Objectives

DI MEN SIONAL After studying the material of this chapter, you should be
able to :
G EO METRY ¢ Understand the direction -ratios and direction cosines

of a line.

Understand to find the equations of lines and planes in
space under various conditions.

Understand to find the angle between two lines, two

planes and a line & a plane.

Understand to find the shortest distance between two
skew lines.

He who seeks for methods without
having a definite problem in mind

Understand to find the distance of a point from a plane.

In the previous class, we have already studied plane geometry, known as
analytic geometry in 2-dimensions. Now we extend

our scope of analytic geometry to 3-dimensions. In
the case of plane analytic geometry we confined
ourselves to co-ordinate methods. In the same class
we had elementary 1dea regarding 3-dimensional
geometry in Cartesian form. Now we shall see that the

seeks for the most part in vain

g
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The plane, passing through OX and OY, 1s called XY-plane (or XOY plane or Z-plane).

Similarly, YZ- and ZX-planes.

It 1s obvious that these co-ordinate planes are mutually perpendicular.

Let us associate any point P with the co-ordinates (x, y, z) in the following way :

Thro™ P. draw a perpendicular, meeting XY-plane in N. We take PN = z. From N, draw perpendiculars on the X-axis and
Y-axis meeting them in A and B respectively. Take NB = x and NA = y.

Alternatwely, thro™ P, draw perps. on the X, Y, Z-axes meeting them in A, B, C respectively. Then OA =x, OB =y
and OC = z. The co-ordinates x, y, z are taken as +ve or — ve according as the respective points are on the + ve or — ve side of
the u}rmp(mdmg co-ordinate axes.

Now we have associated an ordered tniplet (x, v, z) with any point P in space in a unique way. Thus there exists one—one
correspondence between the points 1n space and the ordered tniplets ol real numbers.

11.1.1. DEFINITIONS

With the help of cartesian co—ordinates, we have a better picture with regard to fundamental concepts.

(a) Rectangular Axes. ZA

Let X'OX, Y'OY and Z'OZ be three mutually perpendicular straight lines. X
(I) The common point O is called the origin. #'_,-*"

(IT) X'OX 1s called the X-axis (or axis of X) e

(ITT) Y'OY is called the Y-axis (or axisofYy v _

(IV) Z'OZ is called the Z-axis (or axis of Z). v :G Y

These three, taken together, are called co-ordinate axes (or simply axes). £ :

Note. Since the axes are mutually perpendicular, therefore, they are called rectangular axes. \Z4

. KEY POINT Fig.

(b) Co-ordinate Planes. Z4

(I) XOY, the plane containing X and Y-axes is called XY-plane. C
(IT) YOZ, the plane containing Y and Z-axes 1s called YZ-plane.
(IT1) ZOX, the plane containing Z and X-axes is called ZX-plane. M
These three, taken together, are called co-ordinate planes.

(c) Convention for Signs. -
(I) Distances measured upwards of XY-plane are taken as +ve and O /B Y
downwards as — ve.

(IT) Distances measured in front of YZ-plane are taken as +ve and
back of it as — ve. X Fig.

(IIT) Distances measured to the right ol ZX-plane are taken as +ve and leftr of 1t as — ve.

The three co-ordinate planes divide the whole space into eight compartments, known as octants.

(d) Co-ordinates of a point.

Let P be any point in space. Thro’ P, draw three planes parallel to co—ordinate planes and meeting the axes in A, B and C
respectively [(see Fig. of part (b)]. If x, y, z be the directed distances OA, OB, OC respectively, then the ordered tniplet (x, y, 2)
are called cartesian rectangular co-ordinates of P and 1s denoted by P(x, y, z). From the definitions, we observe that :
“Given any point P in space, the ordered triplet (x, v, 7) of real numbers is determined uniquely.”

Conversely, given the ordered triplet (x, y, z) of real numbers, we are to find the point of which these are the co-
ordinates. Cut off from O on the co-ordinate axes OX, OY, OZ distances x, y, z respectively and find the respective points
A, B, C. Thro™ these points, draw planes parallel to YZ, ZX, XY-planes respectively. The poimnt of intersection of these planes
1s the required point P whose co-ordinates are (x, y, 2).

. KEY POINT

USEFUL FACTS

(I) The co-ordinates of the origin O are (0, 0, 0).
(II) If the point P (x, y, z) lies in the YZ-plane, then x = 0.
Conversely, if x =0, then P lies in the YZ-plane.

Thus the equation of YZ-plane is x = 0.

Similarly, the equation of ZX-plane is y = 0 and the equation of XY-plane is z = 0.




(III) Since X-axis i1s the common line of ZX and XY-planes,

equations of X-axis arey=0and z = 0.
Similarly, the equations of Y-axis are z = 0 and x = 0 and the equations of Z-axis arex=0and y = 0.

BBEEEA DISTANCE BETWEEN TWO POINTS

The distance between two distinct points whose co—ordinates are (x,, y,, Z;) and (X,, y,, Z,) IS :

\/(xz - lu.'l)2 +(y, — 5'1)2 + (24 — zl}z : (In Cartesian Co—ordinates)

NOTATIONS

(i) | AB | denotes the distance between A and B
(i1) [AB] denotes the line segment AB.

SN SECTION FORMULAE

The co—ordinates of the point, which divides the line segment joining two distinct points (X, y,, Z;) and (x5, ¥,, Z,) in

. miXp; +myXy; myy; +my; myz; +mjyz;
the ratio my:m, (m +m1;él}) are s ’ .

my +Il12 my +ﬂ]2 my +III2
B(x., Y., Z,)

GUIDE-LINES

Step (i) Multiply m; by x, and m, by x; .

Step (ii) Add these two and divide the sum by m; + m, .

This gives x, the x-co-ordinate. Similarly, y and z-co-ordinates can be found.

Cor. 1. If Q divides the join of A and B in the ratio m,: m, externally, then
the co-ordinates of Q are :

AlXs. Y11 Z4)
Fig.

(fﬂll’z —NpX| mMy; —my| mi; —nmpl

’ » 2z 1 =
my — my my — my my — my } where my —m,#01.e. m; # m,.

Cor. 2. Mid-point Formula.
If C (x, ¥ 2)1s the mid-point of [AB] with A (x,, ¥, 2;) and B (x5, v, 25),

then the co-ordinates of C are

X; +Xy Y1ty 2y +2z
2 - =% * = F

Cor. 3. Putting 1:.’"_1*1;.3_1‘}.: _Mnty =‘132+Zl

These are parametric representations.
: T .
m, A1 0 Al A#i

Centroid of a triangle is the point, which divides all the medians in the ratio 2 : 1.

This 1s also called as Centre of gravity of the triangle.

The co-ordinates of the centroid (centre of gravity) of a triangle whose vertices are (X, y,, ), (X5, ¥5, Z,), (X3, ¥3, Z3)
are :

| X;1 +X2+X3 y1+Y2+Y3 zl+zz+z3]
3 - S 3 '
. KEY POINT

Medians of a triangle are concurrent.
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SUB CHAPTER

Direction-Cosines

Bt INTRODUCTION

In this section, we shall deal with direction-ratios and direction-cosines. Also we shall find the angle between the lines
whose direction-ratios or direction-cosines are given.

BT DIRECTION-COSINES AND DIRECTION-RATIOS OF A LINE

Here we shall study the direction-cosines and direction-ratios of a line.

11.6.1. DIRECTION-COSINES OF A LINE

Let AB be a line in space. Through O, draw a line QP parallel to the
line AB. Let the ray OP make angles o, 3, ¥ with the rays OX, OY and
OZ respectively.

Then the ray AB also makes same angles with the positive directions
of the co-ordinate axes.

The cosines of these angles i.e. cos 0, cos B, cos Y are called direction-
cosines of the ray AB.

<Y

Notation. The direction-cosines are usually denoted by <[, m, n >.

Thus I = cos o, m = cos P and n = cos Y.

Observation. Clearly the ray OQ makes angles T — o, T — 3, T — ¥
with the rays OX, OY and OZ respectuively.

Thus the direction-cosines of the ray BA are :

< €os (T — ), cos (T —P), cos (T—7) >
ie., <—CcosO,—cosPB,—cosy> ie.. <-lL,-m,—-n>.
Cor. The direction-cosines of the axes of co-ordinates. (N.C.E.R.T)
The x-axis makes angles 07, 907, 90” with the co-ordinate axes, its direction-cosines are < cos 07, cos 907, cos 90° >
ie., <1,0,0>.

Similarly, the direction-cosines of y-axis are < 0, 1, 0 > and the direction-cosines of z-axis are <0, 0, 1 >.

11.6.2. RELATION BETWEEN DIRECTION-COSINES OF A LINE

Let AB be a line with direction-cosines < [, m, n >.

<VY




Through O, draw a hne parallel to AB.
Let P (x ., vy, 2) be any point on this line.

From P, draw PL, perpendicular on the x-axis.

If OP = r, then Cﬂﬁ(x:% — [=f.
OP r
=% X=IF

Stmilarly, y = mr and z = nr.
Squaring and adding. x* + y* + 22 = 2 (> + m* + n?)
= r2=r2 (I + m* + n®).

Hence, 2+m?+n?=1.

In Words : Sum of the squares of the direction-cosines of any line is equal to 1.
Another Form. If o, B, y be the angles, which OP makes with the axes, then cos? o + cos2 B + cos?y = 1.

11.6.3. DIRECTION-RATIOS OF A LINE

Definition

Any three numbers, which are proportional to the direction-cosines of a line, are called the direction-
ratios of the line.

If <a, b, c > are direction-ratios of a hne, then < ka. kb. kc > (k # 0) are also direction-ratios of the line.

Thus there are infinitely many sets of direction-ratios of a line.

11.6.4. CONVERSION OF DIRECTION-RATIOS TO DIRECTION-COSINES

If the direction-ratios of a line are < a, b, ¢ >, to find its direction-cosines.

Let < [, m. n > be the direcuon-cosines (d.c.’s) of the hne.

'Im

Then. —=—=£=k (say), where k # 0

a b ¢
— l=ak.m=bk.n=rck 1)
But P+m?+n?=1

= @k + b+ A =1 = k=4 !

a’ +b* +c?
Hence, from (1), the direction-cosines of the line are :
a b C . 2 :
<zt o S >, where signs should be taken all positive or all negative.
il e W Al e

Divide each of a, b, c by + Jﬂz +b° +¢*

.. KEY POINT

P+m?+n?=1buta?+b*+c?#1.




11.6.5. DIRECTION-RATIOS OF LINE JOINING TWO POINTS

To find the direction-ratios of the line joining two points (xy, ¥1, Z1) and (X, ¥3, Z3).
Let P (xy. y;. 29) and Q (x5, y9, 25) be any two points on the line whose direction-cosines are < [, m, n >.

Then PQ cos o0 = x5 — x3, PQ cos B =y, — vy, PQ cos Y =2, — 7. where @, B. vy are the angles, which the line makes with

the axes
Xy —X -y 29—
- PQ:ZI.P=y2'1P=2'
cos & cos Cos ¥
Xy — X =N 2—q
= 2 1 _ = =22 - PQ)
Cos & cos COS ¥
Xp —X - I5—%
_ 2= BTN SR uc)
[ m n
.IE—.I _1'2—.1:1
| = l = > [',‘ PO = JE(IZ—IIJE]
PQ 'JZ(IQ—II}
Similarly Il | R /b | S . < .| WO » .
" o — 3 € — — .
PQ \/Z(xz —1x1) PQ \/Efxz —x)>
Hence. the direction-ratios of the lhine PQ are :
<SXH =X,V 2-%~”
o | Yo—N 2y — 3

and the direction-cosines are

JE(xz“Il }2 | \/Z(xz—xl}z | JE(xz-xl }2

I Al ANGLE BETWEEN TWO LINES

(a) To determine the angle between two lines L; and L, whose direction-cosines are < l;, my, n; > and
< lz, my, ny > l'ESPECtiTEly.

Let PQ (= L)) and ST (= L,) be two lines whose direction-cosines are ZA T
given by : < [y, my, ny > and < [, m,, ny > respectively. B(l,r,m,rn,m
‘e 2 < e Q
Let *0° be the required angle between these lines.

Through O, draw OA (=r) || to PQ and OB ( =r) || to ST.
Thus ZAOB = 0.

| Angle between two lines = Angle between their parallels]

" The co-ordinates of A and B are (Iyr, mr, nyr) and (lrr, mor, n,r)
respectively.

| AB |

\/{'Igr —Ilr)2 + (myr —1'1*'.'11"}2 +(nyr —nlr)2

F\[(fz = )2 +(my —my )2 +(ny -—nl)2

2 2 2

— ?.mzm] 4 Hz + Hl — 2”2 ﬂl

= r\/(fl2 -I-ml2 +n12)+(l22 +n:22 +H22 )= 2(Lj I, + mymy +nyn, )

rl+1=2(41 + mmy +mny) = 12 =24l + mymy +nyny)



Now, by Cosine-Formula in AOAB, we have :

6 OAZ+0B2-AB2  r?+r° —r*[2=-2y + mymy + myny))]
COS e ——
2|OA|. |OB| 2r T

_— 2 — 2 .
Hence, cos® = | L1, + mm, + nyn, |.
e. 0 = cos! (I{lr + mymy + nyny).
Sine Form :
Since sin® = 1-—cos? 0,

$in® 0 = 1 = (Iyl, + mym, + nyny)? [ cos O = | L], + mym,y + nyn, ||
_ (1.2 2 2\ (1.2 2 2y _ 2 :
= (4* + my® + ny°) (" + my” + ny°) = (l{ly + mym, + nyny) (Note this step)

= flzfgz-i" JIEH‘IEE -+ !12H32+ mlzfzz -+ mlsz + mlznf -+ ﬂ12322+ HIEFHF_E + n.12H22

Py 2 2 2 2l
— ([}*y* + mp“my“+ ny“ny* + 2 Lbmym, + 2 mymonyny, + 2 nymylyl5)

2

7 9 9 7, 9 27 9
(Mmy“ny* + my“n = — 2 mymon n,) + (ny°l" + ny*ly= — 2 nynsl,l,)

+ (I;°my?% + Iy?my? — 2 1jlmymy)
= (myny — many)* + (nyly — nyly)? + (Iymy — lymy ).

But 0 €0 < 7, so that sin 6 > 0.

Hence. | sin ® = \/(myn, —m,n,)? + (0,1, —n,1;)? +(;m, —l,m, 2.

Tangent Form :

' 2 2 2
sin & J{mlﬂz —mpny)” +(myl; —nyly)" +(1ym; —1;my)
cos6 411, + mym, +nyn, '

tan® =

Cor. 1. Condition of Perpendicularity.
The two lines are perpendicular
A

it 0=—
2

it ‘ lllz + m;ym, + njn; = 0. \

Cor. 2. Conditions of Parallelism.

The two lines are parallel

it 9 =107 if sin 6 = ()
- 2 2 2
— J(mlﬂz—mzﬂl} +(HIIZ—H2!I} '|'”IPH2 —lzm]} = ()
B 2 N S o 2 _ 0
— (mlnz m2?11) +(n112 HEII) +(!]m2 lzml} -
— mny —mony = 0, nyly —nyly =0, lymy — bmy = 0
2 2 2
[ n [ m n L™ +m~ +n
_ Womo_moh_m o iR emien




l
= 7 = =T F c:»lll=lz,m1=mzandn1=nz.

(b) If < a4, by, ¢y > and < a5, b,, ¢, > are direction-ratios of lines L; and L, respectively, then the angles between
them are given by :

aja, + hlhz +C1Cy

+ 5
Jalz +h12 +C12 Jﬂzz +b22 +C22

cos O =

Since the direction-ratios of Ly and L, are < ay, by, ¢y > and < ay, by, ¢ > respectively,

. the direction-cosines of L and L, are :

a C
<t 1 ; - - « - '2 : >
'Jﬂlz‘l'blz‘l‘flz \/ﬂlz‘i'blz'i"ﬁ'lz Jﬂl +b] + ()
a c
and - o - 22 zqi - bzz = + 2 >
Jaz +b," +¢5 a,” +by,” +c, \/agz-i-bzz-l-czz

[ The signs, to be taken, are all + ve or all — ve]

" The angles between the lines are given by :

a;a, +b;b, +¢,¢,

+ :
\/ﬂlz +b12 -I"Il’:l2 \/322 +b22 +E22

cos® =

"  KEY POINT

If the lines L; and L, are non-perpendicular, then the acute angle between them is given by :

| a1a; +bib, + 105 |
\/alz +h° +o Ao +b" 6"

cos 6 =

and obtuse angle between them 18 given by :

|a]a2 +!_:s|£_:2 +c]czl
cos 8 = - .
1’.::12 +!.:»12 +r:12 \}azz +l:122 +1:'22

Sine Form :

: .
Since sin“ 6

| — cos? 0.

| (ayay +bby +ccy)°

a )
sin- 0
(ﬂlz +b12 +C12) {ﬂzz +b22 +C22)

(ﬂ12 +b12 +C12) ({.122 +b2_2 +C22 )—(ﬂlﬂz +b1b2 +E1C2)2
(a> +b° +¢,%) (@) +b,° +¢5°)

(ayby —ayhy)” +(bycy —bycy)” +(cray —crap)”
(::.112 +.!:'|2 +r:|2) {sz +.?;~22 +r:22}

But 0 €0 < m, so that sin 6 > 0.



(@1hy —azby)” + (Bycr —boc))” +(cias —c20)°
(ﬂlz +b‘12 +C12) {ﬂzz +b22 +C22)

Hence. sin 6

I
—

Tangent Form :

tan 6

| sin & & {ﬂlbz —ﬂzb] }2 + {bpfz —bszl }2 ¥ (EIHE — Cha, }2
cos@ ~ aya, +bb, + cicy '

Cor. 1. Condition of Perpendicularity.

The two hines L| and L, are perpendicular

P
iff 0 = - iff  a,a, + byb, + ¢y, = 0.
Cor. 2. Condition of Parallelism.
The two hnes L and L, are parallel
1ff 6 = 0° iff smO=0
2 7.4 2
— \/(Hlbz —ﬂzbl ) + l:blf.‘z —bzf.‘l ) + [E‘lﬂz — Q) } = ()
2 2 2
& (ayby —ayby)” +(bjcy —bycy)” +(cay —cra)” = 0
e a\by — axb; =0, bycy — byey =0, cjay —cap = 0
_ . g
= . L} _. Fl
a, b €2

EEEEEEEYY N PROJECTION

(a) Projection of a point on a line.

Definition v
The projection of a point P on a line L is defined as P’, the foot of
the perpendicular from P on L.
e
P’ L
Fig.
(b) Projection of a point on a plane. o
Definition
/- Let T be any plane and P be a given point, not on the plane T,
then P’, the foot of perpendicular on the plane, is called
N orthogonal projection of P on the plane T. =y
o 4
Fig.
(c) Projection of a line segment on a line. | Q
=il Definition /
P R
The projection of the line segment [PQ] on a line L is the
segment [P'Q’], where P’, Q" are the feet of perpendiculars
from P, Q respectively on the line L. 5 5 .I:




If "0 is the angle between the line segment [PQ] and the line L, then ZQPR = 6, where PR || L, meeting QQ” in R.

. PQ =PR = PQ cos 0.

Hence, the projection of line segment [PQ] on the line L 1s [ PQ cos Bl , where *07 is the angle between the line segment

[PQ] and the hne L.

B YR PROJECTION OF A SEGMENT

To find the projection of a line segment [AB] on line with direction-cosines <l, m, n>, where (xy, ¥, ;) and

(X3, Y2, Z5) are the co-ordinates of A and B respectively.

Let [AB] be the given segment. Then [A’B’] is its projection on the line L having direction-cosines < I, m, n >.

The direcuon-cosines of AB are :
P X }’2 N
|AB| | AB|

Now |A"B" | =| AB | cos 6
where *0° 1s the angle between L and AB.

22—21>
| AB |

L o8 9 = | flfg + mym, + ”]”2'
= [ ZL T2 | A Ly | 22 L ]
| AB | | AB | | AB |
= |AB|cosO=|(xr—x) I+ (yr—y))m+(z—-z)n|

Hence, |A'B" | = (x3 = x) 1 + (y2—yp) m + (z; - z;) n |.

Frequently Asked Questions

Example 1. If a line makes angles of 90°, 60° and 30°
with the positive x, y and z-axis respectively, find its

direction-cosines. (N.C.E.R.T.)
Solution. Direction-cosines are :
|
< cos 907, cos 60°, cos 30° > i1e <0, > {

Example 2. Find the acute angle which the line with

direction-cosines < ,n > makes wtith positive

57
direction of z-axis. (C.B.S.E. Sample Paper 2019)
Solution. Since, [* + m* + n*= 1,

(1Y (1) 5
—| +|—=]| +n% =1
7 7
R 1
> —+—+n® =1 = —+—+n* =1
3 6
] 2
== e = ]| —= =D Hn = —
2 2
1 ]
COsy = —=

t-%‘l

where Y’ 1s the angle, which the ine makes with z—axis.

y =45 or T,
4

Hence.

X

el

e
mh———————
I

Fig.
[Using (1)]

Example 3. If a line has direction-cosines :

f:—i i —i:» then what are its direction-ratios ?
117117 11
(N.C.E.R.T.)
Solution. Given : Direction-cosines are :
-8 § ~3
— — —
Filln: i el v

Clearly, < -9, 6, — 2 > 1s one set of direction-ratios.
All sets of direction-ratios are given by :
< — 9k, 6k, — 2k >, where k # 0.
Example 4. Find the direction-cosines of the line
joining the points (- 2,4,-5)and (1,2,3). (N.C.ERT)
Solution. We know that the direction-cosines of the line
joming P (x,, Y1 ) ) and Q (x5, ¥,, 2,) are :

{xz—xl Y2 = 32_7'}:,.
IPQ|  [PQ|  [PQ]

where |PQI=1(x, —x,)2 + (v, = 1)? +(2, — 2)%.
Here Pis (-2, 4, -5)and Qis (1, 2, :
IPQ|=(1—(=2) +(2—4)* + (3~ (~5)?
=J9+4+64 =477
Hence, the direction-cosines of the line are :
b—{=3) FT—d F—(~5)

V1. V11 T

j =2 8

DY TR oA e

< >

1.€.



Example 5. If o, B, Y are direction-angles of a line,

prove that cos 20t + cos 2B + cos 2y + 1 = 0. (N.C.E.R.T))
Solution. Since o, [, y are direction-angles of a line,
. COS? O + Ccos? I_’) + cos? Y= 1

1+ cos 2a l+cos 28 1+cos 2y
= + + = ]
2 2 2
= I +cos 200+ 1 +cos 2B+ 1 +cos 2y=2
= cos 200 + cos 2P + cos 2y + 1= 0,

which 1s true.

Example 6. The x-cordinate of a point on the line
joining the points P(2, 2, 1) and Q(5, 1, - 2) is 4. Find its
z-co-ordinate. (A.I.C.B.S.E. 2017)

Solution. Any point R on [PQ] i1s :

'(5k+z k+2 —2k+1)
k+1 k+1° k+1 /)

Q (5,1, —2)

e 2.7)

. k42
By the question, =4
y the question, ——=

= 5% +2=4k+4 = k= 2.

H N sl =2 2¥FL . =4+ . |
ence, the z-co-ordinate is : —5—=—i.e. —3— ie.— L.

Example 7. Show that the points :

A(1,-2,-8); B(5,0,-2) and C(11, 3, 7) are collinear,
and find the ratio in which B divides AC. (Jammu 5. 2012)

Solution. (i) The direction-ratios of AB are :

<5-1,0+2,-24+8> i1e.<4,2,6>1e.<2,1,3>

and the direction-ratios of BC are :

< 11-5.3-0.7423 L. 20 3,9 e <2 |, 3%

Thus AB, BC are either parallel or coincident lines.

But B 18 the common point.

Hence, the lines are coimncident lines and
consequently the three points A, B and C are collinear.
(if) Let B divide [AC] in the ratio & : 1
(1lk+1 3k—2 Tk-—8
: B"‘( k+1 " k+1" k+1 )

Cc(11,3,7)

«/ B (5, 0, -2)

_ A(1,-2,-8)
But B s (5, 0, =2). |Given|
11k +1 3k —2 7k —8
—r : — ;]_'[1 — —
k+1 k+1 k+1
= 1lk+1 =5k+5.3k-2 and Tk=8=-2k~72
=> 6k = 4, 3k:_2 and 9k =6
2 2 2
= =l kz_ d kz_
3 3 - 3
5,

Hence, the reqd. ratiois —:1 i.e. 2 : 3.

—

-
= i el T
1
L L

Example 8. Find the acute angle between the

lines whose direction-ratios are :
<1, 1,2>and<-3,-4,1 >.
Solution. If ‘6" be the reqd. angle between the lines, then :

|laya, +b;b, + 10, |

cos B =
\/al +b1 +c a2+b2+c§_
(1) (=3)+ (1) (=4) + (2) (1)
VI+14+479+16+1
|-3-4+2] s

~ Jo26 156 °

Hence. 0 = cos™! (L] .
V156

Example 9. Find the angle between the lines whose
direction-cosines are given by the equations :
Jl+m+5n=0,6mn - 2nl + 5lm = 0.

Solution. We have : 3/ +m+ 5n =0 =4X1)
and omn - 2nl + 5Ilm =0 k2
From (1), m=— (3] + 5n) A3)
Putting in (2), we get :
—63l+5nyn-2nl =513l +5n) =0

= —18In — 30n* — 2nl — 15> =25 nl = 0
= —30n*—45n1 - 15 =0
— 2n? +3nl+2=0
—3 2n+ 0D n+1)=0.

S Liather 2n+10 = 0 or n+! =0.

() When 2n+1 = 0 I.e. [ = —2n.
From (3), m= —(—6n+ 5n) =n.

(ID When n+1l =0 Ie. I =—n
From (3), m= —(-—3n+ 5n) =-2n.

. Direction—ratios of two hnes are :
<=-2n.nn> and<-n,-2n,n>

ile. <=2, 1.1> and <1, 2 -1 >.

If ‘0" be the angle between the two lines,

=D+ D+ M D
then cos 6 = = -
Jad+1+1V1+4+1 6

1
|

Hence., 0 = cos™

Example 10. Find the length of the projection of the
line segment joining the points P (3,-1, 2) and Q (2,4, -1)
on the line with direction-ratios < -1, 2, -2 >.
Solution. The direction-ratios of the hne are < -1, 2,— 2 >.
Its direction-cosines are :

4 ¥ @ 2
< , ; >
J1+4+4° J1+4+4 J1+4+4
N
- . 3 o
"33 3

. The length of projection of [PQ] on the given line
=Xy =x) I+ (y,=y)m+(z,-2,)n|

-3 l 4 - [ =2
= l2-3|- =]+ @+D|[=|+(~1-2
| )( 3]< ;(]( ;(3)

l+l{] 17 17 ’
= — units.
3 3 3

Il
Il

6
4+ —
3




Example 11. Find the area of the triangle ABC whose
vertices are :

A(,2,4); B (-2,1,2)and C (2, 4, -3).

Solution. Arca of AABC

1
> IAB]|AC] sin A A1)

Now |AB = y(=2—1)2 +(1-2)% +(2—4)?
= JObIHd = oJ1d
and |AC| = J2=1)%+(4-2)2 +(=3—4)?

= J1+4+49 = 54

Now direction-ratios of AB are :
T ouTe:] =223 % jge<i 125
and direction-ratios ol AC are :

Ex -8 -2-=3—45 &<l ]
. 2 2
(bycy —byc))™ +(cla; —cra))
2
+Haypy, —arbhy)

2 2 2 2 2 2
Jﬂl +bl ’+‘Cl 'Jﬂz +b2 +C2

sin A =

J{_7_4}2 +(24+21)* £(6-1)°

\}9+I+4Jl+4+49

A(124) V1214529 +25 J675
IR (VN LV RN (VN [V
l V675
From (1), area of AABC = E X \/1_4:;(-\/5_4 X JI4«J54
B(-212) C(2,4,-3) — 153 S(J. units.
; 2
Fig.
Definition
/
(a) (i) Parallelopiped. It is a figure bounded by three parallel planes. Thus the |
parallelopiped is as shown in the adjoining figure : G L
It has six faces, viz. || gms. - /
OCLB, AMPN, OBNA, CLPM, OAMC, BNPL. g
It has four diagonals viz. OP, AL, BM, CN. o) 1 B
(ii) Rectangular Parallelopiped. /
N
When the faces are rectangles, then the parallelopiped is a rectangular one. A Fig.

-

(b) Cube. It is a parallelopiped with all its faces as squares.

Example 12. A line makes angles o, B, v, 8 with
the four diagonals of a cube, prove that :

cosza+cmzﬂ+cus2'r+c0528=§.

(V.C.E.R.1.)

Solution. Let O be the origin and OA, OB, OC
(each = a) be the axes.

7 A
C L
M P
0 /B Y
A N

Thus the co-ordinates of the points are :
O (0,0, 0), A(a, 0,0), B(0,a,0),C (0,0, a),
P (a, a, a), L (0, a, a), M (a. 0, a), N (a, a, 0).

Here OP, AL, BM and CN are four diagonals.
Let < [, m, n > be the direcion-cosines of the given line.

Now direction-ratios of OPare <a -0, a-0,a -0 >
i.e. <cw. ag.asie. <l ;1 5,
direction-ratios of AL are :
<0-a,a-0,a-0>ie<—-a,a,a>ie <-1,1,1 >,
direction-ratios of BM are :
<a-0,0-a,a-0>ie.<a,-a a>ie.<l1,-1, 1>
and direction-ratios of CN are :
<a-0,a-00-a>ie<aa-a>ie<l1,1,—-1>.
Thus the direction-cosines of OP are :

T U

< —, —=, — >

3B B |
-1

L . . 1
the direction-cosines of AL are <« —., e

3iBTB




B
the direction-cosines of BM are < —, —, — >
1" J3 +f3

and the dil‘ﬂL‘li{}H"L‘(HiﬁEﬁi ut' CN are :
l

“FFhH

If the given line makes an angle “o” with OP, then :

JEE]
[[+m+n|

Cos ot = ——F=— k1)
V3
If the given line makes an angle *B" with AL, then :

cos O

|—1+m+n]|

cos B = NE «42)

|l —m+n|
Similarly, cos Yy = NE i)
. 1l+m-n|
and *OS = = ..(4
n COS \/3 (+4)

Squaring and adding (1), (2), (3) and (4), we get :
cos” O + cos® B + cos® ¥ + cos? d

== [(c’+m+nl‘2+{—I+wr1+1|*'.'}2

+[_[—m+n}2+{f+m—n}2]

N S S, (S |
cos B = I(—L]+m(L]+H(L] —'g [4 (7 + m® + n7)] = 3 14 (] |
o) A We A e | oy
Hence, cos? o + cos® B + cos? ¥ + cos® & = FY
EXERCISE 11 (a)
Fast Track Answer Type Questions m FTATQ g

1. (a) Direction-cosines of (1) x-axis (11) y-axis
(1i1) z-axis are ........ (Fill in the blank).
(Kashmur B. 2017, 16)
(b) Find the distance of the point (2, 3. 4) from the
X-axis. (C.B.S.E. 2010 C)
If a line makes angles 907, 60° and 6 with x, y and
z-axis respectively, where 6 is acute, then find *6".
(C.B.S.E. 2015)
(z1) If a hne makes angles 907 and 607 respectively.
with the positive directions of x and y axes, hind
the angle which it makes with the positive direction
of z-axis. (C.B.S.E. 2017)
2 =1 —12

3. If a line has direction-cosines < 33 3 >. then

2. (i)

nd the direction-ratos.
4. If a line has direction-ratios < 2, — 1, — 2 >, determine
its direction-cosines.
(N.C.E.R.T.; Jharkhand B. 2016;
Uttarakhand B. 2013, 15; C.B.S.E. 2012)
Find the direction-cosines of a line passing
through the points (1, 0, 0) and (0, I, 1).
(A.I.C.B.S.E. 2011)

S. (a)

Very Short Answer Type Questions

8. Show that the following points are collinear :

(1,2,7);(2,6, 3):(3, 10, -1). (Jammu B. 2015,13)

9. Find the acute angle between two lines whose
direction-ratios are :

<2, 3,6>and<1, 2, -2>.

Short Answer Type Questions

12. Find the direction-cosines of the sides of the tnangle
whose vertices are (3,5, —-4), (- 1,1, 2)and (- 5, -5, - 2).
(N.C.E.R.T.)
_13. Show that the hines with direction-cosines :
g2 A 4 4

g e :.
3 B3 B TBRBD 13713 713

are mutually perpendicular.

(b) Find the direction-cosines of the lines joining the
points :
(- 1,—-1,-1)and (2, 3, 4). (Rajasthan B. 2012)
(c) Find the direction ratios and direction cosines of
the vector joining the points (4,7, 2) and (5, 11, —4).
(Meghalava. B. 2018; Nagaland. B. 2016)
(d) Find the direction cosines of a line segment joining
the points A(2, 5, 7) and B(3, 2, 9).
(Nagaland. B. 2018)
6. Write the direction-cosines of the vector :

A A

(i) —2i+j—5k (C.B.S.E. 2011)

A A A
(ii) i+2 j+3k.(Assam B. 2015; Karnataka B. 2014)

7. Find the length of the projection of the line segment
jomming (3. 4, 5) and (4, 6, 3) on the straight hne :
x—4 y-5 z2-6
2 3 6

(Tripura B. 2016)

-— .

10. Find the obtuse angle between two lines whose
direction-ratios are :
<3, -6,2>and <], -2, -2>.
11. Find the angle between the hines whose direction-
ratios are :
<a,b,c>and<b-c,c—a,a-b> (NCERT)
‘H A w—] ‘ “aﬂ'__‘
o

=
i s
- __,__5'

14. Find the angle between the lines whose direction-
cosines are given by :

N l+m+n=0.F+m*-n*=0

N2l—-m+2n=0.mn+nl+Im=0.

15. Find the area of the tnangle whose vertices are :
A(l,2,3);:B(2,-1.4)and C (4, 5, -1). (C.B.S.E. 2017, 13)



16. Show that the join of the points (4,7, 8)and (2, 3,4) is
parallel to the joinof the points (-1, -2, I)and (1, 2. 5).

17. Show that the line joining the onigin to the point
2, 1, 1) 1s perpendicular to the hine through the points
3,5,-1)and (4, 3, - 1).

Long Answer Type Questions

20. Find the projection of the line segment joining the
points :
(i) (2. =3, 0), (0, 4. 5) on the line with direction-
: 2 3 -6
COSINES < —5 —» >

7 7 7

(z1) (1, 2. 3). (4. 3. 1) on the hne with direction-
ratios < 3. =6, 2.

18. Determine the value of *k” so that the line joining
the points A (k, 1, — 1), B (2, 0, 2k) 1s perpendicular to the
line joining the points C (4, 2k, 1) and D (2, 3. 2).

19. Prove that the angle between any two diagonals of

. q
a cube is cos~! —.

Y LATQ
21. If the edges of a rectangular parallelopiped are

a, b and ¢, show that the angles between the four
diagonals are given by :

_ Answers |

1. (a) (1) <1.0,0> (i) <0.1.0> (i) <0,0.1> (b) 5.
2.M0=30(a) N°. 3. <2k <k~—2k>:k+0D

2 I 2
4. <—, ——, ——>.
3 3 3

I m g 3 4 5
5. (@) <——= == = > (b) < —p=, —p=, —=>
SN N RN R N PN

I 4 -6

(c) <14 -6><m—me, —, —>
| V53 V537453
(d) ..;:; __3. i_}
N7 i
" _
6. (i) q:—;‘ I ‘_i)(jf) {_Lii}‘

V14 'V14 14

30 +30 30

—" Hints to Selected Questions

4. () l+m+n=0 => n=—(l+m).
Pem?-n?=0=>P+m*—(+mP?=0 =>1=0,m=0.
Whenl!=0, thenm+n=0 =>m=—-n.
Whenm=0,thenl+n=0 =>[=—n.

. Direction cosines of two lines are :

<0,-n,m> and <-n, 0, n>

ie. <0,-1,1>and <-1,0, 1>.
[(0)=D+(=DO)+M)D| _ 1

Jo+1+1/1+0+1 3"
15. As in Ex. 11.

19. Refer Ex. 12.
If ‘0’ be the angle between OP and AL,

. cos 0=

wreno- 1) (1) () ()

21. As in Ex. 12.

6 = 60°.

Ly e 2B ke
COS .
a:t;:'z-!-£:r2++r:‘2
4 4
7. —. 9. cos!| —.
7 21
2 11 .
10. cos ‘(——). 11. 90°.
| 21 |
2 2 -3 2 3 2
12-< 7 * "t:"' . = .
\317 V17 \/l'? V17 17 17
. 4 5 -1 o
J42 ° Jad  «Jaz
. . 137 .
14. (1) 60° (i1) 90°. 15. —5~ 5¢. units.
18. k=1 20 "-13 | l
L = 1L . (1) - {HJ7-
1 ) 1
—| = =i elc
3 3



SUB CHAPTER

Straight Line in Space

B 5 (] INTRODUCTION

We know that a straight line 1s uniquely determined in space 1f 1t :
(a) passes through a given point and has a given direction or (b) passes through two given points.

We shall determine the vector equation as well as cartesian equation of a straight line under different conditions.

IR EY SYMMETRICAL (CANONICAL) FORM
_}

(a) To find the equation of a straight line passing through a fixed point A and parallel to a given vector m.

—2 —
r,

Let a be the position vector of the fixed point A and the position vector

of any point P, where O 1s the ongin.

—_— i
Since AP 1s parallel to m,

S -
AP = A m for some scalar A

N> RO =
=3 OP-0OA=Am
& 5 -
= rF—a=Am
= r=a+Aim <L)

which 1s the reqd. equation.

- - —
Cor. The vector equation of a straight line through the origin and parallel to the vectormis r = A m.

Cartesian Form.
Let A (X1, ¥p» 1) be the fixed point and let < g, b, ¢ > be the direction-ratios of the line.

A 8 > B s B
+ywj+g kandm=ai+b j+ck.

— A A A

—
Then r=xi+yj+zk,a=x

Q
[

Puttingin (1), (xi+y j+zk)=(x;i+y j+7 k)+A(ai+bj+ck).

Comparing coeffs. of i ; k, x = xy+Aa,y=y;+Ab,z=z7+Ac (Parametric Form)

X—-X - Z—-1Z
= L b 4 B L=
a b C

(Symmetrical Form)

Cor. The equations of a straight line whose direction cosines are < I, m, n > and passing through the point (x;, y,, z;)

A8 YA -8
[ m n

are .

This result follows the fact that the direction-cosines of a line may also be direction-ratios of the line.
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(b) To find the equation of a straight line passing through two points (x,, y,, Z;) and (x,, y,, Z,).

- —

Let a, b be the position vectors of the fixed points A and B respectively.
_}

Let r be the position vector of any point P.

Since A, B. P are collinear,

— —>
AP = A AB for some scalar A

= OP-0A=A(0OB-0A)
- o - >
= r—-a=A(b-a)
—r 3 -5 =
= r=a+A(b-2a) <)

which 1s the reqd. equation.
Cartesian Form :

— A A A —P A A A
Here r=xi+yj+zk.a=x1i+y j+z k.

Sl

) ¢ -
=Xy i+ Yy, j+ 25 k.

Putting in (1), x?+y_?+z£=(xl ?+y| .?"'Zl £)+}.{(IE —J:I)?+(y2 —yl‘,l_?+{zz —zl)f:).

Comparing coeffs. of i, :; k, x= Xp+ At —x)), y=y +A (Y=Y 2= + A (25— 2y)

= e WP Aac® s WO i W

X2=-X1 Y2-Y1 72 -7

Cor. COLLINEARITY OF THREE POINTS
Find the equation of the st. line through any two given points. If the remaining third point satisfies the equation, then the
three points are collinear.

D B VA ANGLE BETWEEN TWO LINES

(a) Vectorially :

- = —
Let r=a+Ab 1)
- - —
and r=a +ub’ ~A2)

be two straight lines 1n space.

— —
Clearly, (1) and (2) are st. lines in the directions of b and b’ respectively.

5 o
If ‘0" be the angle between the lines (1) and (2), then *0° is the angle between the directions of b and b’.

[ We know that the angle between two st. lines depends on their directions and not on their positions.]

e 25
Now b.b’=1b |1b"|cos B, which gives c0s8=—— (A)
|b 1l b
(b) Cartesian Form :
[t X—X% JY—-N Z2—3% (1)
by b, by
-x_xF e r Z_{.F
and l =y 4 — I A2

be two straight hines 1n space.



_}

A A A = A A A
Then b=bi+b j+bykand b’ =b;"i+b," j+ b3 k,so that :

e B

b =(byi+by j+by k). (b1 +by' j+by' k)=biby' +byby' + baby’

- }
s 8 '=\/-'5’12 +by* +b;% and 'b"=\/bi'2 +by'? +by?

biby' + byby" + b3by' (B)
=K LD
\[f?’l2 +by° +f’3'f\/b1'2 +by'% +by'?

cos 6 =

The result (A) of part (a) becomes :

Cor.1.If <!, mn>and <!, m', n'> be the direciion—cosines of two lines, then :

| il= o . nl= . i .

Vb2 + by +by2 \/bl +b2 b2 b2 +by +by?
b r r b r
and "= = 12 2,.m'= = b22 z,n'= = 3:;. =
Jblr-_i_bzr +b3: ‘Jbl’ _l_bz: +£}3l Jbll +b2r-+b3I
The result (B) of part (b) becomes cos 6 = [I'+ mm' + nn' solhe:)

Cor. 2. Condition of Perpendicularity (Orthogonality).

o = T[ i [} r r
When the angle between two lines is 8 =— then from (B). b,b," + b,b,"+ b3y =0

i,

i

and from (C),.

Example 1. Find the direction-cosines of the line :

x-1  z+l
2 02

(C.B.S.E. Sample Paper 2019)

Solution. The given line is A1 _ ¥ _gtl

(g
|
r

Its direction-ratos are <2. —1. 2>.
Hence. the direction-cosines of the hne are :

2 —1 2
e >
4+1+4 ~J4+1+4 J4+1+4
2 -1 2
LE, L= — —>
V9 V979
2 12 . 2 1 -2
., €— —— —=> I € —=, = —>
3" 33 3 3" 3
Example 2. If the cartesian equations of a line are :
J—X y+4_2:-—6
5§ = 7 4 ’
write the vector equation for the line.
(A.LC.B.SE. 2014)
. 3=x  y+4 27-6
Solution. The given line is s = 7 ~ 2

11€CTD ATV
LLUSTRATI\

'+ mm'+ nn'=0.

/7] EXAMPLES |

m— e S

— — =

Its vector equation 1s :

> A A A A A A
r=QBi—=4j+3k)+A=5i+7 j+2k).
Example 3. Find the equation of the line, which passes
through the point (1, 2, 3) and is parallel to the vector :
A A

A
Ji+2j-2k. (Kashmir B. 2017)

-

5 e
Solution. The equation of the lineis r=a+Ab

s A A A AA A
Le., r=(i+2j+3k)+A(3i+2j -2k)-

Example 4. Find the vector of the line joining (1, 2, 3)
and (-3, 4, 3) and show that it is perpendicular to the

Z—axis. (C.B.S.E. Sample Paper 2019)
g ; . — _
Solution. The given points are a = (1, 2, 3) and
F = (- 3, 4, 3)
. Vector equation of the line joming (1, 2, 3) and

_~4*3}1h-



A A

o7 = (i+2) +3k)+ A ((=3i +4 j+3k) —(i +2 j+ 3k))

A A

A A A A A

>7 = (427 +3k)+ A (=4i+2)) (1)
— A
Equation of z—axis is r = uk «(2)
A A A

Since (-4i+2j).k =0

. Hence, (1) 1s perpendicular to z—axis.

Example 5. Find the vector equation of the line through
(4, 3, — 1) and parallel to the line :

r=Qi-j+3k) +A13i-j+4k). (J. & K. B. 2011)

Solution. The equation of the lineis r=a+ A4b

- A A A A

ie. r = 4i+3j-k+AQBi—j+4k).

Example 6. Find the angle between the following pair
of lines :

g A A A A A A
r=i+j—k+A(i-3j+2k),
—

Fa) A A ) ) FaA
r=2i-j+k+p@3i+j-2k):
Solution. The given pair of lines 1s :

r=i+j-k+r(G-37+2k)
— A A M N A A
and r=2i—j+k+nQ3i+j-—2k)
A A A — Al A A
Here b=i-3j+2k and b'=3i + j— 2k

- —

sothat b-b'= (i —37+2k)- 37+ J—2k)
=(1) (3) # (=3) (1)+(2) (- 2)
=3-3-4=-4.

[f ‘0" be the required angle. then :

b-b' —f s 2
cos @ = = =—=—
| s 9,
Ht:nL‘t‘:, B —— cns_l (—2) =T — L‘ﬂﬂ_l (:)
7 7

Example 7. Find the angle between the following pair
of lines :

'—x+2_y—l_z+3 .K+2_2}'—3 Z-3

= and = —
- 7 -3 -1 4 4
and check whether the lines are parallel or
perpendicular. (C.B.S.E. 2011)

Solution. The given lines can be rewrnitten as :

x=2 Iy—l zZ+3
= P (1)

I+2 y—r.’.l. :—5
’ — i — g,
and i 5 1 (2)

Here < 2,7, -3 >and < - 1, 2, 4 > are direction-ratios
of lines (1) and (2) respectuvely.

Q) =D+ (N (Q2)+(-3)(4)

- L.H =
" JA+49+9 . f1+4+16
s =D )
- Jead21
9 . I.?I,'
= = 9

Hence, the given lines are perpendicular.
Example 8. Find the point on the line :

x+2 y+1 z-3
3 2 2
at a distance S from the point (1, 3, 3).

(A.LC.B.S.E. 2010)

Solution. Any point .on the line :

x+2 y+1 Z—=3

e P A
s P(3k-2,2k-1, 2k + 3) k)
The given point is A (1, 3, 3).
By the question, | AP | =5

> JGk—2-12 + 2k —1-32 + 2k +3-32 =5
= (3k —3)% + 2k — 4)% + 4k% =25

> Ok? — 18k +9 + 4k% — 16k + 16 + 4k* = 25

= 17k* =34k = 0=>k=0,2.

Putting 1n (2), the reqd. point 1s :
(-2,-1,3)or(6-2,4-1,4+ 3)ie (4, 3, 7).
Example 9. Find the equations of the line passing

through the point (-1, 3,-2) and perpendicular to the lines :

X Yy z - x+2 y-1 z+1 CREE 2073
— T — T — —_— — { . "'lt . 22U _}
1 2 3 =3 3 5 i
; : ; X ¥y Z o
Solution. The given lines are T L)
x+2 vy-1 z+1
p — — g |
and = > 5 . {2)
_ _.x+l y—3 z+2
Any line through (-1, 3, -2) 1s = = )
a b C

Since (3) 1s perpendicular to (1) and (2),
a(l)+b2)+c(3)=0 =2a+2b+3c=0 ..4)
anda(-3))+b2)+c(5)=0=2>3a-2b-5¢=0 ..(5)

a b . B
—-10+6 9+5 -=-2-6

Solving (4) and (5),

| a b C a b C
= —_——=—= > —= = .(6)
-4 14 -8 2 =7 4




kLl yp=35 z¥lZ
2 =1 4 °
which are the reqd. equations.
Example 10. Find the Vector and Cartesian equations
of the line through the point (1, 2, - 4) and perpendicular
to the lines:

From (3) and (6),

r=(8i-19j+10k)+A(3i -16j+ 7k)
and r = (15i +29j+5k)+n3i+8j-5K).
Solution. Let the line be :

r=(i+2j-4k)+A(ai+bj+ck) el 1)
Since (1) 1s perpendicular to :

r=@i=19j+10k)+A3i-16j+7k)
and ; = {15;+ 29}+ SE)+;1(3;+8}—5£).

a(3) + b(-16) + c¢(7) =0 il )
and a(3) + b(8) + c(— 5) =10 ..(3)
| a b <
SRS 80_56  21+15 24+48
a b
— — e T
24 36 72
a b ¢
= §=5-% =

From (1) and (4), the vector equation of the line 1s:

— M My

r=(i+2j—-4k)+A2i+3j+6k).

Cartesian Form:

o M

xi+yj+zk = (i+2j-4k)+A(2i+3j+6k)

=>x=1+2A y=2+3A andz=-4 + 6A

x-1 'y—2_2+4
2 3 6
which 1s the required Cartesian equation.
Example 11. Show that, if the axes are rectangular,

the equations of the line through (x,, y,, Z,) at right angles
to the lines :

(=A)

—

Xy Z X ¥y Z

-  J
I, m n; I, m; n,

_ Y- yl _ Y zl
m;n; —myn; 4l —mn,l;  Ijm,; —-1I,m,

x—xl

are

Solution. The two given lines are :
X y z

=== sl
Ly m n
X <
and O S =42}
L m  n
Any line through (x, vy, zy) 18
X=X = &
e (3)

[ m n
Since (3) s perp. to (1), . lly + mm; +nn =0  ..(4)
Since (3) is perp. 10 (2), . Il + mmy, +nny, =0 .(5)
Solving (4) and (5).

l m n

= .(6)
mny, —myny mby —mly Lmy —bLm, |
X=X . o= yl
From (3) and (6), -
miny —myny  mly — myl
limy —lym,
which are the reqd. equations.

EXERCISE 11 (b)

VYery Short Answer Type Questions

1. Write the vector equation of the hne :
x—=3 y+4 6-2
3 7 2
(Tripura B. 2016; C.B.S.E. 2010)

2. Show that the three lines with direction-cosines :
{12—3—4_ 4 12 3 3—41.’3}

3’13 13 " 13 1R3'B  BI1313
are mutually perpendicular. (N.C.E.R.T.)

3. Express the following equations of the lines into vector

form :
x—3 y—8_z—3
3 =1 1
. x+3 y+7 2z—6 I
: — - (A€ . SOl
an 3 > 4 Aerala J13)

4. (a) Find the cartesian as well as the vector equation
of the line passing through :
(i) (-2, 4, -5) and parallel to the line :

x+3 4-y z+8

3 3 6
(i) (0, — 1, 4) and parallel to the straight line :

(C.B.S.E. 2013)

-x—2  y+3 27-6
N 3
(it1) (=1, 2, 3) and parallel to the line :

(Bihar B. 2014)

x—3 _ Yyl =l
2 3 6
(b) The cartesian equations of a line are :

(H.B. 2013)

x—S_y+4_z—6
3 7 2
(N.C.E.R.T.; Jammu B. 2015; A.I.C.B.S.E. 2011)

(1)



Ix+3_y—5_z+6
2?4 2

i e

(i) (N.C.E.R.T)
Find the vector equation of the lnes.
(c) Find the vector equation of the line passing through
the point A(1, 2, — 1) and parallel to the line :
Sx—-25=14 -y = 335z (C.B.S.E. 2017)
S. (a) Find the equation of a line parallel to x—axis and
passing through the ongin. (N.C.E.R.T))
(b) Find the direction-cosines of a line parallel to the

line :
2x—95 y+4 6— 7z
4 3 6
(c) Write the direction-cosines of a line parallel to the
line :
3 0
K BT ZVE (C.B.S.E. 2009 C)
3 w—i 6

6. (a) Find the vector and cartesian equations of the line
through the point (5, 2. — 4) and which 1s parallel to the vector
A A A
3Ji+2j —-8k.

(b)Find the equation of a line passing through the point
P(2, —1, 3) and perpendicular to the lines :

- A A A A A A
r=(i +j—k)+AQ2i -2j +k)

(N.C.E.R.T.)

- A A A A A A
and r=Q0Q2i —j-3k)+u(; +2j +2k).

(C.B.S.E. 2012)
7. Find the equation of the line in vector and in cartesian

form that passes through the point with position vector
A A N A A N
2i—j +4k and is in the directionof {+2j — k.
(N.C.E.R.T)

8. Find the vector equation for the line through the
points :
(- 1,0, 2)and (3, 4, 6).
(N.C.E.R.T.; Assam B. 2018; Kashmir B. 2016,
Jammu B. 2016)
9. Find the vector and cartesian equations of the line
that passes through :
(i) the origin and (5, - 2, 3) (N.C.E.R.T.)
(if) the points (1, 2, 3)and (2,-1,4). (J. & K. B. 2011)
10. (a) Find the equation of a st. ine through ( - 1. 2, 3)
and equally inclined to the axes.
(b) Find the equation of a hne parallel to x-axis and
passing through the onigin.
11. Find the angle between the pairs of lines with
direction—ratios :
<512 13> «<=3.4 5>

(ii)<a b c>:<b—c.c=a a—b>. (N.C.E.R.T.)

12. Find the angle between a line with direction—-ratios
< 2,2, 1 >and a hne joining (3, 1, 4) to (7, 2, 12).

13. Find the angle between the following pairs of lines :

= A A A A A A
(i) r=3i+2j—-4k+A(G+2j+2k),

—> A A A A A
r=5j-2k+pu@3i+2j+6k)
(NC.E.R.T. : Karnataka B. 2014;: Kerala B. 2014;
Kashmir B. 2011)

- A A A A A A
(fyr=3ij +j-2k+A(i —j—-2k)
& A A A A A A

and r =(2i — j —56k)+u 3i —5j —4k)
(H.P.B. 2016)

oox=-2  y-1 Iz+3
(111) =
2 5 -3

x+2 y-4 z-5

an T T Tg - 4
(Kerala B. 2018: H.PB. 2017, 16, 13)

x-4 y+1 z-6  x=5 2y+5 z-—3

(1v) = = and = Y =

3 -+ d 1 = 1
(Meghalava B. 2017)

| = y+3 l-y z-6
= .Z=7 , = —
(v) 3 A and X > =

-

(H.P.B. 2016; Meghalaya B. 2015)

| _ Bl =4 55
(vi) x+3=y 1:‘1:_*-3 and 4 ;
3 5 4 I l 2
(NC.ER.T.: HP.B. 2013 S, 13 : Kashmir B. 2011)

14. Show that the lines :

~5 %3 |
{f) = = Y = - and i = Y = <
7 -5 I L..2. 3
| (NC.E.R.I.: HB. 2017, 15: Kashmir B. 2011)
x—3 + 1 z—2 x+2 -4 745
(i) =2 = and =2 "

2 -3 4 2 4 2
(Meghalaya B. 2013)

are perpendicular to each other.
15. (i) Find the value of *p’ so that the lines :
l=x Iy—=1& z—3 1=z y—=3 OB—g
Il:3=,}-——jandt‘2:3:]=5
<P ~ P
(Mizoram B. 2018)
Also find the equations of the line passing through
(3. 2, —4) and parallel to line /.
(N.C.E.R.T.; A.LC.B.S.E. 2014)
(i1) Find “k" so that the hnes :

are at nght angles.

x—=3 y+1 2z-2
= — and — =

2 3 2k 1 k 1
are perpendicular to each other.  (Nagaland B. 2015)

16. Show that the line through the points :

(a) (1,-1,2),
through the points (0, 3, 2) and (3, 5, 6)

(3. 4, — 2) 1s perpendicular to the line

(b) (4,7, 8) ., (2, 3. 4) 1s parallel to the line through the

pomts (— 1, — 2, 1) and (1, 2, 5). (N.C.E.R.T.)



Short Answer Type Questions

17. The cartesian equulinn% of a line are :

3x+1=6y-2=1-

Find the lixed point lhruugh which 1L passes, 1ts
direction-ratios and also 1ts vector equation.

18. The points A(4,5,10),B(2,3,4)and C (1,2, - 1) are
three vertices of a parallelogram ABCD. Find the vector and
cartesian equations for the sides AB and BC and find the co-
ordinates of D. (C.B.S.E. 2010)
| 19. Write the equation of a line, parallel to the line
x=2 y+3 z+43

3 = > = p and passing through the point (1, 2, 3).
(A.I.C.B.S.E. 2009 C)

20. Find the equation of the line perpendicular to the

lines :

. A AN A A A A
r = 3i+2j—-4k)+A(i+2j—-2k)
- A A A A

and r = (5 ;—7k)+y{?1+2j+6k]

and passing through the point (1, 1. 1).
(Kerala B. 2014)
21. (i) Find the equations of the straight line passing
through the point (2, 3, — 1) and 1s perpendicular to the lines :

x—2 'y+l =3 x-3 y+2 z-1
el ™ Ll T T

(P.B. 2012, 10 §)
(if) Find the equation of the line which intersects the
lines :

Long Answer Type Questions

28. (i) Find the vector and cartesian equation of the line
passing through the point (1. 2, — 4) and perpendicular to the
two lines :

1—8___ y+19=z—101md J:—IS: y—29: 3—5.
3 —16 7 3 8 =3
(NNC.E.R.T.; C.B.S.E. 2017, 12; H.F.B. 2015; Jammu B.
2015, 13, 12; Meghalava B. 2015; P.B. 2012)
(i1) Find the vector and cartesian equations of the line
passing through the point (2, 1, 3) and perpendicular to the
lines :

x=l_y=2_z=3 x _y_z
i - 8 8§ T =22 §°
(Type : Assam B. 2017, A.L.C.B.S.E. 2014)

A AT A
- A 1 L ..
. r

. - - . . e
. o T =
_—

erandiculdrly and passes through the point (1, 1, 1).
(C.B.S.E. Sample Paper 2018; W. Bengal 2018)
22. Find the equation in vector and cartesian form of
the line passing through the point :
(i) (2, — 1, 3) and perpendicular to the lines :

- M A
r=(:+; k)+ﬂ.(’?:—’?_;+k) and
r o= (7‘:—; 3k)+;t{1+’?j+2k}

(AL.C.B.S.E. 2014; C.B.S.E. 2012)
(i) (2 -1, ?} dl]d ]:JLFPLIIL]ILULH' to the lines

r — {:—_,r+k}+ﬂ.{2:+;+3k} and

?'—(!+_}' k)+,u(:+;+k] (P.B. 2011)

23. Prove that the points (1. 2, 3), (4.0, 4). (-2, 4, 2)
and (7, — 2, 5) are collinear.
24. Show that the following points whose position
vectors are given are collinear :
(i) 5i+5k.2i+ j+3kand—4i+3]j—k
=5 A A A A A A A A
W) —2i+3j+5k i+2j+3kand7i—k-
(P.B. 2014 S)
25. Find the points on the line through the points
A(l, 2, 3) and B (5, 8, 15) at a distance of 14 units from the
mld-pmnt of AB. (Meghalaya B. 2016)
26. Find the equations of the perpendicular from the
point (3. -1, 11) to the line :
x y=2 gi=3
2 3 4
27. Show that the line joining the origin to the point
(2, 1, 1) 1s perpendicular to the hine determined by the points :
(3.5.— 1) (4, 3, -1). (N.C.E.R.T.)

29. (i) Find the vector equation of a line passing

. . . AL A A
through a point with position vector 21 — j+ k and parallel
to the line joining the points with position vectors

A A A A A A e .
—i+4j+k and i+2j+2k.Also, find the cartesian
equivalent of the equation.

(ii) Find the vector equation of a line passing through

2 3 G A A M
the point with position vector; — 2 j—3k and parallel to the

A M

A
line joining the points with position vectors i — j+ 4k and

-"'k
oXi + -+ +2k. Also find the cartesian form of the r,quau{m

_ Answers |

- A A A A A A
1.r = (5i—4j+6k)+A(3i+7j—2k).

-

A A A A A A
3. r = 3i+8j+3k)+A(3i—j+k)and

- A A A A A A
r=(=3i=7j+6k)+u(=3i+2j+4k)-
o x+2  y—4 z45
4. (a) (i) 3 - -5 o e



A A A A A

=(-2i+4j-5k) +A(3i—-5j +6k)

—
r

x y+l_2(z-4)

(11)) — =

~1 7 B
- A A A K TR
& (—j+4k)+a(—f+7j+;k)
x+1 y—2 z2—3
(iil) —5— = 2 =—E—:
=3 A F. A A A A
r=(—i+2j+3k)+A2i+3j+6k)

=3 A A A A A A
BY(i) r=5i—-4]+6k+A3i+7]+2k)
= A A A A A A
(i) r=—3i+5j—6k+A(2i +4j+2k)

A

©) T=(+2j-k)+A(Ti—=5]+k).

>

3 =b
1" 7

A
~ |9

6.(a) r=5+30)i+R2+21)j+(—4-8A)k:
x—5 y—-2 z+4

A A A A A
{b) r=(2i —J +3k}+l{ i +j—3k)-

7r *1—;+4k+lﬂ+“; h

x—4 y¥] .z<4

12 -1
+ 2

8. r=—i+2k+Adi+4j+4k).
9. (i) :—A{Sr—’?;+'%k) ==
S =2 3

A A A A

(1f) :=(i+?.j+3k)+1(i—3j+k);

=) y=2 =

10.@)x+ 1=y=-2=z-3 () —=2==.

11. (i) cos” ] (l) (1) E.
65 2

12. cos

N 4| ,—1( 8 }
13. COS —_ Cos —
(1) (21]{”] SJE

.
(111) EDH_]( . } (1v) EGS_I(—4—)
94/38 546

9
%

10—z

4
3
— A A
r=21+3]+ k+(1+_;+"?k]
4 —
2—x=3-y=22%:(3,4,5).

“ x=1 y-=-2 2z-3
=3 3 6

2. r=(i+j+k)+i16i-12 j—4k).

pe=d =3Pl
4 -5 1

21. (i)

(i = =
22. (i) r=Qi—j+3k)+A2i +j—2k):

&= -y+1 z—3
2 |

A A A A

@) ¥ =@ —j +3k) A0 —5 j+k)3

=7 'y+1 z—3

4 =5 1

25. (7,11, 21)and (-1, -1, =3).
x—3 y+1 z-11
£E s 1

28.(i) r=(i+2j—4k)+4(Q2i+3j+6k):

Ix—l_y—Z z+4

2
oy
=)

(i) r=Qi+j+3k)+AQ2i—7]j+4k):

Ix—Z_y—l_z—B

—

2 -7 4

— A A A A A A
29. () r=QRi-j+k)+A(2i-2j+k);

x—Z_y+l g=1

R 2 -2 |
(i) r=i-2j- 3k+l{i+7j 2k):
x—1 y+2 ¢+3
1 2 =2



— " Hints to Selected Questions —————— @ - - —

4. (b) (i) The line passes through (5, — 4, 6) and has 70
direction-cosines < 3, 7, 2 >. if p = H
x+1 y=2 z-3 T | .
10. (a) Equations of the line are : =2 l = 'S 18. Mid—points of [AC] @d [BD] are same.
-1 -2 -3
2 x4+ l=§-2=7-3, 23. Equations of AB are z =y_2 =_z1 ,
x—1_y—2 2—3 C lies on it.

15. (i) Lines are [, : _3 —',,P”— 5

A

—> A A A A A
29. (O Hereb =(i+i)+2j—-4j)+ 2k —k)
A AA - A A A
=2i—-2j+k and a=2i-j+k.
. The equation of the line 1s :

= A A A A A A
r=2i—-j+k+AQi-2j+k);etc.

" x—1 ‘y—S_z—fl
and [, 3p17 T = 5

Lines are perpendicular

=3 2
if (_3)(TP)+(TP)(1) +(2)(—5)=0

B R KR PERPENDICULAR DISTANCE OF A POINT FROM A LINE
To find the perpendicular distance of the point (¢t , B , Y ) from the line :

X-X1 _Y " N1_2—- 74
1 m n

: : . KX — 2—2Z
The given line L is b2 ). 1

[ m n

il

Let P (0. B.v) be the given point.

Let A be the point (x. ¥, 2y) .

Join AP. Draw PM perp. on the line L.
In AAPM, by Pythagoras’ Theorem, we have :
PM? + AM? = AP? i.e. PM? = AP?> - AM? (2)
But AP = (% — o) + (¥ — B)? + (2 ~ Y)?
and | AM | = Projection [AP] on the line L = (x; —0) I + (y; - B)m + (2, =) n,
where < [, m, n > are direction-cosines of L
= AM?= [ —a) I+ (y;—B)m+(zg -Y)nl*.
Putting in (2), we get : PM? = [(x) - o) + ¥y - B)? + (z) - V3 - [(x; - I+ (y, - B)m+(z;-) n)2.

which gives the required perpendicular distance.

GUIDE LINES

Step (i) Find | AP |, by distance formula, and hence find AP
Step (ii) Find | AM |, by projection formula, and hence find AM>.
Step (iii) Find | PM |, from the relation PM? = AP? — AM".




#’"_H

‘:'. '|

J l\.-I'-..-- ..-'=-'-

Example 1. Find the length of the perpendicular from

the point (3, 4, 5) on the line x-2= J"“3= z-—-l_
2 S 3
Solution. Let P (3, 4, 5) be the given point and L the
. . x=2 y—=3 z-1
given line : = =
2 S 3

Let A be apoint (2,3, 1)on L.

The direction-ratios of L are < 2, 5, 3 >.

[ts direction-cosines are :
7

q

-

3

{J4+25+9'J4+25+9'J4+25+9 ”

2 5 3

€. & " " >
J38 V38 /38

Now PM? = AP? — AM? <41}

[Pythagoras’ Theorem]|

P(3, 4, 5)
a B il S
m$1ﬁﬁ ﬁﬁq@i*
A2, 3, 1) M L
Fig.

But API={(3-2)2 + (4= 3)? + (5— 1)?

[Distance Formulal]

=JI+1+16 =18

and | AM | = Projection of [AP] on AL

=(3—2'}J%+(4—3)E+(5—1)%
[Using (xy —x) [ + (y, —y)) m + (25 — 2) n]
2 5 12 19
38 B VB B
Putting these values n (1), we get
2=(ﬁﬁ—(£} il e g 1P
J38 38 s

Hence, |PM | = 1’; units,

which 1s the required perpendicular distance.

T =
-',I'1,_

—_— —_—

2) EXAMPLES

Example 2. Find the co-ordinates of the foot of the

perpendicular drawn from the point A (1, 8, 4) to the line
joining B (0,-1,3)and C (2,-3,-1). (A LCESE 2016)

Solution.
Any point on BC, which divides [BC]intherato k: 1,1s:

2k —-3k-1 —k+3 1
k+1 k+1  k+1 it
A(1,8,4)
iy 1 .
A M c L
(01_1 .3) (2--311*1 )
Fig.
This becomes M, the foot of perp. from A on BC
if AM 1 BC w(2)

But direction-ratios of BC are :
2—0.—3+1.-1-3>je<2.—-2.—4>
l.€. &1k = b= 25

and direction-ratios of AM are :

2k
< — 1.
k+1

-3k -1
k + 1

-k+3
-8

: -4 >
k+1

Le. <k-1,-11k-9,-5%-1>
S Dueto2). (k-1 +(=-1)(=-11k-9)
+(=-2)(=-5%-1)=0

= k—-1+11k+94+10k+2=0

k=

22k+10=0 =

- From (1), the co-ordinates of M, the foot of perp. are :

(=10 15 £
TR T
_—5+1 _—5+l _—5+1
11 1 TR
| (—10 4 33] | (—5 > 19]
i.e. Vi i.e. e _
& 6 6 3 '3 3



Example 3. Find the vector equation of the line parallel
to the line :

-x—1_3—y z+1
5 2 4
and passing through (3, 0, - 4).
Also, find the distance between these two lines.
—_ o e g A GECeA | )
Solution. (i) The given line is ~5 " 5 A

—

(1)
[ts direction—ratios are < 5, - 2, 4 >.
The vector equation of the hine through (3, 0, — 4) parallel
to(l)s:
A A

P =(3i—4k)+,1(5£—-2j + 4k

7.

(i1) The cartesian equations of (2) are :

x—3 }‘—0:2’,4'4 2
5~ =2 & )
To find the distance between (1) and (3) :
A(l,3,—1)i1sapointon ().
| PS.0.—4)__
.5 =2 _4
/A5 Ja5’ [fa5°
o - 5
A(1,3,-1) M L
Fig.
The direction-cosines of (1) are :
5 -2 4
V2544416 J25+4+416 J25+4+16
, 5 -2 4
e, (—.,—.,—).
J45 45 a5
Now PM? = AP2 - AM? ..(4)
|Pythagoras’ Theorem|
But |AP] = J3-1)2 +(0-3)2 + (-4 +1)2
= J449+9=422
7)o 7]
. = (3 - - =1 | G
ind |AM | = 3-1) NI +(0-=3) . Ja5

4
+{—4+l}(ﬁ)
10+6-12 4
Jas a5
16 99016 974
45 45 45

22 -

Putting in (4), PM?

Hence, | PM |

Example 4. Find the equations of the perpendicular
drawn from the point P (2, 4, — 1) to the line :

'x+5_y+3_z—6
1 4 -9
Also, write down the co-ordinates of the foot of the
perpendicular from P to the line.

x+5 Iy+3 g—b
Solution. The given line AB is T =4  _9

(1)
Any point on line (1) 1s :
(K =3, 4k — 3, — 9k + 6).

P(2,4,-1)

Fig.

For some value of k. this point 1s M such that PM 1s perp.
to line (1).
Now direction-ratios of the hne are < 1, 4, - 9 >
and direction-ratios of PM are :
<k-5-2,4k-3-4,-9% +6+1>

lLe<k-—-7,4k -7, -9 + 7 >.
SDk=-T+DH @G-+ (=N —9%+7)=0
> k-T7T+16k-28+81k-63=0
= 08k = 98 > k= 1.
SMis(l -5,4-3,-9+6)ie. (—4,1, —3).
2. The equations of PM are :

=z y—4 2ok -.x—Z_y-d_z+l
—-4-=2 1-4  —=3+1 = -6 - -2
=2 3 y—4 B z+1
l.e. e =T e = T

Hence, the equations of PM are :

x—2 3—4 z+]
6 3 2
and foot of perpendicular 1s (- 4, 1, -3).

REFLECTION OR IMAGE OF A POINT
ON A STRAIGHT LINE

If the perpendicular PM from P on the st. line AB
be produced to P' such that PM = MP', then P'is called
the image or reflection of P in the given line.

[For fig., see Ex. 5]

Example 5. (a) Find the image of the point (1, 6, 3)
in the line :

_y-1 z-2

2 3

=
1

(C.B.S.E. 2010 C)

L



(b) Also, write the equation of the line joining the given
point and its image and find the length of the segment
joining the given point and its image. (C 5.5 5. 2070 )

Solution. (a) Let P be the given point (1, 6, 3) and M,
the foot of perpendicular from P on the given line AB :

l 2 3

x y-1_ z-2

(= k (say))

P(1, 6, 3)

P

Fig.

Any point on the given line 1s :
(k. 1+ 2k,2+ 3k).
For some value of k, let the point be M.
". Direction-ratios of PM are :
<k-1.14+2k-6,2+3k-3>

le. <k—-1,2k-53k-1>.
Since PM L AB .
Sk -D+ (2D R2k-5+B)3k-1)=0
= k—1+4k—-10+9k-3=0
= 14k =14
~. Foot of perpendicular M 1s (1, 1+2, 2+3) i.e. (1,3, 5).

= k=1.
Let P'(a, 3. ) be the image of P in the given line.
Then M 1s the mid-point of [PP1].

o+ 1
2 2

I

= o+1=2B+6=6,y+3=10
=10, ¥=T.
Hence, the reqd. image 1s (1, 0, 7).

— o=1,

(b) (i) The equations of the line PP are :

=] y—=>6 .2—3

-1 ~0-6 ~ 7-3

‘ k=] y—6 z-3
= 0 ~ -6 ~ 4
x-1  y—6 z-3

=25 = — o —
0 -3 2

(i) Length of segment [PP']

«J(l 1Y 4{o—86) +(1-3)

JO+36+16 = 52 = 2413 units.

Another Form
Find the image of the point (1, 6, 3) in the line :

A A A A A
J+2k+A(i+2j +3k)

Solution. The cartesian equations of given vector equation
are :

S
P =

-y—l_z—E
2 3

Now it is same as above.

x
1

Example 6. Find the co-ordinates of the foot of
perpendicular and the length of the perpendicular drawn
from the point P (5, 4, 2) to the line :

r=—i+3j+k+A2i+3j—k).
Also, find the image of P in this line.

(Mizoram B. 2016; A.I.C.B.S.E. 2012)
Solution. (i) The given line is :

F= —i+3 j+k+AQ2i+3 j—k)

Ix+1 -3 z-1
=2 =— (D)
2 3 —1

l.e.

The given point is P (5, 4., 2).

P(5, 4, 2)

Let M be the foot ol perpendicular from P on the given line
AB.

Any pomnton (1)is (= 1+ 2k, 3+ 3k, 1 — k).

For some value of &, let the point be M.

; Direction-ratios of PM are :

<-1+2k-53+3k-4,1-k-2>

e. <2k-6,3k-1,-k-1>.

Since PM 1 AB,

S 22k-6)+3Ck-1D)+ (1D (-k=-1)=0

= 4k -12+9% -3+k+1=0

4k - 14=0=>k=1.
Foot of perpendicular Mis (= 1 +2, 3 +3. 1 -1)
ie. (l,6,0).

(11) Length of Perpendicular

\

= J(5-1) +(4—-6)? + (2-0)?

= J16+4+4 =24 = 26 units.



(iii) Let P’ («x, 3. ) be the image of P in the given line.
Then M 1s the mid-points of [PP'].

a+s5 B4 y+2
2 T2 "9

> a+5=2+4=12,y+2=0
> a=-3,0=8,y=-2

Hence. the reqd. image 1s (-3, 8, -2).

EXERCISE 11 (c)

Short Answer Type Questions

1. Find the distance of the point (1, 2, 3) from the line
joining the points ( — 1. 2, 5) and (2, 3, 4).

2. Find the distance of the point (1, 2, 3) from the
co-ordinate axes.

3. Find the distance of ( = 1, 2. 5) from the line
passing through the point (3, 4, 5) and whose direction-
ratios are < 2, — 3, 6 >.

4. Find the perpendicular distance of the point (1, 0, 0)
from the hine :

x—1 y+1 2z+10
2 -3 8

Also find the co-ordinates of the foot of the
perpendicular.

5. (a) Find the length of the perpendicular from the point
(1,2, 3) to the hne :

=y y=l =1
3 2 ~3

(b) Find the perpendicular distance from the point
(1,2, 3) to the line :

A A A T

7= BRI TE BAGE 2] —28).
Long Answer Type Questions

10. Find the image of the point :
x—3 ¥l g—3

l —2 5
(F.B. 2014)

(a) (i) (2,0, 1) 1n the line

| 4 _n
GD (1. 6. Wintheline 221 _2—2

I 2 3

(H.B. 2018)

(b) Find the image of the point A(-1, 8, 4) in the line
joming the points B (0, -1, 3) and C (2, -3, —-1).

(A.I.C.B.S.E. 2016)

11. Let the point P (5, 9, 3) lie on the top of Qutub
Minar, Delhi. Find the image of the point on the line :

x=l gl g=3
2 3 &
12. Find the foot of the perpendicular from the point
(1, 2, 3) to the line joining the points (6, 7, 7) and (9, 9. 5).

(Nagaland B. 2018)

13. Find the length and the foot of the perpendicular
drawn from the pomnt (2, — 1, 5) to the lne :

g 2
x—1l_y+2_z+8 (H.B. 2018)

10 =k =i

B TR &
L o U o o a1
| ¥ A §
. SA 18 ,

= | | i
N A 4

-

—

6. (a) Find the foot of the perpendicular from the point
(1) (2, — 1, 5) on the line :

x—ll_y+2_z+8
10 -5 11

(C.B.S.E. 2009 C)

(z1) (0, 2, 3) on the hine et = ) = z+4.
S 2 3

(J]. & K.B. 2011; C.B.S.E. 2009)

(b) Also find the length of perpendicular in part (ii).
(C.B.S.E. 2009)
7. Find the co-ordinates of the foot of the perpendicular
from the point A (1, 0, 3) to the hne joining B (4, 7. 1) and

Ci335:3).

8.A(1.0.4),B(0,-11, 3),C (2. - 3. 1) are three points
and D 1s the toot of the perpendicular from A on BC. Find

the co-ordinates of D.

9. Find the perpendicular distance of an angular point
of a cube from a diagonal, which does not pass through that
angular point.

e T Bl

14. Find the equations of the perpendicular drawn from
the point (2, 4, — 1) to the line :
x+5 -y+3 _Iz—()
1 4  _—9

15. Find the perpendicular distance of the point (2, 3, 4)

- -
from the line A =—Z.
2 6 3

Also find the co-ordinates of the foot of the
perpendicular. (C.B.S.E. 2009 ()

16. Find the equations of the perpendicular from the
point (3, — 1, 11) to the hne :

Also, find the foot of the perpendicular and the length

of the perpendicular. (H.B. 2018)

17. A line passing through the point A with position vector
— M .H: A . o A A A
a=41+2j+2k 1sparallel tothe vector p =2i +3j +6k.
Find the length of the perpendicular drawn on this line from a
A A A
point P with position vector _;1 =i+2j+3k.

(A.LLC.B.S.E. 2015)



_ Answers
L 42 2. V13,410,45.
11
V976 '
3 4. 246,(3. -4, - 2).
S.(a)-(b) 7.
__ (531 ~122 —240)
Sl PR TR
(@) (2, 3,~1) B J21 .
| 17 (22 15
7- (ialq_)- 8. [_'.-__'l_] i
3 3 3 9 9 9
2 .
9. a J; where a 1s the edge of the cube.
BN VRTN COPLANAR LINES
Let the two given linesbe 2—2L - Y= _ 27 2 =p (say)
I m ny
and x—Jrg:}’—}?g_z—Zg:rz{my}
5] my ny

)

10.(@) (i) (3,-2.0) (i) (1.0,7) (b)(~3,-6, 10).
11. (3.5, 7).

(b) (- 3. 6. 10).

12.(3.5.9)

13. /14 units; (1, 2, 3).

X—2 y—4 g+l

4. — Sl
170 78 10) 3

15. |—.,—.—|:=+10L.

> (49 49 49) 7

-1—3_y+1"z—1]

— = 1(2,5.7):/53

16.

17. ;—\}530 units.

k)

When the lines are coplanar i.e. they lie in the same plane, then either they are parallel or they intersect.

my m

y
If L=

lh my ny

= ——, then the two lines are parallel and consequently they he in the same plane.

In other words, two parallel lines are always coplanar. In case the two lines are not parallel, they are coplanar 1f they

intersect.

If two non-parallel lines do not intersect, they are not coplanar. Such lines are called skew lines.

S} Definition

Two lines, which are neither parallel nor intersecting, are called skew lines.

B B ¥ SHORTEST DISTANCE BETWEEN TWO LINES

Definition
/'

shortest distance.

(1) Line of Shortest Distance

If L, and L, are two skew lines, then there is one and only one
line which is perpendicular to both and is known as the line of

(if) Shortest Distance.
The shortest distance between two lines L ] and L,is the distance

| PQ |, where P, Q are points at which the line of shortest distance
meets L, and L, respectively.




. KEY POINT

If two lines in space intersect at a point, then the shortest distance between them is zero.

- = —> E =

(a) To find the shortest distance between two skew lines r =a; + Abjand r =a, + Ab,.

‘ — = —
Let two skew lines Ll and L2 be r =a; + Ab . i
iy -
and r=a+Uub ~A2)
— —

Take any point S (ay) on L, and T(a2) on L,.

—
Let PQ be the shortest distance vector between them.

)
By def.. PQ is perp. to (1) and (2)
- — —

= PQ is perp. to both by and b,

— - -
= PQ s parallel to by X b,.

— —
. A 3 d bl X D,

The unit vector n along PQ 1s given by n=—"7—.

| b, X b, |

—— A
Let PQ=d n, where d is the magnitude of the shortest distance vector.

—

Clearly, PQ 1s projection of ST on PQ.

—

Now if ‘0" be the angle between PQ and ST, then PQ = ST cos 0.

PQ.ST dn.(ay—a,
Bl;[CDE?,e: Q _ H-(ﬂz—ﬂl)l

—

- - o
|[PQIIST|  d|b xXb|

=¥ ¥

— -
(bl }(bz).{ﬂz =)

Hence, d = PQ=ST cos 0 = I
RN

(by xby).(ay —a;)
X .(a» —a
Since d is always to be taken as positive, ... d= 1 i _}z - 1.

by Xbj |
Cor. If two lines intersect, thend = 0
| 3 =
Lé. (by Xby) .(ay —a;)=0.

- > - - - —»

(b) To find the shortest distance between two parallel lines: r =a;+Aband r =a, +u b.

- > —

Let two parallel lines Ly and L, be : r =a; +A b (1)
- - —
and r=a,+Ab 2D

These are clearly coplanar.

- — —>
Clearly, either of L, and L, is parallel to b and they pass through the points S (ay) and T (a; ).

—
Let PQ be the shortest distance vector between them.



d=PQ = ST cos (90° — 0) = ST sin 6 (3) T(Q) .

ExSE| Bx(@—a) N
. X XlaH —a
— (ST |l _bXx@-a)
— —
| b [(ST) A
bXxX(ay —a >
Since d is always to be taken as positive, ... d = M ; ) F ' L
i Fig.
| b|
(c) To find the shortest distance between two straight lines whose equations are :
| 2,) Q L,
X-X1 _Y~"N1_2—7
I m, ny
SHORTEST
DISTANCE
X—X2 Y-Y2 721
and = =
1, m n,
Y1 Z) P L1
Let PQ be the S.D.
Let < 1 m, n > be its direction-cosines. Fig.
Then ”l +mmy +nn, = 0 3)
and ll, + mmy +nn, =0 ..(4)
. [ m "
Solving, = = .
mny —mpny  nly —nply  Lymy — Lhmy
. Direction-ratios of PQ are :
< mn, — myn,. ”1*’2 — "2"[* flmz = !2"'1 o
.. Direction-cosines of PQ are :
iy —mn mly —nyl hmy —my
\/E (myny — myny)* \/Z (mny —myny)* JZ (myny — myny)*
. Length of the S.D. = | PQ |= Projection of [AB] on PQ
_(xg —x1) (mny —mpny) +(yp — yy) (mly —naly) + (25 — 2y) (hymy — lrmy)
-JZ (m]nz — mhHn) )2
Cor. If two lines intersect, then :
(‘IZ —II} (’”‘1”2 == ’"2”1} " Uf’z = J‘?l) {”-]!3 = ”3“]‘ + (‘EZ = El] ”]"LZ — l’:fﬂl} =)
L3 A YNy L4
l my ny
m CO-PLANARITY OF TWO LINES
Consider the two lines :
- —
;} = ay+Ab (1)
-5 5
and ? = ay+Uub <(2)

i & ] H ] %
(1) passes thro’ A having position vector @ and is parallel to b; and

: - oy . =3
(2) passes thro’ B having position vector @2 and is parallel 0 b, .



— _ - -

Thus AB = pv.ofB-pv.olA=a, —q).
. . - gl - -

The given lines are coplanar if and only if AB 1s perp. to b X b,

ﬁ.
i.e. AB - (b xby)=0 = (ay —ay) - (b xby) =0
i.e. d, the shortest distance between (1) and (2) = 0.
CARTESIAN FORM :

Let A and B have co-ordinates (x, v, zy) and (x,, y,, 2,) respectively.

Let by and by have direction-ratios :

<ay. b, c;>and < a,, b,, c;> respectively.

—3 “ A A
AB = (m—x)i+(n-yJj+(z—-7)k,
— 2 p ;:‘
where bl = +b1j +C1
and E;zr = ayi+b j+cyk,
7‘ 7 _
The given lines are coplanar if and only 1f AB (b xby)=0 [As above]

This can be expressed, 1n cartesian form, as :

Xo—=X Y2—=VM d2— 4

a b Cy Y
a by €2
Frequently Asked Questions . FAQs
Examgle 1. The vector equations of two lines are : | | E} 5 _ J o ~
r_1+21+3k+l(21+33+4k) and S | Xby 1=/ (=17 +(2)" + (= 1)
r—2|+4]+5k+|.1(3|+4j+5k) = 1+4+1=46.
Find the shortest distance between these lines. J Vo
(P.B. 2016) LT - ;
Solution. Comparing given equations with : Also. @, —a,=(2-1)i+(4-2) j+(5-3)k
r=a + Ab and r = a, + ub, . we have : =i+2j+2k

. d, the shortest distance between the given lines 1s

— A A A '
by=2i+3j+4k, given by :
—3 A A A | — —
b2=3l+4j+5k P (blbe) (ﬂz_ﬂl)
— A A A B
and ay=i+2j+3k, Iblxbzl
— ‘_’..l:. A A |
a =2i+4j+5k. | =i+2j-k). (i +2j+2k)
I J k /6
Now by Xby =(2 3 4 (= DD+ (2)Q)+(=1)(2)
3 4 5 -

7

=i(15-16)—j(10—=12)+ k(8—9) ol s it .l =L=\/f_]units.

A A A 'Jg \/6 6 T

=—i+2j—k.




Example 2. Find the distance between the lines
L, and L, given by :

-

r=i+2j—4k+X1(i+3j+6k)and

i

r= 31+3j-5k+u(21+3]+6k}
Solution. Clearly. L; and L, are parallel.
Comparing given L-qlh.llluﬂh with :

(N.C.E.R.T")

— -
r =

ﬁ.b and r —a2 -I-yb we have :

+37+6k . so that

3
| b[=4+9+36=149=7

- -
Now ﬂz—ﬂl—ﬁ-l)!+(3 7}}+(—‘5+4}k

+j—k.
e i j ok
b X(ap-a))=12 3 6
2 1 -1

i (=3—6)— j(=2—=12)+k (2—6)

= —-97+147-4k.
" d. the distance between the given lines 1s given by :

e
b X(ﬂz -‘ﬂl)

—

b |
—91+14] - 4k
7

1
?I-9?+I4}-4£I

1
—_}-,jﬂl+l%+16

s
7
| Example 3. Show that the two
x—1 z-3  x- ol
and X 4 y-1
2 3 4 5 2
Find also the point of intersection of these lines.

(Mizoram B. 2017; Meghalava B. 2014; P.B. 2012)

203 units.

lines
y—2

= 7z intersect.

Solution. The given lines are :

=] F—=d 3—3
2 3 4

X
L,: skl

x—4 y—1 1z
——— g,
and Lj: 5 5 : i)
Any pointon L, is (2A + 1, 3A + 2, 4A+ 3) e
Any pomnton L, 1s (SH+4, 20+ 1, W) ..(4)

The lines L, and L, will intersect iff points (3) and (4)
coincide
it 2A+1=5u0+4.3A+2=2u+1.4A+3 =

Taking first two, 2A-5u=3 )
Taking middle two, 3A -2 p=— 1 ..(6)
Taking last two, A -pn=-3 R

Solving (5) and (6), A=—1and p=-1

Putingin (7),4(-1)+1=-3

= — 3 =-3, which is true.

Hence, the given hnes L; and L, intersect.

Putting A = —1 in (3), [or p = -1 in (4)],

we get the reqd. point of intersectionas (—1,—1,—1).
Example 4. Show that the lines :

1n:+3:3,'-1:z-5m:Id x+l=y—2=z—5
4 1 g -1 2 S
are coplanar. Also, find the equation of the plane.
(N.C.E.R.T))

Solution. Comparing the given equations with

X=X _Y=n_23—3
a by €1
I—=Xy Y=Y T2
and = b .
as p) 2
weE get .

xy==-3y=Lz1=5. xy=-1Ly,=2,2,=3
dﬂ(_lﬂl — . bl = | £1:S sz—l b2:'21£'2:5.
=X Y270 <274
Now 9 b] “l
a by )
—-143 2-1 5-5 5 10
-1 2 5 -1 2 5
=25-10)-1.(-15+5)+0==104+104+0=0.

Hence, the given lines are coplanar.

(i1) The equation of the plane containing given lines 1s :

| x+3 y—1 z—3
-3 5 |=0

3 l ; [Ref. Art. 11.17 (e)]
—1 oF

> x+3)O0-10)-(y-DE15+5)+(z-5-6+1)
= ()



=>-5x- 15+ 10y - 10 -5z + 25
2>-5x+ 10y-5z=0=>x-2y+2z=0.
Example 5. Find whether the lines :

I
-

M

r=(Gi-j-k)+4Qi+j)
— A A A A A
andr=Q2i-j)+u(i+j-k

intersect or not. If intersecting, find their point of
intersection.

Solution. The given lines are :

o (?-f-fi}+1(2§+})
and : = {2;—;)+ﬂ(E+;—;{
i.e. ro= (1420 i+ (=144 j—k D)
and T = @Huyidd= 18 =gk

It the hines (1) and (2) intersect, then for some values of
A and u, we have :
| +24 = 2 + u .(3)
—1+4 = —-1+u ..(4)
and -1l =—-u=u=1 eil2)
Puttingin(4), -1 +A=-1+1=>41=1.
This A= I and g'= 1.
These also satisfy (3). [ I +2(1) =2+ 1 ie. 3 = 3]
Hence, the lines intersect.
Puting A = 1 1n (1),

A A A A

r = (+2)i+(—1+1)j—k = 3i—k.
Putuing u = 11n (2),

- A M A A N
r=Q+Di+(=1+)j—k =3i—k.
Hence, the point of intersection is (3, 0, — 1).

Example 6. Find the shortest distance and the vector
equation of the line of shortest distance between the lines
given by :

E -

r=3i+8j+3k)+A(3i—j+k) and

—p

r=(3i—-7j+6Kk)+p(3i+2j+4K).

Solution. The given equations in the cartesian form are :

x-3 y-8 z-3
Li: — — (=A) A1)
" "
x+3 y+7 z-6_
v | = — — — o
and Lo — 5 2 (=) (2)

Any pointon L is GA+3,-A+8, A +3).
Any pomnton L, 18 (=3 -3, 20 -7, 41 + 6) .

If the line of shortest distance intersects (1) in P and (2)

—
in Q. then the direction-ratios of PQ are :

<-3U-3-3A-3,2u-T7+A-8,44+6-A-3>
le. <3A+30+6,—-A-2u+ 15 A-4p-3>.
Since PQ 1s perp. to line (1),
SB3)BA+3U+6)+ (=) (= A =21+ 15)
+(DA-4p-3)=0
= [IA+7u=0 A 3)
Since PQ 1s perp. to hine (2),
D=3 CAH3U+6)+2(—A-2u+ 15)
+4(A-4u-3)=0
= ~TA-29u =0 ..(4)
Solving (3) and (4), A =0, u = 0.
- Points P and Q are (3, 8, 3) and ( - 3, — 7, 6)
respectively.
S.D.=|PQ|

=J(=3-3)2 +(=7-8)% +(6-3)°

= /36 + 225+ 9 =270 = 330 units

and the vector equation of line of S.D. 15 :

—

r=(3i+8)+3k)+p(-6i —15]+3k).

- - - -
|[Using r=a+A(b —a)]

EXERCISE 11 (d)

Short Answer Type Questions

Find the shortest distance between the following (1 -4)
lines whose vector equations are :

= A R AL AL A
. r=i+j+AQRi—-j+k)

s A A A A A A
and r =2i+j—-k+pn@Bi-5j+2k).

(N.C.E.R.T. ; Kerala B. 2016; Kashmir B. 2016, 12,
I1; P.B. 2015, 10; H.P.B. 2013 S, 11; H.B. 2010)



= A A A A A A

2. (i) r=3i+8j+3k+A3i—-j+k)
= A A A A A A
and r==3i-7j+6k+U(=3i+2j+4k)

(P.B. 2012)

A A A

A A A
(@) (i — j+2k)+A(2i+ j+3k

A A A A
alnd(2?+3j—k'}+;: {3?—2;‘ + 2k).

(Assam B. 2016)

> A

A A A A
(fi) r=1(i +2j+3k1+/1{,?—3j+2k)

—> A A A

A A A
and r=(4i +5j+6k)+u(2i +3j7 + k).

— A A A A A A
3.()) r=6i+2j+2k+A(i—-2j+2k)

— A A A A A
and r=—4i—-k+pnQ3i—-2j-2k)
(NNC.ER.I.; HEPB. 2017, 15;: PB. 2013 ! Jammu B. 2012 :
C.B.S.E. (F) 2011)
— A A A A A
(i) r=4i—-j)+A(i+2j-3k)
—2 A A A A A A
and r =(i — j+2k)+ U (2i +4j-5k)
(C.B.S.LE. 2018; I1.B. 2010)
> A A A A A A
() r = (i+2j—4k)+ A 2i+3j+6k)
e A A A A A A
and r = 3i+3j+5k)+ u(—2i+3j+06k
(H.P.B. 2017;: H.B. 2017, 15)

A A

- A A A A
(iv) r =(i +2j-4k)+A2i +3j +6k)

A A

A A A A
=3i +3j-5k)+u2i +3j+6k).
(Jharkhand B. 2016)

-
r

4.{:');}=[Jk—I)?+(l-l}}-(l+l}ff
— A A A
andr=(1-pwW)i+C2u-01j+U+2)k
— A A A

({i) r=(1+M)i+Q2-AN)j+(1+N)k

and 7 = BILEIEE = 0= =T T00E.

5. Consider the equations of the straight lines given by :

— A AA A A A
Ly:r = (i+2j+k)+A (i— j+k)

_,, A A A A A A
L,: 7 = (Qi—j—k)+u (2i+ j+2k).

) = A A A > A A A
If ay = j+2j+k, b1 = j— j+k,
i A A A —> A A A
a4y =2j—j—k, b2 = 2i+ j+2k, then find :
(1) ar—a (11) 32—31
(111) 31)(_52 (1v) EIXEZ

(v) (byXb,y).(ay—ay)

(vi) the shortest distance between Ll and Lz‘
(Jammu B. 2018, 16, 14, 12, Il: Assam B. 2018;
Rarnataka B. 2017;: H.B. 2017: H.P.B. 2016; Bihar 2014)

Find the shortest distance between the following (6 - 7)
lines whose vector equations are :
6.(i)) r=(1—-0i+@E—-2)j+CB—-2t)k

T A A A
andr =(s+1D)i+2s=-1)j-2s+1) &k

(NNC.E.R.T.; Kashmir B. 2018, 11; Jammu B. 2016, 15W,
14 13: HPB.2013,12, 108, 10: A.LC.B.S.E.2011)

W A A A
() r=3-1)i+4+2t)j+(t-2)k
i A A A
and r=(1+s)i+3s-7)j+(2s-2)k,
where t and s are scalars.
( H.P.B. Model Paper 2018; H.P.B. 2018, 17, 16, 14, 13;
Kerala B. 2018)

— A A A
7.(0) r=@84+3A)i—-(9+16A) j+(10+7A) k

i

and r =15i +29 j+5k + 1 (3i +8 ] — 5k)

) A A A A A A
(i) r=3i—15j+9k+A(2i-7j+5k)
_}

and r =u-Di+(1+p)j+(9-3n) k.
8. Find the S.D. between the lines :

*'x 'y qz r.x——2 -y—l z+ 4
WIS E1T™ 3 78~ 1

(H.B. 2016)
x—1 y=2 z=-3 x+l y-1 z-I

(i) === = =——==——and —— = ——=——

2 3 2 3 2 5
(Jammu B. 2013)

x+1l y+l z+1

7 —6 1 1 =52 I
(H.P.B. 2018, P.B. 2017)

(111)

y—8 z-3 d'x+3 y+7 726
3" -1 1 =37 2 " 4

(Kerala B. 2013)




Determine whether or not the following (9 — 11) pairs
of lines intersect :

| A A A A A A
9, r=—-2j+3k)+A(—i+j—2k)
- A A A A A A
and r=(>(-j—-k)+p(i+2j-2k)
— A A A
10, r=QRA+DHi—-(A+1D)j+(A+1)k.
— A A A
and r=QCu+2)i—-Gu+5) j+Q2u-1)«k.

Long Answer Type Questions

13. Find the shortest distance and the equation of the
shortest distance between the following two hines :
2 PN B B
r=(—i+j+9k)+A2i + j-3k)
—3 A A A A A A
and r=Q@i—-15j+9k)+n(2i -7 j+5k).
14. Find the shortest distance and the vector equation
of the line of shortest distance between the lines given by :

— A A A A A A
(i) r=(—4i+4j+k)+A(i+j-k)

— A A A A A A
and r =(—-3i—-8j-3k)+u(2i +3j+3k)

A A A A A

i) r=(—i+5)+A(—i+j+k)

[al A M A

and r=(—i—=3j+2k)+uGi+2j+k).

15. Write the vector equations of the following lines and
hence determne the distance between them :

81 2-Z ¥ 33 33 z4S
e e e
(C.B.S.E. 2010)
16. Show that the linv:::-;:x—-l-l . ot Pk
3 5 7
X—2 y—4 z—06
and — = =

itersect each other. Also, find their point of intersection.
(C.B.S.E. 2014; P.B. 2012)
17. Show that the lines :

) 1 = 3742 —ak+ Ai+2 j+2k)

and T =5i—2j+u3i+2j+6k) (A.LC.B.S.E. 2013)

o~ A A A A A
ity r =(i+j—k)+A3i—])

A A

i A A :
and r = Gi—k)+u(2i+3k) (C.B.S.E. 2014)

are ntersecting. Hence, find their point of intersection.

- i) N
11, X l=y+l=z:x+l=y _:z 2
2 3 5 (N
- . )
12. Prove that the lines : = lz}r e 3:;md
2 3 4
" _ _
i P 3=Z 2 are coplanar.
3 4 5
' L ATC A
18. Show that the lines :
| — 1 + 1 -1 | -2 -1 + 1
{ﬂ}x —2 = Ermu.lJr =y i
3 2 5 4 3 -2
A A A A

(b) 7 = (i+j)+AQ2i—k)

A A A AN A
= 2i—j)+uti+k—k)

do not intersect. (Meghalaya B. 2015)

19. Find the S.D. between the lines :

. _ < d -I—Z_y—ﬁl_:;:—S
7 3 4 Y3 4 5

find also 1ts equations. (P.B. 2014 §)
20. Show that the following lines are coplanar :

x—8 2y—8 z-5

5—x -y—'? z+3

"3 8 5 W5 ¥ 3 73
(C.B.S.E. 2014)

- .x+3 =1 =3 -.1'+1 y=2 25

(i) = = and = —

-3 1 5 -1 2 5
(Jammu B. 2018; Uttrakhand B. 2013 ;
Assam B, 2013)

21. Show that the hnes :

x—a+d y—a& g—a-—4a
o+ 0

and

o—0 o

z—b-c

x—b+c y—b
= are coplanar.
B+y

B-vy B
(INNC.E.R.T.)

22. Find the equations of the lines joining the following
pair of vertices and then find its shortest distance between the
lines :

(1) (0,0,0),(1,0,2) () (1, 3,0), (0, 3, 0).



[T )

10

L _ — A A A A A A
J59 | 13. 443; r =(3i+3j-3k)—u(4i+4j+4k)
- 57 3 |
; T 11 _} A A A A F A
2. (i) 3430 (u}m(m}EM- 14.(1'}@:r=(—5i+3j+2k}+ﬂ(,j_2j+3k)
3.()9 (i) 65 (i) Hs (iv) 0. (i) 42,7 = (1 + 3] =2k) + pu(i = 4 + 5k).
| | 15. r = (i+2j—4k]+1(2i+3j+6k]
4. (i) -Sl‘—@ (if) 3‘5.
2 2 E= A A A A A A
S . e and r = (3f+3j-5k]+,u 4i+6j+12k] i
5.() i—=3j—=2k (i) i+2j+k (ii)) =3i +3k r
| Z V293 units.
A A A '
(iv) —i+3j—5k (v)-9 (vi) %JE units. (1 —1 -3)
| 643"2" 2
829 - Y7, DT, <6, <12 66k §~1)
6. (i) ‘2{: (i) /35 . s a }

1
19, —=; 6x—9=10—-3y=67—25.
+ " %
7. (i) 14 (if) 44/3 . |
. A X
I

— A
2. 6) r =h G +02k) ==

£
0

1 J2336
8.(:'}5«/5 (i) —=—(iii) = (v) 330 -

1—3‘ A A A e 1] —
i) r=(i+3j)—pWi;= -2 £

9. No. 10.No. 11. No. i 0 0
S:D.=3unts:
“ Hi Sel i
= ints to Selected Questions ———————@®-0- - - —
9. Show that S.D. # (). | 16. Show that S.D. = 0.

SUB CHAPTER

11.3

The Plane

INTRODUCTION

A plane is a surface such that if we take any two distinct points on it, then the line joining these points lies wholly on it.
We can specily a particular plane in several ways as :

(i) One and only one plane can be drawn through three non—collinear points.

Thus three given non—collinear points specily a particular plane.

(ii) One and only one plane can be drawn to contain two concurrent lines.

Thus two given concurrent hines specily a particular plane.

(iti) One and only one plane can be drawn perpendicular to given direction at a given distance from the origin.
Thus the normal to the plane and the distance of the plane from the origin specify a particular plane.

(iv) One and only one plane can be drawn through a given point and perpendicular to a given direction.

Thus a point on the plane and a normal to the plane specify a particular plane.

Of the above,. (1if) and (iv) are most useful.



B EB VA EQUATIONS OF PLANES

(@) STANDARD FORM (NORMAL FORM) (Assam B. 2015: Karnataka B. 2014)

To find the equation of a plane, which is at a distance ‘p’ from the origin and perpendicular to the unit vector n

(being directed away from O).

. . - - - - . A .
Let O be the onigin and “p’, the length of perpendicular OL from O to the given plane. Letn be the unit vector normal to

the plane in the direction away from O i.e. from O to L.

—

Then OL = pn.

_}
Let P be any point on the plane whose position vector is r .

— —

Clearly, LP1s 1 OL *.

ey

-. Pis apoint on the plane & LP.OL=0 ...(A) (Scalar-Product Form)

e

A
Now LP=0OP-OL=r —pn.
— Al oA
- From (A). (r = pn).n:[}
o AA
= r.n—pn.n=0
— A
= r.n—p=0
= A
== r.n=p

Cartesian Form :

— A A
Letr .n=p (1) be the vector equation of the plane, where nis

the unit vector normal to the plane as shown in the figure.

A

—
Let P (x, v, 2) be any point on the plane, then r = xi+ y}.{. 7k

L

A

] ; . A A o . a
If <I, m, n> are direction-cosines of n,then n=1li +mj+nk.

A A A A A

Putting in (1), we get: (xi+ yj+zk).(li+mj+nk)=p

= Ix + my + nz = p.

O(ORIGIN)
Fig.

[on.n=1]

..(B) (Standard Form)

Here < [, m, n > are direction-cosines of the normal to the plane and “p’ 1s the length of the perpendicular from the origin

to the plane.
(b)) GENERAL FORM
To prove that the general equation of the first degree in x, y, z represents a plane.
Let the general equation of the first degree inx, y, zbeax+ by + cz+d=0
where a, b, ¢ are not all zero i.e. a® + b2 + 2 #0.

Thenax+ by +cz=-d

*If P 1s not in the plane, LP 1s not perp. to OL.

)



= (xi+yj+zk).(ai+bj+ck)y=—d

. a A b A C A -d
— 3 r s j+ k=
Jﬂz +a"::r2 . \/az +.!:r2 +r:2 \/az +b? +c2 \/az +.-!:'2 +«:"2
e AL A —-d
— r.(li+mj+nk)=p. where =p
Jﬂ2+b2+£‘2

2 A A A R o B .
= r .n=p,where n=1i+mj+nk, which represents a plane.

- . A —d
Hence, ax + by + cz + d = 0 represents a plane, the length of whose perpendicular from the origin is p =

ﬂz + b2 + cz
and the direction—ratios of the normal are < a, b, ¢ >.
Cor. Reduction to Normal Form.

ax+by+cz+d=0 = —ax—by—-cz =
—-a —b - d
= x4+ y + =
Jﬂ2 +b% +° Ja2+b2+c2 \/a2+b2 +c° Ja2+b2+c2
[Dividing by \/(— gy ==hy ®{=e)" ]
= Ix + my + nz = p,
( A ( \ ( \
= = =g
where 1| = ,m| = Jn| =
3
\ \[::1:2+.i!;'2+r::2)J X \[a2+b2+ 2} ! \/a2+b‘“+c21
( \
S . d . . :
are the direction-cosines of the normal to the plane and p| = 5 |1 the length of the perpendicular from the
; \/a +b" +¢

origin to the plane.

.. KEY POINT

In the normal form of the equation of the plane Ix + my + nz = p, the following charactenistics may be noted with care :

(1) p is always positive.
(2) (coeff. of x)* + (coeff. of ¥)* + (coeff. of 2)* = 1.

Another Form. The equation of the plane in the normal form 1s also of the form :
xCcos 0L+ ycos B+ zcosy=p,

where [ = cos o, m = cos B, n = cos Y.

(c) ONE-POINT FORM

Equation of a plane passing through a given point and perpendicular to a given vector.
(Assam B. 2015; Kashmur B. 2011)

To prove that the vector equation of a plane passing through a given point ﬁ and perpendicular to given vector n

> S .
IS(r—-r;).n=0.



Let O be the ongin. Let r; be the position vector of a pomnt A, lying on the plane. Let P be any point on the plane whose

_}
position vector is r .

— > =y

AP=0P-0OA=r —n.

—
; ; : iy
Since AP lies in the plane and p 1s normal to the plane,

- - A

S (r —rp).n=0, whichis the reqd. equation.

(ORIGIN)
Fig.

Cartesian Form. Equation of a plane through (x,, y;, z;) and normal to the plane having direction-ratios
<a,b,c>.

7 A ALA A A A ALA A A
Let r=xi+yj+zk:n=xji+yj+ykandn=ai+bj+ck.
—
=+ = A e A n
Then (r —ny).n=0 bur:urneri:(r—rl).:={]
| n |

— l(x—.xl)?ﬂy—y}) }+ ('z—zlliﬂé].(a?+b}+c£)=0 —axX-x)+b(y-y)+c(z-z)=0.
(d) Equation of a plane through a point and parallel to two given lines.

_}
To find the equation of a plane through a point having position vector a and parallel to the lines :

- - — - - —
r=a+Abandr =a"+ub'.

_}.
Let A be the point whose position vector is g.

—
Let P be any point in the plane whose position vector 1s r.

e —
Now P lies in the plane iftf AP, b and b’ are coplanar

iff AP.(b xb’)=0

— — — —
iff (r —a).(bxb")=0 _..(1), which is the reqd. vector equation of the plane.

— A A A
Cartesian Form. Let r =xi +yj+ zk,

—? A A A
a=xii+yj+z1k

— A

and b:bl?+b2}+b3k,b’=b1'?+b2¥}+b3'£.
Putting in (1), we get :
X=X Y= 2—4

b by by | =0, which is the reqd. cartesian equation of the plane.
b’ by’ by’




Example : Find the vector and cartesian equations of the plane passing through the point (1, 2, - 4) and parallel
to the lines :

—-

r=i+2j—4k+A Q2i+3j+6k)

and r=i—3j+5k+u(i+j—k).
= A A A = A A A = A A A
Solution. We have : a=i+2j—-4k. b=2i+3j+6kandb'=i+ j—k.
(i) The vector equation of the plane is :
e e
(r—a).(bxb")=0

- [r—(i+2j—4k)].[(2i+3j+6k)X(i+ j—k)]=0.

(i1) The cartesian equation of the plane 1s :

| x—1 y—2 z+4
2 3 6 |=0
1 ] -1

= x-1)-3-0-(-2)(-2-60)+(z+4)(2-3)=0
= — O +9+8y—-16-z—-4=0
— Ox-8y+z+11=0.
(e) Equation of a plane through two lines.

To find the equation of a plane through two lines :

- =3 -» - =-» -

r=a+Abandr=a+ub'.

_ _ - -
The given lines are a+Ab I
— —

b

—>
r=a

and + U b’ W0
o - —
(1)1s a hne through A(a) and parallel to vector b.

: . s X
(2) 1s a hine through A’(a") and parallel to vector p’,

_}
Let P(r ) be any point in the plane.

. T2 —
Now P lies in the plane iff AP, b and b’ are coplanar

- 5 5 o
it (r —a).(b Xb')=0 ..(3). which 1s the reqd. vector equation of the plane.

. . TR A A A
Cartesian Form. Let r =xi+yj+zk,a=xji+y j+ 7k

_}

— A A A A A A
i+bj+ck.b'=ari+b j+crk.

and b:ﬂll

Putting 1n (3), we get :




Example : Find the vector and cartesian forms of the equation of the plane containing two lines :

—»

r=i+2j—4k+A(2i+3j+6k)

—
=

and 3i+3j=5k+p(=2i+3j+8k).

3 A A 7 O A A A e A A A
Solution. We have: a=i+2j—-4k,b=2i+3j+6kandb'=-2i+ 3+ 8k.

(1) The vector equation of the plane 1s :

= A A A A A A A A

[r—(i+2j—4K)].[Qi+3j+6k)X(=2i+3j+8k)]=0.

+ 4
(i) The cartesian equation of the plane 1s 3 3 6 |=0
-2 8

x—1 wy—=2 .z

L

x-DR4-18)—-(y=-2)(16+12)+(z+4(6+6)=0
6x —6-28y+56+122+48=0
6x — 28y + 122+ 98 =0
— 3x— 14y + 62+ 49 =0.
(f) THREE-POINT FORM
Equation of a plane passing through three points.

J Ul

— — —
To find the equation of a plane through three points having position vectors ry,r, andrjy .

- = — o
Let A, B, C be three given points having position vectors ry, ry, r3 respectively. Let r be the position vector of any point

P on the plane.

— — —> — - —
Then AP, BP and CP are coplanar vectors = AP.(BPxCP)=0

= (r —n }“r ‘_rz) X(r —"?'3)]=U'.
Cartesian Form. Equation of the plane through three points (x,, ¥, Z¢), (X5, ¥5, Z,) and (X3, ¥3, Z3).

= B B, B =% A A A 2 A A 8 —7 A A A
let r=xi+yj+zk, n=xji+y1J+yk.np=xi+y,j+k.n=x31+y3j+23k.

2 =7 A A A 2 TR A A A
Then (r —R)=S(X—%)) T (¥—3) JH¥EZ—g) k. r—B)=(X—~%) | #AV= Vo) JF(E—2) k

- = A ¢ A
and (r—-n)=(x-x3)i+(y—y3) j+(z—23)k

X=X1 Y—-Nn1 2I—-%
= |X—X5 Y-Yy Z-12,|=0.
X—X3 Y—-JY¥Y3 Z—13
Note. In numerical examples, in order to find the equation of a plane passing through three given points, 1t 1s a shorter to
proceed as in Ex. 12.
(g) Equation of a plane through two given points and parallel to a given vector.

—s —

To prove that the equation of the plane through two points A and B having position vectors r; and r, respectively

— - 5 - = —
and parallel to a given vector mis(r —ry).[(ry, —ry) xm]=0.



Since the points A and B lie in the plane, [Given]

= . - =
" AB 1s parallel to the plane = r, — ny 1s parallel to the plane.

—
But m 1s parallel to the plane. [Given]

- =25 =
S (np —n) X m 1s normal to the plane.

_ _ = - 2 5 o > e
.. The equation of the plane through r, with (r, — )X m asthenormalis (r —n) .[(’, — ) Xm]=0,

which 1s the reqd. equation of the plane.
Cartesian Form. Equation of a plane passing through the points (x,, y,, Z,) and (x,, y,, Z,) and parallel to the line
having direction—ratios < a, b, ¢ >.

— A A A 7 A A A A A A — A A A
Llet r=xi+yj+zk.n=xji+y1j+yk.n=xyi+y,j+rkandm=ai+bj+ck.
Then r—r=(x—-x)i+(y—y)Jj+(z—2z)k

=¥ A A A — A A A
and r, —np=(xp —x))i+(y,—y)Jj+(zp—z)jand m=ai +b j+ck.

g ay = =3 =3
Then the equation of the plane1s (r — ).[(rp — 1) X m|=0

e e T
= |lr-nn-n m=0

X=X Y™ =71

o %27 X% Y27Y1 2~ 7|=0. | Refer 10.33 Def.
a b C

(h) INTERCEPT FORM*

To find the equation of the plane, which cuts off intercepts a, b, ¢ on the co—ordinate axes.

Let the required plane (not passing through origin O) meet the co—ordinate axes in pomnts A, B, C.
Then OA =a, OB = b and OC = c.

. The co—ordinates of A, B and C are (a, 0, 0), (0, b, 0) and (0, 0, ¢) respectively.

Let the equation of the required plane be Ax+ By +Cz+ D=0 1)
| We use dashes to avord confusion]
Since (1) passes through the points A (a, 0, 0), B (0, b, 0) and C (0, 0, ¢). Z
A'(a)+D'=0 =¥ A':—E,
a
B'(b)+D'=0 == 13'=—R
b
o , - | D’
and Clc)+D'=0 =3 B i
C
Putting these values in (1), we get — D X — D y— D z+D'=0
a b C
X /4
- Sy d By [ D’ #0]
a b c

which 1s the required equation.

*1f a plane (not passing through the origin) meets the co—ordinate axes in the points A, B and C respectively, then the directed distances
OA, OB and OC are called intercepts made by the plane on X-axis, Y-axis and Z-axis respectively.

These are usually denoted by a, b and c respectively.
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B E BTN EQUATION OF A PLANE THROUGH A GIVEN POINT AND PARALLEL TO TWO GIVEN LINES

— — —
To find the vector equation of a plane through a given point (r;) and parallel toa and b .

- ——
Let ry be the position vector of the given point C on the plane and P be any point on it. Now the vector CP 1s coplanar

i =y
with g and b.

—_ — —
CP=5sa +tbh.

— - - - —

If r be the position vector of P, then r = OP =0OC + CP

— — —
=T] +5a +Ib

e :
Hence, the reqd. equation of the plane 1s r = i + s a +t b, where s and 1 are some scalars. Fig.

Cor. Equation of a plane containing two lines.

_ ~) =3 — - =2
Let the two linesbe r =ay + Abyand r =a; + ub,.

& = & ] & & _} _.} _} _.}
The equation of the plane containing these lines is r =ay + sb; +tb,.

I E B TR INTERSECTION OF TWO PLANES

When two planes intersect, they always intersect in a line.
Let , and T, be two mtersecting planes.

_}
Let a be the position vector of a point, which 1s common to both the planes.

_ ‘ - -2 -5 - 2 -
~. The equations of the planes are )y :(r —a).ny=0and 5 : (r —a) .np; =0.

— —> —a -
Clearly, (r — a)is perpendicular to both ny and n,

B - = - = =3 =y
= (r —a) is parallel to ny Xny = (r — a) = A (n; X ny) for some scalar A

- - — e o _
= r =a+Ab,where b =n; Xn,, whichis ast. hne,

Hence, the result.

B E TN PLANE THROUGH THE INTERSECTION OF TWO PLANES

= T —
To prove that the equation of the plane through the intersection of two planes r . n; =p, and ;} - Ny =P,yis:
2 =3 =3
r = (nl+ln2) =py + lpz.

: : - - -
Let , and &, be two intersecing planes  r . ny =p,and r . n, =p,.

—
Let r; be the position vector of a point, which 1s common to both of them.

- = P
Then nn . n=p,and 11 . ny =p,

- = i s e T S

= n.m+tAnp.m)=p +Aip, = n - (ng+Any)=p;+Ap,

- -
Hence, the required equation of the plane is r. (;]} +Any)=p; +Ap,



Cartesian Form. To prove that the equation of any plane through the intersection of two planes :
ax+b,y+c,z+d;=0and a,x +b,y+c¢,z+d, =0
is a plane of the form :
(@ax+by+cz+d))+A@x+byy+c,z+d,) =0.
The given planes arc ajx + by + cjz=—dand ayx + byy + c,2 = —d

i

o A 4 A A A A 8, A A A
= (xi+yj+2zk) _(ﬂ11+b11+c1£)=—dl and (xi+y j+zk) . (ayithby, j+cy k) =-d,

' - = —3 =3
L 2. r.n =p; and r.ny =p,,
- A A X = A A N
where n=ayi+b j+ck.ng=ai+by jtcork.pi=-d, p,=-d,
- >

_ . A |
-. The reqd. equation of the plane is r. (ny + Any) =p, + Ap,

= (x?+yj+zk) (a; + A ay) i +(51+M31:}+(f1+7‘52} Jﬂél:(“f"l}*‘}L("‘d?-}
= (@ +Aay) x+ (by +Aby)) y+ (c; +Acy) 2+ (d) + Ad,) =0
= (@ax+by+ciz+d)+A(ax +by+cyz+d,)=0.

I 38 ANGLE BETWEEN TWO PLANES

Let o and @, be the two given planes. The angle between these two planes 1s zero when o and o, are parallel. When
o, and 0, are not parallel, then :

“the angle between the two planes is defined to be the angle between their normals.”
Thus if *6," and *6," be the two angles between two non—parallel planes. then we have the relation

91+9 =3I.{J-=:91.EJE-=:7I.

- — A

(a) To find the angle between the two planes r . ﬁl =p;and r .njy =p,.

Let Ty and T, be two given planes.

Then the angle between T, and 1T, = angle between normals to
A A
planes T, and T, i.e. the angle between ny and n, .
A A
If 6" be the angle between planes T, and &, , then 7y ./ = cos 6.
A N

| @ ay -5 =(1)(]) eos B =¢as 0]

Cor. 1. When planes are perpendicular.

Here 8 = 0/2. then ny .1y =0 .

Cor. 2. When planes are parallel.

Here 6= 0°, then r?l = 1?2 :

(h) To find the angle between the two planes :
ax+b,y+cz+d;,=0and a,x + b,y +c¢c,z+d, =0.
The given planes are ax+byy+ciz+d; =0 1)
and asX + byy + ¢z +d, =0 s ()
Direction—ratios of the normals to these planes are < a, b, ¢,> and < a,, b,, c,> respectively.

But the angle between the two planes = the angle between their normals.
aja; +bsb, +cycy

Jﬂlz +b12 +c12 *Jﬂzz +b22 +c32

- I °07 be the angle between the two planes, then cos 6 = +




|

. KEY POINT
/‘

If the two planes are non—perpendicular, then the acute angle between them is given by :
|ﬂ1ﬂ2 +b1b2 +El£‘2|

2 2 2 2 2 2
Jal +b,"+c;” Jay,” +by" + ¢y

cos 6 = and the obtuse angle between them 1s given by :

Iﬂlﬂ2 = - blb2 +f.'lf2| |
Jﬂlz +E;»l2 - c12 a22 +l;~22 - r:22

cos 0 =—

Cor. 1. Condition of Parallelism.
a; by ¢

The two planes are parallel iff normals to these planes are parallel iff > :
a) 2 13

Cor. 2. Condition of Perpendicularity.
|8
The two planes are perpendicular ift 8, =6, = 5 iff cos 8, =cos 8, =0

if1 aa, + l:ull:n2 +¢,C, = 0.

% KEY POINT

o a b o _ 4
Two planes a;x + by + ¢,z + d; = 0 and ayx + b,yy + ¢,z + d, = 0 are identical iff ——=-"—=—=—

ay b, ¢ dy

Cor. 3. Equation of any plane parallel to a given plane.
The equation of any plane parallel to the plane ax + by + cz+d = 0 isax+ by +cz+ k= 0,
where k is any constant.

a b c
For, the planes ax + by + cz+d =0, ax + by + ¢z + k = 0 are parallel because —= 5 =— =1, which is true.
a C
Rule to write : -
In the equation of the given plane, change only the constant term to a new constant.
m DISTANCE OF A POINT FROM A PLANE
~ — A
(a) To find the distance of a point having position vector a from the plane whose equation r .n = p.

=
r

Let mt; be the plane

: (1)
n=p >
_ o o n2
Let P be the point whose position vector 1s a . -

Consider the plane T, through P parallel to plane 1,

a
4
. The unit normal to T, plane 1s alson . -1
I
[ts equationis (r—a).n=0 M{ﬁ my
—} A —} A _} M _}' A
— rn-—=4a.n == Fruu=an
- - - - - -_-} ﬂ
= distance OL of this plane from the origin O = a . n
o & O
Case I. When P and O are on opposite sides of T,
- A Fig.

then distance LM of P from plane , 1s r .n =d.

Case II. When P and O are on same side of 1, the above formula gives a negative result.
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(b) To find the perpendicular distance of the point ( x,, y,, Z,) from the plane
Ix+ my+nz=p(p>0).

Let P (xq. y,. 2;) be the given point.

LetIx + my + nz=p ( p>0) be the given plane ABC.

Thro’ P, draw PL L on the plane ABC. Let = |PL|= d (say). = b,
iy
Let OM be perp. from O on the plane ABC so that |OM| = p.
—
Thus the direction-cosines of OM are <[, m, n >.
Thro’ P, draw a plane A'B'C’ parallel to the given plane ABC so as to meet OM (produced) in N.
— —> —> —
Now |ON|=|OM|+|MN|=|OM|+|LP| =p +d.
The equation of the plane AB'C" is Ix + my + nz =p +d.
Since this plane passes thro” P (xy .y, 2y), . Ixy+my, +nz,=p+d
Hence, d =Ix; + my, + nz; — p, the numerical value of which gives the required perpendicular distance.
RULE to write down :
Put the co-ordinates of the point in the LHS of the equation of the plane (after making RHS = 0).
The result is the required perpendicular distance.
(¢) To find the perpendicular distance of the point ( x;, y,, z,) from the plane ax + by + cz +d = 0.
The given equation of the plane1s ax + by + cz+d =0 (1)
To reduce (1) to normal form :
Dividing (1) by \/az +b% + ¢, we get
| b | | d |
2 X + yV+ 5 z + =0 o 2)
a’? +b* +c* Jﬂ2+b2+£‘2 \/ﬂ2+b2+£‘2 Jﬂ2+b2+c2
(2) is of the normal form if we transpose the constant term to RHS.
If D 1s the reqd. perpendicular distance, then :
- | a | b | c | d
= X1 + X1+ 21 +
\,a2+b2+c2 R Ja2+bz+c2 Jﬂz +b2 + 2
ax; + by, +cz; +d
s ST S ! : [Considering both signs of d|
\/ 2% 4 b? 4¢*
lax; + by +cz; +dl
Hence, | D = el : .
a” +b? +c?
GUIDE-LINES

Step (1) : Make RHS of the equation of the plane as zero.
Step (ii) : Put the co-ordinates of the point in the LHS of the equation of the plane.

StE]] (1i1) : Divide the result b}-‘ \/{cggﬁfgf 1)2 4 (cﬂeﬁ:ﬂf };}2 + {cﬂeﬁ‘:gf z'}z )

The numerical value of the result is the required perpendicular distance.




R & <8 PLANES BISECTING THE ANGLES BETWEEN TWO PLANES

To find the equations of the planes, which bisect the angles between the planes :
ax+b,y+c,z+d,=0and a,x + b,y +c,z+d, =0.

The given planes areapx + by + ¢,z +d ;=0 (1)
and a»x + byy + crz2+d>=0 +42)
Let P (x, y, ) be any point on either of the planes bisecting the angles between the given planes.

Then the perpendicular distance of P from plane (1)

= Perpendicular distance of P from plane (2)

" '|alx+b|y+clz+dl| __|ﬂ2.r+b2y+c2z+d2|
Jaiz +b? + ) Jazz + by? +c,?
| a1x+b|y+ciz+d1 ﬂ2I+b2y+sz+d2
= =3
-JI'.'IIE + blz o Clz Jﬂzz +b22 +C22

which are the required equations of the planes.

Note. Onc of these two bisecting planes bisects the acute angle and the other bisects the obtuse angle between the two
given planes.

I F Y GENERAL (UNSYMMETRICAL) FORM

Two general equations of the first degree in x, y, z, taken together, represent a straight line.
Consider the equations of two planes :
ax+by+ciz+d, =0 i)
and asx + by + ¢4z +dy=0 L A2)
If these planes are not parallel i.e. a, : b, : ¢; # a, : b, : ¢,, then at least two of the numbers
a\by —ayb, . b,c, - byc, , cia, — cya; are not zero.
Without any loss of gencrality, let @ b, —a,b; # 0, bycy — by # 0.
Muluplying (1) by ¢, and (2) by ¢, and subtracting, we get :
(@)cy —ayc) ) X+ (bycy —bye)) y +(djcy —dyc)) =0

| o Idc —dsc
_ a)c azc-l-x+y+ 1-2 2% . & blcﬁ_blfl £ 0]
bjcy — by bycy — by
= y = Ax+B ..(3),
Iac — a5C Idt: —dsc
where A= - -2 211indB=— A 21-
bicy — bycy bicy — by

Again muluplying (1) by a, and (2) by a; and subtracting, we get :

€1y — €4y d\ay —dya

= y — e =) ' a,b,—a,b, # 0]
aby —ayhy - @by —azby b
= y=Cz+D ..(4),
| = Idﬂ —dsa
where (= f1d9z = di and 1) = o 2 .
a\by, —axb ayb, — azb,

From (3)and (4), Ax+ B=y=Cz+D
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oay x+Br’A= y =z+DIC (5)
C AC A
Thus (1) and (2), taken together, are equivalent to (5).
But (5) represents a st. line.
Thus planes (1) and (2), taken together, represent a st. hne.
Hence, planes (1) and (2) intersect 1n a st. line.
I E ¥ TRANSFORMATION OF UNSYMMETRICAL FORM TO SYMMETRICAL FORM
To transform the equations :
ajx+b,y+c¢,z+d; =0 and a,x + b,y + ¢,z + d, = 0 to the symmetrical form.
The equations of a line 1in unsymmetrical form are given as :
ax+by+ciz+d =0 37
and a2x+b2y+czz+d2=0 (2)
To transform (1) and (2) to symmetrical form, we need :
(1) direction-ratios of the hne (i7) co—ordinates ol any point on the line.
Let < a, b, ¢ > be the direction—ratios of the line represented by (1) and (2), taken together.
Since the line lies in both planes (1) and (2),
. the normals to the two planes must be perpendicular to this hne.
aa, +bb; + cc, =0 =3)
and aa, + bb, + cc5 =0 ..(4)
Solvi a b c k (sav)
olving, = = = k (say).
bic; —byey  cjay —cap  ayb; - azby
where k 1s any non-zero constant.
For convenience, we find the point of intersection of this line with the XY—plane (i.e. z = 0 plane).
Puting z=01n (1) and (2), we get :
and arx + byy +d, =0 ..(6)
; X y 1
Solving, = = .
bidy —byd, dya; —dya) aby —azb
by, — byd dya, -d
X = Mﬂnd:= 1&'2 Zﬂl ]
ajby — asxby ajby — arb
bd, - brdy, dya, —d»a
Hence, the co—ordinates of a point on the line are ( 192 — bpd — .ﬂ]. where a b, —a,b, # 0.
ayby —aby  a\by — axby o
Hence, the equations of the line in the symmetrical form are :
. _bidz ~byd g d\a; — dya
610y — a0 = 416y — axby = & |Cancelling k because k # 0]

bicy — by C1ay — 4 ayb, — axb



Frequently Asked Questions

Example 1. Write the sum of intercepts cut off by

— A A A
the plane r. (21 + J — k) —= 5= 0 on the three axes.

(A.LC.B.S.E. 2016)

- A A A
Solution. The given planeis r. (2{ + j —k)-5=0.

In Cartesian System. 2x +y—-2z=15

> == + 2, + = 1
SJIZ 5 -3
Its intercepts are 5 > and -5.
5 5 5
Hence, the sum of intercepts = o 5+ (5= .
Example 2. Find the distance of the plane :
2x — 3y + 4z - 6 = 0 from the origin. (N.C.E.R.T)

Solution. The given equation of the plane 1s :
2x-3y+4z-6=0.

- Distance of the plane from the ongin

12(0)—3(0)+4(0)—6| |-61 6

et k. " L3

J4+9+16 J29 29

Example 3. Find the distance between the planes :
2x—y+2z=5 and 5x— 2.5y + 5z = 20.

(A.LC.B.S.E. 2017)
Solution. Any pointon 2x—y + 2z =51s (0, -5.0).

.IS{(}) —2:3(—=3)+0—=20I

Required distance

2
(5)%(—%) +5°

3 9 -
—_ X — = | unil.
N )

Example 4. Find the equation of the plane with
intercepts 2, 3 and 4 on the x, y and z-axis respectively.

(N.C.E.R.T.)
Solution. Here ‘a’ =2, 'b" = 3 and ‘¢’ =4.

; . X r
~. The equation of the plane 1s — + l+—= ]
_ a b c
; - + . + < I .e. 6 4y + 3 12
L T T o K r.e. ox +4y+ 3z=1_.L
2 3 4 :

Example 5. Find the co-ordinates of the point where
the line through the points A (3,4, 1) and B (5, 1, 6) crosses
the xy-plane.

(NC.ER.T.; HFB. 2013 5 ;: AIlLCB.S.E. 2012)

Solution. The equations of the line through A (3. 4. 1)
and B (5, I, 6) are :

X=3 yp—-4 z-l

-3 1=4 6]

-3 p—4 z-I
= 5 8 B i 1)
Any pointon (1)1s (3 + 2k, 4 — 3k. 1 + 5k) WG .

This lies on XY —plane (z = 0).

I
1+5k=0=>k= —=.
. 3

-2asdim)ie (2.20)
Mo 1 9 —— ke ' 3 5 ;
Putting 1n (2), 5 5 Le. |53

which are the reqd. co-ordinates of the point.

Example 6. Find the vector equation of a plane
passing through the point having position vector

A N A

#*

2i + J + K and perpendicular to the vector :
A A A
4i -2) + 3k. (H.B. 2016)
Solution. The required vector equation of the plane is :

—» - A

(r—-n)-n=_0

A A A
- A ﬁ: A 41_2J+3k
> (r-Q2i +j +k)) - , =(
;Elﬁ+4+9
- A A A A A A

>r -4 -2j +3k)-Qi +j+k)

A A A
- (4i -2 +3k)=0

— A A A
> r -4 -2j+3)-1Q@+(H ) +(H(H]=0

- A A A
> r -(4i -2j +3k)=09.
Example 7. Find the vector equation of the plane,

6
which is at a distance of —— units from the origin and
J29 L

its normal vector from the origin is 2i —3j+4l: .

Also, find its cartesian form. (N.C.E.R.T.; W. Bengal 2018)
— A
Solution. Let n =27 —3j+4k .

—3
Then |n|=J4+9+16=J29.
| —3 M A A
A i — 3
Now L i j+4k.

I T

| n |

Hence, the reqd. equation of the plane 1s :

B

)
o
N

5
! —

3 A f?)
—_— 7 —
9 297 9

+

I
2

)



In Cartesian Form :
2 A 3

(x§+y}+z£').[

om0l Em s
x — |+ 2 =—
7 9 )" 7| 29 29 ] J29

= 2x—-3y+4z=6.
Example 8. Find the direction-cosines of the unit

—

vector perpendicular to the plane r . (1.‘-111‘l - 33 - 2]2) +1=0
through the origin. (N.C.E.R.T))
—> A A A

Solution. The given planeis r .(6i —3j—-2k)+1=0

— A A A
=1 .(=6i+3j+2k)=1 (1)
Now [1-6i+3j+2kl=,36+9+4=429=7.

— g 6A 3a 2a) 1
Dividing (1)by 7, r.|——=i+—j+—k |=—.
F 7 7 7

—2 N
which 1s the equation of the plane 1n the form r_p = p-

6 2
Thus ;;= ——? +3; +—£ :
7 1 7

which 1s the unit vector perpendicular to the plane
through the ongin.

A 6 3
Hence, the direction-cosines of n are <-— s

>

~l| b9

Example 9. Find the angle between two planes :
2x+y-2z=5and 3x -6y -2z=17,
using vector method. (N.C.E.R.T.)
Solution. We know that the angle between two planes
= the angle between their normals.
From the given equations.

— A A A o A A A
n = 20 + _}—Ek and n- =31—6j—2k

[f ‘0" be the reqd. angle, then :
| = —
cos 0 = kB
- -
|ny || ny |
(2i+j-2k)-3i—6j -2k
- JA+1+4.J9+36+4

(2Y 3+ (1) (=6)+(—2)(—2)

(3)(7)
|6-6+4]| | 4 4
=1 21 [Tl21] T o1

4
Hence. 0 =cos™! | —|.

2]

Example 10. Find the equation of the plane through
the points (1, -1, 2) and (2, - 2, 2) and perpendicular to
the plane 6x -2y + 22 =9, (Meghalaya B. 2013)

Solution. Any plane through (1, -1, 2)1s:

alx-D+by+1)+c(z-2)=0 W
|One—point Form]|

Since it passes through (2, — 2, 2),

La2-D+b(-2+1D)+c(2-2)=0

=3 a-b+0.c=0 (2)

Also the plane (1) and the given plane 6x — 2y + 2z =9
are perpendicular,

-~ their normals are also perpendicular

= a(0)+b(-2)+c(2)=0

=% Ja-b+c=0 i XY)

3 b . cC
—-1+0 0O0-1 -—-1+3

Solving (2) and (3),

a=k b=k c=-2k
Putting these values of' a, b, c in (1), we get :
k(x-1)+k(y+1)-2k(z-2)=0

= x-D+(y+1)-2z=-2)=0 [k # O]
= x—1l+y+1-2z2+4=0
=5 x+y—-2z+4=0,

which 15 the reqd. equation.

Example 11. Find the equation of a plane through the
points (2, 1, 0), (3, -2, -2) and (3, 1, 7).

Solution. Any plane through (2, 1. 0) is :

alx-2)+b(y-1)+c(z-0)=0 [One-point Form]

= ax-2)+b(y-1)+cz=0 si(1)

Since the plane passes through the points (3, — 2, —2)
and (3, 1, 7),

,a3-2)+b(-2-1)+c(-2)=0
and a3-2)+b(l-1)+c(7)=0

= a—3b— 2e=41) 2]
and a+0b+7c=0 D)
| a b C

Solvi 2) and (3). = =
olving (2) and (3) B  —PT DA

where &k #0.
a="7k,b=3k,c=-k.
Putting these values of a, b, cin (1), we get :
Tk(x-2)+3k(y-1)-k(2)=0

= Tx-2)+3(y-1)-z= [k # 0]
—- Ix—14+3y-3-z=
= Ix+3y-z-17=0,

which 1s the reqd. equation.



Example 12. Find the equation of the plane
determined by the points A (3, -1, 2), B (§, 2, 4) and
C (-1, -1, 6) and hence find the distance between the plane
and the point P (6, 5, 9). (C.B.S.E. 2013, 12)

Solution. (i) Any plane through A (3, -1, 2) 1s :
ax=3)+b(y+1)+c(z-2)=0 .1
Since the plane passes through the points B (5, 2. 4) and
C (=1, -1,0),
ad-3)+b2+1)+c(4-2)=0
and a(-1-3)+b(-1+1)+c(6-2)=0

>  2a+3b+2c=0 (2)
and — 4a + 0b + 4¢ = 0 (3)
Selving @) aadE —2 = ©
12-0 —B—-8 Q%12
y ¥ c_a I, " oo
= _— = — — T — T — S ek Z(0)
2 =16 B 3 —& 3 |ehuEs

a=3k.b=—4k,c =3k
Putting these values of a, b, ¢ in (1), we get :
3k(x—-3)-dk(y+ 1)+ 3k(z-2)=0
= 3x-3)-4xy+1D+3(z-2)=0
> 3x-9-4y-4+3z-6=0
> 3x-4y+3z-19=0,

which 1s the reqd. equation of the plane.

|-k # 0]

(i1) Distance of P (6, 5, 9) from the above plane
|3(6)—4(5)+3(9)-19] |18=-20+27-19|
) J9+16+9 ) J34
_'145—39|_ 6 634 3

e e = B s,
J3_4 ,J3_4 34 17 units

Example 13. Find the equation of the plane passing
through the line of intersection of the planes :

;.(;+f+ l:)-—.-l and F-(2;+3;'ﬁ)+4 = 0 and
parallel to x-axis. (A.I.C.B.S.E. 2011)

Solution. The equation of the plane passing through
the line of intersection of the given planes :

N A A

rGi+j+k)y=1and r.Qi+3j—k)+4=0 is :

A A A A

(F.Gi+j+k)—1+A[r.Qi+3j—k) +4] =0

> 7 [0 +20) i+ (1430 j+ (U= k] + (1 +44) =0
(1)
Since the plane (1) i1s parallel to x-axis,
S+ 20 (D + (1 +30)O0)+ (1 -A)0)=0

1
— I+2&=U¢-A=-;.

=

Putting the value of 4 in (1), we get :

B |

- A ]A 31&-

g L9, s B
=>r. 0 2j+7k Fef=1=2) =0

> 7. —Z+Zk[-3 =0= :.(j—Bk]+6=(}*

which 1s the reqd. equation.
Example 14. Find the equation of the plane through
the line of intersection of :

A A

r.2i-3j+4k)=1and r.(i—j)+4=0

A A

and perpendicular to the plane r.(2i —j+k)+8 = 0.

Hence, find whether the plane thus obtained contains
the line :

x-1=2y —-4=3z-12.
Solution. The given planes are :

(C.B.S.E. 2017)

201 =5 sdky =1 1)

and r(i—j)+4=0 sl 2)
Any plane through the intersection of planes (1) and
(2) 18 :

[r.Qi =3 j+4k)—11+A[r.(i— j)+4]1=0

= P AR —0) - Ak =141 .(3)

Since the plane (3) 1s perpendicular to the plane :

r(2i—j+k)+8 =0 (4

5 (244) (2) =3 =4)(= 1) +4(1) =0
>4 +204+34+4+4=0=2>34+11=0

—] |
A=
Putting this value of 4 in (3), we get :

- 11)\A 11\A A —-11
rg{2——|i+ —3+T j+4k =1—4XT

A A A

> r(=5i+2j+12k)=47,



which 1s the required equation of the plane. Example 16. If the lines :

Now, the given lineis x — 1 =2y -4 =3z-12 x—1 = y—2 ” z—Sandx—l - y_2 - z2—3
. . -3 -2k 2 ¢ 1 S
_ x—1 y—2 z—4 are perpendicular, find the value of ‘k’ and hence find
ke I - 3 U3 the equation of plane containing these lines.
| | | (A.LC.B.S.E. 2012)
%=1 y—2 2z—4 _ , _ x—1 y-2 z-3
= 6 - 3 93 - Solution. The given lines are. 3 5 A1)
. : oo x—1 y-2 z-3
The line passes through the point (1, 2, 4) and satisfies and .y =% 5 2
the equation of the plane. are perpendicular = (=3) (k) + (=2k) (1) +(2) (5) =0
Hence, the plane contains the line. = 3k-2k+10=0 =>5%=10=>k=2,
" . . x—1 y—-2 z-3
Example 15. Find the equation of the plane which *.The given lines become : —=="—=="5— .( 3)
contains the line of intersection of the planes: Gl - BT
o 3 o and — == 4
r.(i-2j+3k)-4=0 and ; "l Tl Bl
P A A A The equation of the reqd. plane 1s :
r.(—2i+j +k)+5=0and whose intercept on 1 -3 -3
x—axis is equal to that of on y-axis. (A.L.C. H.5.FE 2016, -3 -4 2 |=0
; . . . 2
Solution. The equation of the plane which contains N l 0
o et 3 T > (x—1)(-20-2)—(y=2) (-15-4)+(z-3) (-3+8)=0
the line of intersection of the planes : & 22X+ 22419y —38+57—15 =0
> A A A = 22x—=19y—-5z+31=0.

F el =
r.(i—2j+3k)—4=0 and Example 17. Find the vector equation of the line

passing through the point (1, 2, 3) and parallel to the

r.(—2i+j+k)+5=0 1s: planes :
rdi- j+2k)=5 and r.Q3i+ j+k)-6.
-+ A A A - A A A . " . . -
I:r (i —2j +3k}—4]+ % [r.(—25+j +k)+5] =i | | (A.1.C.B.S.E. 2013;: Kashmir B. 2013)
Solution. The given planes are :
> i a " :.{§—}+2£} =5 and r.3i+ j+k)=6
=7 -[(‘1—21)i+(—2+l‘)j+(3+,l)k] L.e. x-y+2z =5 and 3x+y+2=06
> x-y+2z-5=0 AL
+(=4+50)=0 ..(1) and x+y+z-6=0 k2]
e, (1 =20)x+(2+AMy+3+A)z=4-5A Let the line through (1, 2, 3) be :
- —2 =)
. = Y = %3
+ Y + < = 1. a b C
4—52  4-51  4-5]2 Since (3) 1s parallel to (1),
=31 =%l 3% L@ (D) + () (=) +(c)(2)=0
l.e. a-b+2c=0 ..(4)
A-81 A_%1 Since (3) is parallel to (2).
By the question, Y = 512 @)3)+BH) (D) +(e)(1)=0
i.e. 3a+b+c=0 | ..(5)
= -2+A=1-2A =23A=3=A=1. a b c
Solving (4) and (5), — A
. 0 "'rlljlg{ }lll] (D) 1> 6—1 143
Putting in (1), r. [{'l -2)i+(-2+1)j+(3+ l)k:| - % _ §=§ (6)
+(—4+5)=0 From (3) and (6), equation to the line 1s :
e AA A X—1 ¥—2Z g—3
(—=i— +1=0. = =
= rs {(—i—~j+4kK) _3 s a
Hence, the vector equation of the required plane 1s : Its vector equation 1s :
S e s [ PP o g
re(i+j—ak)- i =i r (I+-}+3k + A 3I+5_}+4k).




Example 18. From the point P (1, 2, 4), a perpendicular Lad-2)+4b(-1-2)+c0-1)=0
is drawn on the plane 2x + y — 2z + 3 = 0. Find the - B _ Bl =) (3
equations, the length and co-ordinates of the foot of the | |
: _ b
perpendicular. Solving (2) and (3), — T ; = k (say)
Solution. The given plane is 2x + y— 2z + 3 =0 ...(1) — BTN R
Let PM be the perpendicular from P (1, 2, 4) on the plane. = a=2k b=k c=k
Putting in (1), 2k(x - 2) + k(y - 2)+ k(z-1)=0
P(1,2, 4) .
=2x-2)+(y-2)+(z-1)=0 [*. k # O]
=>2x+y+2z-7=0 ..(4)
Now equations of AB are :
M-+ I
| ) AT y+ 4 _ +5
2-3 =3+4 1+5
Fig.
» equations of are x—-3 + 4 +5
The equations {.}] PM are : | . = s — r (say)
x —1 y—2 z—4 . -1 l
= = = el L),
2 1 -2 =>x=3-r,y=—4+randz=-5+ 6r.
which are the reqd. equations of the perpendicular. Any point on AB is P 7+ 3, r—4, 6r = 5) ..(5)
A Hint D)1is2k+ L k+2,-2k+ 4 e -
e L : ) This lies on plane (4).
This point 1s point M |
1S point 1s poin Her+3)+(r-4)+6r-5-7 = 0
H22k+1)+k+2-20-2k+4)+3=0
= or=1 = r=l
if 4k+2+k+2+4k-8+3=0 i 3 .
r Putting in (5), the co-ordinates of P are (1, — 2, 7).
if % 1 = 0alk= 9 Let P divide the segment |AB| in the ratio of k : 1.
. . . (2 l 2 |
Putting in (3). the point M is (E+ 1’3+2’_E+ 4) (k X2+1x3 kx(=3)+1x(—-4) kxl+1 X(—S})
(11 19 34) . k+1 k+1 ‘ k+1
g Fa+ss"a I
B | =(1,-2,7).
And length of perpendicular . . 3
e e S Comparing. TN = | = 3+2k=k+1
k+1
1 12+19 j2+34 42 = k=-2
= |PM| = \ 9 9 9 Hence, P divides the line segment |AB] in the ratio
2 : 1 externally.
3 4 N 1 - 4 B 1 B | ] ‘ Example 20. Find the distance of the point (1, -2, 3)
~\Ns1 81 8 VN9 3 M from the plane x —y + z = 5, measured parallel to the line :
Example 19. Find the co-ordinates of the point P, Twd o % iageorans B 2018)
where the line through A(3, - 4, - 5) and B(2, - 3, 1) 2 3 -6

crosses the plane passing through three points

X Solution. Let A (1,—- 2. 3) be the given point.
L(2,2,1),M(@3,0, 1) and N(4, - 1, 0). Also, find the ratio

. . i 3 ; S The givenplaneisx—y+z=35 1
in which P divides the line segment AB. (C.2.5.5. 2016, B i bl A )
lution. Any plane through L(2, 2, 1) is: _ X Z
— o PR —— b and the given line 1s > =%= & .(2)
ax-2)+bly-2)+c(z-1) =0 ..(]) -
Since (1) passes through M(3, 0, 1), The equations of the line through A and parallel to (2) are :
3-2)+b0-2)+c(l-1) =0 '
. ) ( ) x—1 y+2 z-3
= a-2b+0.c=0 «42) 7 3 _6

Since (1) passes through N (4, - 1, 0),
Any pointonitis (2k + 1, 3k — 2, — 6k + 3).



ThisisPifitheson (1)1t (2k+1)-(3k-2)+(-6k+3)=35

it —7k+6=5 1f-Tk=-1 if k=—.

Fig.

2 .3 6 .
: s DO | —+ 1, —2, ——+ 3
2 e pumlplh(7 . 7 ]

. [9 S 15}
LE, ; . i
¥ 7P
. Reqd. distance = |API
2 2 2
= /(9 .
51 +(FH+2) +(73)
7 T 7
\(4 .9 36 49 s
= — === L.
49 49 49 Va9 ~ UM

FAP INA
Let P and P'be two points and 1t be the plane such that :

(i) line PP’ is perpendicular to m-plane

(i1) mid—point of [PP" | lies on m-plane.

Then each point is the image of the other in n-plane.

T

Pf

Fig.

Example 21. Find the co-ordinates of the foot of the
perpendicular and the perpendicular distance of the point
(1, 3, 4) from the plane 2x - y + z + 3 = 0. Find also, the
image of the point in the plane.

(Mizoram B. 2017, 15; AIL.C.B.S.E. 2009 ()

Solution. The given planc is 2y —y +z+3=0 ...(I)

P(1,3,4)

2X=y+Z+3=0

P!
Fig.

Let P (1, 3, 4) be the given point.

Let M be the foot of perpendicular from P on plane (1),

Let P’ be the image of P in the plane (1),

_y_3

=k z—4
2 -1 |

. The equations of PM are

i(2)
Any pomnt on (2) 1s (1 + 2k, 3 —k, 4 + k) i 3)
This point 1s M 1f 1t lies on (1)
it 2(1+2k-3-kb+d+k+3=0
if 6k = —61ilk=-1.
Putting 1 (3), the point M 1s :
1,3 ( 1),4

(1 2 {( By € 154, 3).

Hence, the co-ordinates of M, the foot of perpendicular
are (— 1, 4, 3).

And perpendicular distance = | PM |

= \/(1+1)2 +(3—4)* +(4-3)?

= J4+1+1 = Jo units.

Now M is the mid-point of [PP’].

IfP'is (o .B,Y). then :
1+ 3+ 4+
— _1. B=4 L3
2 2 2z
= l+0=-2,3+PB=8.4+7y=6
=5 = -3 p=8.y=2.

Hence, the reqd. image 1s P’ ( -3, 5, 2).

Example 22. Find the equation of the plane, which
meets the axes in A, B, C, given that the centroid of the

triangle ABC is the point (o, B ,Y).
Solution. Let the equation of the plane be :
a b c



where A (a, 0, 0), B (0, b, 0) and C (0, 0, ¢) are the points on
the axes.

Since (oL, B, v) 1s the centroid of AABC, [Given]
a+0+0 0+b+0 0+0+c
o= e B= 3 and Y= 3

= w=3 b=3p wmde=3Iy

Putting in (1) - + 2 + < ]
LItLIng 1n o e m—— . =
2 30 3B 3y

X
= = +% +— = 3, which 1s the reqd. equation.

x
Y

Example 23. Find the equations of the planes
bisecting the angles between the planes :

X+2y+22-3=0,3x+4y+12z+1 =0
and specify the plane, which bisects the acute angle.

Solution. (i) The given planes are :
x+2y+2z-3=0 ol
and Ix+4v+ 122+ 1=0 ki)

The equations of two bisecting planes are :

x+2y+?_z—3_+ 3x+4y+12z+1

JI+4+4  Jo+16+144
x+2y+2z-3 Ix+4y+12z+1
- 3 - 13

= 13x+26y+26z-39=% (9x+ 12y + 362 + 3).
Taking +ve sign,
13x + 26y + 262 -39 =9x + 12y + 367 + 3
= 4x+14y-10z-42=0
= 2x +7y—5z=21 il )
Taking — ve sign,
13x + 26y + 262 -39 =-9x - 12y - 36z - 3
= 22x+38y+62z-36=10
=- [1x+ 19y + 31z=18 ..(4)

Hence. (3) and (4) are the required equations of the
bisecting planes.

(i) Let "6 be the angle between planes (1) and (4).

() AD+(2)(19) +(2) 31)
C J1+4+4 121+ 361+ 961

COS

aa, + +¢yC
Using cos6 = 19+ 66
| Vai +b +cf\Ja} +b5 +}
1438462 011 _ 1
T Vo443 31443 2
— 6 > 45°.

Thus (4) bisects the obtuse angle.

Hence, (3) bisects the acute angle.

Example 24. Show that the line of intersection of the
planes :

X+2y+3z=8and 2x +4y +4z =11

'x+1+y+1_z+l
i 7 3

Also, find the equation of the plane containing them.
(C.B.S.E. Sample Paper 2019)

is coplanar with the line

Solution. The given line is x+t] 4 y+l = g+l k)
l 2 3
The given planes are :
x+2y+3z-8=0 +A2)

and 2x+3y+4z-11=0 ~A3)

In order to prove that the line (1) 1s coplanar with the
line determined by (2) and (3), we shall show that there exists
a plane passing through the ntersection of planes (2) and (3)
containing line (1).

Equation of the plane through the intersection of (2) and
(3)1s:

(X+2y+3z2-8)+k(2x+3y+4z-11)=0 (4)
Let us find the value for which the plane passes through

the point (-1, =1, —1), lying on line (1).
Putingin (4), (-1 -2-3-8)+k(-2-3-4-11)
= ()
14-20k=0 =k !
= -14-20k=0 =2 k=——.
10
Putting the value of k1n (4). we get :
7

(x+2y+ 3z-8) To (2x+3y+4z-11)=0

= (10x + 20y + 30z - 80) — (14x + 21y + 28z - 77) =0

=4x+y—-2+3=0 il )

If<a,, by, ¢c,>are d-ratuos of line (1)

and < a,, b,, ¢; > are d-ratios of normal to plane (5),

then aja, + bby, + cjc5 = (1) (4) +(2) (1) + (3) (= 2)

=4+2-6=0.

Thus, line (1) lies in the plane (5).

Hence, the two lines are coplanar and the equation of
the plane containing themis4x+y—-2z+3=10



Fast Track Answer Type Questions

1. (i) Find the equation of a plane which makes x, y, z

(Kerala B. 2018)

(ii) Find the equation of a plane passing through the
point (1, 2, 3), which 1s parallel to above plane.

(Kerala B. 2018)

(it1) Find the equation of the plane with intercept 3 on

the y—axis and parallel to ZOX plane. (N.C.E.R.T.)

intercepts respectively as 1, 2, 3.

(iv) Find the equation of the plane with intercept 4 on
the z-axis and parallel to XOY plane. (Karnataka B. 2014)
(v) Find the intercepts cut off by the plane :

Ix+y-z=). (Kashmir B. 2017)

2. (i) Find the vector equation of a plane, which is at a

distance of 7 umts from the origin and which 1s normal to the

vector 3i +5j — 6k . (N.C.E.R.T.; H.P.B. 2010)

(i1) Find the vector equation of a plane. which 1s at a
distance of 5 units from the origin and its normal vector 1s
A A A
i

2% ~37 + &R, (C.B.S.E. 2016)

i

3. Find the vector equation of the plane whose cartesian
form of equation 1s :
D3x-Ty+2z=3Ui)x-2y+3z+1=0.

4. Find the cartesian equations of the following planes :

- A A A
@ r.(i+j-k)=2

- A A A

i) r.Qi+3j—4k) =1

Very Short Answer Type Questions

Find the angle between the planes (10 - 11) :
10. (i) 3x—6y—-2z=7 and 2x+y—-2z=5
(N.C.E.R.T.; H.PB. 2016)
(ii)4x+8y+z= 8andy + z=4
( Meghalaya B. 2016)
and x+y+2z=7.

(H.B. 2013)

(iii) 2x —y+2z=6

iy r.[(s=20)i+3-1) j+2s+1) k] =15.

(V.C.E.R.1.)

5. (a) What are the direction-cosines of the normal to

the plane 3x + 2y —3z=8 7 (Assam B. 2016)

(b) Find the direction—cosines of the perpendicular from
the origin to the plane r.(;: + 2}— 2k) =18.

6. Find the vector equation of the line through the ongin,

e . 8 A
which is perpendicular to the plane r . (1 —2j + k) =3.
7. (i) Find the distance of the point (2, 3, 4) from the

plane :

A A

r.Gi—6j+2k)=—11.
(i1) Find the distance of a point (2, 5, —3) from the plane :

A A

S A
r.(6i—3;+2k)=4.
(A.I.C.B.S.E. 2015; Kashmir B. 2015)

8. (i) Find the distance from (1, 2, 3) to the plane
2x+3y-z+2=0. (Kerala B. 2015)
(i1) Find the length of the perpendicular drawn from the
origin to the plane 2x -3y + 62+ 21 =0. (A.LC.B.S.E. 2013)
(iti) Find the distance of the plane 2x — 4y + 12z = 3
(AL.C.B.S.E. 2012)

9. Find a unit vector normal to the plane :

from the ongin.

-1:. {2? _3} +6E)+ 14=0. (Mizoram B. 2015)

m VSATO g

2 A A 2 A A
and r.(i+k) =3

() r it ) =3

@) 7.2 238 =5 ana 7 .01 -3F+s5h =3
(N.C.E.R.T.; Kashmir B. 2017)
12. Find the value of “k” for which the planes :
Ix—6y—-2z=T7Tand 2x+y—kz =5

are perpendicular to each other.



13. (i) The position vectors of two points A and B are

A A

A A A A . .
3i+ j+2k and i =2 j—4k respectively. Find the vector

equaton of the plane passing thro™ B and perpendicular to P—E :

(Bihar B. 2014)

(ii) Find the vector equation of the plane through the

(2, 0, — 1) and perpendicular to the line joining the two
2,3)and (3, -1, 6).

point (
points (1.

14. Find the equation of the plane passing through the
point (1, 2, 1) and perpendicular to the line joining the points
(1,4, 2) and (2, 3, 5). Also, find the perpendicular distance
of the plane from the ongin.

15. Find the vector and cartesian equations of the plane
passing through the point (5, 2, — 4) and perpendicular to the
line with direction ratios <2, 3, — | >. (N.C.E.R.T.)
16. Find the vector and cartesian equations of the plane :
2, —4) and
perpendicular to the line with direction—ratios <2, 3. — 1>.

(H.P.B. 2018)

(1) that passes through the point (5.

(i) that passes through the pomnt (1, 0, — 2) and the
normal to the plane 1s i+ 3 —k (H.P.B. 2018, 10)

(z11) that passes Lhrﬂucrh the poml (1,4, 6) and the normal
vector to the plane 1s 3 _; +k.
(N.C.E.R.T.; H.P.B. 2018; H.B. 2014)

17. Find the length of the perpendicular from the
7. Also find the co-
ordinates of the foot of the perpendicular.

point (2, 3, 7) to the plane 3x —y — z =

18. In the following, find the distance of each of the
given points from the corresponding given planes :

Point Plane

(1) (0,0,0) 2x-y+2z+1=0
(A.1.C.B.S.E. 2010)

(ir) (3,-2, 1) 2x-y+2z+3=0

(it1) (= 6,0,0) 2x-3y+6z-2=0
(N.C.E.R.T")

() (2,3, -9) x+2y-2z=9. (N.C.E.R.T.)

19. In the following, determine the direction- cosines of

the normal to the plane and the distance from the ongin :
(1)) Sy+8=0. (N.C.E.R.T))
20. If the points (1, 1, p) and (- 3, 0, 1) be equidistant

_}

from the plane r .(3i +4]—12k)+13=0, then find the
(N.C.E.R.T

(iy =12

value of ‘p’. s Jammu B. 2012)

21. In the following cases, find the co-ordinates of the
foot of the perpendicular drawn from the ongin :

(i) 2x+ 3y +4z-12=0 (H.P.B. 2012)

(i1) 3y+4z-6=0 (N.C.E.R.T)
(mx+y+z=1 (NV.C.E.KR.1.)
(iv) Sy + 8 =0. (V.C.E.K. 1.)

22. Find the length and the foot of the perpendicular

from the point (7, 14, 5) to the plane 2x + 4y -z = 2.

23. (i) Find the vector equation of the line passing

through (1. 2, 3) and parallel to the planes :

- A A A - A A A
r.(i—j+2k)=5and r.(3i+j+k)=6.
(H.P.B. 2015)
(i1) Find the vector equation of the straight line passing

through (1, 2, 3) and perpendicular to the plane :

—

r.(i+2]-5k)+9=0. (N.CE.R.T; H.PB. 2012)

24. (i) Find the equation of the plane passing through

—2 A A
(a, b, c¢) and parallel to the vector r .(i + j +k}

(N.C.E.R.T.; H.F.B. 2015, 12)
(11) Find the vector equation of the plane through the

- A

point i + j+ k and parallel to the plane r.(2i — j+2k)=5
(W. Bengal B. 2017)
25. Find the vector and cartesian equations of the plane
containing the lines :

= A
r

=2i+}—3£+k(?+2}+5£)

A ST T AL AN )
and r=3i+3j-7Tk+nW3i-2j+5k).
26. Find the angle between the lines :

x—-2y+z=0=x+2y-2
and x+2y+z=0=3x+9y+ 5z

27. Show that the lines 3x =2y +5=0, y + 37— 15 =0

1 ;
S : 2 are perpendicular to each other.

5 -3 1

and

28. Find the equations of the line passing through the
point (1, — 2, 3) and parallel to the planes :
Sand 3x + 2y -z = 6.

29. Find the equation of the plane, which bisects the
2, 3) and (3, -5, 6) at right

X—y+ 2=

line joining the points (-1,

angles.



Short Answer Type Questions

30. (a) Find the equation of the plane through the
intersection of the planes :
3x—-v+2z-4=0andx+y+z-2=0
(H.P.B. 2016, 11, 10)

(b) Find the vector equation of the plane through the
intersection of the planes :
- A A A

r.(i+j+k)=6  and
at the point (1, 1, 1).

and the pomnt (2. 2, 1).

A A A

r.Qi+3j+4k)=—5
(Uttarakhand B. 2013)
31. Find the vector equation of the following plane in
scalar product form :
= A A A A A A A A
r=i—j+A(i+j+k)+pi-2j+3k).
32. (a) Find the equation of the plane through three non-
collinear points :
() (0, = 1,=1)5 (& 5 1):4(3,9,4)
(N.C.E.R.T. ; PB. 2013, 12, 10)
(z) (1, 1, 0), (1, 2, 1) and (-2, 2, -1).
(H.F.B. 2018; Jammu B. 20I15W)
(z) (2, 5, =3), (-2, =3, 5) and (5, 3, -3)
(H.P.B. 2018; Jammu B. 2018, 16; Kerala B. 2016)
wv)O0,-1,0;:(1,1,1);(3,3,0) (PB. 2013, 12, 10)
(v) (3. -1, 2); (5, 2, 4); (-1, -1, 6) (Kerala B. 2013)
(v (2, 2,— 1);.3.4 2} (7, 0,6)
(Kashmur B. 2012: C.B.S.E. (F) 2011)
(vit) (2, 1, =1); (6, 5, 0); (2, -1, 5) (P.B. 2011)
(viii) (2, 1, 0); (3, - 2, - 2); (3., 1, 7). (H.B. 2018)
(b) Find the equation of the plane through the points
(3,-2,4),(-13, 17, - 1) and (- 6, 3, 2).
Show that it passes through (5, 7, 3). (J. & K. B. 2011)
(c¢) Find the equation of the plane through three points :
(- 3,5, 1), (4, -1, 2) and (2, 3. 4).
Also find the angles which the normal to this plane makes
with axes. (J. & K. B. 2010)
(d) Find the vector equation of the plane passing through
the points :
R(2,5,-3).S(-2,-3,5)and T (5, 3, - 3). (N.C.E.R.T)

33. Find the equations of the faces of the tetrahedron
whose vertices are the points :

(0.0 0, 3.0 42 L, 0) ({0 S 2)

34. (i) Find the distance of the point P (6, 5. 9) from
the plane determined by the points A (3, — 1, 2), B (5, 2, 4)
and C (-1, -1, 6).

(N.C.E.R.T.; C.B.S.E. (F) 2012 ; A.LLC.B.S.E. 2010)

(i1) Find the distance between the point (7, 2, 4) and the
plane determined by the points :

A(2,5,-3),B (-2,-3,5)and C (5, 3, - 3).
(C.B.S.E. 2014)

3S. (i) Find the equation of the plane through the
points (2, — 3, 1) and (5, 2, — 1) and perpendicular to
the plane x — 2y + 4z = 10. (A.LI.C.B.S.E. 2013)

(1i) Find the vector equation of the plane through the
poimnts (2, 1, — 1) and ( — 1, 3, 4) and perpendicular to
the plane x — 2y + 4z = 10.

(A.I.LC.B.S.E. 2013 ; C.B.S.E.(F) 2012)
36. Find the equation of the plane through the points

(0, 0, 0) and (3,-1, 2) and parallel of the line
x—4 y+3_ z+

1 4 7

37. (a) Show that the following four points are coplanar :
(1) (4,5, 1), (0, -1,-1),(3,9.4) and ( - 4, 4, 4)

(A.LLC.B.S.E. 2016)
(i) (0; —1,0),(2; 1, - 1);(1;.1; 1) and (3, 3,0).

(0, -1, =1), (4, 5, 1),
(J. & K. B. 2010)

(C.B.S.E. 2010)

(b) Show that the four points :
(3.9.4) and (-4, 4. 4) are coplanar.

Also, find the equation of the plane containing them.

38. The foot of the perpendicular drawn from the origin
to a plane 1s (2, — 3, — 4). Find the equation ol the plane.
(J. & K. B. 2013)

39. (i) Find the foot and length of the perpendicular
from the point (3, 4, 5) to the plane :

2x — Sy + 3z = 39. (Nagaland B. 2015)

(71) Find the length and the foot of the perpendicular
from the point (7, 14, 5) to the plane 2x + 4y — 7 = 2.

(H.B. 2016, 11)
40. Find the co-ordinates of the points, where the line
through the points (3, — 4, =5) and (2, -3, 1) crosses the
plane 2x + y + z = 7.
(N.C.E.R.T.; H.B. 2014; A.LLC.B.S.E. 2012)
41. Find the distance between two parallel planes :
2x+3y+4z=4and 4x + 6y + 8z = 12.
(Meghalava B. 2014)
42. (i) Find the equation of the plane passing through
the intersection of the planes :
2x — Ty +4z=3 and 3x - 35y + 4z + 11 =0
and the point (-2, 1. 3).
(W. Bengal 2018; H.B. 2017, 10)
(i1) Find the equation of plane through the ntersection
ol planes :
3x-y+2z-4=0andx+y+2z-2=0
and the pomnt (2, 2, 1). (Kashmir B. 2016, 15)



43. (i) Find the vector equation of the plane through
the intersection of the planes :

= A A A
r .(i+j+k)=0.

=2 A A A
r.(2i+3j+4k) =-5
and the point (1, 1.1).
(N.C.E.R.T.; H.B. 2017; Meghalaya B. 2013 ;
H.P.B. 2011; Kashmir B. 2011)
(i1) Find the equation of the plane which contains the
line of intersection of the planes :
r.(i+2j+3k)—4=0,r.2i+ j—k)+5=0
and which 1s perpendicular to the plane :

r.(5i+3j—6k)+8=0.

(Assam B. 2018: H PB. 2016)
(i11) Find the equation of the plane passing through the
intersection of the planes x+y+z=6 and 2x + 3y +4z+5=0
and the point (1. 1, 1). (Uttrakhand B. 2015)
44. Find the equation of the plane through the line of
intersection of the planes :
x+y+z=1and 2x + 3y + 47 = 5,
which 1s perpendicular to the planc x —y + 7 = 0.
(Kashmir B, 2017; H.P.B. 2016, 13)
45. (i) Find the equation of the plane passing through
the line of intersection of the planes :

K A A — A A A
r.(i+j+k)=1 and r.2Qi+3j—-k)+4=0

(N.C.E.R.T.)

(it) Find the equation of a plane through the intersection
of the planes :

and parallel to x-axis.

r.(2i+j+3k) =7 and r.(2£+3j+3k] =9

(H.P.B. 2011)
46. Find the equation of the plane passing through the

and passing through the pomnt (2, 1. 3).
line of intersection of the planes :

Long Answer Type Questions

50. (i) Find the distance of the point (- 2, 3, — 4) from
the line :
x+2  2y+3  3z+4
3 4 5

measured parallel to the plane 4x + 12y -3z + 1 = 0.

(Assam B. 2017)

A A A
(&f) Find the distance of the point =27 +3j -4k from

the line :

* v B R A A A
r=1i+2j_—k+A(i+3J-9k).

measured parallel to the plane x — y + 2z — 3 = 0.
(C.B.S.E. Sample Paper 2018)

r(i+3)-6=0 and r.3i-j—4k) =0,
whose perpendicular distance form origin 1s umty.
(Type : Assam B. 2017; A.LLC.B.S.E. 2013)
47. Find the equation of the plane passing through the
line of intersection of the planes :
2x+y-z=3and 5x-3y+4z=9

=l y=3

Z=3
and parallel to the ine ——=——= i
P > 4 5

(A.LC.B.S.E. 2011)
48. (i) Find the equation of the plane through the line
of intersection of the planes :
2x+3y—-z+1=0andx+y-2z+3=0
and perpendicular to the plane 3x —y - 2z -4 = 0.
(N.C.E.R.T.; Meghalaya B. 2018, 14; H.B. 2010)
(ii) Find the vector equation of the plane passing through
the intersection of th;\ planes :

= A 1"} - A A A
r-(2i —j+2k)=2and r-(3i +j —2k)=-2and
> A A A
perpendicular to the vector @ =57 —2j + 3k.

(Assam B. 2016)
(711) Find the equation of the plane through the points
(2. 2, 1), (9, 3, 6) and perpendicular to the plane
2x + 6y + 62 = 1. (P.B. 2014 S)
49. (i) Find the equation of the plane passing through
(1. =1, 2) and perpendicular to the planes :
2x+3y—-2z=5,x+2y—-3z=8.
(N.C.E.R.T.; Jammu B. 2017; H.F.B. 2015; H.B. 2013)
(i1) Find the equation of the plane passing through the
point (1. 1, —1) and perpendicular to each of the planes :
x+2y+3z-7=0and 2x - 3y + 4z = 0.
(C.B.S.E. (F) 2011)
(7ii) Find the equation of the plane passing through the
point (— 1, — 1, 2) and perpendicular to the planes :

3x+2y—-3z=1land 5x -4y + z=5. (H.B. 2013)

51. Find the ratio in which the hne-segment joining
the points :
(i) (2, 1, 5) and (3, 4, 3) is divided by the plane :
1

i Yol =

(i1) (1, 2, 3) and (- 3, 4, — 5) 15 divided by the xy-plane
(H.B. 2011)
52. Find the equation of the plane passing through the

(H.B. 2011)

pomnt (1, 2, 1) and perpendicular to the line joining the points
(1,4, 2) and (2, 3, ). (C.B.S.E. 2010 C)

Find also the perpendicular distance of the origin from
the plane.
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53. Find the image of the point :
(i) (2,—3.2)inthe plane 2x + y—3z =10 (FB. 2017)
(i1) (1.2, 3) 1nthe plane x + 2y + 4z = 38
(Meghalava B. 2018)
(iii) (2, -1, 3) in the plane 3x -2y —z=0.
(H.B. 2016; J. & K. B. 2011)
54. (i) Find the co-ordinates of foot of perpendicular
drawn from the pomnt (2. 3, 5) on the plane given by the
equation :
2x -3y +4z+ 10=0. (PB. 2014)
(i1) Find the distance between the point (2, 3, — 1) and
foot of perpendicular drawn from (3, 1, — 1) to the plane
(PB. 2018)
535. The foot of the perpendicular drawn from origin to
a plane 1s (4, - 2, 5).

x—-y+ 3z=10.

(a) How far 1s the plane from the ongin ?
(b) Find a unit vector perpendicular to that plane.
(c) Obtain the equation of the plane in general form.
(Kerala B. 2014)
56. Find the co-ordinates of the foot of the perpendicular
and the perpendicular distance of the point P (3, 2, 1) from
the plane 2x — y + z + 1 = 0, Find also, the image of the point
in the plane. (ALC.B.SE. 2010)
S57. Find the length and the foot of the perpendicular
from the point P (7, 14, 5) to the plane 2x + 4y — z = 2. Also
find the image of point P in the plane. (A.LC.B.S.E. 2012)
58. Find the distance of the point P (1. 2, 3) from 1ts
image 1n the plane x + 2y + 4z = 38. (Nagaland B. 2016)
59. Find the co-ordinates of the point where the line
through (3, — 4, —5) and (2. — 3, 1) crosses the plane, passing
through the points (2, 2, 1), (3,0, 1) and (4, -1, 0).
(C.B.S.E. 2013)
60. (i) A vaniable plane, which remains at a constant
distance “3p’ from the origin cuts the co—ordinate axes at A,
B, C. Show that the locus of the centroid of the tnangle ABC
1S

(if) A vanable plane 1s at a constant distance ‘p’ from
the origin and meets the axes in A, B, C respectively, then
show that locus of the centroid of the tnangle ABC 1s

1.1, 9
B B MR R
X y < P
61. (i) A vaniable plane which remains at a constant
distance *4p’ from the origin and cuts axes at A, B and C.
Show that the centroid of the tetrahedron OABC lies on :

I
B A i i
X y % P

(ii) A vanable plane 1s at a constant distance ‘p’ from
the ongin cuts the co-ordinate axes in A, B, C. Through A,
B, C planes are drawn parallel to the co-ordinate planes. Show
that the locus of their point of intersection 1s :

x %+ _v‘?‘ g z‘z = p‘z.

62. A variable planc passes through a fixed point (a, b, ¢)
and meets the co—ordinate axes in A, B, C. Show that the locus
of the point common to the planes through A, B, C parallel

a b c
+—+—=1.

x ¥ Z
63. A variable plane moves so that the sum of the

reciprocals of its intercepts on the three co—ordinate axes 1s
constant, show that it passes through a fixed point.

64. Show that the sum of the reciprocals of the intercepts
on rectangular axes made by a fixed plane 1s same for all
systems of rectangular axes, with a given ongin.

65. Find the equations of the bisector planes of the

to the co—ordinate planes 1s

angles between the planes :
Jx-2y+6z+8=0and2x—-y+2z+3=0.

66. In the following, determine whether the given planes
are parallel or perpendicular and 1n case they are neither, find
the angles between them :

() 7x+59+6z+30=0and 3x—y—-10z+4 =90
() 2x+y+3z-2=0 andx-2y+5=0

(i) 2x =2y +4z+5=0and 3x -3y + 62— 1 =0
(v)2x—-y+3z2—-1=0 and2x-y+3z+3=0

(vV)4x+8y+z-8=0 andy+z-4=0.

(N.C.E.KR.1.)

~ Answers |

_..:'.
r

e v (A.I.C.B.S.E. 2017)
2 yz 2:2 pz
1. (i) 6x+3y+2z=6(u1)6x+3y+2z=18
(iii) y = 3 (iv)z=4 (v) %.5.—5.
I_} A A A
2. (i) r.(3i+5j—6k)=7\/7ﬂ
- A A A

(i) r - (27 —3j +6k) =35
=2 A A A
3. () r-5i-7j+2k) =3

L A A
(@) r .(i-2j+3k)=-1.
4. (i) x+y —z=2

(i) 2x+3y—-4z=1
() (s-200x+3-nDy +(2s+ 1) z=15.

3 2 -3 | 2 2

5. (a)< Jﬁ.@,@}(b}‘i??—g}.
— A A A
r=A(i-2j+k).

13
7. (1) 1 unmit (i1) 7 units.

7 g

8. () mumh{n} units (i) 3 unit



l A A A
9. ?(Zf—3j+6k1.

i 5 .
10. (i) cos '(,?—IJ (i) 7 (i) 5

e

T —§5
11. (i) — (ii) cos™! .
3 J17x43

12. k=0.

— A A A
13. 1)) r .(2i+3j+6k)+28=0

() » (2i-3j+3k)—1=0.

BN
"

4. x-vy+3z2-2=0

units.

—

15. [r—(5i+2j-4k)].2i+3j—k) =0

2x + 3y —z=20.

-» A A A A A

16. () r-=0Bi+2j—=4k).2i+3j—=k)=0;
2x+3y—-2=20

-» A A

(i) r (i ¥ j=k)=3x+y—2=3

=% A A
(@) r. (r—”;+k}+l—ﬂ x=2y+z+1=0.

17. J11 :(5.2.6).

N B |
18. (i) — (11) — (1i1) 2 (iv) 3.
3 3
; 8
19.(i)=<0:0: 15 +2 u:){ﬂ,l,{]};g.
20. —['7
- p_ k. 3-. | |
24 36 48 18 24) (l i I)
& W [}, . R _‘_‘_
21. () (29.29,29] (u}( _25 —25 (1ii) 333

| 8
@) [0,-=.0].
‘ ( 5 )
22. -\/]8 (1326, 2) .

23. (i) r—(1+’?;+3k}+l( 3:+5;+4k}

(if) r=(1+i)?+(2+21)}+(3—-51)f.

24.() r.(i+j+k)=a+b+c

Gi) r. Qi — j+k)=3.
25. r.(10i +57—4k)=37:10x+ 5y—4z-37 =0,

8
26. cos™! ;
| [-JZ‘JJM)
8 x-=1 y+2 z-3

3 7 5
29. dx-Ty+ 3z-28=0.

3’01- {ﬂ) 7.1: ﬁ1’+4.¢,"‘ = ()

A

(b) r. (?U: +’?3;+’?6k)

A

31. r.{5:—2; 3k}—.
32.(a) (D) S5x-Ty+11z+4=0
(i) 3ax+3y—-3z-5=0

() 2x+ 3y +4z-7=0
(iv)4x -3y +2z=13
(v)3x—-4y+3z-19=0

(vi) S x+2y-3z-17=0
(vit) 3x -4y +4z+2=0
(viti) Ix + 3y —z=17.

(yx+y—2z2—1=04

1 Ak 1
-1 i -1
coOs —1 . COS 1|, JT — COS —
(ﬁ) (JE] (ﬁ]
— A A A
d) [r —(2i+5]—3k)].
[(—4i—8j+8k)x (3i =2 ))]=0

33. z=0,2x+2y + =0,
2%~ 4’5’ z=l). 2 —7 =

34. (i) @ (1) @ units.
3. ()x-y-2z-4=0
(i) r.(18i +17j + 4k) =
36. x— 19y 11z =0.

37.b) Sx —Tv+ llz+ 4 =0.
38. 2x-3y—-4z=29.

39. (i) (5,-1.8); Jﬁ units
35 70 128
1371313 )
| . |
40. (1.-2.7) 41. ~2—9@ units.
42. (i) 15x—47y+28z-T7=03i) 7x-S5y+4z-8 = 0.

(17) 13-7 units; (_

— A A A
43. (i) r .(20i +23j+26k) =69
(i) p (53i +55j+40k)+11=0
(iti) 20x + 23y + 26z = 69.
4. x—-z+2=0.

45. () r.{j=3k)+6=
(i) r.(?.i—l3j+3k) =

46. r Qi+ j—-2k)=3 or r(i—2j—2k)=—3.
47. Tx+9y—10z-9=0.
48. (i) 7x+ 13y +4z-9=0

(it) r(8i+5j —10k)+10=0
(iif) 3x+4y—-5z-9=0.
49. (i) Sx-4y—-z=
(1) 17x+2y-7z-26=0
(iti) 5x +9y+ 11z-8=0.



37 IJ5_9 55. (a) (b) B N N
50. i) 5~ (i) —— WS ™ Ll gy -

(c) 4x — 2y + 5z = 35.
56. (1.3.0): Jo 1 (- 1.4. - 1).

S-S Ty 35,

2
2. x—-y+3z-2=0; — /11 uni
o - 11‘/_““” 57. 17 units : (1, 2, 8); (=5, — 10, - 11).
4 -6 —41 .
53. (i) [ (i) (= 3, 6, 11) W BZ) S,
77 7
_ 59. (1, -2, 7).
(g 15 17] 65. 23x— 13y +32z+45=0,5x—y—4z-3=0.
NG G g f 2
| 66. (i) Neither ; cos ~ | == (i) perpendicular
(8 162 45\ . . ;
54. (i) [—,——,—] (i) /22 units. (11) parallel (iv) parallel (v) neither ; 45°.
29" 29 " 29

— " Hints to Selected Questions ————————————@-0- - - —

12. The planes are perpendicular if 38. Direction-ratios of the normal to the plane are :
32+ =6)(D)+(=2)(-k)=0 = k=0. <2-0,-3-0,-4-0> ie.<2,-3,-4>.
31. Given equation is : . The equation of the plane is :
S A A A A . . . 2x-2)-3(y+3)-4(z+4)=0.
r=i—-j+A(+j+k)+p(i-2j+3k), 50. The line is parallel to the plane
which contains lines with d-ratios < 1, 1, 1 > and = the line is perpendicular to the normal to the plane.
<1, 2,3 — X Yy z : . s
33. Let A, B, C and D be the vertices of the 60. (2) Distance of E+E+E= ———
tetrahedron. Find the equations of the faces ABC, ACD, o . Pt Bt o ( a ! b f )
ABD and BCD. 333
37. (a) (i) — (ii) Find the equation of the plane through 65. Equations of the bisectors are :

any three given points. Show that the remaining fourth point

; - 3x—2y+6z+8  2x—y+2y+3
satisfies the equation. ol il i

=

JoO+4+36 Ja+1+4

SUB CHAPTER

11.4 Line and Plane

IS E ] ANGLE BETWEEN A LINE AND A PLANE

Let o be the plane and L (not parallel to o) be the hine. Then the angle
between L and o 1s defined as the complement of the acute angle between the

NORMAL
\_

normal to the plane o and the line L. 7/2< 0
. L/ \E
_ " z A S —
Thus if 6 ([l < 6{3 1s the angle between o and L, then 5 &1 is the
«
acute angle between the normal to the plane o0 and the hne L.
Fig.

. KEY POINT

( If L is normal to o, then 3:%. )

To find the angle between the line x_lxl YY1 _Z7% and the planeax + by + cz+d = 0.
m n




_ . . X=Xy Y=N ZT—Z
The given line 1s L= L= ]
m n
Direction-ratios of the line are </, m, n >.
The given plane isax + by + cz+d = 0.

Direction-ratios of the normal to the plane are <a, b, ¢ >.

; . . : 7T * . :
If 6 (0 << E] 1 the angle between the given line and plane, then (: - 9) 1s the acute angle between the given line

and the normal to the given plane.

T 9 - |al + bm + cn |
cos| » )T [n > > [ 2 2 . 2
[“+m +n Ja +b +c

i

|al + bm + cn |

= sin 6 =
\/1'2+;|'1l*12+1r:2 -\/.*::.'2+.1_J'3++f:'2
|al + bm + cn | U{@{E
= B= = 4 2 : _,.
M Jl‘ +m* + n’ \/a* +b* +¢° 2

which is the reqd. angle between the line and the plane.
VECTORIALLY :
_ - -

Let the given planebe r . n =p «i(1)

_}
and the given line be parallel to b .

— — —s =3

If *¢" be the angle between the normal to the plane i.e. n and the given line (parallel to b ), then n . b = nb cos ¢,

_}

ﬁ.
where Inl=n and 161 =0.

i 5 [ — ;‘\‘
n.
. COS Q= n-& :>¢!—{:{}~;"1
SR L il nb
\ J

If *@" be the angle between the line and the plane, then :

(— —5 ) (—i — )
- . n.b L n.b
—2—49—2—Lﬂh 3 = sin e

\ y \ F,

B T W72 INTERSECTION OF A LINE AND A PLANE

(a) To find the point of intersection of the line X _IXI _Y~Y1 _Z27 %1 and the plane ax + by + ¢z +d = 0.
m n

. _ . X=X _ Y=y _2I—-4
The given line L 1s = = (1)
[ m n

The given plane tisax+by+cz+d=0 w(2)

Any point on the line (1) 1s:

(xy+1r,y, +mr, 2, +nr) ..(3)
This lies on plane (2)
fta(x;, +IN+b(y,+mr)+c(z;+nr)+d=0

it r(al+bm+cn)+(ax; +by, +cz;+d)=0 ¥

- | +byy+czy+d*

i1 i INRLL T OARY, TR d : N o
al + bm+ cn '

Putting this value of rin (3), we get the required point of intersection. Fig.

* risinfinite if al + bm + cn =0 i.e. if L 1s parallel to & .



(b) Conditions of Perpendicularity.

X —-X - Z-17
l 1_J myl = = l is perpendicular to the plane :

To find the conditions that the line

ax+by+cz+d=0. L

NORMAL

. . = = -
The given line L is . | W (1)

[ m n

s sEs - wm— o S

The given plane dtisax + by +cz+d =0 )

. e

Direction-ratios of L are < I, m, n >.

Direction-ratios of normal to the plane o are < a, b, ¢ >.

The line L 1s perpendicular to plane o
iff L 1s parallel to the normal to the plane Fig.
it l:m:n=a:b:c, which are the reqd. conditions.

(c¢) Conditions of Parallelism.

X=X _¥Y-Nn1_2-%4

l ST is parallel to the plane :

To find the conditions that the line

ax+by+cz+d=0.

The given line Lis :

The given plane oL 1s : '

ax+by+cz+d=0 =X2) 9
Direction-ratios of L are < I, m, n >.

Direction-ratios of normal to the plane o are < a, b, ¢ >. o

The line L 1s parallel to plane o Fig.
iff L 1s perpendicular to normal to plane (1) and ( x|, y,, z;) does not lie in plane (1)

it al + bm + cn =0 and ax; + by, + cz; +d # (),

which are the reqd. conditions.

(d) Conditions that a line lies in the plane.

X-X1 _¥y-y1_2Z-2

To find the conditions that the line
I m n

may lie in the plane :
ax+by+cz+d=0.

. : v AR h I—2Z
The given line L 1s L = L4 !
[ m n

i

The given plane ¢ is ax + by + cz+d=0 (2

Direcuion-ratios of L are < I, m, n >.

Direction-ratios of normal to the plane o are <a, b, ¢ >.

" NORMAL

The line L lies in the plane o

~t1

iff L is perpendicular to normal to plane (1) and ( x;. y,, z, ) lies on the plane (X1, 1. 21)

il al + bm + cn=0 and ax; + by, + cz; +d =0,

which are the reqd. conditions. (

Fig.
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Example 1. Show that the plane whose vector

- N A A
equation is r .(i +2j-Kk) =23 contains the line whose

- A A A A A
vector equationis r =i+ j+ A (2i + j+ 4k).

— A
Solution. The given plane1s r . (? +2j- i:,') =3 _.(1)

A A A A A A
le. (xi+yj+zk).(i+25j-k)=3
— X+2y-z=3 k)

L2 A A A A Ry
To prove that the line r =i+ j+A(2i + j+4k) lies

in the plane (1), we are to prove that :

(1) the point (1, 1, 0) lies in the plane

(i) the normal to the plane 1s perpendicular to the line.

For(i):(1,1,0)heson(2)if 1 +2(1)-0=3,

which 1s true.

For (ii) : Direction-ratios of the normal to the plane are
252 —1>

Direction—ratios of the line are < 2, 1, 4 >.

Smce (D2)+2)(D+(=1)(4)=01i1e. 0=0.

Hence, the result.

Example 2. Find the angle between the line :

M M
*

=(i—j+Kk) + A1 — j+ 3k)

l"lvlr

and the plane r .2i+]j-k)=4.

Also, find whether the line is parallel to the plane or
not.

Solution. The given line is :
ﬁ.

r:(?-}+f€)+k{2?—}+3£)

; g T B A
and the given planeis r . (2i + j— k)

Now the line 1s parallel to % = :r + 3k and normal to
the plane 03+ } &
If ‘0’ 1s the angle between the line and the plane,
then (% - 9) 1s the angle between the hine and normal
to the plane.
AN A ALA A
(2i—j+3k). (21 +j-k)
JA+H149 J4+1+1

Tt
Then cos (; = 9)=

J EXAMPLES

4-1-3

J14 V6

Hence, the hine 1s parallel to the plane.

— sin @ = =0 =06=0°

Example 3. Find the point of intersection of the line :
— A A A A A A
r=(i+2j+3k)+A (2i+j+2Kk) and the plane

N e
r.2i-6j+3k)+5=0.
— 1 -2 -3
Solution. The given line is xj =yl =zj (1)

—6y+3z+5=0 il 2)

Any pointon given lineis (1 +2 k. 2+ k, 3+ 2k)...(3)

and the given plane 1s 2x

If the line mtersects the plane, then this pomnt must he
on the plane for some value of k.

W 2(1+2k)-6(2+k)+3(3+2k) +5=0

= 2+4k—-12-6k+9+6k +5=0

— 4k +4 =0 =3 k== 1

Putting in (3), the point of intersection is

(1-2,2-1,3-2)ie (-1,1, 1).

Example 4. Show that the line whose vector equation

_}
r "‘(I - j)+ 1(21 +]+4k} is parallel to the plane &

- A A A
whose vector equationis r .(i + 2j - k) = 3; and find the
distance between them. Also, state whether the line lies in
the plane.
Solution. The line will be parallel to the plane if it is
perpendicular to the normal to the plane.

A

+7+4k and

S =
Here the line 1s parallel to b =21

=3 A A A
n=i+2j-k.

M

Now b.n= 2i+j+4k . i+2j—k

=2)(H+ () 2)+ ) (-1)
=2+4+2-4=90

= the line 1s parallel to m-plane.

(i1) Any point of the line 1s (1, 1, 0).

Equation of the plane 1n cartesian form 1s :
x+2y—-z-3=0.

. Distance between the line and the plane

1+2(1)-0-3 ﬁ 0.

J U V6

Hence, the line lies in the plane.
Check Up : (I, 1.0)liesonx+2y—-z-3=0
0—-3=01e 0=0, which s true.

because 1 + 2 —



Example 5. Find the distance from the point (3, 4, 5)
to the point, where the line :

-1—3_y—4_z—5
1 2 2

meets the planex + y+z =2,

_ . x-3 y-4 z-5 |
Solution. The given line is : S el
The given planeisx+y+z=2 son 1)

Any pointon line (1)is (3 +k 4+ 2k, 5+ 2k) ... (3).
where k 1s any constant.

This hes on plane (2)

if B+k)+@4+2k)+(5+2k)=2

it dk=—-10 il k=-2.

Putingin (3),(3-2,4-4,5-4)

i.e. A(1,0, 1)1s the point, where the line (1) meets the
plane (2).

If P (3. 4, 5) be the given point,

then [AP| = /(3 - )2 + (4 - 0)% + (5 1)?

-=\/4+16+16 = /36 = 6 units.

Example 6. Find the angle between the plane
2x + 3y — 5z = 10 and the line passing through the points
(2,3,-1)and (1, 2, 1). (PB. 2018)

Solution. The given plane is 2x + 3y =5z - 10 =0

.y
. L e -y—3 z+1
The e1ven line 1s = =
. °F 12 2—-3 1+1
X=2  y—3 z4]
== — y =z
—]] ~1 2
x—2 ._}‘—3_Z+1
= il . uf2)

If the line (2) makes an angle *6° with the plane (1).
then the line (1) will make angle (907 — 6) with the normal to
the plane (1).

Now, direction-ratios of line (2) are< 1, 1, -2 >

and direction-ratios of normal to plane (1) are

< 2.3 =55

(1) (2) + (1) (3) + (= 2) (=)

cos (90° - 0) =
JI+1+4 . J4+9+25

2+3+10

15
J638 | Jo38

= sin 6 =

1
Hence, 6 = sin” ! 2 |
J6 /38

Example 7. State when the line r =a + A b is parallel
to the plane r .; =d. Show that the line

2 A A A A A
r=i+j+A2i+j+4k) is parallel to the plane
— A
r.(- 2i + k) = 5. Also, find the distance between the line
and the plane.

Solution. (i) A line is parallel to the plane if it is
perpendicular to the normal to the plane.

- = —
r=a

The given line is +Ab

=, .
= p 1s parallel to the line.

- -
The givenplaneis r .n =d

—3
= n 1s normal to the plane.

— =
n

Thus the line is parallel to the plane when b . n =0.

X =2 T A — A A
(ii)yHere b =2i+ j+4k and n =-2i +k.
.._}
il

_}
Now b =2)(=2)+(H )+ (1)
-4 +0+4=0.

Hence, the given line 1s parallel to the given plane.

(zif) (1, 1, 0) is a point on the given line.
Equation of the plane1s —2x + z -5 = 0.
~. Reqd. distance

- 2(1)+0-=5 7

B _ 7 _ 15
JA+0+1 5 5

Example 8. Find the equation to the plane through

X-0 y=pB z=-v

units.

the line and parallel to the line
| m n
X _ y z
I’ m n

Solution. The given lines are :

- y—§ _ &7
[ m n

k1)

and S wi{2)



The plane through hine (1) will also contain the point
(a, B, 7).

Any plane through (o, B, 7v)is:
a(x-0)+b(y-B)+c(z-7)=0 )

Since plane (3) contains hine (1),

. normal to plane (3) 1s perpendicular to line (1)

= al + bm + cn =0 .(4)

Again, since plane (3) 1s parallel to hne (2),

. normal to plane (3) is perpendicular to line (2)

= al'+bm'+cn'=() kD)

Solving (4) and (5).

a b C
- = =k (say)
nl’—n’l Im"—0Um

mn'—m'n

a=kmn'—m'n),b=k(nl"-n"l),
c=k(m'—1'm); k+0.
Putting in (3),
k(mn'—-m'n)(x—-a)+k(nl'-=n"l)(y-B)
+k(Im'-I'm)(z—-7)=0
= (mn'-m'n)(x—-a)+nl'-n"l) (y-)
+(Um'=I'm)(z—-p=0.["k # 0]

which 1s the reqd. equation.

'x—l_y+l
2 3

z—1
Example 9. If lines : =T and

x—3 y—-k z
: = > =T intersect, then find the value of ‘k’ and

hence find the equation of the plane containing these lines.
(C.B.S.E. 2015)

Solution. The given lines are :

x—1  y+1 z—I

L > T3 T (1)
and [?:I;S::y;k-f (2)
Any pointonL is (24 + 1,34 - 1,44 + 1) 2k 3)
Any pointon L, 1s (i + 3, 2u + k, ) ..(4)
The lines (1) and (2) intersect 1f (3) and (4) coincide
=> 224+ 1 =u+3,

MA-1=2u+k

and A +1 =u

Taking first two,
2A—pu =2 D)
Taking middle two,
3A-2u =k + 1 ..(6)

Taking last two,
dA —u = -1 <7)

Solving (5) and (7), A = ——. L =-3.

b | W

Putting in (6),

3
3(—;)—2{—5} =K+ 1

Hence,
The equation of the plane containing given lines 1s :

x—=1 y+1 z-1
2 3 4
1 2 I

=0

>x-1DD3-83)-y+1)2-4)+(z-1)(4-3)=0
2> -5x+5+2y+2+2z-1=0

= x-2y-z-6 =0.

Example 10. Find the equation of the plane parallel
'x—Z_y—l_z—S

1 3 2
(5, 2, — 1) and passes through the origin.

to the line

, which contains the point

Solution. Let ax + by + ¢z =0 ...(1) be the equation of

the plane, which passes through the origin. [ d = 0]
Since 1t passes through (5, 2, - 1),
(@S +b2)+c(-1)=0
= 3a+2b-c=0 o(2)

Again since the plane (1) is parallel to the line :

-, B B
x—2_ ) l=z 3 (3)
| 3 2
. the normal to the plane (1) 1s perp. to the hne (3)

=5 (D@ +3)b)+(2)(c)=0

= a+3b+2c=0 ..(4)

b C

—_— —_— =k
4+3 -—-1-10 15-2

Solving (2) and (4).

(say), where k =0
a=7Tk, b=-11k c=13k.

Putting in (1), 7kx — 1lky + 13kz =0
= Tx—1ly+ 13z=0, [ k # 0]

which 1s the reqd. equation.



Example 11. Find the equation of the plane containing
the line :

'x—l_y—2_1—3

2 -1 3
and perpendicular to the plane x + 2y +z -2 = 0.
(P.B. 2011)
- it e
Solution. Any plane containing x? l - : 151
2 -1 4
ax-1)+b(y-2)+c(z-3)=0 < 1
where 2a — b + 4c =0 )

Also (1) 1s perpendicular to x + 2y + z - 2 = 0.
a+2b+c=0 -(3)

Solving (2) and (3),

a | b ¢
-1-8  4-2 4+1
a 'b C
p— _ g = E‘—g—k(hd}f}
a= -9 b=2k ¢c=5k where k£ # 0.

Putung n (1),
9% (x—1)+2k(y—2)+5%(z-3)=0
> -9x-D+2@-2)+5(z-3)=0 [ k21
= -9x+2y+5z-10=0
= 9x-2y-5z+10=0,
which is the reqd. equation.
Example 12. Find the vector and cartesian equations
of the plane containing the lines :

r=2i+j-3k+A(i+2j+5k)and

r=3i+3j+2k+u3i-2j+5k).

Solution. The given lines are :

A A A A

r=2i+j-3k+A(i+2j+5k

and r=3i+3j+2k+u3i-2j+5k).
Here a = 2i+ j—3k and ap = 3i+3j+2k

b] :f+2j+5k and E;; o 31—2_}+5k

n = b Xb
IA A A
] j k
= |3 2. B
3 =2 5

=i(104+10)—= j(5=15)+k(—2-6)

A A A
= 20i +10j—8k.

Vector equation of the reqd. plane is :

e . I

(r—ay).n =0

- = —

—
= r.n = ay.n
A A A A A A A

=7 .(20i + 10 j —8k) = (2i+j—3k).(20i +10 j—8k

= (2) (20) + (1) (10)
+ (= 3) (- 8)
=40+ 10+24 =74
> 7.(10i +5]—4k) = 37.
Cartesian equation 1s :

A A A A A A

(xi+yj+zk).(10i+5j—4k) = 37
ie. 10x + Sy — 4z = 37.

Example 13. Find the equation of the plane through
the line :

-x—l_y—4_z—4

3 2 -2

and parallel to the line :

'x+1_l-y__z+2
2 4 1

Hence, find the shortest distance betwen the lines.
(C.B.S.E. Sample Paper 2019)

Solution. (i) The given lines are :

x-1 y-4 z-4
3 = 2 w _2 ...{I.}
| o 0
and Fh =i l=i .(2)
2 —4 1

et <a. b. ¢> be the direction-ratios of the normal to
the plane, which contains line (1).

.. The equation of the plane is :
ax-1)+bly—-4)+c(z-4)=0 A3
where 3a + 2b — 2¢ =0 ..(4)
Alos, 2a-4b+c=0 ..(3)

|"" line (2) is parallel to plane (3))
Solving (4) and (5),




= a=b=c = k (say) (k = 0)
6 7 16
a= 6k, b="Tkand c = 16k.
Putting 1n (3), we get :
O6kix — 1)+ Tk(y —4) + 16kiz-4) =0
> 6x-1)+T7(y-4)+ 16(z -4) = |- k # 0]

= 6x+ 7y + 162 -98 =0,

which is the reqd. equation the plane.

]

(11) S.D. between two lines

= Perpendicular distance of the point (- I, I, - 2) from
the plane

16(=1)+7(1) +16(=2) — 98

J(6)2 +(7)? +(16)2

129 | 129

V341

-6+7-32-98

V36+49+ 256

EXERCISE 11 (f)

Very Short Answer Type Questions m VSATQ |

1. What 1s the point of intersection of the line x =y =z
with the plane x + 2y + 3z =6 ? (Bihar B. .?EHI:‘I
2. Find the angle between the lines in which the planes :
3x-Ty-5z=1,5x-13y+3z+2=0
cut the plane 8x — 11y + 2z =0.
3. (a) (i) Show that the line :

-

r=2i-3j+5k+A(i—j+2k)
lies in the plane 7 .37+ ) —£) +2=0.

Short Answer Type Questions

4. Find the vector equation of the line passing through

A

M A
(3, 1, 2) and perpendicular to the plane ? Ri—j+ k)=4
Find also the point of intersection of this line and the plane.

(N.C.E.R.T.)
. + - x+1 y+2 z+4+3
S. Find the point where the line > == 3 = 2

meets the plane x + y + 4z = 6.
6. (1) Find the angle between the line :

A A A A A A
(2i +3j +4k)+A(2i +3j +4k)

- A A A
andtheplane: r - (§j + j + k)=)5. (H.B. 2016)

(i) Find the angle between the line joining (3, — 4, - 2)

—> A A A
and (12, 2, 0) and the plane r .|i+ j+ k]| =

(J. & K. B. 2010)
Xl 3y 2=3
2 3 6

7. (i) Find the angle between the line
and the plane 10x + 2y - 11z =3

(N.C.E.R.T. ; Jammu B. 2015; Kashmir B. 2012)
(if) Find the angle between the line :

-.x+l y—1 —
5 =5 T3 and the plane

z—2

2x+y-3z+4=0.
(H.B. 2016)

lies in the plane

(b) Find the value of ‘m for which the hLine

A A

r= k)+?l.(’?:#mj 3k} 1s parallel to the plane

A A

r.(mi+3j +k)=4 (Mizoram B. 2018)

i Th'H fr
= SATQ
1 S A~V y

1{‘ ..-__ a = _.. a_-

—_ - —_— _.:“ —

(111) Find the angle bLtWLLn the plane 2x + 4y — z = 8
x—=1 2 3z+6
and line —— = 28 = , (P.B. 2017)
7 7 12
8. Find the distance of the point ( — 1, — 5, — 10) from

the point of itersection of the line :
x-2 _y+l_ 2z-2

. 4 12

and the plane x —y + z = 5.
(C.B.S.E. 2015; P.B. 2012)
9. (1) Find the distance of the point (- 1, -5, — 10) from

the point  of intersection of  the  line

A A A A A

r=Qi—j+2k)+A(3i+4j +2k) and the plane

A A

ol =4 % B=5 (N.C.E.R.T; C.B.S.E. 2018;

H.EB. 2015; A.LLC.B.S.E. 2011)

(i1) Find the distance of the point with position vector
A A A
—i—5j —10k from the point of intersection of the line
— A fal A A Fal A
r=Q2i—j+2k) +A(3i+4j +12k) and the plane
=H o om
r-(i—j+ k)=5.
(iz11) Find the distance of the pomnt (2, 12, 5) from the
point of intersection of the line :
- A A A A A A
= 2i—4j+2k+A3i+4j+2k)

> A A
and the plane r. (1—7’;+k} =0. (A.ILC.B.S.E. 2014)



10. Find the distance between the point with position

A A A
vector —i1 —3j — 10k and the point of intersection of the line
X=d Yl Z=2
3 -+ 12

11. Find the vector and cartesian equations of the line
passing through the point P (1, 2, 3) and parallel to the planes:

with the plane x —y + z = 5.

r(i-j+2k)y=5andr.3i+ j+k)=6-
(N.C.E.R.T.; C.B.S.E. (F) 2012)

12. Find the vector equation of the line passing through
(1. 2. 3) and perpendicular to the plane :

—> A A A
r .(f+2j-5k]+9={k (H.P.B. 2015)

13. Find the equation of the plane which is parallel to
-1—4_y+3_z+1
1 -4 7

(0,0,0)and (3, -1, 2).
14. Find the equations of the plane through the points :
(1, 0, =1), (3, 2, 2) and parallel to the line
-x—l_y—l_z—E
1 -2 3

the line and passes through the points

15. Find the equation of the plane containing the line :

-x+2_y+3_z—4
2§ =B

and the point (0, 6, 0).

Long Answer Type Questions

22. Find the equation of the plane containing the line :

x—=1 y+2 2z-3 _
Ty and perpendicular to the

plane 2x —y + 2z - 3 = (. (P.B. 2011)
23. Show that the line L whose vector equation is
_r} = 2? = 23‘4. 3}2 + 1{? = ; +4£} 1s parallel to the plane ©

— A A A
whose vector equation is r -(i +5j+k) =5 and find the
distance between them.

, - = -
24. State when the line r = g + A b 1s parallel to the

plane r. n=d- Show that the line

—> A
r=j

+J+A(3i-j+2k) is parallel to the plane

- 2 . .
r .(21+ k)=3. Also, find the distance between the line and
the plane.

25. Find the equations of the line through (- 1, 3, 2) and
perpendicular to the plane x + 2y + 2z = 3, the length of the
perpendicular and co-ordinates of 1ts foot.

26. Find the vector equation of the line passing through
the point (3, 1, 2) and perpendicular to the plane
r.(2i— j+ k) =4. Also find the point of intersection of this
line and the plane.

16. Find the equation of the plane, which contains two
lines :

.1—3_y+2 Z

.r—4=y—3=z—2 and .
] —d4 5 I -4 5

———

17. Find the vector and cartesian equations of the plane
containing the lnes :
2 A A A A A A
r=i+2j—4k+A(2i+3j+6k)and
—2 A A A A A A
r=3i+3j-5k+u(-2i+3)+3k).
18. Find the equation of the plane through the point
(1, 1, 1) and perpendicular to the line :

xX—2y+2z=2,4x+3y—-z+1=0.

19. If the line drawn from (4, — 1, 2) to the point
(=3, 2, 3) meets a plane at nght angles, at the point (- 10, 5, 4),
then find the equation of the plane.

20. (a) Find the length and the foot of the perpendicular
from :

P(l.1,2)tothe plane 2x -2y + 4z + 5 =0.

(b) Find the co-ordinates of the foot of the perpendicular
drawn from the ongin to the plane 2x - 3y + 4z -6 = ().

(N.C.E.R.T)

21. Find the co-ordinates of the foot of the perpendicular
from the point (2, 3, 7) to the plane 3x—y—-z = 7. Also find
the length of the perpendicular.

27. Find the vector equation of a line passing through
A A A
the point with position vector (2i-3j-5k) and
perpendicular to the plane r. (61 — 3_}' — 5k)+ 2 = 0. Also,
find the point of intersection of this line and the plane.
28. Find the co-ordinates of the point, where the line :
x—2 ¥+l z—2
3 4 2
intersects the plane x —y+z-35=0.
Also find the angle between the line and the plane.
(C.B.S.E. 2013)
29. Find the foot of the perpendicular from P (1. 2, 3)
on the line :

x=0_ y=T =7
R
Also obtain the equation of the plane containing the line
and the point (1, 2, 3).
30. Find the point, where the line joining the points

(1, 3, 4) and (- 3, 5, 2) intersects the plane
A A A

—
r.Qi+j+k)+3=0.
Is the point equidistant from the given points ?

31. Find the co-ordinates of the point where the line
joining the points (1, — 2, 3) and (2, — 1, 5) cuts the plane
x — 2y + 3z = 19. Hence, find the distance of this point from
the point (5, 4, 1).



32. Find the equation of the plane passing through the
poimnt (1, 1, 1) and containing the line :
- A A A A A A
r=(3i+j+5k)+AQ@i- j+5k)-
Also, show that the plane contains the hne :
A A A A

r=(—i+2j+5k)+AGi—2j—5k).

33. Find the equation of the plane passing through the
pomt A (1, 2, 1) and pcrpcndi{:ulur to the line joining the
points P (1. 4, 2) and Q (2, 3, 5). Also, find the distance of

this plane from the line :

x+3 . L C.BS.E. 2010 C
5 o] T (C.B.J.E. 2010 C)

34. Find the vector equation of the plane passing through

-y—j

. . “ ' a A A A A A A
three points with position vectors j+ j—2k. 2i— j+k and
A A A . N ' -
i+2j+k . Also find the co-ordinates of the point ol
intersection  of  this  plane and the  line

r=3i—j—k+AQ2i-2j+k)-

Answers )
. | | . 2 18 24
1. (L1 2. 90 3=, - 13 ( 1 25 1] A~ 8
. (a) |-y, =] (D) .
3 3 26 'L 127127 6 V29" V29 V29
_ X =019 = = B
L S {}*(**2*2) 21. (5.2,6); 11
5.(1.1. 1. 22, 4x-2y-57+7=0
9 (7 23 10
6. (i) sin~ \/_ (if) sin™ 1143 .,/27
- -
24. b .n =0

21
9. (i)-(i1) 13 units {m) [ 3 units.

8
TAf) Sin— (—) (1f) sin™ [l £ (111) sin~ (_)
2 6

8. 13 units.

10. V221 units.

1. 7 = (i4+2j43k)+A(=3i+5]+4k);

x—=1 y=-2 z-3

=T'

=3 S

12, 7 = (e ie 2042 je@~5H k.
13. x-19y-11z=0.

14. 4x-y-2z-6=0.

15. 3x+2y+62-12=0.

16. llx—-y-3z-35=0.

17. [r— (i + 2] —4Kk)].[(27 + 3] +6k)

X (=21 +3j+8k)] =0.
3x— 14y + 62+ 49 =0.
18. x-5y-11z+15=0.
19. 7x-3y—-2z+89=0.

—" Hints to Selected Questions

9. (i) Any point on the given line :

—> A A A A A A
r=QR2i-j+2k)+A3i+4j+12k)
1IS3Uu+2,4u—-1,120+2) k)

np A KA :
Thishieson r .(i—j—k) =5iex-y-

= (3u+2)-(4u-1)-(12u+2)=5

LN

R==1q"

_1 _
25. L W bt O 2;21(—2*13)'
33 3

19 | W

19 | W

).

3 A A A A A |
26. r={_3f+j+2£)+l(2£—j+k);[’-"_,

27. ~37-5k)+1(61-37-5k);

{41 =] —25}
y B Bl T

a 1
28, 1.2 s =]

V87

29.(3,5,9); 18x-22y + 5z+ 11 =0.
30. (-5, 6, 1); No.

31. (2, - 1, 5); 52 units.
32. x — 2y
x—y+3z-2=0; J11.

34. r.(9i+3]-k)=14:(1,1.-2).

Putting 1n (1), the reqd. point 1s

+ z=1)

(=12 _ -16 _ —48 (14 =29 -22
T — ] o,

13 13 T A TR R Y
25. The line through ( — 1, 3, 2) and perpendicular

1O
x+1 y=3 z-2

+2y+22=3 1S = =

X y o 1S | 5 5



(For each unsolved question, refer : “Solution of Modern’s abc of Mathematics”)

Exercise 11.1

1. If a line makes angles 907, 135%, 457 with the x, y and z-

axes respectively, find its direction cosines.
Solution : Direction angles are 90°, 1357, 45°.
". Direction cosines are < cos 90°, cos 1357, cos 457 >

: >
V2 ' V2
. Find the direction cosines of a line which makes equal
angles with the coordinate axes. (Aarnataka B. 2017)
Solution : Let cach directional angle be ‘a’.
. Direction—cosines are < cos @, cos &, Cos a >.
But 2+m*+n®=1
> COoST A+ CosT a + t;.:nw;E == 3 esta=1

i

1

9.

= COS“ad="7T_"=0C05U —

3 f
of

Hence. the direction—cosines

Le. <0,-—

the hne are :

+ : + : ~+ :
—_— = =" = >
ST BTTB
. If a line has the direction ratios < —18, 12, — 4>, then
what are 1ts direction cosines ?
Solution. Direction-ratios of the line are :
<-18, 12, -4 >
Dividing each by

J(—IS)Z +(12)? +(-4)* = Ja89

- \/zxzxnxn =2x11=22

18 12 -4

. Direction—Cosines ar¢g < —=——  —  ——>
77227 M

9 6 2
’ '-__}
11 11 11

Le. <

. Show that the points (2, 3, 4), (=1, =2, 1), (5, 8, 7) are

collinear.
Solution : Let A(2,3.4):B(—-1,-2, 1)and C (5.8, 7)
be the given points.
Direction-ratios of AB are :
<-1-2,-2-3,1-4>
le. <-3,-5-3>1e.<3,5, 3>
Direction-ratios of BC are :
<5-(-1),8-(-2).7-1>
re. <06, 10,6 1e.<3,3, 3>
= AB and BC have same directhion-ratios
= AB | BC.
But B 15 a common point.
Hence, A, B, C are collinear.

. Find the direction cosines of the sides of the triangle whose

vertices are (3, 5, 4), (-1, 1, 2) and (-5, -5, -2).
[Solution. Refer Q. 12: Ex. 11(a)]

Exercise 11.2

. Show that the three hnes wih direction cosines :

<12 3 —4>‘<4 12 3>'<3 -4 12> '
1313713\ B 1B 13 13 1) oMLy

perpendicular.

[Solution. Refer Q. 2; Ex. 11(b)]

. Show that the line through the points (1, -1, 2), (3, 4,-2)
1s perpendicular to the line through the points (0, 3, 2)
and (3, 5, 6).

. Show that the line through the points (4, 7, 8), (2, 3, 4) 15
narallel to the line through the points (-1, -2, 1), (1, 2, 5).
Solutions : (2-3) Refer Q. 16; Ex. 11(b)]

. Find the equation of the line which passes through the

A

point (1, 2, 3) and 1s parallel to the vector 3i +2j —2k.

-3
Solution : The equation of the line through the point a

- > > -
and parallel to vector mis r = a +4Am.

- A A A = A A

Here @ = i+2j+43k and m = 3i+2j—

?:"::

. The equation of the required hine 1s :
-
r

A A A
=|i+2j+3k

A (3?+2}—2£J . 1 ER.

. Find the equation of the line 1in vector and in cartesian

form that passes through the point with position vector

2; — ; +4£ and 1s 1n the direction ; +2}—£.
[Solution. Refer Q. 7; Ex. 11(b)]



6. Find the cartesian equation of the line which passes Comparing, x=3,y=—2and z=114-5.
through the point (-2, 4. -5) and parallel to the line given | |
x—3 y+2 z+5

py X¥3_y—4 _z+8 Eliminating 4, === = <= = —7— (=),
3 5 6
Solution : The given line is : which is the cartesian from of the equation of the line.
| ok 3 ' y—4 | 7+ 8 10. Find the angle between the following pairs of lines :
3 5 6 . - A A A A A A
() r=2i-5j+k+A3i+2j+6k) and

. The direction ratios of the given line are < 3, 5, 6>

A A A A

. The vector equation of the required line 1s : - \ 5 ;
r=7i—6k+u(i +2;+2k

r=|-2i+4j-5k|+A|3i+5j+6k o G B A m M W
(i)  r=3i+j—2k+Ali —j—2k) and

:(xi+yj+zk —(34—2)i+(5A+4)j+(64—5)k r=2i—j—56k +u3i -5 j—4k).
Solution : (i) The given lines are parallel to the vectors :
Comparing, x =34 -2, y=54+4, 7 =64 - 5. - . . .
Eliminating A4, by = 3i+2j+6k
x+2  y-4 745 > A A A
x} :_yS :—Zﬁ = A), and by = i+2j+2k.

i , _ _ _ I[f *6" be the angle between the given lines,
which 1s the reqd. cartesian equation of the lne.

Ix—S_ﬁy+4_z—6
- -

.by
b,

-3
7. The cartesian equation of a line 1s then cos 6 = b’.
—

Write 1ts vector form.
[Solution. Refer Q. 4(b) (i); Ex. 11(b)]

8. Find the vector and the cartesian equations of the line [ A A AVE L B
that passes through the ongin and (5. -2, 3). ft TEHok|.|i+2g+ "‘k)
Solution. Refer Q. 9(i); Ex. 11(b)] = T u . T = 5

9. Find the vector and the cartesian equations of the 3i+2j+06k||i+2j+2k
ine that passes through the point (3, -2, -5), |
(3; =2, 6). )M +2)2)+(6)(2)

S JO+4+36\1+4+4
Solution : Let @ and b be the position vectors of the 344412 19 19
ints A (3, -2, -5) ¢ 3, —-2,6). = = 51
points A (3, : ) and B (3, , 6) mﬁ (7) (3) 21
o M A A ;
Then a = 3i—2j—5k =1.{19
d Hence, 6 = cos ]["’_1)
rEPCST Y, )
and b =3i—-2j+6k. (i1) The given hines are parrallel to the vectors :
- M M A
- = « = s Fa')
b—a = 11k. A =i-j-2k
g A A A
- and by =3i—-5j—4k.

Let r be the position vector of any point on the line.

_ , e If *6" be the angle between the given lines,
Then the vector equation of the line 1s :

by

=
by

— —
r

= a+ A

- -
p — H) then cos 6 =

l]k]

sxi+yj+zk =3i—2j+(11A=5)k.

b
b

A A

e. T = 3i—2j—5k+4A




-(.ﬂ A A A A n\
i-j—.’lk].[3i-5j—4k

\ /

[a [a A

i — i —2k || 3§ —57 -4k

(1) (3) + (= (=5)+(=2)(— 4)
JIH1+4 . J9+25+16

G548 16

8
J650 2352 53

- |
Hence. 6 = cos (

)

11. Find the angle between the following pair of lines :

; 'x—Z_y—l_z+3 dlx+2_y—4_z_5
0 § -3 = =1 @& 4
(i) ==2=Z and Jl'_5= J"2=z—3
2 2 1 1= =

Solution : (i) The given lines are parallel to the vectors :

by = 2i+5j—3k
and b = —i+8j+4k.
If 6" be the angle between the given lines,
- —>
then cos 6 = jbi
b || b2
( A A A A A nl\
21'+5j—3k).(—i+8j+4k
B \ /
20 +5j -3k ||—i+8j+4k

() (= D+ (5)8)+(—3)(4)
J4+25+9 1+ 64+16

—2+40—-12 26 926

8B T BR9) T o3

Il

_——

Hence. € = cos

26

(%ﬁﬁ}

(ii) The given lines are parrallel to the vectors :
= A

A A
bhh = 2i+2j+k

_,i A

and b = 4i+ j+8k.

If 6" be the angle between the given lines,

then cos 0 =

h - b
b || b2

A M M o A M
(2:‘+2j+k).( i+ j+8k

JA+4+1J16+1+ 64

(2) (4) + () +(1)(8)

Vo V81

84+2+8 18 |
3O 39 27

COS =1,
3

[l

Hence, 6 =

12. Find the values of *p’ so that the lnes :

1-x 7Ty—14

z2—3

dIl

r 7—71= y—5=

3 2p 2 3p 1

are at right angles.

[Solution. Refer Q. 15(i); Ex. 11(b)]

X—=3_ y¥2  z

13. Show that the lines

J -3
are perpendicular to each other.

06—z

[Solution. Refer Q. 14(i) ; Ex. 11(b)]
14. Find the shortest distance between the lines :

r=(i +2j+k)+A(i — j +k) and

M A

F=2i—j—k+ui+j+2k).

Solution : The given lines are :

+ A

—=> A A A
r i+2j+k

= A A A
and r (Zf—j-k + u

i-5+]

2f+j+2k)

The shortest distance between the hines

- - -
r = ﬂl+ﬂbl
— - -2

and r = ay,+ Aby is given by :

[5-a} )|

b X by




> . . The hine (1) passes through the point (- 1. -1, = 1).
Here a = i+2j+k. The line (2) passes through the point (3. 5, 7).
Now d, the shortest distance between the given lines 1s
i : o2 2 given by

> X AR X=X Y2a2—=n 22—
and B = i—j+k ay b i
a L
g . s i d= %
- & S ) A
By, = S Hak (Bcy = byey)” + (qia; — cra)

- \ +(apby —ayhy )
) ey o

Here xp) —x;=3-(-D=4y,-y,=5-(=1)=06,

-y =71-(1)=8;
A A A ﬂ1=71b1=_6.f‘1:1d"dﬂ2:libzz—z.fz:l.
= §—3]—2k
=X N—h 2279
T 53 Now, N=| @ o ‘I
—> —> : J H2 bZ Ez
andbl X by = ] —1 1
2 1 2
4 6 8
A A A o 7 _6 l
=i(=2-D—jR2-2)+k(1+2) i =3 }
= 37143k, =4(-6+2)-6(7-1)+8(-14+06)
=—-16-36-64 =-116.
. d. the shortest distance between the given lines 1s 3
given by : o
[(x o AV a ((=6) ()= (=2) ()" + () ()= ) (D) +
i —37-2k].|—-3i +3k D = 5
i \ (1) (=2)— (1) (— 6))
—3i + 3k
. 2
= J(—6+ 2) 4+ (1~ 1) +(—14 4 6)°
(1) (—3) +(=3)0)+(—2)(3) = J16+36+64 = (16
- JO+0+9 |
. | _ —116
Bl 9 | —3 .. d. the shortest distance = —Jﬁ = —oJ116
N VT B (X B N 5
| _ = —24J29 = 2./29 units, in magnitude.
3 3v2 ;
J— units. 16. Find the shortest distance between the lines whose vector

== ==

15. Find the shortest distance between the lines :

equations are :

| - F=(+2j+3k)+A(i =3 +2k) and
x4l oyl 2] g X2 B3 Z—¥

. - A A A A A .l"'ll._
7 -6 1 1 -2 1 r=4i +5j+6k+u2i +3j+k). (H.FB.2016)
(H.FB. 2016, 15, 13, 12, 11) Solution : The given lines are :

Solution : The given lines are :

: - M A A A A A
x+1 y+1 z+I r = |i+2j+3k|+Ai-3j+2k
 — e k)
7 -6 |
1lndx_‘3"23’_;5.:‘71;7 (2) and r = 4i+5j+6k)+ﬂ(2i+3j+k).




The shortest distance between the lines : P z 5
™ N — o —i(=3-6)—j(-4)+k(3+6)
r = a+Ab and r = ay +Aby is givenby :
A A A
= —9i+3j+9k.
o . . ; . .
(a i ) ( b X b’)) . d. the shortest-distance between the given lines 1s
e l given by :
— — ' |
bl sz A A A A A A
i+ 37¥3k || =i+ 9k
d=
-> 5 A (O,
Here a = i+2j+3k. —9i+3;+9k
—
a = 4i+ 5 i+ 6}:
| g (3) (=9 43+ END)
= A A A = o2 2 2
and b = i-3j+2k, \/( 9 43"+
i AL A A | 2749+ 27
by = 2i+3j+k. _
J81+9+381
- = M A A A A A
= || = —/= = —= units.
71| 3419 19
= 3; & 3} + 3}: 17. Find the shortest distance between the lines whose vector
equations are :
£  w B r=(0-0i+t—=2)j+(3-20)k and
e g ; J k A A A
and by Xby = |1 -3 2 r=(s+)i+Q2s—=1)j—(2s+1)k.
2
e & [Solution. Refer Q. 6(i): Ex. 11(d)]
Exercise 11.3
1. In each of the following cases, determine the direction And distance of (1) from the origin
cosines of the normal to the plane and the distance from -
the ongin. _ ‘O'HH'O_I‘ A
() =2 e Ji+1+1 3
'j' O B H — . . .
(c) "‘I ¥ 3}, T {d)_ =1 | (iti) The given plane 1s 2x + 3y —z =35 k)
Solution : (i) The given plane is z = 2 (1)

Direction—ratios ol the normal to the plane are

Direction-cosines of the normal to the plane are = A _ s

<0, 0. 1 >. And distance of (1) from the ongin . . :
. Direcion—cosines of the normal to the plane are :

_ 1“1 _ = _ 9 2 3 -1
L Sarort Jaro+l Jiror1
(if) The given plane is x + v+ z =1 1)
Direction-ratios of the normal to the plane are: ie. {L
<L 11> J14° J_ J_
~.Direction-cosines of the normal to the plane are And distance of (1) from the origin
T \0+0 05|

 —

AN JA+9+1 «/_




ik 1)
to the plane

(iv) The given plane 1s Sy + 8 =0
Direction—-ratios of the normal
are < 0,5 0>1e.<0.1,0>

" Direction—cosines of the normal to the plane are
<0, 1, 0>

And distance of (1) from the origin
| 0+38]
JO+25+0

8
3

2. Find the vector equation of a plane which is at a distance
of 7 units from the origin and normal to the vector

3i +5] —6k.
[Solution. Refer Q. 2: Ex. 11(e)]
3. Find the Cartesian equation of the following planes :

@ 7.(i+j—k)=2

A A

(b) F.Q2i+3j—4k)=1

© T.[(s=20)i +G—1)j+Q2s+nk]=15.

[Solution. Refer Q. 4(iii); Ex. 11(e)]

4. In the following cases, find the coordinates of the foot of
the perpendicular drawn from the orngin.
(a) 2x+3y+4z-12=0 (b) 3y+4:-06=0
(c) x+y+z=1 (d) Sy+8=0.
[Solution : Refer Q. 21:; Ex. 11(e)]

S. Find the vector and cartesian equations of the planes :
(a) that passes through the point (1, 0, =2) and the

. A A A
normal to the plane s i +j —k

(b) that passes through the point (1, 4, 6) and the normal

A A

. A
vector to the plane is j =2 j 4+ k.

Solution. Refer Q. 16; Ex. 11(e)]

6. Find the equatons of the planes that passes through three
DOINLS :

(@) (1,1,-1),16,4,-5),(—4, =2, 3)

(b) (1,1,0),(1,2,1),(-2,2,-1).

Solution : (a) Any plane through (1, 1, - 1) 1s :

ax-1)+b(y-1)+c(z+1)=0 ol
Since the plane passes through the points
(6,4, —-5)and (-4, -2, 3),
a6-1)+b@d-1)+c(-5+1)=0
anda(-4-1D)+b(-=2-1D+c3+1)=0
= S5a + 3b—-4c =0 aif 2)
and —da-3b+4c =0 ...(3)

Solving (2) and (3),

= a, b, c can’t be found.

Since the points are collinear,

“.an mbnite number of planes can be found through
the given points.

(b) Any plane through (1, 1, 0) 1s :

a(x-1)+b(y-1)+cz=0 ()
Since the plane passes through the points
(I, 2, )and (- 2, 2, - 1),
Sa(l-D+b2-1)+c(1)=0
anda(-2-1)+b2-1D)+c(-1)=0
> O.a+b+c =0 s 2)
and —3a+b-c =0 el )
Solving (2) and (3),
a b &
=f=1 ~ =340 O+
= —i’l = _i:)j = B = k (say), where k # ()
Sa=-2k,b=-3k, c =3k
Putting these values of a, b, ¢ In (1), we get :
~2k(x-1)-3k(y—-1)+3kz=0
=> 2x-1D-3@y-1)+3z=0 [k # O}
> - 2x+2-3y+3+32=0
= 2x + 3y — 3z =5,
which 1s the reqd. equation.
7. Find the intercepts cut off by the plane 2x +y -z =35.

Solution : The given equation of the plane 1s :

2x+y—-27 =
x y 2
— =+ _
* 5/2 56 —5 -~
. . | Yy 2
Comparing with —+—+— =1,

a b ¢

the intercepts on the axes are —,9 and - 5.

2

8. Find the equation of the plane with mtercept 3 on the
y-axis and parallel to ZOX plane.
[Solution. Refer Q. 1(ii); Ex. 11(e)]

9. Find the equation of the plane through the
intersection of the planes 3x —y + 2z — 4 =0 and
x+y+ z-2=0and the point (2, 2, 1).

(Meghalaya B. 2017)

Solution : The given planes are :
Ix—-y+2z-4 =90

and x+y+z-2 =90

1)
ol 2)



Any plane through the mtersection of (1) and (2) 1s :
Bx-y+2z2-4)+k(x+y+2-2)=0 4 3)
Since it passes thro™ (2, 2, 1).
S60-2+2-4)+k2+2+1-2)=0

> 2+3k=0=>k= —%.

Putting in (1),

2
{31—y+2:3:—4}-§ x+y+z-2)=0

>0x -3y +62-12-2x-2y-2z+4=0
= Tx-55y+4z-8 =0,
which 1s the regd. equation.
10. Find the vector equation of the plane passing through the
itersection of the planes
F.Qi+2j-3k)=77.Q2i +5j+3k)=9
and through the point (2, 1, 3).
Solution : The given planes are :

—=

r‘(2i+2j-3k] =7 cusilel-)

Eai A A A
and r.2i+5j+3k|=9 W

Le.(xf+yj+zk).(2i +2j—3k) =/

und(.ri +vyj+ zk].(2f+5j+3k] =9

le. 2x+2y-3z-7 =0 (1)
and 2x + S5y + 3z-9= 0 ~A2)
Any plane through the intesection of (1) and (2)" 1s :
2x+2y-3z2-71+k(2x+5y+3z2-9) =9 ..(3)

Since it passes thro™ (2, 1, 3),
S4+2-9-7+k4+5+9-9)=0

10
= —10+k{9}=ﬂ=ﬁk=?.
Putting in (3).
10
{1:r+2y—3:;:—7)+? (2x+5y+3z2-9)=0

=18+ 18y —-272-63 + 20x + S0y + 30z - 90 = ()
=>38x + 68y + 3z - 153 =0

:b(xf +yj+zk).(38i +68j+3k| =153

11.

+
=r

J': A A

1381 +68j+3k| = 153,

which 1s the regd. equation.

Find the equation of the plane through the line of

intersection of the planes x + y + z=1 and 2x + 3y + 42

= 5 which is perpendicular to the plane x — y + z = 0.
(Meghalava B. 2017)

Solution : Any plane through the line of intersection of

the planes :

12.

13.

14.

x+y+z—-1=0and 2x+3y+4z-5=01s:
x+y+z-1D+k2x+3y+4z-5)=0
e (l +2b)x+ (1 +3k)y+ (1 +4k)z—(1 +5k) =0
200

Since 1t 1s perpendicular to the plane :

x-y+z =20 ol L)

their normals are perpendicular

21 +20) () +(1+3k) D+l +4k)(1)=0
> +2k-1-3k+1+4k=0

= 3k‘=—]::'k=—

L
=

Putting 1n (1), we get :

(1-3) - vys [1-2)e=(1-2) =0
3 X+ 1 =F V¥ 3 Z 3 =

i1 .3
= o e G o
3 3 3

= x—z+2 =0,
which 1s the reqd. equation.

0

Find the angle between the planes whose vector equations

A A

> A - A AL A
are r.(2i +2j—3k)=5and r.(3i —=3j+5k)=3.
[Solution. Refer Q. 11(i7); Ex. 11(e)]

In the following cases, determine whether the given planes
are parallel or perpendicular, and 1n case they are neither,
find the angles between them :

(a) Tx+5vy+62+30=0 and 3x-y-10z+4=0

() 2x+y+3z-2=0 and x-2y+5=0
(c) 2x-2y+4z+5=0 and 3x-3y+6z-1=0
(d 2x-y+3z-1=0 and 2x—y+3z+3=0

() d4x+8y+7z-8=0 and y+z-4=0.
[Solution. Refer Q. 66; Ex. 11(e)]

In the following cases, find the distance of each of the
given points from the corresponding given plane.

Point

(a) (0,0,0)
(b) (3,-2,1)
(c) (2, 3,-5)
(d) (6.0, 0) 2x—-3y+6z-2=0.
[Solution. Refer Q. 18; Ex. 11(e)]

Plane
Ix—-4y+12z=13
2x—-y+2z+3=0

x+2y—-2z=9



Miscellaneous Exercise on Chapter (11

1. Show that the line joining the origin to the point (2.1, 1)

1s perpendicular to the line determined by the points
{34. 51 _l }1: {41. 31 _] ].

[Solution. Refer Q. 27; Ex. 11(b)]

. ML, m,, n and [, m,, n, are the direction cosines of two
mutually perpendicular lines, show that the direction

cosines of the line perpendicular to both the these are :
mn,—myn,n bL—-n, 1.1, m—-1Im,.
Solution : Let < I, m, n > be the direction-cosines of the
line, which 1s perpendicular to two hines whose direction-
COSINEs are :
< t'l, my, n, > and < !2. My, Ny >.

I, + mm; +nn, = 0 1)
and I, + mm, + nny = 0 Gl 2)

Solving (1) and (2), by cross-multiplication, we have :
[ m n

ming —mgn;

nly—noly  hmg —lomy

JE+m?+ n?

\/("’1”2 — mymy )’ + (mly = myby ) + (ymy = lymy 2

IS U SR
sinf sm90° 1
Hence, [ = mpn, — myn,,

m = ”1!1 - n:,_fl

and n= flm;?: - 32’"1*

3. Find the angle between the lines whose direction ratios

arca,b,candb-c,c—a,a->b.

[Solution. Refer Q. 11(ii); Ex. 11(b)]

. Find the equation of a hine parallel to x-axis and passing
through the ongin.

[Solution. Refer Q. 5(a); Ex. 11(b)]

. If the coordinates of the points A, B, C, D be (1. 2. 3),

(4,.5,7).(-4.3,—-6)and (2,9, 2) respectively, then find

the angle between the lines AB and CD.

Solution : Direction-ratios of AB are :
<4-1,5-2,7-3>

le. <3 3, 4> (1)

Direction-ratios of CD are :

<2-(-4),9-3,2-(-6)>

le. <6,6,8> .(2)
From (1) and (2), Direction-ratios of AB and CD are
proportional

=> the lines AB and CD are parallel.
Hence, the angle between AB and CD 1s 0°.

6. If the lines

=1 y—2 z=3

-3 2% 2

2 g1 _eb dicular, find th
%k l _s are perpendicular, lind the

value of ‘k’.

and

Solution : The given lines are :

x-1 -y—?.. y—3
- - (1)

-3 2k 2

x—1 y—1 2-6
and = —=

3k 1 -9

The direction-ratios of hne (1) are < — 3, 2k, 2 >.

The direction-ratios of lne (2) are < 3k, 1, — 5 >.
The hnes (1) and (2) are perpendicular
it (= 3) (3k) + 2k (1) +(2) (= 5) =0
la,a, + b;b,y + c;c, = 0]
if  —9% +2k-10=01f 7Tk =-10

if k= ——.
: 7

. Find the vector equation of the line passing through

(1, 2, 3) and perpendicular to the plane

7.(i+2j-5k)+9=0.
[Solution. Refer Q. 23(ii); Ex. 11(e)]

. Find the equation of the plane passing through (a, b, ¢)

A M

R
and parallel to the plane r . (i +j +k)=2.
Solution : Any plane parallel to :

- A M A

F.{!.+j+k):2

- A A A

IS r. i+ ikl =k 1o

This passes through the point (a, b, c¢)

i.e.(ﬂ?+b}'+££).

(@i+bj+ck).i+j+k) =k

2@ () + b)) (1) +(c) (1) =k
= k = a+ b+ c.
Putting in (1), the required equation of the plane 1s :

r.(t+j+k) =a+b+c

e.(xi+yj+zk). 1+ J+k) =a+ b+ c

l.e. xX+v+z=a+b+c



9. Find the shortest distance between lines :
r=6i+2j+2k +A(i -2 j +2k)and
B A A A A A
r=—4i—k+u3i -2j—2k).
[Solution. Refer Q. 3(i); Ex. 11(d)]

10. Find the coordinates of the point where the line through
(5. 1.6) and (3. 4. 1) crosses the YZ-plane.
Solution : The equatons of line through (5, 1. 6) and
(3,4, 1) are :

x=5 'y—-]_z-—t')
3-5 4—-1 1-6

-.x—S

. _ 371 26 (1)
-2 3 =5
Any point on (1) 1s (5 = 2k, 1 + 3k, 6 — 5k) .(2)

This hes on YZ-plane (x = 0).
5 -—2k=0

J
>~
I
o] v

15 25
Putting in (2). (5—5, 1 4+—, 6__)
2 7

‘ 17 =1J} L |
i.e. |0, 5 T ) which 1s the regd. point.

11. Find the coordinates of the point where the line through
(5, 1. 6) and (3, 4, 1) crosses the ZX-plane.
Solution : As in Q. 10, any point on (1) 1s :

(5, — 2k, 1 + 3k, 6 — 5k) (1)
This lies on ZX plane (y = 0)
| + 3k =0
|
= ki= 3

2 3
Putting in (1), 5+§, 1—1,64+—

) 23 ; .
Le| = (},T , which 1s the reqd. point.

12. Find the coordinates of the point where the line through
(3.—4,-5)and (2. - 3. 1) crosses the plane 2x + y + z =
7
[Solution. Refer Q. 40 ; Ex. 11(e)]

13. Find the equation of the plane passing through the point
(— 1, 3, 2) and perpendicular to each of the planes :
x+2y+3z=5and 3x+ 3y +z=0.

Solution : Any plane through (- 1. 3, 2) 1s :

ax+1)+b(y-3)+c(z-2)=0 sk}

Since plane (1) 1s perpendicular to the planes .
X+2y+3z=5 wil 2)

14.

15.

16.

17.

and 3x+3y+2z= WUED
L@ +b2)+c(3)=0
anda3)+b3)+c(l)y=0

> a+2b+3c=0 ...(4)
and 3a+3b+c =10 <)
Solving (4) and (95),

a _'L__ C

2—-9  9-—1 3-6

a Ib C
= i— s S —

-7 8 -3

Putting in (1).

- Tx+1)+8(y-3)-3(z-2)=0

> —Tx-T7+8-24-3z+6=0

= Ix—8y+3z+4+25=0,

which 1s the reqd. equation.

If the points (1, 1, p) and (- 3, 0, 1) be equidistant from

the plane > (3;: +4}— ]22) 4+13=0. then find the
value of p’.

[Solution. Refer Q. 20; Ex. 11(e)]

Find the equation of the plane passing through the line of

A at A

intersection of the planes T +j+k)=1 and

A A

- A
r.(2i+3j5—k)+4=0 and parallel to x-axis.

[Solution. Refer Q. 45(1); Ex. 11(e)]

If O be the origin and the coordinates of P be (1, 2, -3),
then find the equation of the plane passing through P and
perpendicular to OP.

[Solution. Refer Q. 17; Rev. Ex.]

Find the equation of the plane which contains the line of
intersection of the planes :

(i 42j43k)—4=0,7.Qi+j—k)+5=0

and which 1s perpendicular to the plane :

7.(5i +3j —6k)+8=0.

Solution. The given planes (in cartesian form) are :

x+2y+3z-4=0 O
2x+y-z+3=0 wd2)

and S5x + 3y —-6z+38 =0 il )

Any plane thro’ the intersection of (1) and (2) 1s :

(x+2y+3z2-4)+k(2x+y+2z+35)=0

21 +20x+ 2+ y+B3+kz+(-4+5) =0 ..(4)

Now plane (4) 1s perp. to plane (3).

S5 +20)0+3R2+k-63+k=0

=25+ 10k+6+3k—-18-6k=0

= k= 1=k=1.

Putting in (4), 3x + 3y +4z+ 1 =0,

which 1s the reqd. equation of the plane.



18. Find the
from the

distance of
point  of

the pomt (-1, -5, -10)
intersection  of  the lLine

e AA A A A A
r=2i—j+2k+A3i+4j+2k) and the plane

A A A
r.(i—j+k)=5.
[Solution. Refer Q. 9(i); Ex. 11()]
19. Find the vector equation of the line passing through

(1,2, 3) and parallel to the planes ro(i —j+2k)=5
A A

o A

and r.(3i +j +k)=6.

Solution. Refer Q. 11: Ex. 11(f)]

20. Find the vector equation of the line passing through the
point (1, 2. —4) and perpendicular to the two lines :
x=8 y+19  z—10 d'x—ls _y=29 z-5

3 —16 7 T3 8 -5
[Solution. Refer Q. 28(ii); Ex. 11(b)]

21. Prove that if a plane has the intercepts a, b, ¢ and is at a

distance of p unmits from the origin, then
I I I
g
a b « p

Solution : The equation of the plane 1s :
X Yy z

+=4+= = |
2 b £
X Z
i.e. Bt -1 =0 <113
a b c¢
0+0+0-11
B}" the qur::»iliun *ﬁ =p
+—+—
Vaz bz (.‘2
l 1 N | + ] L
el 1 { —F— .2 2 " 2 = 2
L g~ bH* ¢ P

HZ bZ CZ
which 1s true.
Choose the correct answer in Exercises 22 and 23.
22. Distance between the two planes 2x + 3y + 4z = 4 and
dx + 6y +8z=121s:
(A) 2 units (B) 4 units

(C) 8 units (D) —2_ units. [Ans. (D)]

V29
23. The planes : 2x—y+4z=5and 5x - 2-5y + 10z =6 are :
(A) Perpendicular (B) Parallel

(C) Intersect y-axis (D) Passes through ({J 0 S )
) 14 ’

[Ans. (B).]

Questions From NCERT Exemplar

Example 1. The x-coordinate of a point on the line
joining the points Q (2, 2, 1) and R(5, 1, -2) is 4. Find its
z-coordinate.

Solution. Let P divide the line segment [QR] in the ratio
ik |8 |

SA+2 A+2 =24+1

. Co-ordinates of P are

| A+l A+l A+
_ SA+2
By the question, T4 =4 = 51 4+2=41+4
> A=2 -
* =24+
Hence, the z-co-ordinate of P 1s
| A+1
. =441 .
l.€. L.e. — 1.
241

Example 2. Find the distance of the point (- 1, - 5, - 10)
from the point of intersection of the line

= 2i-j+2k+A3i+4j+2k)

r.(i-j+k)=5.
Solution. We have :

and the plane

e I

r o= 2i= 342k + A4+ 2k) and r.G-j+h)=5.
Solving, we get :
[(2i— j+2k)+ ABi+4 j+2k).G— j+k) =5
=> 24340 (D+ (=1 +40) D+ (2+240)(1)=5
> 2+34+1-44+2+24=5 = A=0.
. Point of mtersection of the hine and plane 1s (2, -1, 2).
The other given point 1s (-1, =5, —10).

Hence, the reqd. distance

= JQ2+1)? +(= 145 +(2+10)’

= J9+1fl+144 =4/169 = | 3units.

Exercise

1. Find the equation of a plane which 1s at a distance
3./3 units from origin and the normal to which is equally
inclined to co-ordinate axes.
2. Find the equations of two lines through the origin
L . x—3 -3 gl
which ntersect the hne — Y = ? at angles of —
2 1

cach.

3. The plane ax + by = 0 1s rotated about 1its line of
intersection with the plane z = 0 through an angle «. Prove
that the equation of the plane 1n its new position 1s :

ax + by = (\/.-:12 +b* tana)z =0.



_ Answers

Revision Exercise

1. A variable line in two adjacent positions has
direction-cosines <l,m,n >and <1 + 6l, m + dm, n + én >.
Show that the small angle 80 between two positions is given
by :

(50)% = (81)2 + (dm)? + (dn)>.

Solution. Since < I, m, n >
and <[ + Ol, m + om, n + On > are direction-cosines,
P+m?+n?= (1)
and (I + 80)* + (m + dm)*> + (n + dn)* = |
= (2 +m?* + n% + ()% + (dm)* + (8n)?)
+2 (L (0l) + m (0m) + n (on)) = |
= (81)2 + (dm)? + (8n)?

=—2((d])+ m (dm) + n (dn)) i 2)

[Using (1)]
Nowcos 0O =1({+0)+m(m+0m)+n(n+ on)

— 1 — 2 sin? ? — 2+ m? +n*+
) (I (0l) + m (om) + n (on))
=  —2sin? 5?9=I{6!} + m (om) + n (on)
) [Using ()]
-
— —2 (i{?) =1 (0l) + m (dm) + n (on)
o6 o8 Jf
[ of is small = — is small = sin—= —:l
2 2 2
— (80)2 = — 2 ((1 (8]) + n (dm) + n (dn))
s (80)% = (3)% + (dm)* + (8n)2,

[Using (2)]
which 1s true.

2. Prove that the lines, whose direction-cosines are
given by al + bm + cn = 0, fmn + gnl + hilm = 0 are :

(i) perpendicular if £ + % +
a

if a’f2 + b%g? + c?h?

— 2 (bcgh + caht + abfg) = 0.

h
_=0
C

(ii) parallel

Solution. We have : al + bm + cn = (0 1)
and fmn + gnl + him = 0 »{Z)
al+b
From (1), n = — = i ..(3)
c

Putting in (2),

(fm + gl) (—ﬂ!+bm) + him = 0
C
= 2 ag + (af + bg — ch) Im + bfm* = 0 .(4)

Clearly both [ and m can’t be zero.
[+ Ifl =m = 0, then from (3), n = 0,
then I° + m? + n? = 1 is not true]

Solet m#0.  [Of-course, we can also take | # 0]

. I° :
Dividing (4) by m?, (ag) — + (af + bg — ch) —
m? o
+(bf) =0 il 3 ),
. L |
which 1s quadratic in —, giving two values of —.
m m

I = fl. mp, n; > and < z':. My, Ny > be the direction-
cosines of the two lines.

| (Y 4 6k
then !—l = i =5 L. o s e 8 ..(6)
ag fla g/b

s -"!1"!2 "
Similarly, - (7
ORI T ik W

Combining (6) and (7),
where kK # ()
f g h
Lol = e o, = = KRB, = — K.
142 ” L) h n,n, -

(1) The two lines are perpendicular
il lyl, + mymy + nyn, = 0
| | h | | h
TR L TN S AR P
a b c a b ¢

[-- k= 0]

which 1s true.



(i1) The two hnes are parallel 1if (5) has equal roots

i.e. if (af + bg — ch)* — 4 (ag) (bf) = 0

ie. if a*f* + b*g? + c2h* + 2afbg — 2bgch

— 2chaf — 4afbg = ()

i.e. if a*f* + b*g* + c*h* — 2 (bcgh + cahf + abfg) = 0,

which 1s true.

3. Show that the line joining the mid-points of the
two sides of the triangle is parallel to the third side and is

half of its length.

Solution. Let A (x;. y;. z;). B (x5, ¥,5. 2,) and
C (x3. ¥3. 73) be the vertices of AABC. II' D, E are mid-points
of [AB] and [AC] respectively, then their co-ordinates are :

2 ' 2 " 2

e e

(-‘rﬁxz Nty ata

" ’ " ) o

= e’ i

Ntx yty; 3+ .
and respectively.

Now direction-ratios of BC are :

< ..1'3 —_1.2.. 1’3 —}'2+ 4.:3 - EE >

A
D E
B C
Fig.
and direction-ratios of DE are :
- TR [ Jitys A ¥s
2 3 2 2
2 2

, X2—X —y 23— 2

sy e X y3 2 342 >

2 ¥ o
1.€. < .1'3 — IE.. }’3 T }12* E3 7 :2 -8
Thus DE Il BC.

Now

| DE | =

I
=5 \/(x3—x2)2+(y3-y2)2 +(E3-Zg)2

|
:2|BC|.

Hence, DE || BC and | DE | = — | BC |.

i
2

et U+l +l mymy+my nptny +n
- *T1 al < y . i
Bkl J3 NE

can be taken as the direcuon-cosines of a hne L equally
inclined to three mutually perpendicular lines with direction-
cosines :
<l,mpn >;<ly, m,n,>;<l; my ny>.
5. Find the vector equation of the straight line passing
through (1, 2, 3) and perpendicular to the plane :

= A A A
r(t+2;—5k}+9=0

6. Show that the lines :

x=ay+b, z=cy+dandx=ay+b',z=cy+d
are perpendicular to each other it aa’+ cc’+ 1 = 0.

7. Prove that the line joining the points
4bh + 4¢ and — 4¢ and the hine joining the pomnts
oy

—_—y— > - e

—
6a —

— .
—a—2b —3c. a+ 2b — 5¢ Imtersect at— 4e.

8. Find the vector equation of the line passing through

(1. 2. 3) and parallel to the planes :

oA A A A A A
r . (i—j+2k)=5and r .(3i+ j+k)=0.

9. Find the vector equation of the line passing through
the point (1, 2, —4) and perpendicular to the two lines :

x-8 y+19 z-10

3 —16 7
. P )
g Db 8"9=%. (N.CER.T)

10. Find the co-ordinates of the point, where the line
through (3, — 4, — 5) and (2, — 3, 1) crosses the plane
2x +y+z=1.

11. Show that the equation of the plane passing through

— — —
a point having position vector g and parallel to b and ¢

— — —
is r=a+Ab+uc.

12. Find the distance of the point (2, 3, 4) from the
plane 3x + 2y + 2z + 5 = 0, measured parallel to the

Iinex+3=y;2ﬁ,

B
3 6 2

Solution. The line through A (2, 3. 4) and parallel to

3 6 2

X+3 y—2 2

L



— — ___1
3 6 2 )

Any pointon (1) 1s: (2 + 3k, 3 + 6k, 4 + 2k).
where k 1s arbitrary real number.

' Ay aeas
7/
o
/77
Fig.

This pointis P i.e. 1t lies on the plane
Ix+2y+2z+5=0 ..(2)

MfI32+3k)+23+6k)+2(4+2k)+5=0

i 25k=-251ittk=-1.

SP1s(2-3,3-6,4-2)1e. (-1,-3,2).

Hence, the reqd. distance = |API

=\/+{2+l}2 +{3+3)2 +(4—2}2

= 9+ 36 +4 =49 =7 units.
13. Find the distance of the poimnt with position vector
_}“_5‘}-_]0}; from the point of intersection of the

—P A A A A A A
liner =(2i—j+2k)+A3i+4j+12k) with the plane

—3 A

rii—}+£)=5
14. Find the point R, where the line joining P (1. 3, 4)

— A A
and Q (— 3, 5. 2) cuts the plane r.(2i —j+£)+ 3=0.1Is

|IPR|=]QR|”

15. Find the equation of the plane passing through the
line of intersection of the planes 2x + y — z = 3 and
Sx — 3y + 4z + 9 =0 and parallel to the hne :

z—95
2 4 5

16. If from a point P (a, b, ¢) perpendiculars PA and
PB are drawn to yz and zx-planes. find the vector equation
of the plane OAB.

17. If O be the origin and the co-ordinates of P be
(1,2, = 3), then find the equation of the plane passing through
P and perpendicular to OP. (N.C.E.R.T)

18. Find the equation of the plane. which contain, the
line of intersection of the planes :
?.{?+ 2}+3£)—4=0 and ?_{2?.,.}.*.}2)_,.5:(]
and which 1s perpendicular to the plane :
r.5r+3}-6k)+8=0. (N.CERT)

19. Prove that the S.D. between a diagonal of a
rectangular parallelopiped and its edges not meeting 1t are :

bc ca ab

\/bz - cz C‘z +.*:'.'2 4:12 +b2

where a, b, ¢ are lengths of the edges.

20. A vanable plane 1s at a constant distance ‘p’ from
the ongin and meets the co-ordinate axes in A, B and C. Show
that the locus of the centroid of the tetrahedra OABC 1s :

(W. Bengal B. 2017)

. Answers |

s,?}=?+2}+3£+k(?+2}‘—5f€)_

A A

— A A A A
8. r=>(i+j+3k)+A(-3i+5j+4k).
—

A A

9. r=(+2j-4k)+A(2i+3j+6k).
10. (1. -2, 7).

13. 13 units.
14. (- 1,4, 3) ; Yes.

15. 7x +9y - 10z - 27 =0.

f.ﬁ. A i"i.\'
(oA
i6. 7 |[Led _E =g
a b
\, /

17.x+2y-3z-14=0.

—> A A A
18. r 3i+3j+4k)+1=0.



1. Whalt is the equation of the xy-plane ?

[Ans. z = 0] (Assam B. 2016)

2. [Ifaline makes an angle . 3, y with x-axis, y-axis and
z-axis, then : sin® & + sin? § +siny = ..........
[Ans. 2]

3. Write the direction-cosines of the vector

iy isst

123
> |

J14° 147 14

4. Find the vector equation of the line
x—5 y+4 6-—2

3 7 2

[Ans. <

[Ans. r=(5i =4 +6k)+A3i +7j —2k)]

5. Find the equation of a st. line through (-1, 2, 3) and
equally inchined to the axes.
[AnSs. x + 1 =y -2 =z- 3]

SUMMARY

% CHECK YOUR UNDERSTANDING

THREE-DIMENSIONAL GEOMETRY

=

6. The distance of the point (2, 3, —=5) from the plane

x+2y—-22-9=01s ......... (Jammu B. 2016)
[Ans. 3.]

7. Find the distance of the plane 2x — 3y + 4z -6 =0
from the origin.

629

[Ans. units|

8. Find the intercepts cut off by the plane 2x + y—z=15

with the axes.

|Ans. % 5 and -5]
9. Find the equation of the plane with intercept 3 as the
y-axis and parallel to ZOX plane.
[Ans. y = 3]
10. What is the point of intersection of the line x =y =z
with the plane x + 2y + 3z =67

[Ans. (1, 1, 1)]

DEFINITIONS AND IMPORTANT RESULTS

1. IMPORTANT RESULT
IZ 2

+m? + n? =1, where < I, m, n > are direction-
cosines of a st line.

2. DIRECTION-RATIOS

The direction-ratios of the line joining of the points
(xp. ¥y- 2p) and (x5, y,, Z,) are :

3. (a) Angle between two lines. The angle between two
lines having direction-cosines

<lj,mpn >and <l m, n,>1s given by :

cos 6 = | L1, + mym, + n;n,|.

(b) The lines are :

(i) perpendicular iff L1, + mym, + n;n, = 0.
(ii) parallel

4. SHORTEST DISTANCE
The shortest distance between two lines :

it 1, =1, , m; =m,, n; =n,.

- -5 - - -5 -

r=a +Ab and r =a, +ub, is:
- =5 = 5
(bIsz)-(ﬂz—ﬂll

- :

Ilebzl
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5. EQUATIONS OF PLANES (v) Intercept Form. Equation of the plane, which cuts
(/) Equation of a plane, which is at a distance ‘p” from | off intercepts a, b, ¢ on the axes. 1s :
- : AL TR £+}’+__l
the ongin and perpendicular to the unit vector n is r .n= p. " il " g
(i) General Form. The general equation of first degre 6. ANGLE BETWEEN TWO PLANES

The angle between the planes :

i.e. ax + by + cz + d = 0 represents a plane. _
ax+by+ciz+d =0and ayx + byy+c,z+dy =018

(it1) One-point Form. The equation of a plane through

(x;.¥13y) and having < a, b, ¢ > as direction—ratios of the lay a; + by by + ¢y ¢,

; given by : cos 8= .
normalisa (x—x,)+b(y-y,)+c(z-z,)=0. .:112 +b1 +r:] Jaq +b2 +c§'
(iv) Three-point Form. The equation of the plane

. N 7. BISECTING PLANES
(ROODE (g Py 2 K3 Mps B, VAN AG, X5, 23 JAS ¢ The equations of the planes bisecting the planes :

X=X Y=y Z-2 Ial.r+b|y+c|z+d]={].unda:_,x+b2y+c2z+d_=
X=Xy Y=Y 2—-2p|=0. ayx + by +cz+d, " arx+byy+cyz+dy

are : =
i L Ja12+b12 +.¢:~,2 Ja%+b§ +c3

&% MULTIPLE CHOICE QUESTIONS

- . 6. The direcuon-cosines of a line equally inchined to the
' For Board Examinations co-ordinate axes are :
1. Distance between plane 3x + 4y — 20 = 0 and point (A)Y «l. 1. Is (B) .;:LLL
(0, 0, - 7) is : | V2 V272
(A) 4 units (B) 3 units - l ] I ' ] 1
: ~ (C) <*=, += +=> —_— e —
} ) L] » .
(C) 2 units (D) T umit. (P. B. 2018) =373 ﬁ J3 J‘
o . | (H.B. 2018)
2. If a hine makes an angle of — with each of y-and .
4 . * . 7 Th:l » .I—l y—z 2—3 ::l.lh\ } 3 .
z-axis, then the angle which it makes with x-axis is : ¢ A e = R ey Ue phatie
3 T 2x + 3y — z = 14 in the point :
(A) —- (B) — - i the p
- 2 (A) (3,5, 7) (B) (5,7, 3)
3n (L) (6,.9;.3) () (2. 3, 7)
c) X D) =X. (H.P. B. 2018)
&) 2 e 2 ! (Mizoram B. 2018)
3. If a line makes angles «, 3, y with positive directions 8. Direction-ratios of line given by :
ol co-ordinate axes, then value of : | x—=1 2y+6 11—z —y
sin? @ + sin® B + sin® y is 3 10 -7 '
(A) -1 (By 2 (A) <3, 10, = 7> (B) <3, — 5 7>
(C) I (D) - 2. (H.P. B. 2018) ()28, 5, I (D) <3,5, - 7>.(P. B. 2017)
- - 9. The distance of the plane 3x — 4}! + 12z = 3 from the
4. 1If a line makes angles :'21' 3; and % with x, y, z-axis point (0, 0, 0) 1s :
respectively, then direction {:{I:Him::-; of this line are : (A) % (B) %
1 1
(A) = (1,1,1) (B) ( E > ) (C)—2 (D) 3. (H.P.B. 2017)
| 10. Angle between pair of lines :
| % 'x+3 -1 _z+3 _ x+1_y—-4 z-5
C) Elmi=is (D) i( -“"_ _] =2 =— an =2
(3 2 3) V272 TR T I B R St
(H.P. B. 2018) |
S. If direction-cosines of two lines are proportional to 843 N 5\
; (A) cos (B) cos
4, 3,2 and 1, -2, 1, then the angle between the lines 15 15
1S - i
o : J 34/8
(A) 90 (B) 60 1 (C) cos (T) (D) C(}:.;_I(-—-J_ ) i
(C) 45° (D) None of these. 15
(H.B. 2018) (H.B. 2017)




11.

12.

13.

14.

15.

16.

17.

- x=1 x=2_Z=3 4
the hnes 3 2% 9 an
x—1 . y—I -_ z—6
3k 1 =5
are perpendicular to cach other, then the value of k is:
A l B) — ]
(A) 7 (B) 10
7 10
— _— - )
(C) 0 (D) 7 (H.B. 2017)
- A A A

The direction-cosines of the vector a=1— j— 2k are:

(A)<l.—1,.—-2>

ML

T A G
(C) (E—ET> (D) <J;.—J;*—J;>.

(Nagaland B. 2017)

- A A A
The angle between the vector r =4i+8 j+k makes

| l
(B) {:ﬂs_'(;)

with the x-axis 1s :

_1({ 13
(A) cos I(?]

(C) cos™ ! (ﬂ]

4
(D) CUH_I(E)'

(Mizoram B. 2017)
The length of perpendicular from the origin to the plane :

4

- A A A

r.(3i—12j—4k)+39=0 15 :

(A) 19 (B) 3

(C) 13 (D) 12. (Mizoram B. 2017)

Distance between the pomnt (0, 1, 7) and the plane
Ix+4y+1=01s:

(A) 1 Unit (B) 2 Units

(C) 3 Units (D) 4 Units.  (P. B. 2016)
If a line makes angle 90°, 60° and 30° with the
positive direction of x, y and z-axis respectively,
then its direction-cosines will be :

J3 1 V3

]
(A) {0,?,7} (B) <], —,—>

s Al—

(C)ﬂﬂl—l:3§¥=
2 2

(D) None of these.

(H.P.B. 2016)
The direction-cosines of the line whose direction
ratios are :
6,—2,— 3 are:
(A)

—3 B =3 —3
. (B) _! _1_
7 R

i) (D) None of these.

Qe |l
o 9o

~J1 | ‘W

(H.B. 2016)

18.

19.

20.

The equation of line passing through the point :

A

(2, =1, 4) and in the direction of ?+j—23 In

cartesian form 1s :

Ix—2_y+l_z-4

(A)

l l —2
Ix—E_y+l _Z2+4

A T N
'x+2_y—l_z—4
©) l I -2

(D) None of these. (H.B. 2016)

Equation of the plane with intercepts 2, 3, 4 on the

x, y, and z axis respectively 1s :

(A)2x+3y+4z=1 (B)2x+3y+4z=12

(C)6x + 4y + 3z = (D) 6x + 4y + 3z = 12.
(Kerala B. 2016)

The distance of the point (2, 1, —1) from the plane
X—2y+4z=91s :
13 : 9
A — —— ——
(A) 51 (B) JE

9
(D) ﬁ (Mizoram B. 2016)

13
©) Jor

’ RCQ Pocket

21.

22.

(Single Correct Answer Type)

(JEE-Main and Advanced)
The line passing through the points (5, 1. a) and

7 13
(3, b, 1) crosses the yz-plane at the point (0, —. - —)

2 2
Then
(R) =8 b=72 (B) a=2,.b=8
(C) a=4 b=06 (D) @=06,b=4.

(A.LE.E.E. 2008)
[t the straight lines :

z—3

x—1 y-=2 x—2 y—=3 z-1
= = and = =
k i 3 3 k 2
intersect at a point, then the integer k 1s equal to :

(A) —2 (B) —5

(C) 5 (D) 2. (A.LE.E.E. 2008)
x=2 Iy_] z=2

Let the line = e ST lie in the plane

x+ 3y —az+ f =0. Then («, ) equals :
(A) (- 6, -17) (B) (5, = 15)

(C) (-3, D) (D) (6, — 17).
(ALE.E.E. 2009)
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24.

25.

26.

27,

28.

29.

30.

The projections of a vector on the three co-ordinate
axes are 6, — 3, 2 respectively. The direction-cosines
ol the vector are :

o6 32 6 32
NEE TR (B)3-=3°3
5t 2 D)6. — 3.2
0 553 (D)6. — 3. 2.

(ALLE.E.E. 2009)
A line AB 1n three-dimensional space makes angles
45° and 120° with the positive x-axis and the positive
y-axis respectively. If AB makes an acute angle 6

with the positive z-axis, then 6 equals :

(A) 30° (B) 45°
(C) 60° (D) 75°. (A.LE.E.E. 2010)
'y—l Z—23
If the angle between the lines x = =——= 7 and
: i
the plane x + 2y + 3z = 4 is cos 7 then A4
equals :
2 3
(A) 3 (B) >
2 5
(C) E (D) ; (A.LE.E.E 2011)
The length of the perpendicular drawn from the point

3 = » lhing =—= —
(3, -1, 11) to the hne 5 3 2

18"

(A) /29 (B) 33
(C) 53 (D) f65 -

(A.LE.E.E. 2011 S)
The distance of the point (1, — 5, 9) from the plane
X —y + z =95, measued along a straight line :

(B) 53
(D) 3.[5.

X=y=7Z18;:

(A) 1043
©) 3410
| (A.LE.E.E. 2011 S)

=l ¥l -1 dx—3_y—k_z
3 4 4 7 1 2 |
intersect, then k 1s equal to :

If the lines

2
AS = B) —
(A) | (B) 9
9
©) = (D) 0. (A.LE.E.E. 2012)

e

An equation of a plane parallel to the plane x — 2y +
2z — 5 =0 and at a unit distance from the ongin 1s :
(A) x-2y+2z-3=0(B) x-2y+2z+1=0
(C) x-2y+2z-1=0(D) x-2y+2z+5=0.
(A.LE.E.E. 2012)

31.

32.

33.

35,

36.

If the lines :

¥=2 Y¥=3 74 X=1_ y—4 -5
11 -k " k2

are coplanar, then k can have :

(A) exactly one value

(B) exactly two values

(C) exactly three values

(D) any value. (J.E.E. (Main) 2013)

Distance between two parallel planes :

2x+y+2z=8and4x+2y+4z+5=01s:

Bl 7

(A) 3 (B) 5

s ’

(C) 5 (D) 5
(J.E.E. (Main) 2013)

x—1  ¥—3 g—d
3 1 =3

The 1mage of the line in the

plane :
2x—y+ 2+ 3 =01s the line :

X+3 y=3  g#2

By — ==
x—3 +5 z=2
(B) =3 =y1 =5
- x—r3=v+5=z—2
3 =1 5
(D) 1:3 =2 ']_5 = 2:52. (J.E.E. (Main) 2014)

The angle between the lines whose direction-cosines
sausfy the equations :

[+m+n=0and P =m* +n*is :
7 P

(A) 1 {B}'E
p T

(C) 5 {D)E.

(J.E.E. (Main) 2014)
The distance of the point (1, 0, 2) from the point of

. o ‘ L =2 ¥l =12
intersection of the hine T and the
planex—y+z=161s:

(A) 214 (B) 8

(C) 3421 (D) 13.

(J.E.E. (Main) 2015)
The equation of the plane containing the hine :
2x -5y +z=3.x+y+4z=>35 and parallel to the plane :
x+3y+6z=11s:
(A)
(C) x+3y+6z=7

2x+6y+12z=13 (B)x+3y+6z=-7
(D) 2x + 6y —-12z=-13.

(J.E.E. (Main) 2015)



37.

38.

39,

40.

11.
21.
31.
41.

x-3 y+2 z+4
If the line 2 - A 2 T Ty lies 1in the plane
Ix + my — 2 = 9, then 12 + m? is -trquul (o :
(A) 18 (B) 5
() 2 (D) 26.

(J.E.E. (Main.) 2016)

The distance of the pomnt (1. =5, 9) from the plane
xX—y+2z=35measured along x=y=z1s:

10
(A) 1043 ®) 75
9
(C) i (D) 34/10.

3

(J.E.E. (Main.) 2016)
It the 1mage of the point P(1, — 2, 3) in the plane
2x + 3y — 4z + 22 = 0, measured parallel to the line
X 2 :
T 2o 1s Q. then PQ 1s equal to :

4~ 5
(B) 645
(D) 2/42 .

(J.E.E. (Main) 2017)
The distance of the point (1, 3, — 7) from the plane
passing through the point (I, — 1, = 1) having normal
perpendicular to both the lines :

=] y+2 z—4 x=2 y¥l z¥l
— —= and = = IS

| —2 3 2 ] — 1

5 10

(A) E (B) ﬁ

41.

42.

43.

|

The equation of the plane passing through the point
(1, I, 1) and perpendicular to the planes :

2x+y—-2z=5and 3x -6y —-2z=T71s:

(A) 14x + 2y — 15z = 1
(B) 14x — 2y + 15z = 27
(C) 14x + 2y + 15z = 31

(D) — 14x + 2y + 15z = 3.
(J.E.E. (Advanced) 2017)
It L, 1s the hine of ntersection of the planes :
2x-2y+3z-2=0andx-y+z+1=01s
and L, 1s the line of intersection of the planes :
x+2y-2-3=0,3x-y+2z2-1=0,

then the distance of the origin rom the plane containing
L, and L,1s:

(A) — (B) —
42 NE

C) — (D) ——=
242 V2

(J.E.E. (Main) 2018)
The length of the projection of the line segment joining
the points (5, -1, 4) and (4, —1, 3) on the plane :
x+y+z=718:
2
(A) —= (B) =

2
V3 3

20 10 1 2

— S C) — D ..
(C) 4 (D) Jﬁ () 3 L \/;

(JL.E.E. (Main) 2017) (J.E.E. (Main) 2018)
_ Answers |

(A) 2. (C) 3. (B) 4. (D) 5. (A) 6. (D) 7. [A) 8. (C) 9. (A) 10. (A)
(D) 12. (B) 13. (D) 14. (B) 15. (A) 16. (A) 17. (B) 18. (A) 19. (D) 20. (C)
(D) 22. (B) 23. (A) 24. (B) 25. (C) 26. (A) 21 () 28. (A) 29. (B) 30. (A)
(B) 32. (B) 33. (D) 34. (D) 35. (D) 36. (C) 37 (C) 38. (A) 39. (D) 40. (D)
() 42. (B) 43. (D).
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21.

22,

23.

(D) The equations of the line passing thro™ (3, b, 1)
and (5, 1, a) are :

=3  y=I L—d
3-5 b-1 l-a

.x—S_y—l_z—a

"2 1-b a-1 -G
The line crosses the yz- plane (x = 0), where
=3 -5
—=k =
5 =k :

i

17
Alr-;l)y:k{l-b}+l:T

= —(1—b) 1=%
-5 15
= T{l—b]:?
= l-b==3
= b =4
13
Again ::k(ﬂ—“-E-ﬂ:_T
- . 13
= T{ﬂ—l)'hﬂ:?
-3 5 13
=> Ta-l-E':—?
= -—za =-9
2
= a = 6.
Hence, | a = 6, b =.4'
B %—1 ¥y—2 Z—3
(B) Since T = T = 3
x=2 'y—3 .z—l _
and T r T > mntersect,
lk 2 3
3 k 2 — 0
1 1 =2

> k(-2k-2)-2(=6-2)+33-k =0
> _ 2% _2k+16+9—-3k=0
=>2k2 +5k-25=0

o |

> 2k-35)k+35)=0>k=—,-5.

Hence. k= — 5.

[ k is an integer]

. ox=2 -y—l LZ—Z .
(A) The ine —— = =——— = — lies in the planc
3 -5 2
x+3y-az+p =0,
2+3()-a2)+p=0=>2a-p=5 (1)

and (I)3) + (-5)3)+(2) (—x) =0

25.

26.

27.

> JI—=P-=20=0= 2a0==12=a=—0.
Putting in (1), 2{'—6}—ﬁ:5 :‘rﬁz—l.’!—ﬂz—l?-
Hence, («, B) is (-6, —17).

(B) Direcuon-cosines are :
6 | —3 | 2
< . . . >
J36+9+47 36 +9+47 \36+9+4

6 -3 2
je..< —, —, 6 — >

T T 7
(C) cos? a + cos? B + cos?y = |
Here a =45°8 = 120°%y = 6.

o) 9 -
cos? 45° + cos® 120° + cos? 6 = |

11
= ~+H+ca529=1
2 4

i

3 3 .
> | —cos2h=— =sin?h=— = sin? 60°
4 4
= = 60°.
—  x=0 y=1 z-3
(A) The given hine 18 = =

and the plane is x + 2y + 3z = 4.
Angiu between the hine and the phmn 1S

{00+ @)+(1) ()

| i &+ ST+ 219

0 = sin~

\

2
_sin“][ 5+ 34 :mq_l [ (5+3.1)
| J14 5+ 12 \ l4(5+12]1
1] [3
— COS T2 [Given]

(543 35

= |- =
w(ea2) M
= 14 (5 + A2) — (25 + 942 + 304) = 5(5 + A?)

2
=45+ 512 -300=25+52 =300 =20=>2=7.
| _ . X =2 z—3
(C) Let any point on the line = = 8§ = @ be

P (2k, 2 + 3k, 3 + 4k).
If P be the foot of perpendicular,
then direction-ratios of the perpendicular are :
<2k-3,2+3k+1,3+4k-11>
Le. <2k-—3,3k+ 3,4k -8 >.
And direction-ratios of the line are < 2, 3, 4 >,
S 2R2k-3)+303k+3)+44k-8)=0
> 20k-29=0=>k=1.
v P12, 2+3,3+4)1e. (2.5, 7).
Also Qs (3, -1, 11).



29.

30.

31.

it
it
if
it

Length of perpendicular
= \/(2-3)2 g5y +{7=11)
= J1+36+16 = /53.
(A) The line thro” P (1, - 5,9) paralleltox =y =z1s:

y =+ z—9
-_— = —-— —g

Any pointon (1) 1is Q (1 +4,-5 +4,9 +4).
This iesonx-y+2z=35
> |1 +A+5-A+94+4A=5
> A=-10.
Qis (=9, -15,-1).

IPQ | = J(-9-1)2+(—15+5)2+(—1—9)2

= J100+100 +100 = 1043

| x—1 341 2]
(C) Any point on 5 3 a4 (= 1) 158
2t+1,3t—-1,4r+ 1).
x—3 —k &
Any point on - yz =1(=S) 1S

(s + 3,25 + k, 5).
Since the given lines are intersecting,
2+ 1l=5s+33t-1=2s+kanddt+ 1| =35

3
Solving (1) and (2), r= == and s = - 5.
Putting in (2) and (3), 3(—;)—1 = 2{=95)+ k&
! 1
= > == [}k
11 9
= k: 10 — 5 - 5 -

(A) Any plane parallel to x — 2y + 2z — 5 =0 1s :

xX-2y+2z+ k=0 sl 1)

Its distance from the origin = |

10—0+0+k|
JI+4+4

Putting in (1), x -2y + 2z - 3 = 0.
(B) The given hnes are coplanar 1f

= =l¢|k|=3=:’*k=i3.

1 —1 — 1
L1 k| _,
k 2 1
(1 +20+ (DU +)+ (=D 2=k =0

| +2k+1+k2—-2+4+k=0
K+3k=0 if kk+3)=0
=10 =3

Hence. & can have exactly two values.

32.

(B) The given parallel planes are :
2x+y+2z-8=0

5
and 2x+y + 2z + 5 = ()

33.

34.

33.

3.

38.

. Distance between the planes

18+5/2] 21 7

T Ja+1+44 6 2
(D) Since (3)(2) + (1)(-1) + (-3) (1) =0,
. the line 1s parallel to the plane.

Image of (1, 3, 4) 1s (=3, 5, 2).

. . x+3 -y =5  g=3
. The required. image 18 ——— = = = .
3 1 -5
(D) l+m+n=0 > l=—-m-n
2 = m? + n? > (—m — Jr‘.'):'1 = m?® + n?
> 2mn =10 = mn = ().

Either m =0 orn = 0.

| |
. Possibihities are (“Ty—i 0] or
R 7]

! l
[#o5)
| b
..L‘UHG:; +0+0

—

(D) Any point on the line 1s (3k + 2, 4k - 1, 12k + 2).
This hies on the plane

> 3k+2-4k+1+12k+2=16

=% 1lk=11=k= 1.

. Point of intersection 1s (5, 3, 14).

JT
3

- Its distance from (1, 0, 2)

=GP+ (302 +(14-2)>

= J16+9+144 = /169 = 13.

(C)Puting z=0,2x - 5y=3and x + y = 5.
Solving, x =4, y = 1.
Let x + 3y + 6z = k be a plane parallel to given plane.
v+ 3+ 0=k=>k="
. Required. equation of the plane 1s x + 3y + 6z = 7.
| _ ®—-3 JE2Z ¥4
(C) Since the hng —— = =——— = — hies 1n the
2 -1 3
plane Ix + my — 7 = 9,
-2m+4=9and 2l-m -3 =0
Solving for [ and m, me get :
[=1and m=-1.

P+mi=1+1=2.

(A) Equation of PM is :

x -1
l | |
LletMbe(l +4,-5+4,9+A4).
This lies on r—=y%¥g =5
| +A 45 -A+9+4A =5=24=-10.
Mis(l1=10,-5-10,9-10)




39.

40.

41.

P{L,-3,9)

.2 (9. 15 —1).

Also. | PM | = (1 +9)% + (=5 + 15)2 + (9 +1)?
= 100 + 100 + 100 = 104/3.

(D) The line PQ 1s

x—1

y+2

_y-3

1 4 5
- \P(1,-2, 3)

Q

Let Q be (k+ 1, 4k - 2, 5k + 3).

Q heson2x+3y—-4z+22=0.
S22k + D)+ 3(4k-2)-ASk+3)+22=0
>2k+2+ 12k-6-20k-12+22=0
> -06k+6=0=>k=1.

s RS (2, 2, 8).

Hence, PQ = 2,/(2—1)2 +(2+2)* +(8—3)°

=242,

— 2J1+16+25

(D) Normal vector 1s :

A A

A
_ 5i+7 j+3k

Then the plane 1s 5(x — 1) + 7(y +
= x+7y+3z+5=0.
15()+73)+3(=7)+5I

V25+49+9

D+ 3z+1)=0

. Required distance =

54+21-2145 10

= \/ﬁ =ﬁ.

(C) The normal vector of the required plane 1s parallel
to the vector :

lh A A
i g k

A A A
2 1 =2 - —-14i-2j-15k.
3 —6 =2

42.

43.

. The equation of the required plane 1s :

= = 1)=Xy=1) =18z =1) =0

= 14x + 2y + 15z = 31.

(B) Plane passing through line of ntersection of first
(wo planes 1s :

D)+Ax-y+z+1)=0
>A+2D)x-A+2D)y+(A+3)z+(A-2)=0..(1)
(1) has infimite number ol solutions with

(2x — 2y + 37 —

x+2y—-z-3=0and 3x-y+2z-1=0,
Then,
'1+2 —(A+2) A+3
I 2 -] — 0
3 — ] 2
2> A+2)@4-D+A+2)2+3)+(A+3)(-1-6)
= ()
>34 +6+54A+10-74-21=0
= A:
{l}bLLUmLH Ix—Ty+ 8y +3=0.
HLnLr.,. the distance of the plane from (0, 0, 0)
_' 3 3]
Ja9+49+64 | 9v2 W2
> A A A

(D) Normal to the planex+y+z=71s n=i+j+k.

= A A
Now, AB = —§ .
B(4,-1, 3)
T=i+]+K
| lc
A5,-1,4)
IABl = AB=+1+1=4+2

And BC = Length of projection of AB on ;

— s >

AB.nl

A A A

i+j+k

V3

A A

= |(-i-k).

- L=

N S
. Length of projection of the line segment on the
plance = AC.

| 19

Then, AC? = AB?

)
Hence, AC = \/%

-4
2 A Jj | —
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CHAPTER TEST /11

Time Allowed : 1 Hour Max. Marks : 34
Notes : 1. All questions are compulsory.

2. Marks have been indicated against each question.

1. If a line has direction-ratio <2, —1, =2>, determine 1its direction-cosines. (1)
. . N . . A A A
2.  Find the cartesian equation of the plane r . (i +j —k)=2. (1)
- A A A A A ) ] - A A A
3. Showthatthe line r=i +j+A(2i +j+4k) liesintheplane r . (i +2j -k)=3. (2)

4. Find the area of the triangle whose vertices are :
A(l,2,3):B2,-1,4)and C(4., 5, - 1). (2)
S.  Find the equations of the straight line passing through the point (2, 3, —1) and 1s perpendicular to the lines :

x=2 y+l z—3 x-3 y+2 z—I1
=—= and = T (4)

2 1 =3 1 1 1
6. Find the image of the point (1, 6, 3) in the hne :

Ix_y—l_z—Z

1 2 3 @
7.  Find the equation of the plane passing through the point (-1, 3, 2) and 1s perpendicular to the planes :
xX+2y+3z=5 and 3x+3y+z=0. (4)

8.  Prove that if a plane has the intercepts a, b, ¢ and 1s at distance of *p’ units from the ongin, then :

a,.1 A .
HZ b2 CZ_PE (4)

4
9. A line makes angels «, 3, y. O with the four diagonals of a cube, prove that cos? @ + cos? f + cos? ¥ + cos? § = 3
(6)
10. Show that the lines :
x—atd _y—a_z—a—d and X=b-c_y-b_z-b-c .. coplanar. (6)

a—0 a a+0 B—y B - B+y

_ Answers |

. o2 -2 ; | . 137 N
. 373 3 - e X+y—Z=_L. " > Sq. units.
x—2 y=—3 z+l |
B 1 =_—5=T- o 1.0, 7). 7. Tx-8y+3z+25=0.



