2—16x+20)/(x—2)%, if x#2
k, if x=2
If, f(x) is continuous for all x, thenk =... (1981)
(xl)zsin[ ]|x| if x#1
53.  Letf(x)= x-1
-1 if x=1

be a real valued function. Then the set of points where
f(x) isnot differentiable is............ (1981)

54. A discontinuous function y = f (x) satisfying x>+ y*=4 is
givenby f(x)=.... (1982)
Ll’ x#0
55.  Forthe function f(X)= {14ex ;
0, x=0
the derivative from the right /" (0" =...........
and the derivative from the left /" (0)=.......... (1983)
1££(9)=9, £(9)=4, then Im Y00 > st
56. (9)=9,f(9)=4, then X3 equals ... .(1988)
57. Let f(x) = x [x]. The set of points, where f (x) is twice
differentiableis ... . (1992)
58. Let f(x)=[x]sin (ﬁ} ; where [.] denotes the greatest
X
integer function. The domain of fis ............ and the points
of discontinuity of f in the domain are ........... . (1996)
XZ
] j cos’ tdt
59, lim~*———= (1997)
x>0 xXsInXx
Subjective/Integer Type Questions
22X—_1, when x #1
60.  Find f(1)if f(x)=4 2% ~ 71" 3 (1979)
-, when x =1
61. If f(x+y)= f(x)+ f(y) forall x and y. If the function £ is
continuous at x = 0, then show that fis continuous for all x.
(1981)
62.  Determine the values a, b, ¢, for which the function

sin (a+1) x +sinx

, forx<0
X
f(x)= c, forx=0
2\1/2 12
%, for x >0
X

is continuous at x = 0. (1982)
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63.

64.

65.

66.

67.

68.

69.

70.

S =D

f(=x)=f(x) V x.If /" (0) exists, find the value.

Let f be a twice differentiable function such that
S"®)==f(x) and ['(x)=gx)
hx) =[P + [gX)F

find 2 (10)if 2 (5)=1 (1982)
I+x, 0<x<2
Let f(x) = ;
3—x, 2<xZ3
Determine the form of g(x) = f [f (x)] and hence find the
points of discontinuity of g, if any. (1983)
X2
—, 0<x<l1
Let f(x) =
2x> —3x+%, 1<x<2
Discuss the continuity of f, f’ and and " on [0, 2].
(1983)

Letf(x)=x3-x?>-x+1and

=max {f (t);0<t<x}0<x<1

g(x)
=3-x,1<x<2

Discuss the continuity and differentiability of the function

g (x) in the interval (0, 2). (1985)

Let f (x) be defined in the interval [-2, 2] such that

gx)=f(xD+[f X
Test the differentiability of g (x) in (-2, 2) (1986)

Let g (x) be a polynomial of degree one and f(x) be defined

g(x) x<0

by (x)= {L")T/X x>0

(2+X)

Find the continuous functions f'(x) satisfying.
(1987)
Let f(x) be a function satisfying the condition
(1987)

Let R be the set of real numbers and f: R — R be such that
forall x and y in R in R [f(x) — f(y)|< (x —y)°. Prove that f (x)
is a constant. (1988)

71.

72.

73.

74.

75.

76.

77.

Draw the graph of the function y=[x] + |l —x|,—1 <x < 3.
Determine the points, if any, where this function is not
differentiable, where [x] denotes greatest integer < x.

(1989)
Find the values of a and b, so that the function
x+av2sinx, 0<x<m/4
f(x)=42xcotx+b, n/4<x<m/2
acos2x—bsinx, m/2<x<Tm
is continuous for 0 < x < 7. (1989)

If x = secB — cos 6 and y = sec"0 — cos"0, then show that

d 2
(< +4) (d—ij —i(y +4) (1989)

lfcozs4x  x<0
X
Let f(X)= a , x=0
V2
—_, x>0
J16+4/x —4

Determine the value of a, if possible, so that the function
is continuous at x =0 (1990)

(1+|sinx|)a/‘5inx‘ , - i <x<0
Let f(x)= b , x=0
etan 2x/tan 3x , 0<x< E
6

Determine a & b so that fis continuous at x =0 (1994)

11
Let f(x)={xe [le x], x #0 Test whether
0, x=0

(a) f(x) is continuous at x =0

(b) f(x) is differentiable atx =0 (1997)

Determine the values of x for which the following function
fails to be continuous or differentiable

1-x, x <1
f(x)=9(1-x) (2-x), 1<x<2 Justify your answer.
3-x, x>2

(1997)




edanti,

Learn LIVE Online

66

CONTINUITY, DIFFERENTIABILITY & DIFFERENTIATION

78.

79.

80.

Let a € R. Prove that a function f: R — R is differentiable
at o if and only if there is a function g : R — R which is
continuous at o and satisfies f(x) — f (o) = g (x) (x—c) for all
xeR. (2001)

x+aif x<0

Let /(x)= {|xl| it x>0

if x<0
(x 1)’ +bif x>0

X +1

and g(x) = {

where a and b are non-negative real numbers. Determine
the composite function gof. If (gof’) (x) is continuous for
all real x determine the values of a and b, is gof differentiable
at x =0 ? Justify your answer. (2002)

Ifa function f: [-2a, 2a] — R is an odd function such that
f(x)= f(2a—x) forx € [a, 2a] and the left hand derivative
at x =a is 0 then find the left hand derivative at x =—a.

(2003)

81.

82.

83.

84.

bsin"(xzcj, —%<x<0
1
f(x)= 7’ x=0
ax/2
© 1, O<x<l
X 2

1
If f (x) is differentiable at x = 0 and |c| < > then find the

value of a and prove that 64b*= (4 — ¢?). (2004)

1
n

If f:[-1,1] > Rand f(0)=0then /" (0) = /im nf( J

n—o g n

Find the value of /im 2 (n+1) cos™! (lj —-n

T
<= 2004
5 (2004)

Given that 0 <

. a1
/im cos 1[—)
n—o n
If two functions ‘/” and ‘g’ satisfying given conditions for

VxyeR fx-y)= f®gly-f(.gx and

g(x-y)=gx).2y)+f(Xx).f(y). Ifright hand derivative
at x = 0 exists for f(x) then find the derivative of g (x) at

x=0 (2005)
Let/: R >R andg: R —» R be respectively given by f
(x)=[x|+land g(x)=x*+1.Defineh: R - R by

max {f(x),g(x)} if x<O,

h(x):{min [F(%), gx)} if x>0. (2014)

The number of points at which h(x) is not differentiable is
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ANSWER KEY

EXERCISE -1 : BASIC OBJECTIVE QUESTIONS

1.(a) 2.(b) 3.(d) 4.(d) 5.(c) 6.(b) 7.(b) 8.(b) 9.(a) 10. (a)
11.(b) 12.(b) 13.(d) 14.(c) 15.(d) 16.(b) 17.(b) 18.(d) 19.(d) 20. (a)
21.(d) 22.(b) 23.(b) 24.(a) 25.(c) 26.(d) 27.(b) 28.(b) 29.(b) 30.(d)
31.(a) 32.(c) 33.(a) 34.(b) 35.(d) 36.(c) 37.(c) 38.(c) 39.(b) 40.(b)
41.(c) 42.(a) 43.(d) 44.(d) 45.(b) 46.(d) 47.(d) 48.(b) 49.(c) 50.(a)
51.(a) 52.(b) 53.(b) 54.(b) 55.(c) 56.(b) 57.(a) 58.(b) 59.(c) 60. (a)
61.(d) 62.(a) 63.(d) 64.(d) 65.(a) 66. (c) 67.(c) 68.(c) 69.(d) 70.(d)
71.(c) 72.(c) 73.(a) 74.(a) 75.(d) 76.(a) 77.(d) 78.(b) 79.(a) 80.(c)
81.(d) 82.(b) 83.(c) 84.(d) 85.(b) 86.(d) 87.(c) 88.(b) 89.(a) 90.(b)
91.(b) 92.(d) 93.(b) 94.(b) 95.(d) 96. (b) 97.(c) 98.(c) 99. (b) 100. (b)
101.(b) 102. (a) 103.(a) 104. (b) 105. (b) 106. (a) 107.(c) 108. (b) 109. (b) 110. (b)
EXERCISE -2 : PREVIOUS YEAR JEE MAINS QUESTIONS

1.(a) 2.(a) 3.(b) 4.(d) 5.(c) 6.(b) 7.(a) 8.(a) 9.(b) 10.(c)
11.(c) 12.(b) 13.(c) 14.(d) 15.(b) 16.(c) 17.(d) 18.(d) 19.(d) 20. (a)
21. (b) 22.(c) 23.(b) 24.(d) 25.(a) 26.(c) 27.(d) 28.(c) 29.(b) 30.(b)
31.(d) 32.(b) 33.(c) 34.(c) 35.(a) 36.(d) 37.(b) 38.(b) 39.(c) 40.(b)
41.(c)

EXERCISE -3 : ADVANCED OBJECTIVE QUESTIONS

1.(a) 2.(b) 3.(c) 4.(c) 5.(d) 6.(b) 7.(d) 8.(c) 9.(b) 10. (b)
11.(a) 12.(d) 13.(a) 14.(c) 15.(b) 16.(c) 17.(b) 18.(c) 19.(c) 20.(c)
21.(d) 22.(d) 23.(a) 24.(a) 25.(c) 26.(c) 27.(a) 28.(b) 29.(c) 30.(a)
31.(c) 32.(a) 33.(c) 34.(b) 35.(a) 36.(b) 37.(c) 38.(c) 39.(a) 40.(c)
41.(c) 42.(b) 43.(b) 44.(b) 45.(d) 46.(b) 47.(c) 48.(b) 49.(a) 50. (a)
51.(b) 52.(a) 53.(b) 54.(c) 55.(b) 56.(d) 57.(c) 58.(c) 59.(c) 60. (d)
61.(c) 62.(a) 63.(a) 64.(d) 65.(a) 66. (d) 67.(b) 68.(d) 69.(c) 70. (a)
71.(b) 72.(a) 73.(a,b,c) 74.(a,b) 75.(a,b,d) 76.(a,c) 77.(a,b,d) 78.(ac,d) 79.(ab) 80. (a,c)
81.(a,b) 82.(a,b) 83.(a,b,c) 84.(ab,c,d) 85.(ac,d) 86.(b,c) 87.(b,d) 88.(b,d) 89. (a,c) 90. (a,c,d)
91.(ab,c) 92.(ac,d) 93.(ab) 94. (b,c) 95.(d) 96. (d) 97.(b) 98.(¢c) 99. (b) 100. (¢)
101.(a) 102. (a) 103.(a) 104. (b) 105.(a) 106. (¢) 107.(a) 108.(A—»P,B—>T, C—>Q)
109. (A-S;B-R; C-S; D-P) 110.0002  111.0512  112.2000  113.1004  114.(0096) 115.(0002) 116.(0003)

117.(0016)

118.(100)
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EXERCISE -4 : PREVIOUS YEAR JEE ADVANCED QUESTIONS
1.(d) 2.(a) 3.(b) 4. (b) 5.(a) 6. (b) 7.(c) 8. (b) 9.(a) 10.(d)

11.(d) 12.(d) 13.(d) 14.(¢c) 15.(d) 16. (a) 17.(d) 18.(d) 19.(d) 20. (a)
21.(b) 22.(d) 23.(a) 24.(a) 25.(d) 26. (a) 27.(b) 28. (b) 29. (d) 30. (a,b,d)
31.(b,d)  32.(ab,d) 33.(a)b) 34. (b,c) 35.(b,c,d) 36.(a,b) 37.(a,c) 38.(a,c,d) 39.(ab,c) 40.(b,c)
41.(ab,c,d) 42.(b,d) 43.(a,d) 44.(a,c) 45.(a,d) d6.(bc) 47.(ab) 48.(b,c) 49.(a) 50. A—p; B-r
51. A-p,q,r; B—p,s; C-1,s; D—p,q 52.7 53. {0}

V4 — 2 [

54. Although many such piecewise discontinuous functions are possible, one of them is f(x)= A7x 2=xs0
—J4-x> ;0<x<2

55.0,1 56.(4) 57.x e R— {0} 58. (—,—1) U [0, ), - {0} where [ is the set of integer n except n =—1

' 2 3 1
59.(1) 60. f(l):—§ 62. a:_E’CZEaHdbER_{O} 63.1
4—x, 2<x<3
64. g(x)=92+x, 0<x<1, discontinuous atx= {1,2} 65. fand ' are continuous and " is discontinuous at x = {1, 2}

2-x, l<x<2

66. Continuous and differentiable on (0,2)— {1}  67.not differentiable atx =0, 1

[Elng—ljx, x<0
3 3 9

1 1/2
( +Xj ) x>0
2+ X

74. not possible 75. a = % b=¢*"? 76. (a) Yes (b) No

68. f(x)= 69. (0) 71.x=0,1,2,3 72. 2=

77. fis continuous and differentiable at all points except at x =2

X+a+1 if x<-a

(x+a—-1)"+b if a<x<0

. <)) = PR . . _
79 g(f( )) b i 0<x<l a=1,b=0, gofdifferentiable atx=0
(x=2)’+b if x>1
2
80.0 8l.a=1 82.1-— 83.0 84.(3)

T
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