RELAT'ONS Objectives

! I l D After studying the material of this chapter, you should

FUNCTIONS

Understand the meaning of Relation and its types.

Classify the relations — as Reflexive, Symmetric,
Transitive and Equivalence Relations.

Understand the meaning of Function and its types
: Onto, Into and One-one.

Understand the composition of Functions.

Understand the Invertible Function and the
process to find the inverse of a function.

“Function means a quantity, which Understand Binary operations and their
depends on a variable” applications.

— G.W. Leibnitz
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The word relation, used here, has the same usual meaning, which we have in our everyday hie. By a relation we mean
something, like friendship, marriage, parenthood; etc. “Is the father of”,
“is the brother of”, “is the friend of” are relations over the set of human

beings. Swara

(I) Let us consider an Example :
Let A = {Swara, Lisa, Ramisha, Kaira} and B = {Kiya. Mia, Maire, Lisa @

Nisha}.

Here the relation will be *‘is a friend of ” between the elements of the Ramisha 9

A B

@ Kiya
@ Mia
@ Maire
@.ﬁt@.ﬁw

sets A and B. "y

Let R denote the relation “is a friend of ”. Then Swara R Nisha, Lisa R [ @
Maire, Ramisha R Kiya and Kaira R Mia. These can be wntten in the form of
a sct as : Fig.
R = {(Swara, Nisha), (Lisa, Maire), (Ramisha, Kiya), (Kaira, Mia))

={(x,y):xe A,ye B, xR y}.

Thus, the above relation “is a friend of ”, from the set A to the set B, gives rise to a subset R of A x B such that (x, y) € R
if andonlyif xR y.

Similarly, “is less than”, “is greater than”, “is equal to”, “is square of " are relations over the set of numbers.

(IT) Let us consider another Example :

Let N be the set of natural numbers. v N
Here the relation “has as its square” from the set N to the set N. 1e > °1,,
Let R denote ““has as its square”, then : +3
2e - 4.3
I R1LZRA IR 4R 16, ....... -
These can be written 1n the form of a set as : Je > -'9'3
R = {(l, 1), (2, 4), (3. 9), (4, 16),.c..c0.s. } Fig.

={(x.y):x,ye Nand y = x%).
These are as shown 1n the figure.
Thus, the above relation “has as its square” from N to N gives rise to a subset R of N x N such that (x, y) € R if and
only if y = x°.
From the above examples, we can now define a relation :

18

A relation R from a set A to a set B is a subset of A X B.

If R is a relation from A to B, then R C A x B.
The set of first elements in R 1s called the domain of R and the set of second elements in R 1s called the range of R.

Domain of R = {x: (x, y) € R} and Range = {y: (x, y) €ER}.
Domain of R 1s a subset of A and range of R 1s a subset of B.
The set B 1s called the co-domain of the relation R.

Range C Co-domain

For Example : Consider the relation R of the set A= {1,3,5, 7} totheset B {2,4,6,8} and R = {(1, 2). (3, 4), (5, 6)}.
The domain of R = {1, 3, 5}, Range of R = {2, 4, 6} and Co-domain of R = {2, 4, 6, 8}.
In above example (IT), domain = {1, 2, 3, 4, .......... } and range = [1,4; 9, 16,.......}.
In particular, any subset A x A defines a relation in A.
Notes : 1. If (a, b) € R, then we write it as aRb and it 1s read as ‘a is in relation R to b’.

2. If (a, b) ¢ R, then we write it as a K b and it is read as ‘a is not in relation R to b’.
Examples : (I) Ifa, b € N and R is “a is a divisor of b”, then R is a relation on N.
The subset S of N x N, which corresponds to the relation, 1s :

S={(n.r):ne N, re N}

For Instance : (1, 3), (3, 15), (4, 4) are in S [-.c I divides 3 ; etc.]
while (2, 5), (3, 7) do not belong to S. [ 2 does not divide 5, etc.]
(II) If a, b € N and R is “a — b is divisible by a number n € N, then R is a relation on N.
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The subset S of N x N, which corresponds to the relation, 1s

S={(n,n+rm).ne N, re NJ.
For Instance : When m = 3, (2, 8), (5, 11) e S ' 2 = 8 = = 6, which is divisible by 3; etc.]
while (3, 8) ¢ S. ' 3 =8 = =5, which is not divisible by 3|
Binary Relation. Let A be a non-empty set. The subset of A X Ais called a binary relation or simply a relation on A.

I W TYPES OF RELATIONS

(@) Void / Empty Relation. A relation R in a set A is called empty (or void) relation if no element of A is related to any
element of Ai.e. R=0C A x A.

For Example : Consider the set of all students in a Girls’ School.

Here no student in a brother of another student.

Thus R “is a brother of ™ 1s a void or an empty relation.

(b) Universal Relation. A relation R in a set A is called universal relation if each element of A is related to every element
of Ale. R =A x A, (Jammu B. 2015 W)

For Example : The difference between the heights of any two living human beings is less than 3 metres 1s an universal relation.

Note. Both (empty and universal) relations are called trivial relations.

(c) Identity Relation. The relation 1, = {(x, x) : x € A} 1s called identity relation on A.

For Example : Let A= {1, 2, 3, 4}.

Then the 1dentity relation on A 1s given by :

[o = {(1, 1), (2, 2), (3, 3). 4, 4)}.

(d) Inverse Relation.

Let R be a relation from a set A to a set B and let (x, v) be the member of the subset D of A x B corresponding to the relation R
from A to B.

To the relation R from the set A to the set B, there corresponds relation from the set B to the set A, called the inverse of
the relation and denoted by R™! such that the subset B x A corresponding to the relation R™! s

((v.x): (x,v) e B} ie. wRlxro xRy
Examples : (I) The inverse of the relation “is the father of " 1n the set of all men 1s the relation “is the son of.”
(II) The nverse of the relation “is less than™ in R 1s the relation “is greater than™ in R.

= . KEY POINT

Sometimes the inverse of a relaton coincides with the relation itself.

e — —— o

Examples : (I) The inverse of the relation “is perpendicular to™ in the set of straight lines. 1s a relation, which coincides
with itselt.
(IT) The inverse of the relation “is not equal to™ in the set R 1s a relation, which coincides with itself.

| Types of Relations \

Void/Empty Relation Universal Relation Identity Relation Inverse Relation

I M CLASSIFICATION OF RELATIONS

(a) Reflexive Relations. We introduce the concept of this type of relations by means of Examples :

(I) Consider the relation “is less than or equal to” denoted by “<" in the set of natural numbers.

Here we have : 2 €2, 3 < 3; and so on.

In general, x<x Y xe N.

Thus. this relation <" 1s such that each member of the set bears this relation to itself.

A relation 1 a set 1s said to be reflexive if 1t 1s such that each member bears this relation to itself i.e. 1f (a, a) € R, for
every a € A. This relation *<’ in the set of natural numbers is reflexive.

(II) Consider the relation “is less than ™ symbolised by ‘<’ in the set N of natural numbers. This relation i1s not retlexive.
In fact in this case no member bears the relaton ‘is less than™ to itself. Thus the relation *“is less than™ 1n the set N 1s not
reflexive.

(ILI) Consider the relation “‘is the successor of” in the set N of natural numbers. Since no number 1s a successor of itself,
therefore, this relation 1s not reflexive.

(IV) Consider the relation *'is a factor of " in the set of rational numbers is retlexive because every rational number is a
factor of 1tseltf.



=f| Definition

A relation R in a set A is said to be reflexive iff* (a, a) € R, forall a € A. )

(b) Symmetric Relations. We introduce this concept by means of Examples :

(I) Consider the set of lines in a plane and the relation “‘is perpendicular to™ symbolised by *L".

Let [, m be two straight lines such that / L m.

Surely when / L m, then m L L

Infact/ Ll m = mlL

Such a relation 1s called a symmetric relation.

(II) Consider the set N of natural numbers and the relation “a factor of ”. This relation is not symmetric.

In fact 1t 1s not difficult to think of the pairs (a, b) such that ““a is factor of b but b is not a factor of a’.

For Example : (2. 4) and (3, 9).

Here 27 1s a factor of *4" but *4" 1s not a factor of 2.

And *37 1s a factor of *9" but ‘9’ is not a factor of 3.

Of course there do exist an infinite number of pairs such that a member of the pair 1s a factor of the other member e.g.,
the pairs :

] D

e

D=y

e
—_—— — —

A relation R in a set A is said to be symmetric if (a;, a;) €R = (a», a;) € R forall a;, a, € A. (Jammu B. 2015 W))

W N B—

Definition

A relation R 1n a set A 1s not symmetric if there exists one pair (a, ») € R such that (b, a) ¢ R.

(¢) Transitive Relations. Again, we introduce this concept by means of Examples :

(I) Consider the relation ““is a factor of ” n the set of natural numbers.

Let us ask the following question :

Given three numbers a, b, ¢ such that a “'is a factor of " b and b “‘is a factor of " c. Does 1t follow that a “is a factor
of "¢ !

The answer to this question 1s affirmative.

For this, we consider 2, 4., 8.

Here 2 “is a factor of " 4 and 4 “‘is a factor of " 8.

And 2 *“is also a factor of " 8.

(IT) In respect of relation *L" in the set of all lines, we see that forlines [, m,n; [ Lm m L n= 1[Il n

o SiE==
-] Crimm=
S r—

=]

Definition

A relation R in a set A is said to be transinive if (a;, a;) € R and (ajy, az) € R
= (ay, a3) € R for all a;, ay, a3 € A.

A relation R is not transitive if there exists even one triplet ay, a», ay of members of A such that when we have (ay, a») € R,
(a>, az) € R, we do not have (a}, a3) € R.

(d) Anti-symmetric Relations. A relation R in a set A is said to be anti-svmmetric if (ay, a>) € R and (a»>, ay) eR

‘ Classification of Relations \

— HI = ﬂ:}_.

Reflexive Relations | Symmetric Relations | Transitive Relations

B Y EQUIVALENCE RELATIONS

A relation R in a set A is said to be an equivalence relation if it is :
(i) reflexive (ii) symmetric and (iii) transitive.

‘it means 1if and only 1f.
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Examples : (I) The relation ‘is congruent to’ in the set of all triangles in a plane 1s an equivalence relation.
(II) The relation ‘is similar to’ 1n the set of all triangles in a plane 1s an equivalence relation.
(I1I) The relaton ‘is a divisor of * 1n the set of natural numbers 1s not an equivalence relation.
In fact, this relation is reflexive and transitive but not symmetric.
An Important Property is that it divides the set into pairwise disjoint subsets, called equivalent classes, whose collection
is called a partition of the set.
Note : The union of all equivalence classes gives the whole set.

Example : In the set N of natural numbers, we define a relation R as follows :
For n, m e N: n R m it on division by 5, each of the mtegers n and m leaves some remainder viz. 0, 1. 2, 3 and 4.
R 18 an equivalence relation because :
(I) aRa Yy ae N (Reflexive)
(I faR b, thenbRa Xy a b e N (Svmmetric)
(Il faRband bR c.,thena R ¢ Y a, b, ¢ € N (Transitive).
Let Ag = {n :n e N and on division by 5, n leaves the remainder 0],
Ay = {n:n € N and on division by 5, n leaves the remainder 1}.
Similarly A>, Ay and A,.

This Ay = 15 10; 150 Ve Ay =106, 115 V6
A, = ({2,7,12, 17.......}, A3={3,38, 13, 18......... } and Ay = {4, 9, 14, 19........... }.
Evidently, the above five sets are pairwise disjoint and
4
AgUVATUA, UA;UA, = iEJﬂ A; = N.
Conversely : A partition of a set defines an equivalence relaton. It Sy, S-. ....... §,, 1s a partition. this equivalence relation
iIsaRbifand only if ¢, b € §; for some i = 1. 2, ...... ; M,

THEOREMS ON EQUIVALENCE RELATIONS

Theorem L If R is an equivalence relation on a set A, then R~ is also an equivalence relation on A.
Proof. Since R is an equivalence relation on a set A. |Given]|
s Ris reflexive. symmetric and transitive.
Now R is reflexive = (a, a) € R YV ae A
= (a,a)e R7' Y ae A
Thus R~ is reflexive.
Let (a. by e R
Now (¢, b) € R = (b, a)e R
= (a, b) e R " R is symmetric]
= (bh.a) e R
Thus R~! is symmetric.
Let  (a.b) € RV and (b, ¢) e R
Now (a, b) € R! and (b, ¢) € R
= (b, a) € Rand (¢, b) € R
= (c. b)) e Rand (b, a) € R
= (c, a) e R " R is transitive]
= (a, ¢) € R\,
Thus R7! is transitive.
Hence, R~! is an equivalence relation on A.
Theorem I1. The intersection of two equivalence relations on a set A is an equivalence relation on A.
(Assam B. 2013 ; Rajasthan B. 2013)
Proof. Let R and S be two equivalence relations on a set A.
Then either of them i1s reflexive, symmetric and transitive.
Smce RCAXA:SCAXA=RNScAXxA,
s R ™ S i1s a relation on a set A.
Since R and S are reflexive,
Sla,a)e Rand (¢, a) e S Y ae A

= (a,a) e RNS VY ae A.
Thus R m S 1s reflexive.



Now (a, b) € (RMS)
= (a.b) e Rand (a, b) € S
= (b,a)e Rand (b, a) € S
= (b, a) € (R M S).
Thus R M S 1s symmetric.
Again (a, b) e (RMS)and (b, ¢) € (RMNS)

[... R f-'”ff .5'1 are ‘ﬂ-\'f}f;}ff_irrf‘[‘]

= (a, b)) e R, (a, by e Sand (b, ¢) € R, (b, ¢) € §
= |[(a, b) € R, (b, ¢) € R] and [(a, b) € S. (b, ¢) € S]

= (g, c)e Rand (g, ¢) € S
= (a, ¢) € (RN S).

Thus R m S 1s transitive.

Hence, R M § 1s an equivalence relation.

|- R and S are transitive|]

Cor. The union of two equivalence relations is not necessarily an equivalence relation.

For Example

Let A= (1,2, 3)
Consider = {(}; lL (Z; 2);(3,-3);(1;,2), (Z; 1)}
and S= {(1, 1), (2, 2), (3, 3), (1, 3), (3, 1)}.

Clearly R and S are equivalence relations.
But R U S 1s not transitive because :

3. 1H)e (RuUS)H(1,2)e (RuUS):but(3.2)¢ (RUS).

Hence, (R W §) 1s not an equivalence relation.

Example 1. Check whether the relation R in the set
R of real numbers defined by :

R={(a,b):1+ab>0}
is reflexive, symmetric or transitive.

(C.B.S.E. Sample Paper 2019)
Solution. We have : R = {(a. b) = 1 + ab > 0}.
Reflexive : Since | + a.a= 1+ a* >0,
“(a,a) € R Y a € R. Thus, R is reflexive.
Symmetric : If («. b) € R. then | + ab > 0
= 1+ ba>0 = (b, a) € R. Thus, R is symmetric.

Transitive : Takea=-8.b=—-1and ¢ = é
Now, 1l +ab =1 +(-8)(-1)=1+8=9>10
= (a. b) € R.
1 [ 1
And. 1 +bc =1 +(-1D) |=]|=]1-—=—=—2>()
2, 2 2
= (b, ¢) € R.

But.l +ac =1+ (- 8) (l) = | -4 =—3<)

Thus. R is not transitive.

Hence, R 1s reflexive and symmetric but not transitive.
Example 2. Let A = {1, 2, 3, 4}. Let R be the

equivalence relation on A x A defined by :
(a, b) R(¢,d)iff a+d=b + c. Find {(1, 3)}.

(C.B.S.E. Sample Paper 2018)

I, 3)) = {(1, 3). (2. 4)}.
[l +3=3+1 &1 +4=3+2]
Example 3. Let R = {(a, b) :
Show that R is reflexive and transitive but not symmetric.
(Mizoram B. 2017)

Solution. {(

a is a multiple of b}.

[Verify /]

S
= S =

IVE' EXAMPLES )

H-hf‘_z A _r”
1:"»' =*’J -"JH"I'”JL-'

r"
I __

Solution. Here R = {(a. b) : a 1s a multiple of b}.

(a, a) € R as a is a multiple of a
(a, b) € R, (b, ¢c) €E R = (a, ¢c) €ER

as a is a multiple of b, b is a multiple

R is reflexive [5is

R is transitive |-

of ¢ = ais a multiple of ¢]
R is not symmetric.
' (a, b) € R = ais a multiple of b
= b may not be a multiple of a
For Ex. 2 1s a multple of 4 but 4 1s not a multiple of 2]
Hence, R 1s retlexive and transitive but not symmeltric.
Example 4. Let A be the set of all students of a Boys’
school. Show that the relation R in A given by :
R = {(a, b) : a is sister of b}
is an empty relation and the relation R’ given by :

R’ = {(a, b) : the difference between heights of a and
b is less than 3 metres} is an universal relation.

(N.C.E.R.T.)
Solution. (i) Here R = {(a, b) : a 1s sister of b }.
Sice the school 1s a Boys™ school,
. no student of the school can be the sister of any
student of the school.
Thus R = 0. Hence. R is an empty relation.
(ir) Here R” = {(a ,b) : the difference between heights
of @ and b 1s less than 3 metres}.
Since the difference between heights of any two students
of the school is to be less than 3 metres.

"~ R =AxA. Hence. R’ 1s a universal relation.
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Example 5. Let Z be the set of all integers and R be Now (T, T)) e R.
the relation on Z defined as : | " Every triangle is congruent to itself]
R={@a,b):a,b& Z and a - b is divisible by 5}. Thus R is reflexive.
Prove that R is an equivalence relation. (T,.T,)e R = T, is congruent to T,
(Assam B. 2016; P.B. 2014; C.B.S.E. 2010) = T, is congruentto T,
Solution. For a € Z, a — a = 0, which is divisible by 5. = (T,.T) e R.
.a)e RYVae Z Thus R is symmetric.

(T,.T,)e Rand (T,, Ty) € R
= T, 1s congruent to T, and T, 1s congruent to Ty
= T, 1s congruent to T,
= (T,.Ty) € R.

Thus R is transitive.

Thus R is reflexive.

Now let (a, b) e R = a — b i1s divisible by 5
— b —ais divisible by 5 = (b. a) € R.

Thus R is symmetric.

Again let (a, b) € R, (b, ¢) € R

ivisi Hence, R 1s an equivalence relation.
= a — b and b — ¢ are divisible by 5 e L

= (@ —b) + (b - ¢) = a - cis divisible by 5 Example 8. Let A = {1, 2, 3.......... , 9} and R be the

— (4. ) € R. relation in A x A defined by (a, b) R (¢, d) if :

Thus R is transitive. a+d=b+clor(a,b)(c,d)inA xA.

Hence, R 1s an equivalence relation. Prove that R is an equivalence relation. Also obtain

Example 6. Let L be the set of all lines in the plane the equivalence class {(2, 5)}. (C.B.S.E. 2014)
and R be the relation in L, defined as : Solution. (i) We have : (a. W R(c. d) > a +d = b + ¢

R = {(L, L,) : L, is perpendicular to L,}. on the S8t A={1, 2,3 w9

Show that R is symmetric but neither reflexive nor (D) (a. Y R (@. b) = a + b = b + a. which is true.

transitive. (N.C.E.R.T.)
Solution. We have :
R ={(L,.L5): L, is perpendicular to L, }.
Now L, can’t be perpendicular to itself
ie. {Llﬁ L,_} zR.
Thus R is not reflexive.

[l"a+b=b+awa beE A
Thus R is reflexive.
(I (a, ) R(c, d)y=a+d=b+ ¢
(¢, d)R(a, b)=>c+ b =d + a.
Butc+b=b+candd+a=a+dw a b, c, d EA.

Now (L,.L,)e R = L, is perpendicular to L, (a, b) R (¢, d) = (¢, d) R (a, D).

— L: Is perpendicular to Ll Thus R is symmetric.

= (L,. L) e R (Il (@, YR (e, dy=>a+d=b+cw a b c,dEA
Thus R is symmetric. (1)
Now (L. L,) e Rand(L,.L;) € R (c, dR(e, /) 2c+f=d+e v, defEA
= L, 1s perpendicular to L, (2
and L, 1s perpendicular to L, Adding (1) and (2).

L a+d)+(c+f) = (b+c)+(d+e)
= a+f=>b+e=(a b)R (e /).
L, Thus R is transitive.

Hence, the relation R 1s an equivalence relation.
(1) {(2,3)) = {(1,4),(2,5),(3, 6),(4, 1), (3, 8), (6.9)}.

_ = [~2+4=54+1; etc.]
Fig. Example 9. Let N denote the set of all natural numbers
= L 1s parallel to Ly and R be the relation on N x N defined by :
= L, 1s not perpendicular to L, (a,b) R (c.d) if ad(b + ¢) = be(a + d).
= (L, Ly e R Show that R is an equivalence relation.
Thus R is not transitive. (C.B.S.E. 2015)
Hence, R 1s symmetric but neither reflexive nor transitive. Solution. We have : (a. b) R (¢, d)
Example 7. Let T be the set of all triangles in a plane = ad (b + ¢)=bec (a + d) on N.
with R, a relation in T given by : (1) (@ b)R (a, b) = ab(h + a) = ba (a + b)
R ={(T, T,): T, is congruent to T,}. = abla + b)y=ab (a + b),
Show that R is an equivalence relation. which is true.
(NNC.E.RT.: HPB. 2017: Jammu B. 2016) (-ab =ba¥ a, b €N

Solution. We have :
R={(T,, T,): T, 1s congruent to T,}.

Thus R 1s reflexive.
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(II) (a, by R(c.d)= ad(b + ¢)=bc (a + d)
= bcla + d)=ad (b + ¢)
= cb(d + a) =da (¢ + b)
|'bc=chbanda+d=d+ a; etc.
Va b, ¢, d €EN]
= (¢, d) R (a, b).
Thus R 1s symmetric.
(I1I) Let (a, b) R (¢, d) and (c, d) R (e, f).
ad(b + ¢)=bcla + d) and cfld + e¢) = de(c + |)

b+c a+d -d+f’__f'+.f
A bc - ad and de &
111 11
> Ty cats w TTITTC
111 11 1
* dTay ™ TTT
111 o1 1]
+ —res T OB

= be(a+f) =aftb+e)=>aflb+e¢)=be(a+f)
= (a, b) R (e, [).
Thus R is transitive.

Hence, R 1s an equivalence relation.

Example 10. Let R be the relation defined in the set

A={1,2,3,4,5,6,7} by :

R = {(a, b) : both a and b are either odd or even}.

Show that R is an equivalence relation.

Further, show that all the elements of the subset :

{1, 3, 5, 7} are related to each other and all the
elements of the subset {2, 4, 6} are related to each other,
but no element of the subset {1, 3, 5, 7} is related to any

element of the subset {2, 4, 6}. (N.C.E.R.T))
Solution. We have :
R = {(a, b) : both a, b are either odd or even}.
(I) Leta € A.
Both ¢ and a are either odd or even.
(a, a) € R.
Thus R is reflexive.
(I1) Let (a, b) € R = both a and b are either odd or even
= both & and a are either odd or even
= (b, a) € R.
Thus R is symmetric.
(I1I) Let (a, b) € R and (b, ¢) € R.
~. Both a, b and both b, ¢ are either odd or even
= both «a, ¢ are either odd or even
= (a, c¢) € R.

Thus R is transitive.

Hence, R 1s an equivalence relation.

Further all elements of {1, 3, 5, 7} are related to each
[ All elements of this subset are odd]|

Similarly all elements of {2, 4, 6} are related to each

other.

other.

| - All elements of this subset are even|
But no element of {1, 3. 5, 7} 1s related to any element
of {2, 4, 6}.
[+ Elements of {1, 3, 5, 7} are odd while elements of
(2.4,6} are even|
Example l1l. Llet A={x€ Z : 0 < x < 12}. Show
that R = {(a, b) : a, b € A : |a - bl is divisible by 4} is an
equivalence relation. Find the set of all elements related
to 1. Also, write the equivalence class [2]. (C.B.5.F. 2018)
Solution. We have :
R={(a.b):a b€ A:la->blis divisible by 4}.
(i) Reflexive : Forany a € A,
(a, a) € R.
| a —a | =0, which is divisible by 4.
Thus, R is reflexive.
Symmetric : Let (a, b) € R
= | a—Db11s divisible by 4
= | b —alis divisible by 4.
Thus, R is symmetric.
Transitive : Let (¢, b)) € Rand (b, ¢) ER
= |a—blisdivisible by 4 and | b — ¢ | 1s divisible by 4

= la—b | =44 (1)
= a—b =+x44

and lb—c| =4u

= b—c =+x4u . (2)

Adding (1) and (2),

(a—b)+(b—-c) =xHA+u)
= a—c =xdHA+u)
= (a—c) €R.
Thus, R is transitive.
Now, R 1s reflexive, symmetric and transitive.
Hence, R 1s an equivalence relation.
(i1) Let “x" be an element of A such that (x, 1) € R
= | x — 1l 1s divisible by 4
=5 x—1=0,4,8,
= x=135,9.
Hence. the set of all elements of A which are related

to 118 {1, 5.9}.

(tiz) Let (x, 2) € R.

Then, lx -2 =4k,
where k3

¥ = 2,6, 10
Hence, equivalence class [2] = [2. 6. 10]

Fast Track Answer Type Questions  FTATQ |

1. ItA=1{0.1, 3}, what 1s the number of relations on A ?
(Assam B. 2015)
2. () IfR={(1,-1),(2,-2), (3, 1)} 1s a relation, then

find the range of R. (Meghalaya B. 2015)
(i1) It R={(x, v):x+2y =8} 1isarelations in N, write
the range of R. (A.I.LC.B.S.E. 2014)
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3.

(i) Given A = {1, 2, 3}. then the relation :
R ={(1, 1).(2, 2), (3, 3)} 1s reflexive.

(True/False) (Jammu B. 2017)

(11) Given a set A = {a, b, ¢, d}. then the relation :
R = {(a, a), (b, b), (c. ¢), (d, d)}
1s reflexive. (True/False)
(Jammu B. 2017)
(iir) What is the minimum number of ordered pairs to
form a non-zero reflexive relation on a set of n

elements ? (Kerala B. 2015)
(a) Give an example of a relation, which is :

(/) Symmetric but neither reflexive nor transitive
(Kashmur B. 2012)

Very Short Answer Type Questions

6.

Let N be the set of all natural numbers and R be a
relation in N defined by :
R = {(a. b) : a is a factor of b}.
Show that R is reflexive and transitive.
(Meghalaya B. 2014)
Determine whether each of the following relations are
reflexive, symmetric and transitive :
(1) RelationR inthesetA={1. 2, 3...... 13, 14} defined
as :
R={(x v):3x-y=0]}
(11) Relation R in the set Nof natural numbers defined as :
R={(x,v):y=x+5and x<4)
(Kashmir B. 2012)
(7i1) Relation R in the set Z of all integers defined as :

R ={(x, y): x—visaninteger}

(7v) Relation R in the set A of human beings in a
town at a particular time given by :

(a) R={(x, v) : x and y work at the same place}

(h) R={(x, v): xand y live in the same locality}

(¢) R={(x, v):xisexactly 7 ¢cm taller than v)

(d) R = {(x, v) : xis wife of v)

(¢) R ={(x, v): xis father of v}. (N.C.E.R.T")
Show that the relation R in the set R of real numbers,
defined as :

(a) R={(a,b):a<sbh )
is reflexive and transitive but not symmetric
(Karnataka B. 2017: Assam B. 2017:
H.B. 2013;Kashmir B. 2011)

Short Answer Type Questions

13.

14.

15.

If ‘R” 18 relation ‘less than’ from :

Set A=1{1,2,3,4,5}tosetB =1{1, 4, 6},

write down the Cartesian Product corresponding to ‘R’.
Also Ind the mverse relaton o "R (P.B. 2012)

Prove that the following relation R in Z of integers is
an equivalence relaton :
R=1{(x, ¥y):x—y 1san integerj. (P.B. 2011)
(a) Show that the relation R in Z of integers given by :

R ={(a, b): 2 divides a — b}

IS an equivalence relation. (N.C.E.R.T))

10.

11.

12.
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(7i1) Transitive but neither reflexive nor symmetric
(111) Reflexive and symmetric but not transitive
(Kashmir B. 2012 ; P.B. 2010)
(7v) Reflexive and transitive but not symmetric.
(PB. 2010)
(b) State the reason for the relation R, in the set
(1,2, 3} given that R = {(1. 2). (2. 1)}, not to be
transitive. (C.B.S.E. 2011)
(a) If R 1s the relation “less than™ from :
A=1{2,4,6,8. 10} to B= {8, 10, 12}. Write down
the elements corresponding to R, (H.E. 2010)
(h) Let R he the relation “ereater than” from :
A={1,4,5)t0B={1.2,4,5,6, 7). Write down
the elements corresponding to R, (.5, 2010)

ATIN T
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(b) R={(a. b):a = b}
is reflexive and transitive but not symmetric.
(H.B. 2013)
Prove that the relation in the set N of natural numbers
defined as R = {(a, b) : a = b} is reflexive and
transitive but not symmetric. (H.B. 2013)
Check whether the relation R 1n the set R of real
numbers defined as :
R={(a b):a £h3l
1s reflexive, symmetric or transitive.
(N.C.E.R.T. ; Jammu B. 2013)
(a) Check whethertherelationR intheset{1.2.3.4.5.6)
defined as :
R={a b):b=a+ 1)
1s reflexive, symmetric or transitive.
(N.C.E.R.T. ;! Jammu B. 2013)
(b) Prove that on the set of integers, Z. the relation
R defined as aRb < a = * b is an equivalence relation.
(Nagaland B. 2016)
Show that the relation R 1n the set {1, 2. 3} defined as:
(a) R={(1,2).(2,1)}
1s symmetric, but neither reflexive nor transitive
(N.C.E.R.T))
(5 R = [CL0)2,:2) 3:3), (1 2):(2..3))
1s reflexive, but neither symmetric nor transitive
(N.C.E.R.T.; Kashmir B. 2011 ; P.B. 2010)
(c) R={(,3),03,2), (1, 2)]
1s transitive. but neither reflexive nor symmetric.
(PB. 2010)
= SATQ =

X 4 | ’
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(b) Consider the set of integers Z. Define a relation
RonZ as:
R = {(x, v) : x — v =3k, where & is some integer}.
Prove that R 1s an equivalence relation.
(Nagaland B. 2017)
(¢) Show that the relation R defined by :
R = {(a, b): a—bis divisible by 3; a, b € N}
1s an equivalence relation. (Assam B. 2013)
(d) A relaton R 1s defined on the set of all natural
numbers N by :
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16.

17.

(v, v) € R = (x — v ) 1s divisible by 5 for all x,

ye& N,

Prove that R 1s an equivalence relation on N,

(W. Bengal B. 2016)

Show that the relation in the set A= {1, 2, 3. 4, 5}, given
by :
R={(a b):la-bliseven} is an equivalence relation.
Show that all the elements ot { 1, 3, 5} are related to each

other and all the elements of {2, 4} are related to each
other.butnoelementof { 1, 3.5} 1srelated to any element

of {2.4]. (N.C.E.R.T))

(a) Show that the relation R in the set :
A={x:xe Z,0<x<12}, given by :
R = {(a, b):la->blis divisible by 4}

18 an equivalence relation.

Long Answer Type Questions

20.

22.

af o o=

‘N

Show that the relation R defined by :
(a, b)) R(e.d) = a+d=>b+ ¢ inthe set N i1s an
equivalence relation, (A.LC.B.S.E. 2010)
(a) Let R be a relation on the set A of ordered pairs
of positive integers defined by :
(x, v) R (i, v) 1f and only 1if xv = yu.
Show that R 1s an equivalence relation.
(N.C.E.R.T.)
(b) Let N be the set of natural numbers and R be the
relation in N x N defined by :
(a, b) R (¢, d) iff ad = be. for all (a, b), (¢, d) €
N x N.
Show that R 1s an equivalence relation.
(Kashmir B. 2011)
Show that the relation R, defined by the set A of all
triangles as :
R={(T,, T,): T, is similar to T,}
1s an equivalence relation.
(H.P.B. 2017; P.B. 2016; Jammu B. 2013)
Consider three right angle triangles T, with sides 3, 4, 5:

18.

19.

23

o =

9.
(i) {-1, -2} (@) {1, 2, 3).
(1) — (1) True (i1i) n.
(a) Let A= {1, 2, 3}.
() R= {2 3); (3 2}
@iy K= (L 3) G 2): (1.2))
(i) Re= {Cls 1)i(Z2: 2} (3, 3): (2 3 (3 2)s XLy 2}
(2, D}
(iv) R={(1, 1), (2, 2), (3, 3), (1, 2)}.
(b) For Ex. 2 1s a multiple of 4 but 4 1s not a multiple
of 2.
(a) {(2,8),(2.10),(2,12), (4, 8), (4. 10), (4, 12),
(6, 8), (6. 10), (6, 12). (8, 10), (8, 12), (10, 12)}

10.
11.
13.

Find the set of all elements related to 1.
(A L.C.B.S.E. 2010)

(b) Consider the set A=1{1.2,4.5.7.9, 10}.

Define the relation R on A as :

“aRb 1t and only 1f a — b 1s an even number.”

Then : (i) write the elements of the set R

(7i) find the domain and range of R. (Nagaland B. 2016)
Show that the relation R defined on the set A of all
lines as :

R={(L,,L,): L, and L, are parallel lines |

1s an equivalence relation. (P.B. 2016)
Show that the relation R defined on the set of all
polygons as :

R = {(P, Py) : P, and P, have same number of sides }
1s an equivalence relation. (P.B. 2016)

Y ULATQ g
L " a W 4

G J
T:z with sides 5. 12. 13 and T3 with sides 6. 8. 10.
Which triangles among T, T, and T; are related ?
(N.C.E.R.T.)

Let L be the set of all lines in XY—plane and R be the
relation in L defined as :

R=1{(L,.Ly) :L;s parallel to L, }.
Show that R is an equivalence relation.
Find the set of all lines related to the line v = 2x + 4.
(N.C.E.R.T. ; Assam B. 2018; H.P.B. 2017;
Tripura B. 2016; Uttarakhand B. 2015)
Let L be the set of all lines in the XY-plane and R be the
relation in L defined by :

. |

4 r
el I
I\-'I--‘ rb

R ={(l, I)) =1 is parallel to fj,'sql-i, il.

Show that R 1s an equivalace relation. Find the set of all
lines related to the line vy =7x+ 5. (Assam B. 2015)
Prove that the relation in the set :

A={x: x €W, 0=<x <12} givenby:

R={(a+ b):(a—b)isamultiple of 4} is an equivalance
relation.

Also. find the set of all elements related to 2.

5

Y

ers |

 — B — —

(b)y {4, 1), (4, 2), (5, 1),(5, 2), (5, 4)}.

(1) — (i) Neither reflexive nor symmetric nor transitive
(7i1) Retlexive, symmetric and transitive
(iv) (a) — (b) Reflexive, symmetric and transitive

() — (e) Neither reflexive nor symmetric nor transitive.
Neither reflexive nor symmetric nor transitive.
(a) Neither retlexive nor symmeltric nor transitive.
{(1,4), (1, 6). (2. 4). (2. 6), (3. 4), (3, 6). (4, 6),
(5, 6)};

Inverse relation corresponding to ‘greater than’ from
BtoAis:
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(4. 1), (4.2). (4. 3). (6, 1), (6, 2). (6, 3). (6. 4), 22. Trangles T, and Ty
(6, 5)}. 23. Setof all lines vy =2x+ ¢, c € R.
17. (a) {1, 5, 9) 24. Setofalllinesv=7x+c¢ c€ R.

(b) {(1,5), (1, 7), (1.9), (2, 4), (2, 10), (4, 2), (4, 10), 25. (2,6, 10}.
(S 1300, 7Y.0,8); (1 130T, 8): (T 9, (35 1),4(9,8),
(9, 7). (10, 2), (10, 4)}; (1) A (ii) A.

A.F— Hints to Selected Questions ——————@®-¢- - - —

;8 (i) R ={(x, y):y=3x} And no element of {1, 3. 5} is related to any element of
= {(L:3) (2,0 (3; 9) (4. 12) | 12.4) [*= |1 =2| = I: efe.]
8. (a)Sincea<aVa€R,(a a)€R. 21. Proceed as in Ex. 11.
Thus R 'is reﬂe?;ive, | ' 6 Q 10
Also R 1s transitive. 22. Since —= —=—,
R is not symmetric. [+ (3, 5) €R but (5, 3) & R) 3 4 >
10. R is not reflexive. [+ a < a& is not true) ~ triangles T, and T, are similar
Also R is neither symmetric nor transitive. = (T TayER

\

11. (@) R ={(]1, 2), (2, 3),(3.4), (4,5), (5,6)}. T, is related to T,
16. Sincell =31=2,13-51=2and |1 - 51 =4 are all even, 23. Reqd.set= {/:/is aline parallel to y = 2x + 4
s all elements of {1, 3, 5} are related to each other. ={l=lisaliney= 2x+¢, c €R).

SUB CHAPTER

1.2

Y] INTRODUCTION

The word ‘function’ was introduced by Leibnitz. The meaning of the word function has since undergone many stages of
generalisation.

Roughly speaking, a function is a law of correspondence under which to each element of one set there corresponds one
and only one element of another set.

We first give an intuitive idea of the function.

LetA={a, b, c}.B={3, 11,17, 21, 24}. It we associate a with 11. we write a — 11.

Let us consider the following association between the elements of A and B :
a—>11.b—21.¢c— 3.

In this association, each element of A has been associated with some element of B. Moreover, no element of A has been
associated with more than one element of B. Such an association between elements of A and B 1s called a function trom the set
A to the set B. Functions are usually denoted by f, g, h ; etc.

Wewritef: A— BorA— Bif 'f 1s afunction from the set A to the set B.

The set A 1s said to be the domain of the function and the set B 1s said to be the domain of the function.

The element v of the set B, which 1s associated with an element x of the set A, 1s usually denoted by f(x) read as “f of x™.

So we can write the function as y = f (x).

The element f (x) 1s said to be the value of the function ' f " at x or the image of x under “ f . The set of all values of “f " 15
called the range (or image set) of the function * f .

The element x to which 1s associated flx) itself 1s called the pre—image of f (x).

A= \a, b, ¢} is the domain, B = {3. 11, 17, 21, 24} is the colomain and the set {11, 21, 3} is the image set or range of
the function * f .



Let X and Y be two non—empty sets. A function 'f’ defined from X to Y, is a rule (or a collection of rules) which associates
(or associate) to each element x in X a unique element y in Y.

Symbolically : We write it as f: X — Y. and 1s read as ‘function” defined from the set X to the set Y.
Notes. The word ‘function” is also termed as ‘mapping’ or ‘correspondence’ or ‘transformation.’

(I) The unique element v of Y 1s called the value of °f " at x (the image of x under °f 7). 1t 1s written
as f (x). Thus y = f (x).

(I1) The element x of X is called pre-image (or inverse image) of y.
(IT) The set X is called the domain of ‘f".
(IV) The set Y 1s called the co~domain.

(V) The set consisting of all images of the elements of X under ‘f’ is called the range of 'f". This is denoted

by f (x).
Thus range of 'f "= {f(x) ¢y x € X}. X ; Y
This 1s a subset of Y, which may or may not be equal to Y. 1 ._/-b——’" 2
For E les: (1) Let X={1,2 3, 4 -84
or Examples : (1) Le { | 5
and Y={2 4.6 8, 10}. 96
. . ; 3o— 7
Here the rule i.e. ‘f", which associates to each element o8
x in X, the element 2x 1n Y is a function from X to Y. The rule L o 10
written as f (x) = 2x 1s depicted by the adjoining diagram. 2
Fig.

(2)LetX={a, b c,d e}andY = {p, g, 1, 5}.

Here the rule, which is depicted in the following diagram is not a function from X to Y because the elements ¢ and ¢ in X
have been associated with two elements p and g each of Y. Also, the element b has no image under 'f "in Y.

. KEY POINT

a 1. To each element x in X, there exists a unique element y in Y such that y = f (x).
2. Different elements of X may be associated with the same element of Y.

\_ 3. There may exist some elements of Y, which are not associated with any element of X.

In Class XI, we have discussed some special functions like identity function, constant function, polynomuial function, rational
function, modulus function, signum function; etc. along with their graphs. We also discussed addition, subtraction, multiplication and
division of two functions. Now we extend our study about function by studying different types of functions; elc.

IR WA TYPES OF FUNCTION

(a) Onto Function. A function ‘f” from X to Y is said to be onto (or surjective) iff each element in Y is the image of at
least one element in X. Here the range of /" =Y.

For Example : Let X = {a, b, ¢, d} and Y = {p, q. r}.
The function f: X — Y defined by f(a) =f(¢) =p, f(b) =¢q. | (d) = ri1s a mapping from X onto Y.
The following diagram depicts the given function :
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X Y X Y

f1 fﬁ
a p " - "
b e— °q ; :>Kj :

3 C

C —8 I

—p— od
d e

onto function into function
Fig.

Note. If the function 1s not onto, 1t 1s called into.

(b) One—one Function. A function ‘f’ from X to Y is said to be one—one (or injective) iff different elements of X have

different images in Y |Also see Art. 1.5]

Le it x, #x, = fly) #f(x,) forall x,. x, € X or ity =x,=fx)=f(x;)lorallx,. x,e X
X Y X
2
f, F2 g
1e —» —e a Te— - ' T
2 b 2 - - C o b

One-one functions
. " 3':/-:!/"’. G

Fig.

If the function is not one—one, then f’ is called many—one.

X Y X Y.
, fa

1 L - —p d

—Pp—

20— b

Je- g . Many=one functions

4 4

5

Fig.
(¢) One—one Correspondence. A function 'f’ from X to Y is said to be one—one correspondence (or bijective) iff 'f is

both one—one (injective) and onto (surjective).
For Examples : (1) Let X = {a, b, ¢, d} and Y = {p, q. 1, 5}.
The function f: X — Y defined by f(a) =p. f(b)=q. f(c) =1, f(d) = s 1s one—one onto.
The following diagram depicts the given functon :

X Y
f

ae > ®p

he@ ¥ ® Q

c® P or

de P oS

one-one and onto function

Fig.
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(2)Let X ={a, b, c,d}yand Y = {p, g, 1. s, t}.
The function f: X = Y defined by f(a)=p. f(b)=q.f(c)=r.f(d) =1
1s one—one but not onto because s has no pre—1mage.

The following diagram depicts the given function :

X ¥
f

ae > pe P

o ——— £ b q

C o— - pe I

de— — —po t
Fig.

(3)Let X ={a, b, c,d}yand Y = {p, g, 1, 5}.
The funcuon f: X — Y defined by f(a)=p, f(Db)=r, f(¢) = p, [ (d) = ¢ is neither one—one nor onto because the disunct
elements a and ¢ have the same 1image p and the element s has no pre—image.

The following diagram depicts the given function :

X Y
f
Ao 5 p
b e~ q
Cc r
d ®,
Fig.

(4) Let X = {a, b, ¢, d} and Y = {p, q).
The function f: X = Y defined by f(a) = q. f (b) =p, f(c) =g, [ (d) = ¢ 1s many—one onto.

The tollowing diagram depicts the given function :
X Y

h e

cCeo—

4 e—

Types of Functions

Onto Function ) One-one and Onto Function
(Surjective Function) (Bijective Function)

One-one Function [Many-one Functinn] (
(Injective Function)
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B - ONE-ONE FUNCTION
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&

Definition

-

4 A function ‘f’ from X to Y is said to be one—one iff distinct elements of X have distinct images in Y
Le. iff x; #x, = f(x)) #f (x,) for all x|, x, € X,
Or equivalently, f (x,) =f(x,) = x;=x, forx;. x, € X.

Graphically. A function ‘f" is one-one if the line parallel to x—axis does not meet the graph of y = f{x) in more than one

point.

GUIDE-LINES FOR SHOWING ONE-ONE

Step (i) : Obtain the domain of ‘f".

Step (ii) : Solve the equation for x in terms of .
Step (iii) : Make use of the domain of ‘f’.
Step (iv) :

Frequently Asked Questions

Example 1. Which one of the following graphs
represents the function of x ? Why ?

YA YA

SV RY.

ATV Y

- - B >
X O X X O X
Y'Y Y'Y
(a) (b)
Fig.

Solution. (a). Because in (b) at some x there are many
values of v.
Example 2. Show that a one-one function :
f:{1,2,3} - {1,2,3} must beonto. (VC.ERT)
Solution. Since '/’ is one—one. |Given|
. under ‘f’, all the three elements of {1, 2. 3} should
correspond to three different elements of the co-domain
UL 225,
Hence, ' f " is onto.
Example 3. Let A be the set of all 50 students of class
XII in a school. Let f : A — N be the function defined by :
f (x) = Roll number of the student x.

Show that ‘f” is one-one but not onto. (N.C.E.R.T))

Solution. Since no two students of class XII have the
same roll number,

. " f'1s one-one.
Without any loss of generality, let the roll numbers of
students be from 1 to 50.

Thus 51 € N but is not the roll number of any student
of the class.

. 31 1s not the image of any element of A under ‘f”’

= 'f’1s not onto.

Hence, ‘718 one-one but not onto.

If for each value of v, there corresponds a unique value of x, then the function is one—one.

Example 4. Prove that the function f: R = R given by :

f(x)=2x is one—one and onto. (N.C. R.T))
Solution.
Y A
y = f(x) = 2x
< S
X' ®) X
Y'Y
Fig.
Let X, X5 € R.
Now flx))=flx,) = 2y =2Ix,
— XYy = X4

l
= '/ 1S one—one.
Let ye R. Lety=f(xy).

}r
ﬁ -1"] — 2 .

Then 2x,=y

Nowve R = €eR = xjek

}1
2

1"‘

fixg) =20y =2 (E] =Y.

. Foreach y € R. there exists v, € R such that fix,) = y.
s f T 1s onto.
Hence, * f ' 1s one—one and onto.
Example S. Show that the function :
f:N—N
given by f(1) =f(2)=1and f (x) = x - 1, for every x > 2
is onto but not one- one. (N.C.E R 1. Magalayva B. 2017 )
Solution. Since f(1)=f(2)=1.
' (1) =£(2), where 1 # 2.
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‘{718 not one—one.

Let v e N, v# 1, we can choose x as v + | such that

fX)=x-1=y+1-1=y.

Also  1e N, f(l)=1.

Thus * f " 1s onto.

Hence. * f ' 1s onto but not one—one.

Example 6. Show that the function f : R = R defined by
f(x) = x2 (N.C.E.R.T))

Solution.

is neither one—one nor onto.

f(—=1) = 1 E (1) =1

A - .

>3 4

Fig.
=f(l)=1but-1=1.

‘£ 718 not one—one.

Here, f(-1)

Also — 2 is in the co-domain R but is not the image of

any element “x” in the domain R.
[0 — 2 is not the square of any real number|
'f 7 1s not onto.

Hence, * f 7 1s neither one—one nor onto.

Example 7. Show that f : N — N given by :

| x+1,if xisodd
f(x) = o s
x — 1, if xiseven

is both one—one and onto.

(NNC.E.R.T.; HB. 2018; ALC.B.S.E. 2012; Jammu
B. 2012)

Solution. One—One.
Here we discuss the following possible cases :
(I) When x, is odd and x, is even.
Here flx)) =flx,) > x+1=x,-1
= X, — X, =2, which is impossible.
(I1) When x; is even and x5 is odd.
Here flx)) =flx;) = x; -1 =x,+1
= x| — X, =2, which is impossible.
(II1) When x; and x, are both odd.
Here fiv)) =flx;) = x;+1=x,+1
= X=X,
‘fis one-one.
(IV) When x,; and x, are both even.
Here fix)) =fix,) = x -1=x,-1
=5 X = Xs.

r

“f 718 one—one.
Onto. Let ‘x’ be an arbitrary natural number.
When x 1s an odd natural number, then there exists an
even natural number (x + 1) such that :
fx+ H)=(x+1)-1=nx.
When x 1s an even natural number, then there exists an
odd natural number (x — 1) such that :
fix=l)=x-DH+1=ux
. Each x € N has its pre-image in N.
Thus * f " 1s onto.
Hence, ‘ f " is both one—one and onto.

EXERCISE 1 (b)

Fast Track Answer Type Questions

1 —x

1. If f(x)= lng(l
JE=R=—F ()

. — 1 < x < 1. then show that
+ X

(H.B. 2012)

x—1
2. What 1s the range of the function f (x) = I l

(C. B SL' 2010)
(1,2, 3} = {l, 2, 3}

3. (a) Show that an onto function f :
1s always one-one. (N.C.E R I)
(byLet A= [1,2,3)and B =[5, 6, 7, 8] be two sets.
The mapping f : A — B 1s defined as :
f=1(1,5),2,7),3,6)}.

Examine if f1s one-one.
(¢) f: R —=Rgiven by f(x)=2x1s one-one function.
(True/False) (Kashmir B. 2016)

(T'ripura B. 2016)

‘\“ .JL JI"EL.»E’ fL[ ”)

4. Show that the function f: N — N given by :
(i) f(x)= (N.C.E.R.T))
(i) f(x)=3x (P.B. 2010)
i1s one-one but not onto.
5. (a) If fis a function from R - R such that f (x) = x*
A x € R, then show that ‘f’ is not one-one.
(Meghalya B. 2015)

(b) Give example of many-one function.
(Kashnur B, 2016)

6. LetA={1.2,3}.B={4.5,6.7}and let
f=1{(,4), {._. 5). (3, 6)} be a function from A to B. Show
that’ ' is one—one. (N.C.E.R.T))
7. Show that fix) = 3x + 5. for all x € Q. is one-one.
(H.B. 2018)
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Short Answer Type Questions

8.

10.

11.

12.

13.

o o

ol

10.

(a) Show that the function f: R - R given by :

f(x)=ax + b, where ¢, b € R, a # () is a bijection.

(C.B.S.E. 2010 ©)

(b) A function f: R — R be defined by fix) = 5x + 6.

prove that f1s one-one and onto. ( Magalaya BE. 2016)

State whether the following function 1s one—one onto

or bijective :

f:R— Rdefined by fix) =1 +x2.

(N.C.E.R.T.; Karnataka B. 2017)

(a) Show that f: R = R given by f(x) = x” is bijective.

(N.C.E.R.T.; P.B. 2016)

(b) A function f: R — R is defined by fix) = 4x3 + 5,

r & R.

Examine if f1s one-one and onto. ( Magalava B. 2016)
Show that the funcuon f: R = R defined by :
dx—3

5
o 3x—1
(i) f(x)=—3

o

(i) f(x)= X ER

Y ER

1s one-one and onto function. (C.B.S.E. 2010 C)

. . > S Y
Consider the function f(x) = T defined from

R-{-1}JtoR-{1}.
Prove that f1s both one-one and onto.

( Nagaland B. 2018)
Show that the function f: R - {ye R: -1 <x < 1}

defined by f(x) = x € R is one-one and onto

X
]+‘ X l ‘
function. BIIIRE (N.C.E.R.T. ; Kashmir B. 2012)

14.

1S.

16.

17.

18.

-

.

(— 1.1}

(b) Yes (c¢) True.

(b) f(x)=x* ¥ xE€R.
Neither one-one nor onto.

(b) f1s one-one onto.

14.

18.

—" Hints to Selected Questions

1. f(—x) = log ( : +IJ = — lug(l_r)=—-ﬂ.x‘).

8.

—-X |+ x

(@) f(x)=fx,)>ax,+b=ax,+b=>x =x,
= ‘f’ 1S one-one.

Lety € R. Lety = f(x,).

117
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Check the injectivity and surjectivity of the following
funcuons :
(a) (i) f:N—=N, givenby f(x) = y?

(ii) f:N—>N, givenby f(x)=x" (PB.2016)
(by (1) f:Z—Z, givenby fix) = 12

(iiy f:Z—>Z, givenbyf(x)=x> (PB. 2016)
(c) f:R—> R, givenbyf(x)=x* (N.C.E.R.T)
Let A and B be sets. Show that :

f:AxB — B xA suchthat f(a. b)= (b, a)

1s a bijective function. (N.C.E.R.T.; Kashmir B. 2015)
Prove that Modulus Function f: R — R, given by :
flx)=1xl|
is neither one—-one nor onto, where | x | 1s x, if x 18
positive and | x | 1s — x, 1f x 18 negatuve.
(N.C.E.R.T. ; Kashmur B. 2011)
Show that the Signum Functionf: R = R, given by :

(1, ifx>0

= 0, ifg=0

=1, if x<(
1S neither one—one nor onto.
(NC.E.R.T. ; HB. 201I8; Jammu B. 2011)

Let A={a,, a5, a5, a,. as} and B ={b . b,, by. b,},

when «;s and b:s are school going students. Define
a relation from a set A to set B by x R v iff v 1s a true
friend of x.

IfR = {(a.b)).(a,. b)) (ay, by), (ay, by), (as, b,)}.

Is R a bijective function ?

Answers |

(a) (i) — (11) Injective but nor surjective
(b) (i) Neither injective nor surjective
(11) Injective but not surjective
(¢) Neither njective nor surjective.

Not bijective as it 1s neither one-one nor onto.

. y=b . .
I'hen ax,+ b=y = x,= = X, ER |
0 - 0 "

v—>b
flx)=ax,+b=a (

)+b=yER_

a

'f 1s onto.
Combining, °f " is a bijaction.
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==
9. ‘f’1s not one-one [sof (1) =Ff(=1)]
=
Also ‘7 1s not onto. &5 Rf =[], ) # R]
10. (a) fis one-one onto.
. | i x=20
13. f(x)= ——=4""" "
]+|.r| X .
| i <, 16.
1—x

15. Let(a,, b)), (a,, b,) € Ax B such that
fla,, b)) =fla,, b,)

BN COMPOSITION OF FUNCTIONS

Definition

17.

(b,a))=(by,ay) = b, =b, and a, = a,

(a,. b,) = (a,. b)) = f’1s one-one.

And corresponding to each ordered pair (v, x) € B X A
there exists (x, v) € (A x B) such that :

f =)

‘f 7 1s onto.

Since f(x) =f(=x), .. ‘f is not one-one.
Now Rf =10, ¢) # R = ‘f" is not onto.
‘{7 1s not one-one.

Rf=(—1,0, 1} = R=‘f"1s not onto.

B
!

Let A, B and C be three sets. Let f : A — B and g : B— C be two functions. Then the composition
of f and g, denoted by gof, is defined as the function gof : A — C given by :

\_ gof (x) =g (f(x)) Vxe€A.

This 1s also known as Function of a function or Resultant of functions.

gof 1s represented by diagram as below :

Theorem L. If f: A = B and ¢ : B— C are one—one, then gof : A — C is also one—one. (N.C.E.R. 1. ; Kashmir B. 2011)

Proof. gof (x;) = gof (x5)
= g (f(x) = g (fixy)
= flxp) = flxy)
— .I'I = .‘;'2.

Hence. gof 1s one—one.

[ ¢ is one—one]

[ fis one—one]

Theorem Il. If f: A— Band g : B— C are onto, then gof : A — C is also onto. (N.C.E.R.T.)

Proolf. Let z € C be an arbitrary element.

Then there exists a pre-image v of z under g such that g (v) =z.
And for v € B. there exists an element x in A such that f (x) = v.
Thus gof(x) = g(f(x))=g (V) ==
Hence. gof 1s onto.

| " ¢ is onto]

[- fis onto]

Theorem IIl. Letf :A— B, g:B—C andh: C — D. Then ho (gof) = (hog) of.
Proof. ho (gof) (x) = h((gof) (X)) =h(g(f(x) ¥V xe€ A
(hog)of (x) = (hog) (f(x))=h(g(f(x)) ¥V xe A.

Hence. ho (gof) (hog) of.
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Frequently Asked Questions m FAQs |
Example 1. If f : R = R is defined by f (x) = 3x + 2, Ax+ 3 2
find f (f (x)). (C.B.S.E. 2011 (F), 10 ©) Example 6. Let f(x) = 61—4‘}‘#5' Show that
Solution. 1 (f (x)) = 3 f(x) + 2 fof (x) = x.
=33x+2)+2=9x+8. (Jammu B. 2017; EB. 2015; H.B. 2015; Meghalaya B. 2018, 14)

Example 2. If f : R -+ R is defined by :

4I+3]

Solution. fof (x) = fifix)) = f(
S \6x—4

/3
rx=(3- ,.;3)' . find Tof (x).

4x+3
(H.P.B. 2016; A.I.C.B.S.E. 2010) 4(6‘1__4)+3 o T o TS
Solution. fof (x) = f(f (x)) - W T 24x+18—24x+16
6 —4 | -
6x—4

B (_3' (7 () )w B (3((3' "'3)”3 )3]”3 34x

- ¥= X, which is true.
1/3 1/3
= (3_(3_1’1)) = (-TE] = X.

Example 7. Show that the function f : R =+ R defined

X
_ _ by f(x) = —5——, ¥V x € R is neither one-one nor onto.
Example 3. Find gof and fog, if : x" +1
f:R5>Randg:R>R Also, if g : R = R is defined as g(x) = 2x - 1, find fog(x).
S i fmaie
are given by f (x) = cos x and g (x) = 3x2. | (C.B.S.E. 2018)
. | 1
Show that gof # fog. | Solution. We have :  fix) = —5—.
(NC.E.R.T.; Jammu B. 2017; Karnataka B.2014) o+
e | . o -, | (i) One-one fix)) = fix,)
Solution. We have :  f(x)= cosx and g(x)=3x-. ' -
gof(x)=g(f(x))=g(cos x)=3(cosx)*=3cos"x -y :1‘ - X2
: 2, 7 xi +1 x5 +1
and fog (xX)=f(g(x)=f(3x")=cos 3x~. ' t2
Hence, gof # fog. - YT+ = XX+ X
Example 4. Let f: {2, 3,4, 5} > {3.4,5,9} and = XXXy — X)) = Xy — X
2:{3,4,5,9} > {7, 11, 15} be functions defined as : = X1%2 :.I
(2)=3,f3)=4,14)=1(5)=5and 5 £ e
X
gB) =g =725 =g =1L .
. Ty e e = Xy F X,
Find gof. (N.C.E.R.T) N ! -
Thus, f1s not one-one.
Solution. gof (2) = ¢(f(2)=g(3)=7 Onto:s
gof (3) = ¢(f3)=g =7 flx) =y
of = (4)y=¢(5) = Y
gof (4) g(fd)=g0)=11 = 5}1 =y
and gof (5) = ¢g(f(5)=¢g(5)=11. X~ +1
Example 5. Find gof and fog if : = = YA Y
= *y+y—x=0

f(x)=|x| and g (x) = |5x - 2]|.

(H.P.B. Model Question Paper 2018; H.P.B. 2018,
16, 14, I3 8; Jammu B. 2017)

Solution. We have : f(x) = |x| and g (x) =|5x -2 |.

= x cannot be expressed in v.
Thus, fis not onto.
Hence, f is neither one-one nor into.

(71) Since g(x) =2x — 1,
(1) (gof) (v) = g (f(x) =g (|x]) fog(x) = fig(x)) = i2x — 1)
= [5[x]=2]. o 2x—1 2x—1
(i) (fog) (x) = f(g (x)) =f(]|5x =2l = =

T Q=141 4x® —4x42

= || 5x -2 = |5x—2];



Example 8. If the function f : R - R be given by f(x) =

x>+ 2 and g : R - R be given by g(x) = X #1, find

x—1
fog and gof and hence find fog (2) and gof (-3).

(A.1.C.B.S.E. 2014)
Solution. We have :

_ X
fix) =x*+2 and g(x) = — 1"
fog (x) = flg(x)) = (g(x))* + 2
( X )3 2 +2(x=1)?
— +2= S
,r_l {_r_l}"“
B X+ 2(12 —25XF1) 3x% —4x+2
{J:—l)2 H—l)2
3(4)—42)+2 12—8+2
Hence, fog (2) = w=—l Bf =E= 6.
(2=1§" (1)° l
' f(x)
of (x) = &(1(X))=—
And gof (x) g(f -1
.1'2 + 2 .1’2 + 2

(x> +2)—1 x*+1°

(=37 +2 942 11
(=32 +1 9+1 10°

Hence. gof (-3)

Example 9. Let f: {1, 2, 3} — {a, b, ¢} be one-one and
onto function given by f (1) =a,f(2) =b and f (3) = c. Show
that there exists a function :

g :{a, b, c} = {1, 2, 3} such that gof = I and fog =1,
where X ={1,2,3}and Y = {a, b, ¢}. (N.C.E.R.T.)

Solution. Consider ¢ : {a, b, ¢} — (1. 2, 3} such that :

gla)= l,g)=2and g (¢) = 3.
For x = 1,
gof = g(f(x)=g(f(l)=g(a)=1.

Similarly for x = 2 and 3.

Then gof = I, which is identity function in X.

Similarly fog = 1y, which is identity function in Y.

Example 10. If f: R - {z} — R- {%} be defined as :
¢ _-33: +4 s
(%) = 5x -7 an

g:R- {%} — R - {%} be defined as :

Ix +4
Sx - 3°

g(x)=
Show that fog =1, and gofl = I, where :
(3 (7
A=R- {;} . B =R—{E}- Iy (X)=XxVyYX€E A,

Iz (x) =x v x € B are identity functions on sets A
and B respectively.

\ (N.C.ER.T.: Jharkhand B. 2016)

Solution. gof (x) =g (f(x))=¢ I
X~
3x+4 )
7(‘ wll PO
o o\x=7 /) 21x+28+20x-28
o 3x+4 ] s 15x+20—15x+21
A\ 5x-7)
41 x
iy —ii) .
41

Tx+4
Also J

gelx)= flelx))=.1
fog (x) = f(g( f (51_&3

3

-—

Tx+4
+4
5v-3 _214’+]2+2&1‘—12
35y +20-35x+21

5 Tx+4 9
Sx—3
_4lx

41
Hence, gof(x)=x ¥ xe B = gof=Ij

and  fog(x)=x YV xe A = fog=1,.

Fast Track Answer Type Questions

1. If functions f: A—= B and ¢ : B = C are defined by :

fix) = \/; and g{.r}=.r“1 respectively, find gof (x).
(Uttarakhand B. 2015)
2. Consider functions fand g such that gof 1s defined
and 1s one-one. Are f and g both necessarily one-
one ‘! (N.C.E.R.T))

3. Are fand g both necessarily onto, if gof is onto ?
(N.C.E.R.T.)

— — 5 n. - I .
‘ = w. el .

|
"-;,_. ¢ ! J_ i
— RS- 3 T i

4. Give examples of two functions :
fNo>Zandg Z -5 Z
such that gof 1s mmjective but g 1s not injective.

(N.C.E.R.T))
5. Give examples of the functions :
fN=>Nandg:N=- N
such that gof 1s onto but f1s not onto. (N.C.ER. 1)



Very Short Answer Type Questions

6.

f=x)=~f(x).

(iy If f: R = R defined by f(x) = x= — 2x + 3. then
find £ (f (x)). (H.B. 2016)

(i1) It f: R = R be defined by f(x) = Xt~ 342,
find f(f(x)). (Mizoram B. 2018; H.P.B. 2018)

If £: R - R be given by f(x) = (3 — x)'3, find

fof (x). (Assam B. 2015; H.EB. 2016)
(1) If f(x) = ——. x#1 . then show that fof (x) = x.

x—1
(Kerela B. 2018; H.B. 2011)

| —x
| + x

G I f(x)= lng( ] — 1 < x < 1, then show that

(H.B. 2011)

Short Answer Type Questions

13.

14.

15.

16.

17.

g p e

5. f(x)=x+1landg (x)= {

6.
T

9.

11.

Find fog and gof, 1t :
(i) fix)=8x%¢ (x)=x15
( H.P.B. 2018, 16, 14 ; Meghalaya B. 2016)
(i) Ax)=x>:g(x)=x+1 (H.B.2014; PB. 2010)
(iii) fix)=4x-1;g(x)=x"+2 (H.B. 2012)
(iv) Aix)=l+ 1I; g(x)=2x—- 1. (Kerala B. 2017)
Describe fog and gof, where :

(1) f(x)=¢€", g (x)=logx

(11) f(x)= \/1 p , g(x)=log x. (N.C.E.R.T.)

Let fix) = 2x% and g(x) = 3x — 4: x € R. Find the
following :

(1) fof (x)
(111) fog (x)

(ii) gog (x)

(iv) gof (x). (Bihar B. 2014)

. x—1
If f(x)= ,X# — 1. then show that :
x+1
o I
Fit t.r)J:—?th. (N.C.E.R.T))
Letf: R=Rand g: R = R be two functions defined

by f(x) =1 x| and g(x) = [x], where [x]| denotes the

10.

11.

12.

18.

19.

20.

x|
If flx) = Y X # =1, then find fof (x). (P.B. 2015)
X
xS 2 S :
It fix)= ,X#—, then find fof (x). (P.B. 2015)
Jor—2 3
| . 3x+4 |
Consider a function flx) = — ,X#2. Find a

function g(x) on a suitable domain such that
(gof) (x) =x = (fog) (x) (Kerela B. 2015)
Let £, ¢ and /i be functions from R to R. Show that :

(i) (f+g)oh=foh+ goh

(if) (f. g) o h = (foh). (goh). (N.C.E.R.T.)

greatest integer less than or equal to x. Find (fog) (5.75)
and (gof) (— JE ) : (Assam B. 2017)
Let f: R — R be the Signum Function defied as :

" Lyl

0.x =10
h—l,.r < ()

Fi0= 1

and ¢ : R — R be the Greatest Integer Function given
by ¢ (x) = [x], where [x] i1s greatest integer less than

or equal to x. Then does fog and gof coincide in

(0, 1] ? (N.C.E.R.T.)
Find gof and fog, if f: R— Rand g : R — R are given
by :

; )
flx) = cos x and g(x) = 3x-.

Show that gof # fog. (H.PB. 2010 S)

Consider three functions :

f:N=>N,g :N=>Nand/: N—=R

defined as f(x)=2x. g(v)=3v+4and h(z) =sIn ;
Yx.vzE€N.
Show that ho(gof) = (hog) of.

(Uttarakhand B. 20013)

x
£ 1S not one-one.

1 18 not onto.
) = pand g =12 |

1.1 x5
Lif x=1.
() x? —4x + 8x2 — 8x + 6 (ii) x* — 6x° + 10x% = 3x.
X.
2x—1

X

10. x.

44+2x 3
i A=,
g(x) —

Cﬂnswers )
13. ()

14.
15.

k7
18.
19.

8x. 2x (1) (X + I)E. v+
Giil) 4x° +7.64x —48x2 + 12x + 1
(iv) I12xL21x+11-1.

| = 3
(i) x.x (1) \/1—(lﬂgﬁl')hq-ilﬂg(]—f},

(i) 8x* (i) 9x — 16 (iii) 18x% — 48x + 32
(iv) 6x% - 4.

5 and 2.

No.

(gof) (x) =3 COS2X | (fog) (x) = cos 3x°,
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—" Hints to Selected Questions ————————@-0- - - —

: i . f(x) ‘
8. (1) of) (x) = FLf))=— 44 2x
U ﬂ f f f(-l)‘—*l = g [._1*) — v —3 JXFES
X 12. () [(f+ 2)oh] (x) = (f+ 2) (h(x))
= x—1 . X. = f(h(x)+g (h(x)
"1 ] =l l = (foh) (x) + (goh) (x)
| s = [(foh) + (goh)] (x).
| 3g(x)+4 . g
11. f (f {1)) =X= g(.r) -9 = 16. f(f(x)}= f (_) : etc.
x+1
B Wi} INVERTIBLE FUNCTIONS (Kashmir B. 2017)

A function f : X = Y is said to be invertible if there exists a function g : Y — X such that

gof = Iy and fog = 1.

The function *g¢" is the inverse of ‘f. which is denoted by f! and is read as f-inverse.
For Example : Let f: R — R be defined by flx) = 3x + 4.

x—4
Then g : R — R. defined by g (x) = - 1s the inverse of f.

EEEEEEERUNY THEOREMS

Theorem 1. A function f: X — Y is invertible if 'f" is one-one and onto.
Proof. Given : f: X — Y is invertible.
Then there exists ¢ : Y — X such that
fog =1y and gof = 1.
To Prove : fis one— one.

Let yyand v, € X.

Now fxp) = fix,)

= g(f(x)) = g(f(x,)

= (gof) (x;) = (gof) (x5)

= Iy (x)) = Iy (x5) = X =X,

. f1s one—one.

To Prove : fis onto.

To each vy € Y, there exists x € X such that g (v) = x

= flgty) = fx) = (fog) (v) =f(x)
= I, ) = fx) = v=1y.

s f1s onto.
Conversely : Given : f: X — Y 1s one—one and onto.
To Prove : fis invertible.
Since f1s one—-one and onto,
. to each v € Y, there exists one and only one x € X such that f (x) = v.
". We define ¢ : Y — X such that :
g(i=x W Flx)=w.

Now (gof) (x) =g (filx)) =g (V) =xy xeX



= gof =1y

Also (fog) (M =flg(V)=fx)=v VY veY

= fog = I‘f'

Hence, f1s invertible.

Theorem IL If f : X — Y is one—one and onto, then ! : X = Y is also one-one and onto.
Proof. We have : f: X — Y 1s one—one and onto.

To Prove : f~/ is one—one.

Let V|- ¥, be two different elements of Y.

Then f-! (vp)=x,and f ' (V) = X5, Where x|, v, € X.

Now vy =fxp) and v, = f(x,).

Thus X| # 4 = f(x)) #f(xy)
e o) Ef () = Y # Vs

Hence, f~! is one—one.

To Prove : 1/ is onto.

Letx e X.

Then there exists v € Y such that :
y=f@) ie x=f'()

= x1s the imageof ye Y.

Hence, f~!is onto.

KEY POINT

If f1is invertible, then fis one—one and onto.
If f1s one—one and onto, then f1s invertible.

Theorem 1lL. /f f : X — Y is one—one onto, then inverse of 'f " is unique.

Or

If f: X — Yis an invertible function, then 'f’ has unique inverse. (N.C.E.R.T., Kashmir B. 2013)
Proof. Let g, and g, be two inverses of f.
Let ve Y.
Let g, (v)=x, and g, (v) = x,.
Since g, the inverse of f,

g (V) =ux, = flx)=y (1)
Similarly g5 (y) = x, = f(xy)) =y 04

From (1) and (2), f(x)) =71 (x,).
Since f1s one—one,
fx))=f(x5) = X=X

= grM=gvVvyeyY

= 81 = &>

Hence, inverse of ‘f71s unique.

Theorem IV. Letf: X — Yand g : Y — Z be two invertible functions. Then gof is also invertible and (gofy™ = ! og™!.

Proof. In order to show that gof is invertible with :

(gof)~ ' =1 og™!, itis sufficient to show that :

(f “log™l 0 (gof) =1y and (gof) o ( f‘l og~h) = L,.

Now (f~toghHo(eof) = (F'og!)oe) of
= fo(g og)of
= (floly of [Def. of g7']
= .

Similarly (gopH o (fFlog™h) = L.



WA EXAMPLES)

Wi
J—2x o lati ,
Example 1. Prove that function R = R, f(x) = Z Solution. Let v € R.
_ ) . Then for any x, f(x) = v if y =932 + 6x - 5
is one-one onto. Also, find ™. (P.B. 2018) i y=(3x)%+2C0) (D +(1)*-6
Sﬂlutlﬂﬂ. Let .-'l']-, .'{'2-. & R. - (31 o 1}2 —-6
Now. fix)) = fx) = 3x+ 12 =y+6
A L
. 3—2q _37Iin = I+ 1 = +/y+6
7 7
> 3 = 2y =3 = Deim — 2%, ~ 2 *+Jy+6-1
- = = Y =
= X| = Xs. 3
Thus, *f is one-one. | m_]
Let y € R. Let y = fix). = Sl
| 3 o 2.1‘{} = -
Then, =y=2>3-2x5="7Ty = 6 —1
7 ? & [0,%) for any v
j 3—7y _ “
= J._I“ — 3 - 7}'r = .1“ — 2 . 1
Now, fory=-6 € R, x = = & [0, ).
3—2x . . . ‘
Now, veR = 7 € R=>x,€R Hence. fis not invertible.
_ ‘ _ NJV+6 -1
_}3—?}‘ Modification : Since x = 0, .. = = 0
3— 3.1'{} 3—2 2, 3
fixg) = —=—= 7
= J;IEL4 >0 = Jy+6 = 1.
3=3+7y Ty Squaring, y+6 =21 =y=-3.
— =—=Yy
7 7 Thus redefining f: [0, ®) = [- 5, o) whereas
Thus, *f 1s onto. f(x) =9x% + 6x — 5 as onto function.
Hence, ‘f is one-one onto. Let x;. x, € [0, %) such that f(x|) = f(x,)
- = (x| + 1)*= Bx, + 1)* = (3x, + 1)2 - (3x, + 1)2=0
J X 5 =
Also, V= >7Ty=3-2x = By + D+ 0Cx + DG+ D -CBx, + 1] =0
= [3(x; + x5) + 2] [3(x; —x5)] =0
i ) s m — - - 2
= 2x = 3=Ty=>x= s j} = 3 —xy) =0 [ 3(x; + x5 ) + 2> 0]
L = _Tl — .1'1 = ()
= TR —
- 3=y o .
= I = Thus, ‘f’ is one-one.
| Now, f1s bijective and hence, f 1s invertible
3—7x . -1 . -
HEHCE, f_ltl) = - for d“ ¥y € R, and f : [ g. ) —>» [0, o0 )
: Jy+6-1
Example 2. Prove that the function f : [0, ) &=+ R, f-ly) = X 2 .
given by f(x) = 9x% + 6x — 5 is not invertible. :
Modify the co—domains of the function f to make it | 6 <1
vert: - -1 Hence. fl) = —
invertible, and hence, find f ~°. : .
(C.B.S.E. Sample Paper 2019)




Example 3. Consider f : R, » [~ 5, o) given by
f(x) = 9x% + 6x — 5. Show that ‘f’ is invertible with

f_'{v)=( ”F”)_l)-
: 3

Hence, find (i) ~1(10)

(i) y if £-1(y) = %,
where R_ is the set of all non-negative real numbers.
(C.B.S.E. 2017)

Solution. We have : f = R, = [~ 5. «) given by
f(x) =922 - 6x - 5.

Let x;, x, € R, such that f(x;) = f(x,)

> 9%\ 2 + 6x; — 5 = 9xy° + 6x, — 5

= 9(x;? —x,7) + 6(x; —x5) =0

= (x; —x5) [Ax; +x5) + 6] =0

—6

= Xy —Xy,=0 = x, =x, Or x;+x,= 5

which 1s not possible as x;, x, € R,.

Thus ‘f7 1s one-one.

lety=f(x) V yE|[ -5, «).

02 4+ 6x—5 =y > Bx+1)Y-1-5=y

= W+ 1 = Jv+6 > x= "“T+6_l.

3

Now xisdefinedasx € R_ify+6 =1 = v =-135.
Thus ‘f"1s onto.
f1s one-one and onto

= fis invertible and f~! exists.

Jy+o6-—1

- | i —
f~(y) = 3
| g o MIO+6-1_4-1_3
4
-3 W R .
(i) f~Hy) = 3= X

—
1
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—
-
—
]
~
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Example 4. Let A=R - {3} and B = R - {1}. Consider

X-2
x-3

the function f : A = B defined by f (x) = ( ) Show

that ‘f’ is one-one and onto and hence find 1.
(C.B.S.E. 2012)
Solution. Let x|, x, € R - {3).

N . f | ) .T] = 2 XA — 2
OwW (x,) =7T(x,) = — —~
f ! ' - X - 3 i) -3

Thus ‘f’1s one-one.
Lety € R-{1}. Let y =f (x).

Then o =y =X, - D= o) — 3
2~
= .-l'“ {"',,-' — l } —_— 3_‘-" — 2 = .".‘” —_ -
yi—]
l
Nowy€eR-{1}= —— ER- {3} =>x,ER-{3].
.
JY=2 ,
| X — 2 y—1
f () = ) i
() Xy — 3 3_\ P _
y=—1
Byp=B— TpdD oy
— = =—= V.
IPp=L=IpF I 1
Thus /7 1s onto.
Hence, ‘f’ 1s one-one and onto function
> 'f" 1s invertible.
=2
Also s > xy—3y=x-2
3 3 .
3y—2
> x(yv=1)=3v-2=x= v —
I Sy—2
= = ! ——
[ —
. Bx=2
Hence, = ()= 1 forallx € R - {1}.
=

Example 5. Let Y ={n’:ne N}c N.

Consider f: N— Y asf(n) =nZ

Show that ‘f’ is invertible. Find the inverse of *f .
(N.C.E.R.T. ; Jammu B. 2012)



Solution. Let v € Y. where v 1s arbitrary.

. - - B -
Here y 1s of the form n=, forn € N

= n=,4ly.

This motivates a function :

¢:Y — N.defined by g (v) = \/\_
Now gof (n)=g (fin) =g (n*) = vn® =n

and fog (M =fgN=f =Gy =y.

Thus  gof =1y and fog = 1.

Hence, * f " is invertible with ! = g

Example 6. Let f : N = R be a function defined as :
f (x)=4x*+ 12x + 15. Show that f : N — Range [ is

invertible. Find the inverse of ‘f’.

(N.C.E.R.T.: Kashmur B. 2017; Karnataka
B. 2017)
Solution. Let v Rf, where vy 1s arbitrary.

Then y=4x?+12x+ 15forxe N

== y=(2x+3)%+6 = 2x+3= Jv-6

IJy—ﬁ—S

2

— X =

This motivates a function :

-Jyﬁﬁ—S

e

g : Range of f — N. defined by ¢ (y) =
Now

gof (X)=g (f(x)) =g (4x% + 12x + 15)

=g ((2x + 3)2 +6)

J@x+3)2+6-6-3 2r+3-3

— -_ — 1_
2 2
"
2(Jy-6-3) ]
= = +3| +6

= ({m1—3+3)2+6

=(JV=6)Y+6=y-6+6=1y.

Thus gof =1y and fog = IR P 3

Hence, ‘f" is invertible with £ = ¢.

Example 7. Let f : W — W be defined by:

n—1if nis odd
f(n) = | + 1.if niseven.

Show that ‘f’ is invertible. Find the inverse of ‘f’.

(Here ‘W’ is the set of whole numbers)
(NV.C.E.R.T.; AILC.B.S.E. 2015)
Solution. We have : f : W — W defined by :
n—1.1f nis odd

fn) = {n + 1, if nis even.
f is one—one.
When n, and n, are both odd,
then fin)=f(n,) = n-1=n-1= n =n,

_—

When n, and n, are both even,
then f(ny) =1, = n+l=nm+1= n =n,.
. Inboth cases. f(n,)=f(n,) = Ny =n,.
When n, is odd and n, is even,
then f(n,)=n, -1, which is even
and f(n?_] =n, + 1, which is odd.
ny # N, = fn))#[f(n,).

Similarly when n; is even and n, is odd,

ny, #n, = fn))#f(n,).
In each case. *f’ 1s one—one.
f is onto.

When n 1s odd whole number. then there exists an even
whole number

n—1€ Wsuchthatfln-1)=n-1)+1=n.
When n is even whole number, then there exists an odd
whole number
n+1e Wsuchthatf(n+1)=(n+1)-1=n.
Alsof(1)=0e W.
. each number of W has its pre-image in W.
Thus *f " 1s onto.
Hence. ' f ' 1s one—one onto = ‘f "isinvertible.
To obtain f-1.
Let ny. n, € W such that f (n,) = n-.
n +1=n,.1tn 1seven
n,—1=n,, it n is odd.
{ ny — 1, if n5 is odd
n, =

Thus n, + 1, if ny iseven

o . _[”2 — 1, 1f ) 1s odd
= )= \py 41, if 1y iseven .

n+ 1, 1t nyi1seven

— = .
Then f (”[}—{ nm — 1L nyp1s odd

Hence, F=FL
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EXERCISE 1 (d)

Very Short Answer Type Questions

1. LetS={1.2, 3}. Determine whether the function
f:8—S8
defined below has inverse. Find f~1, if it exists :
@) f =11, 1),@2,2),3, 3)}
(i) f=1{(1,2),(2,1),(3, 1)}
(i) [ ={{1,3), (3.2); (Z;1)). (N.C.E.R.T)

2. Let S=1{a b cland T = {1, 2. 3}. Find ! of the
following function F from S to T, if 1t exists :

(1) F={(a 3), (b, 2),(c, 1)}
(i) F={(a.2), b, 1) (c, ). (N.C.E.R.T)

3. Are the following functions invertible in their
respective domains ? If so, find the inverse in each
case :

(i) f(x)=x+1

(P.B. 2012)

Short Answer Type Questions

 4x+3 2
8. (@)Iff(x)= 1" R i; , show that f of (x) = x,

5
forall x #—. What is the inverse of " ?

(IN.C.E.R.T.;: Kashmur B. 2016, 12, I11; Janunu B. 2015 W;
C.B.S.E.(F) 2012 : PB. 2012)

I
(b) Show that the functionf inA=R - {i} defined as

: 3
4x+3
f(x) = ==is one-one and onto. Hence, find .

(C.B.S.E. 2013)

9. Show thatf: [-1, 1] = R, given by :
X
X+ 2

—

fix)= . x # — 2. is one—one.
Find the inverse of the function :
f:[-1. 1] = Range f.

(N.C.E.R.T.: Assam B. 2018:Jammu B. 2013 : HPB. 2012)

@ VSATO g

4. Letf: N —=Y be a function defined as f(x) = 4x + 3.

where Y = {ve N, v=4x+ 3 for some x € N}. Show
that ‘f’ 1s invertible. Find the iverse.

(N.C.E.R.T.; Karnataka B. 2014: H.P.B. 2015, 13, 11)

5. Consider f: R — R given by the following. Show that
'f " 1s invertible. Find the iverse of ‘f".
(1) f(x)=4x+3

(NNC.E.R.T.; Jammu B. 2018, 13 ; H.B. 2017; H.F.B. 2015,
12)

(ii) f(x)=5x+ 2. (Kerala B. 2013)

Ax+5
7

6. (a) If f: R = R defined by f (x) = 1S an

invertible function. find f~!.

'4,1:—3

5
v € R is invertible function and find f~'.(PB. 2014 5)

7. ff:R=R:

(h) Show that f : R = R defined by flx) =

3x+6
8

J(x) =

is an invertible function and find . (PB. 2017)

10. Considerf: {1.2,3} — {a, b, ¢}. given by :
1) =d, f2Y=»5b and F(3) ==,
Find f~! and show that (f"')"! = f.

11. Consider f: {1, 2,3} — {a, b,c} and

(N.C.E.R.1.)

¢ :{a, b, c} — {apple, ball, cat)
defined as f(l)=a, f(2)=b,f(3)=c.
¢ (a) = apple, g (b) =ball. g (¢) = cat.
Show that f, g and gof are invertible.

Find ~!. ¢7" and (gopH)~! and show that :

SR (N.C.E.R.T)

12. Prove thatf: R = R is a byjection given by :
Flx) = 4+ 3
Find 1! (x).

(goN ' =f"T1og .




Long Answer Type Questions

13. Letf: N - N be a function defined by :
f(x) =9x% + 6x-5.
Show that f: N = §. where S 1s the range of ‘f. 1s
invertible. Find the inverse of ‘f and hence. find
£~ (43) and ! (163).

F a 1
14. Considerf: R - 5 _T} - R - {—1} given by :

4 A

N e ee®

Show that f 1s bijective. Find the mmverse of ‘f" and
hence find f~! (0) and x such that = (x) = 2.

(A.LLC.B.SE. 2017)

15. If the function f: R = R be defined by fix)=2x- 3 and

¢ : R = R by g(x) = x' + 5, then find fog and show

that fog i1s mvertible. Also, find (fog)'. hence find

(fog) ' (9). (C.B.S.E. Sample Paper 2018)

" Answers |

1. (i) Invertible; f~' = {(1.1),(2.2).,(3.3)} =f
(11) Not mvertible
(iii) Invertible; =1 = {(3, 1), (2, 3). (1, 2)}.

2. () F!'={@3, a) (2 b), (1, ¢))
(ii) F~! does not exist.

3. (i) Invertible :f ! (x)=x-1

| _ 1+x
(i1) lnver’uhle:j" (X)= —t
i iy x-3
e 1
.I—3 -I—Z
. {anHxh=—jr—{ﬁ}f4tn=: 5
) L 2x—5 _— 5x+3
. (a) [T (x)= 3 (b)Y f =" (x) = 1
.8,1'—6

7. 1= 3

3. (i)— (i) *f " 1sinvertible if it 1s one-one onto.

y—3
4. v=fx)=4x+3=>x=" 2 ER
=, f—l ( )_.:};;.;.. ==,f‘—| _.}—_3.
V) = 1 (X)= 1
3x+35 2y—2
6. (a)v=f(x)= > = x= 3 =
2y— _ 2x—5
> fly)=— >~ (x) =
9 _ \ 2y
—. ) e —= Y = -
Y=y x+2 . 11—
2 2x
> fly)=—— = flx)=
l—y -

8. (a)—(h)yf1=rf

9. f*ﬂx)='lr.x¢1.

f =
12. 7 ()= (x-3)"2.
Truthfulness and honesty among people may have
bijective relation as people who are honest are usually
truthful and vice-versa.

13, £ = X7 Fluzy =2 flaed =4

s '_‘15—4}--.__I 301
14. f {\}: :‘1_4f (L)) = _I'l_m

.r—TIH
l5.(ﬁuﬂ(r}==2f%+ Z.Uhgft{xlz { ] .

2

(fog) ' (9)=1.

= Hints to Selected Questions ——————@-©- - - —

10. Clearly ‘f’ is one-one onto
= ftl:{a b c}~> {12 3)
= (f~1) is one-one onto
and (Y 1= {(1, a), 2, b), (3, ¢))
= (fyl=f.
13. y=f(x) = y=9x>+6x-5

= y=0Bx+1)-6 = Jy+6 =3x+1

- Jy+6—1 - £ = —../_w.-+6—1_

K. 3
— Va3+6-1_7-1_6_,
* 3 5 0

 J163+6-1 13-1 12
and f_ltif):;}: 3 = 3 = 3 =4




RELATIONS AND FUNCTIONS

4x+3 3-4y ) R 3—4x
14. yv= TR (i1) f7(x) =2 = 31_4—2
I 3—4y = 3—4x =6x-8 = [0x=11
= 7y = 3v—4 |
. O
-0 3 ¢ B

() 1O =—=—

Binary Operations

SUB CHAPTER

IS EY BINARY OPERATIONS

A function f: A = A, where A 1s a set. 1s considered as a unitary operation 1n the sense that an element of A 1s associated
to each singleton subset {a} of A.

It an element of A 1s associated uniquely with each subset of two elements of A (the order of the elements being taken into
account), we obtain a binary operation on A.

In general, forn=1, 2, ..... ., an n-ary operation on the set A 1s a map :

FiARAR qumvan X A (n umes) = A" - A.

For simplicity, we consider here unitary and binary operations only.

Examples : (I) Let A = R* (set of all positive real numbers).

Here mapx - —: A = A

X
i.e., taking reciprocals of positive real numbers 1s a unitary operation.

(IT) Let A = R (set of all real numbers).
Here map (v, y) =x + y: R2 > R

i.e., addition of two real numbers 1s a binary operation.

ii Definition

Multiplication 1s also binary operation on R, while division i1s not a binary operation on R because division by 0 is not
defined. But division i1s a binary operation on R — {0}.

Notation. We denote the binary operation by ‘o’ 7.
Instead of (m, n) = m + n + mn : I x I, we write :
mon =m + n + mn on L.
It should be noted with care when we define a binary operation, the order of the elements is taken into account.
In other words, the map. which defines the binary operation on A, is on the set A% of all ordered pairs of the elements of A.

-| ol T
- ful ]
o1 —

]

Let A be non-empty set. Then the rule denoted by ‘o’ is called binary operation on A if to each ordered pair (a, b) of the
elements of A, it associates a unique element, denoted by aob of A.

Definition

4 k|

In the set of numbers, we generally use *+, °.", =", "+, to denote binary operations.
Properties of Binary Operations :
(I) Closure. If a 0o b € Aforall a, b € A. then ‘0’ is closed.
(1) Commutative. /f aob = boa for a, b € A, then "o’ 1s commutative.
In case aob, boa are different, then ‘o’ 1s not commutative.
Examples : (I) The operation of division on R — {0} i1s not commutative.
(II) Let the binary operation “*” on I be defined as :
m n = m-n+ mn,
then 122 = 1-2+1.2=1

7 Other notations for binary operations are **” ‘'@ ’", "® " : elc.



while 2*%] = 2-1+2.1=3.
Sl E2# 2% = YR s not a commutative binary operation.
Example : The operation * : R x R -+ R defined by :

a*b = a + 2b is not commutative. (N.C.E.R.T.)
Solution. Smce 3#*5=3+2(5)=3+10=13and5*%3=5+23)=5+6=11.
J.3%5 £ 5% 3

Hence, the operation **’ 1s not commutative.

(III) Associative.

If ao(boc) = (aob)oc for a, b, ¢ € A, then ‘o’ is associative.

Examples : (I) Additon and Multiplication on R are associative binary operations.
(II) Division on R — {0} 1s not an associative binary operation.

Example : The operation * : R x R = R defined by a * b = a + 2b is not associative. (N.C.E.R.T.)
Solution. Since (7*2)*3=(71+10)*3=17+6=23
and T7T*¥5*3)= 7T*¥5+6)=7+22=29.

(7%5) %3 =& T*(5%3).
Hence, the operation **’ 1s not associative.

KEY POINT

The concepts of commutativity and associativity are independent. )

N*
|

(IV) Existence of Identity Element.
It *o™1s binary operation on A and there 1s ¢ € A such that aoe = a = eoa, where ‘e’ 1s the 1dentity element of the operation.

Examples : (1) For binary operation *+" in R, 0 1s the identity element. (N.C.E.R.T.)
(1) For binary operation *." in R, 1 1s the identity element. (N.C.E.R.T")

Further thereisnoelementemm Rwitha—-e=a=¢ — a.
Also there 1s no element e in R (set of non-zero real numbers)witha - e=a=¢ + .
Thus "= and "+ do not have 1dentity elements.

©. KEY POINT

C Zero is identity for the additive operation on R but is not idenuty for the additive operation on N. )

(V) Existence of Inverse Element. An element b in a set A 1s said to be inverse element of an element @ € A with respect
to the binary operation o 1f :
aob = ¢ = boa. 1
Example : — a is the inverse of a for additive operation ‘+’ on R and — is the inverse of a # ( for multiplicative

operation ‘x’ on R. ‘ (N.C.E.R.T.)
Since a+(—a)=a-a=0and (-a)+a =0,
. —a1s the inverse of ‘¢’ for addition on R.

. | 1 T ‘ s
Agamm fora # 0,a x — =1=—xa, = is the inverse of ¢ for multiplication on R.
a a a

. KEY POINT

C — a 1s not the inverse of « for addition operation ‘+° on N. )

Sometimes, it is convenient to write down a binary operation by means of the table.
If X is the set {a, b} and the binary operation ‘o’ 18 defined as :
aoa = a, bob = b, aob = b, boa = a.

Clearly 1t 1s not commutative. o|la|b
These can be written 1n the form : alalp
b |alb

Algebraic Structure. A non-emptv set with one or more binary operations defined on it, is called an algebraic structure.

I W R WSUPREMUM AND INFIMUM OPERATIONS

(i) The operation V : R x R = R given by (x, v) = maximum of x and v is called supremum operation.

(i1) The operation A : R x R = R given by (x. yv) = minimum of x and vy 1s called infimum operation.



RELATIONS AND FUNCTIONS

(D v3,5)=5Vv3,-5=3
(I) A(3,5)=3.A(3,-35)=-).

For Examples :

Theorem. V : R x R = R given by (x, v) = maximum of x, vand A : R x R = R given by (x, v) = minimum of x and v

are binary operations.

Proof. Since V carries each pair (x, y) in R x R to unique element viz. maximum of x and v € R,

. "V 1s a bimary operation.
On similar lines of arguments,
"A’1s a binary operation.

Example 1. If a * b denotes the larger of ‘a’ and *b’
and if aob = (a * b) + 3, then write the value of (5) o (10),
where ‘*’ and ‘o’ are binary operations. (C.5.5.F. 2018)
Solution. Given : aob =(a * b) + 3
50(10) =(5*%10)+ 3
=104 3=13,

Example 2. Let **’ be a binary operation on the set

a
of all non-zero real numbers, given by a * b = 3 for all

a, b € R - {0}. Find the value of *x’, given that 2 * (x * §)

= 10. (C.B.S.E. 2014)
Solution. 2 *® (g ¥:5) = 10
5 % (DO) |
= S : = 10 = 2% x= 10
(2)(x)
= 5 = 10. Hence, x = 25.

Example 3. Let **’ be a binary operation on N given

a*b=LCM (a,b)for all a, b € N.
Find (i) 5 * 7 (C.B.S.E. 2012)
(1) 20 * 16. (Karnataka B. 2017)
Solution. (/) 5 # 7 =LCM (5, 7) = 35.
(i1) 20 * 16 = LCM (20, 16) =

Example 4. The binary operation * : R x R =+ R is

defined as :
a*b=2a+b.
Find (2 * 3) * 4, (A.1.C.B.SWE. 2012)
Solution. (2 * 3)*4 = (2(2)+ 3) * 4
= 7*%4=2((7)+4
= 14 +4 = 18.
Example 5. Find the identity element in Z with respect
to the operation ‘*’ defined by :
a*b=a+b+1Vab€ELZ.
(Meghalayva B. 2015; Uttarakhand B. 2015)
Solution. Let ‘¢’ be the 1dentity element.
Then a *
= ¢ = — |,which 1s the identity element.

e=a=>a+e+1=a

Example 6. Show that addition, subtraction and
multiplication are binary operations on R but division is
not a binary operation on R.

Further, show that division is a binary operation on

% .
the set R, of non-zero real numbers. (N.C.E.R.T))
Solution. +: R xR - R is given by :
(X.Vv) > x+ vV
—: R xR —=Ris given by :
(X, v) > x—V
X :Rx R - Ris given by :
(X, y) = xv.
Since “+°, ‘=" and *x" are functions,
. these are binary operations on R.
But + :R xR - R given by :
X
(x,y) > —
-li“I
1s not a function and consequently, 1t 1s not a binary
X
operation., [+ Fory=0, T is not defined|
However. = : R* x R* = R* given by :
X
(X, y) = —
-1*

1s a function and hence a binary operation in R¥*, where
R* 1s the set of non-zero real numbers (i.e. R - {0}).

Example 7. Show that subtraction and divison are not
binary operations on N. (N.C.E.R.T)

N x N = N is given by :
(x, v) = x — v, which 1s not a binary operation.

[+ Image of (4, 6) under " is 4 —6 = -2
N x N = Nis given by :

Solution. (1) - :

& N]
(1) = :
(x, v) = x + vy, which is not a binary Upcrraliun

|- Image of (4, 6) under '+’ is 4 + — & N]

Example 8. Show that V : R x R = R given bv (a, b)
- max. {a, b} and A : R x R =+ R given by (a, b) -»
min. {a, b} are binary operations. (N.C.E.R.T))

Solution. (/) V : R x R = R given by (q, b) = max. {a, b},
which 1s a unique element viz max. of a, b € R.

Hence, V 1s a binary operation.

(if) A : R x R = R given by (a, b) = min. {a, b},
which 1s a unique element viz. min. of a, b € R.

Hence. A 1s a binary operation.



Example 9. Show that * : Rx R - Rgivenbya*b —» 3
a + 2b is not associative. (N.C.E.R.T") 3a T Osihe
Solution. Take 3, 5 and 8 as real numbers. B 5 T 25

Now 3*35)*8=3+10)*8=13*8=13+16=29
and IFEERN=3F*TB+16)=3¥%2] =3+42 =45.
Thus (3 *5)* 8 # 3 * (5 * 8). [.- 29 # 45]

Thus (a2 b)) ¥¢c = ua®{b *¢e)
Hence, **' is associative on Q.

. . (ITI) Let ‘e’ be the identity element.
Hence., “*° 18 not associative.

‘ : - at: 3ae 3ea
Example 10. Determine whether the binary operation Thena ¥e =q =e¢ % g = e =
“** on the set N of natural numbers defined by a * b = 2% is D .
associative or not. (C.B.S.E. Sample Paper 2018) 5
W = e = 3
Solution. Let ¢, b and ¢ € N.
Then (a *b)* ¢ =2%x%¢ 5
Hence, the 1dentity element = —.
_ _,}3.::.‘!(. 3
And a*(b¥e) =a*2™ Example 12. Examine which of the following is a
~a 26 binary operation :
: ¥ h) ¥ X % .il +b
Thus (a *b)*c #a*(b*c). (i) a*bh = . .a,b E N
Hence, “*7 1s not associative. =
Example 11. Let **’ be a binary operation on Q defined N a+b
by : | (ma*b= ;a,be Q.
y. | 2
. 3ab For binary operation, check the commutative and
S associative property.
Show that “*’ is commutative as well as associative. AR
Also find its identity element, if it exists. (C.5.5.£. 2010) Solution. (/) ¢ * b = ——:1a, b € N is a binary
3ab operation.

Solution. Here a * b= . a, b, € Q 1s a binary

(I) Commutativity.

For a, b € N,

operation :

(I) Commutativity.

For a, b, € Q, . a+b b+ a
: a* b= =
3ab ba 2 2
a*b = —5— = T
|- Natural numbers are commutative under addition]
[ Rational numbers are commutative under multiplication|
=f *q,
= b¥*aq.

Thus a*b=>b%a;a b&N.
Hence, **" 1s commutative on Q.

(II) Associativity. Hence, **" 1s commutative on N.

Fora, b, c € Q, (IT) Associativity.
3ab
(a *b)*c¢c = TE ¢ For a, b, ¢ € N,
3 31:1' Nl w % EY %p = a :h -
5 25 ° )
- (ﬂ+h)+(‘ |
And a*(bh*e) = at— 2 a+b+2c

—
—

th
I
2

4
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| .b+c
Anda (b *¢c)= a~ -
b+ c
a -+
( 2 ) 2a+ b +c
h 2 - 4

Thus(a * b) * ¢ # a * (b * ¢).

(-

Hence, ¥ 1s not associlative on N.

a+b

(if)a * b= .a, b € Q is a binary operation.

(I) Commutativity.

For a, b € Q .
a+b b+a
a*b= =

P, 2

— —

|- Rational numbers are commutative under addition]

= b*a.

Hence, “*" 1s commutative on Q.

(II) Associativity.

As In part (1), “*7 18 not associative on Q.

Hence, “*’ 1s not associative.

Example 13. Discuss the commutativity and |
associativity of binary operation **’ defined on
A =Q - {1} by the rule :

a*bh =a-b+ abfora, b € A.

Also find the identity element of ‘*’ in A and hence
find the invertible elements of A. (C.B.S.E. 2017)

Solution. We have : a *b=a-b+ab ¥V a. b € A.
where A=Q — {1}.

(i) Commutativity : Leta. b € Q- {1}.

Now a*b=a-b+ab#b-a+ab=5b%a
Hence, **" 1s not commutative.

(if) Associativity : Leta, b, c € Q - {1}.

Now a*(Mb*c)=a*(b-c+ bc)
=a—(b—-c+bc)+a(b—-c+ bc)
=a—-b+c—bc+ ab - ac + abc.

And (a*b)*c=a-b+ab)*c
=a-b+ab-c+(a-b+ab)c
=a-b +ab - c+ ac - bc + abc.

Thus a* (b *c) # (a™b)*c.

Hence, **° 1S not associative.
(ii1) Let ‘e’ be the 1dentity element in A.
aTe=g=¢e%q

= a—e+ade =¢e —d + ed

1/33

= a—e =¢—da [ ae = edl]
= 2€ = 2d
= e =

which 1s not possible. | »" identity is uniquel
Hence, mverse element does not exist.

Example 14. Let ‘X’ be a non-empty set and P (X) be
its power set. Let **’ be an operation defined on elements

of P (X), by :

A*B = ANB ¥ A, B € P(X)
Then,
(i) Prove that **’ is a binary operation on P (X).
(ii) Is **’ commutative ?
(ii1) Is *** associative ?
(iv) Find the identity element in P (X) w.r.t. *¥°,
(v) Find all invertible elements of P (X).

(vi) If ‘0’ is another binary operation defined on
P (X) as AoB = A U B, then verify that ‘o’ distributes

itself over **°.
Solution. We have : A* B=ANB ¥ A.B € P (X).

(1) Since “* associates any two elements A, B € P (X) to
a unique element A N B in P (X),

- X7 1s a binary operation 1n P (X).
(1) Forall A, Be P(X),A*B=ANDB
=BNA=B *A.
SRS commutative.
(111) For all A, B, C € P (X)
A*B)*C = (ANB)*C=ANB)NC
= ANBNCO=ANB *C)
= N E(B *C)
. RS associative.

(iv) Let E be the identity in P (X) w.r.t. ¥,

Then A*E = A=E *Aforall A € P (X)
= ANE=A=ENAforallACX
= E = X,

Hence, X is the identity element w.r.t. **" on P (X).
(v) Let A be an mvertible element of P (X).

Let S be its inverse.

Then A*S = X=S*¥A
= ANS = X=8SNA
= A= S=X.

Hence. X 1s the only invertible element of P (X) w.r.t. "’
and 1t 1s the inverse of itself.



(vi) We have A*B = ANB &% A, B &P (X)
and AoB = AUB ¢ A,.B € P (X).
For all A, B, C € P (X)),
AoB*C) = Ao(B NCQOC)
= AU(BNCO
= (AUB)N((AUCQC)
= (Ao B)¥* (A o Q).
Hence, ‘o distributes itself over **°.
Example 15. Let A = R x R and **” be a binary
operation on A defined by :
(a,b) * (¢, d)=(a + ¢, b +d).

Show that ‘** is commutative and associative. Find the
identity element for **’ on A. Also find the inverse of
every element (a, b) € A. (A.LLC.B.S.E. 2016)

Solution. (/) (D) (a, b) ¥ (¢, d) =(a+c, b+ d)
=(c+a.d+b)
[ Commutative law holds in R under addition]
=(c.d) * (a, b).
Thus “*" is commutative on A.
(i) [(a. b) * (¢, d)] * (e, )
=(a+c.b+d) * (e f)
=((a+c)y+e, (b+d)+f)
=(a+(c+e).b+(d+1))
| Associarive law holds in R under addirion|
=(a, b) * [(c,d) * (e, f)].
Thus “*" is associative on A.
(i11) Let (x, v) be the identity element of A.
Then (a, b) * (x, v)=(a, b) forall a, b € R
= (a+x.b+v)=I(a,b) foralla, b € R
2a+x=a andb+v=>b
= x=0and y=0.

Hence. (0, 0) 1s the 1dentity element.

(iv) Let (x, v) be the inverse of (a, b) € A.

Then (a, b) * (x, v) = (0, 0)
= (a+x.b+v)=(0.,0)
= a+x=0b+v=0

= x=—a,y=->.

Hence. (— a. — b) is the inverse of (a, b).
Example 16. Let A=7Z x Z and **’ be a binary operation
on A defined by :

(a, b) * (¢, d) = (ad + be, bd).
Find the identity element for **’ in A.
(C.B.S.E. Sample Paper 2019)
Solution. Let (x, v) be the identity element.
Then, (a, b) * (x, v) = (a, b) = (x, V) * (a, b)
Y (a.b) EA
= (ayv + bx, by) =(a, b) = (xb + va, vb)
= av+bx=a=xb+ vaand by =56 =vb il k)
= y=1and x = 0.
Hence, (0. 1) 1s the identity element.
Example 17. Consider the binary operation **’ on the

set {1, 2, 3, 4, 5} defined by a * b = min. {a, b}. Write the
operation table of the operation **°.

(C.B.S.E. 2011)
Solution. The binary operation “** on the set {1, 2. 3. 4. 5}

defined by ¢ * b = min. {a, b}.

Thus we have the operation table :

Operation Table

EXERCISE 1 (e)

Fast Track Answer Type Questions

1. () Leta*b=2a+b-3, find 3 * 4.
(11) Leta*b=a+ 2b-35, find 3 * 5.

(H.B. 2015)
(H.B. 2015)

2. Let **" be a binary operation on N given by
a * b =HCF (a b). a, b € N. Write the value
of 22 * 4.

3. (a) (i) Showthat + : Rx R—-» Rand x: R xR

-» R are commutative binary operations.
(N.C.E.R.T")
(7f) Show that - : Rx R > Rand -+ : Rx R =» R
are not commutative binary operations.
(N.C.E.R.T)

(b) (i) Show that additon and muluphcation are

associative binary operations on R.
(V.C.E.R.T.)
(i1) Show that subtraction and division are not
associative binary operations on R. (N.C.ER.T))
4. (1) Show that — a 1s not the iverse of a € N for
addition operation ‘+" on N. (N.C.E.R.T))

I

(i1) Show that T 1s not the mverse of ¢ € N for
(

multiplication operation ‘x” on N for a # 1.
(N.C.E.R.T.)
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Very Short Answer Type Questions

S

10.

[f the binary operation * on the set Z of integers is
defined by @ * b = a + b — 5, then write the 1dentity
element for the operation **’ in Z.(C.B.S.E. (F) 2012)
Show that * : R x R = R given by :
a* b = a + 4b? is a binary operation. (N.C.E.R.T)
Let P be the set of all subsets of a given set X. Show
that U : P x P = P given by :
(A.B)-AURB
and N :PxP - P given by :
(A.B)=-ANB

are binary operations on the set P. (N.C.E.R.T")
Determine whether or not each of the definition of
V5 aiven below gives a binary operation. In the event
that **" 1s not a binary operation, give justification
for this :
(i) OnZ*, define ‘**bya*b=a-b
(i) On Z*, define “*" by a * b=ab
(iiiy On R, define **' by a * b = ab’
(iv) On Z", define ‘“*bya*b=|a-b]|
(v) On Z*, define “**bya* b=a. (N.C.E.R.T)
Show that the binary operation **° defined from
N x N =» N and given by ¢ * b = 2a + 3b is not
commutative. (H.B. 2016)
For each binary operation “*"defined below, determine
whether **7 1s commutative and whether **7 15
associative :
(i) OnZ, define ** " bya*b=a-0>b
(i1) OnQ, deftine “**"bya*b=ab+ |

(Meghalaya B. 2018, 17)

. “ab
(i71) On Q, define “* " bya * b= —

—

(Karnataka B. 2014)

ab
(iv) On Q, define “* by a * b = 3 (Kerala B. 2014)

(V) On Z+, dcﬁnc Vi ? b}, a¥h= _'_;-_uh
(vi) On Z*, define **" by a * b=a”

cl

b+1
(N.C.E.K.1.)

(vii) On R — {-1}, define “*"bya * b=

Short Answer Type Questions

17. Consider the infimum operation *A’ on the set :

(1.2,3,4.5)} defined by :

a A b=mmimmum of ¢ and b.

Write the operation table of the operation *A’.
(N.C.E.R.T.)

11.

12.

13.

14.

15.

16.

13.

Is ** defined on the set {1, 2,3,4,5) by :
a*b=1Lcm of aand b
a binary operation ? Justuty your answer. (N.C.ER.T))
Let ** be the binary operation on N given by :
a*b=Lc.m. of aand b.
Find :
() S*7,20%*16.
(7i1) Is " commutative ?
(irf) Is “*7 associative ?
(iv) Find the identity of **" in N.
(v) Which elements of N are invertible for the
operation ¥’ 7 (N.C.E.R.T")
Let **° be a binary operation on N defined by :
a*b=H.C.F of aandb.
Is **" commutative ? Is “*" associauve ? (Kerala B. 2013)
Does there exist identity for this binary operation on N ?
(N.C.E.R.T))
(a) Let **" be a binary operation defined on Q. the
set of rational numbers, as follows :
(i) a*b=a-b, fora beE Q
(iiy a *b=a*+b> fora, b € Q
(iti) a *b=a+ ab, fora. b € Q
(iv) a *b=(a-b)? fora b€ Q

(V) a*b :ﬂ‘_ tora,. b € Q
4

(vi) a*b = ab’. for a, b € Q. (H.B. 2016)
Find which of the binary operations are commutative
and which are associative. (N.C.E.R.T)
(b) Show that none of the operations given in part

(a) has identity. (N.C.E.R.T)
In the binary operation * : Q x Q = Q is defined as :

(i) a*b=a+b-ab; a beQ (HB. 2015)
(t1) a*b=a+b+ab; a beEQQ
(i11) a * b = %: a, be Q. (H.B. 2016)

Show that **" 1s commutative but 1s associative in both
in (1) — (ii1) (H.B. 2011)
Show that the operation *** on

Q- {l})detmedbya*b=a+b-ab

for all a.b € Q — {1}, satisfies

the commutative law. (Meghalayva B. 2013)

P CATO
L B 7 A -] 'I "‘E.E:I ' |
I{\.“- - 1 1‘ I." .' --I{'-.-’-'..'-\_- -:-I I‘ .‘ .ii ;J.;I'

State whether the tollowing statements are true or false.
Justity.
(/) For an arbitrary binary operation **" on a set N,
a*a=a, §y a€N.
(7i1) If **7 18 a commutative binary operation on N,
then

g% (bFei=lc™ b)* u. (N.C.E.R.T.)



1136

19.

20).

21.

10.

11.
12.

13.

14.

Long Answer Type Questions

Let ** be a binary operation defined on N x N by :

(a, b) * (e, dy=(a + ¢, b + d).

(i) Find (1, 2) * (2, 3). (Kerala B. 2018)

(ii) Prove that **’ 1s commutative and associative.
(Kerala B. 2018)

(ii1) Find the 1dentity element for **’, if 1t exists.
(Kerala B. 2017)

Let A=Q x Q and let **" be a binary operation on A

defined by :

(a, b) * (¢, d)=(ac. b + ad) tor (a., b), (c. d) € A.

Determine, whether **7 1s commutative or associative.

Then. with respect to **" on A :

(/) Find the identity element in A

(i1) Find the mvertible elements of A. (A.LC.B.S.E. 2017)

Let A=Q x Q, where Q i1s the set of all rational numbers

and “*" be the binary operation on A defined by :

22.

(a. b) * (¢, d) = (ac, b + ad) for (a, b). (¢, d) € A.
Then, find : (1) The 1dentity element of **" in A
(71) Invertible elements of A and hence write the inverse

l
of elements (5, 3) and (? 4]. (A.LC.B.S.E. 2015)

s

. it

A binary operation 1s defined on the set R of real

numbers by :
. r{L it h=0
a*b= .
lal+b, it b#0-

It at least one of ¢ and b 1s O, then prove thata *b = b *a.
Check whether ** 1s commutative. Find the 1dentity
element for “*°, if it exists. (C.B.5S.E. Sample Paper 2018)

_ Answers |

(1) 7 (1i) 8. 2. 2 & B

(1) No (i1) Yes (i1i) Yes (iv) Yes (v) Yes.
(1) Neither commutative nor associative

(71) Commutative but not associative

(1i1)-(iv) Both commutative and associative

(v) Commutative but not associative

(vi) — (vif) Neither commutative nor associative.

No.

(S*] =35 20% 16=380

(11) Yes (i) Yes (iv) 1 (v) 1.

Both commutative and associative : does not have any

identity in N.

(a) (if), (iv), (v) are commutative; (v) 1s assoclative.

- 3\“ Hints to Selected Questions

3.

(b)

vV =g e e

\

11.

(a) (i) Forall a, b € R,

a+b=b+aanda x b=>b x a.

Hence, '+’ and ‘X’ are commutative binary operations.
(i) Forall a, b, c € R,

(a+b)y+c=a+(b+ )

and (a x b) x c=a x (b x ¢).

Hence, "+  and ‘X’ are associative binary operations.
(1) Since —a & N, whena € N,

" —a 1s not the inverse of a under addition.

Fora, b € R, a + 4b* € R.

(i) For a, b € Z, a — b may not belong to Z*

¥ 18 not a binary operation.

(i) Fora, b € Z,a - b # b — a, in general

" 1S not commutative.

Fora b,ce Z,(a*b)*c#a*(b*c)

“# 1S not associative.

Sincea *b =1l.c.m. of a, b.

y 2e3=lemiofl 3=6& [I. 2 3.4.5).

Hence, ** 1s not a binary operation.

17.

18.
19.

20).

21.

22.

SRR R
AP E:
31 f2]3]3]3
al1]2]3]4]4
sTil2]3]4]s

(1) False (i) True. 19. Yes, Yes, Yes.
(1) (3, 5), (ii1) No 1dentity element.

| —=b

Not commutative but associative (1) (1. 0) (i) (;TE ]

, . ] 3
(1) (1.0) (i) () (—‘——) (II) (2, — 8).
5 85

Commutative: 0,

17.

21. (i) Inverse of (a. b) will be (L?_—b)

a d

: 1 -3
(I) Inverse of (5, 3)= | —,—|.

3 D

(1 -4
(I1) Inverse of (;—_}- 4) = (2, —) =(2,-8).



3 NCERT-FILE

s from NCERT Book

(For each Unsolved question, refer : “Solution of Modern’s abc of Mathematics”)

Exercise 1.1

1. Determine whether each of the following relations are
reflexive, symmetric and lrunﬂitive ;
(1) Relaton R inthe setA=1{1,
as :
R ={(x ¥):Ix—y=0]

(11) Relation R in the set N of natural numbers detined
as :
R ={(x,v):v=x+5and x<4}

(iii) Relation R inthe set A={1,2,3,4,5,6)} as:
R = {(x, v):visdivisible by x}

(iv) Relation R in the set Z of all integers defined as :
R ={(x, v):x—yisaninteger)

., 13, 14}] defined

(v) Relation R in the set A of human beings in a town at
a particular time given by :
(@) R={(x, v): xand y work at the same place}
(h) R = {(x, v) : xand y live in the same locality
(¢c) R={(x, v):xi1sexactly 7 ¢cm taller than y}
(d) R ={(x, v):xis wife of y}
(¢) R={(x, v):xi1s father of v}.
[Solution : Refer Q.7 : Ex. 1(a)]
2. Show that the relation R in the set R of real numbers,
defined as :
R={(a b):a = h:} is neither reflexive nor symmetric
nor transitive.
Solution :
R 18 not reflexive. [ a = a® is not true v a ER
1 1
e.8. 3 is not less than —

9

R 1s not symmetric.
[+ If a < b? then b < a? is not true e.g. 2 < 6°
but 6 is not less than 22]
R 1s not transitive.
[ If a < b% b < ¢? then a < ¢ is not true
e.g 2 < (- 20 -2 < (- 1)? but 2 is not less than (— 1)?)
3. Check whether the relation R detined 1n the set.
{1,2,3.4,.5,6} as:
R={(a, b): b=a+ 1} isreflexive, symmetric or transitive.
[Solution : Refer Q. 11(a) ; Ex. 1(a)]
4. Show that the relattion R in Rdefined asR={(a, b) :a < b}.
1s reflexive and transitive but not symmetric.
[Solution : Refer Q. 8(a) ; Ex. 1(a)]
5. Check whether the relation R in Rdefined by R = {(a, b) :
a < b’} is reflexive. symmetric or transitive.
[Solution : Refer Q. 10 ; Ex. 1(a)]

6. Show that the relation R i the set {1.

2. 3} given by
R ={(I,2),(2, 1)} 1s symmetric but neither reflexive nor
transitive.

[Solution : Refer Q. 12(a) ; Ex. 1(a)]

. Show that the relation R in the set A of all the books 1in a

library of a college, given by R = {(x, v) : x and y have

same number of pages} i1s an equivalence relation.

Solution :

R = {(x, v) : x and v have same number of pages}.

R 1s reflexive.

[ (x, x) € R as x and x have same number of pages
v X € Al

R is symmetric. [+ (x, v) = x and v have same number

of pages = v and x have same number of pages

= (y, x) € R|

R 1s transiave. [+ (x, v) ERand (v, z) ER = xand y

have same number of pages & v and z have same number

of pages = x and z have same number of pages

= (x, ) € R]

Hence, R 1s an equivalence relation.

. Show that the relation R in the set A = {1, 2, 3, 4, 5}

given by :

R = {(a, b) : |la — b| is even}, 1s an equivalence relation.
Show that all the elements of {1, 3.5} are related to each
other and all the elements of {2, 4} are related to each
other. But noelementof {1, 3.5} 1s related to any element
of {2.4}.

[Solution : Refer Q. 16 ; Ex. 1(a)]

. Show that each of the relation R inthe set A= {x € Z :

0 <x=< 12}, given by :
(i) R={(a, b):|a-b|isamultiple of 4}
(ii) R={(a, b):a=>b}
1s an equivalence relation. Find the set of all elements
related to 1 in each case.
Solution :
Here A= {0, 1, 2 5,6,7,8,9, 10,11, 12}.
(i) R={(a, b) : |a - b [is a multiple of 4)
R 1s reflexive. [ [a—a | = 0, which is a multiple of 4
= (a,a) ER v a € A
R 1s symmetric.
|'c (@, b) € R=> [a—b [is a multiple of 4 = | b—a |
is a multiple of 4 = (b, a) € R]
R is transitive.

[ (a, b) € Rand (b, ¢c) € R =[a — b [ is a multiple

of 4 and | b — ¢ [ is a multiple of 4

= (a—b) is a multiple of 4 and b — ¢ is a multiple of 4
= (a—-b) + (b-c)ie, (a-c)isamultiple of 4
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= | a —c [is a multiple of 4 = (a, ¢) € R]
Hence. R 1s an equivalence relation.

Set of elements, which are related to 1
={a&€ A:(a. 1) € R)

={a € A:|a-1]1s muluple of 4 }

= {1, 5,9},

[+« |1-1]=0,]15-1]=4]9-1]=38, which are
multiples of 4]

(1) R = {(a b)

R 1s reflexive. EX

ad= bl
a=a vy a & Al
R 1s symmeltric.
‘- (a, b)) ER=>a=b=>b=a=>(b, a) € R]
R 1s transitive.
|- (a, b) € Rand (b, c) €E R=> a =band b = ¢
2> a0=0c=(a r) E R]
Hence, R 1s an equivalence relation.
Set of elements which are related to 1
={a€ A:(a 1)€R)
={la€ Aa=1)=1{1].
Give an example of a relation, which 1s :
(i)  Symmetric but neither reflexive nor transitive
(i1) Transitive but neither reflexive nor symmetric
(iir)
(1v)
(v)  Symmetric and transitive but not reflexive
[Solution : Refer Q. 4 ;: Ex. 1(a)]
Show that the relation R in the set A of points in a plane
given by R = {(P, Q) : distance of the point P from the
origin 1s same as the distance of the pomt Q from the
origin}, 1s an equivalence relation. Further, show that the
set of all pomnts related to a point P # (0. 0) 1s the circle
passing through P with origin as centre.
Solution :
Here R={(P. Q) :|OP|=]0Q |. where O is the origin}
| OP| =] OP |,
“(P. P) € R v P& A
Ris symmetric. [ (P Q)€ R=>]OP|[=]0Q ]
> [|0Q|=| 0P| = (Q. P) € R
R 1s transitive. ['c (P Q)€ Rand (0O, S) € R
= |OP|=10Q|and | OQ | =| 0S|
= |OP|=]10S5|=(P S) €R]
Hence, R 1s an equivalence relation.
Set of points related to P # (0, 0)
={Qe A:(Q,P)eR)
={QEA:[OQ|=]|O0P]j

= {Q € A : Q lies on the circle through P with
centre O}.

Reflexive and symmetric but not transitive
Reflexive and transitive but not symmetric

R 1s reflexive. |-

12.

13.

14.

16.

. Let R be the relation in the set {1. 2

Show that the relation R defined in the set A of all triangles
as R = [(T T, : T 1s similar to T_}. 1s equivalence
relation. C{}mldﬂr thrLe right angle triangles T with sides

3.4.5. T, withsides 5. 12, 13 and T, with alduﬁ 8. 10.
Which triangles deﬂLT 15 dndT are related

|Solution : Refer Q. 2 E'!{ l{u}I

Show that the relation R defined in the set A of all polygons
as R = {{P P): P and P_ have same number of sides |,
1S an Lquw.«.ilt,mt n,lalmn ‘What is the set of all elements

in A related to the right angle triangle T with sides 3. 4
and 5 ? (P.B. 2016)

Solution :

We have : R = {(P,, P,). P, and P, have same number
of sides}.

R is reflexive. [+ P and P have same number of sides
> (PP)ERYVY PEA|

R 1s symmetric. [+ (P, P,) € K = P, and P, have
same number of sides

= P, and P; have same number of sides

(P, P;) & R]
R is transitive. [~ (P, P,) € R and (P,,

= P, and P, have same number of sides & P, and P;

P, € R

have same number of sides = P, and P, have same
(P t3) € K]

Hence, R is an equivalence relation.

Here T is a triangle.

P& Aisrelated to T iff P and T have same number
of sides

= (P. T) € R ift P and T have same number of sides
= (P. T) € R ift P is a tnangle.

Hence, the set of all elements. which are related to T i1s
the set of all tnnangles i A.

Let L be the set of all lines in XY plane and R be the
relation in L defined as R = {(L . L)) : L 1s parallel to

L.}. Show that R 1s an Lquwulenu. [‘ﬂldllﬂﬂ Find the set
of all lines related to the line y = 2x + 4.

[Solution : Refer Q. 23. : Ex. l(a)]

number of sides =

, 3,4} given by :

R = {(1, 2), (2, 2), (1, 1), (4, 4), (], 3L (3, 3):1(3; 2))-
Choose the correct answer :

(A) Risreflexive and symmetric but not transitive
(B) R s reflexive and transitive but not symmetric

(C) Ris symmetric and transitive but not reflexive
(D) R is an equivalence relation. |Ans. (B)]
Let R be the relation in the set N given by : R = {(q, b) :
a=b-2,b>6} Choose the correct answer :

(A) (2.4)€R

(B) (3.8)€R

(C) (6.8)€R

(D) (8.7) € R. [Ans. (C)]
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Exercise 1.2

1. Show that the function f: R_-» R_ defined by f{x) = lT 1S
one-one and onto, where R 1s the set of all non-zero real
numbers. Is the result true, 1f the domain R 1s replaced
by N with co-domain being same as R, ?

Solution :
(1) Let x. x5 € Ry

: l l
NUW f {I[} :.f {,Tj} = — = J,‘] = X
2 " 5
= f'1s one-one.
et v € R,
. l
Then f(x) =y = —=y
X

I ~
>rx=— v#0asveE R, > |
11

1
—|=v.
.\T

Corresponding to each v € Ry, there exists
I

— & R, s.L
-1‘

' ;
I (—] = y = f1s onto.

-1?

(if) f : N = Ry, then again f 1s one-one but not onto.

I 1
" Range of f = {I, PRE } =R.

— —

2. Check the mjectivity and surjectuivity of the following
functions :
(i) f:N-» N given by fix) =x*
(if)y f:Z - Z given by flx) = x°
(iii) f: R -» R given by flx) =
(iv) f:N - N given by filx) =x°
(v) f:Z-»Z given by fix)=x".
Solution : Refer Q. 14 : Ex. 1())]

3. Prove that the Greatest Integer Function f: R = R, given
by flx) = [x], 1s neither one-one nor onto, where [x] denotes
the greatest integer less than or equal to x.

Solution :

Since f(x)=0 yx € [0, 1),

. f1s not one-one.

And f: R = R does not attain non-integral values

= non-integral pair of R do not have their pre-images
in the domain.

Thus f 1s not onto.

Hence, f 1s neither one-one nor onto.

4. Show that the Modulus Function f: R - R, given by :
f(x) =] x|. 1s neither one-one nor onto, where x| 1s x. 1f x
1s positive or O and |x]| 1s —x, 1f x is negative.
|Solution : Refer Q. 16 ; Ex. 1(b)]

S. Show that the Signum Function f: R = R, given by :

L =)
fixy =9 0,1t x=0
[=lbx=0

1s neither one-one nor onto.
|Solution : Refer Q. 17 ; Ex. 1(b)]

LetA={1.2,3}.B=1{4.5,6,7) and let f = {(]. 4),

(2.5), (3, 6)} be a function from A to B. Show that f1s
one-one.

[Solution : We have : f= {(1,4).(2.5). (3. 6)}.
Here f (1) =4, f(2) = 5(i) and f (3) = 6.

Since different elements have different images,

S 'f7 1S one-one.

. In each of the following cases. state whether the function

IS one-one, onto or bijective. Justity your answer.
(/) f:R - R defined by fix) =3 — 4.
Solution : Let  x,. v, € R.

Now fix)) = flx,) = 3-4x,=3-4x,
=l K=y
= ' f 1S one—one.

Letye R. Lety=flx,). Iy

Then 3 —4dx,=y = Xy= 2 :

Now veR

3=y

= 1 € R | = 1, € R.

3—y

flxg)=3-4x,=3-4 T =3-3+y=y.
. For each y € R, there exists x, € R such that
Hxgy) = y.
s f T 1s onto.
Hence, °f " 1s one-one and onto i.e. bijective.
(ii) f: R =» R defined by fix) =1 + x°.
[Solution : Refer Q. 9 : Ex. 1(b)]

. Let A and B sets. Show that f: Ax B = B x A such that

fla, b) = (b, a) 1s byjective function.
[Solution : Refer Q. 15 ; Ex. 1(b)]

‘n+1

1f nis odd

I
. Letf: N - N be defined by fin)=9 ~

n _
= i1f n1s even

s

for all n € N.
State whether the function f is bijective. Justify your
answer.
| + 1
2

Solution : Here f (1) = =1,

Il
!

"
_l_
| &
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(Qk=1)+1
Thus f(2k-1) = =k

2

2k
and f(2k)= =k

e

= f(2k — 1) =f(2k), where k € N
> £ 1s not one-one.
But f 1s onto because Rf= N

2x
| For any x € N, 2x € N such that f (2x) = > = x]
= £ 1s onto.
Hence, 'f’ is not bijective.

10. LetA=R - {3} and B=R - {1}. Consider the function :

xr—2
Xx—3

f: A = B defined by filx) = (
onto ? Justify your answer.

Solution : Let x;.x, € R-{3}.

Now f(x) = f(xy)
= —
fl - 3 "E _3

:"{Il —2) (X5 - 3) (.T: — 2}{11 - 3)

= .l'] .1'2 - 3.1'1 - 212 +6 = .‘.'2 Ii — 33{'2 p ll + 6
=» —3x—2x, =-3x,—2x
= X| =X

= {15 one-one.

]+ Is f one-one and

11.

12.

Lety & R - {1}.
Then Flx) =3
x—2
When =y, x # 3
x — 3
> x—2 =yx -3
= x—xy =2 -3y
2-3y
s Y = — £ A
==y
e ! -
N A T
- I-y I-y |

" Corresponding to each y € B, there exists

| 2 — 3_"'. . ’-? - 31‘
€ A such that / =
-y | — ¥
= f 1s onto.

Hence, /" 1s one-one and onto.
Let £: R = R be defined as flx) = 1"
Choose the correct answer :

A) f1s one-one onto

(B) fis many-one onto

(C) f1s one-one but not onto

(D) f1s neither one-one nor onto. [Ans. (D)]
Let f: R=» R be defined as fix) = 3.
Choose the correct answer :

(A) f1s one-one onto

(B) f1s many-one onto

f1s one-one but not onto

D) fis neither one-one nor onto. [Ans. (A)]

Exercise 1.3

L. Letf: {1.3.4}= {1,2
given by :

Srandgsil,

f=1{(1,2).(3,5). &, D} and g = {(1, 3), (2, 3), (5, 1)}.

Write down gof.

Solution : We have : f'{l 4] —» 1,2, 5]
and {1, 2,5]—3-“.3].
Here f(ly = fl{'*! = Sand f(4) =1
and g (1) = lg("l-Szmdq{S}=l.
Here R, = {1.2,5}) =

D gof — f'" L1, 3 ]
Now  (gof) (1) = g(f{l}}—g{E}=3

(gof) (3) = g(f3))=¢g)=1
and (eoH (4) = ¢ (fd)=¢g(]1)=3.
Hence, (gof) : {(1, 3), (3, 1), (4. 3)}.
2. Let f, ¢ and h be functions from R to R. Show that :
(f + g)oh = foh + goh
(f. g)oh = (foh) . (goh).
[Solution : Refer Q. 12 ; Ex. 1(¢)]

2,5) = {1,3) be

3. Find gof and fog. 1f :

(1) fix) =|x] and g(x) = |5x - 2]
]

(it) fix)=8x" and g(x) = x3.
(H.B. 2016, 14; Kerala B. 2016)
Solution :

x & —;- What 1s the

L

(1) (a) gof (x)= g(f(x)) = glxD) =15IxI=2]I.
(b) fog (x) =_f{g (x)) = f{l3x—2])
=[15x-21| =|5x-2|
(if) (a)  gof (x) = g(f(x)) = 2{8.1"1]
= (8x° }IH
(b) Jog(x) = [(g(x))
_ fu_uhz)zgum}ﬂ ..
B Pt T ok o e Tedihes  Boral
"—-, (6x—4) 3 o

inverse of 7
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Solution :

(4x +3) .
We have : f (x) = , X #E -,
(bxy—4) 3
f4x+3
a3y e gt
(@) fof () =f(f(x))= f 6-1 4 = '4'
' X —¢ X+ 3
e | =
Gx-4
16X +12+18x =12 34+
= 24x+18—24x+16 - 31
o
(b) Let R — it
6x—4
= iy —4y = 4dv+3=2>06v-4)x=4v+3
.4_1*+3
= !
6v—4
> o (V) = .;‘_]{1‘}—4'\‘-{&3
o ‘ 6y—4
.4'1__*_3
-1 & = f(x).
f &) =3 =
Hence. f-1 =¢

State with reason whether following functions have
INVETSE :
(1) f:{1,2.3.4}) > {10} with
f=1{(1,10). (2, 10), (3. 10), (4. 10)}
) g:{5,6,7,8} =11, 2, 3,4} with
g=1{(5.,4).(6,3),(7.4), (8, 2))
(i) h:1{2,3.4,5} = {7.9,11, 13} with
h={(2.7).(3.9), 4, 11), (5, 13)}.
Solution : (i) Here f (1) =f(2)=f(3) =f(4) = 10,
£ 1s not one-one
[+ 1, 2, 3, 4 have same image 10)]
= f1s many-one
= f has no mverse.
(i1) Here f (5) =f (7) = 4.
f1s not one-one
[-+ 5 and 7 have same image 4|
= f1s many-one
= f has no inverse.
(iii) Here each element of {2, 3, 4, 5} has a unique
element in {7, 9, 11, 13}.
Similarly each element of {7, 9, 11, 13} has a unique
pre-tmage in {2, 3, 4, 5}.
- h 1s one-one onto = f1s invertible.

Hence, ‘/" has the inverse.

X
(x+2)

Show thatf: [-1. 1] = R, given by f{x) = 1S one-

one. Find the inverse of the function f: [-1, 1] = Range f.
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X
(Hint : For y € Range f, y = fix) = B for some x in
. 2y
-1, 1], e, x = (1—y)

[Solution : Refer Q. 9 : Ex. 1(d)]

7. Consider f: R = R given by flx) = 4x + 3. Show that f1s
invertible. Find the inverse of f.
[Solution : Refer Q. S(a) : Ex. I(d)]

8. Consider f: R_— [4, o) given by f(x) = x” + 4. Show that
fis invertible with the inverse /™ of f given by £ (v) =

; fy — 4. where R+ 18 the set of non-negative real numbers.

(Jammu B. 2017)

Solution :  f(x;) = f(x,)

= N +d=x; +4

- ¢ =

= lx =1x, |

= X=X, [ Xy, x5 = 0]

:"fl"* one-one = fl"-. invertible.
: 2
Let v = f=y=x+4

e x = ,f_'r—al.

[ x> 0]

Hence, £ '(yv) = ¥ x 15 real
: V)

9. Consider f: R_— [ 5, %) given by fix) = 9x* + 6x 5.

/ Vo)
(1/ _1*+(1)—l
Show that fis invertible with £ (v) = 2 -
\ /
Solution : In order to prove that ‘f’ is invertible. it is

sufficient to prove that 'f" 1s bijective.

f is one-one :
Let x, x, € R%,
Then fx) = fx,)

= 9,1-,3 Fhx —H= {}.r_% +0%5 —

=9 (Jfl2 = Ig ) +6 (_1'1 — Iz) =)
= = x) [9(x; +x5) +6] =0
= .1| S JL'-, — 0

= ..l'l = .1'2.
Thus *f 1s one-one.

f is onto.

Obviously f: R* — Range (f) is onto.
Thus *f" 1s onto.

Hence, /" 1s one-one and onto function
= ‘f 18 mnvertible.

Inverse. Let ! denote the inverse of f.
Then Flx)=vy

= Ox> +6x—5=y
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=0+ 6x—(5+v)=0.

—6£,36+36(5+ y)
18

.
-
[l

-6%6
18

—1x 6+

3

6+ vy

.—]+46+y
3

.—]+J6+1

-1 .
Yl G — 3

10. Letf: X = Y be an mvertible function. Show that f has
unique nverse.

Il

—¢ (v |Taking +ve value]

Hence.

(Hlint : Supposc 8, and g, arc two inverses of f. Then for
all v e y,
fog,(v) =1, (v) = fog,(y). Use one-one ness of f)

[Solution : Refer Th. II1 : Page 1/23]

11. Considerf:{1,.2,3} = {a, b, c} givenbyfil)=a.fi2)=0
and fi3) = c. Find ' and show that (f")' = £
[Solution : Refer Q. 10 ; Ex. 1(d)]

12. Let f X = Y bean ixwulihlf: function. Show that the inverse

Ulf 1S fLe. (fl =

Solution : f: X — '1" is invertible
= f 1s one-one and onto.

f_l : Y = X, defined as f"[_ﬁ = x

Now f"(_‘;]} — f_l(_\-‘g}

= FOF o) = FU N (ys)

= (fof ") (yp) = (fof 7N ()
= l‘l" (_Tl} — IY {_\'2}

— }1 — '1,‘.'2

=  f~lisone-one = f~1is invertible.

Let 0 = {f—l}-l
Then oof 7' = I
and flog = 1y.
For all x € X,
Iy(x) =x = {f_lng} (x)=
= Fle(x) = x
> AT g )= f()
> (fof "Hg(x) = f(x) =g x) = £ (x)
[ fog™! =1y ]
= B =

13. If f: R - R be given by fix)= (3—x)"/

(A) (/3
(C)x

14. Let f: R — {_j:

-

3 ; ;
. then fof(x) 1s :

(B) x°

(D) (3 -x). [Ans. (O)]

—} - R be a function defined as

. The mverse of f1s the map :

SO
J 3x+4
o[ 4
¢:Rangef—= R - [—?} given by :
3y

(A) 8= 54y

(1) =—22

r "' —
LB 3—4y

Exercise 1.4

1. Determine whether or not each of the definition of * given
below gives a binary operation. In the event that * 1s not
a binary operation, give justification for this.
(1) OnZ" define*bya*b=a-b
(ii) On Z*, define *bya * b=ab
(iir) On R, define *bya * b= ab’
(iv) On Z*, define *by a * b= |a - b
(v) OnZ", detine *bya* b=a.
[Solution : Refer Q. 8 ; Ex. I(e)]
2. For each operation * defined below, determine whether *
1S binary, commutative or associative.
(1) OnZ.definea*b=a->b
(if) On Q.definea *b=ab + 1

(y)=—2
¥ 11' —
B) B 4—3)
(v)=—2
(D) 8M=7737.
|[Ans. (B)]

ab

(it1) On Q.definea * b= —

(1v)

e

On Z*. define a * b =249

(v) OnZ" definea*b=d"

(vi) OnR -

(-1}, definea* b=

a
b+1"

[Solution : Refer Q. 10 ; Ex. I(e)]

3. Consider the bmary operation » on the set {1,

2,3.4.5)

defined by a » b = min {a, b}. Wnite the operation table

of the operation *,

[Solution : Refer Q. 17 ; Ex. 1(e)]
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Consider a binary operation * on the set {1. 2, 3, 4. 5}
agiven by the following multiplication table (Table : Below).
(1) Compute (2*3)*4and2*(3*4)
(171) Is * commutative ?
(i11) Compute (2 * 3) * (4 *5).
(Hint : use the following table)

Table

s |1 f2]304]5
EISEFEFEFEES
2l 120102 ]1

EIFNEEERFE IS
421 )4 fr
| sjrfjrfrjrfs

Solution : (/) (2*3)*4=1%4=1.
2F3*4)=2*1=1.

(7i1) Since the given composition table 1s symmetrical

about the main diagonal,

.the binary operation 1s commutative.

) 2*3)*4*5)=1*1=1.

Let *" be the binary operation on the set {1, 2, 3, 4, 5}
defined by a *" b =H.C.F. of @ and b. Is the operation *’
same as the operation * defined in Q. 4 above ? Justify
your answer.

Solution :
We have : a * b= H.C.F. of a and b.

The composition table 1s as below :
S FIEIERE
BESERRAT
2 il2Tn]z2]
BEANAE A
4127114
5 |1 1 [ 1

Clearly the composition table 1s same as that of Q. 4
Let * be the binary operationon N given by a * b= L.C.M.
of @ and b. Find :

() 3720716

(ii) Is * commutative ?

(ir1) Is * associative ?

(iv) Find the identity of * in N

(v)  Which elements of N are invertible for the operation

* 9

[Solution : Refer Q. 12 : Ex. I(e)]

. Is#definedontheset {1,2,3.4,5)bya *b=L.CM.of

a and b a binary operation ? Justify your answer.,
Solution : Refer Q. 11 : Ex. I(e)]

et * be the biary operation on N defined by a * b =
H.C.F. of @ and b. Is * commutative ? Is * associative ?
Does there exist identity for this binary operation on N 7

Solution : Refer Q. 13 ; Ex. 1(e)]

9.

10.

11.

12.

13.

Let * be a bimary operation on the set Q of rational
numbers as follows :

(i) a*b=a-»b (ia*b=a+b°

(i11) a*b=a+ ab (1v) u"*’"’h={u—h}2
ab | ;

(V) @ ¥bh= T (vi) a *b=ab-.

Find which of the binary operations are commutative and
which are associative.
[Solution : Refer Q. 14(a) ;: Ex. 1 (e)]
Find which of the operations given above has identity.
|Solution : Refer Q. 14(b), Ex. 1(e)]
Let A=N x N and * be the bmary operation on A defined
by :
(a, b) (¢, d)y=(a + ¢, b + d).
Show that * 1s commutative and associative. Find the
identity element tor * on A, if any.
Solution : (i) Commutativity.
(a, b) * (¢, d) = (a+ ¢, b+ d)
= (c+a d+ b)
[".- Addition is commutative in N]
= @y *{a b)
Hence. 1S commutative.
(i) Associativity.
[(a *b) * (c, d)] * (e, )] = (at+c,b+d)*(e, f)

= (a+c)te.(b+d)+ f)

-

= (e el d+ 1))
| Addition is associative in N|
= (a,b)*(c+e,d+ )
= (a.b)*[(c.d)* (e, f)].
Hence, "*" 1s associative.
(ir1) Let (x, v) be the identity element.

Then (a. b)* (x, y) = (a, b)

> (a+x,b+yv) = (a b)

= a+x =ab+y=b
= x = 0,y=0.
But O €& N.

Hence, 1dentity element does not exist.
State whether the following statements are true or false.
Justty.

(/)  For an arbitrary binary operation * on a set N,
a*a=aVae&N.
(/1) If * 1s a commutative binary operation on N, then

a*(b*c)y=(*b)*a.
|Ans. (1) False (ir) True]
Consider a binary operation * on N defined as :
a *b =a + b’. Choose the correct answer :

(A) Is * both associative and commutative ?
(B) Is * commutative but not associative ?
(C) Is * associative but not commutative ?
(D) Is * neither commutative nor associative ?

|Ans. (B)]



1/44

Miscellaneous Exercise on Chapter | 1

. Let/: R—= R be defined as flx) = 10x + 7. Find the function (F + 92 + 4 — 647 — 2% + 4¢9)

¢g:R-=>Rsuchthatgof=fog= L. _ 32— 3x42)+2
Solution : We have : gof = I, where f(x) = 10x + 7. = A _ & 1042 - 3
Now gof (x) = I (v) forall x € R 4. Show that the functionf: R = [y ER: -l <x < 1]
= g(fx) = xtorallx e R [V 1, (x) = x] |

o X
= g0x+7) = xforallx €R defined by flx) = I+ x| N € R i1s one one and onto

, |© f(x) = 10x + 7] _
y - uncti

= gy = - for all vy € R, fllﬂL[l(‘;l'ﬂ. :

10 [Solution : Refer Q. 13 ; Ex. 1(h)]

where 10x + 7 =y

x=7 _ 5. Show that the function f: R = R given by fix) = 17 is
= g (x) = 10 for all x € R : injective.
X O T .
Herice, & ¢ .- R isdefined by g =— [Solution : RLfL["Q. 10 (a) : Ex..li_h)]
10 6. Give examples of two functionsf: N=»Zand g: Z -» Z

2. Letf: W —= Whbe defined as fin)=n - 1.1t n1s odd and
finy=n+1.if nis even. Show that fis invertible. Find the
imverse of f. Here, W is the set of all whole numbers.

such that g o f1s injective but g is not injective.
(Hint : Consider fix) = x and g(x) = |x]).
[Solution : Refer Q. 4 ; Ex. 1(¢)]
7. Give examples of two functions f: N+ Nand g: N-+» N
such that ¢ o f 1s onto but fis not onto.

Solution : Let n; and n, be two distinct elements of W.
To Prove : f 1S one-one.
Case 1. When n; and n, are both odd.

Here ngo#F ny=>n —1#n,-1 (v—1if x>1
= f(n,) # f(n,). (Hint : Consider fix) =x+ 1 and 8(X) =1 if v=1
Case IL. When n; and n, are both even. ~ C
Here ngo# ny=>n + 1 #n,+ 1 [Solution : Refer Q. 5 : Ex. 1(¢)]
= f(n)) # f(n,). 8. Given a non empty set X, consider P(X) which is the set
Case lII. When n; is odd and n, is even. of all subsets of X.
Here  f (”1? = np - 11 15 E‘:’IE“ Define the relation R in P(X) as follows :

J ') =y 41050 For subsets A, B in P(X). ARB if and only if A C B. Is R
- fn) # f(n,).

an equivalence relation on P(X) 7 Justify your answer.
Solution :
Smce AC A v A € P (X).

Case IV. When n ;IS even and n 5 IS odd.
Here fny) = n +1 1s odd

f(ny) = np—11seven _ o
&, fn) # fn). m. R is reflexive.
Thus in all cases, ny # n, = f(n,) # f(n,) For A. B, C € P (X),
=f 1s one-one. ARB and BRC= ACBand B CC= A CC= ARC.

To Prove : f is onto.
If n € W is any element, then :
fn—=1) = n,if nis odd [o n— 1 Is even]

"o R 1s transitive.

However. R 1s not symmetric [+ ACB & B CA|

and f(n+1) = n,ifniseven. [+ n+ I is odd] = ARB & BRA.
".Each element of W i1s f-image of some element of W. Hence, R is not an equivalence relation.

S 118 onto. ; . : ;
*hus Fassents 9. Given a non-empty set X, consider the binary operation

Hence, fi1s nvertible. N “: P(X) x P(X) » P(X) givenby A*B=ANBVYA,B
Nuw_;" (n—1) = n, lf e odd in P(X), where P(X) is the power set of X. Show that X is
fn+1) = n, it niseven the 1dentity element for this operation and X 1s the only

o n—-1 = .f*l (n) it n 1s odd invertible element in P(X) with respect to the operation *,
n+1 = f~1(n)if nis even. Solution :
1y = {2 ;i;ﬁ " :3 sféln | (i) Let E € P (X) be the identity element.
: e Then A*E = E*A=Ay A€EPX)
Hence. f_1=ﬁ = ANE = ENA=A gy A €P(X)
3. If f: R - Riis defined by fix) = x> — 3x + 2. find fifix)). = X NE = X because X € P (X)
Solution : . = XCE.
FUF@) = (fF(x) =3f(x)+2 Kigss Hie, [+ E € P (X))

(2 =3x+2)7° -3 (*=-3x+2)+2



10.

11.

12.

Thus E = X.
Hence, X is the identity element.
(i1) Let A € P (X) be ivertible.
Then there exists B € P (X) such that :
A*B = B*A=X,

where X 1s the 1dentity element
= ANB = BNA=X
=X C A, X CB.
Also A, B C X

A = X=B.
Hence. X 1s the only invertible element and
X“l=B=X%
Find the number of all onto functions from the set
L, 2,3, .o 11} to 1self,
Solution : Refer Q. 7 : Rev. Ex.]
LetS={a, b, c}andT={1,2.3). Find F' of the following
functions F from S to T, 1f 1t exists.
(i) F={@@ 3).,2),{c 1))
(ii) F={(a, 2),(b, 1), (c. D}.
Solution : (/) We have :
F: {(a, 3), (b, 2), (c, 1)}.

Ry = {1.L2.3) =T

= F 1s onto.

[‘» A, B €P(X)]

Also F 1s one-one.
|-+ Different elements of S have different
F-images]|
Thus F 1s one-one onto
= F | exists.
And F-1 = {3, a) Q2. b) (1, ).
() We have : F = {(a, 2),(b; 1);.(e; 1)).
F 1s not one-one. [= F(b) = F (c)= 1]
Hence, F is not invertible.

Consider the binary operations * : R x R = R and o :
RxR-=»Rdefinedasa *b=la-blandao b=a,V a.
b € R. Show that * 1s commutative but not associative, o
1S associative but not commutative. Further, show that
Va b, ceR a¥(hoc)=(a*b)o(a*c) [Ifitisso, we
say that the operation * distributes over the operation o/|.
Does o distribute over * ? Justify your answer.

Solution : We have :

a*b = |la-b|landao b = a.
(i) (a) a*b = |a-»b|and
b*a = |b—-—al|=|a->b|
Thus a * = b™g
= ¥ 1S commutative.
(b)ya *(b *c¢) = a*|b-c|
= la-|b-c|
(a*b)* o= |a=b|*¢

= |la-b]|-c]

Thils a*(b*e) =g FbyTe
= "7 18 not assocative.
(i)(a) aob = aand bo a=b.
Thus aob # boa
= ‘0’ 1s not commutative.
(b)ao(boc)= aeb=a

obype = gor=a
Thus o olboe) = (ko b)eic
= ‘0’ 1S associative.
(i) (a)a * boc)=a*b=la->b|
(@a*b)o(a*c) =|a-blola-c|=|a->b|.
Hence.a * (boe) =(a *b)ola Fi).
byaob*c)= aol|lb-c|=a
(@aob)*(aoc) = a*a=|a-al|=0.
Thus a o (b *¢) # (a o b) ¥ (a o c).

Hence. ‘o’ 1s not distributive over “*'.

13. Given a non-empty set X, let * : P(X) x P(X) = P(X) be

definedasA*B=(A-B)U (B-A).VA B € P(X).
Show that the empty set ¢ 1s the i1dentity tor the
operation * and all the elements A of P(X) are invertible
withA™' =A. (Hint: (A—¢)U (p—A)=A and (A—A)
UA-A)=A*A=7¢).

Solution : (/) Let E be the identity element.
Then A*E = E¥A=A gy A €P (X)
=>(A-E)U(E-A)=A ¥ A €P (X).
Let us take A as ¢.
Then (¢ —-E)U (E-9¢)=¢
= ¢ UE = ¢ = E = ¢.
Thus A*¢p = ¢ *A=(A-¢)U (¢ — A)
= Ay A€P(X)
Thus ¢ is the identity element.
(ii) Let A € P (X) be invertible.
Then there 1s B € P (X) such that
A*B = B*¥A=¢
> (A-B)UB-A)=¢
= A-B = ¢gandB-A=¢
> AC Band B C A
> A = B.
. Forall A € P (X), A*A=¢.

Hence, A is invertible and A I =

14. Define a binary operation * on the set {0, 1.2, 3. 4.5} as

y a+b. if a+b<6
U= b i ablis 6



Show that zero 1s the identity for this operation and each
element a # 0 of the set i1s invertible with 6 — a being the
imverse of a.

Solution : (i) If ‘¢’ be the identity element, then :

ate= e*g=n
Now a0 = a+0,0%a=0+a = a.
Thus a*0 = 0%a=ua
Hence, "0 1s the 1dentity of the operation.

(i1) It *h’ be the inverse of “«’. then :

a%b = b*ag=e
Nowa* (6-a) =a+(6-a)—-6=0
6-a)*a = (6b-a)+a-6=40.

Hence. each element a of the set 1s mvertible with
imverse 6 — a.
15. LetA=1{-1.0.1.2}.B={-4.-2.0.2}andf.g: A= B
be functions defined by fix) = x" —x, x € A and g(x) =

l »
2 r—;|—1* x € A. Are f and g equal ? Justify your

r—

answer.

(Hint : One may note that two functions f: A - B and
¢ : A—= B suchthat fla) = g(a) Va € A, are called equal
functions).

Solution : Here f(- )= (= 1> =(- D =1+1=2,

l
= p—t o i Ry EETRURGIET P
g(-1) 21 =1 . 1
3 | 3
=j —-—— =f}—'—' — — —‘j
0°-0=0

F0) =

g (0) =2 0—-1 =] =2(l)—l=1— I =0.

- ]
‘f{]}=|3_|=|—l=ﬂﬁg{_]}= I__; =]
_ 1 .
= (';) = | -1 =1.
f(2) = 22-2=4-2=2.
]
e x D o LN |
g(2) = <|-= > I

-

From above, f (- 1) =g (- 1): elc.

)—l =3-1=2

wlm

Hence, f = ¢
16. Let A= {1, 2, 3}. Then number of relations containing
(1.2)and {L 3). which are reflexive and symmetric but
not transitive 1s :
(A) 1 (B) 2
(C) 3 (D) 4. [Ans. (A)]
17. Let A= {1, 2. 3}. Then number of equivalence relations
containing (1, 2) 1s :
(A) 1 (B) 2
(C) 3 (D) 4. |Ans. (B)]
18. Let f: R = R be the Signum Function defined as :

. x>0
=1 0, x=0
__]'- x<(

and ¢ : R = R be the Greatest Integer Function given by :
g(x) = [x], where |x] 1s greatest integer less than or equal
to x. Then, does fog and gof comncide m (0, 1] ?
[|Solution : Refer Q. 18 ; Ex. 1(¢)]

19. Number of binary operations on the set {a, b} 1s:
(A) 10 (B) 16

(C) 20 (D) 8. |Ans. (B)]

— guegtlons From NCERT Exemplar

Example 1. For the set A ={1, 2, 3}, define a relation
R in the set A as follows :

R={(1,1),(2,2) (3, 3),(1,3)}.

Write the ordered pairs to be added to R to make it
the smallest equivalence relation.

Solution. (3. 1) is the single ordered pair, which needs
to be added to R in order to make the smallest equivalence
relation.

Example 2. Let R be the equivalence relation in the
set Z of integers given by :

R ={(a, b) : 2 divides a — b}.

Write the equivalence class [0].

Solution. [0] = {0, 2, 4, +6, ......}.

Example 3. If A = {1, 2, 3} and {, ¢ are relations
corresponding to the subset of A x A indicated against
them, which of f, g is a function ? Why ?

f=1{(1,3) (2 3), 3, 2)}; g=1{(1,2),(1,3), (3 1)}.

Solution. (i) ‘f is a function.

|-+ each element of A in the first place in the ordered
pair is related to only one element of A in the second place]

(711) “g’ 1s not a function.
|-+ [ is related to two elements of A namely 2 and 3|

Example 4. In the set of natural numbers N, define a
relation R as follows :

V n, m € N, nRm if on division by 5 each of the
integers n and m leaves the remainder less than 5 i.e. one
of the numbers 0, 1, 2, 3 and 4. Show that R is equivalence
relation. Also, obtain the pairwise disjoint subsets
determined by R.



Solution. Partition the set N mto pairwise disjoint

subsets.

Ao UA UA, UA3 UA,

by :

"
L]

= w N -

The equivalent classes are as given by :
Ay = {3, 10,:15,.20; .}

A,=1{1,6, 11, 16, ”1 siv)
A,=1{2,7,12, 17, 22. ....... }

Az= 3,813, T8. 23, woonn]
A,=1{4,9,14,19,24, ........}).

Clearly the above five sets are pairwise disjoint and

4
_ [ JA, =N

=0

Example 5. Show that the function f : R =+ R defined

Fix)%= 2* Vx ER,
x“ +1
is neither one-one nor onto.
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Ly “¥
= X X5 + X1 = XX 4+ x5
= XX -x)=x -,
=> X, = X, 0rX X, = .

1
Here there are pomnts x, and x, with x; # x, and

Fx) =1(x,). | ;
[For Ex. Take x, = 2, x; = 5

3 2 ____%2

4+;—Eund_/{,13}l— ;+% =5.

then flx,) =

~

l'u|--.-

Thus f(x;)=f(x,)= 7;" but x, # x, t.e. filx) =

Hence, °f " 1s not one-one.

Also *f " 1s not onto.

For if so, then for 1 € R, there exists x € R such that
fx)=1,

\
Solution. Forx,, x, €R, f(x)) =f(x,) which gives = =]
B - .

. XX But there is no such x in the domain R.

.1',: + 1 B 1-_": + 1 " x —x + 1 = 0 does not give any real value of x|

Exercise
F W m s
Let A= {0, 1, 2, 3} and define a relation R on A as | x—2
: . f(x)= VieEA.
follows : : —
Ri={ (0,0, (0; 140,23} (4, 0):41; 1),:(252) (3,0), Then show that ‘f 1s bijective.
(3, 3)1 7. If the mappings fand ¢ are given by :

Is R Reflexive ? Symmetric ? Transitive ?
Let A= {1, 2, 3......9) and R be the relation in A x A
defined by (a, b)) R(¢c, d) it a+d=b + ¢,

for (a, b), (¢, d) € A x A. Prove that R is an equivalence
relation. Also, obtain the equivalnce class [(2. 5)].

If £= {(5.2). (6,3)}, g = {(2, 5). (3. 6)}, write fog.

. Let f: R - R be defined by f(x) = x* + 1.

Find the pre-image of (1) 17 (i1) — 3.

et the function : f R = R to be defined by f (x) =
cos x for all x € R. Show that *f " is neither one-one nor
onto.

[etA=R- {3}, B=R-{1}.

Let f: A — B be defined by :

f={(1,2), (3,5, @&, D}and g = {(2, 3), (5, 1), (1, 3)},
write fog.
8. Let “*" be the binary operation on Q. Find which of the
following binary operations are commutative :
(i) a*b=a-bVa beEQQ
(iha*b=a*>+ b Va b€ Q
(iila*b=a+abVa beEQ
(v)a *b=(a- by >V a. b E Q.
9. Let **" be the binary operation defined on R by
a*b=1+abVa be&R.
Then the operation **’ 1s :
(/) commutative but not associative
(i1) associative but not commutative
(7i1) neither commutative nor associative
(1v) both commutative and associative.
. Is the binary operation **" defined on Z (set of integers)
by m * n=m—-n+ mn for all m, n € Z commutative ?

R 1s reflexive and symmetric but not transitive.
[(2,5)] =[(1,4). (2.5), (3. 6), (4, 7). (5. 8), (6, 9)].
fog= {(2; 2), (3, 3)}.

(1) {—4.4) (1) ¢.

s o= 102 8); (5:2):(1; 5)}
8. (i) and (iv)
9.. (7).

10. No.



Revision Exercise

1. Let f: X = Y be a function. Define a relation R in
X given by :
R={(a,b):f(a)=f(b)}.

Examine, if R is an equivalence relation. (NV.C.ER.T7)

Solution. For each a € X, (a, a) € R.

Thus R is reflexive. R

Now (a, b)) ER = fla)=f(b)
= f(b)=f(a)
= (b, u) € R.

Thus R 18 symmetric.

And (a b)eR and (b, c)E€ER
= f(a)=flD)
> fla)=f(c)
= (a, ¢) €R.

Thus R 1s transitive.

Hence, R 1s an equivalence relation.

2. If R, and R, are equivalence relations in a set A,

show that R, N R, is also an equivalence relation.

fla)=f(a)l

and f(b)=fic)

Solution. Since R, and R, are equivalence relations,
[Given]
“(a, a) € Rl and (a, a) € R2 Y a EA
= (a,a) ERNR,V a€EA.
Thus R, N R, 1s reflexive.
Now (a, b) € R| N R,
= (a,b) € R, and (a, b) €E R,
= (b,a) € R, and (b, a) € R,
= (b,a) € R, NR,.
Thus R, M R, 1s symmetric.
And (a, b) € R N R, and (b, ¢) € R N R,
= (a, c) & RI and (a, ¢) € R,
= (a,c)€ER N Rj*
Thus Ry M R, 1s transitive.
Hence, R; M R, is an equivalence relation.
lLetX—lI""%éI : 6,7, 8.9).
Let R, be a relation on X given by
RI = {(x, v) : x — vis divisible by 3}
and R, be another relation on X given by :
R,={(x,v): {x, ¥} C{1,4,7}
or {xy} C {25, 8)
or {x, v} C {3.6,9}.
Show that R, = R,. (N.C.E.R.T")
4. Show that the number of equivalence relations in the
set {1,2, 3} containing {1, 2} and {2, 1} 1s two.
(N.C.E.R.T.)

5. Let A= [1, 3]. Then show that the number of

relations containing ( l. .?.} and (2. 3). which are reflexive and
transitive but not symmetric, is four. (N.C.E.R.T)
6. Find the number of all one—one functions from the
set A={1,2,3} toitself. (N.C.E.R.T")
Solution. One—one function from {1, 2, 3} to itself 1s a
permutation of 1, 2, 3.

31=6.

But the total number of permutations of 1, 2

Hence, number of all one—one functions = 6.

7. Find the number of all onto functions from the set

EL 2 Fevunnun il JIO ESEIT, (N.C.E.R.T))

8. Give examples of two one-one functions f, and f,

from R to R such that f | + f5 : R = R defined by :
(f) +/5) (x) = f; (x) + 5 (x)

IS nOt one—one. (N.C.E.R.T")

9. Show that 1t f, and f, are one—one (respectively onto)
maps from R to R, then the product :

fi xf> : R = R defined by (f, X f5) (x) =f, (x) X f5 (x)

need not be one-one (respectively onto).  (N.C.ER.T)

10. Let f: X = Y be such that fof = f. Show that f 1s
onto if and only 1f f'1s one—one. (N.C.E.R.T)

11. Consider the identity function I, : N - N defined
as :

Iy(x)=x YxEN.

Show that although Iy is onto but Iy, + Iy : N = N

defined as :

(Iy + 1) (x) = Iy () + Iy (X) =X + x = 2x
is not onto. (N.C.E.R.T.)
Solution. Here Iy, is onto. [Given]|

But I + Iy 1s not onto
"= We can find 3 in the co-domain N,

where 3 is not a multiple of 2|

—

- = R given by :

12. Consider a function f: [{} |

tu|::|

|

fx)=g(x)and g : {{) —| > Rgiven by :

| |
—

¢ (x) = cos x. Show that f and g are one—one, but
[+ g 1s not one—one. (N.C.E.R.T.)
13. Find fof ! and f ~! of for the function :

f(x) = l, x # 0. Also prove that fof 1 = -1 of.
X
R l I
Solution. Here f(x)=y = x=—
v

=0 =l[ o

B |
= Fhy=—
' ‘1'
_ l |
fof l (x)=1 (—]: = &,
fof / X 1/ x
o, (! |
Also f of (x)=f —|= = X
X 1.5 ¥

fof 7t () = flof (x).
fof *=f~af

Thus
Hence.



14. Show that the number of binary operations
on {1, 2} having 1 as identity and having 2 as the

inverse of 2 is exactly one. (N.C.E.R.T.)

Solution. We have biary operation :
“on {I,2}1safunction from {1.2} x{1,2} to {1, 2}
Le. {(1,1),(1,2),(2,1),(2,2)) » {1, 2}.

Since | 1s the identity, [Given]
2 ¥ 3= L2 =27 (2, =2,
Since 2 i1s the inverse of 2 1s 2, [Given]

B )= ).

Hence. the number of desired binary operations 1s only
one.

15. Determine whether the following binary

operation on the set N is associative and commutative :
a*b=1YvYa, beN. (N.C.E.R.T.)
Solution. () (Ha *b=1=b*a ¥ (a, b) € N.

Thus *#' 18 commutative.
(I (a®*b)*c=1%c=1
a* (b *cy=qg%* =1
2> (a*b)¥c=a* (b *c)
Thus “*" 18 associative.

Ya b, c €N

Hence, “* 1s commutative and associative.
16. Determine whether the following binary operation
on the set N 1s associative and commutauve :

a—+b

v a, b € N. (N.C.E.R.T.)

a* b=

17. Consider the binary operations :

*RxR-=+>Rando: R xR - R defined as :

a*b=la-blandaob=a vy a b€&R.

Show that * is commutative but not associative and
0 1s associative but not commutative.

Alsoshow thata * (boc)=(a*b)o(a™c¢) v a, b, c €R.

(N.C.E.R.T.)

18. Define a binary operation *‘*’ on the set
A=1{0,1, 2, 3, 4, 5}, given by a * b = (ab) mod 6.
Show that for *, 1 and 5 are only invertible elements with
Il =1 and 51 = 5.

|Here (ab) mod 6. we mean the remainder after

dividing ab by 6] (N.C.E.R.T)

Solution. Here ¢ * 1 =a mod 6 = a

and | *a=amodb=ayy a € A.

Thus | 18 the 1dentity operation for "= .

Further 1*1=1mod 6= 1

and 5*5=25mod6=1

= | is the inverse of 1 and 5 1s the inverse of 5.

Also, ¥ a € A. other than 1 and 5. we cannot find b
suchthata*b=abmod 6 = 1.

Hence, no element other than | and 5 1s invertible.

e
d

_ Answers |

y e i

16. Commutative but not associative.

A% CHECK YOUR UNDERSTANDING

o & “OWs

1. Givenset A= {1, 2, 3}. then the relation :

R=1{(1.1):(2.2):(3, 3)] 1s reflexive. (True/False)
(Jammu B. 2016)

Ans. True.

2. Give an example of a relation, which is symmetric and
transitive but not reflexive.
Ans. K= () 2),102, 1), (1 1), 2,2)).

3. A bijective function is both one-one and onto.

(True/False)
Ans. True.
. B |
4. What is the domain of the function fix) = =g
A = L

(Assam B. 2016)

Ans. R - {2}.
v—2 y <2
5. If f(x)=+ 3: x=2. then find f (8).
x4$2 5 x>3

(Jharkhand B. 2016)
Ans. 5.

6. Ifa*b=3a+4b.thenthe valueof 3 418 .........

Ans. 25.
‘ a b ~ sy
7. lfa*b= ;+?, then the valueof 2 # 31s ..........
Ans. 2.

8. LetA={I1.2.3)}). Forx.y €A, let xRy if and only if
x > v. Write down R as subset of A x A.
(Assam B. 2016)
Ans. {(2, 1), (3, 1), (3, 2)}.
9. Is—athe inverse of ¢ € N for addition operation ‘+° or
N ?
Ans. No.

1

10. Is — the inverse of @ € N for multuplication operation
a

'sx'onNfora#1?
Ans. No.
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.25 Binary Operations

Types of Functions

RELATIONS

1. DEFINITIONS

(1) Relation. A relation R from a set A to a set B is subset
of A x B.

(if) Classification of Relations :
(a) Reflexive Relation. A relation R in a set E is said

to be reflexive if xRx ¥ x € E.
(h) Symmetric Relation. A relation R in a set E 1s said
to be symmetric if :
xRy = vyRx ¢ x, v € E.
(c) Transitive Relation. A relation R 1n a set E 1s said
to be transitive if :
xRy and yRz = xRz & 1, v, 2 € E.
(d) Equivalence Relation. A relation R in a set E 1s said
to be an equivalence relation if 1t 1s :
(I) retlexive (II) symmetric and (II1) transitive.

FUNCTIONS

2. FUNCTIONS

(a) Let X and Y be two non-empty sets. Then ‘f 1s a rule.
which associates to each element.x in X a unique element y
n Y.

(1) The unique element y of Y 1s called the value of f

at x.

(i1) The element x of X is called pre-image of y.

(ii7) The set X is called the domain of f.

(iv) The set of images of elements of X under f1s called
the range of f.

(h) (i) Dy={x:xER.f(x) ER)

(i) Rf= (f(x):x E Df}

(711) f1s one-one iff x| = x,
=f(x))=f(xy) forx, x, € Df

or iff.r] # Xy =2f(x)) #f(x,) for all Xy Xy € Df

(iv) f is invertible iff f is one-one onto and

Df_l =Rf.,Rf_| - D!"

3. ALGEBRA OF FUNCTIONS
Let f and g be two functions.
Then (i) (f + &) () =f () + g(x): Dy, =DM D

(il) (f-g)()=fx)-gx):D, = f)ff"l Dg
“”} Uﬁ) {_I} =f{f} ,E’(l} i ng - fﬁ D

i (L]v=L2,
8§  8W)
Dg. =Dy I'"IDg —{x:xEDg,g(I)zﬁ],

g

5

BINARY OPERATIONS

4. DEFINITIONS

(a) Let A be non-empty set. Then the rule denoted by *o" 18
called binary operation on A if to each ordered pair

(a, b) of the elements of A, 1t associates a unique element,

denoted by a o b of A.

(b) Properties :
(/) Commutative. If aob = boa fora, b € A, then ‘o’
IS commutative.

(i1) Associative. If ao(boc) = (aob)oc for a, b, ¢ € A,
then ‘o’ 1s associative.

(7ii) Existence of Identity Element. If ‘o’ is binary
operation on A and there 1s ¢ € A such that
aove = a = eoa, wWhere e 1s the 1dentity element of
the operation.

(1v) Existence of Inverse Element. An element b in a
set A 1s said to be inverse element of an element

a € A w.rt. binary operation ‘o’ if aob = ¢ = boa.
(¢) Algebraic Structure. A non-empty set with one or more
binary operations defined on it, is called an algebraic
structure.
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10.

If *** is a binary operation such that a * b= a* + b,
then 3 * 518 :

(A) 34 (B) 9

(C) 8 (D) 25. (P.B. 2018)
If fix) =log (1 + x) and g(x) = €', then the value of
(gof) (x) 1s :

(A)e!* (B) 1 +x
(C) log x (D) None of these.

(H.B. 2018)
Let A= {(a, b)) VYV a, b € N. Then the relation R i1s :
(A) Reflexive (B) Symmetric
(C) Transitive (D) None of these.
(Mizoram B. 2018)

The domain of the function defined by fix) :Jg_ e

1S

(A)] - 3. 3] (B) [- 3. 3]

(C) 10, 3] (D) [ 3, 0].
(Mizoram B. 2018)
s

The domain of the function fix) = Txl IS

(A)R - {0} (B)R

(C) L (D)W. (Nagaland B. 2018)

If a binary operation is defined by a * b = a”, then
3% 21s equal to :
(A)4 (B) 2
(C)9 (D) 8. (PB. 2017)
Let f: R = R be defined as f(x) = x*, then :
(A)f 1s one-one onto
(B) f1s many-one onto
(C) f 1s one-one but not onto
(D) f 1s neither one-one nor onto. (H.B. 2017)
If the binary operation “*’ on N defined as :
a*b=a +b, then ¥ is :
(A) both associative and commutative
(B) commutative but not associative
(C) associative but not commutative
(D) Neither commutative nor associative.
(H.B. 2017)

Consider the set A= {1, 2, 3, 4}. Which of the following
relations R form a reflexive relation ?
(A)R = {(1, 1), (1, 2), (2, 2), (3, 4))}
(B)R = {(1, 1), (2, 2), (2, 3), (3, 3). (3. 4)
(C)R = {(1.1),(2,2).(2,3),(3,3),(3,4), 4, 4))
(DR = {(1, 1), (2, 1), (2, 3), (3, 3), (3, 4), 4, 4)].

(Nagaland B. 2017)
Let A= {1, 2,.5) and R = {(1,. 1) (2, 2),(3; 3).(L..3),
(3, 2), (1, 2)}. Then R 1s :
(A) Reflexive and symmetric but not transitive
(B) Reflexive and transitive but not symmetric
(C) Symmetric and transitive but not retlexive
(D) An equivalence relation. (Mizoram B. 2017)
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4% MULTIPLE CHOICE QUESTIONS

11. Let R be a relation defined on A = {1, 2. 3} by :
R=1(1:.3);3:1)02 2) - Ris :
(A) Reflexive
(B) Symmetric
(C) Transiive
(D) Reflexive but not Transitive. (Kerala B. 2017)

35X
12. If function f(x) = 1543 1s defined on :
i 3 o N )
f:R-= {_E} -» R, then 1ts mmverse functon defined on

3
¢ Rangef—- R - {—-z} in which of the following 7

: _4y+3
(A) 8lY)= 3y

i O ;ti
(B) La{})—3_4},_1 1

3v

SOV S
(C) &(y) - )

F

&

(D) None of these. (H.B. 2016)
13. The function f: N = N, given by f(2x) = 2x 15 :
(A) one-one and onto
(B) one-one but not onto
(C) not one-one and not onto
(D) onto. but not one-one. (Kerala B. 2016)
14. Let S be the set of all real numbers and let R be the
relation in S defined by R = { (a, b) : a = b-}, then :
(A) Rsreflexive (B) R 1s symmetric
(C) Ris transitive (D) None of these.
(Mizoram B. 2016)
15. The operation **’ on Q — {1} is defined by
a*b=a+b-abforalla, b € Q-{1}.
Then the identity element in Q — {1} 1s :
(A) O (B) 1
(C) -1 (D) None of these.
(Mizoram B. 2016)

> RCQ Pocket

(Single Correct Answer Type)

(JEE-Main and Advanced)

16. Consider the following relations :
R = {(x, v) | x, y are real numbers and x = wy for some
rational number w};

m p .
S = 5 (—,, LJ; m, n, p and g are integers such that

n,g # 0 and gn = pn}. Then :
(A) R 1s an equivalence relation but S 1s not an
equivalence relation
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(B) neither R nor S 1s an equivalence relation 19. The funuiﬂn ; [{} 3] = |1, 29] given by :
(C) S i1s an equivalence relation but R 1s not an f@)=2x" - 15x° + 36x + 1, is :
equivalence relation (A) one-one and onto
(D) R and S both are equivalence relations. (B) onto but not one-one
(A.LE.E.E. 2010) (C) one-one but not onto
| 1 (D) neither one-one nor onto. (L1.T. 2012)
17. The domain of the function f (x) = IS 20. If ¢ € R and the equation
JIxl=x ~3x—[x] P +2(x-[x]) +a® =0,
(A) (- oo, o0) (B) (0, o) where [x]| denotes the greatest mteger (< x) has no
(C) (= ce. ) (D) (= o, o) — {0}. integral solution. then all possible values of @ lie in the
(A.LE.E.E. 2011) interval :
18. Let f(x) = x* and g (x) = sin x for all x € R. (A) (1, 2) (B) (=2,=1)
Then the set of all x satisfying : (C) (=00, -2)U (2,) (D) (-1.0)U (O, 1).
(fogogof) (x) = (gog of) (x). where (fog) (x) = f (g (x)). (J.E.E. (Main) 2014)
IS :
(A) +Vnm.n€{0.1,2,.......] 21. The functionf: R = [—%%] defined as :
(B) *nw.n€I{L2. .. ) g
| fx)= = I8
T I+ x~
(C) ?'l' 9015 a5 | B =% P -2 Tl 1o D) (A) Surjective but not injective
) (B) Neither injective nor surjective
(D) 2nm,n€E(|..... - 2,=1,0,1, 2, ....c0..}. (C) Invertible
(LLT. 2011) (D) Injective but not surjective.
' (J.E.E. (Main) 2017)
H _A_n_swers
1. (A) 2. (B) 3. (D) 4. (B) S. (A) B, () 7. (D) 8. (B) 9. (C) 10. (B)
11. (B) 12. (B) 13. (B) 14. (D) 15. (A) 16. (O) 17. (C) 18. (A) 19. (B) 20. (D)
21. (A).

—" Hints to Selected Questions ———————————@-©- - - —

' RCQ Po(ket Thus S 18 an qulﬁ'ﬂ!ﬁ]lt‘ﬁ relation.

Hence. S 1s an equivalence relation but R is not an

(C) Here xRy = x = wy equivalence relation.
YRy = v = wx | ]
= xRy # yRy _ 17. (C) fix)= N ——
= R is not symmetric. ylxi=a
Thus R 1s not an eqguivalence relation. fivyisdefined if x [ = x>0
e g it lxl>x if x <0,
Now ?5?-— mn = mn. which is true form, n € Z Hence, D, = (- %, 0),

. : 18- A] LAY l: = (goyp
= Si1s reﬂuxwe. ( U”%”’»”ﬂ X) = (gogof) (x)

. = (fogog) (flx)) = (gog) (fix))
? "3 = mqg = pn = (fi."}ii:ﬂj{) {.lf} - {‘!.fﬂﬁﬁ‘}j,’f:}
1 = (fog) (g(x%)) = g(g(x?))
,:; m = (fog) (sin x7) = g(sin x°)
= pn = mqg > i = flo(sin x2)) = e(sin +2)
= S is symmetric. = f{sin sin x~) = sin sin x*
| = (sin sin x=)° = sin sin x-
" ] P - 1 .
- S ; e S == qm=pn, ps = qr = smsmx-=0orl
| >yx=+.Jnm.n€(0.1.2. ... ).
= S P—
g} \psi= I g 19. (B) We have : f: [0. 3] = [1. 29].
= ms=rn=> ES— Also f (x) = 11"1 == 153.'2 + 36x + 1.
nos -

+ = +
= S 1S transitive. 0 2 3




"(x) = 62—3(]4'36
Flx) X X B {]-|-_r3}{1}—_1*{—2_r}_—{.r+|}{.1’—|)

= 6%~ 5x+6) = 6(x - 2) (x - 3). % Fi = = o
Thus f(x) 1s +ve from O to 2, —ve from 2 to 3 (1+x7) (I+x7)"
and +ve from 3 onwards Signs of f'(x)
= f{x) 1S maxima at x = 2 | . + =
= flx) 1s many-one and not one-one. ¢ y _*“ 1 x_= 1 ’

Now f(0)=1,f(2)=16-60+72+ 1 =29 |
F(3)=54-135+ 108 + | = 28. Ya

Thus Range =[1, 29].
Hence, given function 1s onto. (1. 1/2)
20. (D) Putx-—|x]=r.
Then —3r2 +2t+a*=0 = a* =31 -2t
For non-integral solutions, 0 < a” < 1. i > X
Hence, a € (- 1,0) U (0. 1). O X=1
2. (A)f:R~—> .
) o 2721 (=1, =1/2)
- ‘-l.
fx)= L VxeR. From the figure, f(x) is surjective but not injective.
CHAPTER TEST /1
Time Allowed : 1 Hour Max. Marks : 34
Notes : 1. All questions are compulsory.
2. Marks have been indicated against each question.
1. Give an example of a relation, which is symmetric but neither reflexive nor transitive ? (1)
2. Are fand g both necessarily onto, if gof'is onto ? (1)
3. Show that—: R x R -+ R and = R -+ R are not commutative binary operations. (2)
4. Show that the relation R defined by :
(a, b) R(c, d) = a + d = b + ¢ in the set N 1s an equivalence relation. (2)
S. Show that the Signum Function f: R = R, given by :
I, 1if x>0
flx) = s 0; if =0
=1Lt <0
1S neither one-one nor onto. (4)
6. If fix)= — .Xx#=1, then show that :
x+1
_ I
5. LetY = [n:. n& N} CN.Considerf: N=>Yas fin) = n’.
Show that °f" 1s invertible. Find the imverse of ‘f". (4)
8. Is “# defined onthe set {1.2,3,4,5]by:a *b=I>Lc.motaand b
a binary operation 7 Justufy your answer. (4)
9. If R and R, are equivalence relations in a set A, show that R, M R, 1s also an equivalence relation. (6)
10. Consider the binary operations :
*RxR=»Rando: RxR = Rdefinedasa *b=la-bl andaob=aVa,beER.
Show that “*" 1s commutative but not associative and ‘o’ 1s associative but not commutative.
Also show thata *(boc)=(a *b)o(a *c)Va, b, ¢ € R. (6)
mswers )
1. LetA={1,2. 3} and R = {(2, 3), (3, 2)}. 2. f'is not onto.

7 f‘l = g, where g(v) = .\/T 8. No.



