Session 6

Arithmetico-Geometric Series (AGS), Sigma (%)

Notation, Natural Numbers

Arithmetico-Geometric
Series (AGS)

Definition
A series formed by multiplying the corresponding terms

of an AP and a GP is called Arithmetico - Geometric
Series (or shortly written as AGS)

For example,1+4+7 +10 +...is an AP and
1+x+x%+x°+...isa GP.

Multiplying together the corresponding terms of these
series, we get

1+4x +7x% +10x> +... which is an
Arithmetico-Geometric Series.
Again,a+(a+d)+(a+2d)+...+[a+(n—1)d]is a typical
AP

and 1+r+r® +...+r" " is a typical GP.

Multiplying together the corresponding terms of these
series, we get

a+(a+d)r+@+2d)r* +.. . +[a+(n-1)d]r""!

which is called a standard Arithmetico-Geometric series.

Sum of n Terms of an

Arithmetico-Geometric Series

Let the series bea +(a+d) r +(a+2d) r® +...

+la+(n-1d]r"!

Let S,, denotes the sum to n terms, then

Sy =a+(a+d)r+(a+2d)r’ +..+[a+(n-2)d]r"?

+la+(n-1)d]r"" 3)
Multiplying both sides of Eq. (i) by r, we get
1S, =ar+(a+d)r* +(a+2d)r’ +...

+la+(n-2)dlr" "+[a+(n-1)d]r"..(i)

Subtracting Eq. (ii) from Eq. (i), we get

(1-r)S, =a+(dr+dr’* +... +dr" ") =[a+(n-1)d]r"

=a+w—[a+(n—1)d]r”
(1-r)

_a +dr(1—r"_1)_[a+(n—1)d]r"

- a-n? (1-r)

...(iii)

Remark

The above result (iii) is not used as standard formula in any
examination. You should follow all steps as shown above.

To Deduce the Sum upto Infinity from the Sum upto
n Terms of an Arithmetico - Geometric Series, when
|r|<1
From Eq. (iii), we have
a dr dr"
+ —
I-r (1-r? @-r)?

If|r|<1, whenn— oo r" —0

l[a+(n—-1)d]r"

S, = -
(1-r)

and 4" pqlatm-ndlr”
(1-r)? (1-r)
a dr
= +
(1-r) (1-r)?

Independent method LetS.. denotes the sum to
infinity, then

Se=a+(a+d)r+(a+2d)r* +(a+3d)r’

+... upto oo...(iv)

Multiplying both sides of Eq. (iv) by r, we get

1S =ar +(a+d)r® +(a+2d)r’ +...upto oo (V)
Subtracting Eq. (v) from Eq. (iv), we get

(1-7)S. =a+(dr+dr® +dr® +... upto =)
dr
(1-r)
a_ . dr
(1-r) (1-r)?

=a+




Example 82. Find the sum of the series
el L0
5 57 5°
(i) to n terms. (i) to infinity.

Sol. The given series can be written as

i [5) ool -

The series is an Arithmetico-Geometric series, since each
term is formed by multiplying corresponding terms of the
series 1, 4, 7, ... which are in AP and

1, 1, i, ... which are in GP.
5 52
[ 1 (1) ]
T, =[nthtermof1,4,7,..] Ln th term of 1, =5 ,J

1n—l 1n—1
—[l+(n—1)3]><1-(5) —(3n—2)(5j

n-—2
. = — 1
.T,_,=03Bn-5) [5)

(i) Let sum of n terms of the series is denoted by S,,.

2
Then, S, =1+ 4(1j+7 1) +...
5 5

+(3n—5)(;)n +(3n—2)@n ()

Multiplying both the sides of Eq. (i) by %, we get

2 3 n-1
lSn=1+4(l) +7(1j +...+(3n—5)(1)
5 5 5 5 5
n
+(3n—2)(5J ..(ii)

Subtracting Eq. (ii) from Eq. (i), we get

(1 - ;jsn =1+ 3[; + (;j2+ (;)3 o+ (;jn_l}
-(3n-2) (;)n

o g5, (o2 o2 - st
—(3n-2) (;)

~ i ~ 1n—l ~ . 1n

{ 8 } on-a!)
G 5.1 1@1@2)[1)
"oy l()L 5 J 4 5

235 (2n+7)(1)"
16 16 5

2 3
(i) S, =1+14 @) +7 (;) +10 (;J +..uptoee .. .(iii)

Multiplying both sides of Eq. (i) by é, we get

1 1 1 N
=S =|—-|+4|-| +7|-| +..uptoee
5 5 5 5

Subtracting Eq. (iv) from Eq. (iii), we get

g (T o e

.(1v)

1
—143) 5 |=142

J 4

(S

Example 83. If the sum to infinity of the series
.35
T+4x+7x2+10x° + ...is E,ﬁnd X.

Sol. Let S, =1+ 4x +7x% +10x> + ... upto o ..(i)
Multiplying both sides of Eq. (i) by x we get
xS, =x+4x* +7x> +10x* + .uptoe .. (ii)
Subtracting Eq. (ii) from Eq. (i), we get

(1-x)S. =1+3x+3x%+3x> +...upto oo

=1+3(x+x2+x3+...upt000)=1+3(

x | (1+2x)
1-x) (1-x)
_(1+2x) 35 F_:Sm:EW

(1-x)* 16 L 16J

= 16+ 32x = 35— 70x + 35x°
= 35x% —102x +19 =0

= (7x=19)(5x = 1)=0
19
X+ —
7

[ for infinity series common ratio — 1 < x < 1]

Hence, X =-

5



Example 84. Find the sum of the series
1+2°x+32x2 + 4% x> + .. up to oo, | x| <.
Sol. Here, the numbers 12,2%,3%, 4%, ... ie. 1, 4,9, 16, ... are not
in APbut1,4-1=39-4=516-9=7,...

Let S,=1+2"x+3"x>+4*x" +...upto oo

are in AP.

=1+4x +9x° +16x° + ... upto o ...>Q)

Multiplying both sides of Eq. (i) by x, we get

xS, = x + 4x% +9x° +16x* + ... upto ...(ii)
Subtracting Eq. (ii) from Eq. (i), we get
(1-x)S..=1+3x+5x> +7x> + ... upto e ...(iii)
Again, multiplying both sides of Eq. (iii) by x, we get

x(1—x)Se=x+3x% +5x° +7x* + ..uptoee  ..(iv)
Subtracting Eq. (iv) from Eq. (iii), we get
(1-x)(1—-x)S., =1+2x +2x° +2x> + ... upto o

=1+2(x+x* + x° + ... upto )

4] X _(1+x)
1-—x (1-x)
_ (14 x)
(1-x)’

Sigma (=) Notation

Y is a letter of greek alphabets and it is called ‘sigma’. The
symbol sigma (X) represents the sum of similar terms.
Usually sum of n terms of any series is represented by
placing X the nth term of the series. But if we have to find
the sum of k terms of a series whose nth term is u,,, this

k
will be represented by 2 U,.

n=1
n=9 9
For example, 2 n, ie. 2 nonly means the sum of n similar
n=1 1

terms when n varies from 1 to 9.

9
Thus,2n=1+2+3+4+5+6+7+8+9
1

Remark

n
Shortly Zis written in place of ).
1

Properties of Sigma Notation

n
1L YT, =T, +T, +T5 +...+T,, when T, is the
r=1

general term of the series.

’

=X T
= r=1

[sigma operator is distributive over
addition and subtraction]

[]ls

[sigma operator is not distributive over division]

zn: —aZT

[where i and j are independent]

[where a is constant]

M:

I
Jun

J

Examples on Sigma Notation

m
i) Za=a+a+a+...upt0mtimes=am
i=1

(ii) Zaza+a+a+...upt0ntimes=an
ie. ) 5=5n)3=3n
(iii) 25“(1'2 —3i)=ii2 —325‘;
i=1 i=1 i=1
=(1*+2° +3° +4* +5%) -3(1+2+3+4+5)
=55—45=10

S r+1 1+1 2+1 3+1
(1)2[2r+4) (2 1+4)+(2-2+4j+(2-3+4j

3 4 40+45+48 133 13
o= =" =1

2
6 8 10 120 120 120

Important Theorems on
¥ (Sigma) Operator

Theorem 1 if(r+1)—f(r)=f(n+1)—f(1)

r=1

Theorem 2

S fr+2) = f(r) = £ (n+2) + fln+1) - £(2) — F(1)

r=1



Proof (Theorem 1) if(r +1) - f(r)

=[ f(2) - f()]+[ f3) - f(2)]
+[f(4) - fO)]+...+[ f(n+1) - f(n)]
=f(n+1)- f(1)
Pronof (Theorem 2)

S fr+2) - f(r) = SLF0 +2) - flr+1)]
r=1 r=1

[ fr+1) = £()]
=Y fr+2) -~ fr+ )+ Y fr+1) - f(r)

=[f(n+2) = f@I+[f(n+1) - f(1)]
=fn+2)+ f(n+1) = f(2) - f(1)

Remark
1S+ R - = S m) = SmLY keN

r

[from Theorem 1]

1 m=1

fer+1) —f@r-1=Ff2n+1 - f(1)

M=

2.
1

\
I

f@r) = f(2r=2) = f(2n) - f(0)

MD

3.

r=1

Natural Numbers

The positive integers 1, 2, 3, ... are called natural numbers.
These form an AP with first term and common difference,
each equal to unity.

(i) Sum of the First n Natural Numbers

1+2+3+...+n=@=2n
= sn=" (n2+ D [Remember]
(i) Sum of the First n 0dd Natural
Numbers
1+3+5+...uptonterms=g[2~1+(n—1)-2]=n2

[Remember]

= 2:(2n—1)=n2

(iii) Sum of the Squares of the First n
Natural Numbers

_n(n+1)(2n+1)

-y

Proof We know that, r* —(r —1)° =3r* =3r +1

1P +2° +3° +..+n° =Y n’

Taking 2 on both sides, we get

r=1

irg —(r—l)3 =3 irz -3 ir-k il
r=1 r=1 r=1 r=1
= n®-o0° =32n2—32n+n ...>Q)

[from important Theorem 1]
Substituting the value of 2 nin Eq. (i), we get

= n3 Z3ZHZ—M+H
2
3n(n+1) n,
= 3% n? =n® + -n=—2n" +3n+1)
2 2 2
_n(n+1)(2n+1)
2
+1)(2n+1
= 2 n® = M [Remember]
6

Independent Proof We know that,
@r+1)° -@2r-1°=24r" +2

Taking ) on both sides, we get

r=1

i(2r+1)3 -@2r-1°= zn:(24r2 +2)

r=1 r=1

n n
= @2n+1)° -1°=24)r"+231
r=1 r=1

[from points to consider-2]
(2n+1)° —1=24¥n’* +2n
(2n+1)° —(2n+1) =243 n*
@n+1)[2n+1)? -1]=24 3 n°
2n+1)(2n+1+1)(2n+1-1)=24 ¥.n*
T n? = n(n+1)(2n+1)
6

(iv) Sum of the Cubes of the First n
Natural Numbers

2
P +2° 433+, +n¥=3n’ =(2n)2 ={n(n+1)}
2

LU

[Remember]

Proof We know that,
rt—r=1)"=4r>—6r* +4r-1

Taking z on both sides, we get

r=1



ir“ —(r-1n* =4ir3 -6 irz +4 ir— il
r=1 r=1 r=1 r=1 r=1

= n*-0*=43¥n’-63n*+43¥n-n ..(1)
[from important theorem 1]

Substituting the values of ¥ n* and ¥ nin Eq. (i), we get

6n(n+1)(2n+1) N 4n(n+1) .
6 2

=4Xn’ =n* +n(n+1)@2n+1)-2n(n+1)+n

= n*=4¥n° -

=n[n* +(n+1)2n+1)-2(n+1) +1]
=n(n’ +2n* +n)

=n* (n+1)*
2

Independent Proof We know that,
rrr+1):-rf (r-1°%=4r°

[Remember]

Taking 2 on both sides, we get

r=1

n n
Zrz (r+1? =r*(r-1>%*=4 2r3
r=1 r=1
= n* (n+1)? -1*.0*=43n’

[from important Theorem 1]

2
N Snd z{”(’”’l)} =(Xn)*

: [Remember]

Corollary1® +2° +3° +...+n’> =(1+2+3+...+n)*

(v) Sum of the Powers Four of the
First n Natural Numbers

1 +2 43+ +n* =3nt
_n(n+1)@2n+1)(3n* +3n-1)
30

Proof We know that,
r’—(r-1°=5r" —10r’ +10r* =5r +1

Taking 2 on both sides, we get

r=1
n n n n n n
Nrr-(r-1°=53r"-10Yr’ +10Y -5 r+ Y1
r=1 r=1 r=1 r=1 r=1 r=1

= n’ —0°=5%n* —103n* +103n* =53 n+n ..(>i)

[from important Theorem 1]

Substituting the values of Y n, Yn?, Yn’in Eq. (i), we get

10 n% (n+1)*
= n5=52n4—70n (n+1)

4

+10n(n+1)(2n+1)_5n(n+1)+n

6 2

. 5%nt=n n4+5n(n+1)2 _5(n+1)(2n+1)

2 3

5(n+1
Lot
2

=" t6n* +15n(n® +2n+1)—10(2n® +3n+1)
6
+15n +15 — 6}
= Yn*=""(6n* +15n° +10n% - 1)
30

_n(n+1)(2n+1)(3n® +3n-1)
- 30

Remark

If nthterm of a sequence is given by 7, = an® + bn’ + cn + d,
where g, b, ¢, d are constants.

Then, sum of nterms, S, = =7, = a=n® + b =n° + ¢ =n + d =1

This can be evaluated using the above results.

Example 85. Find the sum to n terms of the series
1%+ 3%+ 5% +... upto n terms.
Sol. Let T, be the nth term of this series, then
T,=[1+(n-1)2F=02n—-1)?% =4n* —4n+1
o Sumof n terms S, = T, = 4Xn® — 43Zn + X1
_ 4n(n+16)(2n+1)_ 4n(r;+1)+n

=g(4nz+6n+2—6n—6+3)

_n(4n* -1)
3

Example 86. Find the sum to n terms of the series
1:2°42.3% 4+ 3.4 + ...
Sol. Let T, be the nth term of this series, then
T, = (nth term of 1, 2, 3, ...) (nth term of 2232 42 )
=n(n+1)2*=n+2n*+n
~. Sum of n terms S, = T,
2=3n®+2Zn* + Zn

z{n(n+l)}2+2{n(n+1)(2n+1)}+
2 6

n(n+1)
2




2 2 3

_n(n+1)

12

_n(n+1)(3n® +11n+10) _ n(n+1)(n+2)(3n +5)
12 12

:n(n+1){n(n+1)+2(2n+l)+l}

(Bn® +3n+8n+4+6)

Example 87. Find the sum of n terms of the series
whose nth terms is (i) n(n—1)(n+1) (i) n> + 3".
Sol. (i) We have, T, =n(n-1)(n+1)=n° —n

. Sum of n terms S, = =T, = Zn° - Zn

_{n(n+l)}2 _{n(n+l)}

2 2

:n(n+l){n(n+1)_1}
2 2

:n(n+1)(n—1)(n+2)
4

(ii) We have, T, =n®+3"
. Sum of n terms S, = =T, = 2n® + 33"
=3n*+ (3 +3%+3 +..+3")

=n(n+1)(2n+l)+3(3"—1)

6 (3-1)
_n(n+1)(2n+1)+§(3,,_1)
6 2
Example 88. Find the sum of the series
P+ P23 +3°
—+ + +...upto n terms.
1 1+3 1+3+5
Sol. Let T, be the nth term of the given series. Then,
n(n+1) ?
T_(13+23+33+...+n3)_ 2
" (14345+..+(2n—1)) " on—1)
2
2
Ile(nz+2n+l)
4 4

Let S, denotes the sum of n terms of the given series. Then,
S, =2T, :iZ(n2 +2n+1)
1
=2 (Zn? +2%n + 21)

zl{n(n+1)(2n+1)+2n(n +1)+n}
4 6 2

=i{2nz+3n+l+6n+6+6}

n (Zn2 +9n + 13)
24

Hence, S, =

Example 89. Show that
1:2°42:3°+_+n-(n+1)° _ 3n+5
12242234 . +n%-(n+1)  3n+1

Sol. Let T, and T, be the nth terms of the series in numerator
and denominator of LHS. Then,

T,=n(n+1)%and T, =n®(n+1)
2T, En(n+1)? _ X(n’+2n° +n)
ETn, >n?(n+1) S(n® +n?)
_ =n® +2Zn® + Zn

>n® + =n?

{n(n + 1)}2 . z{n(n + 1)(2n+1)} +{n(n + 1)}
_ 2 6 2

{n(n + 1)}2 . {n(n +1)(2n +1)}
2 6

n(n+1) {n(n +1) N 22n +1) + 1}
2 2 3
n(n +1) {n(n +1) . (2n + 1)}

LHS =

2 2 3

1
g(3n2+3n+8n+4+6)

1
g(3n2+3n+4n+2)

:(3n2+11n+10):(3n+5)(n+2):(3n+5):
GBn?+7n+2) (Gn+1)(n+2) (Bn+1)

RHS

Example 90. Find the sum of the series
1-2-3+2-3-4+ 3-4-5+ ... upto n terms.
Sol. Here, T, = {nth term of 1, 2, 3, ...}
x {nth term of 2, 3, 4, ...} X {nth term of 3, 4, 5, ...}
T,=n(n+1)(n+2)=n"+3n"+2n
S, = Sum of n terms of the series
=3T, =Zn® +3Zn® +23n

_ {n(n + 1)}2 +3{n(n + 1)(2n+1)} . z{n(n + 1)}
2 6 2

=n(n+l){n(n+1)+(2n+1)+2}
2 2

_ n(n +1)

(n®+n+4n+2+4)

_ n(n+1)(n+2)(n+3)
4

Example 91. Find sum to n terms of the series
T+ 2+ 3)+(4+5+6)+....
Sol. Now, number of terms in first bracket is 1, in the second

bracket is 2, in the third bracket is 3, etc. Therefore, the
number of terms in the nth bracket will be n.



Let the sum of the given series of n terms =S

+1
~.Number of termsinS=1+2+3+..+n= n(n +)

Also, the first term of S is 1 and common difference is also 1.

{n(n+l)}
s=L 2 J r2-1+("("+1)—1)'1T
2 2

L J

=M(4+nz+n—2)

_ n(n+1)(n*+n+2)
8

Example 92. Find the sum of the series
1-n+2-(n-1)+3-(n-2)+4-(n-3)+...+(n—-1)-2+n-1
also, find the coefficient of x" ! in the expansion of
(14+2x +3x% +...+nx" )%

Sol. The rth term of the given series is
T,=r-(n—r+)=(n+1)r—-r°

..Sum of the series

S, = iTrz(n+l) ir— i:rzz(n+l)§ln—§ln2

n(n+1l) n(n+1)(2n+1)

6
_n(n+1)(n+2)
- 6

=(n+1)

O ED o o)

Now,
A+2x +3x" + o +nx" )Y =(1+2x +3x° + ..+ nx" )

X(1+2x +3x% + .. +nx" ")

. Coefficient of x" “'in (1 + 2x +3x% + ... + nx" ~1)?

=1-n+2:(n-1)+3(n-2)+..+n-1

_n(n+1)(n+2)
B 6

Method of Differences

If the differences of the successive terms of a series are in
AP or GP, we can find the nth term of the series by the
following steps.

Step 1

:Sn

Denote the nth term and the sum of the series
upto n terms of the series by T,, and S,,,
respectively.

Step II Rewrite the given series with each term shifted
by one place to the right.

Step III Then, subtract the second expression of S,, from
the first expression to obtain T,.

Example 93. Find the nth term and sum of n terms
of the series, 1+ 5+ 12+ 22+ 35+....
Sol. The sequence of differences between successive terms is 4,
7, 10, 13,... . Clearly, it is an AP with common difference
3. So, let the nth term of the given series be T, and sum
of n terms be S,.
Then, S, =1+5+4+12+22+35+..+T,_,+ T, (1)
Sp=1+5+12+22+.4+T,_;+ T, ...(ii)
Subtracting Eq. (ii) from Eq. (i), we get
0=14+44+74+10+13+..+(T, - T,_)—-T,
= T,=1+4+7+10+ 13 +...n terms

n 1 2
=—21+(n-1)3}=-3n" —n
2{ (n-1)3} 2( )
Hence, T, = §n2 - 1n
2 2
~. Sum of n terms S, = XT,= z =n? - éZn
_3(n(n+1)(2n+1)j_1(n(n+1))

2 6 2 2

=M(2n+l—l)

1, 1.3 2
=-n“(n+1)=—(n" +n°)
;i )=2(

Example 94. Find the nth term and sum of n terms
of the series, 1+ 3+ 7+ 15+ 31+....

Sol. The sequence of differences between successive terms is 2,
4, 8, 16, .... Clearly, it is a GP with common ratio 2. So, let
the nth term and sum of the series upto n terms of the
series be T, and S,, respectively. Then,

S, =1+3+7+15+31+...+T,_,+ T, (1)
Sp=1+3+7+15+...+T,_,+T, ...(if)
Subtracting Eq. (ii) from Eq. (i), we get
0=1+2+4+8+16+..+(T,-T,_) - T,

= T,=1+2+4+8+16+...upto n terms
12" 1)
S o2-1

Hence, T,=(2"-1)

Sum of n terms S, = X7, = X(2" - 1)=%2" - X1
=@+2°+2°+..+2")-n

2.(" —
2@ -y

2-1

+1
"tl_2-n

Example 95. Find the nth term of the series
1+4+10+20+ 35+...

Sol. The sequence of first consecutive differences is 3, 6, 10,
15, ... and second consecutive differences is 3, 4, 5, ... .
Clearly, it is an AP with common difference 1. So, let the
nth term and sum of the series upto n terms of the series
be T, and S,, respectively.



Now, subtracting Eq. (iv) from Eq. (iii), we get
0=1434+9+27+81+..+(t, —t,_1)—t,
or t, =1+3+9 +27 +81+ ... upton terms
13 -1 1

G- 20 Y

n

T, =3t =%(23" — )

1
25{(3+32+33+...+3")—n}

_1[3@ -
2] (3-1)

3 1
==(3"-1)->n
4( ) 2

Then,
Sy =1+4+10+20+35+..+T,_,+ 1T, (1)
Spo= 1+4+10+20+...+T,_,+T, ...(ii)
Subtracting Eq. (ii) from Eq. (i), we get
0=14+34+6+10+154+...+(T, - T,_1) - T,
= T,=1+3+6+10+ 15+ ... upto n terms
or T,=1+34+46+10+15+...+t,_{+1t, ...(ii1)
T,=1+3+6+ 10+..+¢t,_,+t, (1v)
Now, subtracting Eq. (iv) from Eq. (iii), we get
0=1+2+34+4+5+..+(, —t,_1)—t,
or t,=1+2+3+ 4 +5+...upton terms
syl (n+1)
2
T, =3t =%(Zn2 +3n)
:1(n(n+1)(2n+1) N n(n+1))
2 6 2
LD v ie3) = tan 4 ) (n+2)
2 6
Example 96. Find the nth term of the series
1+ 5+18+58+179+ ...

Sol. The sequence of first consecutive differences is 4, 13, 40,
121, ... and second consecutive differences is 9, 27, 81, ... .
Clearly, it is a GP with common ratio 3. So, let the nth
term and sum of the series upto n terms of the series be
T, and S,, respectively. Then,

S, =1+5+18+58+179+..+T,_1+ T, (D)

S, =1+5+18+58+..+T,_,+T, ...(ii)

Subtracting Eq. (ii) from Eq. (i), we get
0=1+4+134+40+121+..+(T, - T,_,) — T,

= T,=1+4+13+ 40+ 121 + ... upto n terms

or T,=1+4+13+40+ 121+ ...+ t,_, +1t, ...(ii1)
T,= 1+4+13+40+...+t,_,+1, (iv)

Method of Differences (Shortcut)
to find nth term of a Series

The nth term of the series can be written directly on the
basis of successively differences, we use the following steps
to find the nth term T,, of the given sequence.

Step I If the first consecutive differences of the given
sequence are in AP, then take
T,=a(n—-1)(n—2)+b(n—1)+c, wherea,b,c
are constants. Determine a, b, c by putting
n=1,2,3 and putting the values of T}, T;, T5.

Step II If the first consecutive differences of the given
sequence are in GP, then take

T, =ar" 1 4 bn +c, where a, b, ¢ are constants
and r is the common ratio of GP. Determine
a, b, ¢ by putting n =1,2,3 and putting the values
of Ty, T, Ts.

Step III If the differences of the differences computed in
Step I are in AP, then take

T,=a(n-1)(n-2)(n-3)+b(n-1)(n-2)

+c(n—1) +d, wherea, b, c,d are
constants.Determine by putting n=1,2,3, 4 and
putting the values of Ty, T, T5, T.

Step IV If the differences of the differences computed in
Step I are in GP with common ratio r, then take

T,=ar""! +bn® +cn+d, where a, b, ¢, d are

constants. Determine by putting n=1,2,3, 4 and
putting the values of Ty, T,, T3, T,.

Example 97. Find the nth term and sum of n terms of
the series 2+4+7+11+16+ ...

Sol. The sequence of first consecutive differences is 2, 3, 4, 5,
... . Clearly, it is an AP.

Then, nth term of the given series be
T,=a(n-1)(n-2)+b(n—-1)+c¢ (1)
Putting n =1, 2,3, we get
2=¢c =>4=b+c=7=2a+2b+c

1
After solving, we get a = E, b=2c=2
Putting the values of @, b, ¢ in Eq. (i), we get
1 1
T, zg(n—l)(n—2)+2(n—1)+2 zg(nz +n+2)
1
Hence, sum of series S, = 2T, = E(En2 + Xn + 2X1)

=1(n(n+1)(2n+1)+n(n+1)_’_2n)

2 6 2

1
=-n(n®+3n+8)
6



Example 98. Find the nth term and sum of n terms
of the series 5+7+13+ 31+ 85+....
Sol. The sequence of first consecutive differences is 2, 6, 18,

54, ... . Clearly, it is a GP with common ratio 3. Then, nth
term of the given series be

T,=aB)" '+bn+c ...(d)
Putting n =1, 2,3, we get
5=a+b+c ...(ii)
7=3a+2b+c ...(iii)
13=9a+3b+c (1)

Solving these equations, we get
a=1,b=0,c=4
Putting the values of a, b, ¢ in Eq. (i), we get
T,=3""'4+4
Hence, sum of the series
S, =XT, =23"""+4)=3%(3""")+ 431
=(1+3+3°+..+3" " H+4n
6" -1
(3-1)

=1

1
+4n=5(3"+8n—1)

Example 99. Find the nth term of the series
T+2+5+12+25+46+ ...

Sol. The sequence of first consecutive differences is 1, 3, 7, 13,
21, ... . The sequence of the second consecutive differences
is 2, 4, 6, 8, ... . Clearly, it is an AP. Then, nth term of the
given series be

T,=a(n-1)(n-2)(n-3)+b(n—-1)(n-2)

+c(n-1)+d ..»0)
Putting n = 1, 2,3, 4, we get
1=d ...(ii)
2=c+d ...(iif)
5=2b+2c+d . (1v)
12=6a+6b+3c +d (V)

After, solving these equations, we get

1
a=—-,b=1c=1d=1
3

Putting the values of g, b, ¢, d in Eq. (i), we get

1
Tn=§(n3—6n2+11n—6)+(n2—3n+2) +(n-1)+1

1
== (n® - 3n? +5n)=£(n2 —3n +5)
3 3

Example 100. Find the nth term of the series
2+5+12+31+86+....

Sol. The sequence of first consecutive differences is 3, 7, 19,
55, ... . The sequence of the second consecutive differences
is 4, 12, 36, ... . Clearly, it is a GP with common ratio 3.
Then, nth term of the given series be

T,=a(B)" '+bn*+cn+d ...(d)

Putting n =1, 2,3, 4, we get

2=a+b+c+d ..(ii)
5=3a+4b+2c+d ...(1i1)
12=9a+9b+3c +d (V)

31=27a+16b+ 4c +d (V)
After, solving these equations, we get
a=1,b=0c=1,d=0
Putting the values of a, b, ¢, d in Eq. (i), we get
T,=3"""'4n

Method of Differences

(Maha Shortcut)

Tofindt; +t, +t5 +...4+t,_; +1,

LetS, =ty +ty +t5+...+t,_ + £,

Then, Aty, Aty , Ats,..., AL,
Aty A%ty NPts,.. At _,

[1st order differences]

[2nd order differences]

b, ="T1Ct + T Cy Aty +MTC, At +
-1 -1
+"C,_ Nty
2
Sn = ncl tl + nCZ Atl + Tlc3 A tl +...+ ncr Artl
At1 =t2 _tl,Atz =t3 _tz, etc.
At =At, — Aty, At = A’t, — A%, etc.

and

where,

Example 101. Find the n th term and sum to n terms
of the series 12+ 40+ 90+ 168+ 280+ 432+ ... .
Sol. Let S, =12+ 40 + 90 + 168 + 280 + 432 +..., then

1st order differences are 28, 50, 78, 112, 152, ...
(Ie Atl, Atz, At3, )

and 2nd order differences are

22, 28, 34, 40, ... (i.e. A’t;, A’t,, A’ts, ..)
and 3rd order differences are

6,6,6,6,. (Le. A’t, A’t, Ats,..)

and 4th order differences are
0,0,0,0, .. (Le. A't;, A't,, A'ts,...)

t,=12-""1Cyo +28-"71C, +22. " 1C, +6-"TCy
22(n —1)(n -2
—12428(n—1)+ AN =D(n=2)
+6(n—1)(n—2)(n—3)
1-2-3

=n® +5n% +6n

andS, =12-"C; +28-"C, +22-"C5+6-"C,



=12n_|_28n(n—1)_’_22n(n—1)(n—2)
1-2-3
+6~n(n—l)(n—2)(n—3)

n , 1-2:3-4
=E(n +1)(3n° + 23n +46)

V,, Method

To find the sum of the series of the forms

L. aja,...a, tayas...a, ;1 +...+a,a,41-.-0p 4 r_1
1 1 1
II. + +... +
a10y...4, Ay05...0, 41 Aplpyq Ay pr—1
where, a,,a,, as,,...,a,,...are in AP.

Solution of form 1 Let S, be the sum and T, be the nth
term of the series, then

S, =a1ay ...a, +ayas...a,,.q, +...
+a,a,q t+...ta,
. Tn =0pAn 1042 - Apir—2ap4r-1 (1)
LetVn =0pAp10n 42 - Qnyr—28n4r-1QAn 4y
[taking one extra factor in T, forV, ]
. Vn 1580n-14p Apt1 - Anir-3 Auyr—2 Quyr-1
= V V -1 =ap0p418p 42 - Qnyr-1 (an+r_an—1)

=T, (@n+r —an-1) [from Eq. (i)] ...(ii)
Let d be the common difference of AP, then
a,=a; +(n—-1)d
Then, from Eq. (ii)
Vo =Vuor =T, [fay +(n+r-1)d}
—{a; +(n-2)d}]=(r+1)d T,
1

= T,=—(V,-V,_1)
"Tr+nd "
n
S, =2T, = (V, =V,_1)
n n ngl n (r+1)d 2 n n-—1
- 1w, v
r+1d " °
[from important Theorem 1 of 2]
1
z—(anan+1 Gy —Apaq "'ar)
(r+1)(a; —ay)
CorollaryI1fa,,a,,as,...,a,,... are in AP, then
1
(i) Forr=2, aya, +asas +...+a,a,,; =————
3(ay —ay)
(@yap 418,42 —agaiay)
(ii) For r =3, .
10505 +Aya304 +...+ a0, 410y 19 =—————
4(ay —ay)
(@py 410G 420,43 —A0a1a2a3)

Corollary 11
(i)1-2+2-3+...+n(n+1):l {n(n+1)

n(n+1)(n+2)

3
(i) 1-3-5-7+3-5-7-94...+(2n—1)- (2n +1) (2n +5)

(2n+3)-
—{(Zn—l) 2n+1)(2n+3)(2n+5)(2n+7)
—(-1)-1-3-5-7}

(n+2)—0-1-2} =

=%{(2n—1)(2n+1)(2n+3)(2n+5)(2n+7)+105}

Solution of form Il Let d be the common difference of
AP, thena, =a; +(n—-1)d

Let sum of the series and nth term are denoted by S, and
T,, respectively. Then,

1 1 1
S, = + +..+
aay ...a, asds ...04, 41 Andy 41 - Apyr—1
1 .
T, = ..(1)
Andp+18n+2 - Qn+r-2 Antr-1
1 ..
Let V, = ..(ii)

An+1 An+2 - Antr-2 Antr-1

[leaving first factor from denominator of T}, ]

1
SO, Vn—l =
Aplp41 - 0pir-3Qp4r-2
1
= Vn Vn 1=
An+14n42 - Qpir-2 Aptr-1

1

Andyiq -

Ant+r-3n+r-2

ap —Apyr-1

Anlp+1 An+2 ~OGptr-2 Antr-1

=T, (an = Ansr-1) [from Eq. (i)]
=T,[{a; +(n—-1)d}—{a; +(n+r—-2)d}]
=d(1-rT,
Ve =Vey)
" du—r)
-V, _ 1) 1
- 2; di-r)  d(1- ﬂ Vo)

[from important Theorem 1 of X]

B 1 1
(az _al)(l_r) An+1 n+2 - Bntr-2 Gntr-1

1
a;ay ..., _5 4y _4




-
(r=1)(a; —ay)

1 1
14z ...Qr—1 Qpy1Qpyg - Auyr—1

,...are in AP, then

Hence, the sum of n terms is S,

CorollaryI1fa,,a,,as,...,a,

(i) Forr =2,
1 1 1 1
+ o+ =
apd; apas ana, 1 (a; —ap)

{1_ 1 }_l(an+l_alJ

a; Ay d\ aj a4y
_1(a1+nd—a1j_ n
d a18p +1 ap Ap 41
1 1 1

(ii) For r =3, + +...+
a1aza3  ApAd304

Ap Apy1 Apy2

_ 1 1 1
2(ay —ay) |a1a;  Gpiq Apyr

(iii) For r =4,

1 1 1
+ +...+

dpAd3a 405

1020304 Aplpn+18p+29n+3

1 1 1
3(az —ay) |a1a,a5  Apyq Gpip Ayys

Corollary 11
R | 1 1 1 n
@ —F—+—+. +—=
1-2 2.3 3.4 n(n+1) n+1
(ii) LI B et !
1-2-3 2-3-4 3-4.5 n(n+1)(n+2)

v r i1t
2112 (n+1)(n+2)] 4 2(n+1)(n+2)
1

3'5-7-9

(iii)

1-3-5-7
1

' 2n-1)(@2n+1)(2n+3)(2n+5)

1 1
6{ 5_(2n+1)(2n+3)(2n+5)}
1 1

90 6(2n+1)(2n+3) (2n+5)

Example 102. Find the sum upto n terms of the
series 1-4-7-10+4-7-10-13+7-10-13-16 + ...
Sol. Let T, be the nth term of the given series.
=T, =(nthtermof 1,4, 7, ...
(nth term of 7, 10, 13

(nth term of 4, 7, 10, ...)
, ...) (nth term of 10, 13, 16, ...)

T,=Bn-2)3n+1)(3n+4)(B3n+7) (1)
V,=(B3n-2)(3n+1)(3n+4)(3n +7) (3n + 10)
V,_1=0Bn-50Bn-2)3n+1)B3n+4)(Bn+7)
= V,=(3n+10) T, [from Eq. (i)]
and V,_1=(3n-5)T,
V,-V, ,=15T,

=i(vn—vn_1»
- i%ﬂf—mq)

ﬁ?w—%)
[from important Theorem 1 of |
- 1i5 {(3n—2) (3n +1) (3n + 4) (3n +7) (3n +10)
= (=2)(1)(4)(7)(10)}
- 1i5 {(3n = 2)(3n +1)(3n + 4)(3n +7)(3n +10) + 560}

Shortcut Method
1

- (last factor of III term — first factor of I term)

(Taking one extra factor in T, in last
— Taking one extra factor in I term in start)

L {(3n—2)(3n+1)(3n + 4)(3n +7)(3n + 10)

~ (16-1)

—(-2)-1-4-7-10}
= 11—5 {31 —2)(3n +1)(3n + 4)(3n +7)(3n + 10) + 560}

Example 103. Find the sum to n terms of the series
1 1

+ + +
1-3-5-7-9 3-5-7-9-11 5-7-9-11-13
Also, find the sum to infinity terms.

Sol. Let T, be the nth term of the given series.

Then, T, = ! ()
(2n-1)2n+1)(2n+3)(2n+5)(2n+7)

1
C (2n+1)2n+3)(2n+5)2n+7)

[leaving first factor from denominator of T}, ]
1

(2n-1)(2n+1)(2n +3)(2n +5)
1

2n+1)(2n+3)(2n+5)(2n+7)
1

C (2n—1)2n+1)(2n+3)(2n +5)
B 2n-1)—(2n+7)
S @2n-1)(@2n+1)(2n+3)(2n+5)(2n +7)
=-8T, [from Eq. (i)]

-1 =

=V, -V

n-1=




== (V= Vio) Maha Shortcut Method

n n . 1 .
S, =3T,= 31, =- % SV, =V, )= % (v.—v,) Taking s outside the bracket

n=1 n=1
[from Important Theorem 1 of X] ie. ! = ! = ! =...| and in bracket leaving last
1 9-1 11-3 13-5
B g(VO — V) factor of denominator of first term — leaving first factor of
1 1 1 denominator of last term
T8 ]1-35:7  @n+1)@n+3)2n+5)2n+7) og 1 1 1
1 1 T 8(143-5-7  (2n+1)(2n+3)(2n+5) (2n+7)
840 8(2n+1)(2n+3)(2n+5)(2n+7) 1 1 ’
1 1 1 1 A Sco = ——— =
and S, =——-——=—-0=— 8\1:3:5-7 840
840 oo 840 840
Shortcut Method n
n(n+1)(n+2)(n+3)
LS S SR Example 104. If >’ 7, = - ,
1-3-5-7-9 3-5-7-9-11 5-7-9-11-13 r=1
+ ! () where T, denotes the rth term of the series. Find
(2n-1)(2n+1)(2n+3)(2n+5)(2n+7) n
Now, in each term in denominator lim —
9-1=11-3=13-5=..=(2n+7)-(2n—1)=8 ===t
Then, Eq. (i) can be written as n n-1
[ 9-1 11-3 135 Sol. We have, T, = ZT, - ZT,
“31357.9 357901 5790113 A
_n(r+)(n+2)(n+3) (r-Dnn+1)(n+2)
N 2n+7)-(2n-1) - 12 12
2n—-1)(2n+1)(2n+3)(2n+5)(2n+7) nn+1)(n+2
DO (45 (n - 1)
Y I SRR SRR SRR 12
8{1~3~5~7 3-5:7-9  3:5:7-9  5:7-9-11 _nm+)(@n+2) 1 _ 3
1 1 3 T, n(n+1)(n+2)
+ - + o
5-7-9-11 7-9-11-13 . | . L 3
1 lim — = lim e —
+ noe ST noe Tr(r+1)(r+2)
2n-1)2n+1)(2n+3)(2n+5) .
. 1 REY) [T y——
(2n+1)(2n+3) (2n +5) (21 +7) noe S (r ) (r+2)
_1 L 1 =3lim(1 PR +...+1)
811357 (2n+1)(2n+3)(2n+5)(2n+7) noe\12-3 234 3-4:5 n(n+1)(n+2)

[middle terms are cancelled out] Maha Shortcut Method

-1 ! =S, [say] =3lim1 I S
840 8(2n+1)(2n+3)(2n+5)(2n +7) n—e2{12 (n+1)(n+2)

1 1
.. Sum to infinity terms =S, = — - 0= — 3(1 3
840 840 = 2la -0|= 1



Exercise for Session 6

The sum of the first n terms of the serie31+%+£+1—2+...is
(@2"-n-1 (b)y1-27" (yn+2" -1 (d)2" -1
, 2V4.4V8.gV18 1632 is equal to
3 5
a)1 b) = c)2 d) =
(a) ( )2 (c) ( )2
1+3+7+ 15+ 31+ ...upton terms equals
(@2"*'-n (b)2"*'-n-2 (€)2"-n-2 (d) None of these
99th term of the series2 +7 + 14+ 23+ 34 + ...is
(a) 9998 (b) 9999 (c) 10000 (d) 100000
The sum of the series 1-2:3+2-3-4+ 3-4.-5+ ...upton terms is
@nmn+1)n+2) b)Y+ H(n+2)(n+3)
(c)%n(n+1)(n+2)(n+3) (d)%(n+1)(n+2)(n+3)
1 1 1
D —t—t+—+ ...+ equals
1.2 2.3 34 n(n+1)
1 n
a by
()n(n+1) ()n+1
n 2
c)—— d
()n+1 ()n(n+1)
Sum of the n terms of the seriesi+ 5 + U +...is
?of+22 P+2243°
(a)ﬂ (b)ﬂ
n+1 n+1
© 5 -
n+1 n+1
1 17 1 1 1
Ift,=—(n+2)(n+3)forn=12,3,...,then—+ —+ — + ...+ ——equals
4 th 4 t2003
4006 4003
(@) > (b) 2>
3006 3007
4006 4006
(©) 22 (d) 2
3008 3009
1 1 1 .
The value of +...upto s

(1+a)(2+a)+(2+a)(3+a)+(3+a)(4+a)

(where, a is constant)

1 2
(@) — ()
1+a 1+ a
(c) e (d) None of these

n
If f(x)is a function satisfying f(x + y)=f (x)f(y)for all x, y € N such thatf(1) =3 and 2 f(x)=120. Then, the

. x =1
value of n is

(a) 4 (b) 5 (c)6 (d) None of these



