Complex Numbers Exercise 1:
Single Option Correct Type Questions

= This section contains 30 multiple choice questions. 8.
Each question has four choices (a), (b), (c) and (d) out of
which ONLY ONE is correct

Let a and b be two fixed non-zero complex numbers and
z is a variable complex number. If the lines

1. If cos (1 —i) =a +ib, where g, b[(JRand i = /-1, then

az+az+1=0and bz + bz —1=0are mutually

perpendicular, then

1 1 1 0. (a)ab+ab =0 (byab —ab =0
(a)a=f§—f@cosl, =f§+fgsml _ _ _
2 e 2 e (c)ab —ab =0 (d)ab +ab=0
1 1 1
= - — = — - 1 TT
(b)a 2 §+ e@cos Lb 2 % e@sml 9. Ifa = cos %@+isin %wherei=,/—1, then
1 1 10 .
(C)a:5§+;§wsl b:§§+;§sml Re(a+ a’+o’+a'+a”)is
1 1
d)a= o 1@ coslb=1 % _ lgsinl (a) 5 (b) - 5 (c)0 (d) None of these
2 e 2 e
., Number of roots of the equation 219 — 25 —992 =0, where 10. The set of points in an ATrTgand diagram which satisfy both
real parts are negative, is |z|<4and0< arg(z)< —,is
()3 (b) 4 ()5 (@6 | 0 . |
(a) a circle and a line (b) a radius of a circle
. If z and z represent adjacent vertices of a regular (c) a sector of a circle (d) an infinite part line
IIJol}(fg)on of n sides with centre at origin and if 1. 16 f(x) = g (x*) + xh(x")is divisible by x® + x +1, then
m(z . : >
Re(d) V2 -1, the value of n is equal to (a) g(x)is divisible by (x — 1) but not A(x)
(a) 2 (b) 4 (©) 6 (d) s (b) h(x) is divisible by (x — 1)but not g(x)
. (c) both g (x)and h(x) are divisible by (x — 1)
L If I_I e = 1, where I_I denotes the continued product (d) None of the above
’ :.1 . 12. If the points represented by complex numbers
and i =/~ 1, the most general value of Bis z,=a+ibz, =c+id and 2, - z, are collinear, where
(@) 2nTt a0l (b) 2nTt a0l i= ,—l,then
rir=1) rir+1) (a) ad + be =0 (b)ad —be =0
() (4nn1), nOI (471:[1), nOI (c)ab +cd =0 (d)ab -cd =0
}: ' ; . n 13. Let C denotes the set of complex numbers and R is the
(where, n s an integer) set of real numbers. If the function f:C — Ris defined
L If(3+i)(z +2) —(2 +i)(z —z) +14i =0, where i =,/—1, by f(z) =|z|, then
then zZ is equal to (a) f i.s injelcti\(e but not Sl.lrj.e()ti.VC
(a) 10 (b) 8 (b) f .1s su.rJectn./e.but. not 1nJect1.ve .
(c)-9 (d) - 10 (c) f is neither injective nor surjective
. . (d) f is both injective and surjective
. The centre of a square ABCD is at z =0, A is z;. Then,
the centroid of AABC is 14. Let o and 3 be two distinct complex numbers, such that
o|=|B]. If real part of O i iti di i t
sy 0 s et v iy
L z ™ (o +B)/(a —pB)may be
(©)z %05 9 *isin En@ ) 3 Q:os 9 +1sin En@ (a) zero (b) real and negative
(where, i = \/_71) (c) real and positive (d) purely imaginary
N 15. The complex number z, satisfies the condition
— B [ .101 101,103 2
- Iz 9 where i 1, then (i"™ +27)™ equals Ez - —SE: 24. The maximum distance from the origin of
z
t
(:) iz )z coordinates to the point z, is
z (a) 25 (b) 30
(c)z (d) None of these
(c) 32 (d) None of these



16.

17.

18.

19.

20.

21.

22,

The points A, B and C represent the complex numbers

z,,2,,(1— i)z, +iz, respectively, on the complex plane

(where, i =4/—1 ). The AABC, is

(a) isosceles but not right angled
(b) right angled but not isosceles
(c) isosceles and right angled

(d) None of the above

The system of equations |z +1 —i| = 2 and |z|=3has

(where, i = \/—71)

(a) no solution (b) one solution

(c) two solutions (d) None of these

Dividing f(z) by z — i, we obtain the remainder 1 — i
and dividing it by z + i, we get the remainder 1 + i.
Then, the remainder upon the division of f(z)by z% +1,
is

(a)i+z (b)1+z
()1 -z (d) None of these
The centre of the circle represented by |z + 1| =2|z —1|
on the complex plane, is
5

0 b) =
(a) (b) 3
(c) % (d) None of these

Ifx:91/3 @1/9 E1/27 ___Oo,y:41/3 m—l/‘) 91/27 ... ooand

z= z (1+i)"", wherei=,/—1, then arg (x + yz) is
r=1

equal to
O
(a) 0 (b) — tan™* EJ.J—ED
03 0
02 _ V20
—tan”’ d)mm —tan™' G0
(c) — tan Q/—gg (d) an S H

If centre of a regular hexagon is at origin and one of the
vertices on Argand diagram is 1 + 2i, where i =/ — 1,

then its perimeter is

(a) 245 b) 45

(©) 6+5 () 8+5
n O

Let|z, —r[<r,0 = 1,23,.. ,n,thend ) z,[ds less than
Or=1 [

(a)n (b) 2n

(© nln +1) (@D

23.

24,

25.

26.

27.

28.

29.

30.

H| z [
LF1 _m[l - .
If arg L =0== anda» —z9=3, then |z,| equals to
Oz 02 0z O
3 Il
(a)3 (b) 2+/2 ()10 (d) 26

If|z—-2-1i] =|z|§sin % —argz%wherei=1/—l, then

locus of z, is

(a) a pair of straight lines (b) circle
(c) parabola (d) ellipse
If1,2,,2,,25,...,2, _; are the n, nth roots of unity, then
n-1 1
the value of , is
r=1 (3 R )
n-1 n-1
@2 4! DR
3"-1 2 3" -1
n-1
(c) r;B +1 (d) None of these
" -1
Ifz=(3+7i)(A +id), when A\, OI ~ {0} andi=,/—1,
is purely imaginary then minimum value of |z|? is
(2) 0 (b) 58
©) 33364 (d) 3364
Given, z = f(x) +ig(x), wherei =+/—1 and

f,g:(0,1) - (0,1) are real-valued functions, which of the
following hold good?

1 +iD1 D(b)z= 1 +i|:|l ad
1-ix i+ixH 1+ ix i—ixH
(c)z = ! +i|]}171 |](d)z: ! +iD}1—1 -

1+ ix +ixH 1-ix —ixB

Ifz> +(3 +2i)z +(—1 +ia) =0, where i = V-1, has one
real root, the value of a lies in the interval (a [JR)
(@ (-2 -1) (b)(=1,0)
() (0, 1) (d)(1,2)

If m and n are the smallest positive integers satisfying

the relation QCiS Zg = % CiS ;-g where i =,/—1,

(m + n)equals to
(a) 60 (b) 72

(a)z =

() 96 () 120

Number of imaginary complex numbers satisfying the
equation, z* =z @t 1#l s
(@) 0 ) 1

©) 2 (d) 3



= This section contains 15 multiple choice questions.
Each question has four choices (a), (b), (c) and (d) out of

Complex Numbers Exercise 2 :
More than One Option Correct Type Questions

which MORE THAN ONE may be correct.

31.

32,

33.

34.

35.

36.

37.

+
It 2 ! is a purely imaginary number (where i =,/— 1),
z+i

then z lies on a
(a) straight line
(b) circle
1
¢) circle with radius = —=
(c) %
(d) circle passing through the origin
If z satisfies |z — 1| <|z +3|, thenw =2z +3 —i (where,
i =./—1) satisfies
@fw =5 —i] qw +3 +i[ (b)|w =5[] Jw +3]

(c) Im (i) >1 (d) Jarg (@ - 1)| <§

If the complex number is (1 +ri)* =\ (1 +i), when
i =4/—1, for some real A, the value of r can be

Tt 3T

2 b il

(a) cos P (b) cosec )
Tt Tt
t — d) tan —
(c) co o (d) tan o

If z UC, which of the following relation(s) represents a
circle on an Argand diagram?
(@)|z -1 +]z +1] =3 (b)|z =3] =2

(c)|z—2+i|=% d)(z -3 +i)(z =3 —i) =5

(where, i =+ -1)
If1,2,,2,,24,...,2, -, be the n, nth roots of unity and w
be a non-real complex cube root of unity, then

n-1

[1 (w=z,)can be equal to

r=1
(@1+w (b) -1
()0 (d) 1

If z is a complex number which simultaneously satisfies
the equations

3|z —12| =5|z —8i|and|z — 4| =|z — 8|, where
i=4/—1 ,thenIm(z)can be

(2) 8 (b) 17
(c)7 (d) 15
If P(z,), Q(z,), R(z4) and S(z, ) are four complex

numbers representing the vertices of a rhombus taken in
order on the complex plane, which one of the following
is hold good?

(a) 7% g purely real

2y T %3
Z,~ 2y . N

(b) “1—=2 is purely imaginary
Z2 T 24

() |z, =25 #[z; —24 |
Lk, —z,0 Lk, —2z,0
d 1 4 # 2 4
()ampBT—ZA;H amPELT_ZAIH
38. If|z = 3| =min {|z —1|,|z —5|}, then Re(z) is equal to
(a) 2 ®) 25 (©) 35 (d) 4
Tt 211 N
39. Ifarg (z + a) =gand arg(z — a) 2?(a OR™), then
@lz|=a (b)|z] =2a

(©) arg (z) = g (d) arg (2) =g

40. If z = x + iy, where i =+/—1, then the equation

ama: m represents a circle, then m can be
O(z+i) 0
1

(a) -

5 (d) 03, 24/3)

(b) 1 (©) 2

41. Equation of tangent drawn to circle |z| = r at the point
A(zy), is

(a) Re ﬁ%ﬁ =1
(c) Im g;i@: 1

42. z, and z, are the roots of the equation z* —az +b =0,

(b) Im ﬁ?ﬁq

(d)zZ, + 2,2z =2r°

where |z,| =|z,| =1and g, b are non-zero complex
numbers, then
(a)]a] <1

(c) arg (a) = arg(b*)

(b)fa|<2
(d) arg (a®) = arg(b)
43. If o is a complex constant, such thataz? +z +@ =0has
a real root, then
(aa+a =1
(b)a+a =0
(c)a+a=-1
(d) the absolute value of real root is 1
44. If the equation z° +(3 +i)z°> —3z —(m +i) =0, where
i =+/—1 and m OR has atleast one real root, value of mis
(a) 1 (b)2 (c)3 (d)5
45. 1f 2> + (3 +2i)z +(—1 +ia) =0, where i = /-1, has one

real root, the value of alies in the interval (a O R)

@21 ()10 (9(01) (d)(-2,3)



Complex Numbers Exercise 3 :

Passage Based Questions

= This section contains 4 passages. Based upon each of
the passage 3 multiple choice questions have to be
answered. Each of these questions has four choices (a),
(b), (c) and (d) out of which ONLY ONE is correct.

Passage I
(Q. Nos. 46 to 48)
D‘[?

arg (z)+targ(—z)= R
e(2) g(=2) ET'T[, ifarg(z)>0

ifarg (z)<0
where

-T<arg(z)<T
46. If arg (z) >0, then arg (- z) — arg(z) is equal to

s
(@ - ®) =

Tt
(c) B (d) T

47. Let z, and z,, be two non-zero complex numbers, such

that|z,| =|z,|and arg (z, z,) = Tt then z, is equal to
(a) z, (b) z,
(© -z d) -z,

48. Ifarg(4z,) —arg(5z,) =Tt thenaz—lHis equal to

Oz, 0O
() 1 (b) 1.25
(c) 1.50 (d) 2.50
Passage 11

(Q. Nos. 49 to 51)
Sum of four consecutive powers of i (iota) is zero.
Le, i +i"Th 4" t2 43 =0, Oi0 I

25

49. 1t 2 i" =a +ib, where i =+/—1, then a — b, is
n=1

(a) prime number
(b) even number
(c) composite number
(d) perfect number
50

95
50.1f 2 i"+ 2 i =q +ib, where i = /-1, the unit place

r=-2 r=0

digit of a®"' + b*""? is

(a) 2 (b) 3

(c) 5 (d) 6
100 101

51102 i+ 11" =4 +ib, where i =+/—1, then a + 75b, is

r=4 r=1

(@) 11 (b) 22

(c) 33 (d) 44

Passage I11
(Q. Nos. 52 to 54)

For any two complex numbers z; and z,,
Zi|— 12
NEAREN

lzy =z, |
zy =1z |

and equality holds iff origin z, and z, are collinear
and z,, z, lie on the same side of the origin.

52. Ifgz - EE— 2 and sum of greatest and least values of | z|
z

is \, then A%, is

(@) 2 (b) 4 © 6 ) 8
7 + 2H-
83.1 Dz + o 4 and sum of greatest and least values of | z|
z
is \, then A%, is
(a) 12 (b) 18 (©) 24 (d) 30
g, 36, |
54. 1 b 6 and sum of greatest and least values of | z| is
z
2\, then A2, is
(a) 12 (b) 18 (©) 24 () 30
Passage IV

(Q. Nos. 55 to 57)

Consider the two complex numbers z and w, such that

w= Z+;:a+ib,wherea,bDRandi:1/—l.
z

85. If z = C iS 6, which of the following does hold good?

9b
a) sin@ =
(® 1—4a
(b) cose=l_5a
1+ 4a

(¢) (1 +5a)* +(B3b)* =(1 —4a)*
(d) All of these

§6. Which of the following is the value of — E whenever it

a
exists?
1
(a) 3 tan %@ (b) 3 tan %Q
(c) —§ cot O (d) 3 cot 8

§7. Which of the following equals to | z|?
(a) [w] (b) (a+1)* +b*
(c) a® + (b +2)* (@ (@+1)* +(b +1)°



= This section contains 10 questions. The answer to
each question is a single digit integer, ranging from 0

Complex Numbers Exercise 4 :
Single Integer Answer Type Questions

to 9 (both inclusive).

58.

59.
60.

61.

62.

The number of values of z (real or complex)
simultaneously satisfying the system of equations
1+z+z% +2° +...+2"7 =0

2

1+z+2z% 423 +... 428

and =0is

Number of complex numbers z satisfying z* =z is
Letz =9 +ai, where i = J?l and a be non-zero real.
IfIm(z%)=Im(z*), sum of the digits of a’is
Number of complex numbers z, such that|z| =1

andgé + 20 1lis
Oz z0O

If x =a+ib, whereaq, b(0Randi=./—1and x> =3 + 4i,

> =2 +11i, the value of (a + b) is

63.

64.

65.

66.

67.

Complex Numbers Exercise 5 :

Matching Type Questions

Jr-i0

Ifz——1+ % \/ﬁl therez—ﬁ,
4 OV+i 144D
O |z| O
then E Bequals to
amp (z)
Suppose A is a complex number and n N, such that

A" =(A+1)"

Letz,;r=1,23,...,
50 50 1

(z)" =0.1If = =5\, then A equals to
z Z (z, -1 d

r=0

32
Ifp=2 (3p +2) DZ %ln T[—zcoszqm%f,where
p=1 @ 11 11

=,/ —landif(1+i)P=n(n!), n0N, then the value of n is

=1, then the least value of n is

50 be the roots of the equation

The least positive integer n for which

+il _ +x20
gl—lﬂ :Esin ! Mﬂwherex>0andi:ﬁis

a-id m O 2x 0O

= This section contains 4 questions. Questions 68 and 69 have three statements (A, B and C) given in Column I and
four statements (p, q, r and s) in Column II and questions 70 and 71 have four statements (A, B, C and D) given in
Column I and five statements (p, q, r, s and t) in Column II. Any given statement in Column I can have correct
matching with one or more statement(s) given in Column II.

68.

69.

Column I

Column I1

(A) Ifgz . E: 2 and if greatest and least values of |z|are G and L respectively, then G — L, is | (p)

z

natural number

®) |+ 20
o z

4 and if greatest and least values of |z|are G and L respectively, then G — L, is | (q)

prime number

© Isz _E E= 6 and if greatest and least values of |z|are G and L respectively, then G — L, is | (r)

z

composite number

(s) | perfect number

Column I Column I1
(A) |IEJ(6+80) + (=6 +8i) =z, 2, 23, z; (Where i = \[= 1), then |z, [ + |z,[* | + |z * + |z, is divisible by | (p) 7
B) | If/(5—12i) + /(=5 =12i) =z, 2, z3, z; (Where i = \[= 1), then |z, " + |z,[* + |23 " + |z,[* is divisible by | (q) 3
(©) | I8+ 150) + /(=8 =15i) =z, 2, z3, zy(where i = [ 1), then [z, [ + |z, + |z [* + |z, [* is divisible by | (1) 13
(s) 17




70.

= Di

Column I Column
I
(A) | If A and p are the unit’s place digits of | (p) 2
(143)%1 and (5273)'*%® respectively,
then A + [ is divisible by
(B) | If A and p are the unit’s place digits (@ 3
of (212)7%2% and (1322)1%*
respectively, then A + [ is divisible
by
(C) | If A and p are the unit’s place digits of | (r) 4
(136)7%¢ and (7138)"**! respectively,
then A + [ is divisible by
(s) 5
® 6

1.

Complex Numbers Exercise 6 :

Statement | and Il Type Questions

rections (Q. Nos. 72 to 78) are Assertion-Reason

type questions. Each of these questions contains two
statements:

Statement-1 (Assertion) and Statement-2 (Reason)
Each of these questions also has four alternative
choices, only one of which is the correct answer. You
have to select the correct choice as given below.

(a)
(b)

(©
(d)
72.

73.

74.

Statement-1 is true, Statement-2 is true; Statement-2
is a correct explanation for Statement-1

Statement-1 is true, Statement-2 is true; Statement-2
is not a correct explanation for Statement-1

Statementl is true, Statement-2 is false
Statement-1 is false, Statement-2 is true

Statement-1 3 +7i >2 +4i, wherei =,/ —1.
Statement-2 3>2and7>4

Statement-1(cos 0 +isin @) =cos30 +isin3 @
i=4—1

™, .. .
Statement-2 %os " +isin E =i

Statement-1 Letz,z, and z, be three complex
numbers, such that |3z, +1| =|3z, +1| =|3z, +1|and
1+z, +z, +z, =0, then z,, z,, z, will represent vertices
of an equilateral triangle on the complex plane.
Statement-2 z,, z, and z, represent vertices of an
equilateral triangle, if

212 + zg +z§ +z,z, tz,z4 tz5z; =0

75.

77.

78.

Column I Column II
H A _
(4) 1t - SO 5 and maximum and (p) | A +p™ =8
o zO
minimum values of |z|are A and L
respectively, then
Mo A —
(B) 1= - 70 6 and maximum and @ | M -pt =7
o zO
minimum values of |z|are A and P
respectively, then
H A —
© 1= - 30 7 and maximum and @ | AT+t =7
o zO
minimum values of |z|are A and L
respectively, then
() | MM -pu* =6
O | M+p? =9

Statement-1 Locus of z satisfying the equation

|z —1| +|z —8| =5is an ellipse.

Statement-2 Sum of focal distances of any point on
ellipse is constant for an ellipse.

. Let z,,z, and z, be three complex numbers in AP.

Statement-1 Points representing z,, z, and z, are
collinear.

Statement-2 Three numbers g, band ¢ are in AP, if
b-a=c-b

Statement-1 If the principal argument of a complex
number z is 6, the principal argument of z* is 26.

Statement-2 arg (z%) =2 arg(z)
Consider the curves on the Argand plane as
Tt
C,:arg(z)= "

c, :arg(z)=3—n
4
and C; :arg(z —5 —5i) =11 where i =~/-1.

Statement-1 Area of the region bounded by the curves

C,,C, and C, isz—zs.

Statement-2 The boundaries of C,, C, and C, constitute
a right isosceles triangle.



Complex Numbers Exercise 7 :

Subjective Type Questions

= In this section, there are 24 subjective questions.

79.

80.

81.

82.

83.

84.

85.

86.

87.

Ifz,,z, and z, are three complex numbers, then prove
that z, Im(z, z5) +z, Im(z; z;) +z; Im(z; z,) =0
The roots z,, z, and z, of the equation

x> +3ax? +3bx +¢ =0in which q, band ¢ are complex

numbers, correspond to the points A, B, C on the
Gaussian plane. Find the centroid of the A ABC and
show that it will be equilateral, if a® =b.

If1,a,,0,,0 ; andd , are the roots of x > —1=0, then
prove that

w—-a w—-a
S 1 O . 2 g - O
w -0, -0, -0, W

a non-real complex root of unity.

W-0; _W=0,

2_(14

=, where Wis

If z; and z, both satisfy the relation z +z = 2‘ z-1 ‘ and

arg(z, —z,) = ; find the imaginary part of (z; + z,).

Ifax +cy +bz =X, cx +by +az =Y, bx +tay+cz =Z,
show that
(i) (a® +b* +c? —bc —ca —ab)(x* +y*
+z2° —yz—zx —xy)=X? +Y? +7Z% -YZ -ZX -XY

(i) (a® +b* +¢® —3abc)(x® +y3 +z° —3xyz)

=X’ +Y® +Z° -3XYZ.
For every real number ¢ 2 0, find all complex numbers z
which satisfy the equation |z |* — 2iz +2c (1 +i) =0,

where i =+/-1 .

Find the equations of two lines making an angle of 45°
with the line (2 —i)z +(2 +i)z +3 =0, where i =+/ -1
and passing through (-1, 4).

For n =2, show that

O g+imd D+i§2

CM:PN Py

where i =+/-1.
g

Find the point of intersection of the curves

arg (z —3i) =371/ 4and arg (2z + 1 —2i) =E, where

i=-1

88.

89.

90.

91.

92,

93.

94.

95.

Show that if a and b are real, then the principal value of
arg (a)is 0 or Tt according as a is positive or negative and

. T Tt . . - .
that of bis — or — —, according as b is positive or negative.
2 2

Two different non-parallel lines meet the circle |z | =r.

One of them at points a and b and the other which is

tangent to the circle at ¢. Show that the point of

. . .2 t=at-bT!

intersection of two lines is — oo
c “=-a'b

A, Band C are the points representing the complex

numbers z,, z, and z, respectively, on the complex
plane and the circumcentre of AABC lies at the origin. If
the altitude of the triangle through the vertex A meets
the circumcircle again at P, prove that P represents the
U z,zg0
complex number [+ —2 2]
0z
If|z|<1and|w| <1, show that
|z -w|* <(lz] ~|w])* +{arg (2) —arg ()}”.

Let z, z, be two complex numbers. It is given that |z | =1

and the numbers z,z,, z z,, 1 and 0 are represented in an
Argand diagram by the points P, P, Q, A and the origin,
respectively. Show that APOP, and AAOQ are
congruent. Hence, or otherwise, prove that
lz=z¢|=|zzy) —1]

Suppose the points z,, z,,..., z, (z; #0)all lie on one

side of a line drawn through the origin of the complex

planes. Prove that the same is true of the points
1 1

> 5"

1
..,—. Moreover, show that

21 22 Zn
1 1 1
z,+z, +...tz, #0and — + — +...+— Z0.
Z1 %y Zn
If a, b and ¢ are complex numbers and z satisfies

az® + bz +c =0, prove that|a||b| =.Ja(b)’c and

la|=lc| =|z|=1

Let z;,z, and z, be three non-zero complex numbers
Iz | [z5] 251

andz, #z,.If ||z, | |z5] |z;]|=0, prove that
lz5] lz1] |2 ]

(i) z;,z,, z5 lie on a circle with the centre at origin.

.. [}3 D |]Z3 _ZIDZ
(ii) arg == arg =— .
[k, O , —z, 0



96. Prove that, if z, and z, are two complex numbers and

1
¢>0,then|z, +z, |2 <(1+¢)|z, |? +§ +7@|z2 2,
[

97. Find the circumcentre of the triangle whose vertices are
given by the complex numbers z,,z, and z.

98. Find the orthocentre of the triangle whose vertices are
given by the complex numbers z;, z, and z5.
99. Prove that the roots of the equation

I 31 5Tt
8x> —4x? —4x +1 =0are cos —, cos — and cos —.

Hence, obtain the equations whose roots are

. Tt 3TT 5T
(1) sec? — sec? 2= sec? -
7 7 7
.. Tt 3T Tt
(i) tan 2 ;,tan2 2 tan? -
Tt 31 5T
(iii) Evaluate sec — + sec — +sec —
7 7 7
100. Solve the equation z” +1 =0and deduce that
q
. m  3m 5T 1
(i) cos — cos — cos — = ——
7 7 7 8
ST

.. Tt 3TT
(ii) cos — cos — co
14 14 14 8

Also, show that

(1+y) +(1-y) =14 @2 +tan? I

14
37T 5
@/2 + tanZ —Q@z +tan2 —n%
14 14

and then deduce that

tan? %EQ+ tan %+ tan? %,E=5
4 4 4

101.1f the complex number z is to satisfy
|z|=3,|z —{a(1 +i) —i}| <3and z +2a —(a +1)i| >3, where
i = 4/— 1 simultaneously for atleast one z, then find all
allR

102. Write equations whose roots are equal to numbers

N o2 TU 5 2T0 ., 3T .2

(i) sin ,sin ,sin ..., sin .
2n+1 2n +1 2n +1 2n+1

.. Tt 2T 3Tt ntt

(ii) cot? , cot? , cot? ..., cot? .
2n+1 2n +1 2n +1 2n+1

Complex Numbers Exercise 8 :
Questions Asked in Previous 13 Years' Exams

= This section contains questions asked in IIT-JEE,
AIEEE, JEE Main & JEE Advanced from year 2005
to year 2017.

103.1f wis a cube root of unity but not equal to 1, then
minimum value of |a + bw + cwy |, (Where a, band ¢ are

integers but not all equal), is

(a) 0 (b) ? (01 (d) 2

[IT-JEE 2005, 3M]

104. PQ and PR are two infinite rays. QAR is an arc. Point
lying in the shaded region excluding the boundary
satisfies [IT-JEE 2005, 3M]

YA o
(142, V2i)

\’)\ 0)
X<t

L 1+v2, ~v2i)

(@) |z —1|>2|arg(z —1)| <;
(b)|z —=1| >2;]arg (z —1)] <§
(©) |z +1|>2]arg (z +1)| <;
@]z +1]>2]arg (z +1)| %

105.1f one of the vertices of the square circumscribing the
circle|z = 1| = 2 is 2 + +/3i, where i = ./~ 1. Find the

other vertices of the square. [IT-JEE 2005, 4M]

106.1f z, and z,, are two non-zero complex numbers, such

that|z, +z,| =|z,| +|z, | then arg (z,) — arg(z,)is

equal to [AIEEE 2005, 3M]
(@ -m (b) —1/2
(c) /2 (d) o

107.1f 1, w, w’ are the cube roots of unity, then the roots of
the equation (x —1)° +8 =0are [AIEEE 2005, 3M]
b -1,1-2w1 -2

(d) None of these

(@) —1,1+2w1 +20¢
(¢) =1,-1,-1



108.

109.

110.

111.

112.

113.

114.

Ifw=

and |w| =1, where i = ,/— 1, then z lies on

z——1i
3 [AIEEE 2005, 3M]
(a) a straight line

(c) an ellipse

Ifw =a +if}, where B 20,i =./—1 and z # 1, satisfies the

(b) a parabola
(d) a circle

condition that |:ﬁ)ﬂi_azmis urely real, the set of values
1-z B P Y ’

of zis [IT-JEE 2006, 3M]
@ :]z1=1) () {z:2 =7)
() {z:z %1} @{z:]z] =12z 21}
90 2%km o, 2k .
The value of 2 [§in —— + i cos —[|(where i = /—1)
k=1 11 11
is [AIEEE 2006, 3M]
(a)i (b) 1
(c)-1 (d) —i

Ifz? +z +1 =0, wherezisa complex number, the value of

§+lg+ﬂz+1ﬁ+ﬂ3+lﬁ+ +D6+LD2
Eteci: Shoel: s Bh =Rt Bhs
. (b) 54

[AIEEE 2006, 6M]
(a) 18
©) 6 (d) 12
A man walks a distance of 3 units from the origin
towards the North-East (N 45° E) direction. From there,
he walks a distance of 4 units towards the North-West
(N 45° W) direction to reach a point P. Then, the position
of Pin the Argand plane, is [IT-JEE 2007, 3M]
(a)3e™* + 4i (b)(3 - 4i) e™*
(c) (4 +3i)e™* (d) (3 + 4i)e™*
(where i =+/-1)

z ..
lie on

If|z| =1and z # % 1, then all the values of X
-z

[IT-JEE 2007, 3M]
(a) a line not passing through the origin
(b)|z] =2
(c) the X-axis
(d) the Y-axis
If |z + 4| <3, the maximum value of |z +1|1is

[AIEEE 2007, 3M]

(a) 4
(c)6

(b) 10
o

Passage (Q. Nos. 115t0 117)

Let 4, B and C be three sets of complex numbers as defined

below:

A={z:Im(z)=1}
B={z:|z-2-i|=3}
C={z:Re((1-i)z)=~2}, where i =/~ 1
[IT-JEE 2008, 4+4+4M]

115.

116.

117.

118.

119.

120.

121.

122.

The number of elements in the set A n Bn C, is

(a) 0 (b) 1
(c) 2 (d)

Let z be any pointin A n Bn C. Then,
|z+1-i|* +|z =5 —i|* lies between

(a) 25 and 29
(c) 35 and 39

(b) 30 and 34

(d) 40 and 44

Let z be any pointin A n Bn C and wbe any point
satisfying | —2 —i| <3. Then, |z | — |w]| + 3 lies between
(a) —6and3 (b) =3 and 6

(c)—6and 6 (d)—-3and 9

A particle P starts from the point z, =1 +2i,i =+ 1. It

moves first horizontally away from origin by 5 units and
then vertically away from origin by 3 units to reach a
point z,. From z,, the particle moves /2 units in the

direction of the vector i + jand then it moves through
an angle — in anti-clockwise direction on a circle with
2

centre at origin, to reach a point z,, then the point z, is

given by [IT-JEE 2008, 3M]
(a)6 +7i (b) =7 +6i
()7 + 6i (d) =6 +7i
If the conjugate of a complex numbers is , where
i—1
i =/—1. Then, the complex number is [AIEEE 2008, 3M]
-1 1
b
@5 ®
-1 1
c d
@ @

Let z = x +iy be a complex number, where x and y are
integers and i =,/ — 1. Then, the area of the rectangle
whose vertices are the roots of the equation
zz” +zz” =350,is [IIT-JEE 2009, 3M]
(a) 48 (b) 32
(©) 40 ) 80
Let z = cos 0 +i sin 6, where i = ,/— 1. Then the value of
15
2 Im(z°™ ')at@=2°is
m=1 [NT-JEE 2009, 3M]

1 1
(a) b
sin 2° 3sin 2°
1 1
(c) d) —
2sin 2° 4sin 2°

4 . .
If Ez - 20 2, the maximum value of |z | is equal to
z0 [AIEEE 2009, 4M]

()2 ++2 (b)V3 +1
(5 +1 ) 2



123.

124.

125.

Let z, and z, be two distinct complex numbers and
z=(1-t)z, +iz,, for some real number t with0<t <1
andi= \/: . If arg (w) denotes the principal argument
of a non-zero complex number w, then [IT-JEE 2010, 3M]
@)z —z| +|z ~z, |

(b) arg(z — z;) =arg (z —z,)
© z-z; Z-—Zz

—z)| =z

=0

Z,72 Z, 7%
(d) arg (z = z)) =arg(z, — z,)

21T . 2T
Let w be the complex number cos 5 +isin 3 where

i =,/—1, then the number of distinct complex numbers z
2

z+1 w w
satisfying| @  z + w’ 1 |=0,is equal to
w? 1 z+w
[IT-JEE 2010, 3M]
()0 (b)1
(c) 2 (d)3

Match the statements in Column I with those in
Column II

[Note Here, z takes values in the complex plane and Im
(z) and Re (z) denote respectively, the imaginary part
and the real part of z.] [IT- JEE 2010, 8M]

Column I Column II
(A) | The set of points z satisfying (p) | an ellipse with
lz=ilz||=|z +1i|z|, where eccentricity 4/5
i =4/—1, is contained in or equal to
B) | The set of points z satisfyin the set of points z
p ying q p
|z+ 4 |+ |z —4| =101is contained in satisfying
or equal to Im(z) =0
(C) | If jw| = 2, the set of points z = w — 1o the. set.ofp oints z
w satisfying
is contained in or equal to Im (z)|<1
. 1 i
(D) | If [w| = 1, the set of points z = w + — ©) the' Set.Of points
w satisfying
is contained in or equal to [Re(z)|<2
(t) | the set of points z
satisfying |z|< 3

126.

127.

If a and (3 are the roots of the equation x% —x +1=0,

a? +B %% is equal to

(@) -1 (b)1
(c) 2 (d) -
The number of complex numbers z, such that
|z—1| =]z +1| =|z —i|, where i =J?1,equals to
[AIEEE 2010, 4M]

[AIEEE 2010, 4M]

(a) 1
(c)

(b) 2
(d) 0

128.

129.

130.

131.

132.

133.

134.

135.

If z is any complex number satisfying |z =3 —2i| <2,
where i = /-1, then the minimum value of | 2z — 6 + 5i|,

is [NT-JEE 2011, 4M]
The set
% g 2iz a
Elilj z is a complex number |z| =1,z # £1[Jis
-z°0

[NT-JEE 2011, 2M]
(b) (= 0, 0) 0 (00 )
(d) [2, )

01 0
e _,H

(@) (= 1] n [1, @)
(©) (=, =1) 01 )

The maximum value of for|z|=1z#1,1is

given by [NIT-JEE 2011, 2M]
m i m 21
R b) = i |

(a) p (b) 3 (o) 5 (d) 3

Let w =¢™ 3 where i =y —landab,c, x,yand zbe

non-zero complex numbers such that
atb+c=x
2 _
atbw+cw’ =y

a+bw? +cw =z

2+ 2+ 2
Thevalueof|x| [y|® +|z]
la|® +|b]|?

2
+ e [IT-JEE 2011, 4M]

Let o and 3 be real and z be a complex number. If
z%? + 0z + B =0has two distinct roots on the line
Re (z) = 1, then it is necessary that [AIEEE 2011, 4M]
(@B Ot 1,0) (b)[B]=1

(c)B D(1e0 ) (d)p 00, 1)

If W (# 1)is a cube root of unity and (1+ w)’ =A +Bw
then (A, B) equals to [AIEEE 2011, 4M]
(a) (1, 1) (b) (1,0)

(c)(-1,1) (d) (0, 1)

Let z be a complex number such that the imaginary part
of z is non-zero and a = z% +z +1is real. Then, a cannot

take the value [IT-JEE 2012, 3M]

1 1 3
-1 b) = - 4>
(a) (b) 3 (c) 5 (d) .
22
If z #1and . is real, the point represented by the
7 -

complex number z lies [AIEEE 2012, 4M]

(a) on a circle with centre at the origin

(b) either on the real axis or on a circle not passing through
the origin

(c) on the imaginary axis

(d) either on the real axis or on a circle passing through the
origin



136.

137.

138.

Let

and

139.

140.

141.

If z is a complex number of unit modulus and argument
+2z0

6, then arg E)[;fﬂequals to

H+zU [JEE Main 2013, 4M]

@) -0 ()6

() -6 (d) -8

1. .
Let complex numbers o and — lie on circles
a

(x = x)* +(y =y,)* =r” and
(x —x4)* +(y —y,)* =4r?, respectively. If
z, =x, +iy, satisfies the equation 2 |z,|* =r® +2 ,
[JEE Advanced 2013, 2M]
1
d) =
( )3

then |0 | equals to

1 1
(a) E (b) E

+i

1
(c) f

Letw =

and P={w" :n =1,2,3,...}. Further,

H, = 0C:Re(zp Hand H, = 5 0C: Re(zx % 1%
0 20 0 2

where C is the set of all complex numbers. If
z, UM H,,z, OM H, and O represents the origin,

then 0z,0z, equals to
[JEE Advanced 2013, 3M]

Tt Tt
(@) 5 (b) ;

21T 5Tt
(c) ? (d) ?

Passage (Q. Nos. 139 to 140)
§=8,nS,nS;, where
S, ={z0C:|z& 4},

O —1+4/30 O
SZ:DZDCImM[POD
0 01-v3 g g

S;={z0C:Re 2 0. [JEE Advanced 2013, 3+3M]

min|1 - 3i —z| equals to

z [0S

@2 —;/5 Y +2\/§
> —2\5 @3 +2\/§
Area of S equals to

@ =" O
© =" =T

If z is a complex number such that |z |2 2, then the

minimum value ofgz + % Jis
O

[JEE Main 2014, 4M]

5

(a) is strictly greater thang
. 5
(b) is equal to 5

3 5
(c) is strictly greater than 5 but less than 5

(d) lies in the interval (1, 2)

2k I 2k T
142, Letz, = cos + isin k=12,...,9. Then,
g Hio H Hio B
match the column.
Column I Column II
(A) | For each z; there exists a z; such that (1) | True
z 12 =1
(B) | There existsa k£ [1{1, 2, ..., 9}such that | (2) | False
z, [Z = z; has no solution z in the set of
complex numbers
(©) |1_21H1_Zz|-~-|1_29|equalsto 3 |1
10
i kTt
D) [1- Z cos é’LQequals to “4) |2
=1 10
[JEE Advanced 2014, 3M]
Codes
A B CD A B CD
@1 2 4 3 (b2 1 3 4
©1 2 3 4 @2 1 4 3
143. A complex number z is said to be unimodular if | z | = 1.
Suppose z, and z, are complex numbers such that
z, —2z
“L__""2 js unimodular and z, is not unimodular. Then
2-2zz,
the point z, lies on a [JEE Main 2015, 4M]
(a) circle of radius z
(b) circle of radius 2
(c) straight line parallel to X-axis
(d) straight line parallel to Y-axis
144. Let  #1be a complex cube root of unity.
If3-3w+2w* )" +2+3 w-3 ¥ )"
+H=3 +2w +3 w*)*"*? =0, then possible value(s) of n is
(are) [JEE Advanced 2015, 2M]
(@)1 (b) 2
(0)3 (d)4
145.

. T, . .
For any integer k, leta, = cos %@4- i sm%7 where
12

Z |C(k+1 -a k|
i =+/-1. The value of the expression Sk:I

Z |a4k—1 -a 4k—2|
k=1

[JEE Advanced 2015, 4M]

is



2+3isin0 . . . .
—————— is purely imaginary, is

[JEE Main 2016, 4M]

146. A value of O for which
1—2isin

0
(@) (b) sin”™! B3
6 04 00

(c)sin™ @\/%@

147. Leta, b(ORand a® + b* %0.

T
(d) 3

0 O
Suppose S =z UC: & ,t OR # 0 where
O O

a+ibt

i=+-1.Ifz = x +iyand z IS, then (x, y) lies on
[JEE Advanced 2016 4M]

1 1
(a) the circle with radius — and centre % ngor a>0,b%0
a

2a

1 1
(b) the circle with radius — — and centre %— —, ngor
2a 2a

a<0,b#0
(c) the X-axisforaZ0,b=0
(d) the Y-axisfora=0,b#0

148. Let wbe a complex number such that 2w +1 =z, when

Answers

Chapter Exercises

1. (b) 2. (c) 3.(d) 4. (d) 5.(a) 6. (d)
7. (b) 8. (d) 9. (b) 10. (¢) 11.(c) 12.(b)
13.(c) 14.(d) 15. (a) 16. (c) 17.(a)  18.(c)
19.(b)  20.(b) 21. (c) 22.(c) 23.(c)  24.(c)
25.(d)  26.(d) 27. (b) 28. (b) 29.(b)  30.(c)

31. (b,c,d)32. (b,c,d)
37. (a,b,c)38. (a,d)
42. (b,d) 43. (a,c,d)

33. (b,c,d) 34.(b,c,d) 35. (a,c,d) 36. (a,b)
39. (a,c)  40.(a,b,d) 41. (a,d)
44. (a,d)  45.(a,b,d)

46.(a) 47.(d)  48.(b)  49.(a) 50.(c) 51.(b)
52.(d)  53.(c)  54.(a)  55.(c) 56.(d) 57.(b)
s8.(1)  59.(5  60.(9)  61.(8) 62.(3) 63.(4)
64.(6) 65.(5)  66.(4)  67.(4)

68.A - (p,q); B- (p,1);C~ (p,1,5)
69.A - (q);B-(q1;C-(q,59)

70.A - (p,q,1,t); B - (p,s); C - (p, 1)

1 1 1
z=+/-3if|1 -—w?-1 «°|=3k thenkis equal to
2 7
1 w w [JEE Main 2017, 4M]
(a) 1 b) -z 0z (d)-1
71.A - (1);B - (p,s); C - (q, )
72.(d)  73.(d) 74.(c)  75.(d)  76.(a)  77.(d)
78. (d)
82.2

84.z = c+i(=1++/(1 =c* =2¢)) for 0< ¢ < +/2 —1and no solution for
e>+2 -1
85.(1-3i)z+(1+3i)z-22 =0and B3+ i)z+ (3 —i)z +14 =0
97. 72@2(22 ~3)
221(22 - z3)
0. 2212(52 -z3)+ Z|zl\2(z2 —-z3)
2(2172-2271)
99. (i) x° —24x> +80x —64 =0
(i) x* = 21x% +35x =7 =0
(iii) 4

87. No solution

_ 35
100. Roots of z' +1=0 are —1,(1,(13,(15,(1 ,a,a °, where

m, .. T
o =cos— +isin—
7 7

101.a59‘ﬁ,‘1‘4mHmEH*“m,“ﬁE

o 2 5 O 0O 5 2 0
102. (i) 10 (1= x)" =2 1C,(1—0)" " x + + ()Y =0

(11) 2n+ lclxn _2n+1 C3xn—l +2n+l Csxn -2 -.=0

103.(c) 104.(c)  105. (1 =+/3) + i, =i"/3, (/3 + 1) = i 106. (d)
107.(b) 108.(a)  109.(d)  110.(d) 111.(d) 112.(d)
113.(d) 114.(c)  115.(b) 116.(c) 117.(d) 118.(d)
119.(c) 120.(a)  121.(d) 122.(c) 123.(a,c,d) 124.(b)

125.A - (q,1); B> (p); C - (p,s); D - (q, 1,8, t)  126. (b) 127. (a)
128.(5) 129.(a)  130.(c) 131.(3) 132.(c) 133.(a)

134.(d) 135.(d)  136.(b) 137.(c) 138.(c) 139.(c)

140. (b) 141.(d)  142.(c) 143.(a) 144.(a, b, d)

145. (4) 146. (c) 147. (a,c,d) 148. (b)



Solutions

1. We have,

a+ib=cos(l —i)=coslcosi +sin1sini
=coslcosh 1 +sin 1 isinh 1
[ cosi=coshl,sini [ =isinh1]

+e10 -0

=coslb[l+isinl ¢ 0

o 2 0 0o 2 0

cosl+i d % —lgsinl
2 e

+ -

-
O %§+
b=3B-

o

| —

gcosl
1@ .
—sinl
e

o

2. Given that, z'° —=z° =992 =0

5

Let t=z

0 P =1-992 =0

. tzlim:1163:32’_31
2 2

0 2% =32

and z%=-31

But the real part is negative, therefore z > =32 does not hold.

[0 Number of solutions is 5.

3. From Coni method,

z—0 .
= - (i)
z-0
But given Im(z) =2 -1
Re(z)
O 2_=\2-10 L o=va-1
i 1 |:|5+1|:|
2 g O
2mi/n _
O Mmzi(\/i -1) [from Eq. (i)]
Elezm/"+l|:|

ad itan%§=i(\/§—l)
a tan @g§=tan @g@
=3

4. We have, M e#® =1
p=1
0 o8 [p2O R3O ,ri6 g
; r+1)
0 i9(1+2+3+...+r)=1 0 ele 2 §=1
+1
or cos §!95+ @ueﬂ 1+i00
On comparing, we get
+
DDL )GDZI and sin DV[«)L 1)9[': 0
a o 2 O
+ +
O r 1)9 2mT a d%G:nﬁn
0 - 4mTt and 6 = 2mTt
r(r+1) r(r +1)
where, m, m; OI
Hence, 0 = 4ntt ,n 01
r(r+1)
. Letz = x + iy, then
B+i)(z+z) -2 +i)(z —z) +14i =0 reduces to
B +i)2x —(2 +i)(iy) +14i =0
0 6x +2y +i@2x —4y +14) =0
On comparing real and imaginary parts, we get
6x +2y =0
0 3x+y =0 ..(Q)
and 2x—4y +14 =0
O x=-2y+7=0 ...(ii)
On solving Egs. (i) and (ii), we get
x=-1 and y =3
] z=-1+3i
| zz =|z[P =] -1 +3i]* =(-1)* +(3)* =10
. Since, affix of A is z;.
C B
\\ //'
. ey p
02
D *Azy)

=8 o o =t
0 OA =z, and OB and OC are obtained by rotating OA
= o
through g and Tt Therefore, OB = iz; and OC = -z,.

+ iz, +
Hence, centroid of AABC = iz + (=)

i z; T I'[@
=—-z, =— [fos— +isin
3 3 2 2

If A, B and C are taken in clockwise, then centroid of AABC

O Centroid of AABC = ? Q:os— +i sinlﬁ



7.

10.

11.

. The complex slope of the line az + az +1 =0isa = —

3 -i

-1 —i/30
Given that, z = :iDl h/gﬂz' 2

10

g 2 0O

D ZlOl :(in)lol :ilOI Q)ZOZ i
Now, i + 2" =i +iw=i(-uf)

0 (ilOl + 2101)103 - _i103 Q)‘ZO(J - _i3 wz =l(,02 =

SIRES

and the complex slope of the line bz + bz =1 =0isf = -

SalIRSH

Since, both lines are mutually perpendicular, then
O a+pB= 0

O — —

0 a

+ab=0
Tt ..
. We have, 0 = cos gL§+lsm glﬁ
11 11

Now,Re (0+ a’+ a’+a*+a?)

ot dd+ol+ot +o’ +a +al +ad +at 4@’
- 2

-1+ (1+a +a’+ad ot o A e
- 2

[sum of 11, 11th roots of unity]

3 — 5

ot e

=140

|z|<4 ()

IN
wl|

and 0 < arg(z)

P@)

w3

U Real axis

which implies the set of points in an argand plane, is a sector
of a circle.

Since, x* + x +1 =(x —w) (x —w’), where Wis the cube root
of unity and f (x) = g (x*) + x h (x”) is divisible by x* + x + 1.
Therefore, w and W’ are the roots of f(x)=0.

O f () =0and f(*) =0
0 g @)+ wh(w)=0
and g (@) + oh (F)® =0
O g+ wh(1)=0
and g+ wh(1)=0
U g)=h@1)=0

Hence, g (x) and h (x) both are divisible by (x —1).

12. Since, z,, z, and z, — z, are collinear.

z z 1
11=0

Zy =2y zZ77zy 1

O Z, z,

13.

15.

16. -

. Let O =rei9,[3 =re'®

zy z; 1
O Zy z, 11=0
zZy—zy zy -z, 1
z, oz 1

Applying R, - R; — R, + R,, then| z,

Expand w.r.t. R;, then
212y =212, =0
212y _(E) =0
Im (z,z,) =0
Im ((a + ib) (c +id)) =0
Im ((a + ib) (c —id)) =0
bc—ad =0 O ad —bc =0
Let z=a +ib
O f (a + ib) =+/(a® +b?)
0 f@=f@) =f(=) =f(=Z) =@ +b’)
O fisnot injective (i.e., it is many-one).
but|z| >0ie f(z)>0 O f(z) DR (Range)
O R"OR

O fis not surjective (i.e., into).

OO0 oo d

Hence, f is neither injective nor surjective.

[ | =1B], given]
where, 6 D% g,;gand(p - 10)

Jiga -9
2
a+B _re®+re® © QCOS%Q
a-B  re®—re® zﬂLHp -
e ? ﬁI:'Zi sin é‘!pg
2
=—icot g%pg =Purely imaginary

25 25 25| |25
We have,|z| =|z + — ——|<|z + —| + | —

z z z -z

25
O |z| <24 + =

|z|
O |z|*-24]z|-25<0 O (Jz] -25)(|z] +1) <0
0 |z —25<0 [z +1>0]
O |z] €25 or |z —0] <25

Hence, the maximum distance from the origin of coordinates

to the point z is 25.

A=z,B=z,C=(1—i)z +iz,

t AB =|z; —z,|

BC =]z, =(1 —1) z; —izy| =| (1 —i) (2, —2)|
=\2|2 =z

CA=[(1 i)z +iz, —z|=| ~i(z —z))|
= —illz —2z =12 — 2]

It is clear that, AB = CA and (AB)? + (CA)* =(BC)?

OA  ABC is isosceles and right angled.

and



17. Centre and radius of circle| z | =3 (1) y =43 TV Y o= g 3TN

areC, =0, , =3 1/3
_ o A+1/3 _ 14 _
and centre and radius of circle =4 =4 =2
z+1-i]| =42 (i © - 1 1 1
| | (i) andz:z(l+i)': — + — + —
and C,=-1+i,r, =2 = (1+i) @+i)° @Q+i)
|CCy =] -1 +i| =42 1
+
and |GGl <n—n =@+ =1=—i
_ 1 i
(1+1)

Now, x + yz =3—i\/§

OV2 O

o |z+1-i|=v2 O arg(x + yz) =arg(3 — i JE) = —tan ! E?%

0
21. - A =1+2i

Hence, circle (ii) completely inside circle (i)
[J Number of solutions = 0
18. We have, f(z) = g(z) (z° +1) + h(z)

where, degree of h (z) < degree of (z% + 1)
O hz)=az +b;a b OC

O fz)=g)(E*+1)+az +b;a b OC :(l+2i)%+ﬁgzl+£+i— 3
O fiz)=gk)(z—-i)(z +i)+az +b;a b OC (1) = abe ?

Now, f(i)=1-i [given] =%—«/§§+i%\/j+lg

O ai+b=1-i [from Eq. (i)] ...(i1) mp O

and f(=i) =1 +i [given]

_ . O3 O
O a(-i)+b=1+i [from Eq. ()] ...(ii) OlAd, =t +2 _% _@Q_, E’? " IH

On solving Egs. (ii) and (iii) for a and b, we get
a=-landb =1 =
O Required remainder, h(z) =az +b = -z +1=1-z2

19. We have,|z + 1| =2|z —1] \/ +\/§g+%_73%2:\/g
20

O O
1,3+ -¥
2 | 20

Put z =x +iy, we get
(x+1)2 +y%=4[(x -1)* +y7] O  Perimeter =6 | A,A, | =635
O 3x% +3y* —10x +3 =0 22. We have,
2 2_10 — . n n n
O x“+y ?x+l—0 ..(1) z Z z, —r) +r sz(|zr—r\+\r|)
r=1 r=1 r=1

On comparing Eq (i) with the standard equation

Xyt tage+2fy +c =0 n\z —r|+n|r|snr+n|r
O g——g——§ and f=0 z Z Zl er
+ +

6 3 :7”(”2 l)+7”(”2 Yo nn+1)

O Required centre of circle = (g, —f)Eg, 0@ "
z Sn(n+1)

ie. §+OD=§ o

3 3 O LD

k1~
23. We have, arg MD— 58 and

1/3 @ @
—QUB*9H12T+ . _gl=1/3 _gl/2 _g |z|

20. - x=93[V VY &




which implies the following diagram 0 A _7

Y, Ho3
z Ap O {0}
|z] For minimum value A = 7,4 =3
3 . .
| 90°\ » o |z =] (3 +7i) (A +ip)|”
g
X 5 X =13 +7i* N +iu*=58 A2 +p?)
=58 (72 +3%)=(58)% =3364
27. We have,
z = f(x) +ig(x)
Y where, i =+/-1 and f, g:(0,1) - (0,1) are real-valued
ﬁ_zl =30 |z = o +1 =10 functions.
z 1 01 0
(a) z = — + i }17
24. letz=x+iy =r(cos 0 +isin 0) 1-ix +IXB
O |z| =r,arg(z) =0 _1+ix+x+i_1+x+,(l+x)
Tl 142 142 1o
Given, |z —2 —i| =|z||sin QE —arg (z)@
4 O _1+x d _1+x
f(x)—1 2o g(x)—1+x2
O Jx+iy =2 =i =r|sin J. -6
|x+iy i| =r sin 4 But for x = 05, f(0.5) >1and g(0.5) > 1, which is out of
. range.
O [(x=2)+i(y -1)| =r ﬁ(cose —sin 0) ‘ Hence, (a) is not a correct option.
1 g1 0
1 b z= +i }l—
O J(x-2)%+(@y -1)° =$‘x—y‘ (b) 1+ ix —ixB
On squaring both sides, we get -1 _ixz + (i - xz) - El _XZE+ i%l - ng
2(x2+y2_4x_2y+5):x2 +y2 _zxy 1+x 1+ x r+ x°0 i+ x°0
O (x +y)? =2(4x +2y -5) 0 f)=—— and gx)=——
1+x 1+x

which is a parabola.

Clearly, f(x), g(x) 0(0,1),if x 0(0,1)

Hence, (b) is the correct option.

O " -1)=E-1)(-2)E -2z)(E-2)...(z =z,_,) 1-ix  i(l-ix) _ (1+x)  i(l-x)
(c) z= + +

25. Since, 1, z,, z,, Z3, ..., Z, 1 are the n, nth roots of unity.

1+x* 1+x2 (Q+xY) @1+

= —1)"|j1 ¢ -2,)

Hence, (c) is not a correct option.
. . 0 O 14 14
Taking log on both sides, we get @ z= 1 + iHl 1 U 1+ix + i(1 + ix)
1-ix —ixd 1+x% Q+x%
_(1-x) + i(1+ x)
1+x% @1+

n—1
log, (z" —1) =log, (z —1) +  log,(z ~z,)
r=1

On differentiating both sides w.r.t.z, we get

n-1 n-1 Hence, (d) is not a correct option.
nz 1 1

@0 G-1 2 -2

r=1

28. Letz = be a real roots of equation.

23+ (3 +2i)z +(-1 +ia) =0

Putting z =3, we get 0 a +@+2) +(-1 +ia) =0
Rol a3l 1 0 @*+30 —1) +i(a +20) =0
er B-z) - 3" -1) _5 On comparing the real and imaginary parts, we get
o’ +30 -1=0 and a +20 =0
26. We have, B
— . . O oa=--=
Z=B+T) (N + i) 5
=(BA =74) +i (7N +3l) & 3a
Since, z is purely imaginary. O e -1=0
- A-m=0 0 a’+12a+8 =0



29.

30.

31. -

Let fla)=a® +12a +38

ad f(-1) <0and f(0) >0
0 a Ut 1,0)
CiSE:COSI["'iSian
6 6
+i0 1 +iy30
:%\/5 l{jzl[}l lX/gD:Q:—iw
o2 0O i0d0 2 o i
o T — L\ . 3\m/3 —/q:\m/3
0 @zclsgg_(—zm) = ((~2i)*)™* =(8i)

and@asgg = @ §OS;+ i sin Z,%T =@V2 (1 +i)

=81 +i)?)"? =(16i)"?
Thus, 8™ =(@16i)">
which is satisfy only when m = 48 and n =24
O m+n=72
We have, z2=z @' 1
Taking modulus on both sides, we get

2" = |z 27

0 lz|(|z| =2 ") =0 (i)
and arg (z°) = arg (z 2717
g 2 arg (z) = arg (z) = —arg (z)
a 3arg(z) =0
ad arg (z) =0
Then, y=0 [vz=x+iy
FromEq. (i), |z|=0 O x=0 [-y=0
One solutionis z =0 + i [0 =0.
Also, from Eq. (i),
y=2"
Y
W2
0.1) 2\
X o X
v
lz|=2'" O x| =2' 7"
O %ZZ_XIy(say)
Hence, total number of solutions =2
z+1, . .
- is a purely imaginary number.
z+i
+10_ e+10 7 +1 k +10

a %z =

& +i0 +i
0 Z+1)(z+i)+(Z —i)(z +1) =0
O 222 +Z (1 +1) +z(1 —i) =0

_ +i[]_ -1
0 zz+§;§z+§l—@z=0
2 2

DR

32.

which is a circle and passing through the origin
2

and radius = ‘l+i =‘l+i =1
2| 2
Given, |z —-1|<|z +3]|
O lz -1 <|z +3°
O |z|*+1-2Re(z) <|z|* +9 +2 Re (32)
O 2Re(4z) > -8
O Re (4z) > -4
. 4z +47
2

O z+z>-2
and W =2z +3 —i
] W+w =2z +3 - 2z B3 H

=2z +7Z) +6 > -4 +6
O W +w >2

Option (a) | W =5 —i| < w +3 +i]|
O |2z+3—i-5-i| <|2z +3 =i +3 +i|

0 |2z =2 -2i| <|2z +6|
O |z=-1-i|<|z +3]
which is false.
Option (b)|w =5| < w +3|
O |2z+3—i-5| <|2z +3 —i +3]
O |2z =2 —i|<|2z +6 —i|
O z-1-|<|z+3 -1
2 2
0 |z =-1|<|z +3]|

which is true.

Option (c) Im (iw) >1
0 10 —10\)>1
2i
0 i +l(JL)>l
21

O w+w >2

which is true.
Tt

Option (d) |arg (w—1)| <E
Tt

O |arg(22+3—i—1)|<5
Tt

O |arg(22+2—i)\<5

+2-i)Q
0 tan™! Um(2z +2 —i) I
e(2z +2 —1i) 2
O Re(2z +2 —i) >0
0 2z +2-i)+(2z +2 +z)>0
2
a z+z+2>0
u z+z>-2

which is true.

33.0 a+r)=A(+i)

O 1+ @) +301)%0 +301) (ri)® =\ (1 +1i)



34.

35.

36. -

O 1—r% +3ri =3r% =\ +i)
On comparing real and imaginary parts, we get
1-3r2 =\
and -3 +3r =
Then, -rP+3r=1-3"
r’=3r’ =3r +1 =0
0 (r* +1) =3r(r +1) =0
t (r+1)(*-r+1-3r) =0
0 (r+1)(r* —4r +1) =0
O r=-12%+3
0O r = cosec 3—” tan —T[ cot L
2 12 12

Option (a) |z —1| +|z +1| =3
Here, |1 —(-1)| <3

i.e. 2 <3, which is an ellipse.

Option (b) |z —3| =2

It is a circle with centre 3 and radius 2.

Option (¢) |z =2 +i| =§

7
It is a circle with centre (2 — i) and radius 5

Option (d) (z-3+1i)(z -3 —i) =5
a (z=3+i)(z =3 +i) =5
O |z -3+il° =5
O |z -3+i|=+5

It is a circle with centre at (3 — i) and radius NG

Since, 1, z,, z,, 2, ..., 2, are the n, nth roots of unity.

Therefore,
2" =1=(z -1)(z 7)) (z ~z,) ...(z =z,_;)

Z" -1

=(z =z)(z ~2,) ...(z =2, 1)

n-1

=1 G -2)

r=1

Now, putting z = W) we get

n-1 o —1
,Ell(m_z’)_w—l
0o o, if n=3r,r Z
:E 1, ifn=3r+1,r 0Z
%+0.), ifn=3r+2r Q07

3|z -12|=5|z —8i|
09|z-12[°=25|z —-8i |

O 9(z —12) (z —12) =25(z —8i)(Z +8i)

O 9(zZ —12(z +Z) +144) =25(zZ + 8i(z —Z) +64)
O 1627 + 108 (z + Z) +200 (z —Z) i +304 =0
0 16(x* + y?) + 216x — 400y +304 =0

37.

38.

0 2Ax* + y?) +27x =50y +38 =0 ()

and |z—-4|=|z-8] O|z—-4|*=|z -8}

O |z|*+16 —2Re(42) =| z|* +64 —2 Re(8z)

0 8 Re (z) =48

u Re(z) =6

. x=6 ...(ii)

From Egs. (i) and (ii), we get
2(36 + y?) +162 =50y +38 =0

0 y? =25y +136 =0
O y-17)(y -8) =0
O y =178
O Im (z) =17,8
Option (a) "~ PS||QOR
Lk —2z,0
t ar 1271 tM=0
g 2~ Z3H
0 21724 g purely real.
23 7 %3
Option (b) '~ Diagonals of rhombus are perpendicular.

[k, -z, 0 1

Then, arg %H = E
2 T %y

0 21 7%

is purely imaginary.

2y 7%
Option (c) - PR £ QS
O |z, — 23| #]z, —24 |
Option (d) - dosp= 0 RSQ

O ampu22_24|:|=ampl:lz3_z4D
H, =20 *™E, =20
- —ampDZl_Z“D:—ampDZZ_Z“D
Ez_%H B;3_245
0 am %71_24['—am %72_24['
P 2_Z4H_ : 3_24H

“|z=3|=min{z —-1|,|]z —-5|}
Casel If|z =3| =]z —1|
On squaring both sides, we get
|z =3]" =z -1]’
O |z]*+9-2Re(32z) =|z|* +1 -2 Re (z)
O 4Re(z) =8
O Re(z) =2



39.

40. -

41.

Casell If |z -3 | =]z —5|
On squaring both sides, we get
|z =3 =|z -5

O |z|*+9-2Re(3z) =|z|* +25 -2 Re (52)

a 4Re(z)=16 0 Re(z)=4
C@
6/1V3
a
w6 A3 el
A-a0) @ O a B(a,0)

From figure, it is clear that z lies on the point of intersection of

the rays from A and B.

.+ JACB= 96 and OBC is an equilateral triangle.
OC=a

a |z=0|=a or |z|=a

Hence,

andarg (z) = arg (z = 0) Zg

2z —i| _
=m
z+i
z—i/2| _m
O / =_
z+i 2
For circle, % #1
0 m#2andm >0
O A(zy)lieon|z|=r
O lzol=r O |zo/>=r® O 2,2, =17

Alzo)

Let P(z) be any point on tangent, then

0 OPAGE g

Complex slope of AP + Complex slope of OA =0
O

z—20+zo—0:O

Z-zy Z,-0

g 2z, + 2yZ =22,2,
g 2z, + 2,z =2r°
a 2z, =2z,
Also, Z}+§:2

r r

2020 Z0%0

42. -

43. -

44.

45.

Oz O
g Re =1
£.H
z,+z,=a,2z,=b

andgiven|z,| =|z,| =1

Let z =¢® and z, = ¢
la|=]z *+z,| <[z| +|z,|=1+1=2
O la|<2
. . 0+
Also, arg (a) = arg (z, + z,) =arg (¢'® +¢'?) :T(p

and arg (b) = arg (z,z,) = arg (ei8 TPy =9 + (0}
O 2arg(a)=arg(b) O arg(a®)=arg(b)

az’?+z+a =0

Then, azl+z+a =0
0 a@E)?+z+a =0
O az?+z+a =0 [z =2]

On subtracting Eq. (ii) from Eq. (i), we get
(@-a)z’-@-a)=0

O -0 =0andz’=1
O a=0andz==%1
Putz = * 1in Eq. (i), we get

a+a==1

and absolute value of real root =1
ie, [z|=|%1]=1
Let z = O be a real root of equation
22+ (B +i)z? -3z —=(m +i) =0
0 a *+3+9 2-8 —(m+i) =0
0 @*+30%-30 -m) +i0 > —-1) =0
On comparing real and imaginary parts, we get
a’+30°-30 —m =0

and a?-1=0 Doa=+ 1

For a =1, we get

1+3-3-m=00 m=1
Fora = -1, we get

-1+3+3-m=00 m=5
Letz = d be a real root of equation

2>+ (3 +2i)z +(-1 +ia) =0
0 a *+(3+29
0 @ +30 —1) +i(a +2) =0

+(-1 +ia) =0

On comparing real and imaginary parts, we get
a’+3a -1=0

and a+20 =0



0 a=-2
2
3
0 SO M 200 @’ 12048 =0
8 2
Let fla)=a® +12a +38
O f(=1) <0, f(0) >0, f(-2) <0
f(1)>0and f(3) >0
g a Ut 21)ora [ 1,0)ora [K 23)

Sol. (Q. Nos. 46 to 48)
46. - arg(z)>0

a arg (z) + arg(—z) =— Tt
a - arg(zy argf zF— T
a arg (—z) —arg(z) = —T

47. -: arg(zz,) =T
0 argz)+arg(z) =T

O arg (z;) —arg (z,) = T
Given, |z, =] z,]
0 | 21| =12,] =| 2,
Then, z,+2,=0

g z, = -z,

48. arg (4z)) —arg (5z,) = T

is possible only when | 4z,| =| 5z,|

z 5
O l===125
z,| 4
and also 4z, +5z, =0
. 55
Zy 4
5
0 Al=2 =125
z,| 4

Sol. (Q. Nos. 49 to 51)
49. - n!is divisible by 4, 0> 4.

25 22

.n! .(n+ 3)!

0 Z = z l(n 3)!
n=4 n=1

=i +i% +i° +...(22 times) =22

2 n! 1! 2! 3! 2 n!
RTINS T !
O ,le it i nZ4 i
=i+i’ +i% +22
=i—1-1+22=20+1
g a=20,b=1
g a—-b=20-1=19
which is a prime number.

50

50. O § i+ z i

r=-2 r=0

[from Eq. (i)]

0

98 | [
— z l-r—3 + @0! + il! +i2! +l-3! + z l-r!|:|
“ H

r=4

O 47 O
=2 +i7 +0) +@1 +it +i? 446 *y i(’”)’@

r=1
=(-1-i) +( +i -1 -1
+@@° +i% +i° +...47 times))
=(=1-i) +(2i -2 +47)
=44 +i =a +ib
O a=44,b =1
Unit place digit of a®'" = (44)*"!
= (44) ((44)°)'°% = (44) (1936)""°
= (Unit place of 44)
x (Unit place digit of (1936)'°%)

[given]

= Unit place of (4 X 6) =4
and unit place digit of b**'* = (1) =1

Hence, the unit place digit of a**'' + b**'? =4 +1 =5
100 101

51. - Z it
r=4 r=1

97
N ! . .
- Z l(r+ 3)! + ll BZ 53 “_1101
r=1

=% +i° +i% +...97 times) + {1 T 2*3* - F101

=97 + "B =97 + 3 =97 -
0 a=97and b =-1
Hence, a + 75b =97 =75 =22
Sol. (Q. Nos. 52 to 54)

If:ziE =b,wherea, b >0
z
O 2 <)z + L
z |z |
O bs|z|+-L
|z |
O |z)*-b|z|+a=0
b —+/b? -4
O |ﬂs——j;—£
b+ b* -4
and |z\2———2——i (D)
Also, zigz\z|—i
z [z ]
0 b2z -2
|z |
O bz -2 <b
z|
O - blzg |25 & b|z



52.

53.

54.

55. -

Casel —b|z|<|z|* -a

O |z*°+blz|-a=0

—b—4b* +4
O |z\sfa
| ‘>—b+1/b2—4a
L>_UTNP T
2

Casell |z|*-a<b|z|

and

O |z*-blz|-a<0
. b—\/b2+4a<| |<b+w/b2+4a
DTND TR 2 TND TR
2 2

From Case I and Case II, we get

—b+,/bz+4a<| |<b+,/bz+4a
<|z|<
2 2
From Egs. (i) and (ii), we get

—b+,/b2+4a<| |<b+,/(b2+4a)

<|z|<

2 2
b+b* +4

O The greatest value of| z|isfa

—b ++b% +4qa
—

...(i)

and the least value of | z | is

Here,a =1and b =2
A =Sum of the greatest and least values of | z |
=./b* +4a :\/4T =5
OX*?=s
Here,a =2and b =4
A =Sum of the greatest and least value of |z|.
=\b* +4a =16 +5 =24
0 A P=24
Here,a =3and b =6

A = Sum of the greatest and least value of | z |

=/b% +4a =36 +12 =+/48 =443

O A=243
OA‘%=12
Sol. (Q. Nos. 55 to 57)
= _1:a+ib
z+2
z=CiS0=¢"
0 _
0L e
e +2

0 (cosB +isin® —1) =(a +ib) (cosO +isinB® +2)
On comparing real and imaginary parts, we get
cosB —1 =a cosO +2a —bsinBO
0 (1-a)cosO +bsin® =2a +1 ..()
andsin® =asin® +b cos® +2b

(1 —a)sin® —b cosb =2b ...(ii)

56.

57.

58. -

On squaring and adding Egs. (i) and (ii), we get
(1-a)® +b% =@a +1)* +(2b)*

0 3a® +3b% +6a =0
O a® +b* +2a =0
From option (c),

(1 +5a)* +(3b)? =(1 —4a)*
0 9a® + 9b* +18a =0
O a*+b*+2a =0
From Eq. (i), we get

- tan®0/ 20

1+ tan29§2%+ b

U 2 tanB/2

1—-a
( ) (1 + tan®0/2

0
0=2a +1
0
O (1-4)-(@1 —a)tan® 8 +2b tang

2 2
, 0

=(2a +1) +(2a +1) tan 5

O 2+a) tanzg—zb tang +3a =0

0 2b*./4b°-12a(2 +a)

O tan — =
2 22 + a)
2b * +/4b® — 12(-b*
= 5 (=) [ a?® + b% +2a =0]
—2b/a
_(2bx 4b)a _ 6ba —2ab _ 3a _a
- 2 2 Of 2 - oy
-2b -2b -2b b b
6_ b b _ 0 0
O cot —=——or— or—— =3 cot —or — cot —
2 3a a a 2 2

O a®*+b*+2a=0 0 (a+1)* +b* =1
Now, |z|=1=(a +1)* +b*

3 17

1+z+z2+22 +...+27 =0
101 -2
0 =),
(1-2)
0 1-z%=01-2z %0
0 =1z #1
and 1+z+z2+2% +...+z1% =0
1001 —z"
O t-z)
(1-2)
— 14 = —
a 1-z"=0,1-z #20
0 =1,z #1

From Egs. (i) and (ii), we get
MEt=1 0 12* =1

O z' =1

Then, z=1,-1,1i —i

e z#1
z=-11i —i

Hence, only z = —1 satisfy both Egs. (i) and (ii).
0 Number of values of z is 1.

()

..(i)



59.

61.

We have, 3=z
O lz|*=|Z|=|z|
0 lz|(lz*-1) =0
| |z|=0and|z|*=1

Now, |z |* =1

1
g zz=1 0 z=-
z
On putting this value in Eq. (i), we get
z
g zt =1

Clearly, Eq. (ii) has 4 solutions.

Therefore, the required number of solutions is 5.
60. We have,

z=9+ai
O z2 =81 —a”) +18ai
=(729 —274%) +(243a —a*) i

According to the question, we have

Im (z%) =Im (z%)
O 18a =243a —a® O a(a® -225)
g a=0ora” =225
But a#z0
0 a? =225

O The sum of digits of a®>=2 +2 +5=9

Let z=x+iy
lz]=1
g xt+y?=1
and ‘§+£ =1
zZ oz
0 x+iy+x—iy -1
—-iy x+tiy
0 (x+ly) +(x—ly)
x* +y
9 _.2
0 C ) -1
1
1
0 xt-yi=t-
Y 2
From Egs. (i) and (ii), we get
) 1 13
2xt=1+-=-2
2 22
13
0O x}=—,2 [0 x=4%
4 4
1 3
Forx=—,y=4+ —
Zy 2

(i)

=0

()

[from Eq. (i)]

...(i)

[from Eq. (i)]

[from Eq. (i)]

62.

63. -

64. -

For x = ?,y =+ é [from Eq. (i)]
For x = - ?,y =+ % [from Eq. (i)]
O Solutlonsaref i lii £ i —3 L
2 2 2 2 2’ 2 2
Hence, number of solutions is 8.
We have, x=a+ib
O x? =(a® - b?) +2iab =3 + 4i [given]
0 a*-b*=3andab =2 ()
and x* = x k* =(a +ib) [(a® —b?) +2iab]
=(a® - ab® —2ab?) +i[2a%b +b(a® —b?)]
=(a® -3ab®) +i(3a’b -b*)=2 +11i [given]
0 a®-3ab* =2
and 3a% - b’ =11 ..(ii)
From Eq. (i), we get
a® + b? = (a® -b*)? +4a%b* =5
Then, 2a* =8,2b% =2
O a*=4b* =1
O a=2b=1
and a=-2b=-1 [ ab=2]
Finally, a =2, b =1 satisfies Eq. (ii).
Hence, a+b=2+1=3
(1 +i)' =[( +i)°P
=(1+i% +20)°=(1 -1 +2i)?
=4i’=-4 ()
1-mi | -
and +
Ui 1+
_a-Vmhm-i), (m-pa-Jmi
T+ 1 1+ T
Jn-i-mi-Jm - i
m+1
—2TU —2i
=—=-2i L1
m+1 (@
i O
Given, Z—E(l +i Ell \/7” V- 0
4 IZI\/7 +i 1 + \/ﬁ il]
Z( 4) (~2i) = 2mi [from Egs. (i) and (ii)]
O
Now, E 2] B———
amp (z) /2
n=1
O A=@Q)" =™ r=0,1,2..n-1
0 A=1, eZT[z/n 64 Ti/n 66 Tt/n 62 Tth —1)i/n

and (A + 1) =10 A+1 :(1)1/n :ezr[pi/"



65.

a A = 2T g = PTUR [ gin @@@
n

p=012..,n-1

ad A =0,e™" [2isin QE@ 2™ 9 sin glﬂ@,
n n
eT[i(n—l)/n i sin Q!F(n B 1)@
n

+i\/§

For n =6,

4Ti/n —

4Ti/6 — 2
e = Q4 TU/6 — L2 T3

2 . . 2T 1
=cos—+lsm—=—5

3 3 2
and ™" @i sin %EQ: e™° i sin T[@
n
Il
= %05— +isinln§l]
6 6

3 il 1, i3

= E{.\/; +-di=—-——+ i
Oz 20 2 2

Hence, the least value of n is 6.

Given, z;, z,, 2, ... , Z5, are the roots of the equation

50

z (z)" =0, then
r=0

50 50
rZO(Z)r =(z —z)(z —2,)(z —z3) ...(z _Zso):rgl (z —z,)

Taking log on both sides on base e, we get
50

O 50
log, QZ (z) QZ Z log, (z —z,)

On differentiating both sides w.r.t. z, we get
50

z ey 50

r=0 1
50
S @
r=0

On putting z =1 in both sides, we get
50

2 @-z)

r=0
50
o @23+ 450) 1
51 s (2 -1)
=—(=5M\) [given]
@x51
0 2 =5\
51
ad =5
10
> %in lq —icos 21T
q=1
10 2
=-i Y [*os 1 +isinq—m§
q=1 11

cgw % 2qT . . 2q |
=-1[ 0s —— +isin =10
<o 11 11 0
= —i{(sum of 11, 11th roots of unity) — 1}

=—i(0-1)=i
32 000 2qm zq,—%f
P = 3p +2 @m——lcos—
pzzl( P )H; 11 11

32
= T0p+2 0

32 32
=33 p(i)f +2 3 (i)
p=1 p=1
32
=3 Y p(i)f + 0 =35 (say)
p=1
32
where, S= Y p(i)?
p=1
S=1d+2@ +30 +... +31 ' +32 [
iS=10% +20° +... +31 [ +32i*

(1-i)S =@ +i* +i® +... +i*?) 32

=(0) -32i
. G- 320+
(1 -0t +1i)
=-16(i —1) =16(1 —i)
O P =35=48(1 -i)
Given, A+i)P=nn!) O 1+i)48(1 —i) =n(n!)
a 96 =n(n!) O 4(4!) = n(n!)
O n=4
. a2 .2 .
67. - 1+i_ 1+1i) :1+l+21:i
1-i (1-i)1+i) 2
O+:i0 2  _,0+x*0
Given, 11— = —sin 0
—iH T O 2x O
20
O i":gsin_l rx
T 0O 2x 0O
+ x20
O sin’! xD=T[()"
O2x 0O 2
1+ x°
O :singE i"@
X 2()
Now. AM = GM
x+ — 2
x>y pg X*1
2 2x

O
2.
=]
0o E
S
[l
\"
—

0 sin Eg(i)"@zl

0 n=4,8 12, 16,...
U Least positive integer, n = 4

[ -1<sin0 <1]



68. (A) - (p.q),(B) -~ (p.r).(C) - (p.1.5)

zig = b, wherea >0 and b > 0, then
—b+ b +4a <1 Sb+,/bz+4a
2 2
(A) Here,a =1and b =2
Then, —1 ++/2 <|z| <1 +4/2
0 G=1++2
and L=-1++2
a G-L=2
(B) Here,a =2 and b =4

Then, -2 ++/6 <|z| <2 ++/6

If

[natural number and prime number]

0 G=2++6
and L=-2++6
a G — L =4 [natural number and composite number]

(C) Here,a =3 and b =6
Then, -3 + 243 <|z| <3 +24/3

0 G=3+23
and L=—3+2\/§
0O G-L=6

[natural number, composite number and perfect number]

69. (A) -~ (@B - (¢.1).C - (q,9)

We know that,

. %/m -Re (z) +i\/|z| ~Re (z)0]
2 2

If Im(z) > 0= 2 E\/M +2RC(Z) _i\/|z| ~Re(®)[]

O™

2 O
If Im(z) <0
(A)M:J;DIOH'H 10—6%
N 2 2 0
=+ (V2 +iV2)
=222 +i)

0 / - +60J
and,/—6 +8i =% 102 6 +i 102 6%

=+ (V2 +i242)= £ 4201 +2i)

a z:m +\/m

=+2@2+i) 21 +2i)

=332 (1 +i), N2 (1 —i), =332 (1 +i),4/2 (=1 +1)
0 z, =32 (1 +1i),z, =32 (1 —i),

z3= =321 +i)

and z, =2 (-1 +1i)
O |z, +|2,* +125* +]2,[?

=36 + 4 +36 + 4 =280 which is divisible by 8.

0 +
B) 5-12i =+ 132 >

013 - 13+50
and [-5-12i =% %/% - ,/%E: *(2 -3i)

50 _
=+ (3 —2i)
O

0 z=~5-12i +4/=5 —12i =+ (3 =2i) = (2 —3i)
=5—5i, =1 —i, =5 +5i,1 +i
O z, =5 =50, z, =—1 —i,
z;=-5+5iandz, =1 +i

|21|2 + |Zz|2 + |23‘2 +|Z4|2 =50 +2 +50 +2

=104=8 x13

© F+151—+ /17+8 /1728
+§T iy

«E

+

and /—8 —15i l/ 17 8

1
+— (5 +3i)
2

_ 5 L
_igﬁ \/51 +\/53 5i)
0 z =8 +15i +./-8 —15i
=i%(5+3i)i%(3—51)
. :iz(s —21‘),%(—2 —8i),
L g 420y, @ +8i)
% N
0 7, =2 (4 —i), z, =2 (1 —4i)

=2 (-4 +i)andz, =~/2 (1 + 4i)
O |z,)* + |z,|* +|z4)* +|z,|° =34 +34 +34 +34
=136 =17 x8

70. (A) — (p.q.1,1:(B) - (p.shi(C) - (p.1)

(A) Here, the last digit of 143 is 3. The remainder when 861 is
divided by 4 is 1. Then, press switch number 1 and we get

3. Hence, the digit in the units place of (143)%"'
O A= 3
Next, the last digit of 5273 is 3. The remainder when 1358

is divided by 4 is 2. Then, press switch number 2 and we
1358

is 3.

get 9. Hence, the digit in the units place of (5273) is 9.
O H= 9
Hence, A+ =3+9=12

which is divisible by 2, 3, 4 and 6.

(B) Here, the last digit of 212 is 2. The remainder when 7820
is divided by 4 is 0. Then, press switch number 0 and we
get 6. Hence, the digit in the unit’s place of (212) 7% is 6.
O A= 6
Next, the last digit of 1322 is 2. The remainder when 1594

is divided by 4 is 2. Then, press switch number 2 and we
get 4.



71.

72.

73.

74.

Hence, the digit in the unit’s place of (1322)!** is 4.

g H= 4

Hence, A + L =6 + 4 =10, which is divisible by 2 and 5.
(C) Here, the last digit of 136 is 6. Therefore, the unit’s place

of (136)"* is 6.

a A= 6

Next, the last digit of 7138 is 8. The remainder when

13491 is divided by 4 is 3. Then, press switch number 3

and we get 2. Hence, unit’s place of (7138)**"! is 2.

g H= 2

Hence, Atpu=6+2=8

which is divisible by 2 and 4.

(A) - (1); (B) ~ (p:s); (C) ~ (q1)

If|z -4 =b,wherea >0 and b >0, then

z

— 2 2
b +4b +4as|z|sb+ b” + 4a

2 2
b+b®+4a -b+b* +4a
(A) Here, a= 6and b =5
O A= 6anfl = 1
O A M M6l 10 =7
and M —pr =¢' -1 =5
(B) Here, a=7andb =6
O A=7 andt =1
O AP M =7 417 =38
and M —p? =7' 17 =6

(C) Here,a =8 and b =7

u A= 8anl = 1
0 AP M =gl +1® =g
and A —phr =gt —18 =7

Statement-1 is false because 3 + 7i >2 + 4i is meaningless in

the set of complex number as set of complex number does not
hold ordering. But Statement-2 is true.

Statement-1 is false as
(cos® +isin @)" #cosn® +isinn@

™. Tt ... It
Now,@:os—+lsm— =cos — +isin —
4 4 2 2

=; [by De-Moivre’s theorem]

[J Statement-2 is true.
We have,
|3z, + 1| =|3z, + 1| =|3z, +1|

s 1 .
U z,, z, and z, are equidistant from % 3 Ogand circumcentre

of triangle is %» g, 0@

Also, 1+z +z,+2z, =0

75.

76.

77.

78.

1+z, +z,+z
1 2 3
O _ - =0
3
Z1+Zz+23=_l

3 3

O

O Centroid of the triangle is % % OQ

So, the circumcentre and centroid of the triangle coincide.
Hence, required triangle is an equilateral triangle.
Therefore, Statement-1 is true. Also, z;, z, and z, represent
vertices of an equilateral triangle, if

2l + 2] + 2] —(2z, + 2,275 +257,) =0.

Therefore, Statement-2 is false.

We have,
|z —1| +]z =8| =5 (1)
Here, z, =12z, =8and 2a =5
Now, |z, —z,| =|1 =8] =|-7| =7
O 2a =5<7

Therefore, locus of Eq. (i) does not represent an ellipse. Hence,
Statement-1 is false. Statement-2 is true by the property of
ellipse.

Since, z;, z, and z, are in AP.

t 2z,=z t2z4

_Atz

0 Z, = ———=
2

It is clear that, z, is the mid-point of z; and z,.

O z,, z, and z, are collinear.

Statement-1 is true, Statement-2 is true; Statement-2 is a
correct explanation of Statement-1.

Principal argument of a complex number depend upon
quadrant and principal argument lies in (- Tt T1.

Hence, Statement-1 is always not true and Statement-2 is
obviously true.

We have, Clzarg(z):g
ad tan_I%QIE [letz = x +iy]
O X:tanEZI
X 4
O y=x
O Ci:y=x @)
3Tt
C,:arg(z) =—
4
O tan™" g@zg—n [letz = x +iy]
i 4
O X:tang—n:—l
x 4
O y=-x
O Cyiy=—x ...(i1)
andCy:arg (z —5 —5i) =T
-50
a tan”! 5D=T[ [letz = x + iy]
Ox —50



79.

80.

81. -

0 Y-S
x-5

a Cy:y =5
We get the following figure.

=tanTt=0 [y=5

U Area of the region bounded by C,, C, and C,
5-0 5-0
-5-0 5-0

1
== =25
2

[J Statement-1 is false.
OA =542, 0B =5+/2 and AB =10

(OA)? + (OB)?* =(AB)? and OA = OB

Now,

Therefore, the boundary of C,, C, and C; constitutes right

isosceles triangle.
Hence, Statement-2 is true.

Zy25 —(2,73) 1

Since, Im (z,z5) = =—{z,2; —2,25}
2i 2i

_ 1 _ _
z,Im(z,2,) = 5{212213 -2.2,Z4
- _ 1 _ _

Similarly, z, Im(z,z,) = ;{z223z1 -2,7,24

i
_ 1 _ _

and z,Im(z,z,) = ?{23 72, —22,24

i

On adding Egs. (i), (ii) and (iii), we get
z,Im(z,25) + 2z, Im (z32)) + z; Im (2, 2,) = 0

Therefore, this is proved.

Since, z,, z, and z, are the roots of
x° + 3ax? +3bx +¢ =0,
we get z,tzy,tz;=-3a
0 zytz, tz; -—y
3
and 212, + 2,24 + 252, =3b

Hence, the centroid of the AABC is the point of affix (— a).

Now, the triangle will be equilateral, if
212 + zz2 + 232 =ziz, tz,z5 tz52)
a (2,+ 2, + 23)° =3(z,2, + 2,2, +252,)
O (-3a)® =3(3b)
Therefore, the condition is a® = b.
x° —1 =0 has roots 1, 0, 00,,0 50 ,.
O (x> -1)=(x -1)(x —0) (x =0 ,)(x —a5)(x —a,)

x° -1

u =(x —ay) (x —0,) (x =0 3) (x 0 ,)

...(ii)

(i)

...(iiif)

82.

83.

On putting x = win Eq. (i), we get

“:f:@—mxw—%ﬂw—%xw—m)

2 _
0 s @-a)e-a) @)
and putting x = &’ in Eq. (i), we get
10 _
© Tl o - o) (@ - o) (@ - )P - a)
o
0 2Tl - 0) (@ -0y - 0@ - )
w” -1

On dividing Eq. (ii) by Eq. (iii), we get
W-0 (0-0, (©-0; W=, (@ —1)?
-0 w-a, '-a, W-a, (@-1)°

ot t1-20 | wH1 -2
Ww+1-200 wW+1-2w

- -20f 3w’
= = =0

i)

...(iii)

—W-2W -3w
. z+z
Letz = x + iy, then 5 =x
U From given relation, we get
0 x=|x+iy—1|
0 x=[(x=1) +iy |
0 = -1 +y? O 2x=1+y*
Ifz, =x, +iy,and z, = x, + iy,
Then, 2% =1+’ (i)
and 2x,=1+7y,° ..(i1)
On subtracting Eq. (ii) from Eq. (i), we get
_.2 2
2(x = x) =y —y,
2(x = x) =1 +y2) 1 —¥2) ...(iii)
But, given that arg (z; —z,) = Tt /4
- P{ -y,0 -
Then, tan ' [ yZD:E 0 oYy
Ox, —x,0 4 X~ X,
U Y17Y2 =X TX, . (iv)
From Egs. (iii) and (iv), we get
V1 ty, =2 [~y —y2 20]
O Im (z, + z,) =2

Hence, the imaginary part (z, + z,) is 2.
(i) LHS = (a® + b + ¢® —=bc —ca —ab)
(x* + y? + 2% —yz —zx —xy)

S(@a+bw+ce)(a +bod +cw

(x+yw+zad)(x+yd +z @

={(a + bw + cof) (x +yw+z &)}

la+bf +c)(x +ydd +z

={ax +cy +bz +w(bx +ay +cz)

+ o (ex + by +az)} X{ax +cy +bz + 0
(bx + ay +cz) + W(cx +by +az)}

(X +wZ+ WY) (X + WfZ + oY)
=RHS



84. Let

85.

(ii) LHS=(a’+b* +c¢? —=3abc) (x>+y* +2° —3xyz)
=(a+0b+ec)(a® +b* +c* —ab —be —ca) x
(x+y+2)(x’+y® +2° —xy —yz —zx)
=@+b+o)(x +y +2)
(a®* + b* +c* —ab —bc —ca) x
(x* + y? + 2% = xy —yz —=x) [using (i) part]
=(ax +ay +az +bx +by +bz +cx +cy +cz)
(X*+Y*+Z%-YZ -ZX —-XY)
={(ax + ¢y +bz) +(cx +by +az) +(bx +ay +cz)}
(X*+Y*+Z%-YZ -ZX —-XY)
=S(X+Y +2)(X2+Y? +Z% -YZ -ZX -XY)
=X*+Y’+ 2’ -3XYZ=RHS
z=x+t1iy
0 e[ =at+y?
O x*+y%=2i(x+iy) +2c(1 +i) =0
(x® + y? +2y +2¢) +i(-2x +2c) =0
On comparing the real and imaginary parts, we get
x* +y2 +2y +2¢ =0
—2x+2c=0 ..(ii)
From Egs. (i) and (ii), we get
y2 + 2y +c? 420 =0

0 y=_2i“4_4(CZ+ZC)=—11,/(1—c2 ~2¢)

2

and

-+ xand y are real.

a 1-¢*—2¢20 or ¢*+2c+1<2
(c+1)? <20 -2 -1<c<2 -1
O 0<c<+2-1 [ givenc = 0]

Hence, the solutionis z = x + iy =¢ +i (=1 £4/1 —c? —2¢)

for 0<c<+2 -1

and z = x + iy =no solution for ¢ >42 -1

Letz =x +iy
Y
0 Re(z)=x=" 22 ()
and Im(z) =y :Z;z ...(ii)
1

The equation (2 —i) z + (2 +i) z +3 =0 can be written as
Az +z) —i(z —Z) +3 =0
or 4x +2y +3 =0
O Slope of the given line, m = —2
Let slope of the required line be m,, then
tan 45° :ma 01 :QL”HD +1 :L”

L+ mm[] 01 -2m [ 1-2m
g W:_§’3

U Equation of straight lines through (- 1, 4) and having slopes
1 1
—gand3arey —-4= —g(x +1)andy —4 =3(x +1)

O x+3y-11=0 and 3x-y +7=0

Using Egs. (i) and (ii), then equations of lines are

z+z 3(z-2)
T2+ =0
2 2i
3(z+z -z
and 3e*7) _(-7) Z)+7=0
2 2i
ie., (1-3i)z +(1 +3i)z —22 =0
and B+i)z+(3B-i)z +14 =0

1+
86. Putting Tl = x in LHS, we get

LHS=(1+x) (1 +x3) (1 +x2) .1 +x*")

Q-0 +x)+x)0 +x2) .0 +x")
(1-x)

A=x3) 1 +x)a+x )1 +x2")

1-x)
L=+ )
(1-x)

_a-x)a+a) 1=

(1-x) (1-x)
_1‘%g 0., -
O+ H 2
S

1
1- o (1) . O |
:27.d1+71):(1+i)[1—1n[|:RH5
El;l% 1+ O ,2"0

2

87. Since, arg (z —3i) =371 /4 is a ray which is start from 3i and

makes an angle 371 /4 with positive real axis as shown in the
figure.

x+y=3 Y

0 Equation of ray in cartesian form is
y =3 =tan(310/4)(x —0)

or y—-3=—-x or x+y=3

arg 2z +1—-2i) =T/

0 arg§%+%—i%=ﬂ/4

1
or arg(2)+ arg % +5 —if]=1/4

1
or O+arg%+5—i§

and

/4




88.

89.

or arg%—%%+i%=ﬂl4

which is a ray that start from point — 1 + i and makes an angle
Tt /4 with positive real axis as shown in the figure.
UEquation of ray in cartesian form is

y-1=1[x—(-1/2)] 0 y=x+3/2
From the figure, it is clear that the system of equations has no
solution.

Let a=rcosaand0 =rsina ...>Q)
So that, a?+ 0% =2

O r=la|

Then, a=|a|cosa [from Eq. (i)]
g cosO0 =*1

Then, cosd =1 or — 1 according as a is + ve or — ve and
sind = 0.
Hence, 0 = 0 or Ttaccording as a is + ve and - ve.

...(i)

Again,let 0 =1 cosPorb =1 sinf3

So that, 0%+ b? =r12

0 =
From Eq. (ii), we get b =|b | sin B
O sinB=4%1

Then, sin 3 =1 or — 1 according as b is + ve or — ve and cosf3=0.

s L . .
Hence, 3 = — or —— according as b is +ve or —ve.
2 2

Let two non-parallel straight lines PQ, RS meet the circle
|z | =rin the points a, b and c.

Then,|a|=r,|b|=rand|c|=ror |a|* =|b|* =|c|* =r°

O aa=bb=cc =r%,

2 2 2
then E=r—, I;:r—andE =r
a b c
z z 1
Points a, b and z are collinear, thenla a 1|=0
b b 1
O z(@-b)-z(a-b) +ab —ab =0
22 2 2
0 s -TH-z@-p+lt -
Oa b0O b a
On dividing both sides by r? (b — a), we get
z z -1 1 .
—+—=a +b (1
ab r? O
For RS, replace a = b =c in Eq. (i), then
242 =g ...(ii)

2 2
c r

90.

On subtracting Eq. (i) from Eq. (ii), we get
z(c?-ab =27 =g b7

20 =g =p™!

Hence, z= Ty
which is a required point.
.+ AD OBC
[ AP is also perpendicular to BC.
Az)
@28 “ Cz3)
P@)
Uz, —-z0O_m
Then, arg Bu]: —
3=z, 2
Uz, -z 0O
O Re =0
[ks — 2,0
Z -z, z, -z
D 23 —Zz 53 —Ez =0
2
0 5=z, ;’Z1 —727 ~0
3=z, Z3~22

But O is the circumcentre of AABC, then
OP =0A =0B =0C
12| =z =z, | =25 |

On squaring the above relation, we get
2 =l =|z,f 2|z,

O 2Z = 2.Z) =2,2, =252,

! .z _z
From first two relations =+ = =

z oz

Z, _z
From first and third relation =2 = =
zZ oz,

z z
and from first and fourth relation = = =

[ w

z,—z
+
z37z, £ _Z%

Oz, -z 00
a —00 +
[k —z, 100

2323

ad
2323 0=0
zz, [

a 1+ =0 0O z=-

zz z

2223



91. From the figure,

o =(arg (z) —arg )) (1)
and for every a, sin® % < %g (i)
A
AR)
0
&
§ 1z| |z - w]
ko)
©
E B(w)
a
(@] -
@) Real axis

In AOAB, from cosine rule
(AB)? =(0OA)? + (OB)? —20A [0B cos o

O |z-w]*=|z)* +|w|* 2|z || ] cos a
0 [z -0 =(z| -|0])* +2|z ||| (1 —cos )
a
0 |z -0 =(z| -|w])’ +4|Z\|wlsin25
O z-w<(z] -|w])* +4]|z]| w| %g [from Eq. (ii)]

0 Jz-w]<(z]-|w])* +a’
|z —w|* <(]z|-|w])* +(arg (z) —arg (W)’

I Aliter

Let z =r (cos® + isin B) andw =1, (cos 6, +isin 6)),

then|z | =rand|w| =n

Also, arg(z) =0 and arg(w) =6,

[~z |w|<1]
[from Eq. (i)]

and r<land n <1 [ given|z | <1, |w]| £1]
We have, z —w =(r cos 0 —r, cos §) +i(rsin 8 —r, sin §)

O |z —w|* =(r cos 8 —r, cos 6)% + (rsin B —r, sin ©,)*
O |z —w|? =r® +1r% —2rr, cos (8 - 8)

=(r —r)* +2rm —2rr, cos (@ —8,)

=(r —n)* +2rm (1 —cos(® -8,)

. P—e
=(r —nr)? + 4rr;, sin® 5 1@
2 _el .
S(r—n)° +4m 5 [|sinB] <]0]]

=(r=n)" +m® -8’

<(r=n)" +0-6)° Lorn <]
0 Jz-wP <(z|~|0]) +(arg z ~arg &’
II. Aliter
Let z =rcosB
and W =1 cos B

O r?+n*-2m cos® —8,) <r®+1* -2m +© -6,)°

— — Orr <1 O
O rrsin’ %Zelgs %Zelg !

rand sin’ x < xZH

92. Given,OA =1and |z | =1

A Po(zo)
P@)
A1)
0 > X
Q(zzp)
o OP =]z —0| =|z| =1
0O OP =0A
OF, =z = 0] =]z, |
and 0Q =|zzy = 0| =|2Zo| =|z ||Z5| =1|Zz,| =|z,|
0 0P, = 0Q
- oJ 0
Also, OPOP= arg %LOD: arg gﬂ@: arg E{Eiflj
Oz-00 z Ozz O
z 0 z _
=ar B&—o[l:ar ng—ar (z z,)
& Hz 120 ggl &% %
= —arg (2 7,) =arg {1
=—arg(z z,) =ar
A N T AL

d1-0 O
=arg E{%O[l: HAOQ
[k z,-00

Thus, the triangles POF, and AOQ are congruent.
0 PP, = AQ

|z —zy| =]z z, =1

. Let the equation of line passing through the origin be

az+az =0 ()
According to the question, z;, z,, ..., z, all lie on one side of
line (i)

O az +az; >0or<0foralli =123, ...,n ..(id)
n n
O ayz+a)z>00r<0 ...(iii)
i=1 i=
n n n
O > # 0 %fizi:O,thenZEi=0,
i=1 0 i=t i=1
n n D
hencea ) z;+a Y z; =0
i=1 i=1 0

From Eq. (ii), we get
az;+az; >0or<O0foralli =1,23,...,n

azz; az.z;
—+ L >00r<0

Zi Zj

O
O |z %+£D>Oor<0

(ki z0d
a a .
O —+—>0o0r<0foralli=123,...,n
Zi %
1 1 1 .. . - _
0 —,—,...,—lie on one side of the lineaz + az =0

2 2 Zy



n 1 n
or ay —+ta) —>00r<o0
=1z i=1z
noq O noq no1
Therefore, Y —#O0[f Y —=0,then 5 — =0
=1z 0 i=tz i=12z
LS| no1_ O
U ay —taj) —=00
i=12; i=12; O

94. Given,|a||b] :\/ﬁ;|a| =|c|;az? + bz + ¢ =0, then we
have to prove that |z | =1
On squaring, we get
la®|b)* =ab’cand|a|® =|c|?
O aabb=ab’ and
g ab=bc and

If z, andz, are the roots of az® + bz + ¢ =0

ol

aa=c

aa=cc (1)

Then, z, and z, are the roots ofa(2)*+bz +¢ =0 ...(A)
b
O zt zFE - —, zZ5 et
a al .
_ O .(ii)
_ _ __b _ _C D
and zZ; + Zy — g’ Z1Z3 _E 0
i+i zl+zz_—b/a_ é__i _;1 +272
Z, Z, 212, cla c a
_ [from Egs. (i) and (ii)]
+ -
and—+é z, t 2, 7b/7a
zZ, Z, 7% cl/a
b a be b
ST ET— ==ty
c caa a

[from Egs. (i) and (ii)]

1
Now, it is clear that z; = —and z, =
2

N“\‘»—k

Then, |z, |* =1and|z,|* =1

Hence, lz]=1
Conversely For az® + bz + ¢ =0, we have to prove

lz| =10 |a||b| =yab%

and la] =|c]|

lz]=10 |z)*=10 zz=10z=

N| | =

From Eq. (A), we get

a%g+5%§+5:00razz+ﬁz +a =0

Also, az® + bz + ¢ =0, on comparing

0 aa=ccandab=b cs

O |a|=|c|and|a||b|=+lab%

95. (i) Letz, =r (cosa +isina),
z,=r,(cosP +isinf) and z; =r; (cos y +isin Y)
Ulz | =5z | =1 25| =13

and arg (z,) =, arg (z,) = B arg(z;) = Y

>
v
N

Z3
From the given condition,
h 2 n
T =0
h

0 K+ =3nnr =0
0 l + + —r ) + —)2 + —\2 —
2 (n+r+r){(n —r)” +( —1)° Hry, 1K)} =0

Since,

then (n _"2)2 +(r, _"3)2 +(ry _’i)z =0

ntrtr#0,

It is possible only when

non=n o= on =0
O n=r =
and |z | =z, | =lz5]| =1 [say]

Hence, z,, z,,24 lie on a circle with the centre at the origin.

(if) Again, in A 0z,z, by Coni method

[k, —00 [k, 0
arg [(F>——= 0z, 0z arg (2= 0Oz, 0z (i)
g %, - 000 2024 g 00 20Z3
In A z,z,z; by Coni method

-z, 0
arg %%H: Oz, z, z4 :é Oz, 0z, [property of circle]

2 1

1 (k.0
== arg [F2[] [from Eq. (i
5 gDZID[ q- ()]

k.0 Lk, -z, 0
O arg F=[0=2 arg —
[k, O [k, —z,0

k.0 k., —
Hence, arg (== arg J——
[z, O &
96. We know that,
Re (zZ,) <|z.z, |
0 |Zl|2 + ‘7~z|2 +2Re (z,2,) S|Zl|2 + ‘Zz|z +2[z, 7z,
U |Zl+zz|25‘z1‘2+|zz|2 +2]z ||z, ()

Also, AM = GM

(e la )+ Hrle o
2

1
2 2
O ezl + 21z " 221z |12 |

O

0 ol L0
>/c U=z, |’
Eﬂm -l g

2 2 2 2 2 1 2
Oz Pzl *2lz iz <lz P +z " +elz [+ 2|

O |zf* + 12,1 + 2]z [z, S +0) |z [+ +c7) (|2, [*)

..(i)



From Egs. (i) and (ii), we get

2+ 2, " A+ )|z [ +(1 +c Tz, |

Aliter
Here, (1 +¢) [z |* + (1 +¢7) |z, |* =z, +2, [
1
=1+c)zz + Q +*§2222 —(z +2,)(z +7,)
c
_ 10 _ _ _ _ _
=(1+c¢)z,7 +§ +f§zzz2 — 22, TZZ, T2,2) —Z,%,
c

1
=cz 1z +;zzi2 —ZiZ, TZ,Z;
1., _ _ _ _
=—{c"zz, +z,z, —cz,Z, —cz,%,}
c
— 1 = = = =
—; {ez, (ez, —2,) —2z,(cz; —2,)}
1 1 —_—
—E(Czl —z,)(cz _Zz)—z(czl —z,)(cz; —z,)
1 2
=—|cz; —z,|"20asc>0
c
1
2 2 2
0 (+ofzf +J + izl -z +2,[ 20

1
Hence, |z, +2,* £ + ) |5* +[J + 2, *
C

97. If z be the complex number corresponding to the circumcentre
O, then we have

OA =0B =0C

u |z =2, | =|z —2z,| =|z 2]
|z =z " =|z =2, |* =|z =z, |°
U (z=2)(z —7) =(z =2,)(z ~%,)
=z -2,)( -7, ()
From first two members of Eq. (i), we get
Z(zy=2) =7 (z ~2;) =2, (z ~z,) (i)
and from last two members of Eq. (i), we get
Z(z3=2,) =2, (z —z,) ~Z;(z —z3)
Eliminating z from Eqs. (ii) and (iii), we get
(2, —2) [7, (2 =2,) =75 (z —25)] =(z5 —2,)
[z, (z —z) =7, (z —z,)]
or z[z,(z; —2) ~Z3 (2, —2)) =7 (23 —2,) tZ; (25 ~2,)]
=2,2, (2, —21) —23%75 (2, —2) ~2Z,(25 —2,) t 2,2, (25 —7;)
or z 3 z;(z, —23) = Y 2,7 (2, —23)
2., _
2= 212,17 (z, — 25)

>z (z, —25)

or

98. Let z be the complex number corresponding to the orthocentre
O, since AD L1 BC, we get

Alz4)
F
AE
o
B(z2) D C(z3)
z-z O_m
arg [———[1=—
[k, —z50 2
. z-z L
ie. is purely imaginary.
2y T 23
Oz -z O - zZ -z
ie. Re #D:O or 7Z1+%:0 (1)
[k, —2z50 Zy =23 Zy "2
Similarly, Ly 275 o [+ BE OCA] ..(ii)

From Eq. (i), we get

(z —2))(z, —73)

..(iii)

z=z -

(z5 = 25)
From Eq. (ii), we get
7=z, -2 &2 (iv)
(z3 = z)

Eliminating z from Eqs. (iii) and (iv), we get
_ z -z _ z —2z,)(z; —Z
B s BTG
(z5 = 23) (25 — 7))

or(z = z,) (2, = 23) (25 —2;) —(z =2,)(Z5 = 7)) (z, —23)

=(2; =2,) (z; —23) (25 —2))
orz {(z, = z3) (z; —z) —(z3 —7)) (z, —z;3)}
=(z; —2,) (z; —23) (25 —7)) *+7,(z, —Z3) (25 ~7)

—2,(25 = 7)) (2, —23)
U z[zy25 —Z,2) —2525 +252) —Z52, + 2525 + 212, —Z,25]
s _ = 2
=(z, =7,) {2525 —2927 —z5 *tz32,}
- = 2 I 2
+(2Z, =23) (257, —2;) +(Z3 =2,) (2,25 —23)
— 2 (= = 2 (= — 2, — —
= {27 (z, —z;) +z5(zy —7;) +z5 (2, —7,)}
{22225 — 2,27 + 2522, + 2,224
= 22525 t 2,2525 —Z212,25} — 2 3 (22, —2,7;)
_ 2,2 _ = =
==2 7 (2, =%3) ~Z 2,7, (7, = z3)
2 = — 2
z;(z, —z5) t+ z, (z, —z
Hence,s = 2.5 B =% * 3 @ =2)
> (217, —2,7)

1
99. Let =;(2n +1) T, wheren =0,1,2,3,...,6

0 70 =@n +1) 7T or 40 =(2n +1) ™ -3 0
or cos 40 = —cos30
or 2cos?20 -1 = —(4cos® @ -3 cos 0)



or 2(2cos’B® —1)% =1 =~ 4cos’ O =3 cos B)
or 8 cos*® +4cos®® -8 cos’ B =3 cos B +1 =0
Now, if cos 8 = x, then we have
8x* +4x?® —8x% —-3x +1 =0
or(x +1)(8x> —4x® —4x +1) =0
x+1#%0 [0 £m]
| 8x® —4x*— 4x +1 =0 ()

Hence, the roots of this equation are

Tt 3T 5T
COS—, COS—, COS—.
7 7
. 9Tt 5T 11 1T
[ since cos— = cos—, cos——
7 7 7

3m 131 m
=cos—, coOs—— = cos; and Eq. (i) is cubic]

7
. . 1 1 . . .
(i) On putting — =y or x = — in Eq. (i), then Eq. (i) becomes
x y
0 8 44 10
Wy vy
0o B-f-LE-
O yO phO O
d 0
o aelo 8160 4 af
y yo y yO
or y® —24y® +80y —64 =0 ...(ii)
1 2
where =—= =sec“0
Y x%  cos’0
Thus, the roots of x* —24x® +80x —61 =0

o TU 231‘[ 25 T
are sec —,sec —,sec —
7 7 7

(ii) Again, puttingy =1 +zie z =y -1
=sec’8 —1 =tan®8, Eq. (ii) reduces to
(1+2)*-24(1 +2)* +80(1 +z) —64 =0
or 2> =212% +352 -7 =0 ..(iii)
. 3m

25

I T
Hence, tan? —, tan , tan® — are the roots of
7

x® —21x% +35x =7 =0
1
(iii) Putting x = — in Eq. (i), then Eq. (i) reduces to
u
u® — 4u® — 4u +8 =0 whose roots are
T 3T 5T
sec —, sec —, sec —.
7 7 7
Therefore, sum of the roots is
Il 31 5T
sec — +sec — +sec — =4
7 7 7

100. Let roots of z” + 1 =0are — 1, a,a>,0 °,0,0 °d °,
Tt .. It
whered = cos— +isin —
7 7

O +1)=¢+1)E-a)(z -a)iz o)
(z-a’) (z —a®)(z —a °)

n G+
=+1)

O z0-2°+z% =2° +2% =z +1

2 T 2 3
= +1 -2z cos; +1-2z cos7

5TT
%2 +1-2z C087§...(A)
Dividing by z* on both sides, we get
X
z° z* z
1 T 1 3 1 5TT
= % +— -2 cos—@% +—=2 cos—n@% +— —2cos—
z 7 z 7 z 7

. 1
On putting z + — =2x, we get
z

=(z-a)(z -0)(z oz -a’)(z -a’)(z -a°)

(8x3 —6x) —(4x* —2) +2x -1

1 oI T -

Tt
or 8x3—4x2—4x+1=8§x—cos7§

@x - COSSTT[@ @x - 00557,1@ ..(i)

So0,8x” — 4x* —4x +1 =0 and this equation has roots

T 31 5Tt
COS—, COS—, COS—
7 7 7

T 37T 5T Constant term
U cos—cos—cos—=-——
7 7 7 Coefficient of x
T 31T 5T 1
cos—cos—cos7 =- 3 [ proved (i) part]

On putting x =1in Eq. (i), we get

R

T 3T 5
or 1=8 % sin® — sin?=— sin® —TE
14 14 14
Since, sin@ >0 for 0 <6 < T 2, we get
T 3., 511
0 sin— sin—sin— == ..(ii) [ proved (iii) part]
14 14 14 8

Again, putting x = —1 in Eq. (i), we get

T 3 5
-7=-8 Q + COS—QQ + cos—rﬁg + cos—rg
7 7 7

_ 2 1T 23T 55
7 =8 [Bcos”— cos"—cos” —
14 14 14

Since, cosB >0 for 0 <0 < T2, we get

T 3mM 5T A7
COS— COS— COS— = — (il roved (ii) part
1 T . (iii) [ p (ii) part]

On dividing Eq. (ii) by Eq. (iii), we get
Tt 3T 5m_ 1
tan—tan—tan—=—F
14 14

14 7

[ proved (iv) part]



101.

*y) in Eq. (A), we get
-y)

1
On putting z = El

I 31 5T

) 4+ 7 2% cos® — cos® = —cos? T~

A+y) +0-y) _ 14 14 14
2(1-y)° -y

T
%/Z + tanz—gg/ + tan®
14

O @+y) +@1-y) =2 9672 2 +tan

@/2 + tanZSJ@@/Z + tanZS—n@
Using result (ii), we get 14 14
1+y) +1-y) =14 @/2 +tanz£§

PP PP

Equating the coefficient of y* on both sides, we get
2510

14H

LR
i

T 23T
c, +c, =14Ean 14+tan L Ftan

T 31 5T
Therefore, tan?— + tan>=— + tanz— =5
14 14 14

Equation ‘ z ‘ =3 represents boundary of a circle and equation

‘ z={a(1 +1i)—i} ‘ <3 represents the interior and the
boundary of a circle and equatlon‘ z+2a—(a+1)i ‘ >3
represents the exterior of a circle. Then, any point which
satisfies all the three conditions will lie on first circle, on or
inside the second circle and outside the third circle.

For the existence of such a point first two circles must cut or
atleast touch each other and first and third circles must not
intersect each other. The arcABC of first circle lying inside the
second but outside the third circle, represents all such possible
points.

Let z = x + iy, then equation of circles are

X2+ y2 =9 ...>1)
(x—a) +(y —a +1)* =9 (i)
and (x +2a)* +(y —a —-1)* =9 ..(iii)

Circles (i) and (ii) should cut or touch, then distance between
their centres < sum of their radii

O \/(a—O)Z +(@-1-0)* <3 +3
O a’+(@a-1)7% <36
O 20 —2a —35 <0
0 at-a- ESO %—1+MEE&1—1_‘/HESO
2 0 2 00 2 0O
SV 1447

1
0 <a< (v
. . (iv)

Again, circles (i) and (iii) should not cut or touch, then distance
between their centres > sum of their radii

J(=2a =00 +(a +1 -0)® >3 +3

or \l5a2 +2a+1 >6

0 5a% +2a +1>36
or 5a% +2a =35 >0
0 a2+2?a—7>0
o -1- og -1+ 0
or Bo-i-4vupg -1+aug
O 5 oo 5 O
o -1- O 01+ 0
0 anBe “174VUB Frivedu B )
0 5 o o 5 0

Hence, the common values of a satisfying Eqgs. (iv) and (v) are

DE" f —1—4fD D—1+4«/7 1+fD
5 08 s 2 o

102. (i) From De-moivre’s theorem, we know that

sin@n+1)a =" +1C1 (1 —sin®a )"
sina — **1C, (1- sin*a)" ! sin’a
o+ (=1)"sin”" o
It follows that the numbers
Tt . 2T . nT
,sin ,...,sin
2n+1 2n +1 2n +1
are the roots of the equation.
2n + lCl(l _ xZ)nx _2n+1 C3(1 _ xZ)n —1x3 + .+ (_ l)nx2n+ 1

=0 of the 2n + 1) th degree

sin

Consequently, the numbers

Il 2T nTt
in’ ,sin? ..., sin? are the roots of the
2n +1 2n +1 2n +1
equation
M A=) =T, (1 —x)" T L+ (1) X" =00f

the nth degree
(ii) From De-moivre’s theorem, we know that
sin(@n + 1) o =2 " 1C,(cosar )*" sin0x

2n+1

- 10, (cosa)® ~?sin*a + ...+ (-1)"sin a
or sin(@@n+1)a =sin” ' a
{2n+lcl cotZ"(x _2n+1 C3 COtzn_ZG _'_2n+lc5 COth—4a _ }
Tt 2T 3T n Tt

It follows that o = , ,

2n+1 2n+1 2n +1 2n +1
Therefore, equality holds
2n+1c1 cotZ"O( _ 2n+1C3 cotZ"_ZCX _‘_2n+1c5 COth _4G—... - O

It follows that the numbers

Tt 2T
cot? , cot? ..., cOt? are the roots of the
2n +1 2n +1 2n +1
equation
2n + lclxn _ 2n +1C3xn -1 + 2n +1C5xn -2 - =0

of the nth degree.



103. Let y =|a + bw +cw’|. For y to be minimum, y* must be
minimum. 108.
O y?=l|a+bw+co|* =(a +bw+cdd)(a + bw+ co) -
=(a+ b + o) (a + T +H) Clearly, locus of z is perpendicular bisector of line joining
=(a+bw+ced) (@ +bod +cu)3 i
(a +b% +¢? —ab —bc —ca)

E[(a—b) +(b =)’ +(c —a)’]

=1 0O |z|=

.
3

i
points having complex number 0 + i 0 and 0 + 3

Hence, z lies on a straight line.

-z
109. Given, Eimlim%is purely real 00 z #1
-z

Since, g, b and ¢ are not equal at a time, so minimum value of

y? occurs when any two are same and third is differ by 1. 0 Et‘o _C)ZE: Ew_ T*’E: W~ uE
0 Minimum of y =1 (as a, b, ¢ are integers) U1-z0 O1-z0 1-z
_ , n 0 (@ -@)0 2) % =) (0 -w)
, +1)=—
104. Equation of ray PQis arg (z + 1) s 0 (27 -1)(@-®) =0
2 _ - e ;
Equation of ray PR is arg (z + 1) = -I s (2] =1) @B) =0 [-w=a+if]
4 0 1zZP-1=0
. . s Tt Tt
Shadedreg10n1s—z<arg(z +1) <Z O \arg(z+l)|<z |z|=1landz #1 [ B #0]
O |PO| = {(2)* + (/2)? =2 110. z sin g;§+lcos§%@
So, arc QAR is of a circle of radius 2 units with centre at Z2kmi
P (— L 0). All the points in the shaded region are exterior to =i [pos g Q_ i sin % T@D—l z .
this circle |z + 1] =2. & 0
Le. |z +1| >2and|arg (z + 1) <~ 0, 20 0
_41 =i DZe —10=1i(0 —1) [~ sumof11,11throots of unity = 0]
105. In AAOB from Coni method, . N =2 = =0
Z, =
=-i
e 2
B(ZB) 4 S (2 +\/3I) 111. szt z+1=0
B T2 V2. O z=w of
> (1)
5 N s z+-=w+—=w+ o =-1
2 S
@c)C D @p) O z2+iz=002+i2=(.02+(,0=—1
z w
zg —1=(z, —1)i O z3+i3=u)3+i3=1+1=2
0 Zp =1+Q2+Bi —1)i=1+(1 +iV3)i z w
:l+i—«/§:1—«/§+i Z4+L4:Q)4+L4:m+l:—1
z20=2-2, =2 -2 +3))= -3 i Zl & ®
5 o — 2 _
and zp =2-zp =2 —(1 -3 +i)=1+43 —i z +?—00 + W+ w=-1
. _ i =3 (1 + -
Hence, other vertices are (1 «/g) i, —~/3i, @ \/g) i and 54 i(, N ié -
106.Letz, =1, (cos 6, +isin®,)andz, =r, (cosB, +isin6,) z w
O Required sum = (=1)°+(-1)* +(2)* +(-1)> 1)’ H2)*=
Olz, + z,| =[(1; cos 8 +7r,cos 8,)° +(r, sin B, +r, sin 0,)*]"* equired sum =(~1)™+(~1)" +@)" +(2)" H( )" )

112. Let OA =3, so that the complex number associated with A is

2 2 12 _ 1/2
=[|n" +r, +2nr, cos (6, -6 ntr
[l 2 12 ®, D1 =10 ) ] 3¢ ™4 If z is the complex number associated with P, then

U |z, + 25| =[z| +]z,]

Therefore, cos (6, —6,) =1 “ N (North)

0 8,8 ,=0 £

U 0,8, 4

Thus, arg(z;) — arg(z,) =0 TS A dei
107.(x-1)°=-8 0 x-1=(-8)"* 3

0 x—1=-2 —20 —20F W w4 E

O x=-1,1-2w1-2u" @ (East)



2 —3e M4 :é —n/zz_ii
0-3™* 3 3
0 3z -9¢™* =12ie'™ O z=(3 +4i)e™*

113.Letz =cos O +isin 6
z cosB +isin®
1-z% 1—(cos28 +isin20)

cosO +isinB

25sin?0 —2isin O cos O

cosB +isinB i
—2isinB(cosO+isinB) 2sinb

Hence, z > lies on the imaginary axis i.e. x = 0or on Y-axis.
1-z
Aliter
1 1 1
Let E = 22: z S == = - —=- —
1-2z° zz-z" zZ-z z-z F-zg.
21
; 21
= which is imaginary.
2Im|z|
114.|z + 4| <3

0 z lies inside or on the circle of radius 3 and centre at (- 4, 0).

0 Maximum value of|z + 1]is 6.

115. Let A =set of points on and above the line y =1 in the argand
plane.
B =set of points on the circle (x —2)* + (y —1)* =3°
C=Re(1-i)z =Re[(1 —i)(x +iy)]=x+y
g x+y= V2
Hence, (A n B n C) has only one point of intersection.
116. The points (— 1 + i) and (5 + i) are the extremities of diameter
of the given circle.
Hence, |z +1—i|* +|z =5 —i|® =36
117.- |z —w| <||z| = |w]|
and |z — w| =distance between z and w
z is fixed, hence distance between z and w would be maximum

for diametrically opposite points.
O z-wl<6 O [zl ~|wll <6

O- & |zt |wk 6 O- % |zt |wt X 9
118.- z,=1+2i
0z =6+5 0 z,=-6+7i
119. Put (- i) in place of i.
Hence, 1
i+1

120.- 27z (z* + z%) =350
Put z=x+iy
(x* +y*) 2(x* —y?) =350
(x* + y?) (x* —y?) =175 =25 x7

X2+ y2 =25, x? —yz =7

O O o d

x2=16,y2=9
x=*x4y=%3x,y 0OI

Area of rectangle =8 x 6 =48 sq units
15

15 15
121. Im(z?" 1) = Im [e 2"~V ®]= sin (2m —1) 0
mz=l mz=l mz=l

15
m=1
15

= mzzl

_cos 0°—cos300 _1—cos60°

2sin(2m —1)0sin 6
2sin 0

cos(2m —2)0 — cos 2mB
2sin®

; ; (-6 =2°
2sin© 2sin 2°
1_1
= 2 = 1
2sin2° 4sin2°
4 4 4
122. |z ——| 2||z| -— O 2z|z|-—
z |z |z|
4
0 —2S|z|—|—|£2 O- 2| |z £ 2]z]
z
O |z|* +2]z] -4 20
and 1°-2|z| -4 <0
0 (|z| +1)* 25 and (jz| —1)* <5

-5<|z|-1<+5 and |z| + 1245
O V5 -1<|z] €45 +1

123. Asz =(1 —t) z; +1tz,

Z4 t 11—t Zs

O z,zand z, are collinear.
Thus, options (a) and (d) are correct.

z-z _Z-%

Also, —
2 7% Z %

Hence, option (c) is correct.

124.(,020052—]-[ +isin2—r[:—l +i£
3 3 2 2
wis one of the cube root of unity.
z+1 w a3
O w z+w 1 =0
w’ 1 z+w

Applying R, - R, + R, + R, we get

z z z

W z+w 1 =0
z + W

[“1+w+ of =0]
w1



Now, applying C, - C, —=C,, C; - C; —C,, we get
z 0 0

W z+W-w 1-w [=0
w? 1-w? z+w-of
O z[z+w?-w)(z+w-d) -1 -1 - d)]=0
d zZ[Z2 - -w)? -1 - —w+ d)] =0
O [z -+ of —203) -1+ 3 + w- Q)] =0
a z2°=0
g z=0
125.|z —i|z||=|z +i| z||
(A) Putting z = x + iy, we get yA/x> + y* =0
ie. Im(z)=0
(B) 2ae=8,2a =10 O 10e=8[|e=g
0,3
(_51 O) =% (5Y O)
0,-3)
0 b2:25§—gg=9
25
2 2
O xi-{-yi:l
25 9
(C)z=2(cose+isin9)—;
2 (cos O + i sin )
=2(c059+isin9)—%(cose—isine)
z:§c059+§isin9
2 2
30 30
-39 29
Letz = x + iy, then
3 5 .
x==cosBandy ==sin 6
2 2
o BB
3 5
2 2
|:| 4i+4L:1
9 25
e 2
0 X Y -
9/4 25/4
9 25 )
g —=—(@1-e
. 4( )
O ezzl—i—E e—é

(D) Letw =cosB +isin 6, then
z=x+tiy =w +i
w
O x+iy =2cosB
d x=2cosBandy =0
126. . xi-x+1=0

. x=1i1/(l—4)=1ii«/§

2 2
_1+if3 1-i3
= and 5

O x=-w) -w

a=-w P=-w

0 o 2009 B 2009 — _w4018 _Q)2009
w-f = ~(0+ &)
=—(-1) =1

127.|z - 1| =|z +1| =|z —i|

O |z —1)* =|z +1)* =]z —i|

O z-1)(z-1)=(z +1)(z +1)=(z —i)(z +1i)

O zz-z-z+1=zz+z+z+1 =zz +iz —iz +1

O —z-z=z+z =i(z -2)

From first two relations,

2(z+z)=0 [0 Re(z)=0
From last two relations,
z+zZ=i(z-z) O 2Re(z)=-2Im(z)

FromEq. (1), Im(z)=0
0 z=Re(z) +iIm(z)=0+i[0 =0
Hence, number of solutions is one.
128. We have, |z =3 —2i] <2
0 |2z —6 — 4i| <4
Now, |2z — 6 — 4i| =|(2z =6 +5i) —9i

>(|2z = 6 +5i =9
From Egs. (i) and (ii), we get
|2z =6 +5i] —=9|<4
O- £ |22 6 5 € 4

O 5<|2z —6 +5i| <13
Hence, the minimum value of |2z — 6 + 5i|is 5.
129.- |z|=1 O z=e®
0 2iz O 0 2ie® O O i 4
0 Re G2 O=Re G2% _O=Re G—> 0
O -z°0 -e ™0 " -e”0
a2 g 10
=Re ————[=Re - — O
[+ 2i sin 80 O sin80
=- _1 = —cosec 6
sin

cosecO <—1 [0 cosecB =1
O- cosec& 1 [0- cosec&— 1
O- cosec@l—@ -, o] P, )
O Re EZLED(- o ~1]n [l )
0O -2z°0

()

()

.. (i)



130.-: |z| =1 Let z =e'®
a z-1=e® —1=eie/2|]isin(9/2)

1 1 je~ 2

O RV =T
z—-1 2ie™“[§in (0/2) 2sin (8/2)
1 ig—iO/Z 01 0O 9
U =—— [ arg D—D:EE—fg
1-z 2sin(0/2) O-zO0 L2 2
01 0O ‘n e‘
a arg +—10=--—
-z |2 2
d O
0 Maximum value of | arg Dl— =1
-z0O0 2

131, |x)*=xx =(a+b +c)(@ +b +¢C)
=(a+b+c)(a +b +¢)
=la|* +|b|* +|c|* +ab +ab +bc +bc+ca +ca ..(1)
lyP=yy =(@a+bw+cd)@ +b w+c &)
=(a+bw +co’) (@ +bw +¢ OF)
=(a+bw+ce)(@ +bF +E0)
=la|® +|b)* +|c|* +abw’® +abw
+ bew?+ bew +ca o+ ca w...(ii)
and|z|2 =zz=(a+ bw? +cw)m
=(a+b’+cw)@ +b o +c
=(a +bw? +co) (@ +bw +¢ 03)

=lal* +|b)* +|c|* +abw +abuf

+bew + b +caw+cadd  ...(iii)
On adding Egs. (i), (ii) and (iii), we get
[x[* + |y [* + 2> =3(laf* +|b]* +]c[*)
+0+0+0+0+0 +0(- 1+ w+ of =0)
|x|* +[y[* +z]* _
jaf’ + (b +[cf*

z+z

132.--

=1 0 z+z=2

Re(z)=1 [

Since, o, OR

0 The complex roots are conjugate to each other, if z;, z, are
two distinct roots, then z; =z, or z; =z,

O Product of the roots = z;z, =f3

ad 2z, =B

0 B= |z|= [Re@z)]* Im|z/
=1+Im|z|* >1

[ roots are distinct[] Im (z, ¥
O B> 1 or BO>U )

133 (1+w) =(-o) =-& =-d 2 +w

Given, 1+ w)’ =A+Bw 0 1+wW=A+Bw

(=]
—

On comparing, we get A =1, B =1
| (A, B)=(1,1)

134.Given,z’ +z+1=a 0 z’+z+1-a =0
-1+ f(4a -3)

2

0 z=

3

Hence, a# 1 [for a =3/4, z will be purely real]

135. Let z = x + iy, then

z? _ (x+iy)2

(x+iy -1)

_(x* -y’ +2ix)
(x =1 +iy)

z -1

_(x?—y® +2ixy) (x —1 —iy)
(x =1+iy)(x =1 —iy)
_rm) (P -yt Hexy® +il2xy (x -1) -y (27 —yY)
(x=1)*+y°
022 0
Im ——0=0
[z —10
2xy (x =1) =y (x* =y*) =0
y @x* -2x —x* +y?) =0
y(x?+y*-2x) =0

Now,

O
O
O
u y=0or x*+y*-2x=0

Hence, z lies on the real axis or on a circle passing through the

origin.
136. Given,|z| =1 and arg (z) =8 ()
0 lz*=10 zz =1
0 z=1 (i)
z
O arg Eliigz arg %14—72% [from Eq. (ii)]
O+zO +1/z0
=arg(z) =96 [from Eq. (i)]
Aliter I
Given, |z] =1and arg(z) =6
O z=e'
1+ 20 01 +e®0 0
O arg F——[=arg F——[=arg (e'’) =arg (z) =0
el ZH Y8 5P g(e”) =arg (z)

Aliter I Give
Let z = w(cube

=

, |z| =1and arg(z) =0
oot of unity)

[+ z( L1 + wl
—[J=arg ——[]= arg
[l +2z 1+ wd

-

U1+l _
[%‘”H (@ =)

]
e O+

O 0?0
=arg ——7101
0-w0O

=arg (W) —arg(z) =6

-1+ w+ of =0)

137.

Z\ZO\Z =r’ +2

2 2 2

1
=la -=
a

1
20 — —

o 2 =r2+20 2 +2

1
ZG—j
a

1 1 1
O70af+—-8=0 0O |O(|2=10r; O |a|=1or

ja? V7



138. (B) z, [ =z, is clearly incorrect.

10 _
L——]_ .6 lim 21
z-1 z—1

oi5T6 e
/< >\ (C) Expression = T =1
- 0 kO _
T o106 D)1+ 2z, =00 1+kzlcos %Q—O

[ Expression =2

N

1/2 1/2
, 143, 272y
w:\/g-'-l:eiﬂ/é P =i/ 2-27,
2 ’ 2 = 2
As z, OPn HO z, =1 ™S ¢ im6 O |z —2z,]° =2 —z,2, |
As z, O0Pn H,O z,=-1¢7° ™0 O (21 =225) (21 =22,) =2 ~2,2,) 2 —2.,)
Oz,0z7 21/3, wherez, =e™¢ z, =¢®™* O (21 —22,) (2, —22,) =2 —2Z,) 2 ~Z1zy)
Sol. (Q. Nos. 139-140) U 2z —22z, —2Ziz, + 42,7, =4 —22,7, —22,Z, +2,2,2,%,
Letz =x +iy, S5 :x%+y?% <16 O |z]*+ 4|z, P +4+]|z ||z
Now, Imgx-l)ﬂ(yh@)g>0 O (zP-4)@1-]z]) =0
o 1-¥ @ : 12, %1
a 52:\/§x+y>0|:| S;:x>0 0 12,7 =4 or |z|=2
Vx4 0 O Point z, lies on circle of radius 2.
X =
Y ©.4) 144.1eta =3, b = -3, c =2, then
S (a+bw+ced®)"? +(c +aw+b 3)" " +b +c wta Q)"
=0
0 > 60° | (4,0) O (a + bw + cu)*™*?
Ld
(1,-3) 4n+3 4n+3 9 4n+3
+aw+ g +cw+ u
%+% aw + bo) H +% W aw)D E:O
B

B 0 a+bw+cd 0O Oa + bw + co¥ O

139. min|1 -3i —z| =min |z -1 +3i] O (a+bw+ca?)™ 31+ o2 +(3)™"*?) =0
=perpendicular distance of the point (1, — 3) from the straight
V3-3| _3-43
2 2 n )
20Tt 145.-: a, = cosg—§+ isingﬂ'@= e ™/
140.Areaof5:%§1‘[><42+%@T[xﬂ:T 7 7

Mk +1) /7 _ , iTk/T eiT[k/7(eiT[/7_1)

O 4n+3should be an integer other than multiple of 3.

line3x +y =0= O n=1245

o .6 k=e
141. Since, |z| 2 2 is the region lying on or outside circle centered at

— ik /T e o T
(0, 0) and radius 2. Therefore, |z + (1/2)]| is the distance of z =™ 14|3131n§r4§
from (— 1/ 2, 0), which lies inside the circle.
Hence, minimum value of |z + (1/ 2)| O |0y =0, = ZSin%EQ
4

=distance of (— 1/ 2, 0) from (— 2, 0)

12
TT Tt

1 Z|Gk+1—dk|=12 X2 sin %»§=24sin %Q
= @—5+2g+\0—0|2:3/2 =] 4 4

Aliter and O, —0 ,,_, = MEkTD/T_imtak=2)/1 ,im(ak=2) /7, i/T_1)
1 1
|z +(1/2)] 2||z| - =2 o [ |z] =z2] = o Mk=2)/7gin14 mmm%ﬂ@
4
g z+(1/2)=23/2 us
" =+ /2) O [0y ~0 45 -5/ =2sin @r@
142. Clearly, z;” =1, Ok, where z; #1 4
— i(2m10) (k+j) —q .\ s . 3 T T
(A) 2.2, =e 1, if (k + j) is multiple of 10 0 Z 0 —0 4, =3 X25sin @1»4§=6sin @g@

i.e. possible for each k. k=1



12
2 2 _ X
- T + -— =
[0 4y =0 ] ° Ty Ty 0
k=1 —

Hence, =4 1
3 [0 Locus of z is a circle with centre @T OQ
Z|u4k—1 —0 4= . a
k=1 0 and radius=2—,a > (0.
_ 2+ 3isin a
146. Letz_1—2isin9 Also forb =0,a 0, we gety = 0.
z is purely imaginary O locus is X-axis and fora =0, b # 0, we get x =0
0 7=-2 0 locus is Y-axis.
0 EE+3isin9%__%+3isin9E 1 1 1 1 1
(L -2isin60 [ -2isinB0 148. 1letA=|1 —w'-1 o |=1 @
2 7 2
. (2 ~3isin 00 _[2 +3i sin 6 1w o 1w w
00 +2isinB0 [ —2isin00 (#1+ w+ f =0andw’ =1)
(2 —3i sin ©) (1 —2i sin B) + (1 +2i sin 6) (2 +3i sin 6) =0 Applying C; — C; + C, + C;, then we get
4-12sin*0 =0 or sinze—g 3 - 1 -1
SOt :
O 6:sin1§\/—§ A=|0 A ot (- 1+ w+of =0)
147. x iy = . .
o Y a + ibt w w
—i =3 - '
g x+ iy =7Z lbztz ¢ )
a”+bt =3(-1-w-w (- w=1landl+ w+ f =0)
a bt
O x= ,y=- =-3(1 +2w)
(a® + b%?) Y (a® + b%?) )
2, .2 1 x = —3z =3k (given) (- 1+20=2)
o Y T E O k=-z



