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Matrices



J. J. Sylvester was the first to use the word “Matrix” in 1850 and later on in 1858 Arthur Cayley developed the theory of
matrices in a systematic way. ‘Matrices’ is a powerful tool in mathematics and its study is becoming important day by
day due to its wide applications in almost every branch of science. This mathematical tool is not only used in certain
branches of sciences but also in genetics, economics, sociology, modern psychology and industrial management.

Session 1

Definition, Types of Matrices, Difference Between
a Matrix and a Determinant, Equal Matrices, Operations
of Matrices, Various Kinds of Matrices

Definition

A set of mn numbers (real or complex) arranged in the
form of a rectangular array having m rows and n columns
is called a matrix of order m X n or an m X n matrix (which
is read as m by n matrix).

An m X n matrix is usually written as

Ean app Adgs A1y g
[flar 922 4 4on [
(hy, asy Qg3 ... Qg

O
0 -0
0O... . O
O O
|jlm1 amz amS @ mn |

In a compact form the above matrix is represented by [a;; ]
i=1,2,3,...,m,j=1,2,3,...,nor simply by[aij 1n xn» where
the symbols a;; represent any numbers (a;; lies in the ith
row (from top) and jth column (from left)).

Notations A matrix is denoted by capital letter such as A, B,
C..X,Y, Z

Note
1. A matrix may be represented by the symbols [g; ], (g; ), H a; H
or by a single capital letter A (say)

A=[8;] x0T (8 )mxn 0| g |
Generally, the first system is adopted.

2. The numbers a, a., ..., etc., of rectangular array are called
the elements or entries of the matrix.

3. A matrix is essentially an arrangement of elements and has no
value.

4. The plural of ‘matrix’ is ‘matrices’.

Example 1. If a matrix has 12 elements, what are the
possible orders it can have? What will be the possible
orders if it has 7 elements?

Sol. We know that, if a matrix is of order m X n, it has mn

elements. Thus, to find all possible orders of a matrix with
12 elements, we will find all ordered pairs of natural
numbers, whose product is 12.

Thus, all possible ordered pairs are (1, 12), (12, 1), (2, 6), (6, 2),
(3’ 4)9 (47 3)

Hence, possible orders are 1 X 12,12 X 1,2 X 6,6 X 2,3 X 4
and 4 X 3,

If the matrix has 7 elements, then the possible orders will be
1x7and7 X 1.

Example 2. Construct a 2 x 3 matrix A =[a; ], whose
elements are given by

_(i+2))° I F P
(|)a,-j— S (||)a,-j-5‘21—3]‘.
s
(i) a,.j:D b
at+J,i<J
0d

(iv) a; = g

where [] denotes the greatest integer function.
) g, = 2id
'~ 5in
where {.} denotes the fractional part function.
3 Bi+4j0
i“H 7 H
where (.) denotes the least integer function.

(vi) a



Sol. We have, A = SH %y G0
21

Ayo Aoz} x5

+22
(i) Since,q; = %, therefore
N 0. _(1+4)* _25
11 2 2 12 2 2’
_(1+6)* 4—a _(2+2)* g
13T T T > )
2+4 2 +6)°
sy :Q:wandaz?}:( ) =32
2 2
O 25 490
Hence, the required matrix isA = 9 o U
18 32H
N o 1,,.
(ii) Since, a; = g‘ 2i —3j |, therefore
ey =2|2-3]=1 -1] =L
2 2 2
1 1 4
a,=-|2-6|==]-4]|== =2,
w= 26| =d| a2
1 1 7
A3 =—|2=9|==| =7 | =—,
w=t2mo]=d| 7| <]
1 1 1
ay =-[2-3|=2|-1| ==,
2 2 2
1 1 4
a,, =—|2-6|==] -4|== =2
z 2‘ | 2 | 2
1 1 5
and a23:,‘4_9‘:,‘_5‘:,
2 2 2
a 70
2 —
.6 o
Hence, the required matrix is A = 7
S
2
o-Jj, iz2j
(iii) Since, a; =0 J J,therefore
o+, i<j

a;,=1-1=0,a,=1+2=3,a5=1+3=4,
a, =2-1=1a, =2-2=0anda,; =2+3 =5
Hence, the required matrix is
0 3 40

_BOSE

(iv) Since, a; = HH therefore [ [x]<x]

a, = EE: [1]=1,a, = %E: [0.5]=

= %E: (033] =0, a,, = EE: 2] =
and a,, = ga [1]=1anda,; = ga [0.67] =0

a o ojd
Hence, the required matrix is A =
4 1o

(v) Since, a; = EQFIEL therefore [0 {x}<1]
BJj0
4y = %E:E’alz = %E: %E:l’
B0 3 b0 BO 3
3 :%E:E,an = Eﬁ%z Hl +1E:1,
PO 9 B30 O 30 3
ou = BB - Zand o - LB 4
Oed [BO 3 O 9
2 1 20
Hence, the required matrix is A = % g ZE
g 3 9

o ince g, = B2 98 thretre 2 1)
0 B2 09
.
B oa-s

=B B
e
e

Hence, the required matrix is
@ 6 80

TR 7 of

Types of Matrices

1. Row Matrix or Row Vector

A matrix is said to be row matrix or row vector, if it
contains only one row, i.e. a matrix A =[a is said to
be row matrix, ifm =1

y]mxn

For example,
D) A=[a; a; a3 - aplix,
) B=[3 5 =7 9xs

are called row matrices.

2. Column Matrix or Column Vector

A matrix is said to be column matrix or column vector, if
it contains only one column, i.e., a matrix A =[a; ] is
said to be column matrix, if n = 1. For example,

mXn



(i) B =

OOoOonOoMHdd
— N o © 3
JAOOooOonod

are called column matrices.

3. Rectangular Matrix

A matrix is said to be rectangular matrix, if the number of
rows and the number of columns are not equal i.e,, a
matrix A=[a; ],, x, is called a rectangular matrix, iff

m % n. For example,

0 3 4 50 2 -30
(DA:% 0 —38% ﬁﬂB:% og
g 4 2 5@)(4 @ 8@5)(2

are called rectangular matrices.

4. Square Matrix

A matrix is said to be a square matrix, if the number of
rows and the number of columns are equal i.e., a matrix
A=[a; ], x, is called a square matrix, iff m =n.

For example,

o %11 a;, a;3U @ bO
i A= [f21 922 923 (ii) B= H: da
B as as @;H 2

are called square matrices.

Remark

If A= [a,/l is a square matrix of order n, then elements (entries)
&, o, A3, -4, are said to constitute the diagonal of the matrix A
The line along which the diagonal elements lie is called principal

o 4 00O
or leading diagonal. Thus, if A= % 3 —2%, then the elements
B 2 o8

of the diagonal of Aare 1, 3, 5.

5. Diagonal Matrix

A square matrix is said to be a diagonal matrix, if all its
non-diagonal elements are zero. Thus, A =[a;; ], x, is
called a diagonal matrix, if a; =0, when i # j.

For example,

. 3 0 o0
() A=[2] (ii)B=HO . (iii)C=%> 5 og
@ o 70

are diagonal matrices of order 1, 2 and 3, respectively. A
diagonal matrix of order nhaving d,,d,, d5....d, as

diagonal elements may be denoted by diag (d,, d,, d,...d,).

Thus, A =diag (2), B=diag (— 1, 2) and C =diag (3, 5, 7).

Remark
(i) No element of principal diagonal in a diagonal matrix is zero.

(i) Minimum number of zero in a diagonal matrix is given by
n(n =1), where nis order of matrix.

6. Scalar Matrix

A diagonal matrix is said to be a scalar matrix, if its
diagonal elements are equal. Thus, A :[aij is called
scalar matrix, if
0,if i £
a; =0 ..._ " ,wherekisscalar.
Lifi=j

nxn

F le,
or example o0

2 oo 50
@) [7] (ii) (iii)%) 5 og
b 2 5 0 s

are scalar matrices of order 1, 2 and 3, respectively. They
can be written as diag (7), diag (2, 2) and diag (5, 5, 5),
respectively.

7. Unit or Identity Matrix

A diagonal matrix is said to be an identity matrix, if its
diagonal elements are equal to 1.

Thus, A =[a; ], «, is called unit or identity matrix, if

,if i #j
ay =0 ..._.
Lif i=j
A unit matrix of order n is denoted by I, or I. For example,
q o0 o o oo
Q) I, =[1] (i) I, = ﬁmg=%],%
0 1
0 0 1

are identity matrices of order 1, 2 and 3, respectively.

8. Singleton Matrix

A matrix is said to be singleton matrix, if it has only one
element i.e. a matrix A =[ is said to be singleton
matrix, ifm=n =1

aij mXn

For example, [3],[k ], [—2] are singleton matrices.

9. Triangular Matrix

A square matrix is called a triangular matrix, if its each
element above or below the principal diagonal is zero. It is
of two types:

(a) Upper Triangular Matrix A square matrix in
which all elements below the principal diagonal are
zero is called an upper triangular matrix i.e., a matrix
A=[a;],«, is said to be an upper triangular matrix,
ifaij =0, wheni>j.



For example,

~0B -2 4 10
DI

.2 =3 25

@) % a .
[0 0~._7 50}
ool

o

DO \‘1\22 dp3 G4 Ao5 E

(ii) EO 0 Sz Ay a3sg E
00 0 0~ ay Qs

are upper triangular matrices.

(b) Lower Triangular Matrix A square matrix in
which all elements above the principal diagonal are
zero is called a lower triangular matrix i.e., a matrix
A=[a;],x, is said to be a lower triangular matrix, if
a; =0, when i < j. For example,

[10°~0 0 o0

%1\0 °g Bs 90 o5

(i) 3 420 (i) . H

NS 6 700

2 3 403xs ES H
1 2 3 4y,

are lower triangular matrices.

Note

Minimum number of zeroes in a triangular matrix is given by

m, where nis order of matrix.

10. Horizontal Matrix

A matrix is said to be horizontal matrix, if the number of
rows is less than the number of columns i.e., a matrix
A=[a; ], «, is said to horizontal matrix, iff m <n.
2 3 4 50
For example, A = % 9 7 =2 E
B -2 3 40,

matrix. [.- number of rows (3) < number of columns (4)]

11. Vertical Matrix

A matrix is said to be vertical matrix, if the number of
rows is greater than the number of columns i.e., a matrix
A=[a; ], x, is said to vertical matrix, iff m >n.

is a horizontal

oz 3 4[]
O _ O
& 0 1 7D
For example, A=[0 3 5 40 is a vertical matrix.
O O
§ 2 7 9[|
01 2 —SQ %3

[ number of rows (5) > number of columns (3)]

12. Null Matrix or Zero Matrix

A matrix is said to be null matrix or zero matrix, if all
elements are zero i.e., a matrix A =[a;; ], x, is said to be a
zero or null matrix, iff a; =0, Ui, j. It is denoted by O.

For example,

5 0 on o 0 o0
(i)02x3:@ o o (ii)O3x3:%) 0 og
O 0 oF

are called the null matrices.

13. Sub-Matrix

A matrix which is obtained from a given matrix by
deleting any number of rows and number of columns is
called a sub-matrix of the given matrix.

03 a0 B 9 50
For example, B‘ ) 5His a sub-matrix of % r3 _4%
B -2 50

14. Trace of a Matrix

The sum of all diagonal elements of a square matrix

A=[a;],x, (say) is called the trace of a matrix A and is
denoted by Tr (A).
Thus, Tr(A) =) a;
2
2 -7 90
- O

For example, If A = % 3 2 o then

B 9 4(

Tr(A) =2 +3 +4 =9
Properties of Trace of a Matrix
Let A :[aij]n xn» B :[bij]
(i) Tr (kA) =k [Or (A)
(ii) Tr (A £ B) =Tr (A) + Tr(B)
(iii) Tr (AB) = Tr (BA)
(iv) Tr(A) =Tr(A")
() Tr(1,)=n
(vi) Tr (AB) 2Tr(A) Tr (B)
(vii) Tr(A)=Tr(CAC™"),
where C is a non-singular square matrix of order n.

2 xn and k is a scalar, then



15. Determinant of Square Matrix

Let A=[a; ], «, be a matrix. The determinant formed by
the elements of A is said to be the determinant of matrix
A.This is denoted by‘ A ‘

For example,

B 4 50 3 4 5

- U - -
IfA—% 7 8gthen|A|=|6 7 8|=-39.

B -3 50 2 -3 5
Remark

1. IfA A, A, ..., A, are square matrices of the same order,

then[ A A A A=A A A |4 |

2. If kis a scalar and Ais a square matrix of order n, then
| KA[=K"| Al

16. Comparable Matrices

Two matrices A =[a; ], x, and B =[b;; ], «, are said to be
comparable, if m = pand n =gq.

For example,

. ri
The matrlces Hare comparable

b cO d[p
n
e fEE ¢
but the matri SENE t bl
u € matrices re not comparabple.
Ex 8 s 1P P

Difference Between a Matrix
and a Determinant

(i) A matrix cannot be reduced to a number but
determinant can be reduced to a number.

(ii) The number of rows may or may not be equal to the
number of columns in matrices but in determinant the
number of rows is equal to the number of columns.

(iii) On interchanging the rows and columns, a different
matrix is formed but in determinant it does not
change the value.

(iv) A square matrix A such that ‘ A ‘ Z0, is called a
non-singular matrix. If ‘ A ‘ =0, then the matrix A is
called a singular matrix.

represented by | |

Equal Matrices

Two matrices are said to be equal, if
(i) they are of the same order i.e., if they have same
number of rows and columns.

(ii) the elements in the corresponding positions of the
two matrices are equal.

Thus, if A =[a; ],, x,» B=[b;], «,, then A =B, iff
i)m=p,n=gq (i) ay; =by;, Ui, j
(+1 2 4|:|
For example, If A =
Js o sg.°
cld .
= Hl' E are equal matrices, then
a=-1,b=2,c=4d =3,e=0, f =5
x+3 2v+x0 [+x-1 0[]
Example 3. If Y = then
H-1 aw-sH H 3 2w}

find the value of | x + y | +| z +w]

Sol. As the given matrices are equal so their corresponding
elements are equal.

x+3=-x-10 2x=-4 ..(1)
O x=-2
2y +x =0
a 2y—2=0 [from Eq. (i)]
a y=1 ..(ii)
z—-1=3
g z=4 ...(1ii)
4w — 8 =2w
g 2w =38
O w=4 (V)
Hence,‘x+y‘+‘z+w‘:‘ -2 +1‘ +‘4 +4‘:1+8:9

2a+

3 U
Example 4. |fH 0 e m+3 p+2

-5 [35 0o -6 0
find the equation whose roots are o and 3.

Sol. The given matrices will be equal, iff
20+1=0+30= 2

3B=p*+2B *-B +2=0
0 B= 1,2 and B*-5B=-6 ()
O B 2-B +6=0
0 B= 23 ...(ii)
From Egs. (i) and (ii), we get 3 =2
O a= 2,B=2

0 Required equation is x* —(2 +2)x +22 =0
0 x? —4x +4 =0

Operations of Matrices
Addition of Matrices

Let A, B be two matrices, each of order m X n. Then, their
sum A + B is a matrix of order m X n and is obtained by
adding the corresponding elements of A and B.



Thus, if A =[a;; ], «» then

A+B =[aij +bij]

and B=[b;]
i, j

mXn>

mXn>

30
OD

o1 3 50 0o

- _0 Op- O
Example 5. Given, A=72 0  25B=g52

§0 4 -33 g0 —45
(3 1 =20
andC=3 2 15Find
2 -1 70
(i) A+C.

(i) Given, A is a matrix of the type 3 x 3

(whichever defined)

(i) A+B.
Sol.
and B is a matrix of the type 3 x 2.
Since, A and B are not of the same type.
O Sum A + Bis not defined.

(ii) As A and C are two matrices of the same type,
therefore the sum A + C is defined.

013 50 @ 1 -20
DA+C:B—2 0 25*% 2 15

50 4 -33 B -1 78

m+4 3+1 5-20 3 4 30

=g2+3 0+2 2+1=d 2 37

O
f0+2 4-1 3479 B 3 44

Example 6. If a,b;b,c and ¢, a are the roots of
x? —4x+3=0 x> -8x+15=0and x*> —6x +5 =0,
a’+b%0
2 2 2|:|
+c7 at+c'
[Rac —2ab

* H—Zbc —ZGCH

. [4? +c?
respectively. Compute %2

Sol. x? —4x +3=0

O (x=1)(x—=3)=0 0O x=1,3
x* —8x +15=0

0 (x=3)(x =5)=0 0 x=3,5
and x*—6x +5=0

O (x =5 (x—-1)=0 0 x=51
Itis clear thata=1,b =3 and ¢ =5

% +c? o +p*0 [Rac —2abd

Now. 5}2 +c? 4 +CZE+ H‘Zbc —ZGCB

b +c? +2ac a* +b* —2ab0_ %a+c)2

_%72+c2—2bc a* +c? —ZaCH
_[1+5?% (1-3)*0_ 36 40O
-5 (1-570 Db 16

(a - b0
b-c)f (a-c)'Q

Properties of Matrix Addition
Property 1 Addition of matrices is commutative,
A+B=B+A

where A and B are any two m X n matrices, i.e. matrices of
the same order.

ie.

Property 2 Addition of matrices is associative
(A+B)+C=A+(B +C)

where A, B and C are any three matrices of the same order
m X n (say).

ie.

Property 3 Existence of additive identity
A+O0=A=0+A
where A be any m X n matrix and O be the m X n null

matrix. The null matrix O is the identity element for
matrix addition.

ie.

Property 4 Existence of additive inverse

If Abe any m X n matrix, then there exists another m xn
matrix B, suchthat A+ B=0 =B +A

where O is the m X n null matrix.

Here, the matrix B is called the additive inverse of the
matrix A or the negative of A.

Property 5 Cancellation laws

If A, B and C are matrices of the same order m X n (say),
then A+B=A+C O B=C [left cancellation law]

and B+A=C+A 0B C [right cancellation law]

Scalar Multiplication

Let A=[a; ], «, be a matrix and k be any number called a
scalar. Then, the matrix obtained by multiplying every
element of A by k is called the scalar multiple of A by k
and is denoted by kA.

Thus, kA = [kaij ]

mXn

Properties of Scalar Multiplication
IfA =[aij I xns B =[bij ], x, are two matrices and k, [ are
scalars , then
(i) k(A +B) =kA +kB
(iii) (kD)A = k(IA) =I(kA)
(iv) (=k)A = =(k A) =k (-A)
V) 1A= A (-)A =-A

(ii) (k+1) A =kA +IA

Example 7. Determine the matrix A,

01 2 30 O 4 10

O, o 0O 0

when — A=41 2 3D+2gs 2 4
B4 2 68 B 8 27



04 8 120 00 8 20

_ 0O O
. =24 -8 20+
Sol A=g4 -8 2 Eﬁ

H6 8 24F B 16 47
W+10 8+8 12+20 04 16
_ 0 0
“4+6 —8+4 -12 +8—= -
=446 84 12 48] Bz 4
H6+6 8+16 24+4F @2 24

2
Example 8. lfAzm) DndkA:ED
5 «f £

find the value of b —a — k.

20 o
Sol. We have, B E 0k & gk
But kA = ép EZE
0 o 2k D: O 3a0
He -4k Be 24(
O 2k =3a,3k =2b, —4k =24
O k=-6a=-4,b=-9
Hence, b-a-k=-9 —(—4) —(-6)=

Subtraction of Matrices

140
4
289

3ag
2qlthen

2k 0O

-4kH

-9 +4 +6=1

Let A, B be two matrices, each of order m X n. Then, their
subtraction A — B is a matrix of order m X n and is
obtained by subtracting the corresponding elements of A

and B. Thus, if A :[aij] andB:[bij]mx”,

then A=B=[a; =bjly,x, UiJ
2 30 4 bO
_ O _ O
For example, IfA—%l SDandB —% dIj
B 70 & fO

2 30 @ b0 2-a 3-b0
_R= 0_ g _ 0
then A B—% SIZI % dD—% c 5 dl]

B 70 @ fO B-e 7-f0
0 2 -30
Example 9. Given,A=§> 0 Zgand
g -1 18

-1 20

O

Sol. Given, A+2C =B
3 -1 20 O 2

2C:B—A:% 55—%
2 o0 33 @ -1

2 59 Find the matrix C such that A+2C =B.

=30

=

B-1 -1-2 2+30
-0 _ _ _o
—% 5 2-0 5-27
R-1 0+1 3-17
0z -3 50 02 -3 50
| 30 10, 0
0 2€=g1 2 330 C= co! 2 %
A1 1 2§ 1 1 2§
o1 -3/2 5/20
- 0
=gl/z 1 3/
g1/2 1/2 10
Example 10. Solve the following equations for X an
yoax-y=2 20y BT o0
| B o3 2ff T TH 4
-3 0
Sol. Given, 2X—Y:B =
EREI
On multiplying both sides by 2, we get
ax -y =20 2 L ux oy =8 000
B s o B 6 4
04 1 50

also given X +2Y = H‘

_4H o
Adding Egs. (i) and (11) we get
sx = -6 0|:| a4 1 50
E 6 aH H1 o4 —f

6+4 -6+1

d

()

ii)

0+50_00 -5 50

“H-1 6+4 4—4H_Eﬁ 10 o

. 2100 =5 50
_SHS 10 OH

Putting the value of X in Eq (if), we get

-1 10

_B o

2 -1 10, _ 1 50
42 % Erl -
_04 1 50 12 -1 10
- ZY_H-l 4+ 4H H 2 o
-2 141 5-10_02 2 40
"Hi-1 42 - He2 2 —4f
011 20
. Y_H-l 1 —H
2 -1 10 01 1 20
Hence, X_B ) OE and Y_H'l ) —ZH
Remark

If two matrices Aand B are of the same order, then only their
addition and subtraction is possible and these matrices are said
to be conformable for addition or subtraction. On the other
hand, if the matrices Aand B are of different orders, then their
addition and subtraction is not possible and these matrices are
called non-conformable for addition and subtraction.



Multiplication
Conformable for Multiplication

If A and B be two matrices which are said to be
conformable for the product AB. If the number of columns
in A (called the pre-factor) is equal to the number of rows
in B (called the post-factor) otherwise non-conformable
for multiplication. Thus,
(i) AB is defined, if number of columns in A = number of
rows in B.

(ii) BA is defined, if number of columns in B = number of
rows in A.

Multiplication of Matrices

Let A=[ay ], «, and B=[b; ], x, be two matrices, then
the product AB is defined as the matrix C =[C}; ]

m Xps
n
where C; = Zai]— by 1<ism1<k <p
j=
S, by tagy by tag byt Fa, by
i.e., (i, k) th entry of the product AB is the sum of the

product of the corresponding elements of the ith row of A
(pre-factor) and kth column of B (post-factor).

Note
A =Pre-fact
In the product AB, E re-tactor
0B = Post-factor

0 1 20 01 -20
Example 11. fA=4 2 3candB=31 op
2 3 47 m -1\

obtain the product AB and explain why BA is not defined?
Sol. Here, the number of columns in A =3 = the number of
rows in B. Therefore, the product AB is defined.

G G
M 1 20R 01 -20
- O o O
AB_a 2 30R, x 31 09
B 3 4GR, B2 -1f
R, R,, R, are rows of A and C;, C, are columns of B.
RC, RC, 0O
0  AB= gez c, chzg
FRCr RC,E,,,
— >
-1 0
2 -1
= -
123 |-1 123 0
2] 1
= ~
-1 0
2 -1
L 2] 32

For convenience of multiplication we write columns in

horizontal rectangles.

[0 1 2] [01 2]
[1-1 2] [-2 0 -1]

|
= =
=t =

Ox1+1x(-1) +2 X2
=Bx1+2 x(—1) +3 x2
Bx1+3x(-1)+4 x2

0 x(=2) +1 x0 2 X )0
1 x(2)+2%x0+3 x(—l)g
2 X(2) 3 X0 +4 X —1)@3X2

m-1+4 0+0-20 3 -20
_g._ a2 _0 _dD
=d-2+6 24037 =3 -5
B-3+8 —4+0-4F, , B -84,

Since, the number of columns of B is 2 and the number of
rows of A is 3, BA is not defined (" 2 # 3).

Remark
Verification for the product to be correct .
From above example

M 1 20 01 -20 8B -20

0 O, 0 O _e0

o2 skl oD_EE 55

QZ 3 4@ @2 —1@ @7 —8@
Sum3 6 9 15 -15

11 =3x1+6 x(-1) +9 x2

Now, [369] -] =3-6 +18

2| =15

-2/ =3(-2) +6 x0 +9 x(-1)

0| =-6+0 -9

-1 =-15

and

O o —tan(a/2)Q )
Example 12. If A= (of2) and [ is
Han (a/2) H
a 2 x 2 unit matrix, prove that
[gosa —sina
[+A=(1-A)m.
Hina  cosa H
. a od . o o — tan(a /2)0
Sol. S , I = d A=
ol. Since E 1Han given Han (@l2) 0 B
0 LA _0o 1 —tan (a/2)0 )
Han(a /2) 1 H
[¢osa —sin0[]
RHS=(I - A
( )Bina cosaH
1 tan (a/2)dosa = sin0 [

Hgind

_
- H—tan(u /2) 1 COSGE



o1 tan (a/2)0
Htan@/2) 1 H
O - tan®(a /2)
g 2
i +tan (a/2)
0 2tan (0 /2)
B + tan®(a /2)

—2tan (a/2) U
1+ tan®(a /z)g
1-tan®(a/2)0
1+ tan’(a /Z)H

Let tan (a/2) = A, then

0 - a2 —2)\5

2 2
RHS:DI )\DS+)\ 1+)\D
Hx 1Hoa2a  1-a2n0

Tent 1enih

O1-MN+2A  -2X +A(1-A9O

:B 1+ A% 1+ M\
FA(1 — A%) +2A AP +1-A% [
H 1+ 1+\? H
O1+2 A +AH)0

:Bl+)\2 1+ A° S:Dl -\
A+A%) 14X 0 B 1
Hl+}\2 1+ A% H

=2 ! _tan(alz)ﬁ-; A = tan (/2)]
Han(a/z)

=I+A [from Eq. (i)]

= LHS

Pre-multiplication and
Post-multiplication of Matrices

The matrix AB is the matrix B pre-multiplied by A and the
matrix BA is the matrix B post-multiplied by A.

Properties of Multiplication of Matrices

Property 1 Multiplication of matrices is not commutative
ie. AB # BA

Note
1. If AB=-BA then Aand B are said to anti-commute.
2. h‘A—%} Ha 8= O%thenAB BA_g Oé

Observe that multiplication of diagonal matrices of same order
will be commutative.

Property 2 Matrix multiplication associative if
conformability assumed.

ie. A(BC)=(AB)C

Property 3 Matrix multiplication is distributive with
respect to addition. i.e. A(B + C) = AB + AC, whenever
both sides of equality are defined.

Property 4 If Ais anm X nmatrix, thenI,, A=A=AI,.

Property 5 If product of two matrices is a zero matrix, it
is not necessary that one of the matrices is a zero matrix.
For example

10 31 10 OQ-1)+1.1 10+10-1)0
% 2B H <F Ba-y+z.1 20+20-00
0 oQd
" of
O oJ O o MLO+00 o+o0o00O O oO

(“)H OHXE) 15 Ho+om 1m+oﬂH_H’ OB_

None of the matrices on the LHS is a null matrix
whereas their product is a null matrix.
Note If A and B are two non-zero matrices such that AB =0, then
A and B are called the divisors of zero. Also, if
AB=0 O |AB|=00|A|B8|=
O | Al =0 or| B] =0 but not the converse.
Property 6 Multiplication of a matrix A by a null matrix
conformable with A for multiplication.
3 40

o o0 oQO
For example, IfA:% 6D and O =
U B o 05
g 8g.,
O o 0
then AO = %l 0 0 , which is a 3 x 3 null matrix.
0 0@3X3

Property 7 Multiplication of a matrix by itself
The product of A A A ... m times = A™ and (A™)" = A™

Note
1. If/ be unit matrix, then /2 =/° =...=/™ =/ (m O/,)
2. If Aand B are two matrices of the same order, then

(i) (A+B)? = A+ AB+BA+8°

(i) (A-B)? = A* - AB —BA +B*

(i) (A=B)(A+B) = A* + AB -BA +5°

(iv) (A+B)(A-B) = A —AB +BA -B*
)

() A(=B) =(-A)(B) = -AB

_O1 20 210
Example 13. If A= 1, 50 B =5 3Hand

=3 10
= HZ Ovenfy that (AB) C = A(BC)
and A(B+C)=AB +AC.

1 2|:| 2 10
Sol. We have AB—EZ 3H E SH

_Di12+20 10+23 0_6 70
“Hoz+sz (2a+3sd B H



seo? 10, B3 10_30-3)+18 20+100
B sH He o Bu-3)+3z 20+304
_B6+2 2+00_ 34 20
“He+6 2+0H Ho oH
aeo01 20 B8 10_010-3)+2@  13+20 0
He s B of H-2@-3)+32 (=) @+30d
_@3+4 140000 10
“"He+s —2+0d Hz —2H
secoB 10,53 10_3-3 1+10_G1 20
B sd He of B+2 s+od He o
® 70 33 10 318+14 6+00
NOW’(AB)CZE 3 B2 o Bs+14 2+0H
F4 60 .
:Hg ZH (1)
01 20 G4 20
AOTH, S Ho of
_B4+0 2+40 34 60 y
“Hs+o -4a+6H Hs 2H -4
Thus, from Eqgs. (i) and (ii), we get, (AB)C = A(BC)
01 20 01 20_F1+8 2+6 [

NOW’A(B+C):H-2 5 Ha 35 Fev1z —4+9H

=J & (iii)
B4 SH ves
6 70 00 10 Db+1 7+10
and AB+ AC "B H H H Bz 7-H
_O &0 )
B4 SB vos

Thus, from Egs. (iii) and (iv), we get
A(B+C)=AB+AC
O 1 o0
Example 14. If A :%) 0 1gshow that
B q rg
A® =pl +qA +rA°.
Sol. We have, A2 = ATA

O 1 o0 ® 1 oOd
_ ] O
= %) 0 15 %) 0 17

@ q 8 P 9 g

o 0 1 0
_0 0
1 " O
Pr prar q+r'g
1o 0 1 0 O 1 o
3 _ 42 _0O 0 0
0 A=aH=5p g rZDx%) 0 17
pr ptqr q+r'g @ q rg
o p q r 0
:g pr p +qr q+r2 B (1)
Pa+rip pr+q’ +art pt2gr +r°Qg
a o od [O 1 oO

2 _ ] g
and pI + gA +rA —p% 1 0D+q%) 0 l[|
@ ol @ 9 rQ

o 0 1 0
0 0
frp 4T og
@pr ptqr q+r°Qg
» 0 oO OO ¢ OO OO 0 r 0O
= poogr0 0 agrger @ 1t g
B 0 pH B9 q2 qrg @r2 pr+qr2 qr +r3@
0p+0+0 0+q +0 0+0 +r [
:go+0+pr D +0 +qr 0 +q +r? g
@+pq+pr’ 0+q” +pr+qr® p+qr+qr+r’g
o p q r O
_ 0 2 0 ..
=0 pr p +qr q+r 0 ...(ii)

Pa+prt g +pr+grt ptogr +r°g
Thus, from Egs. (i) and (ii), we getA3 =pl +gA + rA*

Example 15. Find x, so that

O 3 2000
00 O
[1x1]%) 5 155'5‘0'
B 3 200
o 3 2000
Sol. We have, [I x 1]% 5 15%5:0
B 3 2850
0g
0 [1 5x+6 x+4]§g:o
EdN
0 [1+5x +6 +x° +4x] =0
or x2+9x +7 =0
. L (81—28)Dx:—91\/§

2 2



Various Kinds of Matrices ot e

Example 17. show that Y5 2 6 Uis nilpotent

g O
|dempotent Matrix F2 -1 30
A square matrix A is called idempotent provided it matrix of order 3.
. . 2 _ 01 1 30
satisfies the relation A® = A. 0 0
Sol. Let A=55 2 6

Note O 0
A=AD= 2.4 N. B2 -1 308

. 01 1 30 01 1 30
Example 16. Show that the matrix
P Da*=am=Us 2 ¢OxUs o (U

- - O 0O 0
02 -2 -4 B F2 -1 -3 §2 -1 -3Q
==1 3 4 Dis idempotent.

0 O1+5-6 1+2-3 346 -9 [
gt -2 -3@8 :§+10—12 5+4 -6 15 +12 —180
0
BZ —2 ‘45 gz —2 ‘45 Fr2-5+6 —-2-2+3 —6-6+9f
2 j— 1
Sol. A*=ADA=31 3 4gxg1 3 4 J0 o oQ
1 -2 33 g1 -2 -3Q =03 3 o0
0 0
2R2+(-2)0-1)+(-4) @ Bl -1 -39

:B(—I)Q+3 0-1)+4
H2+(-2)0-1)+(-3)0

oo o0 oO O1 1 30
DA3:A2D4:g3 3 oUxOs 5 (U

- - - - 0o O O
20-2) +(~2) B +(-4) [-2) EPR P
(-)U-2)+3@3+4[(-2)
10-2)+(-2)3 +(-3) (-2) go+0+0 0+0+0 0+0+0 00 [©@ 0 o001
= - - —_o7 0 O
2T~4) +(~2) @ +(-4) 08)0 =3+15-18 346-9 9 +18-27=18 0 05=0
(=1) [-4) +3 @ +4 [13) g Fr1-5+6 —-1-2+3 -3 -6+97 @ 0 Of
10-4) +(-2) @ +(-3) 0-3)F O A® = 0Oie, A" =0
02 -2 -4[ Here, k=3
=7 3 404 Hence, the matrix A is nilpotent of order 3.
O O
A1 -2 -3\

Involutory Matrix

A square matrix A is called involutory provided it satisfies
the relation A% = I, where I is identity matrix.

Periodic Matrix Note A= A""for an involutory matrix.

Hence, the matrix A is idempotent.

A square matrix A is called periodic, if A¥*! = A, where Example 18. Show that the matrix

+5 -8 00
a=H3 5 ol involutory.

k is a positive integer. If k is the least positive integer
for which AF*! = A,then k is said to be period of A

For k=1, we get A% = A and we called it to be OJ O
idempotent matrix. g1 2 -8

Note o5 -8 o0 5 -8 00

Period of an idempotent matrix is 1. Sol. A2=ATH = B 3 5 OBX 53 5 OB
Nilpotent Matrix gt 2 -ig gt 2 -1f
A square matrix A is called nilpotent matrix of order m 025-24+0 40-40+0 0+0+00 O 0 OO
provided it satisfies the relation A* =0 and A*™! 20, = g‘ I5+15+0 —24 +25 40 0 +0 +OE: % 1 OBZI
where k is positive integer and O is null matrix and k is the g-s+6-1 -8+10-2 0+0+Ig @ 0 13

order of the nilpotent matrix A. Hence, the given matrix A is involutory.



Exercise for Session 1

If A= @ jgand‘As \ =125, a is equal to

(@)x 2 (b) +3
()5 (d) 0
-1 1
|fA=D1 Ug=2 - nd (A + B)? = A% +B?, the value ofa + b is
2 -B°7H
(a)4 (b) 5
(c) ()7
2D 2 .
If A= nd A -AA [, =0, then A is equal to
2 sf
(a)-4 (b)-2

(c)2 (d)4

a b
LetAzm) Dand(A+I)50 -50A = D,thevalueofa+b +c +d,is
0 0H ¢ dH

(a1 (b) 2
(c)4 (d) None of these
0sO sin6
A= 0%° SO0 then A2 = is true for
H— sin® cos GH
(@)6=0 (b)e="
4
(c)6= g (d) None of these
@ B O : . , .
If H/ B GHS to be the square root of two rowed unit matrix, thena,  and y should satisfy the relation
(@) 1-a® +py =0 (b)a® +By - 1=0
(c) 1+ a® + By =0 (d) 1-a® -By =0

0
If A= D, then A'% is equal to
Hi2 1H

D1 (N D1 0O
E?s o o 1A
1 00
B“ 2)100 1H (d) None of these
2 3 n
If the product of n matrices oo 20030 O D|s equal to the matrix .
0 15 1He 1H' B 1H )

to
(a) 26 (b) 27
(c) 377 (d) 378
If Aand B are two matrices such that AB =B and BA = A, then A% +B?is equal to
(a) 2AB (b) 2BA

(c)A+B (d) AB

378
1 Ethe value of n is equal



Answers

Exercise for Session 1
1. (b) 2. (b) 3.(@d) 4.0) 5@  6.(b)
7. (b) 8. (b) 9.(c)
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