AP PL'CATION Objectives

O F After studying the material of this chapter, you should
be able to :

DERIVATIVES > ;Juﬂ;:‘l:irt&‘;;:'nd to obtain the rate of change of

Understand to find intervals in which the functions
are : (I) Increasing (Il) Strictly Increasing

(111) Decreasing (1V) Strictly Decreasing.

Understand to find the equations of tangents and
normals.

Understand to find differentials and approximations.

: Understand to find the absolute and local maxima
H:’ﬂflﬁ{ ﬂfﬂgl}’ mﬂtjjﬂMfffS and minima_

There is no permanent place in the

—G.H. Hardy :
2
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Example 1. The side of an equilateral triangle is
increasing at the rate of 2 cm/s. At what rate is its area
increasing when the side of the triangle is 20 cm?

(A.L.C.B.S.E. 2015)

Solution. Let 'x' be the side of an equilateral triangle.

Given : ik 2 cm/s.
If 'A’ be the area of the equilateral triangle, then :
. E
A = ‘ET'
dA B dx \Bxdx
—— = N AX) = —
dt 4 dt 2 dt

V3

dA
When x = 20 cm, then E = T(ZD){Z) = ZUJE.

Hence, the rate of its area increasing = 20,/3 cm?s.

Example 2. The length ‘x’ of a rectangle is decreasing
at the rate of 3 cm/m and width ‘y’ is increasing at the
rate of 2 cm/m. When x = 10 cm and y = 6 cm, find the

rate of change of :
(a) the perimeter and (b) the area of the rectangle.

(N.C.E.R.T))
dx
Solution. We have ; —=-3 A1)
dt
and ﬂ =" .o(2)
dt
(a) Pennmeter, p = 2x + 2y.
dt dt dt
= 2(—=3) + 2(2) |Using (1) and (2)]
=—6+4=-2.
Hence, Q] =—2 cm/m.
dt
x=10
y=6
(b) Area, A = xy.
dA  dy  dx
dt dt dt
=x2)+y(-3). [(Using (1) and (2)]

dA R
Hence, —] =102)+6(—3)=20—-18=2 cm“/m.
df x=10
y=6
Exampe 3. The volume of a sphere is increasing at
the rate of 3 cubic centimetre per second. Find the rate of
increase of its surface area, when radius is 2 cm.
(C.B.S.E. 2017)

Solution. Let . S and V be the radius. surface area and
volume of the sphere at time r.

- 1"' r--.-* - ‘-.-I.. ‘f- P _ Bl . [
. I = y - = 3F B ; B L.
'i; [ ] ICTIDOA T [I N} =
i '.r | - r-‘ "I-I I ?-‘ g I 1 \ |1 & 1 I | Il'|' II' | '__

. ;-_.1!3;_.---‘."'%_.. L LAY ._.'_- | - {

| EXAMPLES |

dv 3
Then, — =3 CIN/S
dt
| d (4 3 ) | 2 dr
dr 3 o
EN —_ = (1)
dt 4rr?
Now, S = 4mr?
das _ g dr
a -
3
— 8ar. P [Using (1)]
6
: - r |
ﬁ] 6 2
Hence, dr | . = E—3LITI /S.

Exampe 4. For the curve y = 5x — 2x° , if X increases
at the rate of 2 units/sec., find the rate of change of the
slope of the curve when x = 3. (C.B.S.E. 2017)

Solution. The given curve is y = 5x — 25,
dy g
— = — 6x"
dx “
l.e. m =5 — 6x°. where ‘m’ 1s the slope.
dm dx
—_ = —2x—
dt dt
=— 12x(2) = — 24x.

2 [
7 ). s =—24(3) = - T72.

Hence, the rate of the change of the slope = — 72.
Example 5. A water tank has the shape of an inverted
right-circular cone with its axis vertical and vertex lower

e
most. Its semi-vertical angle is tan : (~2—) . Water is

poured into it at a constant rate of 5 cubic meter per
minute. Find the rate at which the level of the water is
rising at the instant when the depth of water in the tank
is 10 m.

Solution.

Let 7" be the radius and *A the height of the nght-circular
cone.

If "’ be the semi-vertical angle.,

r ~11)_r
then tan o0 = ’ — tan | tan 5=
, ) 1
=2 E . h == 2r =T
[f *V’ be the volume at any tme t,
dV
then —E 3 sl 2)

dt



At that instant, let the water form a cone of height OC
(= H m) and radius CD (= R m).

Now APBO and ACDO are simular.

b OC R H . rH
BB OF " PR
I .
=5 R = E—H ...(3) [Using (1)]
P =<9
V = —nR“H
} | | 3
3”(4 ] 12
[Using (3)]
av 1 ., ,424H
dt 12 dt
1 »rdH
5 = — T H " — y
— : 2 o [Using (2)]
dH 4
B ——i5
p— dt nHZ ( )
20
T nH?
When H = 10 -dH = I]
cn = m, dr — TE(IOO) = 51’['
- | ]
Hence, the rate of increase of water level = — m/m.

5

Example 6. Water is leaking from a conical funnel
at the rate of 5 ecm3/s. If the radius of the base of

funnel is S cm and height 10 cm, find the rate at which
the water level is dropping when it is 2:5 cm from the

top.
Solution. Here 5 cm is the radius and 10 c¢cm 1s the height
of the conical funnel.

Let “r” be the radius of the base and *h" the height at

any stage.

16

457

1

- V. volume of water 1n conical funnel = 3-11: rzh
1)
Now As OBC and OED are similar.
CB OC DE CB
DE_ OD _ OD OC
| roJ | ro 1
— — I — — — T —
h 10 h 2
. h
= r=-—
2
- From (1), V, volume of water in conical funnel
1 [ K2
== | = | h
T h
OB
dV 3xh®* dh _amh® dh
d 12 ‘dt 4 “drt
Given : £=—5.
dt
th® dh dh _ -20
—==f = —=—
4 dt dt mh

When the water level 1s 2-5 ¢cm from the top. then
h=10-25=7-5c¢cm.

dn 20  20(2)°
dt  x(7-5%  w(15)?*
| 80 16

—

225n  45m
Hence, the rate at which the water level 1s dropping 15

cm/s.



Example 7. A stone is dropped into a quiet lake and
waves move in circles at a speed of 4 cm per second. At
the instant when the radius of the circular wave is 10 cm,
how fast is the enclosed area increasing ’

(N.C.E.R.T. ; H.P. B. 2015)

Solution. Let 7' be the radius of the circular wave.

Then A = 1 2. where A is the enclosed area at time .

Differentiating w.r.L. f, we have :

dA dr dr
—— — T .--_=4
y =2Rr—=271r(4) [ a f’"/S]

When =10 cm,‘L—T =87 (10) = 80w cm?/s.

Hence. the enclosed area 1s increasing at the rate of
801 cm?/s. when r = 10 cm.

Example 8. A man 2 m high walks at a uniform speed
of 6 km/h away from a lamp post 6 metres high. Find the
rate at which the length of his shadow increases.

Solution. Let AB be the lamp post 6 m high and MN =(2 m)
the man.

Let MS be the shadow of the man at any time t, where
S 1s the end of his shadow.

=

0OV TVZXr

A M SHADOW S

Fig.
Let AM =] and MS =s.
Now As ASB and MSN are simlar.

. MS _MN
~ AS AB
s 2/1000
p— —
[+5s  6/1000
.- s 1 tse ]
= 1 3 — I =8

= e dr T T dr s
dl
But —=6km/h [Given]
dt
ds 6
. From (1), E=E=3 km/h

Hence, the shadow increases at the rate of 3 km/h.

Example 9. A man is moving away from a tower 41-6 m
high at the rate of 2 m/s. Find the rate at which the angle
of elevation of the top of tower is changing when he is at
a distance of 30 m from the foot of the tower. Assume that

the eye level of the man is 1:6 m from the ground.

Solution. Let AB (= 41.6 m) be the tower.

Let the man be at a distance of “x” metres from the tower
AB at any tme t. If *0° be the angle of elevation at time ¢, then

LB AB—AL AB-PQ 41:6-1-6

tan @ =——=
QL X X X
B
41.6m
o (L2 1
P A
Fig.
40 _
— tanB=— = x =40 cot 6 =41
/i
dx do
— =—40cosec’ 9. —
dt dt
do dx ;
= 2 =— 40 cosec” . — [ — =2 (given }}
dt dt
de 1
= == i)
dt 20 cosec” 0
When x = 30, then from (1), 30 =40 cot 6
| 3
= cotO=—
4
9 25
so that cosec0=1+cot?!B=14+—=—.
16 16
PU[til’lg in (2), d—a = l e i radians/s.
dt 29 125
20| —
16
Hence, the angle of elevation of the top of the tower 1s
. .4 ,
changing at the rate of —— radians/s.

125



Example 10. Two equal sides of an isosceles triangle dA &
with fixed base ‘a’ are decreasing at the rate of 9 cmy/s. dt =% 2\/4 2 2 dt
How fast is the area of the triangle decreasing when the .
two sides are equal to ‘a’.

Solution. Let “A’ be the area of APQR is which : = — (-9
PO = PR=xand OR. = J4xz—a2
'1 L dx -
Rl === 0 (given
A = SQRxPL [ 7 (8 J]
L 2 14y @ 22 O —,
= za\jx (2) = 4\/41‘ ;S 1{4;— ———
. _ d_A]  —9a(a)
N dt x=a - \/4&'2—{12
X X 2

\/_.{I _—3\/_1.'1-

Hence, arca of the tmangle 1s decreasing at the rate of

Q R 3J3a cm?/s.

Fig.

N

1. Marginal cost is the instantaneous rate of change of total cost at any level of output.
Thus if C(x) is the total cost of ‘x’ units, then C'(x) is the marginal cost.
2. Marginal Revenue is the rate of change of total revenue with respect to the number of items sold at an instant.

K Thus if R(x) 1s the total revenue from the sale of ‘x’ units, then R’ (x) is the marginal revenue. /
Example 11. The amount of pollution control in air Example 12. The money to be spent for the welfare

in a city due to x-diesel vehicles is given by : of the employees of a firm is proportional to the rate of
P (x) = 0.005 x3 + 0.02x2 + 30x. change of its total revenue (marginal revenue). If the total

revenue (in ) received from the rate of ‘x’ units of a

Find the marginal increase in pollution control when product is given by R(x) = 3x2 + 36x + 5, find the marginal

3-diesel vehicles are added. (C.B.5.E. 2013) revenue, when x = 5, and write which value does the
Solution. We have : question indicate.
P (x) = 0.005x> + 0.02x% + 30x. (A.I.C.B.S.E. 2013)

P' (x) = 0.015x% + 0.04x + 30. Solution. We have : R (x) = 3x% + 36x + 5.
P' (3) =0.015 (9) + 0.04 (3) + 30 |

dR
MR = —=6x+36_
=0.135 $0.12 + 30= 30255 dx

oy o . : Hence, MR =6(5) + 36 = 30 + 36 = 66.
which is the marginal increase in pollution control when HEE =5 = O

3-diesel vehicles are added.




EXERCISE 6 (a)

Fast Track Answer Type Questions

1. Find the rate of change of the area of a circle with
respect to 1ts radius ‘r’ when r=35 cm. (N.C.E.R.T))

2. Find the rate of change of the volume of a ball with
respect to 1ts radius ‘r’.

3. An edge of a variable cube 1s increasing at the rate of
3 cm/s. How fast 1s the volume of the cube increasing, when

the edge 1s 10 cm long ? (Jammu B. 2016; H.P.B. 2015)

4. The radius of a soap-bubble 1s increasing at the rate
of 0-2 cm/s. Find the rate of increase of :
its volume when the radius 1s 5 cm.
S. (i) The radius of a circle 1s increasing at the rate of
()-7 cm/s. What 1s the rate of increase of its circumference ?
(N.C.E.R.T.)

(i1) The radius of a circle 1s increasing uniformly at the
rate of 4 cm per second. Find the rate at which the area of
the circle 1s increasing when the radius 1s 8 cm.

Very Short Answer Type Questions ~ VSATQ

10. A balloon, which always remains spherical, has a

variable diameter ;{2x+ 1). Find the rate of change of its
(N.C.E.R.T.; HP.B. 2018)
11. (i) A balloon. which always remains spherical, 1s
being inflated by pumping 1n 900 cubic cenumetres of gas
per second. Find the rate at which the radius of the balloon
1s increasing when the radius 1s 15 em.
(N.C.E.R.T.; HF.B. 2018)
(i1) A balloon, which always remains spherical, has a
variable radius. Find the rate at which its volume 1s increasing
with the radius when the radius 1s 10 cm. (H.P.B. 2018)
12. (a) The volume of a cube 1s increasing at the rate
of 9 cubic centimetres per second. How fast 1s surface area
icreasing when the length of an edge 1s 10 centimetres ?
(N.C.EER.T. ; ALCB.S.E. 2017; H.E.B. 2015 ;
Kashmur B. 2011)

volume with respect to “x'.

Short Answer Type Questions

14. The radius of a cylinder increases at the rate of 1 cm/s
and 1ts height decreases at the rate of 1 cm/s. Find the rate of
change of 1ts volume when the radius 1s 5 cm and the height 1s
5cm.

If the volume should not change even when the radius
and height are changed., what 1s the relation between the

radius and height ? (Kerala B. 2015)

A | PT]_..L: ,: ™ _,--' L
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(i11) If the area of a circle increases uniformly, then show
that the rate of increment of its circumference is inversely
proportional to 1ts radius. (W. Bengal B. 2016)

6. The radius of a circle 1s increasing uniformly at the
cm/s. Find the rate at which the area of the circle 1s
increasing when the radius 1s 10 cm.

(N.C.E.R.T.; Untarakhand B. 2015 ; H.P.B. 2010)

7. The radius of an air bubble 1s increasing at the rate

rate of 3

;1 . . _ .
of —cm/s. At what rate 1s the volume of the bubble increasing
(N.C.E.R.T")
8. The radius of spherical balloon is increasing at the
rate 5 cm per second. At what rate 1s the surface of the balloon
increasing, when the radius 1s 10 ecm ? (P.B. 2010 §)
9. The radius of an air bubble is increasing at the rate of

()-5 cm/s. Find the rate of change of its volume, when the radius
1s 1 cm. (Meghalava B. 2017)

when the radius1s 1 cm ?

(b) The volume of a cube 1s increasing at the rate of
8 cm?/s. How fast is the surface area increasing when the
length of an edge 1s 12 ¢cm ? (N.C.E.R.T.; H.FP.B. 2010)

(¢) The volume of a cube 1s increasing at the rate of
7 cubic cenuimeters per second. How fast 1s 1ts surface area
increasing at the instant when the length of an edge of the
cube 1s 24 ¢cm ? (Meghalayva B. 2014)

4

13. (i) A particle moves along the curve y= — x> +5.

Find the points on the curve at which the y-coordinate
changes as fast as the x-coordinate.

(if) A particle moves along the curve 6y = x? + 2. Find
the points on the curve at which the y-coordinate is Lh;:mgmg

8 times as fast as x-coordinate.

(N.C.E.R.T. ; Meghalaya B. 2015)

(it1) A particle moves along the parabola v2 4x. Find
the co-ordinates of the point on “the parabola where the rate
ol increment of abscissa 1s twice the rate of increment of the
ordinate. (W. Bengal B. 2018)

"— P g —— "_;
11_ l].,,_:h .:":rll.- A 1':‘;_] -i';K" 'E; ] | :II'
PR PN

15. The total cost C (x) associated with product of ‘x
units of an item 1s given by :
C (x) = 0-005x> — 0-02x% + 30x + 5000.
Find the marginal cost when 3 units are produced.

(N.C.E.R.T. ; C.B.S.E. 2018)



16. The total revenue 1n rupees recerved from the sale
of “x” units of a product 1s given by :

R (x) = 7x2 + 50x + 1109.

Find the marginal revenue when 10 units of the product
are sold.

17. Total revenue from the sale of ‘x” units of a product
IS given by :

x2

R (x)= 40x — 7
Find the marginal revenue when x = 6 and interpret 1t.

18. (i) A man 160 ¢m tall, walks away from a source
of light situated at the top of a pole 6 m high at the rate
of I-1 m/s. How fast 1s the length ol his shadow increasing
when he 1s 1 m away from the pole ?

(ii) A man 2 metres high walks at a uniform speed
of 5 km/hour away from a lamp-post 6 metres high. Find the
rate at which the length of his shadow increases.

(N.C.E.R.T.; Mizoram B. 2016; H.P.B. 2014)

19. The length x, of a rectangle 1s decreasing at the rate
of 5 cm/ minute and the width y. 1s increasing at the rate of
4 cm/minute. When x = 8 cm and y = 6 ¢m, find the rate of
(A.LLC.B.S.E. 2017)

20. The volume of a sphere is increasing at the rate
of 8 ¢cm3/s. Find the rate at which its surface area is

change of the area of the rectangle.

increasing when the radius of the sphere 1s 12 c¢m.
(A.LLC.B.S.E. 2017)
21. The length ‘x" of a rectangle 1s decreasing at the
rate of 3 cm/m and the width “y’ 1s increasing at the rate of
2 cm/m. Find the rates of change of :

Long Answer Type Questions

26. Water 1s running into a conical vessel, 15 cm deep
and 5 ¢cm 1n radius at the rate of 0-1 cu. cm/s. When the water
1s 6 cm deep, find at what rate 1s :

(a) the water level nising ?

(a) the penimeter (b) the area of the rectangle when

x=8cmand y =6 cm. (PB. 2014 S)

22. An edge of a vanable cube 1s increasing at the rate
of 3 cm per second. How fast 1s the volume of the cube
increasmg when the edge 1s 10 cm long ?

(N.C.E.R.T.: Kashmir B. 2016)

23. (i) Water is dripping out from a conical funnel at the
uniform rate of 2 ecm3/s through a tiny hole at the vertex at
the bottom. When the slant height of the water 1s 5 cm, find
the rate of decrease of the slant height of the water.

(if) An inverted conical vessel whose height 1s 10 ¢m and
the radius of whose base 1s 5 cm 1s being filled with water at
the uniform rate of 1- 5 cu em/m. Find the rate at which the
level of water 1n the vessel 1s nsing when the depth 1s 4 cm.

24. A ladder 5 m long 1s leaning against a wall. The
bottom of the ladder 1s pulled along the ground, away from
the wall, at the rate of 2 m/sec. How fast 1s its height on the
wall decreasing when the foot of the ladder 1s 4 m away from
the wall ?

(N.C.E.R.T.; Jharkhand B. 2016; A.l.C.B.S.E. 2012)

25. The radius of a circular soap bubble is increasing at
the rate of 0-2 cm/s. Find the rate of change of 1ts :

(I) Volume (II) Surface area

when the radius 158 4 ¢cm.

(b) the water surface area increasing ?

(c) the wetted surface of the vessel increasing ?

_Answers |

.

-

1. 10 T em%/cm.
2. 4T

3. 900 cm?s.

4. 20m cm/s.

5. (i) 1-4m cm/s.

6. 60T cm?/s.

(1) 64T cm?/s.

7.2 emS/s.
8. 400 T cm?/s
9.0-4 Temdls.

9
10. isn(?.x+l)2_

11. (i) l cm/s (i) 400 7 cmA/r.

T
8 7
12. (a) 3-6 cm?/s. (b);cmzls. (E]Eumzls.
1 31 1 29 | 3
o ) [l SENcb W | [ S |
" [2 6“26] e ’( 3)

(i11) (— 4, 4).



14. 125 7w ecm?/s ; r = 2h.

15. 30.02 units,

16. 190 units.

17. MR = 34 units, MR increases when an additional

unit beyond 6 units 1s sold.

5
18. (i) 0-4 m/s. (i) = km/h.

) ;
19. 2 cm</minute

20. 768 7 cm?/s

21. (a) -2 cm/m.(b) -2 cm2/m.

22. 900 cm?>/s

—" Hints to Selected Questions —————————@-©- - -

dr

NV C=2nr.—=0-7.
5. (i) 7
£=Zﬁ£=h(0-7)=l*4ﬂrcm/s.
dt dt
dV d
7. Here V =in ,r3 SO that —=4mn ir'2 _r
3 dt dt
Findﬂ when r=1 and £=l
dt d 2
8. Here S = 471 2 so that £=8:ﬂ: rﬂ.
dt dt
Find ﬁ when r= 10 and £=5.
dt dt

| 3
4 (3 ¥ o \
c =—=a|—2x+1)| =—ax(2x+1).
10. V 3.?!(4( b 3 )) 163!( x+1)

—_— = in.3{2x+l)z.2=-2—7:r(21+1_}2.
dx 16 8
dx
3 7
12. (a) —(x7) X =
d 9 3
: — — _:_2 "'{l)

2

cm/s,

23. (i)

2571 sin? a cos a

where “o0’ 18 the semivertical angle of the conical funnel
-
(i) —— cm/m.
87

8
4. m/s.

64 327
25. () T (IT) T*
26. (a) —l-cm/s-. (b) Lnu*m2 /.
407 30

V10
30

(C) {:m2 /s.

Now S = 6x2.
dx 3 36
a 12x—=12x(—]=—
dt [ _;[2 X
dS] 36 - ;
e S I— = —=7.0CIn ]
Hence dt] o 10

, _
13. (i) Here y =E x> +5 50 that d_y =4x2.

dx
Now ﬂ=£:‘; Ey—=l —=4x2=1= xxt—:elc.
dt dt dx
16. R(x) =7x%+50x + 119.

R'(x) = 14x + 50.
R'(10) =14 (10) + 50 = 190 units.

. 1 <
23. (i) V:;n”z sin2 o) (I cos o), where "o 1s the

semi—vertical angle, and *I" is the slant height

so that = : T E;in2 oL cos OL. 332 ﬂ
dt 3 dt
Find £ when /=5 and ﬂ= = 1
dt dt



SUB CHAPTER

Increasing and Decreasing Functions

B ¥ A INCREASING AND DECREASING FUNCTIONS

Now we shall use differentiation to determine whether the function 1s increasing or decreasing or none.

(@) (1) INCREASING FUNCTION

A function f (x) is said to be an increasing function of x if :
f(x) increases as x increases
or f(x)decreases as x decreases.

Symbolically : x,<x, = f(x))<f(x,)
5 x2x, = f(x)2f(x,).

.. KEY POINT

( If fix) is an increasing function, then x and fix) both increase or decrease simultaneously. )

For Example : fix) = x2, x>0 is an increasing function of x because fix) increases as x increases.
(See the following table) :

x=]0]1]2]3
fx=]0]1]4]09

Theorem. For a function f(x) continuous in [a, b) if f’(x)20 for all x in (a, b), then f{x) is an increasing function in |a, b.

Proof. Let ox 20 and xe (a.b).

Since © f 7 1s an increasing function of x 1n [a, b,

X+0x2> x =  fix+ox)2 fix) | Def.]
=3 fix +0ox) —fix) =0
. s
= fxtan =T 0 [ 8x > 0]
ox
— +0x) —
- ﬁili}nﬁ J(x &:. f(x) >0 S £ 20

(1) STRICTLY INCREASING FUNCTION

=} Definition

o A function fix) is said to be strictly increasing function of x if N
X; <X, = f(-xl) ":f(xz]
orx; > x, =3 fx)>f(x,).




Theorem. For a function f (x) continuous in |a, b] if f’'(x)> 0 for all x in (a, b),
then f (x) is strictly increasing function in (a, b).
This can be proved as above.

. KEY POINT

C There can be functions, which are increasing but not strictly increasing. )

(h) (i) DECREASING FUNCTION

(=] Definition
i N

A function f (x) is said to be a decreasing function of x if :

f (x) increases as x decreases

or f(x)decreases as x increases.
X /i o

Symbolically : X, Sx, = f(x)2f(x,) or X, 2%, = f(x)<f(x,).

1!
For Example : f(x)=cosx,0< x < > is a decreasing function because filx) decreases as x increases.

(See the following table) :

= | 0

F{x)= | 1 |10

=3 [N

T
6 3
.87 | 0-5

Theorem. For a function f (x) continuous in [a, b] if f (x) €0 for all x in (a, b). then f (x) is a decreasing function in
la, b].

Proof. Let ox = 0 and x € (a, b).

Since ‘ f’1s a decreasing function of x in [a, b],

N x+0x2x = f(x+0x)< f(x) | Def.]
— fx+ox)—f(x)<0
| +0x) —
_ fi{x+ox)-f (x) - [ 8x> 0
Ox
lim  fGx+o)—f(x) _
ox—0 & =
= f(x)<0.

(ii) STRICTLY DECREASING FUNCTION
=l Definition
~ N

A function f (x) is said to be strictly decreasing function of x if :
X <Xy = flx))>f(x,)
or  x;>xy = f (x)) <f(x,).

. /

Theorem. For a function f (x) continuous in [a, b), if f" (x) < O for all x in (a, b), then f (x) is strictly decreasing function in
(a, b).

This can be proved as above.

. KEY POINT

( There can be functions, which are decreasing but not strictly decreasing. )




(¢) MIXED FUNCTION | Y

A function may be increasing n a certain iterval and decreasing in another (;'
mterval. :
The function 1s neither wholly increasing nor wholly decreasing. !
Such functions are called mixed functions. A : B
In the adjoining figure, fix) is increasing in [a, c] and decreasing in [¢, b]. :
(d) GRAPHICAL REPRESENTATIONS (x=a) 1 (x=C) (x=D)
|
1
[
P I l =
X o} L M N X
YI
Fig.
Y‘
X'« 0 I}::-
: Y’
(N (1)
(INCREASING FUNCTION) (DECREASING FUNCTION)
YA
X'« 1 >
X ¢ X
vy’ Wy
(i) (V)
(STRICTLY INCREASING FUNCTION) (STRICTLY DECREASING FUNCTION)

X<

Y.ﬂ'

(V)
(NEITHER INCREASING NOR DECREASING FUNCTION)

Fig.



(e) MONOTONE FUNCTION
Zj| Definition

A function fix) is said to be monotone if it is either increasing or decreasing.

SOME USEFUL RESULTS

MIf Ixl< LLthen-I<x<I.
M)'If IxI<then-I<x<L
(2)If IxI>1, theneitherx<—-lorx>1l.
2 If Ix1>1 theneitherx<—lorx=>1.

(3) If (x — &) (x =B ) <0, then x lies between oL and 3, where B > a.
4) If (x — o) (x —B) >0, then x does not lie between o and 3, where B > oL

Frequently Asked Questions

Example 1. Without using the derivative, show that
the function f (x) = 7x — 3 is a strictly increasing function
in R. (N.C.E.R.T.)

Solution. Let x; and x, € R.
Now
= Ty —=3>x,-3
= f(x)) > f(x,).

Hence, *f "1s strictly increasing function in R,

Xy > X5 —, 7x| > 7.1'2

Exampe 2. Show that function :
f(x) = 4x° - 18x> - 27x - 7
is always increasing in R. (C.B.S.E. 2017)
Solution. We have : fix) = 4x> — 18x> + 27x - 7.
f(x) = 12x% — 36x + 27
= 12(x% - 3x) + 27

9
= 12(x2—3x+z)+27—27

3 2
= 12(1—'5) >0 Vx e R

Hence, fix) 1s always increasing in R.
Example 3. Find the intervals in which the function
f (x) is (i) strictly increasing (ii) strictly decreasing :
f(x) =x3-12x2+36x +17.  (C.B.S.E. 2009 C)
Solution. We have : f(x) = x> — 12x% + 36x + 17.
£ (x) = 3x% - 24x + 36.

(I) For f (x) to be strictly increasing function of x :

7{x) >0
= 3x2 — 24x + 36 > 0
= o8 +12>0

= x-2)(x-6)>0

= x<2orx>6.

Hence, f(x) 1s increasing in the iterval (— o0, 2) U (6, o).
—) O

—00 2 IS oo

Fig.

(IT) For f (x) to be strictly decreasing function of x :
fi(x) <0

> 32 -24x+36 <0
> x-8+12<0
> (x-2)(x-6)<0
= 2. <0

Hence, f (x) 1s decreasing n the interval (2, 6).

- S ——(_) B

Fig.
Example 4. Find the intervals in which the function
. y
f(x) = T—x" —5x2 +24x+12 is :

(a) strictly increasing (b) strictly decreasing.

(C.B.S.E. 2018)
Solution. The given function is
| y
fix) = T—x:‘ —5x2+24x+12.
4x°

£'(x) = T—3x2—101+24

=3 - 3x2 - 10x + 24.
Tixy =0
> r-3x2-10x+24 =0

Now,



> (x=2) (x*=x-12) =0

= (x-2) x-4)(x+3) =0

=> X ==32, 4

I‘_‘m - _|3 + ‘,lz — + ;
When x < - 3, then f'(x) 1s (=) (=) (-) i.e. —ve
When -3 <x <2, thenf'(x)is (=) (=) (+) i.e. +ve
When 2 <x <4, thenf '(x)is(+) (-) (+) i.e. —ve
When x > 4, then f'(x) 1s (+) (+) (+) Le. +ve.

Hence, fix) 1s strictly increasing in (— 3, 2) U (4, %) and
strictly decreasing in (— o0, — 3) U (2, 4).
Example 5. Find the intervals in which the function :
4 x
X+c0os"x,0<x< E

is strictly increasing or decreasing.

f(x) = sin?

Solution. We have : fix) = sin? x + cos? x.

f(x)=4 sin? x . cos x + 4 cos3 x (- sin x)

3 xcos x — 4 cos>

2

=4 s1n X SIN X

= — 4 sin x cos x (cos? x — sin? x)
= — 2 sin 2x cos 2x = — sin 4x.
(I) For fix) to be stricitly increasing function of x :
fiix)>0 = —smdx>0

— sindx<() = T<4dx<2m

o

n
= il e
4
(nm
Hence, fix) is strictly increasing in 29 )
A O —— e
—0 0 a | § )
4 2
Fig.
(I1) For fix) to be strictly decreasing function of x :
f'x)<0 = -smdx<(

= sméx>0 = 0<dx<nm

; B s
— 2 aE =,
4
. . . . n
Hence, fix) 1s strictly decreasing in O-E :
‘%‘
—00 0 by 4 JT 0o
4 2
Fig.

Example 6. Find the intervals in which :

f(x) = sin 3x — cos 3x, 0 < x < 7, is strictly increasing
or strictly decreasing. (C.B.S.E. 2016)

Solution. We have : flx) = sin 3x — cos 3x.
o f(x) = 3 cos 3x + 3 sin 3x.
Now f(x) =0 =3 cos 3x + 3sin 3x =0

=3 COS 3x. = — 81N 3x
-3n n li¢n
= tan3x=-1=3x= — or — or —
4 4 4
‘-0 < x < 7]
I’It 7ﬂmll‘n:
X = ’ e
T4 120 12

2 THhE pOHits X = n Jz liw divide the interval nto

4+ 12 12
four parts:

( n) [n: 'm) (m llﬂ:)(lln )
0, —|.|— —I|,| —,—|| —. T |.
A a2 12 12 )12

f'(x)>0=

f 1s strictly increasing.
f 1s strictly decreasing.
f1s strictly increasing.

f 1s strictly decreasing.

Hence, 'f" 1s strictly increasing in {],E U 7_7:#_1 In
4 12 12

n In | 17t

and strictly decreasing in [ —, —| U (—,, .
4 12 12

Example 7. Find the values of ‘x’ for which f(x) = x*;

x > 0 is strictly increasing or decreasing.
Solution. We have : fix) = x*. which is defined for x > ().
D

£ =10, o).
Now A)=x" = 5= elog s
— ﬂI} _ E,t]ug,x _
| d
i) = g% .E(.x lnge X)

| 1
_g¥oRx .[x.—+lug€ ¢ IJ
X

= ¢l%*" (1+log  x)

=x"(1+log. x).



(I) For fix) to be strictly increasing function of x :

, X
Fix)>=0 = x {]+10g€x):>n

= l+log x>0 [ x* > 0forx> 0]

— lﬂgef >S— ] = x>e!
1

=il X i
€

|
Hence, fix) 1s strictly increasing on [;-W .

(IT) For fix) to be strictly decreasing function of x :

ff<0 = x*(I+log, x) <0

= 1+log, x <0 [ X" > 0forx> 0]

— log x <— 1 = x<e
1

= X
e

. . : 1
Hence, fix) 1s strictly decreasing on ((J ,—J.
e

[ Dp= (0, =)]

Example 8. If a, b, ¢ are real numbers, then find the

intervals in which :

X+ az ab ac
f(x)=| ab X + b? bc
ac bc X+ cz

is strictly increasing or decreasing.
Solution. We have :

2

xX+a ab ac
f(x)=| ab x +b* bc
ac be x +c?
] (0 0
s fix)=|ab x+ b? bc
ac bc x+a:'2
I+H2 ab ac .1::+.~::.'2 ab ac
+ 0 1 0 |4+| ab x+b* bc
ac bc x+c® 0 0 1

= {x+b2}(x+c2)—b2r2 +{x+a2){x+c2}

2

—-a «:.*2+(J'r++r:;'2)(:!a:+.1.:ﬁ2)—.~:12b2

— x4+ 2@ + b +c)x

(I) For f(x) to be strictly increasing function of x :

fFiix) >0 = 3x2+2la2+b2+c2}x > ()

2
= 31(.1‘-%-—(&2 +b* +c2)] > ()

i
— (x+:(a2 + b? +c2}]x > ()

-

i,
i (x—(—%[az +b% +¢? )))(x—o) > ()

o)
= x<——;“-('ﬂ2 +:‘f::»2 +c'2) or x > ().

Hence, filx) 1s strictly increasing in :
=28 8 5
—W.T(H +b° +c ) U(O.W)

(IT) For f (x) to be strictly decreasing function of x :

flx)<0 = 3+ 2x (@2 + b2+ %) <0

— 3x(x+§(a2+b2+c2})<{}
2
— (x+§(a2+b2+c2})x{0
)
. (x—(—?{az +b% + 7 ))](x—ﬂ)e:{}

=3 9
— T[a2+b“+c2)¢x{().

2
Hence, f(x)1s strictly decreasing in (—'—{ﬂz +b%+c?), ﬂ].

3
Example 9. Show that :
X
1+x <log (1+x)<xforx>0.
| X
Solution. Let fix) =log (1 + x) — g

L X

o FU = s aan? = 0D

7 >0forx>0.

S f(x) >0torallx>0and £7(0)=0.

Thus fix) is increasing in (0), o).

Also f(0) = 0.
Now x>0 = fix)>f0)

— fix)>0

= (lug(l+x]— : ):a-ﬂ
1+x

X

= log (1 +x) > il 1)

1+ x



Again let g(x) =x—log (1 + x).
X

P T N S ST S |
5 & 14

g/ (x)>0forall x>0and g’ (0) = 0.
Thus g(x) 1s increasing in (0, o).
Also 2(0) =0.
Now x>0 = gx)>g0)= gx)>0

= [x-log (1l +x)] >0

=" x>log (1 +x) (2}
X

Combining (1) and (2), <log (I +x)<xforx> 0,

l+x

which 1s true.

Fast Track Answer Type Questions

1. Show that the following functions are strictly
increasing on R :
(@) f(x)=3x+17 (b) (i) fix)=€* (ii) f(x) = .
(N.C.E.R.T.)
2. Without using the dervative, show that fix) =1 x11s:
(@) strictly increasing in (0, =)
(b) strictly decreasing in (— ==, 0).
3. (i) Show that the function f(x) = x> — 3x? + 4x,
x € Ris stnictly increasing on R.
(N.C.E.R.T.; Kashmir B. 2016, 11 ; HF.B. 2011)

(if) Show that the function fix) = x> — 6x% + 15x + 4 is
strictly increasing in R. (Kerala B. 2013)

Very Short Answer Type Questions

Prove the following (6 - 10) :
6. (i) filx)=cosxis:
(I) strictly decreasing in (0. )
(II) strictly increasing in (7, 27)
(ITI) neither increasing nor decreasing in (0, 2m)
(N.C.E.R.T. ; Uttarakhand B. 2013)

2

|8
(if) fix) = cos?® x is strictly decreasing function in [ﬁ-—].

e ()fX) = s XIS

(I) strictly increasing in ([}, %)

2

d—

(IT) strictly decreasing in (E n]

(ITI) neither increasing nor decreasing in (0, )
(N.C.E.R.T")

7T
(1) fix) = 2sin x + | 1s an increasing function on [{LE] ;

(J. & K. B. 2011, 10)
8. f(x)=tan™! (sin x + cos x) is strictly decreasing function

| A | ¥
on EE .

9. The logarithmic function is strictly increasing on
(0, ). (N.C.E.R.T")

Prove the following (4-5) :

N 5 [ & a -
4. (i) fix) = x~1s a decreasing function for x < (), where
x eR

(if) fix) = x> — 8x, x < 4 is a decreasing function

(i11) fix) = % + 7 1s strictly decreasing for x € R (x #0).
5. () fix) = x>=3x% +3x—-100
1s increasing function on R (N.C.E.R.T.)
(ii) ix)=x> - 3x*+4x.x ER

1s strictly increasing. (Kerala B. 2018)

|
10. (i) f(x) = log sin x is strictly increasing on {0! E}

I8
and strictly decreasing on (*; ; ﬂ].

(N.C.E.R.T.; H.F.B. 2014, I11)

" . n
(i1) f (x) = log cos x 1s strictly decreasing on (U, ?) and

. . . -
strictly increasing on [7. :r[] :

(N.C.E.R.T.; Jammu B. 2018; H.P.B. 2011)
11. Show that the function :
fx)=x>-3x*+6x - 100
1s increasing on R. (A.LC.B.S.E. 2017)
12. (a) Find the intervals in which the following functions
are increasing :
(i) 2x° - 3x (H.B. 2011)
(ii) 10 — 6x — 2x2. (H.B. 2011)
(b) Find the interval in which 2x3 + 9x% + 12x — |
1s strictly increasing. (Kerala B. 2017)
(¢) Find the intervals in which the functions :
(i}f(x]:.xj ]
(i) 30 — 24x + 15x% — 2x°
are strictly decreasing.
13. Prove that filxy= 12 — x + | 1s neither increasing nor
decreasing strictly on ( — 1, 1). (N.C.E.R.T))

(F.B. 2011)



14. (i) Find the values of ‘a’ for which the function :
f(x) = x* = 2ax + 6 is increasing when x > 0.
(i1) Find the values of *a’” for which f(x) =smx—ax+ b1s
decreasing function on R.

15. Find the values of “x” for which y =[x (x - 2))? is an
(NNC.ERT; AILCB.S.E. 2014)

Determine for which values of x, the following
functions (16 — 18) are increasing or decreasing :

increasing function.

16.fix) = —3x% +12x+8.

17.() fix)= x> —12x (i) f(x) = 2x> —24x +107.

Short Answer Type Questions

Determine the intervals in which the following
functions (20-29) are strictly increasing or strictly

decreasing :
20. (i) fix) = 2x> — 3x
(1) f(x)= X2 +2x=5
(N.C.E.R.T.; Kashmir B. 2016; H.F.B. 2013, 10)
(iii) f(x)=10—6x—2x>

(N.C.E.R.T.; HF.B. 2016, I3, 12, 10; Mizoram B.
2015 ; P.B. 2010)

(Kashmir B. 2016)

(iv) f(x)=6-9x —
(N.C.E.R.T.; HPB. 2012, 10 ; PB. 2010)
(v) f(x)=x*—-4x+6
(N.C.E.R.T.; Kerala B. 2016, Karnataka B. 2014)
3 ,

(vi) fix) = 2144‘%1

3 D s —
—2x —6x+7 (J. & K.B. 2011)

4

2+ x
(C.B.S.E. Sample Paper 2018)

(vii) fix) =—3 log (1 +x) + 4 log (2 + x) —

21. (i) f(x)=20—9x+6x>—x> (PB. 2012)

(i) f (x) = 2x3 — 15x% + 36x + 17.
22. (i) f(x)=23-9x2+ 12x+ 15
(i) f (x) = 2> = 3x2 - 36x + 7.

(N.C.E.R.T.. HPB. 2017, Kashmir B. 2017;

H.B. 2017, Jammu B. 2015 ; Meghalava B. 2013)

(C.B.S.E. 2010)

23. (i) f(x)= x> —6x>+9x+8 (PB. 2010)

(ii) f(x)=4x° —6x*>—T2x+30.
(N.C.E.R.T. ; Kashmir B. 2017; H.P.B. 2017, 16)

24. (i) f(x)=2x—12x2 +18x +5 (PB. 2010)
4x% +1
(i) f (x) = .
X

18. (i) f(x)=x* - 2x°

(i) f(x)= x> +—.x 20, (N.C.E.R.T))

X

19. For what values of *x are the following functions
increasing or decreasing ?

1
(Hy=x+—,x#0
b
(i) y=5x2 —_3x32 xs0. (PB. 2010)

25.(i) f(x)=—2x>—9x>—12x+1

(NNC.ER.T.: HPB. 2017, 16, 13, 12: Jammu B. 2016)
(i) f(x) =x> + 3x2 - 4.

26. (i) f(x)=2x" —15x* +36x+6

(i) f(x)=(x—1D(x—2).
(Bihar B, 2014; H.B. 2011; A.I.C.B.S.E. 2009 ()
3 4 36

4 2
‘ - —X ==X —3x"+—x+1lI
27. (1) fix) 0 s 5

(N.C.E.R.T))

(i) f(x) =3x*-4x> - 122 + 5. (C.B.S.E. 2014)

28. f(x)=(x+1 )3 (1—3)3-{1"~T.('.E.R.I r Jammu B. 2015)

29. f(.:vc]:.JLrB +6x°.

30. On which of the following intervals 1s the function

f° given by f(x)=xlm+sinx—l strictly increasing ?

18 | T
@ (-1.1) B O 1 () [57] @|05]

rF

(N.C.E.R.T)
31. Find the intervals in which f(x) = sinx—cos x, where
0 < x< 2w, is strictly increasing or decreasing.
32. Find the intervals in which the function *f” given by :
(i) f(x)=sinx+cosx, 0<x<2m

(N.C.E.R.T.; HB. 2017; P.B. 2015 ; Kashmur B. 2012 ;
C.B.S.E. (F) 2011; A.LC.B.S.E. 2009)
(i) fix)=sinx—-cosx,0<=x<2nt
(Kashmir B. 2011 ; J. & K.B. 2011; C.B.S.E. 2010)
1s strictly increasing or strictly decreasing.
33.Find the intervals in which the function

f(x)=2x>=9x% +12x+29 is :

(1) monotonic ncreasing (i) monotonic decreasing.



34. Find the intervals in which the function given by

fix) = sin 3x, x € |:O,

(@) Increasing

B |
—1 35 3
?J

(b) decreasing.

(NNC.E.R.T.: Assam B. 2018)

Long Answer Type Questions

36. If x> — 1, show that :

(b) (= o, -2)

U (- 1

e e

& .n 2
decreasing on | 0,— | ?

35. Which of the following functions are strictly

2
(1) COS X

(111) cos 3x

X

(it) cOs 2x

(1v) tan x.

(N.C.E.R.T.)

F —log (1 + x) + 9 1s an increasing function of x.
b

. Answers |

Y

-4
(c) (i) (T 0) (if) (- 00, 1) U (4, ).

4. (Ha=<0@Gi)a=1.
1S. x€ (0. 1) and x € (2, =).
Increasing

16. (—<==,2)

17. (i) — (i) (—o0,—2)U(2,0)
18. (i) (=1,0)uU(1,0)

(if) (—oo,—1)U(],o0)

19. (i) (—eo,—1)U(1, o)

(11) (0, 1)

Strictly Increasing

20. (i) (%*m)

(11) (—1,20)
-3

il R

il

o 9
) s

=

(v) (2, c0)
()= 3, — |)

|
|

U (2, =)

(vii) (— oo, — 4) U (0, o)

21.() (1,3)

(i1) (— o=, 2) U (3, =)
22. (i) (===, 1)U (2, o0)

(it) (=0, =2) U (3, =)

Decreasing
(2,00).
(-2, 2).
(-1, 1) —10}.
(- 1,0O)u @, 1)
(1,00).
Structly Decreasing

(o3

(— o=, 2)

(—o,-3)U(-1,2)

(—4, 0).

(=, DU (3, »)
(2; 3);

(1, 2)

(=2, 3).

23.(i) (— oo, 1)U (3, o)
(if) (—o0,—2)U (3, )
Strictly Increasing
24.(i) (— oo, 1)U (3, )

l |
o =gofs

S —-2-—1)
(11) (— oo, — 2) U (0, =)

26. (i) (—,2)U (3, »)

3

4
(i) (—m, —)U(lm)
27. (1) (-2, 1) U (3, =)
(11) (= 1,0) U (2, )
28.(1, =)
29. (0, <o)

30. (b), (¢). (d).

Strictly Decreasing 1n (

(1,3
(— 2. 3).

Strictly Decreasing
(1, 3)

(oo, —2) U (-1, =)
("' 2# 0)
(2, 3)

(o=, — 1)U (0,2)
(— o0, 0) U (I, 2).
(=, 1)
(=0, 0).

31. Strictly Increasing in [O. %J U [%m ; 21{)

in In

4

32. (i) Strictly increasing in

Strictly decreasing in [

4

IHSR)
" 4

=)

R¥ 4 I
(i1) Stnctly increasing in [0, T)U (T 2.?1:]

Strictly decreasing n (

3 7::]

ik

4

33. (i) (— oo, 1) U (2, e) (@) (1, 2).

‘ n =
(b) Decreasing on |

35. (1), ().

62

|
34. (a) Increasing on [O, ;}

|
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— " Hints to Selected Questions ————————@-©- - - —

10. (i) Here f(x) = log sin x. 30. f(x) =x"%4ginx-1.
1 7
| = .cosx=cotx>0forallx€|0,— ~ ' = P 4 cos
1 % . Cosx =cotx _ or all x ( 2] S JIX) 100x77 + cos x.
S il (EJ)_ Hence, f'(x) > 0in (b). (c) and (d).
13. Heref(x)=x*-x+1. 34. f’(x) =3 cos 3xso that f'(x) =0
| | , ,
) =2~’f—l=2(1"5)>0“’hﬂ31}5 = cosdr=0=s M= x=%.
0 wh -c:l | n =n ; : .
5 RS When x € P , f(x) <0 = f(x) is decreasing.
Hence, ‘f 1s neither increasing nor decreasing in (0, 1).

SUB CHAPTER
6.3 Tangents and Normals

B &N TANGENTS AND NORMALS

Now we shall use differentiation to find the equations of tangent and normal to a curve at a given point.
Let y = fix) be the curve.
Let KPT be the tangent to the curve at the point P(x’, ).
Let Z TKX = .

: dy .
Since 3= Slope of the tangent at any point,

| dy ity g

o at P = tan y, which is also called as gradient

mmv=()
or m=tan J = ol
P

(i) The equation of the tangent at P (x”, y)isy -y =m (x - x’)

,_(dy ) ;
d s : — (x — -I )'
ie. ¥ =¥ [ x o

. , dy
(ii) Since the slope of the tangent at P=|—1 |
dx ) p

. the slope of the normal at P=_L '

@

dx P

.. The equation of the normal at P (x", y') is :
’ 1

L
dx P

(x—x")

ie. (y-y’)[%)P +(x—x")=0.

Here P is the point of contact.



Particular Cases :
Case 1. When the tangent is parallel to the x—axis.

Here y=0" . tany=0 o —=0.

Thus the equation of the tangent at (x’, y)is y =y’

Case II. When the tangent is perpendicular to the x—axis.

n
Herey=2— . coty=0 co=—=0.
2 dy

Thus the equation of the tangent at (x", y) 1s x = x".

BN Y8 ANGLE OF INTERSECTION BETWEEN TWO CURVES

=j| Definition

y = f(x)

TANGENT
>
> X
}_
pd
L
)
=
=
90°
1 > X
v

The angle of intersection between two curves is the angle between the tangents to the two curves at

their point of intersection.

To find the angle between two curves C, and C,.

Let the two curves C; and C, meet at P. Let PT, and PT, be the tangents at P to the two curves C,; and C, respectively.

. my, slope of PT, = tan Y, and m,, slope of PT, = tan y,.

If ‘0" be the angle between the two tangents,

then 0=vy,-vy,. tan 6 = tan (Y, — y,)

tan Y, — tan Y,
l+tan Yy tan ¥,

(Ez) (EJ_{]
dx Cl dx C2
Hence, tan 0 = |

(@, (3
,, & Cs

Note. The other angle between the tangents = 180° — 6.

— tan 0 =

. KEY POINT

P X

( Generally, the smaller of the two angles 1s the angle of intersection.

B Y ORTHOGONAL CURVES

If the angle between the two curves is a right angle, the curves are said to be orthogonal curves.

Here 6=—.



Frequently Asked Questions
Example 1. Find the slope of the tangent to the curve :
x =at, y =2atatt =2, (J. & K.B. 2010)

. . . )
Solution. The given curve i1s x = at*, y = 2at.

="28F: ~—F =24

| —

: dy
Hence, slope of the tangent at r = 2 = — =
dx t=12

Example 2. Find the point at which the tangent to

| 2
the curve y = J4x— 3 —1 has its slope 3 (N.C.E.R.T")
Solution. The given curve is y = J4x—3- 1 vorill)

2
By the question, slope = E

2 2

\/41—-3 3

=3 I\/4.,t-3=3.

—

Squaring, 4x-3=9 = 4x=12 = Xx=3.

Putting in (1), y= y4(3)=3-1=v9 - 1=3-1=2.

Hence, the reqd. point 1s (3, 2).
Example 3. Find the equations of all lines having

2
slope 2 and being tangents to the curve y + 3=0.
K —
(N.C.E.R.I.; Assam B. 2018)
9
Solution. The given curve is y + — 3 =(
x —
-2
= = 24 1)
g xX—23
b __ 2
d’: (.1.' = 3)2
2 g
By the question, =2 = x-3)=1
(&—3)
= ¥—3=2] =5 ®=,4
-2 =2
When x =2 then from (1), y = =—=2
2-3 -1
: -2 =2
When x =4, then from (1), y = = ==2.
4-3 1

% [ =
{ |II ‘| L : {
II I- _ I - ‘

Thus there are two tangents to the given curve with
slope 2 and passing through (2. 2) and (4, — 2).

. The equation of the tangent through (2, 2)1s:

y-2=2(x-2) = y-2x+2=0
and the equation of the tangent through (4, — 2)1s :
y—(=2)=2(x-4) = y-2x+10=0.
Example 4. Find the equation of the tangent to the
X~ _ x—7

sre = (x—2)(x—3)(y_ x’ —5x +6
where it cuts the x-axis.

(N.C.E.R.I.; C.B.S.E. 2010 C, 10)
Solution. The given curve 1s :

] at the point,

x—7 x=1

X2 =5x+6 (x—2)(x-3)

Y= D)

This cuts x-axis (y = 0), where :

B x—17
C(x=2)(x-3)

0

I
-

=% - =) =% %

Thus (1) cuts x-axis at (7, 0).
(1) can be writtecnas (x—2) (x—-3)y=x-17.

Infl wrt. x e—=2)(x—=3) ﬂ +(x=2)(1)y

| +(Dx-3)y=1
=% {.x—E}Lr—B}Q:l—v{lx—S}

dx -
. dy _ 1-y(Q2x-5)

dxA (x-2)(x-3)

dy] -0 1
dx}q70 (1-2)(7-3) 20°

. The equation of the tangentis y— 0 = >0 (x—7)

= 20=x-7 => x-20y-7=0.

Example 5. Find the equations of the tangent and the
normal to the curve 16x* + 9y* = 145 at the point (x,, y,),
where x;, =2 and y, > 0. (C.B.S.E. 2018)

Solution. The given curve is 16x% + 9y% = 145 i

Since (xy, y;) hes on (1),

16xi + 9yf =145

= 16(2)% + 9y2 = 145

= 9yf =145 - 64

= 9yZ =8l

= yi =9

= Y =3 [+ ¥, > 0]

Thus, the point 1s (2, 3).



Daff. (1) wart. x

d
32x+18yzy — ()

dy 32x
= — e AL
dx 18y
5 @ __l6x
dx Oy

Il

21,563
dx 12 3) 93/, \21)

(1) The equation of tangent 1s :

=32
y—3 = 57 (x—2)
= 27y - 81 =-32x+ 64
T 32x + 27y = 145.
(i1) The equation of normal 1s :
-
y-3=33(=2)
= 32y —-96 =27x+ 54
= 27x - 32y +42 =0.

Example 6. Find the equations of the tangent and
normal to the curve given by : |
T

x=asin 0,y =a cos’ 6 atapoint.,where@=;*.

(C.B.SLE. 2014)
Solution. The given curve is :

x=asin’ 0, y=acos’ 6 A1)
-

g = 3a sin? @ cos 6, % = — 3a cos* O sin 6,
dy dyfdﬂ —3acos? Osin _ —cos 6
dx  dx/d0  3g5in%6cos 6 sin 0

T
. Slope of the tangent at 6 = 2 1S :
dy Tl =
dx |o=" = 3 = ot ==—1
L 4
sin —
4

and slope of the normal = 1.

b
When 6 = 1 . then from (1),

" The equations ul the tangent and nurnml to (1) at
T
0 = 7 e
2a a
= X+ V= m =>.r+y=ﬁ
_ a
and y—m— I)(x—zﬁ)
a | a

= y—zﬁz I—Zﬁ = I—}'=”.

T_—

N {'”(“"‘%]

Example 7. Find the equations of the tangent and the

7
nurmaltuthecurvex=l—cusB,y=B—sin93t9=z-
(A.LC.B.S.E. 2010; J. & K.B. 2010)
Solution. The given curve isx=1-cos 0,y =0 —sin 6.
dx dy
—=38mf, —=1-cosh.
do do
.3 8
dy dy / db l—cﬂsﬁ_ S 7
dx dx/d0  sin® " 6 7,
Z SN —CO8 —
2 2
. 0
sin —
i S
= ﬁ—tanz.
COS —
2
i/ b ]
At 0=—. x=1—-cos—=1——,
7 cos— 7 -
T T T 1
y=—-—-8In—= - and ﬂ=lﬂ.ﬂ£
ﬁ dc 8

(IT) Now slope of the normal = —cot —.,
. The equation of the normal 1s :
JU | T

~(5-) = —eoE(e-1v )

Example 8. Find the equation of the tangent to the curve
x> + 3y = 3, which is parallel to the liney — 4x + 5 = 0.

(C.B.S.E. 2009 O)
Solution. The given curve is x* + 3y = 3
5 ,_}
=% }‘25{3—1“'} sl 1)
& Lo .. B
Ex" = E (0 -2x) = —=—x,

which 1s the slope of the tangent.
But the tangent is parallel to the line y — 4x + 5 = 0, whose
slope 1s 4.

Thus —

wlml

X = -I- [.'.

= X=—0:

From (1), y = (3 —36)=-11.

I
3
Thus the point of contact 1s (- 6, — 11).
. The equation of the tangent 1s :

v+ 1l =4 (x+6)
= y+ll =4x+24=>4x-y+13=0.

Example 9. Determine the points on the curve

x? + y2 = 13, where the tangents are perpendicular to
the line 3x - 2y = 0.
Solution. The given curve is ¥ +y:=13 1)

Let (xy, y;) be a pont on (1).



Then  x* +y? = 13 (2)
Diff. (1) w.r.t. x, .-'2.1vf+}lyﬂ =)
dx
dy X dy x|
— B R e = ——
dx Y B (2. 1) M

But the tangents are perp. to 3x — 2y = 0.

.I'I ( 3] | }I
o [l i o Tmm, =—
“\ ™% 5 l 12
-3.11
—_— _ -9
=5 T 1 = 3x; =2y, kD)
IS.I']
From (3), =7 .(4)
9 2
Putting 1in (El.xlz +~% =13
2
I 3x
= 4' = 1% = 5 =d=x =2l
| 3
When x; = 2, then from (4), y, = ;(2) =

el

When x; = - 2, then from (4), y, = 3 (—'2) =— 3.

Hence, the reqd. points are (2, 3) and (- 2, — 3).

Example 10. Show that the equation of normal at
any point ¢’ on the curve :

x=3cost— cos’tandy = 3sint-sindtis:

Ay cos3 t — x sin3 t) = 3 sin 4t. (C.B.S.E. 2016)

Solution. The given curve is :

x=3cost—cos>tand y =3 sin ¢ — sin3 1.

A, t — 3 cos? 1 (- sin 1)
— = -3 sint— 3 cos“ t (- sin
dt .
= -3sint(l-cos?t) =-3sintsin®t=-3sin’ ¢
d _ :
and -FJ:- = 3 cos t— 3 sin® tcos t =3 cos t (1-sin? 1)
= 3 cos 1 cos® t = 3 cos® 1.
dy dyldt 3cos't cos’ 1
dx dx/dt —3sin’t  sin’t’
. 3
S
“. Slope of normal = 1n3£ .
Cos™ 1
. The equation of the normal at t" 1s:
‘ < sin” ¢ 3
y—(3sint—sin’ f) ==~ (x -3 cost+cos’ 1)

COS [
= ycos> t— 3 sintcosd t+ sind t cosd ¢
= x sind 1 =3 cos ¢ sin3 ¢ + sin3 1 cos3 ¢
3¢ =23sintcost(cos?t—sin? 1)
3 3sin 2zt cos 2t

[ = >

= Y cos> f — x sin

= cos> t — x sin

3 in3 Y
= Yy CoS” I —xSIn~ ¢ =I:-;tn4f

= 4(y cos> 1 — x sin’ 1) = 3 sin 4¢, which is true.

Example 11. Prove that :
| % n n | X
(—] + (1) = 2 touches the straight line — + J
a b a b

for all n € N at the point (a, b).
(Meghalaya B. 2017)

n ; n
Solution. The given curve is (i) + (%) =12,
a
Diff. w.r.t. x,

| n-1 n-1
a a b b dx

dy__ b".x"_l

— = T
dx ﬂ" yﬂ—
n _n-—1
A[(a‘bl*ﬂ:_b s =_£-
dx g™ .5} a
. The equation of the tangent at (a, b) 1s :
_ -
y-b=-—(x-a)

a
= ay—-ab=-bx +ab
= bx+ay=2ab

X e = 1
— —+l=l which 1s independent of n.

a.

x n n Xy
Hence, | —] + 2 =2 touches the st. line —+==2
a b a b

for all n € N.

Example 12. At what points will the tangent to the
curve :

y = 2x° - 15x% + 36x - 21

be parallel to x-axis ?

Also, find the equations of tangents to the curves at
those points.

Solution. (i) The given curve 1is :

y= 2x0 —15x* +36x—-21  ...(1)
- d 5

Diff. w.r.t x, Z = 6x° —30x+ 36.
Since the tangents are parallel to x-axis,

d

Ey = 0=>6x2-30x+36=0
= %= SE+b= 05 E—2DE=-F =D
= xi= 2.3

When x = 2, then from (1),
y= 2(8)-15(4) + 36 (2) - 21
= 16-60+72-21=88-81=7.
When x = 3, then from (1).
y=2R27-1509) +36 (3) - 21
= 54 - 135 + 108 - 21
= 162 — 156 = 6.
Hence. the reqd. points are (2, 7) and (3. 6).
(1) The equations of the tangents are :
y—-7=0andy-6=90
.e. y= Tand y=06.



Example 13. Show that the curves :
xy = a2 and x? + y% = 2a? touch each other.

Solution. The given curves are xy = a? ekl )
and x2 + y? = 2a° il 2)
ﬂ?
From (1), y=— ..(3)
 ;
i
Putting in (2), x* + —2:2«:{2
X
=x*-2a*x2 +a*=0
= P —a®)*=0
2 iz
— xc—a= =10
= Xx==%a
When xX=a,y=a.
When X=-a,y=-a.

Thus (1) and (2) meet at A (a.a) and B (- a, — a).

. dy _a*
Now [rom (3), —= )
dx x2
el
s TangentatA(a,a)to(l)i1s y—a= 3 (x —a)
a
— y—-a=—-x+a
= x+y=2a (D)
| | d
And from (2), 2x + 2y = =0
dx
- X
:} ﬂ:—_
dx y
o Tangentat A (a,a)to(2)1s y -azi(x—a_}
a
= y—-a=-x+a
= x+y=2a ..(9)

From (4) and (5), given curves touch each other at A (a, a).

Similarly, given curves touch each other at B (- a, — a).
(Do it)
Example 14. Find the angle of intersection of the

following curves :

xy = 6 and x%y = 12.

Solution. The given curves are xy =6 (1)

and xy=12 42}

From (1), y=£ sl )
X

6
Putting in (2), x° (-]: 12 3 6x=12=x=2.
X

=3

|

Putting in (3), Y=
Thus the given curves intersect at P (2, 3).

d
Daft. (1) w.r.t. x, x—y+ y(1)=0
dx

d
= ot SR
dx X
| d 3
m1=— =—:.
dxliz,3 2
d |
DIff. (2), w.rl. x, x2 =+ y (2x) =0
dx
d 2
. dy _ 2y
dx X
. dy} 2 (3)
. "12 = — e = =_3_
dx |5 3 :

If *0° be the angle between the given curves,

m1 —mg 2

[h'ﬁ'n [ﬂﬂﬂ: 1+ —
mym 3
e 1+(T)("3’

Hence, 0 = tan™ [li-]
]

Example 15. If the curves ax? + by = 1 and a’x*> + b’y® = 1

intersect orthogonally, prove that :

CUurves .

p 1 b1

a aa b b
Solution. If (x, y,) be the point of intersection of the
ax?+by*=1.(1) anda'x*+b'y*= sle);
then H.I12 +by12 =1 A3)
and {I’I]E +b"}112 =1 ..(4)

Diff. (1) w.r.t. x, 2ax + 2by %= 0

— ﬂ: — E
dx by
I dy ax
mj =—} = B sl 3)
(X1 9) 84
Similarly m dy} £ 6
Similarly My =—-= R «A0)
dr (Il .}‘1} b yl
The two curves intersect orthogonally
= mm,=-|

[Using (5) & (6)]

= | ——=| = =—1]
by, by,

o aa’ xi = — bb’ y} <(7)



Subtracting (4) from (3),
@-a)x*+(b-b)y*=0

= (a—ﬂ'}xlzz—(b—b')yl: ..(8)
Dividing(8) by (1), 2= % 22
ad bb’
T dF i 0 9 1 1 1
= ———=——— = ———=———
a a b b a a b b

which 1s true.

Example 16. Find the values of ‘x’ for which
f(x) =[x(x- 2)]2 is an increasing function. Also, find the
points on the curve, where the tangent is parallel to
X-axis. (C.B.S.E. 2010)

Solution. (i) The given curve is :
y=fx) = [x(x-2)°
= (% —2x)F =at — AP 4 e (1)
f'(x) = 4 — 12x% + 8 A2)
f'(x) = 4x(x*=3x + 2)
f x)= d4x(x-1) (x-2).

Y

\

When x < 0, then :
f'(x)=4(=ve)(—ve)(-ve)<0
When 0 < x < 1, then :
fx)=4(HFve)(-ve)(—ve)>0
When 1 < x < 2, then :
f'(x) = 4 (+ ve) (+ve) (-—ve) <0
When x > 2, then :
f'(x) = 4 (+ ve) (+ ve) (+ ve) > 0.
Hence, f (x) 1s increasing when O <x < 1 orx > 2

i.eewhen x € (0, 1) U (2, ).

i —_ R ye—
—00 0 1 2 ee

(if) The tangent 1s parallel to x-axis = f' (x) = 0
2>4x(x-1)(x-2)=0=>x=0,1, 2

When x = 0, then from (1), y = 0.

When x = 1, then from (1), y=1-4+4 = 1.
When x = 2, then from (1), y =16 - 32 + 16 = 0.
Hence, the required points are :

(0. 0). (1, 1)and (2, 0)

EXERCISE 6 (¢)

Fast Track Answer Type Questions

1. (a) Find the slopes of the tangents to the following
Curves :

(i) y=(x-2)* atx = 1 (Kerala B. 2018)
() y=x—x atxy=2 (N.C.E.R.T.)
(i) y=3x*-4x atx=4 (N.C.E.R.T))

(iv) y=3x*—4x atx =1 (Kashmir B. 2012)

x—1

gD atx= I (N.C.E.R.T.)

(v) y=

$—2

(b) Find the slope of the tangent to the curve :

(i) y=x>—3x + 2 at the point whose x-co-ordinate 1s 3
(N.C.E.R.T))

(if) y=x—x+ 1 at the point whose x — co-ordinate is 2
(N.C.E.R.T.)

(iif) y = 3x% — 6x at the point on it. whose x-co-ordinate
18 2. (A.LLC.B.S.E. 2009 C)

2. Find the slope of the tangent to the curve :
y=x>—2x+ 8 atthe point (1, 7). (Bihar B. 2014)

3. Find the slope of the normal to the curve :

(@@ y=2x*-1at(l,1) (Ifripura B. 2016)

(f)y=x—x+latx=2 (H.B. 2011)

E
(b) (i) y = tan’x + sec x at x = - (H.B. 2011
. . E
(if) x = a(0 —sin B), y = a(l - cos 9)&19:;
(H.B. 2011)

It
(fiiyx=1—-asin 8, y = b cos? 0 at 9=E

(N.C.E.R.T. ; Jammu B. 2018, 14)

; : 18
(iv) x = a cos> 0. v=ada sin?0at ==,

4

(N.C.E.R.T.; Kashmir B. 2011)
4. Find the equation of the tangent line to the curve :
(i) y = 2x2 + 3y% = 5 at the point (1, 1) (Kerala B. 2015)
(if) y=x>—3x+ 5 at the point (2, 7). (H.B. 2013)

S. Find the equation of tangent line to the curve :

; : T
(I)y=smxal x=—

4

5 T
{n}yzt:mzx—.? cotx+2al x=—

|
() y = sectx—tan*xat x=—.



Very Short Answer Type Questions

Find the equations of the tangent and normal lines
to the following curves (6 -9) :

6. (i)y=x%at(0,0)

(iyy=x>at (1, 1).
7. () y=2%2-3x-1at(l,-
(i) xP +y*B =2 at (1, l}.
(N.C.E.R.T. : H.P.B. 2017; Kashmir B. 2012)

(N.C.E.R.T.)
(V.C.E.R.1.)

8. (Dy=x¥-6x+13x-10x+5at(l,3)
(N.C.E.R.T. ; Jammu B. 2015, 13)
(i) y=x* - 627 + 13x% — 10x + 5 at (0, 5).

(NNC.E.R.T. : Jammu B. 2013)

Short Answer Type Questions

Find the equations of the tangent and normal lines to
the following curves (12 - 13) :

3 T
2. y=sinexaky =7 .
2
1+sinx B
13: y= ax=—,
3. COS X =

14. Find the equations of the tangent and normal to the
parabola :
y? = 4ax at (at* , 2at).
(N.C.E.R.T.; HP.B. 2017, 16, 15; H.B. 2012)

| 15. (i) Find the equation of the tangent to the ellipse
IZ }’2
—hie & ] gl (x, 5).
b
(7f) Find the equations of the tangent and the normal to
_1_2 yi |
the curve ';'2"—;'2" = | at the point (\Ea,b}.

(A.I.C.B.S.E. 2014)
16. (i) Find the equation of the normal to the curve
? 2. am3).  (N.C.E.R.T; Kashmir B. 2013)

ay2 — x~ al (am

(it) Find the equation of tangent to the curve 2x2—y =7,
which 1s parallel to the line 4x -y + 3 = 0.

(Meghalava B. 2014)

17. Find the equation of the tangent to the curve

P= -\/3.1: -2
(N.C.E.R.I. ; H.EB. 2016; F.B. 2010; C.B.S.E. 2009)

18. Find the equation of the tangent line to the curve

y=x?-=2x+7, whichis :

. which 1s parallel to the line 4x— 2y + 5 = 0.

(i) parallel to the line 2x -y +9 =0
(Jammu B. 2017; H.FB. 2014; F.B. 2012, 10)
(i) perpendicular to the line 5y — 15x = 13.
(N.C.E.R.T. Jammu B. 2017)

V= 5x—

9.x=cost,y=sintat f=I-

(NC.ERT ;: Jammu B. 2016, 13; Uttarakhand B. 2015 ;
Jammu B. 2013)

10. Find the equation of the tangent to the curve :

/4

x = a cos’ 9,y=a5in39 arg = — (H.B. 2014)

11. Find the equation of the normal line to the curve :
{i}y:._r2+ Isinxatx=0

(i) y (x=2) (x = 3)—x + 7 = 0 at the point, where 1t
meets x-axis.

e A
‘.' L . IIII';:] 18 H‘:jl‘-.r v
§ - i L = Ok
R e

19. Find the equations of the tangents to the curve :
P X+ 2x -4,
which are perpendicular to line x + 14y + 3 = 0.
(A. I.C.B.S.E.B. 2016)
20. (a) (1) Find the equations of the normal lines to the curve :
y = .1:3 + 2x + 6. which are parallel to the ine x + 14y + 4 = 0.
(N.C.E.R.T; HFB. 2016, 11; Jammu B. 2015; C.B.S.E. 2010)
(i1) Find the equations of the normals to the curve :
3x2 — y2 = 8 parallel to the line x + 3y = 4.
(J. & A.B. 2011)
(i11) Find the equations of the normals to the curve :
2x% —y? = 14, which are parallel to the line x +3y=6.
(Rajasthan B. 2013)
(b) If the normal at any point on the curve x*3 + y¥3
= a*® makes an angle ¢ with the x-axis, then prove that the
cquation of the normal 1s :
YyCOS@P —XxsSIng =acos 2.
( W. Bengal B. 2016)
21. (i) Find the equation of the normal to the curve :

x% = 4y, which passes through the point (1, 2). (N.C.E.R.T.)

(i1) Find the equation of the normal to the curve :

_}'2 = 4x, which passes through the point (1, 2). (N.C.ER.T))

22. (a) Find the equation of the tangent to the curve :
y = x2 — 2x + 9, which is parallel to the line :
2x—-y+17=0 (P.B. 2011)
(b) Find the L[.]Ud_liﬂl'l of the tangent to the curve :
y = x> — 2x% - 2x at which the tangent is parallel to
the line y = 2x — 3. (P. B. 2013)

(¢) Find the equation of the tangent to the curve

3, which 1s parallel to the line 4x - 2y + 3 = 0.
(Meghalaya B. 2015)
23. Find the equations of tangent lines to the curve :
y =4x3 — 3x + 5.
which are perpendicular to the hine 9y + x + 3 = ().
24. (a) (i) Find the equations of the normals to :
the curve y = x> + 2x + 6, which are parallel to the
line x + 14y + 4 = 0. (N.C.E.R.T.; Kashmir B. 2017)



(i1) Find the equation of the normal to the curve :
y= ¥ S — 108+ 10
where the normal 1s parallel to the line x -2y + 10 =0.
(B, 2016)
(b) Find the equations of the normal to the curve
y =4x> - 3x + 5, which are perpendicular to the hne :
Ox-y+35=0. (C.B.S.E. Sampe Paper 2019)

25. (i) Find the equation of the tangent to the curve :

JT

x=asin’t.y=bcos tatt= 9 (N.C.E.R.T.; H.B. 2018)
- _ n
(&1) Find the equation of the tangent at ¢ = 2 o the curve :

x=sin 3¢, y = cos 2t. (Bihar B. 2014)

26. Find the point(s) on the curve :
y=3x2—12x+6 (H.B. 2011)
(i) x> +y>—2x-3=0 (N.C.E.R.T; H.B. 2011
at which the tangent 1s parallel to x-axis.

27. Find the point(s) on the curve : |

1 16

(i) y= pry x: . where the slope of the tangent 1s E}

(i) y = x% + 1. atwhich the slope of the tangent is equal to ;

(I) x-coordinate (II) y-coordinate.

28. Find the points on the curve y = x> — 1 1x + 5 at which

tangent 1s parallel to the line y=x-11.
(N.C.E.R.T.; HPB. 2018, 13 S, 13 ; C.B.S.E. 2012)

29. For the curve y = 4x> —2x7, find all the points at
which the tangent passes through the ongin. (N.C.ER.T))

30. Find the points on the following curve at which the
tangents are parallel to x-axis :

y=x>-3x2-9x+ 7. (NCERT ; HPB. 2018, 13 S, 13)

31. At what point on the curve x2 + y> = 2x -4y + 1 =0,
1s the tangent parallel to x-axis ?

32. Find the points on the curve :

2 2

b .
+ 2 1 at which the tangents are :
4 25
(1) parallel to x-axis  (if) parallel to y-axas. (N.CE R 1)

33. Show that the tangents to the curve y = 7x3 + 11 at
the points x = 2 and x = — 2 are parallel. (N.C.E.R.T)

34. Find the equations of all lines :

(1) having slope 0 and that are tangents to the curve :

1
v:
) x2—2x+3

(V.C.E.R.1.)

Long Answer Type Questions

45. Find the equation of the normal at a point on the curve
x* = 4y, which passes through the point (1, 2). Also find the
equation of the corresponding tangent. (C.B.S.E. 2013)
46. Find the equations of the tangents to the curve

4
3x? — y2 = 8, which pass through the point (E.U] .

(A.LLC.B.S.E. 2013)

~(11) having slope —1 and that are tangents to the curve :

1
y = X # | (N.C.E.R.T.)
' x—1
(i11) having slope 2 and that are tangents to the curve :
1 e
y= S X#£J. (N.C.E.R.T)
x—3

35. Find the point of intersection of the tangent lines to
the curve y = 2x% at the points (1, 2) and (- 1, 2).

36. Prove that the tangents to the curve y = x> — 5x +6 at
the points (2, 0) and (3, 0) are at nght-angles.

37. Find the angle of intersection of the curves :

(i) y* = 4x and x? = 4y

(i) +y —4x-1=0 and *+y*—2y—9=0.

38. Show that the following curves cut each other
orthogonally :

(Hy=x>and6y=T7—-x% (ii)x*+4y*=8andx*-2y*=4.

39. If the curves :

ax® + By = 1 and a'x? + ﬁ'yz =1 1ntersect

orthogonally, prove that (¢ —a’) g8’ = (B—B') aa’.

40. (i) Prove that the curves 4x = y? and 4xy = k cut a
right angles if k2 = 512.
(ii) Show that the curves 2x = ¥* and 2xy = k cut at right
angles if k% = 8.
(iif) Prove that the curves y* = 4ax and xy = ¢ cut al
right angles if ¢* = 32a%.
41. Show that the normal to the curve :
x=acosO+aBsnB;y=asinB-aBcosH
at any point 07 1s at a constant distance from the origin.
(N.C.E.R.T.)
42. Find the equation(s) of the tangent(s) to the curve :
yi= (@ —1) (x—2)
at the points, where the curve intersects the x-axis.
(C.B.S.E. Sample Paper 2018)
43. (i) Find a point on the graph of y = x>, where the
tangent 1s parallel to the chord joining (1, 1) and (3. 27).
(if) Find a point on the parabola y = (x — 2)% , where the
tangent 1s parallel to the line joining (2, 0) and (4. 4).
(H.P.B. 2018; Kerala B. 2018)
44. Show that the area of the triangle formed by the
tangent and the normal at the pomnt (a, a) on the curve

2
: . da _
y% (2a — x) = x> and the line x = 2a is - $q. units.

47. Determine the values of “x’ for which the function
f[_‘,[‘}:_][z +2x—3 1S an increasing.

Also, find the co-ordinates of the point on the curve
y:_x2+2x—3. where the normal 1s parallel to the line
x—4y+7=0.

48. Determine the intervals in which the function
f(x)=(x—1) (x + 1)? is increasing or decreasing. Find also
the points at which the tangents to the curve are parallel to

X-axIs. (J & K.B. 2010)



_ Answers |

|
1. =2 () Lldm) 764 (o) 8 () ———
(a) (1) (11) (111) (1v) 8 (v) od

(b) (1) 24 (i) 11 (i17) 6.
2. 1.

T TR
3. (a) (i) 7 (i1) T

] a
b) (i) — 1) —1 (iii) —— (iv) 1.
(D) (1) 4+J§ (11) (111) ) (rv)

4. (D 2x+3y-5=0
(iD9x—-y—-11=0.
5. D42y -dx+mM-4=0
(ii) y=1
(ii)) 48x — 3y + 73 — 16 T =0,
6. (Hy=0,x=0
(i) 3x—-y-2=0,x+3y-4=0.
7. (i) x—y—=3=0,x+y+1=0
(ix+y-2=0,x-y=0.
8. ND2x—y+1=0x+2y-7=0
() 10x+y-5=0,x— 10y + 50 =0.

9.x+y- 2 =0,x-y=0.

10. x+y= %.

11. (i) x + 3y =0 (i) 20x + y — 140 = 0.
12.y-1=0,2x-1=0.

- b
13. vy - (2+\E)x+(2+\5) 1‘«5 —1=0,

- b
(2+ﬁ)y+x—[4+3\/§) ke 0.

14. x =ty —at®, y=—tx + 2at + ar.

XX, Yy,
15.()) —5+—=- =1
a b

5,

(i) —x—==1, ax + V2 by — J2(a* +b*) = 0.

a b
16. (i) 2x + 3my = 3am® + 2am? (ii) 4x -y + 5 = 0.
17. 48x — 24y = 23.
18. (1) y-2x-3=0 (a) 36y + 12x-227 = 0.
19. 1dx-y-20=0, l4x -y + 12 =0.
20.(a) () x+14y—-254=0;x+ 14y + 86 =0
(ii)x+3y—-8=0;x+3y+8=0
(i) x+3y-9=0:x+3y+9=0.
21.(H) - (i) x+y-3=0.
22. (a)2x-y+5=0 |
by 2x—y—-8=0and 2x—y +;—2=(}

(c) 80x — 40y = 23.

2.9 -y-3=0,9%-y+ 13 =0.
24.(a) (i) x + 14y —254 =0, x + 14y + 86 = 0

(x+4)

18s 1 2 1
(if) e Y sy — 67:3

2 3
(b) x + 9y =235, x+9y=3).

25.()y=0 (i) 3y= iﬁx— Z:
26.(1) (2, - 6) () (1, £ 2).

27.“'}[

32 256}
379

(i) (I) (0, 1) (IT) (1, 2)
28.(2,-9), (-2, 19).
29.(0,0), (1, 2),(—1,-2).
30, (3.—20),(1, 12)
31.(1,0), (1. 4).
32. (H(0,£5)

() (£2,0).

1
3M.(i) yv=—

2
(fi)x+y+1=0,x+y-3=0
(z11) No tangent.

35.(0, - 2).

37. (i) 90°, tan™! [3} X
. (1) 90, tan 1 (11) 1

42. 3 x+y-3=0,Tx-y-14=0.

\
i3 i
43. (i) ?- _T LT3 T

/

435.x+y-3=0:x-2y-4=0.

46.3x £ y=4.

47. Increasing on (— 1, ==) ; (21] and (_2‘__)
4

Decreasing on (— e, — 1) : (3, 0).

1
48. Increasing on (— o, — 1) U (5 ‘m)

1
Decreasing on (—1 5) :

(1 32
(—1.0) and 3 7]



= Hints to Selected Questions

1

m kL
S.(i}thnJ::E._v:ﬁinE: ok

nt 1
Point of contact 1s ( 4’ ﬁ)

D coe -
And E—melﬂm =5

-dy -dy!dr cost
9. == = > = —=Colr.
dx dx/dt —sint
| 7
Q] = —Ccot—=—1.
d.x f=£
4
14. Here y* = 4ax.
| | 2a
2yﬂ=4a *ﬂ=—_
dx dx y
-dy 2a 1
At (at?, 2ar). ge oa g
18. (@)  Slope of tangent =2 (x—1).

Slope of Iine = 3. |
S
2x-1) 3) ==-1=>x= g:ﬂlﬂ.
. dy
24. (i) Here — =3x% +2.
dx
Since the normal 1s parallel tox + 14y + 4 =0,

the tangent 1s perpendicular to x + 14y + 4 = 0.

I
(3x2 +2) (-—)=—1 >x=+ 2.
14

_di _dyldr _ —3bsintcos” t b

36.

dy
dx

m =2(2)-5=-1landm,=2(3)-5

=2x -J.

o

suthﬂlmlmzz-l.
¥ _ . .
LY 2y dy dy _2
R = — B -
40. (i) x 3 = A 2r = & @
For 4xy =k, 4 [I%‘F}’(l)] ={)
= r-ﬂ+v—ﬂ =3 -dy=-y
e " de x
T
( ]( J"]=—l — =2
yJ/\ x
| kz
Also 4x = .t each =
= | ¥
= kK=64x = k*=64(8)=512.

y*(2a —x) =x.

44. The given curve is
d
it Wt % 2_vay 2a—x)+ v2 (= 1) = 3x2

dy _ 3.1L'2+y2
de 2y(2a-x)

3a* + a* B 4a*
2a (2a—a) 24°
|

slope of normal = — —.

2

~. The equation of tangent at (a, a) 1s :

At (a, a), slope of tangent = =2

and

y—a=2(x-a) = 2x—-y=a

and the equation of normal at (a. a) 1s :

I

=3 X+ 2y = 3a.

Now we are to find the area of the triangle formed by the

2x—-vy=a (1)

x+2y=3a .(2)

- dx ~ dx/dt  3asin®tcost '—Ecmr.
Atr:%.%=—§cmg={)_

26. (i) %=0=?6x-12=[}=;x=2

28 %zl:’—hz—ll=l=x=ig lines :
d

30. i:[}

and x=2a ..(3)



SUB CHAPTER

6.4

Differentials, Errors and Approximations

I DIFFERENTIALS AND APPROXIMATIONS

d
Here we shall give the meaning of dx and dy in such a way that the meaning of the symbol Ey coincides with the quotient
when dy 1s divided by dx. Y 4

Let y= f(x) be the given function. aQ /

Then Ax denotes the increment 1in x, which is also denoted by dx.

S

d r
We also take dy = [Iy).dx=f (x)dx. R % L

Also Ay = f(x+Ax)— f(x). S

We regard dy as an approximate value of Ay.

..—"-’_’_"J
X = dx
Geometrically, we have the meaning of Ax, Ay, dx and dy. - ¢ ¥
o 0 L M
Practically, it 1s casy (o calculate dy but not Ay. by
dx is called the differential of x and dy, the differential of y. Fig.

XV

GUIDE-LINES

Step (i) Let y = f (x).
Step (ii) Let Ax be a small change in x and Ay, the corresponding change in y.

. Ay dy
ew Ilm — T — f(x
Step (iii) Ax—0 Ax dx ;@ ks
.
= — = f(x)+ ¢, where € = 0 when Ax - 0

— Ay = f'(x) Ax + € Ax = Ay = f'(x) Ax approximately.

Hence, Ay = % Ax , approximately. |Using (1)]

IMPORTANT DEFINITIONS

(i) Absolute Error. The error Ax in x is called the absolute error in x.

(ii) Relative Error. — is called the relative error in x.
X

Ax
(iii) Percentage Error. — X 100 is called the percentage error in x.
%

EXAMPLES

Example 1. Using differentials, find the approximate When x = 25, then y = JE =&
va]uenfm. let de=Ax=1.

Solution. Let y = _f(x} = JI _ 'dy 1
Now y= [x mlhmdx_Zﬁ'

Take x=25.x+Ax=26sothat Ax=26-25=1.




._ ﬁ] . .
dx |, _,s 205 10

dy B
N d‘=‘_dx *:‘—"(])=0-1
Oow y A — d} 0
= Ay =0-1 [ Ay is approximately = dy)
Hence, 26 =v+Ay=5+0-1=5-1 app.

Example 2. Using differentials, find the approximate

value of ¥0-026 , upto three places of decimals.
(PB. 2010)
Solution. Let y = f(x)= x13.
Take x = 0027, x + Ax = 0-026
sO that Ax = 0:026 — 0-027 =—-0-001.
When x = 0-027, then y = ?J(} 007 =13
Let dx = Ax=-0-001.

' s
Now y = x!/3 50 that % =E e
| i 3 | 3
. Q] = —(0:0277%? == i(0:3)*
dx x=0-027 3 3
1LY 1
309 027
dy 1 1
| = —dx i B
Now dy gyl D dy {].27( ) 570
I
=5 Ay = 570 - [ Ay is approximately = dv]
| l
Hence, 3/0-026 =y + Ay =03 === =0-296.

270
Example 3. Find the approximate change in the
volume ‘V’ of a cube of side ‘x’ metres caused by
increasing the side by 1%. (N.C.E.R.T.)
Solution. V. the volume of the cube = x3.
av = (ﬂ]m
dx

Now

= (3x%) Ax
= (3x%) (0-01x) [+ 1 % of x = 0-0] x]
=0-03 X m°>.
Hence, the approximate change in volume = 0-03 x> m?.
Example 4. If the radius of a sphere is measured as 9 m

with an error of 0-03 m, then find the approximate error in
calculating its surface area.

(N.C.E.R.T.; ALLC.B.S.E. 2011)
Solution. Let ‘7’ be the radius of the sphere and Ar be
the error in measuring the radius.
Then r=9mand Ar=0-03 m.

Now S, the surface area of the sphere is given by :

S = 4mr.
d—5=8nr.
dr
=
Now dS = = Ar = (81tr) Ar
= (81 (9)) (0-03)
=2.16 T m?.

Hence, the approximate error in calculating the surface
- )
arca1s 2:16 T m~,

Example 5. If y = x* + 10 and x changes from 2 to
1-99, find the approximate change in y.

Solution. We have : y = x% +10.
ﬁ =457,
dx

Since x changes from | to 1-99,

x=2and x+ Ax=1-99
so that Ax=199-2=-0-01.
Let dx = Ax =-0-01.

Now Ay 1s approximately equal to dy and

dy = [%J dx = 4x7(-0-01)
= 4(2)° (- 0+0l)at x =2
=-0-32.
Hence, the approximate decrease in the value of y=0-32.
Example 6. Use differentials to calculate approximate
value of log, (9-01). (Given log, 3 = 1-0986)
Solution. Let y = f(x)=log  x.

Take x =9 and x + Ax =9-01 so that Ax = 0-01.
Whenx =9, £(9) =log, 9 =log, 32 =2 log, 3

=2 (1-0986) = 2-1972.
Let dx= dx=010l.

_ dy 1
Now y=log  x mlhaldx:x'
. 'd:-’] 1
| dx x=9 9
dy 1
N dv = — dx dyv=—x0-01 =0.0011
OW b s — day 9
— Ay =0-0011. [. Ay is approximately = dy]

Hence, ]nge(‘)-[}]) =y+ Ay
=2-1972 + 0:0011 = 2-1983.



Example 7. Use differentials to find the approximate i db

value of tan 46°, if it is being given that 1° = 0-01745 radian. + =kdA + kdB  [Using (1) & (2)]
Co0sA cosB

=k(dA+dB)=kd (A +B)

Solution. Let vy = f(x) =tan x.
R S e = kd (T - C)

T C
Take x= 45°= {IJ and x + Ax = 46° so that : [-A+B+C=a=>A+B=a-C]
Ax = 1° = 0-01745 radian. =0.
F e . T  da db
m — Y = - |l =tan — = HUHUC. = = =}
R 3 f[ﬁlJ =g ' cosA cosB
El == 0'“”4_5‘ Example 9. The time T of a complete oscillation
NGW VLS 5 lhul%=5ﬂﬂ'2 . of simple pendulum of length 1 is given by the
1

- | equation T = 21 _|— , where ‘g’ is constant. What is

ﬂ = 55#:2 E =7 &

dx |, -% 4 the percentage errorin T when l is increased by 1% ?

: | Solution. Let Al be the change in [ and AT, the
N _ dy A corresponding error in T.
. Al
=% dy = 2 (0-01745) = 0-03490 By the question, T X100 = | (1)
=5 Ay = 0-03490. [ Ay is approximately = dy]
_ Let Al =dl.
Hence, tan 46° = y + Ay = 1 + 0-:03490 = 1-0349.
. L L w df
Exampl? 8. If in a trla.ngle ABC, t.h? side ¢ and the . B (1) 00 =9 )
angle C remain constant, while the remaining elements are l

changed slightly, using differentials, show that :

da db Now T=21 JZ
+ = (). 5
cosA cosB

Solution. Since side ‘¢’ and angle *C’ are given, Taking logs.,
C I¢ T—l'u7+1wn+l-ln f—llu
therefore, — = conslant (= k say). e L =106 <708 5 =g e
sin C
a b C 1 dT i dTl i li
o i —. — SO that “—*—={]+0+*—“*‘*0 —
By Sine Formula, Sk B Sme T dl % dl ~ 21
A3
a b
— = =— =k (say) dT
sin A sin B Now dT = _idl = dT =—dl [Using (3)
= a=ksinAand b=k sin B K .
- - dl 1 di
d db e
soO that 28 = kcos Aand — = kcos B. ~ T 2
dA dB
da dr L[a
Now da:d—A-dA —_ TX](}D:Z(I xlf}ﬂ]
=kcos A -dA -
= . da =k cos T |
da = X100 = = () |Using (2)]
— ) = kdA (1) N -
cos A . : .
| Since AT is approximately equal to dT,
db ' ' |
Y i dTl | AT 1
And db = —m - db n X0 == =y —XT00 =—,
i) 2 T 2
— db=kcos B .dB -
- |
db Hence, there 1s [—J‘Xf error in calculating the ime period T.
= kdB (2) 2

cos B




EXERCISE 6 (d)

Short Answer Type Questions

In the following (1 - 13), find the approximate values,
using differentials :

1. ()37 (i) 50 -
2. (i) 301 (N.C.E.R.T.; Nagaland B. 2018)
(i) \[360
3. J0-037.
4. J0-0037 .
5. (i) 252
(ii) J25-3
(iii) /495
(iv) 366
v J16.3
(vi) m
6. () Jo-17
(i) J0-26
(iii) \J0- 82 .
7. (i) J0-24
(i1) J0-50 -
8. (i)(26)"°
(if) (28)173
(iii) (25)'3

(iv) (127)173

(F.B. 2017)

(N.C.E.R.T))

(PB. 2015, 13)
(PB. 2014; C.B.S.E. 2012)
(Kerala. B. 2016)

(P.B. 2015)

(N.C.E.R.T.)

(P.B. 2010 8)

(PB. 2010 8)

(NNC.ERT.;H.B.2015; HPB. 20108)
(PB. 2014 §; H.P.B. 2012)
(N.C.E.R.T.)

(Meghalava B. 2015 ; H.B. 2012)

(v) (26-57)173 (N.C.E.R.T.)
(vi) (0-731H173, (PB. 2016)

9. (i) 30009 (N.C.E.R.T.; H.PB. 2011; P.B. 2010)

(if) 40007 .

10. (i) (15)4

(£:B. 2010)

(NC.ER.L; HB. 2015 ;
H.PB. 2013 S, 10 8)

(i) (82)1/4 (N.C.E.R.T.: HPB. 2013 §)

(iii) (255)1/4 (N.CERT: HPB. 2013 S. 10 S)

(iv) (81-5)% (N.C.E.R.T))

17 1/4 '
(v) H ; (N.C.E.R.T.)

0, 15y, (N.C.E.R.T))

12. (i) (0-999)/10 .oy (3.968)¥%

(N.C.E.R.1.)

13. 33713

14. Find the approximate value of :
(i) £(3:02),
(i) £(5-001), where fix)=x>-7x%+15. (N.C.E.R.T)

where fix) = 3x% + 15x + 3

15. Find the approximate change 1n the volume V of a
cube of side “x” metres caused by increasing the side by 2%.
(N.C.E.R.T.; Karanataka B. 2014)

16. Find the approximate change in the surface area of
a cube of side “x” metres caused by decreasing the side by
1%. (N.C.E.R.T)

17. If the radius of a sphere 1s measured as 9 ¢cm with
an error of 0-03 c¢m, then find the approximate error in
calculating its volume. (N.C.E.R.T")

18. Find cos g1°. it being given that sin g0° = 0-86603
and 17 = 0-01745 radian.

19. Find the approximate change in the value of Lz
when x changes from x = 2 to x = 2.002. o
(C.B.S.E. Sample Paper 2018)

20. Using differentiation, find the approximate value of
£(3.01), where f(x) = 4x2 + 5x + 2. (H. B. 2013)

21. Use differentials, find the approximate value of the
following :

o 4 22 lIn
I)sSin — i) COs — .
™ T

| T 22 |
22.1f y = sin x and x changes from = to T2 what is the
approximate change iny ?
23. A circular metal plate expands under heating so that
its radius increases by 2%. Find the approximate increase in
the area of the plate 1f the radius of the plate before heating

1s 10 ¢m.

24. Find the percentage error in calculating the surface
arca of a cubical box if an error of 1% is made in increasing

the lengths of edges of the cube.

25. The radius of a spherical diamond is measured as
6 cm with an error of 0-04 ¢cm. Obtain the approximate error
in calculating its volume. If the cost of 1 ¢cm? diamond is
X 1600, what is the loss to the buyer of the diamond ?



_ Answers |

(1) 6-16 (1) 7-07.

(1) 20-025 (i1) 18.974.

0-1924. 4. 0-0608.

(1) 5-02  (a1) 5-03 (az1) 7-036 (iv) 6-05
(v) 4-037 (vi) 0-78.

(1) 0-412 (i) O-51  (aii) 0-905.

7. (1) 049 (i) 0-71.

ol o ol

o

80 . 82 o
8. (1) 7 (i) > (iir) 2-:926
(iv) 5-03 (v) 2:984 (vi) 0-9008.
9. (i) 0-208 (i) 0-1917.
1023

10. (i) 1-96875
(iv) 3-0046

(i1) 3-009 (i)
(v) 0-677.

256

— " Hints to Selected Questions -

2. (i) Take y=+/x.x = 400, x + Ax = 401.

10. (i) Take y=x"*,x=16,x+ Ax = 15.

dv
lS.V=x35;ulhalE=3.rz.

3

2 ( 2x 6x

‘-" = :3 — =_‘
Thus AV = 3x* Ax = 3x (100) =

6
Change in volume = *IFD'I?’ =0-06x’m>.

dS
16. S = 6x2 so that —=12x .
SO d dx

X
Thus AS =12x Ax = llx(—m)=—0'12x2 m2.

=dar®.

4 4
17.V = —ar so that
3 dr

Thus AV =472 Ar=(4 x 92) (= 0-03) = + 972 rem?.

U
lB.Tﬁkﬁ}'=L‘UHI,I=60D=E,I+ﬁx=6]a_

dy | 3

19. v=3%_ — ——=4x".
y=x =10 F7

Since x changes from 2 to 1-99,
Lo x=2 andx+dx= 199

11. 2-00187.

12. (1) 0-9999 (1) 7-904.
13. 0-497.

14. (i) 75-66
15. 0-06 x> m>.
16. 0-12x*m?.
18. 0-4997.
19. Decrease of 0-0005.
20. 53-29,
21.(1) 1

22. No change.
23. 41 . 24. 2% .
25.Loss T 28.476.

(i1) — 34-995.

17. 9-72 T cmS.

(i1) O-575575.

sothatdx = 1:99 — 2 = - 0-01.
(d
= ﬁ}? = ['Ey]dx=4x3 (—Uﬂl)
=423 (-001)atx=2
=-0-32.
Hence, approximate decrease 1n the value of y = 0-32.

'dy

22. We have : y=sinx .. Iy = COSX

- . : " 22
ncece ‘nanges irom — 10 —,
ince x changes from = to —

T 2 %5 1 |.... 39
sothatdx=— —— = — — = ] M=
14 2 14 226 1582 113

() a-consaecons.
dy = s dx=cosxdx=cos x.

I
1582

o ":rr l
= 0% 51582

Eis
A X=
2

= (. Tsen - () = No change iny.

23. Let ‘A’ be the area and ‘r’ be the radius of the circular
plate. |
dA
2 50 that —=2Ttr .

LT
. dr

2
LetA=10and dr=2% of 10 = ﬁ; etc.



SUB CHAPTER
6.5 Maxima and Minima

In this section, we shall use differentiation to calculate the maximum (or minimum) values of various functions. In fact
we shall determine “rurning points’ of the graph of a function and consequently the points at which the graph reaches 1ts highest
(or lowest) locally. Also we shall find the absolute maximum (or absolute minimum) of a function, which 1s necessary for the
solution of many applied problems.

Y N DEFINITIONS

(a) Maxima and Minima.
=j| Definition

Let a real valued function °f” be defined on a set D £ the domain of f. )
(i) The function ‘f’ is said to have absolute maxima at ce D f
if f(x)<f(c)VxeD ..

Here ‘c’ is called the point of absolute maxima

and f(c) 1s called the absolute maximum value of “f’on D 5
(ii) The function ‘ f’ is said to have absolute minima at de D f
if f(x)Ef(d)VxEDf.

Here ‘d’ is called the point of absolute minima

and f (d) is called absolute minimum value of “f " on D .

Fig.
Clearly the absolute maximum and absolute minimum values of a function (1f they exist) are unique. However, these values
may exist at more than one point of D Iz

GUIDE-LINES TO FIND MAX. AND MIN. VALUES IN A GIVEN INTERVAL

d
Siep ) Find all poids, where Ey -8

Step (ii) Take end points of the interval.
Step (iii) At all these points, calculate the values of y.

Step (iv) Take the maximum and minimum values out of the values calculated in step (iii).

This is illustrated in Exs. 3—6.
(b) Relative Maxima and Minima.

(i) 'f " 1s said to have a local (or relative) maxima at c€ D
Vxe(c—9,c+9).

f if there exists a real number 6 > 0 such that f(x) < f(c)



Here “¢’ 1s called the point of local maxima and f(c) 1s called the local maximum value.

(if) ‘f " 1s said to have a local (or relative) minima at d € D f if there exists a real number 0 > 0 such that f(x) = f(d)
Vxe(d—-0.d+09).

Here ‘d’ 1s called the point of local minima and f(d) is called the local minimum value.

(fii) A point of Df. which is either a point of local maxima or local minima, is called an extreme point and the value of
the function at this point 1s called an extreme value.

Geometrically. The graph of a function has a peak (or trough) at a point according as the point is of a local maxima or
local minima.

(iv) Critical point. A point c€ D _ is said to be eritical (or turning or saddle) point of a continuous function ‘ f 7 if either

f
f’(c) =0, f’(c) 1s infinite or f’(c) does not exist.

. KEY POINT
4 R

1. A local maxima (or minima) may not be absolute maxima (or minima).

2. A local maximum value at some point may be less than a local minimum value of the function at another point.

3. It is not essential that an extreme point is a critical point.

\ J

O‘E‘" LOCAL
Cs S MAXIMA OCKL
\y, MAXIMA &,
Vo N
()
Qg’?
Q
' S
X’
O " “ x
y LOCAL LOCAL
MINIMA MINIMA
Fig.

NECESSARY CONDITIONS FOR EXTREME VALUES

If f(a) is an extreme value of f(x) and f(x) is derivable at a, then f'(a) = 0.
Case 1. When f (a) is max. value of f(x).

Here f(a) is the greatest value of f(x) in the interval (a - h, a + h).

Thus f(x) 1s an increasing function in the sub-interval (a — h, a) and a decreasing function in the sub-interval (a, a + h)
= f(x)>0in(a—h,a)and f(x)<0in(a, a+ h).

If £'(x) 1s continuous at ‘a’, [Assumed]
then f’(x) must be zero at ‘a’ while changing from +ve to —ve values. Thus f’(a) =0.

Case II. When f(a) is min. value of f(x).

Here as above, f’(x) must be zero at ‘a’ while changing from —ve to +ve values.

Thus f’(a) = 0.

Hence, the result.

The converse of the above theorem is not true i.e. if f’(a) =0, then f(a) may not be the extreme value.

For Example : Consider f(x) =x> atx=0.

Here f'(x) = 3x2, S f7(0) = 0. But 0 1s neither max. nor min. value of f(x).



=}l Definition

Stationary values are the values of f(x) for those points at which f’(x) = 0. )

I R NECESSARY AND SUFFICIENT CONDITIONS FOR MAXIMUM AND MINIMUM VALUES

(FIRST DERIVATIVE TEST)

We know that f(x) has an extreme value at x =aif f’(a) =0 il )
Three cases anse :

Case 1. When f’(x) changes from +ve to -ve while passing through ‘a’.

Here f(x) increases in the left-neighbourhood of ‘a’ and decreases in the nght-neighbourhood of ‘a’.

Hence, f(x) has a maximum value at x = a.

Case I1. When f’(x) changes from -ve to +ve while passing through “a’.

Here f(x) decreases in the left-neighbourhood of ‘a’ and increases in the nght-neighbourhood of ‘a’.

Hence, f(x) has a minimum value at x = a.
GUIDE-LINES TO FIND THE MAX. OR MIN. VALUE OF y =1 (x)

Step (i) Put % = (. Solve it for x’ givingx=aq, b, c, .......

Step (ii) Select x = a (say).

d
Study the sign of Ey when (i) x < a shghtly (ii) x > a shightly.

(a) If the former is +ve and latter is —ve, then f(x) is max. at x = a.
(b) If the former is — ve and latter is +ve, then f(x) is min. at x = a.

Step (iii) Putting these values of ‘x” for which f(x) is max. or min. and get the corresponding max. or min. values of f(x).

IR EY USE OF SECOND DERIVATIVE (SECOND DERIVATIVE TEST)

Theorem. (I) A function f (x) is maximum atx=aif f(a) =0and f''(a) <0.
(I1) A function f (x) is minimum at x=aiff'(@) =0 and f'(a) > 0.
Proof. (I) Since f’(a) =0, .. f(x) may be either max. or min. at x = a.
Again f’(x)1safunctonof x, .. f’’(a) (derivative of f’(x) atx =a)1s —ve [Given]
= f’(x) is a decreasing function at x = a.
But f’(a) =0 and f’(x) exists in the immediate nhd. of ‘a’
= f’(x) changes from +ve to — ve in this nhd. while passing through ‘a’.
Hence, f(x) 1s maximum at x = a.
(II) Since f’(a) =0. .. f(x) may be either max. or min. at x = a.
Again f’(x)1s afunctuonofx, .. f”’(a) (denvative f’(x) atx =a)1s +ve [Given]
= f’(x) 1s an increasing function at x = a.

But f’(a) =0 and f’(x) exists in the immediate nhd. of ‘a’



= f’(x) changes from -ve to +ve 1n this nhd. while passing through ‘a’.

Hence, f(x) is minimum at x = a.

Generalisation : When f"'(a) = 0, the students are urged to remember the following facts without proofs.
(1) If f"”’(a)#0,x=a is a point of inflexion.

() It f7”(a)=0 and ff"" (a)#0, f(a) 1s maximum at x =a 1if ffv(a} <(Oandi1is mmimumatx =aif fh’{ﬂ) > ().

(iir) It ff"(a)z() and fY(a)#0,x=a i1s a point of inflexion,

(iv) If £¥(a)=0 and £*'(a)#0, which is same as in (ii).

And so on.

Thus if n is odd and f" (a)#0, result is as in (i) and if n is even and f" (a)#0, result is as in (ii).

GUIDE-LINES TO FIND THE MAX. OR MIN. VALUES

Step (i) Put y = given function f(x) and find % ie. f'(x).

d
Step (ii) Put Ey =0 ie. f’(x)=0andsolveitfor x’ givingx=a,b, c, ........
.dzy
Step (iii) Select x = a. Find F Le. f''(x) atx=a.
dzy
(@If| ;2 ie. f’’(a)1s — ve, x =a gives the max. value of the function.
X=d

dzy
(b) If { dx2 ] i.e. f”’(a)1s +ve, x =a gives the min. value of the function.
X=d

Similarly forx =5, c, ..........
(RIS EXAMPLES |
Example 1. Find the maximum and minimum values, From the graph, we have : f(x) =0 when x = (.
if any, of the functions given by : Also f(x) 20 M xe R.

. i .e | —
(i) f(x) =x%, xeR (i) f(x) =| x|, x € R. Thus minimum value of *f 7 is 0 and point of minimum

(N.C.E.R.T)) | valueof ‘f’isx=0.

Solution. (i) The given functionis : And ‘f” has no maximum value and hence no point of
f(x)=x*,xe R (1) maximum value of °f" in R.
Its graph 1s as shown in the adjoining figure : (1) The given functionis f(x)=| x|, xe R aif 1)

Its graph 1s as shown 1n the following figure :
Y

- N W s OO ®




From the graph, we have :
f(x) 2 0 3 xe Rand f(x) =0 when x= 0.

Thus minimum value of *f" 1s 0 and point of minimum
value of *f " 1s x = 0.

And ‘f 7 has no maximum value and has no point of
maximum value of 'f " in R.

Example 2. Find the maximum and minimum values,
if any, of the following functions without using
derivatives :

() f(x) =(2x-1)% +3 (Kerala B. 2016)

(i) f(x) = 16x% —16x+ 28

(iii) f(x) ==0Ox + 10+ 3 (iv)f(x)=sin2x + 5
(v) f(x) = sin (sin x).

Solution. (i) We have : _f(_:f):(zx_]},2 +3.
Here sz R.

Now  f(x)23. [ (2x—1)? >0 forall x € R

Hence, the minimum value = 3.
However, maximum value does not exist.
[ -+ f(x) can be made as large as we please]
(if) We have : f(x) = 16x% — 16x + 28.
Here Df = R.

1
Now fix) = 16[x2—x+1]+24
] 2
- S i,
_1(](3: 2) +24

| 2
[ 16 (x—é) =0 forall xE R]

Hence., the mimmimmum value 1s 24.
However. maximum value does not exist.

[ f(x) can be made as large as we please]
(iii) We have : f(x) = —-‘x < & ll + 3
= f(x) < 3. [ —|x+] <o

Hence, the maximum value = 3.
However. the mimimum value does not exist.

[-- f(x) can be made as small as we please]

(iv) We have : f(x) = sin 2x + 5.
Since =1 < sin2x < 1 for all x € R,

a1l +5<sm2x+5< 145 forallx e R

e 4 <sm2x+5<6 forallx e R

= 4 <f(x)<6 for all x € R.
Hence. the maximum value = 6 and mmmimum value = 4.
(v) We have : f(x) = sin (sin x).

We know that —= 1 < sinx £ 1 forallxe R

= sin(=1) < sin(sinx) < sinlforallxe R

= —sinl < f(x) < sin 1.

Hence, max. value = sin I and min. value = —sin 1.

Example 3. Determine the absolute maximum and

absolute minimum values of each of the following in the
stated domains :

1.3 3
)y=—=X +8X+—;—6G=X=—2
My > 5

i)fx)= x+1)?*° ; 0sxs8.

1 3
Solution. (i) We have : y = 5 2+ 5x+ = 1)
dy |
== (2x)+5(1)+0
dx 2
— %=I+5 (2)
'dy
Nuwz—ﬂgnﬁa X+3=0= x=-5€ |[-6,-2]
_ 1 -
Now y] == (6+5(-6)+7
s 0 2
. 3 2
=11‘e‘.—_{]+2——2
[ 3
y] —5(—51 +5(-5) + 3
x=-5
9
-:—5--25 E-----Il
2 2
I 3
and f] =E{—2'}E+S(u2}+5
x=-2
3 13
=2-10+ —=-—



13
Hence, the absolute max. value of y = Y and absolute
min. value of y=—-11.
(i1) We have : f(x) = (x + 1)2;3 1)
7
[ (x =§'{x+1) 2

But f’ (x)=0gives no valuein0 € x < 8.

S0 we are to examine the max./min. at the end points only.

Now f(0) = (0 + 1)7° =1

andf(8) =8+ 1N3=93=3(1=333.

Hence, the absolute maximum value of f(x) = 3 Y3 and
absolute minimum value of f(x) = 1.

Example 4. Calculate the absolute maximum and

x+1
absolute minimum value of the function f (x) = .
J xz +1

0<x < 2 (J. & K.B. 2011)
. x+1
Solution. We have : f (x) = .
sz + 1
F itx)
Ji2 +1(140)=(x+1) (2x+0)
2x2 +1

i (x2+l)

a 2 3/2
x" +1 (x2+l)

B l—x
o ¥ A

(x2+l)
Now f(x)=0=>1-x=0=>x=1¢€]0,2].

0+

Now  f(0) = ol 1= 1,

2

P
£ -2

fa) =

L

e 2 (I

and F(2) = Tl E

3

Hence, absolute maximum value 1s ﬁ and absolute
min. value 1s 1.

Example 5. Find the absolute maximum and the
absolute minimum value of the function given by :

f (x) = sin’x - cos x, x € [0, 7].

(A.1.C.B.S.E. 2015)
Solution : We have :
Fx) = sin*x—C¢osx

%) =

= smnx((2cosx+1).

285N XCOSX+SsInX

Now f'(x) = 0 =2sinx(2cosx+1)=0
| N
= smx = () OF COS X =—7-.
-2.:':
=> x = 0. or x=""7% =
3
Now fO) = 0-1=-1
2 (27 2
f(—) - 51n2( ] cos—
3 3
2
3 ( 1) 31 5
= —_ - —-|=—4—=—
2 2 4 2 14
and Fir) = sim—eosme= ({0 —(- =1
Hence, absolute maximum value 1s 2 and absolute
4

minimum values i1s — 1.

Example 6. Find the points of local maxima and local
minima, if any, of the function :

f(x)=(x-1)(x+2)

Find also the local maximum and local minimum
values.

Solution. We have : f(x) = (x = 1) (x + 2)2.

f’{x):{.r—l}.—{x+2}2+(.r+2}3.i(J:—l}
dx dx
:{x—1}x2{x+2_}+{x2+4:c+4}xl
=2 +x-2)+x"+4x+4
= 3x% + 6x = 3x (x + 2).
Now =0 = IxE+2=0 =3x=0,-2

and f"(x) =6x+6=6(x+1) =)



Now f”(x}] =6(0+1)=6(+ ve) — cos X — sin 2x = 0
=0 = cosx—2smxcosx=0
o fu(x)] 6 (=24 1) =—6 (- ve) =% cos x(l —=2smx)=10
x==2 = cosx=0orl -2smx=0
Hence, f(x) has local max. at x =— 2 and local mun. at x = (). '1 T T
Also f(=2) = (=2 - 1) (=2 +2)2 = (= 3) (0) = 0, FRER R B E= g SES g WES

local max. value.

. — _ F3Z. — 1Y (A = - ¥ | | T T
and fFO)=0-1)0+2)=(-1) 4) =-4, Thus gz BB [...EE(O, ?)]
local min. value. 6
Aliter. Upto (1), repeat as above. Now f" (x) = —sinx -2 cos 2x.
At x = 0. When x is slightly less than O, then f’(x) is ' - -
7T 7T 2n
e f”(g]=—ﬁing—2cuh?
When x is shightly greater than O, then f “(x) 1s + ve.
, T T T 1 1
Thus " (x) changes sign from —ve to +ve. = —sin e 2 coS ? =g 2_5
So x = 0 1s a point of local minima and local minimum r 3
vuluc:f{_()}={{)—l}([}+2}2:—4. :_5_1:_;{{}
At x = 2. When x is slightly less than -2, then f7 (x)
7
1S +Ve. Hence, f(x) 1s local max. at x = e

When x is slightly greater than -2, then f’ (x) is —ve. Example 8. Find all the points of local maxima and

I . Y o0 :
Thus £’ (x) changes sign from +ve to —ve. local minima of the function ‘f’ given by :

| o | | f(x) = 2x> — 6x% + 6x + 5. (N.C.E.R.T))
So x =-21s a point of local maxima and local maximum
, Solution. We have : f(x) = 222 —6x%+6x+5.
value
=f(=2) = (2 - 1) (<2 + 2)2 f'(x) = 6x2— 12x+6
={(= 3)(0)* = (-3) (0) = 0. = 6(x—1)2.
Example 7. Find the points of local maxima and local I"@y= 120G~ 1)
minima, if any, of the following function : . |
Now fix)=0givesx=1.
f(x)=sinx+5cm21;0{xc:%. Also 7 =0.
3 Thus x = 1 1s neither a point of maxima nor of minima.
Solution. We have : f(x) = sin x + 3 €Os 2x. Now 7 (x) = 12.
)
f'(x) = cosx+ = = sin 2x) (2) And f (x)]= 1252 £
& x=1

= COS X — sin 2x.
Hence, x = 1 18 a pomnt of inflexion.

For local max./min., f' (x) = 0

EXERCISE 6 (e)

Fast Track Answer Type Questions ~ FTATQ |

Ii:md the n:nax]mum or mlmmum values, if ffny,.of the G Fy= (0% —T12+ 3 (N.CERT)
following functions (1- 4) without using the derivatives : E
' ) =9x=+12x + 2
1. (@) () f(x)=—(x— 1)? +2 (iv) f (x) 2x
) = = , N.C.E.R.T.
(D) f(x) = — (x = 1)2 + 10 (N.C.E.R.T) Wrm=x+lxe=L1 J—
(b) g (x)=x+ 1. (N.C.E.R.T.)




2. (i) f(x)=Ux + 20— 1

(i1) g (x) = =[x — 100+ 3. (N.C.E.R.T))
(@ f(x)=sin2x+5 (N.C.E.R.T.)
(if) f(x)=Usin 4x + 3[]. (N.C.E.R.T.)

Very Short Answer Type Questions

6. Find the points of absolute maximum and minimum
of each of the following :

Dy=x(1+10x-x%:3<x<9

1 39

(i)y= %" —4x:0 < x < 64

(] L
(ifi) y = J§ (smx+;ms?x] L x = E

e

7. (a) Find the maximum and minimum values, if any,

of the function given by :
fxi=x.x< il 1): (N.C.E.R.T")
(b) Prove that the maximum value of the function

(W. Bengal B. 2017)

Short Answer Type Questions

Find the absolute maximum and minimum values of
each of the following (12 — 19) in the given intervals :

12. f(x) = 9 —x20 ; [0, 1].

1 9
13. (i) f(x) = 4x —E-xz:xE -2, ;] (N.C.E.R.T.)

-

(i) fix) =12x*3 —6x'/3, x€[-1,1]. (N.CER.T)

4. (Hf(x)=x-3x; =3<x<3 (J.&K.B. 2010)

5

y 2
(i) f)=x —5X

=

—2x+1:0<x £ 3.

13, f(x) = xin [-2,2]. (N.C.E.R.T.; Kashmir B. 2016)
16. () f(x)=(x-1)2+3in[-3, 1]
(N.C.E.R.T.; Kashmir B. 2016)

(if) fix) = 2x> — 15x% + 36x + 1 in [1. 5].
(N.C.E.R.T.; Jharkhand B. 2016)

17. (i) f(x) =sinx +cos xin [0, 7 |

(N.C.E.R.T. ; Kashmir B. 2012 ; H.B. 2012)
(N.C.E.R.T")
(N.C.E.R.T.)

(if) f (x) = cos® x + sinxin [0, 7 ].

18. y = x + sin 2x : in [0, 2@].

19. y=2cos2x-cosd4x;,0=<x=<n.(J&KB. 2011)

4. The function f (x) = x*>, x € R has no maximum
(True/False) (Kashmir B. 2012)

S.If x>0,y >0 and xy = 25, then find the minimum
value of x + y. (W. Bengal B. 2018)

value.

Y - & -
= VSATO =
T A N =

-
-
e e e gt e ol |

8. Find the absolute minimum value of y = x% — 3x
g =.x:5 2.

9. At what points in the interval [0,21] does the
function sin 2x attain its maximum value ?
(N.C.E.R.T.: Jammu B. 2017)

10. Find the maximum and minimum values of the
function :

fxy=2x3—15x2+36x+ 11.  (Jharkhand B. 2013)

11. Find the local minimum value of the function *f’
givenby f (x)=3+ x|, x € R. (N.C.E.R.T.)

20. Find both maximum and minimum values of :
3t — 8x3 + 12x2 — 48x + 25
in the interval [0, 3].
(NNC.ER.T.; Jammu B. 2018 ; HP.B. 2010)
21. Find the maximum value of 2x> — 24x + 107 in the
iterval [ 1, 3].
Find the maximum value of the same function in [-3, —1].
(N.C.E.R.T.; HPB. 2010)

Find the points of local maxima and local minima,
if any, of the following (22 - 30) functions. Find also the
local maximum and local minimum values :

22. (1) The constant function o
(ii) f (x) = x2
(iii) f (x) = x° - 3x.

2. (D f(x)=cosx,0<x< 1

(NC.E.K.I.)
(N.C.E.R.T.).
R

(i) f(x)=sinx+cos x,0<x < >

(NC.E.R.T. : Assam B. 2017: Jammu B. 2013)

(i1i) f(x) =sinx—cosx, 0 < x< 211
(N.C.E.R.T. : Assam B. 2018: C.B.S.E. 2015 ;
Jammu B. 2015, 13, HPB. 2013)



j

_ X &
24. g(x)=—+—,x#0.

2 x

[.-‘h_'.( F.RT.:Assam B. 2017;: Kashmir B. 2015)
l

25. 2 (x) = ; (N.C.E.R.T.)

8 _xz + 2
26.f(x)=x 1/1—x.x::-0. (N.C.E.R.T.)

27. (i) f(x) = x> — 12x2 + 36x — 4
() fX)=x-6x2+9%x+15:0<x<6
(N.C.E.R.T.; Jammu B. 2014)
(ith) f (x) = x> = 3x + 3. (N.C.E.R.T))

Long Answer Type Questions

3:2 +ax+b

x—10

32. The curve y = has a turning point at

(4, 1). Find the values of *a’ and "/’ and also show that y 1s
maximum at this point. Point out the maximum value without

any calculation.

3 45
28. (i) f(x) = _EI4 — 83 - TIE + 105

(i) f(x) = 3% +4x° — 122 + 12.
(INC.E.R.T.: Assam B. 2016)

29. fx)y=z Jl=ax ;x>0 (H.F.B. 2013)

30. ()f(x)=—x+2sinx;0<x< 27

. ; A 4 n
(it) f (x) = sin" x + cos™ x ; O <x < .
. . I
31. Prove that x* has minimum value at x = —.
e

ﬂ

.:.‘I1-- s
i r} l:_.; )
.r" -L'_‘_-L\._?}h. 7

\

ST ———

= LATO =
ax—b

33.y = -
(x—=1D(x—4)

has a tuming pomt P (2, -1).

Find the values of *a” and 6" and show that y 1s maximum
at P.

[:An_swers )

L. (@) () Max. =2 (i) Max. =10

(i11) Min. =3 (iv) Min. = -2
(v) Max.=2; Min.x = (.

(b) No max. or no min.

2. (i) Min. = — 1 (i) Max. = 3.

3. (i) Min. =4, Max. =6
(if) Min. = 2, Max. = 4.

4. True. S. 10.

10+ 4103
3

6. (i) Max. atx = Nbn.ata= 3

(it) Max.atx=0: Min. at x =64

I8

‘T[
(111) Max. atx = g - Min. atx = E .
7. (a) Neither maximum nor minimum.
9
8. ——.
4

(31} ()

10. Max. = 39, Min. = 38.
11. 3.

. 5 5 y L

13. (i) 8. — 10 (i) 13.-%

14. (i) 18, — 18 (i) 1,-5.
15. 8, - 8.

16. (i) 19, 3 (if) 56, 24.
17. (i) 2,—1 (i) %,—- l.

3
18. 2x,0. 19. >’ =5

20. Max. = 25, Min = - 39.

21. Max. = 89 at x =3,
Max. =139 at x=- 2.

22. (i) None (fi) Min. at x=01s 0

(fif) Min. at x =118 -2 ; Max. at x =—1 18 2.

23. (i) None

(11) Max. at x=% isﬁ

I
(iff) Max. at x = == is J2 :
"m
Min. atx = T 1S —\E.



24. Min. at x=21s 2.

o 29. Max. at x = 2i52‘[§.
25. Max. atx=01s E 3 0
' -T[. T
2. 3 () Max.atx= —1Sv3 —— .
26, Max. at x = — is ‘5. ad o 3
3 0
. . _ . ST, ST
27. (i) Max. atx=21s28; Min.atx=61s-4 Mih at ¥ = —i8=4/3 =—
3
(i) Max. atx=11s19; Min.atx=31s 15 ‘
m. 1
(iii)Max. atx=—-11s5;Min.atx=11s 1. (11) Min. at x = EISE.

28. (i) Max.atx=01s 105 ;

Min. at x=—-31s 57-75

Max. atx=—51s 73-75 33.a=1 b=0.

(i) Max. atx=0,1s 12 ;Minatx=-11s 7
Min. at x = - 21s — 20.

32.a=-7.b=6:Max. valueis 1.

—.|! Hints to Selected Questions

9. Here f(x) =sin 2x,0 = x < 2. 20. Here f(x) =3x*—8x> + 12x% — 48x + 25.
' (®=20cos 2x,0<x< 2. f'(x) = 1223 - 24x% + 24x - 48.
Now f'(x)=0=>2cos2x=0=>cos2x=0 Now 70 = == ele.
n 3% 5m In . Letgr=a
= =iy .
22 2 2 dy
; E=x‘{l+lﬂgx}.
n 3x Sw In
= P e - -
& g g dy l
_ Now —/T=0=logx=-1=>x="—".
11. Since lx| = 0,x ER, dx e
sJdocal minimum value of °f " =3 + 0 = 3. dy
32.(I) — =0at(4,1) > 10a+b=-064 1)
12. Here £’ (x) = 50x* — 20x19. W ax ) |

Also (4, 1) lies on the given curve = b=—-4a - 22

Now f'(x)=0 = S0x¥-20x'"=0 -

19 30 L
= 10x” (5™ -2) =0 Solving (1) and (2),a=-7,b=06 etc.
| 2\1/30 (IT) Since x =4 makes y maximum,
= x=0 (g) ete . max. value = ordinate of the point = 1.

GENERAL PROBLEMS

SOME USEFUL RESULTS

In the problems to follow, we shall use the following results :
(i) Rectangle. If ‘x’ and ‘y’ be its sides, then Area = xy, Perimeter = 2 (x + y).
(ii) Square. If ‘x’ be its side, then Area = x%, Perimeter = 4x.



V3x®
4 P
(iv) Cube. If ‘x’ be its edge. then volume = x>, Surface area = 622,
(v) Cuboid. If x, y, z be its sides, then Volume = xyz : Surface area = 2 (xy + vz + 2x).

|
(vi) Trapezium. Arca = = (Sum of parallel sides) x (distance between them).

-

(iii) Equilateral triangle. If “x’ be its side, then Area = , Perimeter = 3x.

(vii) Circle. If ‘r’ be the radius, then Area= T 1'*'2 : Circumference = 27r .

4 3
(viii) Sphere. If ‘r’ be the radius, then Volume = 3 T r”; Surface arca = 47r,

l
(ix) Right-circular Cone. If ‘r’ be the radius, ‘h’ the height and ‘I’ the slant height, then Volume = —T r* h ;
Curved Surface Area = T rl and Total Surface Arca= T e ;
(x) Right-Circular Cylinder. If ‘7’ be the radius, ‘A’ the height, then volume = TUr *h ; Curved Surface = 2nrh and
Total Surface Area = 2nrh + 2nr? .
Frequently Asked Questions . FAQs
Example 1. Find two positive numbers whose sum is A1 | 72
24 and their sum of squares is minimum. (/. H2. 20/4) Here E=; (p — 4x) and Tl T 2.
P i
Solution. Let “x” and “y’ be two positive numbers.
By the question, x + y = 24 (1) . dA . y -
ow —— =Ugives T (p—4x)=
Let S = 1‘2 £ }2 dx & p) (p
= S =x* + (24 - x) [Using (1)] = p—4x=0 = p=dx
= x% + 576 + x* — 48x
= 2x% — 48x + 576 d’A
= X" —4a0x + 3/0. And 5 1s—-ve.
| dx
— 4x — 48
e Y Thus A is largest when p = 4x.
. dS o b 'l
For S to be minimum, ok (), which gives : From (1), y = 5 (dx—2x) = y= > (2x) = y=x.

4x -48 =0 = 4x =48 > x=12
- Hence, area 1s largest when x = y i.e. when rectangle

d*s T——
L . ecomes a square.
Now = = 4. which is +ve for x = 12. |

.
dx Example 3. Show that rectangle of maximum
Hence, S 1s minimum when the two positive numbers perimeter, which can be inscribed in a circle of radius ‘a’
are 12 and (24 — 12) i.e. 12 and 12.

is a square of side J2a.
Example 2. Show that, of all rectangles with a given

perimeter, the square has the largest area. Solution. Let “x™ and ‘y” be the length and breadth
(PB. 2015 * Kerala B. 2013 C.B.S.E. 2011) respectively of the rectangle inscribed 1n a circle of radius “a’.
| ST T YR . ,
Solution. Let “x” and “y’ be the sides of the rectangle. s X+ Yyt =(2a) |Pythagoras’ Theorem|
; . ; s M B
By the question, perimeter = p (say) |Given] = x*+y*=4a =4 1)
)
= x+2y=p =5 y=75 (p-x) aall)
T D £ C
1 -
Now area, A=xy=x. 5 (p— 2x) [Using (1)] v ¢
' O
1 3
~ B = 2 A X B
dA d* A
For A to be largest, === =0 and 5 18 — ve.

dx dx Fig.




-, Perimeter=2 (x + y)

= Px)=2 |:I+\/4ﬂz_-’-'2]. [Using (1)]

P (x)=2|1+
ZJ-ﬁlﬂ

and p~” (x)=2|0—

2x)

1 (0 —
2 _ 2

I
19

1
—x'_
2

fe X
: \/4{12—1:2_

\{4::12 —x2 (1)
(4{12 _x2)- lftz {_zx}

(4{12 —.xz)

Il
1

Il
I

Il
9

— ..(3)
2 _ 2302

(4a

For P (x) to be maximum, P'(x) =0 and P”(x) <.

Now, p’ (x) =0

[ x
i \/4:12 e 1

= [Using (2)]

[ M S
Jﬁlaz-xz

= \/4.4:12 —x? =x
— 4% — x* = x* [Squaring]
= 2x? = 442
= x? = 2q?
=) X = \Ea . |Taking +ve value]
From (3).
— 8a* —8a* o
P’ (sﬁa) = {4;:2 = 2ﬂ3)3f2 = (2.:12}3"2 . which 1s — ve.

Hence, P (x) 1s maximum when x = JE a.

) 2 7 3 ;
;. From (1), y*=4a°-x“= 4a* - 2a? = 24>

= y=+2a.

Thus X=y
Hence, the rectangle is a square of each side 2 g .

Example 4. Show that the triangle of maximum area
that can be inscribed in a given circle is an equilateral

triangle.

Solution. Let O be the centre and ‘7. the radius of the
circle in which AABC 1s inscribed.

A

N

<
Fig.
For maximum area, the vertex A should be at a
maximum distance from the base BC
= A must lie on the diameter, which 1s perp. to BC
— AABC 1s 1sosceles.
Let ZBAC =60. Then ZBOC =20 = ZDOC = 0.
Now BC=2DC=20Csin § =2rsin 0
(1)
and AD=A0+0D=A0+0C cos9
=r+rcosB=r(1+cos0) - (2)

If *A’ be the area of the triangle, then :



1 B
A= > (BC) (AD) = “2— 2rsm@)r(l +cos9)
[Using (1) & (2)]
= A=r?(sin® +sin@® cosO).
dA
E :r"ﬂ[cmﬁ +un529 ——m'nzﬁ)
=12 (cos 0 +cos 20)
=12 (cos 20 + cos 0)
=12 (2c082 0— 1 + cos )
=r2(2cos?@ +cos@® — 1) k)
ddEA 2 (=4 ¢osQ sin@ —sing 4)
an =r<-(—4c¢osh sinp —snp) o ¢
d6?
dA d2A
For ‘A’ to be maximum, — =0 and )
do~
N dA 0
oW 0
— r (2 cos*@ +cos® —1)=0 [Using (3)]
= 2{.‘:11.*-'.29 +¢cosB -1 =90
= (2c¢cos@ —1)(cos® +1)=0
1
— CosPh = e |
It T
3 3

[r 6= = ZBOC = 26 = 21, which is not possible]

From (4), —— = — 4 COS— 81N —— Sin —

dzA_ 2( T T T[]
r
402 3. 3 3

T
0=—
3

-3 22
2" 2

ad L

. . I
Thus A 1s maximum when @ = —.
3

But AABC 1s 1sosceles.

Hence, for maximum area, tnangle 1s equilateral.

Example 5. An open box with a square base is to be
made out of a given iron sheet of area 27 sq. m. Show that
the maximum volume of the box is 135 cu. cm.

(P.B. 2012)

Solution. Let “x” be the side of the square base and 'y’
the height of the box.

Area of the square base = x?
and arca of four walls = 4xy.
By the question, x* + 4xy = 27 <)

Now V., volume of the box = (area of the base) x height

V]~ x?
&= .1‘2}' = x? [Using (1)]
4x
E
= 9 (27x — x3) (2)
dav ] ]
E = Z {2? = 3.1'“) {3]
d*V 3
and '"d?' = - X ...(4)
N -W 0 o1
' = = TIVES
OW o gives
1 27 = 3%y =0 = 2 kL 9
4(_ — AX*) = ::>1_3_._
— T == + 1
= x= 3 [ x can’t be — ve]

-V can be max. only when x = 3 m.

Wh 3.0 4 _d2\/ -3 3 -9 hich 1
MXx =3 1rom (<), =— " (3)=—"",whichis — ve.
i dxz 2{) 5 ch s ¢

i

Thus x = 3 gives the max. value of V.

N
n [(27)3) — 27] [Putting x = 3 in (2)]

Il

Hence, max. V

27 27
= T (53— )= ?
= 13-5 cm°.

Example 6. A given quantity of metal is to be cast into
a solid half circular cylinder (i.e. with rectangular base
and semi-circular ends). Show that in order that the total
surface area may be minimum, the ratio of the length of
the cylinder to the diameter of its circular ends is

T: (X + 2).

Solution. Let ‘r’ be the radius and ‘A’ the height of the
cylinder.



V = Volume of half cylinder

C—
-S—

l nreh
2

- o
-------

---------

(1)

7

Total surtace area. S = Sl (Surface area ol setmi-circular

ends) + S, (Curved surface of half cylinder) + S5 (Surface

area of rectangular base having height A and width 2r)

ds
dr
ds

For min. S,—
dr

I |
(— :?1'1*'2 + —:f'.'.'sr'2 )
2 2

e + trh + 2rh

7

il

r? +(I+2)r—i

nr

&
wr? +2Y (n+2)
r

2V
:~2][r——(]1‘+2) = ()
2
ir
- w2 = V(T +2)

I
+— (27rh) 4 2rh

e

[Using (1)]

x3)

Also

.. S is minimum when 27 = V (T + 2)

—,

Hence.

d2 4V (T +2
d ;,S = 2N+ ( 3 )
dr r
4n2 3
= 2 + ;
ir

[Using (3)]

= 2t + 41 = 67, which 1s + ve.

e = %Erzh (t+2)

h T
or nt+2

h:2r=n:(r + 2), which is true.

[Using (1)]

Example 7. A window has the shape of a rectangle

surmounted by an equilateral triangle. If the perimeter of
the window is 12 m, find the dimensions of the rectangle
that will produce the largest area of the window.

(A.LC.B.S.E. 2011)
Solution. Let “x” and ‘y’ be the length and breadth of the

window.

By the question,

X+2y+2x =12

—

Il
(B
|
('S
-t

2y

I
-
|

r
-

}?

Now area of the window

V3x®

=Xy +

4

y y
D E
X
Fig.
3
=6x—=x +—3.1|r2
2 4

g

i

V3 3]12.

_bx+|—-=
oxt |3

(1)

[Using (1)]



J3-6 >
X

Thus A(x) = 6x+
4
3-6 3-6
A (x) = 6+J_ (2x) = 6+\/_ X
4 2

-6
And A () = \E .

2
For Max./Min. of A (x), A" (x) =0
= 6+ ﬁ_ﬁx =)

7

12
— X = 6—\/§
and A” (x) 1s — ve for all x.
Thus area 1s largest when

12

X = ﬁ—ﬁ
3( 12 ]
L I = . _
and consequently, y = 3\ 6=+ [Using (1)]
(18 1863

B3 B=xb

12
Hence, the dimensions of rectangle are 6_\6 and

units.

18=643
6—-3

Example 8. Show that the height of the circular
cylinder of maximum volume that can be inscribed in a

1
given right-circular cone of height h is 3 h.

(Mizoram B. 2018; H..B. 2015)

Solution. Let “x’ be the radius, “Z°, the hei
cylinder.
Then OC =OE - CE=h—zand CD =x

ght of the

If *6" be the semi-vertical angle of rnight-circular cone,

I o CD X
l Y ld —_ =
1¢n tan OC h-2z
= x=(h-2)tan®@
O
Iy X
C D

k1)

Clearly "0 is constant. |-+ Cone is given]
Now V, the volume of the cylinder

— MZZ =1 [(h-— 2)% tan? @ Iz |Using (1)]
= 7tz . (h— :-,:'}2 . lunEB w2)

dv 2
=( and i
dz dzz

Diftf. V wrt z, we get :
dVv
dz

= 1t tan® @ [(h — 22 =2z (h —2)]

)

V 1s max. when

= [(h-2°x1+z2.2(h-2) (- )] tan®@

= ntan?@Q [h? - 2hz + 72 - 2hz + 27°]

= ntun29 'h2—4}13+3.:-2] XS )
= ntan“@ (h—2) (h-32).
dv .
Now — =1() 2axltan@ (h—-2)(h-32)=0
dz
h
== =237 = =4 or E‘

Clearly z # h |-+ Cylinder is inscribed in the cone]

Thus b

Il

L. (4)
3

d*V
— = tan“ 0 (0 -4k +62)
dz

Diff. (3) w.rt. z, we get :

' h
_ T tan? 9(— 4h + 63] [Using (4)]

= T tan® 0 (— 2h) < 0.
Hence, the volume of the inscribed cylinder 1s maximum
h

when 1ts height1s —.

Example 9. Let AP and BQ be two vertical poles at
points A and B respectively. If AP =16 m, BQ = 22 m and
AB = 20 m, then find the distance of a point R on AB from
the point A such that RP? + RQ? is minimum.

(N.C.E.R.1.)

Solution. Let R be a point an AB such that :

AR =xmso that RB =20 —x [--AB = 20 m]

Q
P
22m
16m
A xm R (20 =x) m B

Fig.
Also AP= 16 mand BQ =22 m.
In r1. Zd A APR. RP? = AR? + AP? 1)



Inrt. Zd. ABQR, RQ?=RB?+ BQ? .(2)
Adding (1) and (2),
RP? + RQ? = AR? + AP? + RB? + BQ?

=22+ (16)% + (20 — x)2 + (22)2
= x% + 256 + 400 + x2 — 40 x + 484
=2x2 — 40 x + 1140.

Let S(x) = RP? + RQ*
= 2x2 — 40 x + 1140.

(Say)

S’ (x)=4x-40
and S” (x)=4.
Now S')=0 = 4x=40=10
=3 =

Also S” ()] _,o =4>0.

. Point of local minima of S 1s x = 10.

Hence, distance of R from Aon AB =x= 10 m.

Example 10. If the lengths of three sides of a
trapezium other than base are equal to 10 cm, then find
the area of the trapezium when it is maximum.

(VC.E.R.1.; ALC.B.S.E. 2010)

Solution.
10cm
D C
10 cm E 10 cm
]
Axcm L 10cm Mxcm B
Fig.

Let ABCD be the trapezium such that :
AD=BC=CD=10cm.

Draw DL and CM perpendiculars on AB.

Let AL =xcm.

Now A ALD = A BMC.

MB=AL=xcm. AlsoLM=10cm.

And DL=CM= \/m{)_ .

Let *A’ be the area of the trapezium.
" |

Then  A(x) == (10+ (10 + 2x)) Jl{)(}—,xz .

)
|Area of Trap. = E (sum of |l sides) (height)]
» |
i o ) :, 2
=% (hrf_ﬂ} -JlUU—x
=(x + 10) \/1(}0_ x? (1)

|
S AT()=(x+ 10) (
24100 - 2

— x% —10x+100-x2

o Jo0-x2

—2x) + /100 = x% (1)

—2x%2 10 x + 100
\/lﬂﬂi—x2

J100 - x% (= 4x = 10)
|

—(—=2x% =10x+100) (=2x)
24/100— x2
And A” (x) = :
100 — x
(100— x> Y —4x —10)+ x(=2x* —10x +100)
- (100—x% )2
~ 2x7 = 300x = 1000
(100 — x2)/2
Now A'x)=0 = —2x2—10x+100=0
=2 +5x-50=0 =  (x+100(x=5=0

=% =105
But x#-10. [ x, being the distance, can't be — ve]

Thus x =5 cm.

2(5)> —300(5)—1000  —2250

<.
(100 = 25)3/2 75475

And A" (5)=

Thus A (x) 1s maximum when x = 5.

Hence, A (5)=(5+ 10) /10025

= 15475 = 753 cm?.

Example 11. A square piece of tin of side 24 cm is
to be made into a box without top by cutting a square
from each corner and folding up the flaps to form a box.
What should be the side of the square to be cut off so
that the volume of the box is maximum ? Also, find this
maximum volume. (P.B. 2014 S ; H.B. 2014)

|Using (1))

Solution. Let ‘x” cm. be the side of the square cut off
from each corner of the square of side 24 cm.

X X

- 24 cm >
Fig.
Length of resulting box = (24 — 2x) cm.
Breadth of resulting box = (24 — 2x) cm.
Height of resulting box = x cm.
. Volume = (24 — 2x)% x cm°.
Let V(x) =x(24 - 2x)° 1)
N (x) =% 2124 —2%) (-2)+(24 — 20 (1)
=(24 - 2x) (—4x + 24 - 2x)
= (24 — 2x) (24 - 6x) .-(2)




and V7 (x) =(24 - 2x) (- 6) + (24 — 6x) (- 2)
=— 144 + 12x - 48 + 1 2x
=24x - 192 :(3)
For max./min., Ve (x)y =4
= (24 —2x) (24 -6x) =0
— =124
But x = 12 1s not possible.
| .- In this case, the whole tin sheet will be cut off]
Thus x = 4.
Now V”(4)=24 (4) - 192 =-96 (- ve).
Thus V (x) 1s max. when x = 4.
Hence, the length of the side of the square cut off from
e¢ach comer 1s 4 cm. and maximum volume,
V=(4)(24 -8)*=1024 cm’. [Using (1))
Exampe 12. A metal box with a square base and
vertical sides is to contain 1024 cm>. The material for the
top and bottom costs T S per cm? and the material for the
sides costs T 2.50 per cm”. Find the least cost of the box.
(C.B.S.E. 2017)
Solution. Let “x” ¢m be the side of square base and *y’
cm the height.
" volume of the box =x X x Xy = X Y.

[Using (3)]

By the question, x’y = 1024 A1)
5
Now the cost, C =5(x%) + g(r—’lxy}
= 5x* + 100y
" 1024
= Sy + 10x 2 A2)
X
[Using (1)]
dC e 10240
ax ~ 2
| 9.
d<C 20480
and 5 = 10+ 7
dx X
| dC
Now for least cost, — =1()
dx
10240
- 10x——— =0 = = 1024
X
> x = (1024)13,
dzc . 1/3
And F =) for x = (1024)""~.
' g,
Hence, least cost = 5 (1024)%3 + 10'4?; -
(1024)

= 5(1024)*3 + 10(1024)%3
= T 15(1024)%°.

Example 13. Show that the height of the cylinder,
open at the top, of given surface area and greatest volume
is equal to the radius of its base. (C.B.S.E. 2010)

Solution. Let ‘r’ and ‘A’ be the radius and height
respectively of the cylinder.

S, the surface area = nr? + 2mrh

— n= ]

And V. the volume = ]Irzh

2 S"JTFZ
JLUr
2mr

i.e. V= [Using (1)]
r 2 1 3
— V=;(5'—31T) :>V=;lSF—HF).
VA
= =S5 —3nr%) ~A2)
dr 2
- d* Vv _ 3n , |
H.Hd er — _? {.'..r) — —3T[J" {3}
dvVv PR
For greatest volume, — =0 and 1S — VE.
dr drz
dV 1 5
Now — =10 —(S=31trc) =0
OwW q p— 5
5 S
=% S = 3%F =5 " —
in

Putting in (3),

42V S .
=—-3n J— =—4/3nS ., which is — ve.
d_,.z RY)s

, S
Thus V 1s greatest when r= T

And from (1),

,
s-n(2] 28
b \ 3T - 3 N S
—_— — —_— — — )
2 v
o1t i — /TS 3
\3n V3
Hence, height = radius of the base.
Example 14. Find the point on the curve y? = 4x,
which is nearest to the point (2, 1).
Solution. Let P (x, y) be any point on the curve y* = 4x
(1)

Let A (2, 1) be the given point.
. AP2=(x-272+(y-1)?

1'2 2
= | == +(y—1)?
= A y

5
Let D=AP~
Then D 1s maximum or minimum according as AP 1s
maximum Or minimaum.

[Using (1)]




2 3
=gl _ald poy 5= _9
4 2 4
dzD %}2
and iy
dy 4
. - dD
For D to be maximum/mimimum, —— = ()
| dy
}’3
= < el = = = y=1
d*D 3(4) .
And — =— =3, whichis + ve.
dy dy=2 :

Thus D 1s minimum when y = 2

and puting in (1), 4=4x = x=1.

Hence, the point (1, 2) on y* = 4x is nearest to the given
point (2, 1).

Example 15. An Apache helicopter of enemy is flying
along the curve given by :

y=x%+7.

A soldier, placed at (3, 7), wants to shoot down the
helicopter when it is nearest to him. Find the nearest
distance. (N.C.E.R.T)

Solution. Let P (x, x> + 7) be the position of the
helicopter at any instant.

Also A1s (3, 7).

Now [|API|= J{x—3]2+(12+7—7)2

= \/(x—fi)l R
Let f(x)=(x—3)%+2*

fr=2x-3)+4° =4 +2x-6
=223 +x-3)=2(x-1) (2% + 2x + 3).
Now f'(x)=0 =
=5 =L

[ Roots of 2x* + 2x + 3 = 0 are not real|

Thus there 1s only one point x = 1.

And f()=(1-3)+14=4+1=5.
- Distance between soldier and helicopter = /5 .

x=l=0o0r2x2+2x+3=0

Now /5 is either max. value or min. value.

Since ,/f(o_) :J{_U - 3)2 - (())"'1 =3 \@

— /5 is min. value of FLx} .

Hence, /5 is the reqd. minimum distance between the
soldier and the hehicopter.

Example 16. An open tank with a square base and
vertical sides is to be constructed from a metal sheet so
as to hold a given quantity of water. Show that the cost
of material will be least when depth of the tank is half of
its width. (C.B.S.E. 2018)

Solution. Let x, x and y units be the length, breadth and
height respectively of the tank.

S Volume, V =(x)(x)(y) = .rl_v
Total surface area = x* + 4xy.
2 v .
Thus. S = x"+4x = [Using (1)]
., 4V
= § = 27—,
X
ds 4V
— = 2x—— i 2)
d’S 8V
and — = 2+— A3)
dx x
or leaslt cost, gy =
4V
== 2.1’——2 =)
X
= 2x3 =4V
= 2x3 = 4x?y [Using (1)]
= X =2y [-c x # O]
2
8V \%
Also d—? = 2+—3=2+—3;‘>U
dx 8y y

Hence, S 1s mmmimum when x = 2y

i.e. when depth (height) of the tank 1s half of the width.

Example 17. A cuboidal shaped godown with square
base is to be constructed. Three times as much cost per
square metre is incurred for constructing the roof as
compared to the walls. Find the dimensions of the godown
if it is to enclose a given volume and minimize the cost of
constructing the roof and the walls.

(C.B.S.E. Sampe Paper 2019)

Solution. Let “x” be the length and breadth of the base
and “y’, the height of the godown.

Let "V’ be the given volume and "C’ the cost of
constructing the godown.

Since cost is proportional to the area,

C = k(3x* + 4xy) 1Y
where k > 0 15 the constant of proportionality
and x2y = V (constant) ..(2)
v
From:(2), y = —5 onlcD)
X
Putting 1n (1),
Vv
C = L(3x2+4x.—2]
X
4V
= C = k|3x? +—)
X
' 4V
B k(ﬁx—z) (4)
dx X
&2 gV
£ _ K6+— (5)
dx? x




For minimum cost, .d_c =0
dx
| 1/3
4V 2V
=S6x—— = 0 = 65°=4V= x=|—]| .
x° 3
o d*C 3
Puting in (5), —— = k|64+8V.—| =k(18) > 0.
dxz 2V

Hence, mimmmum cost when

(2’9)”3 (18V)”3
T3 and y= .

Example 18. A manufacturer can sell ‘x’ items at a

X

m) each. The cost price of ‘x’ items is

price of ¥ (5 -

X
4 (g + 500) . Find the number of items he should sell to

earn maximum profit.
(N.C.E.R.T.; A.LLC.B.S.E. 2009)

X
Solution. Here C (x), cost price =¥ (E * 50{]]

2
. . -.,,_{S_LJI_? sy X
and S(x), selling price = 100 = 00 |-

" P(x), profit = S(x) - C (x)

2 .
_ Sx—x— —(i+5{}0J
= 100] |5
24 2
T SO
57100
.24 x L,
P {.1}—?—-5—0 and P7 (x) = 50
9
Now Pidell = oo o= 00
5 50

I
And P” (240)=- —<0).
50

Thus x = 240 1s the point of maxima.

Hence, the manufacturer should sell 240 1items 1n order
to earn maximum profit.

Example 19. A person wants to plant some trees in his
community park. The local nursery has to perform this
task. It charges the cost of planting trees by the formula :

C(x)=x*-45x*>+ 600 x,

where ‘X’ is the number of trees and C(x) is cost of planting
‘x’ trees In rupees. The local authority has imposed a
restriction that it can plant 10 to 20 trees in one commu-
nity park for a fair-distribution. For how many trees should
the person place the order so that he has to spend the least
amount ? How much is the least amount ? Use Calculus to
answer these questions. (C.B.S.E. Sample Paper 2018)

Solution. We have : C(x) =x'—45 x* + 600 x ol
where 10 = x =< 20.

Diff. w.r.t. x, C" (x) = 33 — 90x + 600 (2)
Again diff. w.r.t. x, C"" (x) = 6x — 90 =i3)

Now, C'(x)=0 = 3x-90x+ 600=0
= - 30x+200=0
= x—10)(x—-20)=0
= x= 10, 20.

And, C"" (10)=6(10) - 90 = - 30 (—ve)

C'" (20)=6(20) — 90 = 30 (+ve).

Thus the amount is least when 20 plants are placed on
order.

The least amount to be spent
= (20)* — 45(20)* + 600(20)
= 8000 — 18000 + 12000
= 20000 — 18000 = T 2000.

EXERCISE 6 (f)

Short Answer Type Questions

1. Find two positive numbers whose sum 1s (1) 14 (i1) 16
and product 1 maximum. (H.B. 2016)

2. (a) Amongst all pairs of positive numbers with product
(1) 256 (11) 64, find those whose sum 1s least.

() Find two numbers whose sum 1s 15 and the square of
one multiplied by the cube of the other 1s maximum.

3. Find two positive numbers whose sum 1s 15 and the
sum of whose squares 1s minimum. (N.C.E.R.T")

4. Find two positive numbers “x” and “y’ such that their

sum 1s 35 and the product xzpj 1S maximum.

(N.C.E.R.T.; H.F.B. 2017, I3 §)

= = 1_.|-|- - . &

5. Find two positive numbers whose sum 1s 16 and the
sum of whose cubes 1s minimum.
(NNC.E.R.T. :KeralaB.2017: HEB. 2017 5, 13 : Assam B. 2013)
6. Find two positive numbers “x” and ‘y’ such that :
x+y=060 and xy3 1S maximum.
(NNC.ER.T.. HPB.2017, 13, 10S : Karnataka B. 2017)
7. How should we choose two numbers, each greater

than or equal to — 2 whose sum 1s = so that the sum of square

of the first and cube of the second 1s minimum ?
8. Find the maximum slope of the curve :
y=—13 +3x° 42 =27



9. Two sides of a tnangle are a and b. Find the angle
between them such that area shall be maximum. (F5. 2077)
10. A wire of 36 m length 1s to be cut into two pieces. One
of the pieces 1s to be made into a square and the other nto a
circle. What could be the lengths of the two pieces so that the
combined area of the square and the circle 18 minimum ?
(P.B. 2017, 10)
11. A wire of length 36 cm 1s cut into two pieces. One of
the pieces 1s o be made into a square and the other into an
equilateral tnangle. Find the length of each piece so that the
sum of the areas of the square and the triangle 1s mimnimum.
(Meghalaya B. 2018)
12. (a) Prove that the penimeter of a right-angled triangle of
given hypotenuse equal to 5 cm 1s maximum when the tnangle 1s
1sosceles.
(b) Prove that the area of right-angled tnangle of given
hypotenuse 1s maximum when the triangle 1s 1sosceles.
13. Prove that the least perimeter of an isosceles triangle
in which a circle of radius ‘7" can be inscribed is 6r+/3 .
14. Show that, of all the rectangles with a given arca, the
square has the smallest penmeter.(F.B. 2015 ; C.B.S.E. 2011)
15. (i) Show that the rectangle of maximum area that can

be inscribed 1n a circle of radius "’ is a square of side J2r.
(H.B. 2016, 10; Uttarakhand B. 2015 )
(i1) Show that the rectangle of maximum area that can
be inscribed in a circle 1s a square.

Long Answer Type Questions

22. Show that the volume of the greatest cylinder, which
can be inscribed 1n a cone of height A" and semi-vertical angle
. 4 .3 2 = | e

0 is EM tan” 9. (N.C.E.R.T. ; H.P.B. 2015)

23. Show that the volume of the greatest cylinder, which
can be inscribed in a cone of height " A" and semi-vertical angle

30° is —mh.
81
24. Show that the altitude of the right circular cone of
maximum volume that can be inscribed 1n a sphere of radius
‘r1s 4r/3. Also show that the maximum volume of the cone
8
1S >7 of the volume of the sphere.
(N.C.E.R.T. ; P.B. 2018; Meghalava B. 2017, 14;
C.BS.E. 2016, 10 C; H.P.B. 2016, 15; A.1.C.B.S.E. 2014, 10)
25. (i) Find the volume of the largest cone that can be
mscribed 1n a sphere of radius "r’.
(i1) Find the volume of the largest cylinder that can be
inscribed 1n a sphere of radius "r’.
(W. Bengal B. 2016; C.B.S.E. 2009)
26. Show that the nght-circular cone of least curved

surface and given volume has an alutude equal to ﬁ times
the radius of the base.
(N.C.E.R.T.; HP.B. 2016; A.L.C.B.S.E. 2011)

16. Show that, of all rectangles inscribed 1n a given hixed
circle, the square has the maximum area.
(N.C.E.R. 1. ; I'B. 2015 ; Nagaland B. 2015 ;
H.F.B. 2012 ; C.B.S.E. 2011)
17. A rectangle 1s inscribed n a semi-circle of radius "7
with one of its sides on diameter of semi-circle. Find the
dimensions of the rectangle so that its area 1s maximum. Find
also the area. (Nagaland B. 2016)
18. Of all rectangles. each of which has perimeter :
(1) 40 cm (i) 60 cm (P.B. 2010)
Find the one having maximum area. Also find that area.
19. An open box with a square base 1s to be made out of
a given quantity of card board of area ¢* square units. Show
. E
that the maximum volume of the box 1s 673 cubic units.

(A.I.LC.B.S.E. 2012)
20. Show that the semi-vertical angle of the nght-circular

cone of maximum volume and of given slant height 1s
(i) tan~' 2 (N.C.E.R.T. ; Mizoram B. 2015 ;
Nagaland B. 2015 ; Uttarakhand B. 2013)

(if) cos™! % (A.L.C.B.S.E. 2016; C.B.S.E. 2014)
3

21. Prove that the semi-vertical angle of the right circular
cone of given volume and least curved surface area 1s

cot"1\2 . (C.B.S.E. 2014)
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27. Show that the height of the cylinder of maximum

2R
volume that can be inscribed 1n a sphere of radius R’ 18 —.

Also find maximum volume. V3
(N.C.E.R.T. ; Mizoram B. 2017; Meghalaya B. 2016,
Nagaland B. 2016; H.P.B. 2015 ; A.LLC.B.S.E. 2014;

C.B.S.E. 2013)
28. (a) Show that the radius of nght-circular cylinder of
maximum volume, that can be inscribed 1n a sphere of radius

18 cm, is 6:/6 cm. (Type : PB. 2017; PB. 2016)
(b) Prove that the radius of the rnight-circular cylinder of

greatest curved surface, which can be inscrnibed 1in a given cone,

1s half of that of the cone.
(N.C.E.R.T.; A.LC.B.S.E. 2012 ; C.B.S.E. 2010 C)
29. Of all the closed cylindrical cans (right-circular),
which enclose a given volume of :
(1) 100 cubic centimeters (N.C.E.R.T.; H.P.B. 2012)
(i1) 128 7 cubic centimelters, (C.B.S.E. 2014)
find the dimensions of the can, which has the minimum

surface area. (N.C.E.R.T ; HPB. 2012, 09)
30. Show that surface area of a closed cuboid with square

base and given volume 1s minimum, when 1t 1s a cube.

(A.I.LC.B.S.E. 2017)

31. (a) A figure consists of a semi-circle with a rectangle

on its diameter. Given perimeter of the figure, find the
dimensions in order that the area may be maximum.



(b) (i) Awindow 1s in the form of a rectangle surrounded
by a semi-circular opening. The total penmeter of the window 1s
10 metres. Find the dimensions of the window so as to admit
maximum hght through the whole opening.

(Mizoram B. 2018: A.I.C.B.S.E. 2017)

(i1) A window 1s 1n the form of a rectangle, surmounted
by a semi-circle. If the perimeter be 30 metres, find the
dimensions so that the greatest possible amount of light may
be admitted in order that its area may be maximum.

(PB. 2018)

32. Show that a cylinder of given volume, open at the
top, has minimum total surface area, 1f its height is equal to
radius of its base. (C.B.S.E. 2009 C)

33. Show that the height of a cylinder, which is open at
the top, having a given surface and the greatest volume, 1s equal
to the radius of 1ts base.

34. Show that the height of a closed right-circular
cylinder of given volume and least surface area 1s equal to 1ts
diameter.

35. Given the sum of the perimeters of a square and a
circle, show that the sum of their areas 1s least when the side
of the square 1s equal to radius of the circle.

36. (i) An expensive square piece of golden color
board of side 24 centimetres 1s to be made mnto a box without
top by cutting a square from each corner and folding the
flaps to form a box. What should be the side of the square
piece to be cut from each comer of the board to hold
maximum volume and minimize the wastage ?

(i) A square tank of capacity 250 cubic metres has to be
dug out. The cost of the land is T 50 per square metre. The cost
of digging increases with the depth and for the whole tank 1s
T 400 x h%, where *h’ metres is the depth of the tank. What
should be the dimensions of the tank so that the cost be

minimum ?

J7. A tank with rectangular base and rectangular sides,
open at the top 1s to be constructed so that 1ts depth 1s 2 m
and volume is 8 m?>. If building of tank costs ¥ 70 per sq.
metre for the base and < 45 per sq. metre for sides, what 1s
the cost of least expensive tank ?

(N.C.E.R.T.; C.B.S.E. 2009)

38. A rectangular sheet of tin 45 cm. by 24 ¢cms. is to be
made 1nto a box without top by cutting off squares from the
corners and folding up the flaps. What should be the side of the
square to be cut off so that the volume of the box 1s maximum ?

(N.C.E.R.T. ; H.P.B. 2015)

39. An open tank with a square base and vertical sides 1s
to be constructed from a metal sheet so as to hold a given
quantity of water. Show that the cost of the matenal will be
least when the depth of the tank 1s hall of 1ts wadth.

40. A canon 1s fired at an angle B(UEHE%J with the

horizontal. If *v" 1s the initial velocity of the canon ball, the
height A" of the ball at ume "', 1gnoring wind resistance, 18
given by h = (v sin 8) t — 4.9 2.

(@) When will the ball return to the ground ?

(b) How far will the ball have travelled horizontally at
the time 1t hits the ground, assuming there are no forces in the
horizontal direction ?

(c) Determine ‘0" so that the horizontal range of the ball

1S Mmaximuim.

41. Find the maximum profit that a company can make,
if the profit function 1s given by :
(i) P(x)=41-24x- 18x*
(N.C.E.R.1.; H.F.B. 2013, 10)

(ii) P(x) =41 — 72x — 18x?
(Kashmir B. 2016; Jammu B. 2015)

(iii) P(x) = 41 — 24x — 6x2. (Kerala B. 2014)

42. Find the point on the curve }?2 =4 x, whichis nearest

to the point (2, — 8). (P.B. 2013)

43. (i) Find a point on the curve y* = 2x, which is at a
minimum distance from the point (1. 4).

(A.LC.B.S.E. 2009 C)

(i) Find the point on the curve yz =2 x . which 1s nearest
to the point (1, — 4). C

(iii) Find the point on the parabola x*> = 8y, which is
nearest (o the point (2, 4).

269

44. A helicopter i1s flying along the curve y=x
A soldier 1s placed at the point (3, 2). Find the nearest distance

between the soldier and the helicopter.

45. A manufacturer can sell “x’ items at a price
of X (250 — x) cach. The cost of producing ‘x™ items is
T (x2 - 50 x + 12). Determine the number of items to be
sold so that he can make maximum profit.

46. (i) A factory can sell “x” items per week at price of

i (20—- ) cach. If the cost price of one 1item 1s
1000

?(5+ 2000)‘ find the number of items, the factory should
X

produce every week for maximum profit. If price is reduced,
how 1t will effect the sale ? Give reasons.



(i1) Profit function of a company 1s given as : (11) When x = 10, find the relative change of revenue
A 4x X2 R, i.e., Rate of change of R with respect to x and also the
P(x) = —————500, percentage rate of change of R at x = 10.
3 100 o _
where 'x' 1s the number of units pruduf;ud, 48. If pcriurmamcc of the students '}’! dﬂpﬂﬂdﬁ on the
What 1s the maximum profit of the company ? number of hours *x” given by the relation :
47. Let “p’ be the price per unit of a certain product,
when there 1s a sale of “x” units. The total revenue function 4 x2
is : y=4x——.
15 . - 2
100x : -
R(x) = - —4x. Find the number of hours, the students work to have
* o - o ‘ the best performence.
(1) Find the marginal revenue functon, rate of change
of total revenue function with respect to x.

. Answers |
1. (07, 7 8 8 36.(1)4 cm ;
2. (@) 16,16 (i) 8.8 (b)6,9. (i1) Square base of side 10 m and depth 2-5 m.
3 73, T3,
37. % 1,000.
4. 25, 10. 5. 8, 8. 6. 15, 45.
38. 5cm.
1 1 i .
i E; 8.5. 9. 90 vsin®@
40. (a) 1.9 units of time
s 144 d‘36n
* m an m. |
4+m 4+T v2 sinBcos O om
(b) (c) O=—.
144./3 324 4.9 4
1k . . = cm; cm.
9+44/3 9+443 41. (/) 49 (ii) 113 (irf) 65. 42. (4, - 4).
17. L_ﬁr”\mu — 43. (i) (2, 2) (i) (2, -2) (i) (4, 2).
2
44. ./5 units.

18. (i) 100 sq. cm. (i7) 225 sq. cm.

45. 75 items.

R Y A7R> |
25. (i) = (if) 33 27. 3 cube units. 46. (i) x = 7500. On reduction of price, the sale will
S increase but the profit will decrease.
| sg\1/3 -100 - \2/3 (if) Max. profit = ¥ 76 when x = 240
29. (i) Radius= | — cm. ; Height = cm
4  \50
T i od o S g8 100 100
(i1) Radius = 4 ¢cm ; Height = 8 cm. S, it 1’ +xl —4x:MR = : _a
| | | X (3x+1)
9
31. (a) Length= —— ; Breadih= ——; Radius = —— |
I & o 4+m 4+T dR / dx
(11) Relatuve change of R = R =0-503.
where ‘p’ is the perimeter. L
20 | 10 | - 10 Pﬂfﬁﬂl]lugﬂ rate of Chﬂl]gt at x = 10
(b}{:]ungﬂlzdl_*_ﬂ;Bmudm: T ; Radius = Tt o
| | | —= X 100 =50-3%.
) 60 30 | 30
(i1) Length = A Breadth = T Radius = _4+II : 48. 4 hours per day.




— " Hints to Selected Questions Q0o —

3. Let “x’ and °y’ be two numbers so that x + y + 15 Then AL = r cot 0. OA = r cosec 6.
Le.,.y=13—x 1)

Let S =x2+y* = S=x2+(15-x)? AP =AO + OP = rcosec 8 + r=r + r cosec 0.

...(2) [Using (1)] Now BP=APtan 0 = (r + r cosec 0) tan 0
ds ) -
— =2x+2(15-%) (- 1)=2x-30+2x=4x-30. r(tan0 +sec 0)
The penimeter, 2s, of the trniangle

ds
For S to be minimum, E = 0. which givcs : = 2AL + 4PB = 2r cot 0 + 4r (tan 0 + sec 0)
30 15 =r(cot®+2tan 0+ 2 sec O (1
4x-30 =0 > y= —=—=1705, s=r(cotB+2tan 0+ 2 sec ) (1)
1 4 4
d*s L. —?'(—LUHELZB'I'Z*EE:C @+ 2secfdtanf) ...(2)
Now d_z =4, which is +ve. do
@ X
Thus S 1s mmmimum when x = 7-5 -d2
S s S ; \)
Hence, the numbers are 7-5 and 15 —7-5 and —5 = r (2cosec” O cotO+4sec’ OtanO+2sec’ 6
i.e.,7-5 and 7-5. do
12. (a) Here 5 cm s the hypotenuse and let x, y the other
two sides of the right-angled triangle. +2secOtan’ 6) ...(3)
2 2 2 2 - 2 2
X°HYy =5=2x"+y" =25 = y=425"—-x". ds
J Y g \/ N{]WE=0 gIVES | —COSEC 29+2sec?0+2secOHtan® =0
an.pcﬁmctt:rP=5+x+}r=5+x+J25—x2 | |
1 |
_ . - Sinf = — G =—. it
I 0 | ) {] | 5 =  sin > — c [Do it]
e mlley | s =)= k=
dx [95— 2 JZS*IZ Putting in (3),
a'2
= X= —. —5 =7 [ZLUSEL 30° cot 30°+4 sec2 30° tan 30°
\E do
2
Also show that Q IS — Vé. + 2sec? 30°+2 sec 30° tan? 30° ]
2
dx _I=% |
2 4 1 8
=i 2(4J(\/§)+4(—)(—-]+2[-—)
" 2 [ 303 343

Hence, the perimeter 1s maximum when x = —
\/ 2

2 Y1)
’ + 2 {—](—] . which 1s +ve.
Hnd thﬂﬂy JF,S_ = .J_ JE 3 »

i.e. when x =y i.e. when lhf: triangle 1s 1sosceles. : n
L _ ; ; - s1s least when 6 = —.
13. Let "0° be the semi-vertical angle of the triangle. 6

Hence, the least penmeter

=2r |:Cﬂl£+2mﬂ£+25€c£] [Purring{-}:E]
6 6 6 6
[ 1 B T
— 9, ‘J§+2._+2._
1 V33

9 | 18r
=——=6r3
‘Jg 3

1
(.
8
hl




14. Let “x” and ‘y’ be the sides of the rectangle.

By the question, xy =A = y=—, where A1s given.
X

Now the perimeter,

(A
p=2x+2y=2(x+y)=2 (x+—].

X

dp ( A) -dzp 4A
2 o 1-5 e S22
dx 2) T a0

b
p d*p

For p to be smallest, = =0 and
dx dx

2 1S +Vve.

dp A
Now E=U =2 2 | b= | =0

4
and ﬁ which 18 +ve.

4 A
_2 —_
ax” | _JA AVA

Hence, P is least when x = .J_

A
and theny = ﬁ=ﬂ

i.c., when the rectangle becomes a square. [ - x=¥]

19. Let “x” be the side of the square base and “y’ the height
of the box.

. Area of the square base = x2.
Area of four walls = 4xy.
By the question, x + 4xy = ¢? k1)
Now V, volume of the box = (area of the box) x height
2 2
9 2 & =& 1 p) 3
=x"y=X". i L ol 2)
+ = (=)
dV 1, 5 )
— = ={e"=3 WL
T3 ) -
o
and ‘dxz = 2.1' ..(4)
0 ,
Now E: (0 gi\’t’:ﬁ X i(cz —3_1'2'): ()
2

2 c
= X =T=ﬁx=+—

=

C

. 'V can be max. only for these value of x.

c
When x = T from

a2V 3
{4} —__(L) = —\ye

3 a2 2\\2
‘ 2

When x= L from (4), -d—f=—--§-( -—C—] +ve
NEl dx* >

Thus, x = % gives the max. value of V.

l

Ny

Hence,

-

c
Putting x=—=1in(2)
[ e

-

1 (2(:3 ]_ ¢
20. (i) Let ‘0’ be the semi-vertical angle.

r. radius of the base =71sin 6

and A, height of the cone =1 cos 0.

Now V. volume of the cone

Tirz -

% %‘ﬂ:(hmﬁ) (Icos9)

nl’

1
E sin® 0cos0=ksin” Ocos0 1)

]
where k= ;Mg'.

-

W = k{2 sin ©cos? O —sin 9)
dﬁ

=k sin 0cos’ 0(2- tan” 0)

— k sinOcos” 6 .(ﬁ+lan 0)(+/2 —tan 0)...2)
dv , - -
Now E = () gives : tan®=+/2 as the only admissible
|
value. [ -+ Other values of 9 are 0, > and obtuse]
0 =tan~! /7 : elc.

Hence, the semi-vertical angle = tan™ \E .
22, First of all do Example 9.
Radius of the cylinder = CD

h 2
=0Ctan 0 = (h—g) tan 0 = Ehtan 0.



" Volume of the cylinder
| 2 2(h -+ 3. 9
=H(—htﬂnﬁ) (—)=—Eh tan“ ©
3 3] 27

23. As in Ex. 8.
24. Let the cone ABC be inscribed in a sphere of radius

[et LBOL = 0.
. BL, radius of the base of the cone = R sin 8
and AL height of the cone = AO + OL =R + R cos 6.

Now volume of the cone,

%n (BL)? (AL)

1
gnRz sin® 6 (R + Rcosf)

1
= EJIRE! :v.in2 O (1 +cosB).

dv 1,
-' — — — ‘R ‘-. 2 . ‘-rl
10 3-‘?1 [sin“ 6 (— sin @)

+ (1 + cos 0) 2 sin 6 cos 8]

1
E-JrR"’ [ sin® @ + 2 sin O (1 — sin? §) + 2 sin  cos O]

1
;HRS [— 3 sin® @ + 2 sin 8 + 2 sin 6 cos ).

or max./min, o0
] 3 . : ;
= EHR [-3sin° 0 +2sin@+ 2 sinf cos 0] =0
> —3sin° @ +2sinfh+2sinfcosf= 0
> - 3sin0+2+2cosf= 0 [+ sin & # 0]
-—‘>—3{l—cu:-;29_)+2+2cmﬂ=0
= 3cos2@+2cosB-1 =0
=2 (3cosB@—-1)(cosB +1)=0
0 1 ]
3 oo B =,
Cos 3
But cos@# -1 [ cosl=-1=60=ux,
| which is not possible]
]
Thus cos 6 = =

3

1 _ 1 8
Eﬂﬁﬁzg,lhmsm@: l—a = a

When
2
s
av 1
Now — = —aR> (=3 sin30 +2sin@ +2sinf cos O)
do 3
b

EJI'RS sin@ (-3 sin? 6 + 2 + 2 cos 6)

; |
5HR3 sin@ (3 cos@ — 1) (cos @ + 1).

4
When 6 < cos™ ! (3) slightly,

sinf = +ve,3cosO 1=+ ve.
[+ As #decreases, cos & increases]

cosf@+1 = + ve.
. avo _
‘g = (+) (+) (+) = + ve.

' 1
When 0 > cos™! (;) slightly,

sin@ = +ve,3cosf -1 =+ ve.
[ As & increases, cos ¢ decreases]
cos 6 + 11s + ve.

dV o
Sl (+) (=) (+) = —ve
dV
Thus E changes from + ve to — ve.

. | =i d
Hence. V 1s maximum when @ = €OS (3)

| Rg(zﬁ]z

and max. volume of cone = Eﬂ' —

3
1 _4(8\(4)
3 g3 2T\3
3
27
26. Let ‘r’ and ‘A’ be the radius and height respectively
of the cone ABC.

143

X Volume of the sphere.

A

B —>C

7T
Volume, V = ;ﬂrzh = —k (constant)



r’h =

= h:

&
= !
> (1)

Now, surface, S= gyl = Jrr\/hz + 72

k2+2
- Jr 1 r

[Using (1)]

=
B .?r'\/kz +;|"'!5
: .
" l "
_ r (6?‘5)—Jk2 4% .1
cds | 2k 4
“dr T~ ® 2
#
5 3r% — (% + k?) 2r% — k2
= = 7.
r? sz +Ir6 rz\[kz +r°
‘ dS
For least surface, — =0
dr
=29 _ k2= 0
> k2= 2/° A2
‘dS |
Also o changes from — ve to + ve as r increases

through the point h* = 2r.
From (1), k* = h*#

= Wt = 2/9 [Using (2)]
> h? = 272
Hence, R = ﬁr.

27. Let ‘h’ be the height and ‘x’ the diameter of the
bars of the inscribed cylinder.

Then .ﬁz + x2 = 4R? )

Fig

2
Now V, the volume of the cylinder = Jr(—) h

I N

= —ax’h = —n(4R> = h®) h |Using (1))
4 4

= nth—-i-nh3 |

— f37R, which is — ve.

2R
Hence. V 1s maximum when h = ﬁ

x 2R 1 {8R’
and maximum value = & -ﬁ—zﬂ m
_ | Putting in (2)]
~ 27R°  2aR’ an?*(l 1)
A Y A ) 3
47R>

3W3
28. (b) Let OC = r be the radius of the cone and 6A
= h be 1ts height.
Let a cylinder of radius OE = x be inscribed in the

given cone. - A
§
P [} Q
B D E C
Fig.

The length QE of the cylinder is given by :
lQE Ec [" AQEC ~ AAQOC]
OA OC T

JQE _r-x

h r
hir—zx
= QE = = -)'



If S be the curved surface of the given cylinder,
then :

dmh
and " (x)= — » (— ve).

¥
Now S "(X)=0=2r=2xie.x=— and S"' (x) is — ve.

2
d _ r
Thus S 1s maximum when x = 5

Hence the radius of the cylinder of greatest curved

surface area, which can be inscribed in a given cone, is

half that of the cone.

37. Let ‘x’ and ‘y’ be the length and breadth
respectively of the tank.

And depth of the tank = 2 m.
. Volume of the tank = 2xy.

D
9 Q
_— |
0 A
Fig.
By the question, 2xy =8 = xy =4 <kl
Now area of the base = xy

and area of the sides = 2 (x+y)(2) =4 (x + y).
.". Cost of construction = X (70xy + 45 (4 (x + y))
=X (70xy + 180 (x + y)) ek D)

. C. the cost of construction

4
=70 (4) + ISD(I +;) [Using (1)]

4
= 280 + 18{}(-1? +;) w3

dC
For max./min., E'—'U > 2 —4=0=>x=+2.

Thusx' = 2. |.~ Length can’t be — ve|

= 2.

o | &

S From(l), 3 =

Thus the tank 1s a cube of side 2 m.

. Least cost of constitution

< o]

= I (280 + 720) = T 1000.

|From (3)]

42.Let P (x, y) be any point on y2 =4x ol 1)

Also A (2, — 8) 1s the given point.
Now S = (Distance of P from A = | PA |)?

= (x=2)% +(y+8)?
o

y )
I |- 8
HE -

4
=2 +4-y2+y2 +16y+64

16

1
- —y*+16y+68.
16

= y=-64 = y=-4

From(l),16=4x = x=4.

Thus the pomnt s (4, — 4) and
d’s 3
t:afy2 4

Hence, (4, —4) 1s nearest to the given point (2, — 8).

(—4)* =12 (+ve).

44. Find a point (x, x* + 2), which is nearest to (3, 2).
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Exercise 6.1

1. Find the rate of change of the area of a circle with
respect Lo its radius » when :
(a)r=3cm(b)r=4cm.
Solution : Here ‘7 1s the radius of the circle.
Then A, the area of the circle = - .
dA

—_—=2T7r.
dr

Hence, the rate of change of the area of the circle = 2mr.

(a) When r = 3 cm, then the rate of change of the area
of the circle = 21 (3) = 6T cm? / s.

(b) When r = 4 cm, then the rate of change of the area
of the circle = 21 (4) = 8T cm?/s.

2. The volume of a cube is increasing at the rate of 8 cm’/s.
How fast 1s the surface area increasing when the length of an
edgei1s 12 ecm ?

[Solution : Refer Q. 12(b) ; Ex. 6(a)]

3. The radius of a circle 1s increasing uniformly at the
rate of 3 cm/s. Find the rate at which the area of the circle 1s
increasing when the radius 1s 10 cm.

[Solution : Refer Q. 6 ; Ex. 6(a)]

4. An edge of a variable cube 1s increasing at the rate of

3 cm/s. How fast 1s the volume of the cube increasing when
the edge 1s 10 cm long ?

[Solution : Refer Q. 22 ; Ex. 6(a)]

S. A stone is dropped into a quiet lake and waves move 1n

circles at the speed of 5 cm/s. At the instant when the radius of

the circular wave 1s 8 ¢cm, how fast 1s the enclosed area
mcreasing ?
Solution : Let ‘7 be the radius of the circular wave.
Then A= nr,
where A 1s the enclosed area at ime 1.

Differentating w.r.t. r, we have :

dA I dr
d—= zm-ﬁ = 27tr (5) [‘.'—=5cm/s]

di dt dt
= Q.
dA
When r = 8 ¢cm. E = 10m (8)

5
= 80 cm*/sec.

Hence, the enclosed area 1s 1ncreasing at the rate of
807 ¢m?/s, where r = 8 cm.

6. The radius of a circle 1s increasing at the rate of
-7 cm/s. What 1s the rate of increase of its circumference 7

[Solution : Refer Q. 5(i) ; Ex. 6(a)]

7. The length x of a rectangle 1s decreasing at the rate
of 5 ¢cm/minute and the width y 1s increasing at the rate of
4 cm/minute. When x = 8 em and y = 6 cm, find the rates of
change of (a) the penimeter, and (b) the area of the rectangle.

: dx
Solution : We have : — = -5 e
dt
d
and d_'j _4 )
(a) Perimeter, p = 2x + 2y.
dp _dx _d

di di di
2(-5)+2@)

[Using (1) and (2)]
= — [0)'+4+8 =—2.

dt
y=h

(b) Areca, A= xy.

Hence. d_p = — 2. cmn
gt

Hence. %] =8(-5)+6((4)

= —40+24 = - 16 cm*/m.

8. A balloon, which always remains spherical on inflation,
is being inflated by pumping 1in 900 cubic centimetres of gas
per second. Find the rate at which the radius of the balloon
increases when the radius 1s 15 cm.

[Solution : Refer Q. 11 (i) ; Ex. 6(a)]

9. A balloon, which always remains spherical has a
variable radius. Find the rate at which 1ts volume 1s increasing
with the radius when the later 1s 10 ecm.

Solution : Let ‘7’ be the variable radius of the balloon.

V:inﬁ.
3



dv 4
— =—n(3%)=4nr’.
dr 3
dV
Hence. —] = 47T ( I‘{]}2 = 400 T cm/em.
dr 1, =10

10. A ladder 5 m long is leaning against a wall. The bottom
of the ladder 1s pulled along the ground, away from the wall. at
the rate of 2 cm/s. How fast is 1ts height on the wall decreasing
when the foot of the ladder 1s 4 m away from the wall ?

[Solution : Refer Q. 24: Ex. 6(a)]

11. A particle moves along the curve 6y = x> + 2. Find the
points on the curve at which the y-coordinate 1s changing
8 umes as fast as the x-coordinate.

[Solution : Refer Q. 13(ii) ; Ex. 6(a)]

12. The radius of an air bubble 1s increasing at the rate of

)
5 cm/s. At what rate is the volume of the bubble increasing

when the radius 1s 1 ¢cm ?
[Solution : Refer Q. 7 ; Ex. 6(a)]
13. A balloon, which always remains spherical, has a

variable diameter 7 (2x+1). Find the rate of change of its

—

volume with respect to x.

[Solution : Refer Q. 10 ; Ex. 6(a)]

14. Sand is pouring from a pipe at the rate of 12 ¢cm?/s. The
falling sand forms a cone on the ground n such a way that the
height of the cone is always one-sixth of the radius of the basc.
How fast 1s the height of the sand cone increasing when the
heightis4cm ?

Solution : Let ‘7" and *A° be the radius and height of the
sand cone respectively at time .

r
By the question, h = g (1)
Now V, the volume of the cone

3 3

[Using (1)]

= 127h’.
ﬂ sz ;(:m.hz ﬁ (2)
dt ~ dt T
Given <8V — 12 e ;
iven : TR 2 cm-/s. o

Fig.

dh
From (2) and (3). 365'!}12 — = 2
dt
dh 12 .
= Fi s — ’
dt 36mxh®>  3mh®
dh 1
When., h=4cm, — = >
dt  37(4)
487
Hence, the rate of increase of height of the sand cone,
1
when h=4 cm = CM./s.

487
15. The total cost C(x) in ¥ associated with the production
of x units of an item 1s given by :
C(x) = 0-007x" — 0-003x" + 15x + 4000.
Find the marginal cost when 17 units are produced.
Solution : Marginal cost is the rate of change of total
cost with respect to output.
Now C (x) = 0-007 x> — 0-003 x* + 15x + 4000.
dC

. Marginal cost ( MC) = ——
o] cost ( ) e

= (0-007) (3x%)- 0-003 (2x) + 15.

When x = 17, MC = (0-007) (3(17)%) — 0-003 (2 (17)) + 15
= 0009 -0-102 + 15 = 20-967.

Hence, the reqd. marginal cost is X 21 (nearly).

16. The total revenue in ¥ received from the sale of x units
of a product 1s given by :
R(x) = 13x%+26x+ 15.
Find the marginal revenue when x = 7.

Solution : Marginal revenue 1s the rate of change of total
revenue with respect to number of units sold.

Now  R(x)= 13x%+26x + 15,
_ . dR
-. Marginal Revenue (MR) = ——
dx
= 26x + 26.
When x =7, MR = 26(7) + 26

= 182 + 26 = 208.
Hence, the reqd. marginal revenue 1s ¥ 208.
Choose the correct answer in the Exercises 17 and 18.
17. The rate of change of the area of a circle with respect
oits radius ratr=6 cm s :
(A)10xr (B) 127 (C)8&n (D) 1l.
[Ans. (B)]
18. The total revenue in X received from the sale of x units
of a product is given by :
R(x) = 3x* + 36x + 5. The marginal revenue, when
x=131s:
(A)ll16  (B)96

(C)90 (D) 126.

[Ans. (D)]



.

Exercise 6.2

1. Show that the function given by fix) = 3x + 17 is strictly
increasing on R.

2. Show that the function given by fix) = e is strictly
increasing on R.

[Solutions : (1-2) : Refer Q. 1 ; Ex. 6(b)]

3. Show that the function given by flx) = sin xis :

" 4
(a) strictly increasing 1in (U. ?)

Al

4
(b) strictly decreasing in (?, :I)

(c) neither increasing nor decreasing in (0, ).
[Solution : Refer Q. 7(i) ; Ex. 6(b)]
4. Find the intervals in which the function °f7 given by

fix)=2x" - 3xis :

(a) strictly increasing  (b) strictly decreasing.

Solution : We have :
f(x) = 2x%-3x

“f (x) = 4x-3.

(a) For f (x) to be strictly increasing function of x,

fx >0

>  4x-3> 0
3

= =
x > 7.

3
Hence, °f 1s strictly increasing in (z,“’ :

(b)For f (x) to be stnctly decreasing function of x,
f(x) < 0=24x-3<0
3

== X s Ty
4

3
Hence, °f 1s strictly decreasing in (— ®, i

S. Find the intervals in which the function ‘f given by
fix) =20 -3 -36x+ 7 is :

(a) strictly increasing (b) strictly decreasing.

[Solution : Refer Q. 22 (i) ; Ex. 6(b)]

6. Find the intervals in which the following functions are
strictly increasing or decreasing :

(@ xX°+2x-5

(€) 23 —9x% - 12x + |

(e) (x+ 1) (x - 3)°.
[(a) Solution : Refer Q. 20(i7) ; Ex. 6(b)]
[(b) Solution : Refer Q. 20(iii) ; Ex. 6(b)]
[(c) Solution : Refer Q. 25(1) ; Ex. 6(b)]
(d) Solution : Refer Q. 20(iv) ; Ex. 6(b)]
[(e) Solution : Refer Q. 28 ; Ex. 6(b)]

(b) 10— 6x — 2x2
(d) 6 — 9x — x2

-
7. Show that y=log(l+x)— , x > —1. 1s an
2%
increasing function of “x’ throughout 1its domain.

2x
2+x

Solution : Let f (x) = log (1+x)-

- (2+x)(1)—x(0+1)

ST @ =
1+x (2 +x)°
1 2
. ~9 ;
1+x | (2+x)°|
_ (x+2)f —4(x+1) _ x
S GG () (er2f
— xz i}
- ,being a perfect sq., is
(x+2)
|tveand x >—-1=>x+1>0

Hence, *f 15 an increasing function of x throughout 1ts
domain.

8. Find the values of ‘x” for which y = [x(x — 'f!};]E 1S an
increasing functon.

[Solution : Refer Q. 15 ; Ex. 6(b)]

4sinf S .
9. Prove that y= — 6 is an increasing function
(24 cos0)
[
of 6in [U, ?]- (A.I.C.B.S.E. 2016)
Solution :
We have : f(0) = - -0.
(2+ cos 6)
f (0)
4(2 +cos 6) (cos 8) — sin 6 (0 —sin ) l
(2+ cos 9)2
420050 +cos”f+sin”0 2c0s6+1
(2 +cos 6)° (2 + cos 6)°

8cos O +4 —(2+ cos 9)2
(2+ cos 6)°

8 cos O +4—4 —cos® 60— 4 cos @
(2+ cos 6)

cos (4 —cos 6) ‘ T
>— >0 forall § € 0’5 .
(2+ cos 6)

TT
Hence. °f 1s an increasing function of @ in [Or E]

10. Prove that the logarithmic function 1s strictly increasing
on ((), 00),

[Solution : Refer Q. 9 ; Ex. 6(b)]

11. Prove that the function f given by fix) = ©—x+ 118
neither strictly increasing nor strictly decreasing on (-1, 1).

[Solution : Refer Q. 13 ; Ex. 6(b)]



12. Which of the following functions are strictly decreasing

(Aycosx (B)cos2x (C)cos 3x
[Solution : Refer Q. 35 ; Ex. 6(b)]
13. On which of the following intervals is the function *f
given by fix) = x'"" + sin x — | strictly decreasing ?

T
(B) ?.:?I

(D) None of these

(D) tan x.

(A) (0, 1)

7T
(C) (U, ?)

[Solution : Refer Q. 30 : Ex. 6(b)]
14. Find the least value of “a’ such that the function *f”
given by fix) = ¥ + ax + 1 is strictly increasing on (1, 2).
Solution : We have : fix)=x +ax+ 1,1 <x<2.
o f(x)=2x +a.
Now | <x<2 = 2<2x<9
=5 2+a<2x+a<4d+a
= 2+a< f'x)<4+a.

For f(x) to be strictly increasing, f’(x) =0
= 4+a20 = az —4.
Hence, the least value of ‘a’ 1s — 4.
15. Let I be any interval disjoint from (-1, 1). Prove that

1
the function °f given by fix) = X +; 1S stnctly icreasing on 1.

1
Solution : We have : f(x) = x+—.

X
| ) 1 xe—1
[_x — - T a =
F 2 2
x2 -1
Now f (x) > 0= 5 > ()
X
= xX-1> 0=21xI1>1
=5 x < —lorx>1
= x E (—, =1)orx € (1, )
=2 x € (w0, —-1)YU(l,@)=R — (-1, 1).

Hence. °f 7 1s stnictly increasing on I, where I'1s any interval
disjoint from (- I, 1).
16. Prove that the function ‘f” given by fix) = log sin x is
4

4
strictly increasing on ({L “;) and strictly decreasing on (‘5‘ JI] .

17. Prove that the function f given by fix) = log cos x is

T 7T
strictly decreasing on (U. E) and strictly increasing on (E -?I) .

[Solution : (16—-17) Refer Q. 10 ; Ex. 6(b)]

18. Prove that the function given by fix) = x> — 3x* + 3x
— 100 is increasing in R

[Solution : Refer Q. 5(i) ; Ex. 6(b)]

19. The interval in which y = x* ¢ is increasing is :

Exercise 6.3

1. Find the slope of the tangent to the curve y = 3x* — 4x at
x=4.

x—1

¥

2. Find the slope of the tangent to the curve y = =
x—

x# 2atx=10.

3. Find the slope of the tangent to curve y = X —x+1at
the point whose x-coordinate 1s 2.

4. Find the slope of the tangent to the curve y = 0 —3%42
at the point whose x-coordinate 1s 3.

[Solutions : (1 —4) : Refer Q. 1 ; Ex. 6(¢)]

5. Find the slope of the normal to the curve x = a cos” 6,

7T

y=asin’@alf = 3

6. Find the slope of the normal to the curve x=1-a sin 6,

JT
y=bcos 0 alf = 5

[Solutions : (5 - 6) : Refer Q. 3(b) ; Ex. 6(¢)]
7. Find points at which the tangent to the curve y =
3x? — 9x + 7 is parallel to the x-axis.
[Solution : Refer Q. 30 ; Ex. 6(¢)]
8. Findapointon the curve y = (x—2)* at which the tangent
is parallel to the chord joining the points (2, 0) and (4, 4).
Solution : The given curve is ix) =y =(x - 2)%  ...(1)
=2 (x—2).

(A)(—, o) (B)(=2,0) () (2 o) (D) ?2).
[Ans. (D)]

: 4-0

Since 2(.1:—2):4_2 [omy =m, ]

— 2x—-4=2

— Ixr= = xz=3

When x = 3, then from (1), y=(3 -2)? = 1.
Hence, the reqd. point 1s (3, 1).
9. Find the point on the curve y = x> — 11x + 5 at which
the tangent i1s y=x— 11.
[Solution : Refer Q. 28 ; Ex. 6(c¢)]
10. Find the equation of all hines having slope — 1 that are

l

x—1

tangents to the curve y= X #E

11. Find the equations of all lines having slope 2 which are

tangents 1o the curve y= X # 3.
=3
12. Find the equations of all lines having slope 0 which are
1

tangent to the curve Y =5 :
x—=2%4+3

[Solutions : (10 — 12) Refer Q. 34 ; Ex. 6(c¢)]



I?' 2

13. Find points on the curve ——+ 31’6 =1 at which the

langents are :
(1) parallel to x-axis  (ir) parallel to y-axis.
Solution : The given curve 1s :

a2y

—— =] -
9 T16 a
2x 2y dy
+ : —
Diff. w.r.t. x, 9 "16 dx ()
| —2% |
dy 9 _161'
~ d J @ 9y-
8

(i) The tangent 1s parallel to x-axis
if slope of the tangent = ()

} 16x 3
11 9y = 1) i =10
2
Putting 1n (1), 0+y_ =1
= 16
= =16 = y==x4

Hence, the tangents are parallel to x-axis at (0, £ 4).
(it) The tangent 1s parallel to y-axis
if the slope of the tangent = + o
if the slope of the normal = 0
9y

1l — =] =y =)
I 16x Y

5
Putting is (1) ?+0= | > x2=9

= x=+3

Hence, the tangents are parallel to y-axis at (= 3, 0).

14. Find the equations of the tangent and normal to the
given curves at the indicated points :

(i) y=x*—6x +13x2 - 10x + 5 at (0, 5)

(i) y=x" -6 + I3* - 10x +5 at (1, 3).

[Solutions : (i) — (i7) Refer Q. 8 ; Ex. 6(c¢)]

(fii))y=x>at (1, 1)

(iv) y = x* at (0, 0).

[Solutions : (iii) — (iv) Refer Q. 6 ;: Ex. 6(c)]

7T
(v) *r=¢.'u:-;r,y=r-:.inrulr=g.
Solution : We have : x=cost,y=sint.
& | :
— =—_—sint. & =cost.
df _ df
d /dt cost
LA :dy = —=_Colt.
dx dx/dt —sint
7T T | b1 4 1
Alt=—, x=CcO0s—=—= and y=sin—=——
r s £ TR
' 7T
@ _ —cot—=—1,
dx 4

which 1s the slope of tangent.
. The equation of tangent 1s :

-7 =]

N e

o6s |

1 1

. . _v—-—=—x+—==-x+y—x/5
NN
Now slope of normal = - 1.

.. The equation of normal 1s :

-

= V=X

15. Find the equation of the tangent line to the curve
y=x*—2x+ 7 which is :

(a) parallel to the line 2x—y+9 =0

(b) perpendicular to the line Sy — 15x = 13.

[Solution : Refer Q. 18 ; Ex. 6(c)]

16. Show that the tangents to the curve y = 7x° + 11 at the
points where x = 2 and x = -2 are parallel.

[Solution : Refer Q. 33 : Ex. 6(¢)]

17. Find the points on the curve y = x> at which the slope
of the tangent is equal to the y-coordinate of the point.

Solution : Let P (x;, y,) be any point on the curve :
R xr | I
dy ﬂ]
2 _ 2. _ 342,
dx dx (%1, :) :

By the question, slope of the tangent at (x. y,) = y,.

Sxf =¥ ik 2)
Since (xy, yy) heson (1), ..y, = xig .(3)
From (2) and (3). 3x12 = x:f

> x23-x) =0

= x; = 0or 3.

When x; = 0, then y, = (0)> = 0.

When:x; = 3, theny; =37 = 27,

Hence, the reqd. points are (0, 0) and (3, 27).

18. For the curve y = 4x — 2>, find all the points at which
the tangent passes through the ongin.

[Solution : Refer Q. 29 ; Ex. 6(c)]

19. Find the points on the curve x2 + > —= 2x — 3 = 0 al
which the tangents are parallel to the x-axis.

Solution :

The given curve is x2 + y* —2x — 3 =0 (1)

d
Diff. w.r.t. x,2x+ 2y d—y—2 =0

dy 2—-2x
= —
dx 2y
dy l—x
= T —
dx y
Now tangent 1s parallel to x-axis
dy 1—x
= —— =) =$ =0
dx ¥
= l—x=0 = x= 1
Putting in (1), 1 +y* -2 (1) =3 =0
= y:’: =4 = ¥,

Hence, the reqd. points are (1, £ 2).



20. Find the equation of the normal at the point (am?®, am’)

for the curve ay* = x°.

[Solution : Refer Q. 16(1) ; Ex. 6(c)]

21. Find the equation of the normals to the curve y = x° +
2x + 6, which are parallel to the line x + 14y + 4 = 0.

[Solution : Refer Q. 24 (i) ; Ex. 6(¢)]

22. Find the equations of the tangent and normal to the
parabola y* = 4ax at the point (at*, 2at).

[Solution : Refer Q. 14 ; Ex. 6(¢)]

23.  Prove that the curves x = y* and xy = k cut at right

angles if 8k = 1. (H.B. 2018)
Solution : The given curves are :
x =y (1) andxy=k sk a)
From (2). using (1), we get :
vy =k = Y=k= y =kl

Putting in (1), x = k%3,

Thus the given curves intersect at P (k%3, k1/3),
Diff. (1) w.r.t. x,

dy 1
W . AW
i dx 2y
dy] 1
1 Ix L 2:‘:”3 W

dy k'3 I
e -
Since the given curves cut at nght angles at P,
5 mym,=— |
Sl
= 513 E [Using (3) & (4)]
= 2k¥*=1 =  8k%*=1, which s true.

24. Find the equations of the tangent and normal to the

2 2
hyperbola x_z_y_2=1 at the point (x,, y,)-
a b
(H.B. 2018: HPB. 2017: Kashmir B. 2016)
| 5
Solution : The given hyperbola is — 5= 1.
a b
| "
() Diff. wrtx, 2X_2Y & _,
az .‘.:»2 dx

dy_2x B bx

= G ey ‘
dx q° 2y a?y
bzlﬂ
. Slope of the tangent at (xy, yg) = 2~
ayo

. The equation of the tangent at (xy, y,) 1s :

g
b"xﬂ

Y—Y0 = 2
a yu

(x —xp)

= a’yy (v —yp) = bxg (x — xp)

_ bzﬂﬂ B Hz},},ﬂ _ bzxnz B H?_}.ﬂz

2 2
XX y
— 0 _X0_2 X (Dividing by a2
2 2 2 2 -
a b a b
3 B
. X
But (X Vo) heson (1), .. g - }’g =L
a b-
. . XX
Hence, the equation of the tangent is —2{)—&2‘3: :
a b
2
; a o
(II) Slope of the normal at (xy, yy) = ——5
b-x
0
. The equation of the normal at (x,. y) 18 :
2
a Yo
y-yo=-——(x-x9)
b X0
- X—X
=y 4 - Yo _ - 0
a“yp b” xg
= X —X X—=X y—=)
ayp b” xg b”x a yo

25. Find the equation of the tangent to the curve

y=4/3x—2 . which is parallel to the line 4x — 2y + 5 = 0.

[Solution : Refer Q. 17 : Ex. 6(¢)]
Choose the correct answer in Exercises 26 and 27.
26. The slope of the normal to the curve y = 2x* + 3 sinx at
x=1)18:
1 1
(813 (C)-3 (D) 3
[Ans. (D)]
27. The line y = x + 1 is a tangent to the curve y* = 4x at the
point :
(A) (1, 2)

(A) 3

(B) (2. 1) (C)(1,-2,) (D) (-1, 2).

[Ans. (A)]

Exercise 6.4

1. Using differentials, find the approximate value of each
of the following up to 3 places of decimal.

(1) 253 (1) ﬂ/495 (iii)  JO-6

(iv)  (0009)3 (v) (099910 (i) (15)1/4

(vil) (2(‘1)”3 (viti) [255)”4 (ix) (82)”4

(x)  (4onY? (xi) (00037)V % (xii) (2657)!3



(xiii) (81-5)1% (xiv) (3-968)°'%(xv) (32-15)1/°.

[Solutions : Refer Q. 2, 4-5, 8-12 ; Ex. 6(d)]
2. Find the approximate value of f2.01),
where fix) = 4x% + 5x + 2.
Solution : Here fix) = 4x% + 5x + 2 i 1)
Take r= 2 and Ax =(-01 s (D)
Then f(2:01)= f(x + Ax)
=4 (x+A)2+5(x+Ax) +2
[Purting x = 2-01 in (1)]
Now Ay= f(x + Ax) — f(x)
= fx+Ax)=f(x)+ Ay
=f(x)+ f’ (x) Ax [%5 dx=Ax]
f(2-01)= (4x%> +5x +2) + (8x + 5) Ax
= (4(2)2+5(2)+2)+(8(2)+5) (0:01)
[Using (2)]
= (16 +10+2) + (16 +5) (0-01)
=28 +0:2] =28-21.
Hence, approximate value of £(2-01) = 28-21.
3. Find the approximate value of f{5-001),
where filx) =x> = 7x% + 15.
[Solution : Refer Q. 14(ii) ; Ex. 6(d)]
4. Find the approximate change in the volume V of a cube
of side x metres caused by increasing the side by 1%.
Solution : V, the volume of the cube = x°.

Now dV = (ﬂ]&r
dx

= (3x%) Ax
= (3x%) (0-01x) [+ I % of x = 0-01 x]
=008 £ .

Hence, the approximate change in volume = 0-03 x> m?.

-

S. Find the approximate change in the surface area of a
cube of side “x’ metres caused by decreasing the side by 1%.

[Solution : Refer Q. 16 : Ex. 6(d)]

6. If the radius of a sphere 1s measured as 7 m with an
error of -02 m, then find the approximate error in calculating
its volume.

Solution : If ‘7’ be the radius of the sphere,

hien 4.3
Lhe ==—71ar
CIl 3
dV 4 (. )
sO that s = 33(31' ) = 47re-.

Thus dV = (4nr°) Ar
= (477°%) (£ 0-:02) = + 392 7 m>.
Hence, approx. error in calculating volume
= 3927 m’.

7. If the radius of a sphere 1s measured as 9 m with an
error of 0-03 m, then find the approximate error n calculating
its surface area.

[Solution : Refer Q. 17 ; Ex. 6(d)]

8. If fix) = 3x? + 15x + 5, then the approximate value of
f13.02) 1s

(A) 47-66 (B)
(C) 6766 (D)

57-66
77-66.
[Ans. (D)]

9. The approximate change in the volume of a cube of
side x metres caused by increasing the side by 3% 1s :

(A) 0.06x m° (B) 0.6xm’
(C) 0.09xXm’ (D) 09X m’
[Ans. (C)]

Exercise 6.5

1. Find the maximum and minimum values, if any, of the
following functions given by :

i) AO=2x-1+3 (@Gi) A)=9"+12x+2
(iii) Ax)=—(x-1*+10 @Gv) gx)=x+1.

[Solutions : Refer Q. 1-2 ; Ex. 6(e)]

2. Find the maximum and minimum values. if any, of the
following functions given by :

(i) Ax)=kx+21-1 (i) gx)=—Ikx+11+3
(iii) h(x) = sin(2x) +5 (iv) fix) = Isin 4x + 3|
(v) hix)=x+1,x€&€ (-1, 1).

[Solutions : Refer Q. 2 — 3 ; Ex. 6(e)]

3. Find the local maxima and local minima, if any, of the
following functions. Find also the local maximum and the local
minimum values, as the case may be :

(i) fix) = x* (if) g(x) = x - 3x

JU

(i1i) h(x)=smmx+cosx.0<x< ?

(iv) fix)y=sinx—-cosx,0<x<2n
(v) fix)=x—6x2+9x+ 15

x 2
(vi) g(x)=—+—, x>0
5.

ii) &(X)=
e s
(viii) f(x)=xl—x,x>0.
[Solutions : Refer Q. 22 — 27 : Ex. 6(e)]

4. Prove that the following functions do not have maxima
Or minima :

(i) fix)=é" (ii)
({ii) @)=+ +x+ 1.
Solution : (/) We have : f (x) = e'.

f )= &

g2(x) = log x



Now f (x)=0
= E“r: D_
which gives no real value of x.

Hence, f(x) does not have maximum or minimum values.
(ir)We have f (x) = log x.

|
)= "y
Now f (x)= 0
)
= el {]‘
X

which gives no real value of x.

Hence, f(x) does not have maximum or minimum values.

(iii) We have : f(x) = x> + x>+ x + 1.

: = 3% % 2x4 L.

Now f (x)=20

= 32 +2x+1=0
—2x+4-12

= X = =

6 6
which are non-real.
Hence, f(x) does not have maximum and minimum values.

9+ —8

5. Find the absolute maximum value and the absolute
minimum value of the following functions in the given intervals:
(i) Ax)=x,x E€[-2,2]
(it1) Afix)=smx+cosx, x € |0, ]

(iii) f{.r)=4.r—lxz, xE[—E. 3]
2 2
(iv) fixy=(x—-1Y*+3,x€ [-3.1].
[Solution : Refer Q. 15-17 ; Ex. 6(e)]
6. Find the maximum profit that a company can make, if
the profit function 1s given by :
p(x) =41—72x— 1822
[Solution : Refer Q. 41(ii) ; Ex. 6(f)]
7. Find both the maximum value and the minimum value
of
3x* — 8x7 + 12x* — 48x + 25 on the interval [0, 3].
[Solution : Refer Q. 20 ; Ex. 6(e)]
8. At what points in the interval [0, 2], does the function
sin 2x attain its maximum value 77
[Solution : Refer Q. 9 ; Ex. 6(e)]
9. What is the maximum value of the function :
Sin x + cos x 7
Solution. We have :
f(x) = sinx+cosx:x € [0, 2r]
f (x) = cos x — sin x.
For extreme values, f (x) =0
= cosx—-smmx=0

(say)

= SN X = COSX = i =1
T D7

== R e
4 4

Now f(0) = smO+cos0=0+1=1

o 1 i Tk T i 1
T l— SIN —+ Cos— = —+?

4 4 4 P

57 | Y 4 S
fl=— $in — 4+ cos —
4 4

andf (2) = sin 2t + cos 2
Hence, max. value of f (x) =

10. Find the maximum value of 2x° — 24x + 107 in the
mterval [1, 3]. Find the maximum value of the same function
in [-3, —-1].

Solution : We have :

f(x)= 233 -24x + 107, x € [1. 3].
f (x) = 6x%-24

(1) For extreme values, f' (x) = 0

>612—-24= 0

= X=4>x=1%2

= = 2 & [, 3.

Now f(l1) = 2 (1) - 24 (1) + 107

= 2-24 + 107 =85
f(2)y=2(8)-24(2)+ 107
= 16 —48 + 107 = 75
and f(3)= 2(27)-24 (3) + 107
= 54 -72+ 107 = 89.

Hence, max. value = 89, which 1s attained at x = 3.

(11) We have
f(x)= 23 -24x+ 107, x € [- 3, - 1].

f ) = 6x*—24,
For extreme values,

fix)=10
2602-24=0 = x2-4=0=>x2=4
= x=x2=2x=-2€c€[-3, -1].

Now f(-3)= 2(-27)-24 (- 3) + 107
= —-54+72+ 107 = 125
f(=2)= 2(-8)-24 (-2)+ 107
= —-16+48 + 107 =139
f(-1)=21)-24(-1)+ 107
= -2+24+ 107 =129.
= 139,

which 1s attained at x = — 2.

Hence, max. value

11. It is given that at x = 1, the function x* — 62x* + ax +9
attains 1its maximum value, on the interval [0, 2]. Find the value
of ‘a’.

Solution : We have : f(x) = x* - 62x% + ax + 9.

f (x) =4x3 - 124x + a

and ' (x) = 12x% - 124.



Now f (1)=0
=>4()-124(1)+a =0

[Given]

= @ =124,
f"(ly=12(1)-124=-112< 0.

Thus f (x) attains 1ts maximum value at x = 1, where
a= 120.

Hence, a = 120.

Now

12. Find the maximum and mimimum values of x + sin 2x
on [0, 27].
[Solution : Refer Q. 18 ; Ex. 6(e)]

13. Find two numbers whose sum 1s 24 and whose product
1§ as large as possible. (Meghalava B. 2016)
Solution : Let ‘x’ and ‘y’ be two numbers.
By the question, x + y = 24 el
Let the product, P=xy = P=x(24-x)
|Using (1)]
= P=28r—x%

i 24— 2

- T =24-2x.

N |
| | dP : .

For P to be largest, — = 0, which gives :

24-2x=0 > Wx=24 = x=12

2

Now P =_2 whichis - ve forx = 12.
dxl

Hence, product 1s maximum when the numbers are 12 and

(24 - 12) i.e. 12 and 12.

14. Find two positive numbers x and y such that x + y =60
and xy” is maximum.

[Solution : Refer Q. 6 ; Ex. 6(f)]

15. Find two positive numbers x and y such that their sum
is 35 and the product x’y” is a maximum.

[Solution : Refer Q. 4 ; Ex. 6(f)]

16. Find two positive numbers whose sum 1s 16 and the
sum of whose cubes 1s minimum.

[Solution : Refer Q. 5 ; Ex. 6(f)]

17. A square piece of tin of side 18 ¢cm 1s to be made nto a
box without top, by cutting a square from each corner and
folding up the flaps to form the box. What should be the side
of the square to be cut off so that the volume of the box 1s the
maximum possible. (Meghalaya B. 2018; Nagaland B. 2018)

Solution : Let x cm, be the side of the square cut from
each corner.

X X

X \I X X
X X
X X

X \I I‘ X

L.

Length of the resulting box = 18 — 2x ;
Breadth of the resuluing box = I8 — 2x ;
Height of the resulung box = x.

Volume = (18 - 2x)%. x
Let Vi = 2 {18~2x)2
V' (x) =x2 (18 =2x)(-2) + (18 = 2x)2 (1)
= (18 — 2x) [— 4x + 18 — 2]
= (18 — 2x) (18 - 6x).

For max./min. volume, V' (x) = ()
=2(18 —2x) (18 = 6Xx) =0

= x=90rx=23.
But x = 9 1s impossible.
|+ The whole of thin sheet will be cut off]
Thus = A
Now V'(x) =(18 =2x)(-=6) + (18 = 6x) (- 2)
=— 108 + 12x — 36 + 12x
= 24x — 144.
Viix=3) =24 (3) - 144
=72 - 144 = - 72,

which 1s — ve.

"V (x) 1s max. when x = 3.

Hence, the length of the side of the square cut off from each
comer = 3 cm.

18. A rectangular sheet of tin 45 ¢cm by 24 ¢m is to be made
Into a box without top, by cutting off square from each corner
and folding up the flaps. What should be the side of the square
to be cut off so that the volume of the box 1s maximum ?

[Solution : Refer Q. 38 (i) ; Ex. 6(f)]

19. Show that of all the rectangles inscribed in a given fixed
circle, the square has the maximum area.

[Solution : Refer Q. 16 : Ex. 6(f)]

20. Show that the right circular cylinder of given surface
and maximum volume 1s such that its height 1s equal to the
diameter of the base.

Solution : Let *S™ and *V' be the surface area and volume
of the cyhnder, whose radius 1s *r’" and height *h".

. 2
c. Surface area, S= 2mrc + 2arh

-S—2:n:r2
27ar {

Now the volume. V = wrth

9 S—ZJTrz
= ar T [Using (1)]
= %r(S—-Q:mrg)
= %(Sr—anB).
d
d_f = %(S—B.RTZ).



dV
For max./min., e = ()
.1 ,
:E(S—Gsrr ) = ()
= S = 6mr.
) 2 9
6 -2 4
From (1). h = dich i = i = Jr.
2nr 2mr
)
d“V 1
Now dr2 = E(_ 123!?!‘) = —-063tr<9.

.V is max. when h = 2r
i.e. when height equals the diameter of the base.
21. Of all the closed cylindrical cans (right circular), of a

given volume of 100 cubic centimeters, find the dimensions of

the can which has the minimum surface area ?
[Solution : Refer Q. 29(i) ; Ex. 6(f)]
22. A wire of length 28 m is to be cut into two pieces. One
of the pieces 1s to be made 1nto a square and the other into a
circle. What should be the length of the two pieces so that the
combined area of the square and the circle 1s mmimum ?
(P.B. 2017; H.B. 2016)
Solution : Let one picce be ‘x” m.
-, Other piece = (28 —x) m.
Let “x” metres be made into a circle and (28 — x) metres
be made nto a square.
It "7 to the radius of the circle,

X
then 2tr =x = r=—.
2T
2
X
Thus area="7 {—) L1
271
28 —x X
And side of the square = 3 = 7 — 71 ) metres.
2
Its area = (7—£] (2)
L 1 2

Let *A’ represent their combined area.

4

ﬂ=nx2[inL+2{7—i](_—]]
dx 2/ 2w 4 )\ 4

X 2 X .
A=T|—| +|7——| . [Using (1) and (2)]

|  dA
For maxima/minima, I: ()

x(ﬂn}_?  7x8m 28nm
s e _
—* 2 2(4+m)

8m 4+
d*A 1 1
Also de = + 2

a5 | o

? = o + 2 which 1s + ve.
28T

=
44T

Thus area A 1s minimum.

- 28m
4+ T

m from

The wiare 1s to be cut at a distance of

one end.
Hence, the lengths of the two pieces are :
281 28T 112

m and 28 — l.e.
447 4+1 4+ T

.

23. Prove that the volume of the largest cone that can be

8
inscribed 1n a sphere of radius R 1s 57 of the volume of the

sphere.

[Solution : Refer Q. 24 : Ex. 6(H)]

24. Show that the right circular cone of least curved surface
and given volume has an altutude equal to \E tume the radius
of the base.

[Solution : Refer Q. 26 : Ex. 6(f)]

25. Show that the semi-vertical angle of the cone of the

maximum volume and of given slant height is tan™ /2.
[Solution : Refer Q. 20(i) ; Ex. 6(f).]
26. Show that the semi-vertical angle of right circular cone

o . -
ol given surface area and maximum volume 1s sin (—)

3

(H.P.B. 2018; Nagaland B. 2018; Mizoram B. 2017)
Solution. Let *S’ be the given surface of the cone whose

radius 1s ‘r’, ‘h’ the height and ‘I°, the slant height.
S=nrr+nrl <1}




If *V’ be the volume of the cone.

- 2Sr— 8nr? =0
1
then V= E'ﬂi rh =4 S = 4.
2 2
: as 1 4S8
l 1 Putting in (3), —5==8(258 - 6S) = ——— <.
. szaﬁzrsthz:_ 2,4 2 _ 2 ing in (3) . G
[ 12 =1 + W) Thus Z is max. when S = 4nr?
i 212 [ = Vis max. when S = 4nr? .
- l n2r4 S—nr _ rz
9 nr Now S=4nr? = 1l + nrl=4nr?
) ) [Using (1)]
- S—:rrz- =% Wmrt=Trl = =l = 1=3F (D)
- From (1), ] = — , : .
aTr If ‘0 be the semi-vertical angle of the cone,
: s o B e, (e ()]
| ™ (S — .‘?1‘?‘2)2 _ ﬂgr4 ¢n SIn v = ; = SInmo= o™ = 3 sing (
=—a‘r
| Hence, 6 = sin™! [3) . which 1s true.
L 2.2 2
_ e -
T 9 R =T Choose the correct answer in the Exercises 27 and 29.
. 27. The point on the curve x* = 2y, which is nearest to the
_ %S(Srz——zﬂr‘l) pl]iﬂl {0.,5}15-
. | | . _ (A)  (242.,4) (B) (24/2.0)
Putting V= = Z so that V 1s max./min. according as Z 1s
max./min (C) (0,0 (D) (2,2).
o | [Ans. (A)]
Z=% S (Sr2 — an4) 28. F:;r all real values ol x, the minimum value of
l—%+x" .
- IS
dZ 1 I+ x+x°
so that - = 5 S (2Sr —8mr’) _AD) e -l
r
(A) 0 (B) 1 )y & (1) 3
d*Z 1 )
and =558 24nr?) _(3) [Ans. (D)]
dr 29. The maximum value of [x(x—1)+1]"3, 0= x < lis:
- dz \1/3 |
For Z to be maximum, — = () ] i
dr (A) |= B = (€ 1 O O
| 3 2
|
= 5 S(2Sr- gnr? ) =0 [Ans. (C)]
Miscellaneous Exercise on Chapter | 6
1. Using differenuals, find the approximate value of each 2. Show that the function given by f(x)= g has
of the following : -
| maximum at x = e.
” (17)” . [Solution : Refer Q. 24 : Rev. Ex.]
- bl
31 3. The two equal sides of an isosceles triangle with fixed

. e L e o ,LN'UE B .‘3__ T SeC - —
[Solution : Refer Q. 10(v) : Ex. 6(d)] hdhﬂ- b’ are dLLI‘EdH]H? it the rate of 3 cm ptr_ktumd How
fast 1s the area decreasing when the two equal sides are equal
to the base ?

[Solution : Refer Q. 3 ; Rev. Ex.]

(b) (33)7'°
[Solution : Refer Q. 13 ; Ex. 6(d)]




4. Find the equation of the normal to curve y* = 4x at the
point (1, 2).
Solution : The given curve is y* = 4x.

Diff 2 o 4 Y 2
, s ol e S s
I Wrl.Xx ydx e y
2
Al {LZLd—y] — §=1.
*la,2)
Slope of the normal = — 1.

. The equation of the normal is :

y—-2=(-1xx-1)

>x+y-3 =0.

S. Show that the normal at any point ‘6" to the curve
x=acosB@+absinf,y=asinf —ab cos 0 is at a constant
distance from the origin.

[Solution : Refer Q. 41 ; Ex. 6(c)]

6. Find the intervals in which the function *f " given by :

4sinx—2x— xCOS X

Ax) =

1S (1) increasing (i1) decreasing.
Solution : We have :

24cosx

fx) 4sinx—2xX—XCOSX 4sin x
xX)= = = o
24Cosx 24Ccosx

(24cosx).4cosx—4sinx(=sinx)

Al (24 cos x)?

8cusx+4msz x+45in2 X

(24cosx)
" 8cosx+4
e B ]
(2+c{15.1:)2

8cuax+4—{2+msx}2

{_2+m5x)2

3Cﬂ5.1’+4—4—{:ﬂ5;2 x—4cosx

{2+m:-;x}2

Acos x—cos2 x  cosx(4—cosx)

2
(2+cuax}2 (2+4cosx)

Now (2 + cos x)%, bein o a perfect square, 1s always non-
negative
but (2 + cos x)*> # 0 as 2 + cos x # ()
(2 + cos x)* is always +ve and

[*: cas x #— 2]

4 — cos x1s also always +ve.
| cos x is always numerically < 1]

S f7(x) 1s +ve or —ve according as cos X 1S +ve or — ve

| b 3m
according as 0 <x < o and & X< 2R
Tt 3n
or —< X< —

2 2

s n
Hence, fix) 1s an increasing function in (0-—]U( .2117)

2 2
L . . . . (m 3rm
and a decreasing function in | — — |.
4% 9

7. Find the intervals in which the function ‘f’ given by

1
f{x)=13+*—3+,x¢(] 1S :
X

(A) Increasing (B)
[Solution : Refer Q. 18(ii) ; Ex. 6(b)]
8. Find the maximum area of an isosceles triangle
T . x J’Z sihe
inscribed in the ellipse =5+ =1 with its vertex at one end
4 2

decreasing

of the major axis.

[Solution : Refer Q. 35 ; Rev. Ex.]

9. A tank with rectangular base and rectangular sides,
open at the top 1s to be constructed so that its depth 1s 2 m and
volume is 8 m?. If building of tank costs ¥ 70 per sq metres for
the base and I 45 per square metre for sides. What 1s the cost
of least expensive tank ?

[Solution : Refer Q. 37 ; Ex. 6(f)]

10. The sum of the pennmeter of a circle and square 1s k&,
where “k7 1s some constant. Prove that the sum of their areas 1s
least when the side of square 1s double the radius of the circle.

[Solution : Refer Q. 25 ; Rev. Ex.]

11. A window 1s in the form of a rectangle surmounted by
a semicircular opening. The total pennmeter of the window 1s
10 m. Find the dimensions of the window to admit maximum
light through the whole opening.

Solution : Let “x” and *y’ be the length and breadth of the
rectangle ABCD.

X
Radius of the semi-circle = py
_ _ _ o X
Circumference of the sem-circle = -

==

X
By the question, I+?-}’+T =10

20— (2+7)x
2> +4dy+ax =20=>y= 2 L)

2
1 Ix
Area of the figure = I}""E-?T(?]
20—-(2+7)x x°
=T —
4 8

|Using (1)]




' If *I" be the length of the hypotenuse AB.
20x —(2+7)x*  7x? - i

Thus A (x) = : + o then [ = AP + PB
| = a cosec 0 + b sec 6.
20— 247 )\ 2x) 20x _
A Xy = ( )( )+ dl
4 3 E = —acosecBcot®+bsecHtan 6
| —(2+7)2 2x |
and A" (x) = + -
4 8 d-l S
| | and P = a cosec 0 + a cosec O cot? 0
—4-2x+n —-4-n
= 4 = 4 - + bsecs 0+ b sec O tan? 0.
For Max./Min. of A (x), A’ (x) =0 dl
- For maximum/mimmum, —— = ()
20—-(2+7)(2x) Qo do
— 3 s
4 Q — —acosecBcotO+bsecBtan B =0

20—+ 2x+ax=0=2>20+x(mT-4-21)=0 acos® bsin®

e A = ()

20 D vild
2> 20-x@4+m) =0 > X = ; L
447 - o S
And A’ (x) is — ve for all x. ;5 —— - —
Hence, the area 1s max. i.e. A (x) 1S max. sin® 6 cos” 6
hen length = a
| 20
20— (2+ 7)) —— 1/3
and breadth = y = 2 a+m s tai B = (";_) _
_ 80+207 —40— 207 RTE RRYE
4(4+:«T) . sin B = and cos 0 = ;
10 0 Jﬂzxz +p2!3 Jﬂzu +p2!3
4(4+;:) 4+ o - INTE
, , o 10 Also — > 0 when tan 6 = (—) .
And radius of semi-circle = —. de b
4+
12. A point on the hypotenuse of a triangle is at distance a\l’3
‘a’ and *b’ from the sides of the tnangle. Thus / 1s minimum when tan 0 = ('E') ;
Show that the minimum length of the hypotenuse 1s
- Minimum value of [
(H213 +b2!3)3:"2_
Solution : Let ABC be a nght-triangle with hypotenuse = a \/1+cm2 0 +b \/ 1+ tan” 0
AB.

] ROE T
a l+(—) +b ]+(—)
a b
_ 203 \/azf3+b2f3 4 ;213 Jb2f3+a2f3

= (@3 + PN 4523 = (2B + B3,

Fig. which 1s true.
Let P be on AB such that : 13. Find the points at which the function f given by :
PL. = a and PM = b. fix)=(x- 2 (x+ 1) has :
Let JCAB = 0 (A) local maxima (B) local mmima

(C) point of inflexion
[Solution : Refer Q. 26 ; Rev. Ex.]

AP = a cosec 8 and PB = b sec 6.




14. Find the absolute maximum and minimum values of

the function f given by :
nx) = cos’x+sinx, x € [0, 7).

[Solution : Refer Q. 17(ii) ;: Ex. 6(e)]

15. Show that the altitude of the nght circular cone of
maximum volume that can be inscribed 1n a sphere of radius r
 4r
Is =

[Solution : Refer Q. 34 ; Rev. Ex.]

16. Let °f° be a function defined on [a, b] such that f(x) >
0, for all x € (a, b). Then prove that *f " 1s an increasing function
on (a, b).

Solution : Take x,. x, € (a. b) so that x; < x,.

Let the sub—interval be [xl. X5 .

Since f (x) 1s differentiable on (a, b) and

[.Il.. ‘IE] C (a, b}

“f (x) 1s continuous on [x,, x,] and differentiable in
(X}, X5).

"By LMV Theorem, there exists ¢ € (x|, x,) such that
f(xz) - f(x]_)

i) = Xo — Xy

Now f'(x) >0 forall x € (q, b) = f'(¢c) >0
f(xg)—[(x1)

= Xy — X, > 0

[V x; <xy; = x,-x; > 0]
2> fx) < fx)ifx; <x,
Hence, ‘f" 1s increasing n (a, b).
[ x;, x5 are arbitrary]
17. Show that the height of the cylinder of maximum

2R
volume that can be nscrnibed 1n a sphere of radius R 1s —\E

Also find the maximum volume.

[Solution : Refer Q. 27 ; Ex. 6(f)]

18. Show that height of the cylinder of greatest volume
which can be 1nscribed in a right circular cone of height A’
and semi vertical angle “a’ 1s one-third that of the cone and the
greatest volume of cylinder 1s ;.?I'h?’ tan a.

Solution : Let “x’ be the radius, ‘Z', the height of the
cylinder.

Then OC =0 - CE = hi—7and CD =x.

&% -CD X
ow lan OC h—z
2> x=(h-27) tan 6 o T

where ‘8" is the semi-vertical angle of the cone.
Clearly 6 is constant. [+ Cone is given]

Now V| the volume of the cylinder

=ax*z=a[(h-z*%an*alz [Using (1)]

= 7z (h - 7). tan? « 2y
| d*V
Vis max. when — = (0 and 5 < 0.
dz dz
Diff. V w.r.t. z, we get :
dV 2 5
E =a[(h-2*%x1+z.2h-2)(-1)]tan* 6

= matan‘a (h-2*-2z(h-72)
2 2 > 2
= 7 tan“ a [h* — 2hz + z° — 2hz + z“]
= 7 tan’ a (h* - 4hz + 37
= mtan® a (h - 2) (h - 37) +U(3)

N ﬂ—ﬂ#h 2) (h=32)=0
OW dz — {_m}{ _--i..}_

h
>h=2z 322 z=hor E
Clearly z # h [ .- Cylinder is inscribed in the cone]
3 h
HEE = T
ence 3
Diff. (3) w.r.l. z, we get
d2
—5 = 7 tan® 6 (0 - 4h + 62)
dz

| h
7 tan® 6 ("’4h +6§)

= 7 tan® 0 (-2h) < 0.
Hence, the volume of the inscribed cylinder 1s maximum
h

when its height 1s o

Radius of the cylinder = CD = OC tan 6

b .
= (h—g]tanﬂ — %htﬂﬂﬁ‘,

", Volume of the cylinder

2 2 h | 4 3 9
— :n:(gh tanﬂ] (g) - E.ﬂ'h tan“ 6.

Choose the correct answer in the Exercises from 19 to
24.

19. A cylindrical tank of radius 10 m 1s being filled with
wheat at the rate of 314 cubic metre per hour. Then the depth
ol the wheat 18 increasing at the rate of :

(A) Im’h  (B) 0.l m’/h
(C) L.ImYh (D) 0.5 mh.
[Ans. (A)]

20. The slope of the tangent to the curve x = * + 3t — 8,
y = 21> — 2t — 5 at the point (2, 1) is :

22 6 7 -6
(A) 3 (B) 7 (C) c (D) BN
[Ans. (B)]
21. The line y = mx + 1 is a tangent to the curve y* = 4x if
the value of m1s : E
(A) 1 (B) 2 L) 3 (D) =.
" [Ans. (A)]



22. The normal at the point (1, 1) on the curve 2y + x> =3 is :

(A) x+y=0 (B) x-y=0
(C) x+y+1=0 (D) x-y=0.
[Ans. (B)]
23. The normal to the curve x* = 4y passing (1, 2) is
(A) x+y=3 (B) x—y=3
(C) x+y=1 (D) x—-y=1.
[Ans. (A)]

24. The points on the curve 9y* = x°, where the normal to
the curve makes equal intercepts with the axes are :

v ) e ()
(A) = (b) "3

[ 3 {3
4,+= +4 =
o | 8) o | 8)

Questions From NCERT Exemplar

Example 1. For the curve y = 5x — 2x7, if x increases
at the rate of 2 units/s , then how fast is the slope of curve
changing whenx=3 ?

Solution. We have : y = 5x — 2x°.

'dy

Slope of the curve, E =5 —6x°.
| " |
(dy) i — IEXE
dt \ dx d

[
=-123)(2)=-72.
Hence, the slope of the curve 1s decreasing at the rate of
72 units/s when x 1s increasing at the rate of 2 units/s.
Example 2. Prove that the function f (x) = tan x — 4x
L L L -}T -:IT
is strictly decreasing on 33
f(x) =tan x — 4x.

f'(x) =sec®x—4.

Solution. We have :

7T T
——?{x{?,l <secx <2

9 ,
= |l<csec x<c4=> -3 <seccx—-4 <)

When

-

Thus for —2= < I(;E‘ fx)<0.

Hence, 'f 7 1s strictly decreasing on (—%%)
Example 3. Show that the function :
f(x)=4x>- 18x2+ 27x -7

has neither maximum nor minimum.

Solution. We have : f(x) =4x3— 18x2+27x - 7.
S fN(x) = 12x% - 36x + 27

=3 @2 - 12 +9) =3 (2c-3)%

Now f'(x)=0 3 (2x-3)*=0=> (2x-3)?2=0

3
» == (Critical Point)
| ‘ L . 3
Since f'(x) >0 forall x < 3 and for all x > 3
3 .
o X = 71s a point of intlexion.

Hence, *f " has neither maximum nor minimum.

Example 4. Find the condition for the curves :

xZ yJZ
—5 =3 = 13 Xy = c¢? to intersect orthogonally.
a~ b W g
: X
Solution. The given curves are ——= =1 ..(])
and . bl}': & (2)
Let these curves ntersect at (x, y,).
2x 2y dy | b2
Daft.. (1), T2 5. =0= d_y > =T
a- b° dx dx a’y
At ( ) @{ my) by
Xp V) S = ——.
o a )
e b ¥ y ¥
Again diff. (2), x—+y = 0= —=——,
st .] dx =~ dx b
dy y
At (x,, y,), —(=m,) =-=L
s dx 2 %
For orthogonalty, m, m, =-1
b*x b?
= 5 : (—ﬂ) = = ] = _2=l
ay X a

= a’— b* =0, which is the reqd. condition.
Example 5. Find the difference between the greatest
and least values of the function f (x) = sin 2x - x, on

53]

Solution. We have : f(x) = sin 2x — x.
f'(x)=2cos 2x -1,

i
Now f' (x)=0 = 2cos2x-1=0= cos 2x= 3
T |
= 1{:——ﬂr—=x=—£ﬂr£_
3 6
. T 7
Now f(——] = mn{—:r}+5——0+3—?
7T 27\ 7« T 3 7
f(-—): sm(——)+— —~.m—+—=—£+—
6 6 3 6 2 6
¥ 2\ @« - i - ﬁ i
Fli= & i} = === s
6 6 6 3 6 2 6
T . T 7T b/
d fl—|=sma——=0——=——
- (,,) 2" 2 2
T "
Thus 7 1s the greatest value and =7 1s the least value.

 gwugw ﬂ H
Hence, the reqd. difference = 5\75 =T

m—r



Example 6. Find the area of greatest rectangle that

2 2
L] L] L4 - K
can be inscribed in an ellipse LI
2 2
a~ b
Solution. Let ABCD be the rectangle of maximum area
with sides AB = 2x and BC =2y, where C(x, y) 1s a point on the

.1'2 yz
ellipse —5 +=5 =1 (1)
a b

Fig.

.~ A, the area of the rectangle = 4xy

= AZ=16x°y%= s (say)

Example 7. An isosceles triangle of vertical angle 26
is inscribed in a circle of radius ‘a’. Show that the area of

JU

triangle is maximum when 6 = +

Solution. Let ABC be the 1sosceles tnangle, which 1s
mscnbed in a circle of radwus ‘a’ such that AB = AC.

AD = AO+ 0D
= a+ acos 20

and BC 2BD = 2a sin 26.

' |
2 16b° A. area of trianole ABC = —BC.A
X 2 2 4. . area of tnanele ABC = —BC.AD
s :1612(1——2].&2 s 5= ——(a’x" =x") 'y = 2
_ - 5 " & = A = —=2asin20(a+acos20)
ds 166" 3 4 5 :
dr a° 7). = A =a’sin 20 (1 + cos 20)
' 1
ds 3 = A = a’® sin 20 + —a’ sin 40.
Now Z:ﬂ# 2a%x —4x> = () | | 2
: - dA ]
a b d_ﬂ — 2a’ cos 29-[-;&2 cos460.4
> = g eosmsprly y= 7 P s con 20+ on 40
| | dA
d*s  16b° 20 = e Batiens .1 e Aby
NG ~ _— 2d® —12x%) ' 70 0 = 2a“(cos 20 + cos 40) = 0
a | = c0s 20 +cos48 =0
g BPs 1652 ; . 1652 ( 2) = c0s 20 = — cos 40 = cos (;t — 40)
A gt = — (2a” —6a”) = > —4a“)<( 7T
@dx a a ==-26_:n—49=>69::r==-6‘:z.
a b . . d*A R
Thus at x = —, y = —=, s 1s maximum and hence, the And — = 2a° (- 2 sin 20 — 4 sin 40)
27 A2 do -
arca A 1s maximum. 0 at B= A '
6 |
_ a b " _ - 7T
Maximum area = 4xy = 4?_2' = 2ab sq. units. Hence, the area of triangle is maximum when 6 = P
Exercise

1. A spherical ball of salt 1s dissolving in water in such a
manner that the rate of decrease of the volume at any instant is
proportional to the surface. Prove that the radius 1s decreasing

dal a constant rale.

2. A kite 1s moving horizontally at the height of 151-5
metres. If the speed of the kite 1s 10 m/s, how fast 1s the string
being let out, when the kite 1s 250 m away from the key who 1s
flying the kite ? The height of the boy 1s 1-5 m.

3. The volume of a cube 1s increasing at a constant rate.
Prove that the increase in 1ts surface area varies inversely as
the length of the side.

4. x and y are the sides of two squares such that

- - : g :
y = x —x-. Find the rate of change of the area of second square

with respect to the area of the first square.

S. Show thatfora = 1. f(x) = ﬁsin x—cosx—2ax+b

1s decreasing 1n R.



6. Show that the function " given by :

f(x)=tan"! (sinx + cos x), x>0

7T
1s always increasing function n ((LE)'

7. Find for which values of “x’, the function :

4 4.1'3
V=X ——
' 3

1s increasing and for which values. 1t 1s decreasing.

8. Show that f (x) = 2x + cot™' x + log (Y14 x* — x) is
increasing in R.

9. Find the angle of intersection of the curves y = 4 — x

and y = x2.

10. Prove that the curves xy = 4 and x? + y* = 8 touch
c¢ach other.

11. What 1s the slope of the tangent to the curve :

x=1r4% 3r—8.9y=27-27r—>5 at the point (2,— 1) ?

12. Using differentals. find the approximate value of
V0082 -

13. Find the approximate value of (1-999).

14. Find the approximate volume of metal in a hollow
spherical shell, whose internal and external radi are 3 ecm and
3-0005 ¢m respectively.

15. At what point, the slope of the curve :

y=—x +3x2+9x — 27

L

1s maximum ? Also, find the maximum slope.

2. 8 m/sec (approx.). 4. 2x- - 3x+ 1.

7. Increasing : (1, o) Decreasing : : (— o0, 1).

{42

9. tan - 1m o
7

5

12. 0-2867.

13. 31.92.

14. 0-18 & cm?.

15. (1, - 16) ; Maximum slope = 12.

Revision Exercise

1. A car starts from a point P at time ¢ = 0 seconds
and stops at point Q. The distance x, in metres, covered
by it, in t seconds is given by :

X =t (2 — i) :
3
Find the time taken by it to reach Q. Also find the
distance between P and Q. (N.C.E.R.T))

SaliitainEWe B el (2 --’-}

3
& - =14 -1
s m— =ff—F=f{d—T)
) dt
Now v=10( — gF=ler4

Now v=0atPaswell as at Q.
Thus atP.r=0and at Q, r = 4.
Thus the car will reach the point Q after 4 seconds.

Also distance travelled in 4 seconds

{. & 1N 5
:‘E E—— =]f) — | = —
\ ( 3] (3} "R

2. A water tank has the shape of an inverted night-circular
cone with 1ts axis vertical and vertex lower most. Its

semi-vertical angle is tan™' (0-5). Water is poured into it at a
constant rate of 5 cubic metre per hour. Find the rate at which
the level of the water 1s nsing at the instant when the depth
of water in the tank 1s 4 m. (N.C.E.R.T.)

3. The two equal sides of an 1sosceles triangle with fixed
base ‘b’ are decreasing at the rate of 3 cm per second. How
fast 1s the area decreasing when the two equal sides are equal
to the base ? (N.C.E.R.T.)

4. The bottom of a rectangular swimming tank is 25 m
by 40 m. Water 1s pumped nto the tank at the rate of 500 cubic
metres per minute. Find the rate at which the level of the water
in the tank 1s nsing.

S. A ladder 13 m long leans against a wall. The foot of
the ladder 1s pulled along the ground away from the wall at the
rate of 1-5 m/sec. How fast is the angle *0° between the ladder
and the ground changing when the foot of the ladder 1s 12 m
away from the wall ?

6. The radius of a cylinder 1s increasing at the rate of
2 cm/sec and 1ts altitude 1s decreasing at the rate of
3 cm/sec. Find the rate of change of volume when radius
1s 3 ¢cm and altitude 1s 5 cm.

7. AKkite1s 120 m high and 130 m of string 1s out. If the
Kite 1s moving away horizontally at the rate of 5.2 m/sec.,
find the rate at which the string 1s being pulled out. How a

festival enhance national integration ? (C.B.S.E.)



8. Show that the function ‘f’ given by :
f (x) = tan™! (sin x + cos x), x> 0

T
is always an increasing function in (0, —) .

(N.C.E.R.T.)

Solution : We have : fix) = tan™! (sin x + cos x), x > 0.

S x)=

. (Cos x — s1n x)
1+ (sinx + cos x)

COS X —SIn x

Il

| + (:J,in2 X+ u;:+nn:~;2 X))+ 28N x Cos x

COSX—SINn X

24+sin2x

Now 2+ sin 2x > 0 for all x in (U%] :

Thus f7(x)>0whencosx—sinx>0
i.e., when cot x >1.

T
Now cotx>1 =% famxre ] — U-r-:x{I.

Thus f'(x)>0 1n ([L;).

Hence, ‘f’1s an increasing function in ([}E]
4
9. Let °f° be a function defined on [a, b] such that
f (x) > 0, for all x € (a, b). Then prove that 'f " is an
(N.C.E.R.T))

10. Find the equations of the tangents to the curve
y = ¢os (X + ¥), — 2% < x < 2% that are parallel to the line

increasing function on (a, b).

X+ 2y=0. (N.C.E.R.T))
Solution : We have : y=cos (x + y) k)
d
Diff. w.r.t. x, = — _sin (X +V) (] - d_y]
dx dx
. &y
= (l+sm(x+y) — =-sin(x+y)
( S (x +y)) 5 sSin (x +y
| sin(x+
i Qz - Hm-(x y)
dx l+sin(x+y)
sin(x +y)

= Slope of the tangent at (x, y) = — : ;
pe & ’ 14+ smn(x+y)

Since the tangents to the curve are parallel to the line

x+2y=0, |Given]

| —-sin(x+y) |

l

lesinloty) 2 * my=my)

= 2smm(x+y)=1+sin(x+y)

.
= sin (x+y) =1 = sin<=

T
= x+y=2nt+—.ne L.
: 9

.F)

|
Then y=cos(x+y)=cos [En‘ﬂ: + —) nel

=0,

. 3 T

Since —2N<x<2K, .. x= —— and —.

2 2

Thus the tangents are parallel to the x + 2y = 0 at the

( 3n (T
ints | ——, 01 ¢ —, 0.
points [ > ) ind (2 J

==

| in
And the tangents are y — 0 = — - X+ —

i.e. 2x+4y+ 3n=0

" K

and }'—{)=—E X 5
Le. 2x +4y - =0.

11. Find the angle between the parabolas :
y2 = 4ax and x* = 4by

at their point of intersection other than the orgin.
(N.C.E.R.T)
12. Tangents are drawn from the origin to the curve
y = sin x. Prove that their points of contact lie on the curve

2 2

x2y2=(-x —~3)-

—xla .

XY
13. Show that _+E = | touches the curve y=be at

a
the point, where the curve crosses the y-axis.

14. If the straight line x cos o + y sin o = p touches the

2 2
: X
ellipse —2+y—., = 1, prove that :
a®~ b*

p2 =a’ cos® a+b% sin® o

15.If x cos & + y sin O = p touches the curve

x™ yn =am+n‘ prove that :

m-+n m

PP ™ o = ()" g™ cosM asin @



16. Find the points on the curve y= 3x% —9x +8 at which
the tangents are equally inclined to the axes.

17. The equation of the tangent at (2, 3) on the curve

yz =:u:3 +b 1s y=4x - 5. Find the values of *a’ and *b’.

18. A circular disc of radius 3 ¢cm 1s being heated. Due to
expansion 1ts radius increases at the rate of 0-05 cm/s. Find the
rate at which area 1s increasing when radius 1s 3-2 cm.

(N.C.E.R.T.)

19. The radius of a sphere shrinks from 10 to 9-8 cm.
Find approximately the decrease in its volume.

20. If the error committed in measuring the radius of a
circle 15 0-01%, find the corresponding error in calculating the

area.

21.If a tnangle ABC, inscribed in a fixed circle, be
slightly varied in such a way as to have its vertices always on
the circle, then show that :

da db dc
+ + _
cosB cosC '

cos A

22. The area S of a triangle 1s calculated by measuring
b, ¢ and A. Il there be an error AA 1n the measurement of A,
show that the relative error in area 1s given by
AS
—=CO0SA.AA
S
23. The pressure *p’ and volume “V’ of a gas are connected
by the relation pV1*4 = constant.
Find the percentage error in *p’ corresponding to decrease
o
of ;‘?& in V.

-]n X
24. Show that the function given by fix) = > has
X
maximum at x = e. (N.C.E.R.T.)

25. The sum of the penmeter ol a circle and square 1s
k. where ‘k’ 1s some constant. Prove that the sum of their areas
1s least when the side ol square 1s double the radius of the

circle. (N.C.E.R.T.)

26. Find the points at which the function °f” given by :

f(x)=(x=2)* (x+1)°

has (i) local maxima (i7) local minima (i) point of

inflexion. (N.C.E.R.T))

27.Show that sin? B cos?  attains a maximum when

than'l

2
3

V

28. Which fraction exceeds its pth power by the greatest
possible number ?

29. If the sum of the lengths of the hypotenuse and a side
of a nght-angled tnangle 1s given, show that the area of the

It
tnangle 1s maximum when the angle between them 1s —.

L

30. Divide 4 into two positive numbers such that the sum
of the square of one and cube of the other 1s a minimum.

31. A can 1s to be made to hold 1 hitre of o1l. Find the
dimensions which will minimize the cost of the metal to make
the can.

32. Find the shortest distance of the point (0, ¢) from the
curve _p:_xz. where 0<c<5. (N.C.E.R.T))

33. A beam of length ‘1" is supported at one end. If W is
the uniform load per unit length, the bending moment M at a

1 l
distance “x” from the end 1s given by M = ;k-?w-rz.

Find the point on the beam at which the bending moment
has maximum value.

34. Show that the altitude of the right-circular cone of
maximum volume, that can be inscribed 1n a sphere of radius
&7 = 4 r
i ST

35.Find the maximum area of an isosceles triangle
22wl

. : ; ; Y ;
inscribed 1n the ellipse —2+b_2 = | with vertex at one end of
a

(N.C.E.R.T. ; C.B.S.E. (F) 2012)

the major axis.
(N.C.E.R.T.; Assam B. 2015 ; C.B.S.E. 2010 C)

36. Find the area of the greatest rectangle that can be

| | | | .1'2 }’2
inscribed in an ellipse — + 2 =].
a

(A.L.C.B.SE. 2013)

37. A window of fixed perimeter (including the base
of the arc) is in the form of a rectangle surrounded by a
semi-circle. The semi-circular portion is filled with coloured
glass while the rectangular part is filled with clear glass.
The clear glass transmits three times as much light per
square metre as the coloured glass does. What is the ratio
of the sides of the rectangle so that the window transmits
the maximum light ?

Solution : Let ‘x” and ‘y’ be the length and breadth of
rectangular portion. Then the perimeter of the rectangular
portion = 2x + 2y

. ‘ i X
and the perimeter of the semi-circle = R~
| 1
- Total penimeter = 2x + 2y + =X =k (say)  ..(1),

where “k’ 1s a constant.

[f the amount of light per sq. metre for the coloured glass
= ¢, then the amount of light per sq. metre for clear glass = 3c.



E =%[12k:x-6nxz—24x2+mx2]
D C ds
X2 ___F X2 Then — = —=(12k —10mx —48x)
~dx 8
d*S ¢
and _:ir2 =§{—~IDII:—48}_
y y . 5
, dS d*S
Now S 1s max. when — = (), —5 < 0.
dx dx
dS c
A % B N[]w E:n = E{le—lOm—éI-Sx) =U
Fig.
. ‘& h i —  12k—10mx—48x =0
. the total ¢ L of light, 15 g1v : - -
en ¢ Lota .L%nmun of hght, 1s given by [k _ 6k d 42% ;
I (2} = T 10448 Su+2a T 52 SV
S = (xy) [_3E}+',)_E ;] C Bk
| Thus S 1s max. when x = ST+ 04
C 2
- —(24 1
3[ F-e ) — 5m+24x=6[2x+2y+5m] [Using (1))
- ’ | ' - —- x[Sm+24—-12-3m| =12y
Bl ST | |
Elad S Riiine - —— x 126
- 8l” 2 e Ey y - 2n+12 46
4 \ / d Hence, x : y=0:8+ 6
. ~ Answers |
35 ' L
2. Emfh. 3. 3bem? /s. 23.0-7%.
26. (i) Local min. atx=2
4. 0-5 m/m. S. 0-3 rad/s.

6. 33rcm’ /.
people participate with full happiness and share their lives and
enjoy 1t.

7. 4.8 m/s. In a festival many

/
; 3{1”3 blﬂ

i en: z(am +b2!3)

\ A

| 5 4
16. (ii) (‘~ -).
3°3)°\3 3

17.a=2.b=-17.
19. 80 Tem?.

18. 0-32 1T cm?/s.

20. 0-02%.

— " Hints to Selected Questions

dVv dh
4. V=25%x40xh sothat —=1000.—
| dt dt
dh |
Obtain — when ﬂ = 500.
dt dt

| 2
(11) Local max. atx = '_}'

(111) Point of inflexionatx=-1.
| I

& 8 4
-l r1 =
AT w3l
7500 \13 1000
Y o ]
Pp N ;I iy
. 2'W
33

36. 2ab sq units.

5. Let the bottom of the ladder be at a distance ‘x’ from
the wall.

Let the top be a height *y’ from the ground.

35. —ab sq. units.
A Sq S

% x2+y2=l32 and [ﬂﬂﬂzl-
X



i Ve :rrzh.? =Pl — 3,

dv ([ 2 dh dr)

=N (-27+60)=33m.
7. y% =x2 +(120)?.

dy _ dx 'dy_xdx 'dy_szx
Ve TN de T odt oydt T dt oy
do ..
14. — +b2 = l 1sidentical withxcos oL+ y sint = p
a
| xl!ﬂz _yl/b2_|
- COSOL . COSOL P
X, acoso Y bsina
= —= i . Square and add.
a p b p |
ls.xmy":am"'”—} dy:| =_ﬁ‘
ax lx.,y) ™

Tangent at (X, ¥,) is my, x+nx, y=(m+n)x,y,

This 1s identical with x cos 0L+ y sin 0L = p.
d
16. For equally inclined, Ey=i1 :

dy 5
Here —=%l 5 6x-9=%1 = x=—,
eredx X X 3
17.(2, 3) lies on y2=m3+b
= 9=8a+b = 8a+b=9 < ¥)
Now y=4x—51s atangent at (2, 3)
L4

dx ]{2 3} = SIUP‘J of lﬂngﬂnl l.e. V= &x =5

>
-

=% =4 = =2

om1 |

19. Let “x” be the radius and ‘y’ the volume.

4
Then y=§n'_r )

Let x=10,x+ Ax =9-8. Thendx = Ax =-0-2.

dy 4 __ 2 2
N — ——T(3x" )=4T7mx
OW 3
'dy

] —41(10)* =400 Tt
dx x=10

5 e ﬂ-dx =400 (- 0-2)=—80m .
dx
23. pVi'4 =k= logp+14logV=Ilogk

i dp 14
p'dV \%

=) elc.

dy
28.Lety=x— x?.Now— =0
y=Xx—Xx W e

1

= X = {l]p_l:elt.
p

31. Tr2h = 1000
1000

2 i

— A=
Tr

2000

7

3=(2nr2+21:rh) = Imrt +

dM
33

. — —Wx=0
dt s

_'1
2

I d*M
=N X m— g dxz

- _W<0.
W "

4% CHECK YOUR UNDERSTANDING

The radius of a soap bubble is increasing at the rate
of 0-2 cm/s. Find the rate of increase of its surface
area when radius = 4 cm.

Ans. 647 cm?/s.

Is the function f (x) = 2, xER increasing

Ans. No. ,

The function fix) = x* — 6x + 9 1s Increasing for
x> 3. (True/False ) (Kashmir B. 2015)
Ans. True.

Find the slope of the tangent to the curve
y = 3x% — 4x at the point, whose x-co-ordinate is 2.
Ans. 8.

Find the equation of the tangent to the curve y = 3x?
gt Lk (Kerala B. 2016)
Ans. y = 6x - 5.

The function f (x) = x>, x € R has no minimum
value. (True/False)
Ans. True.

10.

What is the absolute minimum value of y = x2 — 3x
in [0, 2] ?

9

Ans. —E.

What are the maximum and minimum values, 1f
any; of f{(x)=x x€ (0, 1)?

Ans. Neither maximum nor minimum.

Has the function f (x) = x minimum value at x =
1,

>

Ans. Yes.

Find two positive numbers whose product 1s 49 and

their sum 1s minimum.
Ans. 7. 7.



DEFINITIONS AND IMPORTANT RESULTS

. DERIVATIVEAS A RATE MEASURE
f’(x) 1s the rate measure of f(x) w.r.t. x.
2 INCREASINGAND DECREASING FUNCTIONS
(1) A function f(x) is said to be an increasing function
of x
if xj<xy = f(x)<f(xp) or
x12x3 = f(x1)2f(x).

(i) A function f(x) 1s said to be a strictly increasing
function of x

if x;<xy = f(x)<f(x7) or

X|>2Xy = f(I;)}f(Iz}.

(iii) A function f(x) is said to be a decreasing function

of x.

if xp<xy = f(x)2f(x)) or

II:EIZ pr— f(Il)‘Ef(Iz) .

(iv) A function f(x) 1s said to be a strictly decreasing
function of x.

if xp<xy = f(x1)>f(x7) or

X|2Xy = f(I]){f(Iz) .

(v) Monotone Function. A function is said to be monotone
if 1t 18 either increasing or decreasing.
3. TANGENTS AND NORMALS
(i) If y = f(x), then the slope of the tangent at P (x =¢) is

ﬂ]
dr | _

(if) Equation of the tangent at P(x’,y") (o the curve y =

C

(dy ,
f(x)1s }r—y' = [EJP(I—I )

(iii) Equation of the normal at P(x’,y") to the curve y =

(x—x").

ll‘ 'F— l
f(x)1s y—y -_[dy]
P

' SUMMARY APPLICATION OF DERIVATIVES

4. MAXTMA AND MINIMA
(1) Method to find absolute max. and min., values in a given

interval.
. - dy
(I) Find all points when E‘ =().

(II) Take end points of the interval.
(TIIT) At all these points, calculate values of y.
(IV) Take the maximum and mimmimum values out of these
values.
(ii) If f(a) is an extreme value of f(x), then f'(a) =0.
(ii1) Local Maximum and Minimum values.

(a) First Derivative Test. GUIDE-LINES : Lety = f(x).

Step (i) Put % = (. Solve it for getting x=aq, b, c, .....

Step (ii) Select x = a.
™

dx

(IT) x > a shghtly.

Study the sign of when (I) x < a shghtly

(a) If the former 1s +ve and latter 1s —ve, then f(x) 1s max.

at x = a.
(b) If the former 1s —ve and latter 1s +ve, then f(x) 1s min.
al x = a.

Step (iii) Putting those values of x for which f(x) is max. or
min. and get the corresponding max. or min. values of
f{x).

(b) Second Derivative Test. GUIDE-LINES :

d
Step (i) Put y = f(x) and find o e, f'(x).

dx
Looody | .
Step (ii) Put E =01e. f'(x) =0 and solve it for x giving : x
=il B snans
.dz
Step (iii) Select x = a. Find - Le F"{x) atx=a
_dzy_
() If F i.e. f”’(a)is—ve, then x = a gives the max.
dr=a
value.
.dzy_
(IT) HF i.e. f”(a)1s+ve, then x =a gives the min.
Jdy=a
value.

Similarly forx=5, c, ........



&% MULTIPLE CHOICE QUESTIONS

’ For Board Examinations

1.

The interval, in which y = x%¢™* is increasing is :
(A) (= 0, ) (B) (- 2,0)
(C) (2, ) (D), 2). (H.PB. 2018, 15)
The slope of tangent to the curve :

7T
x=acos’ B, y=asin’ @ alf = 1 1S :
(A) 1 (B) 2
(C) -1 (D) None of these.

(H.B. 2018)
The slope of normal to the curve :
7

()x=acos’ B, y=asin°O a6 = Yy 1S :
(A) 1 (B) -1
(C) 3 (D) - 2. (H.B. 2018)
The maximum and mimimum values of function

fix) = sin 3x + 4 are respectively :

(A) 5 and 3
(C) 4 and 3

(B) 6 and 4
(D) None of these.
(H.B. 2018)

The function fix) = cos x — sin x has maximum or
minimum value at x = ....

A 7T B R
(A) 1 (B) 1

':r : -
(L.} E (D) E (H.B. 2018)

The angle x, which increases twice as fast as 1t size 1s .

4 IJ'I'
(A) 5 (B) 5

3=
(D) —— . (Nagaland B. 2018)

(C) & 5

7. fix) is a strictly increasing function, if f'(x) 1s :

(A) positive
(C) 0

(B) negative
(D) None of these.

(Kerala B. 2018)
The approximate change in the volume V of a cube of
side x metres caused by increasing the side by

(D) 2% 18 :

10.

11.

12.

13.

14.

15.

(B) 0.02 x3n13
(D) 0.006 xr*m3.
(H.PB. 2017)

The rate of change of the area of a circle with respect

(A) 0.06 ©m’
(C) 0.6 ©me

to 1ts radius at :

r=3, 18"
(A) 10m (B8«
C) 12 x (D) 13 . (H.B. 2017)

The radius of a circle 1s increasing at the rate of
0.7 cm/sec. The rate ol increase of 1ts circumierence 1s :
(B) 1.4 & cm/sec
(D)4.4 T cm/sec.

(H.B. 2017)
(1) The point on the curve y = x> — 11x + 5 at which
the tangent1s y=x - 11, 1s :
(A) (=2.0) (B) (3, 7)
(C) {1..-2) (D)(2,-9). (H.B. 2017)

[f the rate of change of area of a circle 1s equal to the

(A) 3.3 1 cm/sec

(C) 2.2 & cm/sec

rate of change of its diameter, then its radius 1s :

1 2
(A) — (B) —
JT JT
(C) 5 (D). (Nagaland B. 2017)

The volume of a cube 1s 1ncreasing at the rate of
9 cm’/s. How fast is surface area increasing when the
length of an edge 1s 10 ecm ?
(A) 1.8 cm?/s (B) 2.7 em?/s
(C) 3.6 cm2/s (D) None of these.

(H.P.B. 2016)

The radius of an air bubble 1s increasing at the rate

of > cm/s. The volume of the bubble increasing at

the rate :
When radius | cm., 1s:
(A) 27 ecm?/s

3
(C) E:rcm‘?’/s

(B) 3 cm?/s

(D) None of these.
(H.B. 2016)

The rate of change of volume of a sphere with respect
to 1ts radius when radius 15 1 unit s :
(A) 4 (B) 27

T

(C) (D) E (Kerala B. 2017)



16.

17.

18.

19.

20.

21.

22,

The slope of the tangent to the curve given by :
™ H -
x=1-cos@.y=60-sinf atf = PR

(A) O
(C) 1

(B) -1
(D) Not defined.
(Kerala B. 2016)

Given P (x) = 2* + ax® + cx + d such that x = 0 is the

only real root of P' (x) = 0.

If P(—1)<P(l), then in the interval [- 1, 1].

(A) P (= 1)1s the mimimum and P (1) 1s the maximum
of P

(B) P (= 1)1s not minimum but P (1) is the maximum
of P

(C) P (= 1) 1s the minimum but P (1) 1s not the
maximum of P

(D) Neitther P (- 1) 1s the mimimum nor P (1) 1s the
maximum of P. (A.LE.E.E. 2009)

4

The equation of the tangent to the curve y = X +—5
X

that 1s parallel to the x-axis 1s :

(C) y=2 (D) y=3. (A.LE.E.E. 2010)
Let f: R = R be a positive increasing function with :
3 2
lim f (3x) — 1. Then lIm £ (22) —
x>0 f(I) x> f(x)
p.
A) | B} =
(A) (D) 3
3
(C) E (D) 3. (A.LE.EE. 2010)
Let f: R = R be defined by
{k—?.x,.if.xﬂ—l
F®) = 12x43,if x>—1.
It *f has a local maximum at x = — [, then a possible
value of k 1s :
(A) 1 B) 0
] .
(C) 5 (D) - 1. (A.LE.E.E. 2010)

The shortest distance between y — x = | and curve
>
X =7 185

| 32
(A) ﬁ (B)
4 8
8 4
——— y ——= | B E. 20
(C) 3\/5 (D) '\E (A.ILE.E.E. 2011)

A spherical balloon 1s filled with 4500 & cubic metres
of helium gas. If a leak in the balloon causes the gas to
escape at the rate of 72 cubic metres per minute, then

the rate (in metres per minute) at which the radius of

24.

25.

26.

27.

the balloon decreases 49 minutes after the leakage
begins 1s :

9 7
(A) ? (B) a
2 9
(C) E (D) E‘ (A.LE.E.E. 2012)

The real number k for which the equation 2x° + 3x +
k = 0 has two distinct real roots in [0, 1] :

(A) les between 2 and 3

(B) hes between — 1 and 0

(C) does not exist

(J. E. E. (Main) 2013)
If f and g are differentiable functions on [0, 1] satisfying
fi0) =2 =g(1). 200) =0 and fil) = 6, then for some
el ]:

(A) 2f'(c) = 3g'(c)
(C) f'(c) =28'(c)

(D) hes between 1 and 2.

(B) £'(c)=¢glc)
(D) 2f'(c) = g'(c).
(J.E.E. (Main) 2014)
If x=-1and x = 2 are extreme points of :
fix) =alog | x | + Bx* + x, then :

]
(DIH=—,ﬁ=;.

(J.L.E. (Main) 2014)
The normal to the curve, x> + 2xy = 3y* =0, at (1, 1) :
(A) does not meet the curve again
(B) meets the curve again in the second quadrant
(C) meets the curve again in the third quadrant
(D) meets the curve again n the fourth quadrant.

(JEE (Main) 2015)

Let f(x) be a polynomial of degree four having extreme

valuesatx=landx=2.lf [im[] + f(x) = 3. then

x—>() xz

f(2)is equal to :
(A) -8 (B) —4
(C) 0 (D) 4.
(JEE (Main) 2015)

-1 (1+sinx b
lan : x| 0,— |.
l—sinx 2

7T
A normal toy = fix) at x = o also passes through the

Consider f(x) =

point :

o) wo
(A) | Y, 3 (B) 5"

| 7T
() (EU] (D) (0, 0).

(J.E. E. (Main)2016)



29. A wire of length 2 units 1s cut into two parts which are
bent respectively to form a square of side = x units and
a circle of radius = runits. 1if the sum of the areas of the
square and the circle so formed 1s minimum, then :
(A) (4 -m)x =7r (B)x=2r

(C)2x=r D) 2x=@+4)r.

(J.E. E. (Advances) 2016)

30. The least value of a € R for which 4;1;.;2 +la | for
all x> 0, is - >
|
A — B) —
(A) o4 (B) 3
| |
=) 27 (D) 25

(J.E. E. (Advanced) 2016)
The normal to the curve y(x — 2) (x — 3) =x + 6 at the
point where the curve intersects the y-axis, passes

through the point :
] & 1 1
(B) 33
(11

(A) (;.—;}
(D) (;*;) )

(J.E.E. (Main)

31.

| :
(C) (—;1—;)
2017)

Twenty metres of wave 1s available for fencing off a
flower-bed 1n the form of a circular sector. Then the
maximum area (in sq. m) of the flower bed 1s :

32.

(A) 25
(C) 125

(B) 30
(D) 0.

(J.E.E. (Main) 2017)
33. If the curves :
2 7. 2
yo=0x,9x" + by" = 16

intersect each other at nght angles, then the value of

‘b’ 1s :
7
(A) 6 (B) o=
9
(C) 4 (D) ="
(J.E.E. (Main) 2018)

I l
34. Letfix)= X —— and g(x) = x—— xER-{-1.0,1}
X

f(x)
If hix) = é(x) s then the local mimnimum value of A(x) 1s :
(A) 3 (B) -3

(C) —22 (D) 2{2.

L An_s-v&ers ]

== A T -

S. (B)

1. (D) Z. () 3. (A) 4. (D)

11. (A) 12. (A) 13. (O) 14. (A) 15. (O)
21. (B) 22. () 23. (C) 24. (€C) 25. (B)
31. (D) 32. (B) 33. (D) 34. (D).
—|l Hints/Solutions

b RCQ Pocket

17. (B) We have : P (x) = x¥* + a3 + bx? + cx + d.
: P’ (x) = 4x> + 3ax + 2bx + c.
Now Py = D= =10

P’ (x) = 4x° + 3ax? + 2bx

= x (4x° + 3ax + 2b).
Since P’ (x) = 0 has no real root except x = 0,

. g . .
Disc. of 4x< + 3ax + 2b 1s < ()

ie. 9a% — 32b < 0.
Y 4
y' < : | >
1 0 1 X
YI

6. (A) 7. (A) 8.

(A) 9. (A) 10. (B)
16. (B) 17. (B) 18. (D) 19. (A) 20. (D)
26. (D) 27. (C) 28. (A) 29. (B) 30. (C)
4
18. (D) Here y = X — el 1)
X
ﬂ - .
dx 3

Since the tangent 1s parallel to x-axis, .. =)

dy
dx

3
= -3 =z=0=25=8=3x=2.
X

. 4
Putting in (1), y = 2+E =Z41=3

The equation of the tangentis y — 3 =0. (x — 2)
= ¥ = 3,
19. (A) Since f (x) i1s a positive increasing function,

0<fx)<f(2x) <f(3x)

F(2x) £ (32)
LT " BT~

[Dividing by f (x)]



Taking limits,

(2x) f (3x)
im 1 < hm hm
mem  x—»® (.1’) = x»o f(x)
)
— 1 < hm f (2 I)
X > (.1’)
By Sequeeze Principle, m f(’?x)
¥ Sequeeze Principle. Lo 7 ()
20. (D)Here f(x) = k—-2xifx<-1
= 2x+3ifx>-1
2X + 3
kK - 2X

21. (B) Shortest distance between line and the curve occurs
along the common normal.

Now
And

1 1 1 B 1
= =y T Ty TITY

(1 1
Point P 1s (EE)

Shortest distance = | PM | = |

3 | _
a4 3 32

2 a2 o8

units.

22.

23.

25.

26.

_4 3
(C) V = ;JIJ"' wd 1)
After 49 minulf::-;, volume = 4500 — 49 (727) = 9727.
4
?:rr‘?' =92 > =729=r=9
dV 4 5 dr
TS L
Diff. (1) wrl..t - 3:?1'( r }dr
= 127 = 431:r2£
| dt
. i B 127 B 18
d 4.?!1'2 - J"2
" i] 18 2
ence = —=—
S di 9%X9 9

(C) If 2% + 3x + k = 0 has two distinet real roots in
[0, 1]. then f(x) will change sign.

But f’(x) = cx? + 3> 0.
Hence, no value of k exists.

(C) Let h (x) = f(x) —2g(x).
; i (X)) =F %) —2p{x).
Here hi(0) =h(l)=2.

By Rolle’s Theorem, h' (c) =0
= 1'e) =2¢(e).

(B) f(x) =aloglx|+B8x*+x

a
f'(x) = —+2fx+1.
X

Since x = — 1 and x = 2 are extreme points,
f'(=1) =0 and f'(2)=0

= il+:ﬂ.ﬁ(-1)+1 0 and §+2ﬁ(2)+1=0

= a+28 =1 (1)
and a+8+2 =0 . (2)
(2)—(1) gives: 68 =-3 = ﬁ-w -
Putingin(l),a-1=1= a=2.
'1
Hence, =2, f= o
(D) The g1ven curve is:cz+11}-'m3}:= sl )
. dy dy
Diftwrt x, 2x+2lx—+y|—6y—=0
dx dx
dy dy
=2 2x+2x—+2y—6y— =0
a0 dx

n (2x—6y)%+(2x+2y) ~0

.dy | x+y
= e b e
dx x—3y




27.

28.

'd_y] LI
dclqy ~ 1-3

Slope of the normal =— 1.
. The equation of the normal at (1, 1) 1s:
y—-1 =(1Dx-1)

> x+y=2 =>y=2-x k2]
Putting in (1), 2 I B —a =0
> +4x-2% -3 (@ -4x+x)=0
= 0 +4x— 2% — 12+ 12— 3x%=0
> 42 +16x-12=0 = x2—4x+3=0
= (r—=1{E-=IF) =0 =x=1_3
When x = 1, then from (2),y =2-1=1.
When x = 3, then from (2),y =2 -3 =-1.
Hence, the curve meets at (3. — 1) i.e. 1in the fourth
quadrant.

(C) Iim(l+ﬂx1)=3 = |+ lim f{x}]=3

x—=>0 _xz x>0 _xz
- 1imﬂ:’ =2

x>0 x
==-f(x}=ax4+bx3+'lr?'+0.x+ﬂ.
s f(x) =4ax + 3bx” + 4x .
S f(1)=0=2 4a+3b+4=0 (1)
and f'(2)=0 = 32a+ 12b+8=0

= 8a+3b+2=0 vl )
B

Solving (1) and (2).a = 5 b=- 2.

§

L O A
Fla) = EI 2X +2% .
Hence, f(2) =8-16+8=0.
(A)
1 [1+sinx
fix) = tan | —sin x
-rlr * ‘H -
-1 | I4sinx = [l-i—&.mx
= tan = tan
o 2
le—H]n X 'Jcn:-; X
1 (l+:-;inx)
= lan
COS X
" 1x+ 5 x )
off || FE g S g -1 (l1+tanx/2
= tan = = | = tan
X X |—tanx/?2
COS— — SIN—
\ 2 2
v/ 4
. x€ (0, —)|
' 2
-1 T X e Gl
= tan (tan (—+—) =— +—
2 2 g 2
o
f {I)—E

Slope of normal = -2.

. , T 7T
Equation of normal is }’——3— = 2| x——
6

JT Vi A
W’h = — —_— —
[ enx=-—.y ]

3
= 2x+y = i
3
27
Hence, 1t passes through {1? .
29. (B) Here 4x+2nr =2
2—4x 1—2x
= [ ol " = r= [l]
2 T
Now A =X +7r
T .
= X +—=(1-2x)? [Using (1))
7
l
= X2 +—(2x-1)?%
| L
dA 4
For Max.Min., — =0 = 2x+—(2x-1)=0
dx T
2
= — 3
| | * T+4
2 2
Also A S 0forx= |
de a+4
From (1), r= . Comparing, x = 2r.
n+4
I
30. (C) Let fix) = 4ax’ +—(x>0).
_3 1
I'{ ;s — ﬂx——-
f (x) 2

2
and f"(x) = S8ax+—.

x3
N 'x)=0 = 8 Lol at s —
ow f'(x)=0 = 8ax xz_ = X = =
| 1/3
e
8a
l 1/3
Then *f 7 attains its minimum at Xo = (—) :
8a

Since fix) =21 Vx>0,
fix)y =1

I
= 4ax§+—-‘-;=:1 = 4ax3+13_=' Xq
X0

|

| 1 \a
= 4&(—)+l E(—]3
8a Ra



31.

32.

: | :
3 3 2
= —E(L)3 o
2 = 5 8 ~ 8a
]
> a= —

27
| N
Hence, the least value ofa € R = 1_7
x+6
x—=2)(x-3)

(D) The given curve 1s y = (

This meets y-axis at (0, 1).

-dy _ (.1::2 —=J3x+6)(1)—(x+6)(2x—))

Now, —
dx (x* —5x+6)°
dy ] _6+30_
Codxdon T 36
Slope of the normal = — 1.
The equation of the normalisy -1 =-1. (x - 0)

I 1
= x + y = 1, which passes through (5;)

(A) Total length =r + r + 260 = 20

) — )
= 6 = - 1)

P

1
Area, A= —r?'H

2
1 5 20-2r
a 2r r
= 10r—r°
-dA 10 =2 () 5
S— i g — —
d.?' i r =
d*A
and 5 = — 2 (—ve)
dr

r =35 gives max-area.
Hence. from (2) maximum area, A = 10(5) = 25 =

2

2,

33.

(D) The given curves are :  y° = 6x votlil)
and 9x* + by = 16 (2)
Dff. (1 sy g B2
NL (T VWil k. yd):_ :'dx_}?'
_ et 3
. Slope of the tangent at (x,, y,), m; = W
| d_y | Ox

d
Diff. (2) w.r.t. x, 18x+2by-—i iy i TR

dx  dx by

9x
~. Slope of the tangent at (x, y,). m, = —E.
By the question, my m, = — 1
(39 —27x
= = el = e ] = 5 =—]
N by, byl
-—271'] ) 5
= b(6x,) =—1  [(x;,y, )lieson(l)=>y; =6x,]
9
Hence, b= 5
| 1\
IZ‘*'_Z (x——) + .2
(D) Here, h(x) = = 2 ]
xX—=— xX—-—
% X
(3=
= |x—— |+
X ]
X ——
X
2 l
= t+—1t>2 puling x——=t¢.
[ X
Now AM = GM
t+2/t 2
= = E— .
2 t
Henc r+2 >
ence. = 2 242 -



Time Allowed : 1 Hour

Notes :

CHAPTER TEST /6

Max. Marks : 34

1. All questions are compulsory.

2. Marks have been indicated against each question.

1.

10.

10.

The radius of a circle is increasing at the rate of 0-7 cm/s.

What 1s the rate of increasing of its circumference ? (1)
Show that the function f(x) = x* — 3x* + 4x, x € R is strictly increasing on R. (1)
Find the slope of the tangent to the curve :

y = x° — 3x + 2 at the point whose x-co-ordinate is 3. (2)

A man 2 metres high walks at a uniform speed of 5 km/h away from a lamp-post 6 metres high. Find the rate at
which the length of his shadow increases. (2)

Find the intervals in which the function 'f" given by :

f(x)=sinx+cosx,0=x=<2

1s strictly increasing or strictly decreasing. (4)
Show that the curves x = y* and xy = k cut at right-angles if 8k = 1. 4)
Evaluate /401 . using differentials. (4)
If is given that at x = 1, the function x* — 62x* + ax + 9 attains its maximum value on the interval [0, 2]. Find the
value of ‘a’. (4)
. . 5 . . o
Find the equations of the tangents to the curve 3x° — y* = 8, which pass through the point 3 0f. (6)
Show that the height of the cylinder of maximum volume that can be inscribed in a sphere of radius 'R'1s —.
V3

Also find maximum volume. (6)

' \

. Answers |

3

1-4 T cm/s. 3. 24 4. o km/h.

P AL v A £
Strictly increasing in 0, —|Ul—. 27 , Strictly decreasing in a4 )

20-025. 8. a=120. 9. 3Ixty=4.

4nR®
cubic units.
33




