There are many applications of integration in fields such as Physics,
Engineering, Business, Economics etc. One of the important applications of
integration is finding the profit function of producing a certain number of cars
if the marginal cost and revenue functions are known. Companies can thus
determine the maximum profit that can be earned and in this way, they can
plan their production, labour and other infrastructure accordingly.
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INDEFINITE INTEGRALS _

| TOPIC1 |
INTEGRATION AS THE INVERSE PROCESS OF DIFFERENTIATION

In earlier chapters, we have learnt that f'(x) exists if
fix) is differentiable on the interval I.

The converse of the above is "Given f'(x) at each point
of the interval |, can we determine the function fx)?

Yes, it is possible to find f{x). This process of finding the
function whose derivative is given, is called integration
or anti-differentiation.

This leads to the following definition:
A function F(x) is called anti-derivative or primitive
or integral of a given function f{x), with respect to x if

Ed.; [F(x)] = fix). The anti-derivative of a function is not

unigue ie. if F(x) is the anti-derivative of flx), then F(x)
+ Cis also anti-derivative of f(x).

Integration is also known as Inverse process of
Differentlation.

Integration is generally finding the anti-derivative for
the given function. Integration is the inverse process
of differentiation. Instead of differentiating a function,
we are given the derivative of a function and asked
to find its primitive, i.e, the original function. Such a
process is called Integration or Anti-Differentiation.

IWustration: Consider the following:

d .4 3.d (4 3. d, 4 3

— = 4x7; — 1) =4x", —(x* - 1) = 4x"....,

dx(x) x dx(x +1) = 4x dx{x ) =4x

and so on.

In fact, we have di(x4+C)=4x3, for any real
X

number C.

If we assume fl) = 4x and F(x) = x* then

d
= ) +C) = flx)

Formulae of Derivaties

1
(1) 9 X" =x"ne-1
deln+1

Particularly,

di (kx) = k, where k is constant.
X

2 ix=x
(de(e) e

75 d _1
(3) S loglxD ==

So, F(x) + C represents the anti-derivative of f{x), for
every real number C.

Thus, there are infinitely many anti-derivatives of fx).
We represent the anti-derivative of f{x) by the symbol
If(x}dx. and in this case, we have

[Fxax =Fg+C N0

Relation (j) Is called indefinite integral and the process
of finding the anti-derivatives is called indefinite
integration (or simply integration). The constant C
is an arbitrary constant and it is called constant of
integration.

cfﬁ’ Important

= The representation Jf(x} dx is read as integration of f{x)
with respect to x. The symbol J is called integral symbol,
f{x) is called integrand and x is called variable of integration.
Se, integration is the inverse of differentiation in the

following sense:

Z([f(xidm) =) + C

[ Fix)dx =fix)+C

Standard Formulae

We already know the formulae for the derivative of
many Important functions. From these formulae,
we can write down immediately the corresponding
formulae for the integrals of these functions, as listed
below which will be used to find the integrals of other
functions.

Formulae of Integrals (anti-derivatives)

(1) Ix"dx=x
n+1

n+l

+C ne-1

Ik,dx = kx + C, where kis a constant
(2) Ie" dx=e*+C

1
(3) I;dx=log|x|+c



di a |_ »

“) dx[loga]_a
d, .

(5) —(sinx) =cosx
dx
d i

(6) —(-cosx) =sinx
dx

7 d -

(7) —(tanx) = sec’x
dx

(8 i(—::cn:x)=¢':c>s.|=.-z:2x
dx

(9) i(sec;ur] = secxtanx
dx

(10) di (-cosec x) = cosec xcot x
X

(11) %{sin’lx} - 1;?
(12) %{— cus'lx) = 1i =
(13) :—x(tun'lx) B 1+1x2
(14) :_x(_ cot~1x) = #
(15) %{sec" x) = :‘—1‘[2—?1

d o 1
(16) dx( cosec x)-—u—xm

X
@ [a*dx=——+C
loga

(5) Icosx dx =sinx+C

(6) Isinxdx= —cosx + C
? Iseczx dx = tanx 4+C

(8) I cosecixdx = —cotx +C
®) Isecxtanxdx = secx +C

(10) Icosec xecotxdx = —cosecx +C

1
ay [ —
1

a2 | J1-x2
(13) | 3

l+x

de=sin"lx+C

dx =-cos tx+C

dx=tan"*x+C

2

1 "
(14 —i-dx=—cot ly+C
‘[1+x

dx =sec lx+C

1
158) |—p=—=
(13) ‘[xv'x2 -1
1
(18} ‘[ xu’x2 -1

X

dx = —cosec” " x+C

| ToPIC 2|
PROPERTIES OF INDEFINITE INTEGRALS

(1) Two indefinite integrals with the same derivative
lead to the same family of curves and so they are
eguivalent.

(2) If the functions f and g have integrals
on |, then f + g has an integral on | and

J(F £ g)dx = [fdx+ [gdx

(3) If the function f has integral on | and k Is a real
number, then kf has an integral on | and

[ty dx = k [£ dx

ﬂ:]’ Important

= Properties (2) and (3) can be generalised to a finite
number of functions fy, fa -, f, and the real numbers k;,

ka mmm ko giving [(kify 2 kofy &t lof)dx = ky[fdx

ikzj fyaxt.tk [f dx

Example 1.1: Find the anti-derivative (or
integral) of the following functions by the method
of inspection:
(A) cos 3x

(€) (ax + b)?

(8) e*
[NCERT]

Ans. (A) We know that di(sln 3x) = 3cos3x
X

= cos3x= %:—x{sian)

df1
= E(E sinBR]

Thus, the anti-derivative of cos 3x is

l sin3x.
3



(B) We know that di (e%) = 2%
X
1d
x _ 2x
= e de(e )
- d 1 Zx
= dx[2e ]

Thus, the anti-derivative of e*is %ez‘
(C) We know that di ((ax + b)?) = 3a(ax + b)®
X
2_14d 3
= (ax+b)* = = dx{{ax +b)?*)

~4d(1 2
B dx(Sa{ax+b} }

Thus, the anti-derivative of (ax + b)? Is

%(ax + b)3.

Example 1.2: Find the following integrals:
1V
(A) j(J; - ﬁ] dx

G J'(Zx —3cosx +e*)dx

© ,[2 3sinx ik

COS

Ans. (A) I(J;——J—-]:dx-f[x 24= ]dx

= jxdx—fﬂdx+f%dx

[NCERT]

5]

= %—2x+lag|x|+c

(B) I(Qx —3cosx +e*)dx

= _[ 2xdx—3jcosxdx+ J e~ dx

=x2-3sinx+e+C

2-3sinx sinx
C dx = ds« -3 Td
(}I cos?x Icosx Iccsx

= 2‘[52:: xdx - 3‘[tunxsecxdx

=2tanx-3secx+C

A Caution

= Throughout, we shall write only one constant for
integration in the final answer.

C OBIJECTIVE Type Questions)

[ 1 mark]

Multiple Choice Questions

1. (1 - x)Vx dx is equal to:

(a) %x”’ - gxzﬂ +C

(b) %x”s = %xm +C

@ x3? —%x”z +C

(@ §x’“ =

%xs;z +C
Ans. (d) %.\'3"2 - -i—xs-"z +C

Explanation:
I(l—x)«f;dx = Iﬁdx-‘[x&dx

= jx”zdx—jxgudx

- EXBH_%XEH +C
3 5

2. I(e" + 2x - 3cos x)dx s equal to:

(a) x2-3sinx+e*+C
(b) x¥*=3sinx-e*+C
(€) X2+ 3sinx+e*+C
(d) -x2-3sinx+e“+C

1
A i-derivati X+ :
3. The anti-derivative of [ Jx T ] equals:
2 452 1/2
() Ex + 2x +C
(b) 3,‘2!3 +1x2 +C
3 2
(c —x ’+%x”’+c

(d) 3 Llan,c
2 2

Ans. (a) %x:’.’? + 2212 4.6



Explanation:
j(\m%]dx = [rec+ [ Lo
= I xM? dx + j x M2 gy

= %xgr’z +2x12 4 C

4, @1ntegrute -;—:- dx.
(@)xlog2=-log3+C
G
log(%]
3\
(c) lc%—-()g—]+c

2
(d) None of these [DIKSHA]

()] +C

5.1f 2 £(x) = 4x? = such that 2) = 0.
dx x

Then, f{x) is:
R
Ans. (d) x3+x_14.._%

Explanation: Here,

d 3 3
—F =4y ——
dx x) ¥ x*

Integrating both sides, we have
3
) = [|4x®-=
f ( -2 o
= I 4x3dx - I%— dx
X

=4 J'xa dx - 3jx""dx

=x*4+x34C
Since f{2) = 0, we have (2)* + (2)"*+C=0
= C=-1_29
8
1 129
Hence, oy L B S .
fix) o

E'@gfcoszx-cosze

dx is equal to:
cos x=-cos@

(a) 2(sinx+xcos @)+ C
(b) 2(sinx=-xcosB) + C
(c) 2(sinx+ 2xcos ) + C
(d) 2(sinx=2xcos )+ C

[NCERT Exemplar]

x?45x -3

Vx

5/2
N

7. The value of j dx is:

s/2 32
(b) 2 J':T+EWT-SJH"’]H:

5/2 3n
X Sx 1“]
— + 3x
© [ 5 3

{d) None of these

5/2
Ans. (b) 2[""— $ 2332 3x”2]+ (5
5 3
Explanation: Let
2
x“+5x-3
e

9.1 g1 1
=J’(x 2465x 2-3x 2)dx

3 1 1
j(xz +5x2 —3x 2)dx

512 5312 9,12
= + - +C
5/2 3/2 1)2

5)2 ij2
=2 i+£_3x112]+c
5 3
x!-
8. Ix+1dxis equal to:
2 a
(@) X+%—+13--I.og 1-x]+C
2 3
(b) X+%-%-log 1-x]+C
1 3
(© x-%—%-log [1+x]+C
2 3
(@ x-x?+%-l.og|1+x|+c

[NCERT Exemplar]



2
2 3 (b) Z[(x +3)*2 - x3?)4C
Ans. (d) x—‘%r% -logfl+x/+C 9[
(© [(x+3)*-x¥+c

x!

Explanation: Let | = Ix+1dx (d) None of these
£ 2411 Ans. (0) (x4 37312 - 3124 C
=ITxa 9
2 +1 Explanation: Let
-JX+1 I +1dX =J. 1 x("x+3_
(EN ) 4 Vx+3+Jx " (Vx+3-x
=j x+1 dx_J.x+ldx i J‘ vx+3 - -Vx 2
[a®+ b3 = (aib}(a + ab + b3)| (Vx +3)* = (¥x)
= [(x*-x+1) dx- j—dx S jfiiid ek =% 4
X+3-x
¥ x?
=?—T+x—lng|x+1|+c =§j(m—&)dx
2 1 3f2 3/2
2 1 , = 1l (x+3)7° (x) C
9. @Thevulueofj(x _F)dx is: 3[ 3/2 3/2 +
1 =l[2 g2 _2 3;2]+C
@ G455+ +C 3|3+ -3
2
XX 1 = Z[(x+3P —(xy*?)+ C
e e 0 9
® T35
% 1 12. The value of j (3% + cosec xcot x) dx is:
(3] A -2x+C
5 ax? x
5 4 (a) = 3+cose::x+c
x
) X Sesgeae
(@ 5 x° i X
(b) = 3—cnsecx+C
= n
10. Evaluate | sin™*| cos| = - 3x | |dx.
vnuuej [ (2 ]] (c) 3*log 3 + cosecx+ C
2 2 (d) None of these
@ % +c ® 3 .c e
2 2 Ans. (b) oo 3 —cosecx +C
sin 3x2 g
(c) 2 +C (d) None of these Explanation: Let
252 = J{B" + cosec xcot x)dx

Ans. —+C
ns. (b) 2 ;

Explanation: Let = log3 —cosecx +C

|= [ sin” [cas(——:!x ]]dx

13. @Iwudx Is:

=Ism 1(5|n3x)dx x2 _Ix+ 4
= | 3xdx 3 2
'[ {a)x—+x—+2x+c
3x? 3 2
=——4C
- b XX _axac
O g et

11. The value of j ﬁ*‘_v{;d’( Is:

3
(e x—+x=—21+C
) -E[(Hs)’“ —xMic S

(d) None of these



14. When you leave bread out for a long time,
discolouration on bread occurs which is
known as bread mould. This bread mould
Is a microorganism which grows when the
bread is kept at normal room temperature
under moist conditions. The growth of
bread mould is an exponential function. Let
us assume that the function describing the
total number of bread moulds at an instant
is given by 4e3* + 1.

j(-te’" + 1) dx is equal to:

4e3'
(@) -x+C (b) 12e*+x+C
3x
© 12 -x+C (@) ¥_ixsc
Ix
Ans. (d) a8 +x+C
Explanation:
[(4e™ +1)dx = [ 4edx + [1dx
= 4je3”dx +jdx
3x
= fe +x+C

(VERY SHORT ANSWER Type Questions (VSA) )

[1mark]

15. Find the integral of the following

(A) j 5sinSx dx (8) j e dx
Ans. (A) Let |= JSsinSxdx
cos5x
=5 +C
5
=cos5x+C
(B) Let 1= [ % dx
Bx
=5+

16. @Find the integral of _[ X"'( 1+ ;1;_ ]dx.

]

[ S—
——
>
+
|~
|
%]
[+
£

X2
?+log|x|—2x+c

18. @Find the anti-derivative of

3x* +4x? -4

5 dx.

X

19. Evaluate j Lm dx

x2-x+1

4 2
Ans. Let 1= | Lo 2 8
x2-x+1

2 a2
o IR

(x1-x+1)

J-(x +1+x)(x +1- x)
X =x+1

= _[(x1+1+x)dx

3 2

X X
= b x =t

3 XT3

20. @Find the value of [ (2-3x) VX dx.

21. @Find the value of | (SJ_+ e ]
—x2ix-1
22, Evaluate j%dx- [CBSE 2011]
' (x-1)

Integrals & 247



3 2
Ans. Let l=j%dx
x_

dx

= xA(x-1)+1(x-1)
(x-1)

J-{x +1){x — 1)d

(x -1)
=Ix dx+f1-dx
3
=f—-+x+C
3

23. @Find the anti-derivative of cos 2x - ™.

24. Evaluate | cos *(sinx)dx.  [cBSE 2014]

Ans. Icos'ltsinx)dx = Icos' [cos[i -x ]]dx

n
Sy
_—
N1A
1
>
>

2
LV, K,
2 2

25, @Write the value of j sec x(sec x-+tanx) dx.
[CBSE 2011]

26.1f Lrx)=5x2-1 cuch thet R3) =
dx x

then find fx).

Ans, We have, i:"(x} =5x2 - 1
dx X

Antiderivative of [ 5x2 - % ]= £(x)

- (-2

& SIxzdx - J'%dx

%3
=5 3 —log|x|+C

=5 f(x)=2gi—log|x|+c
Given fi3) =
0=§(3)3—log[3|+c
=log3-45

3
flx) = 5%—loglx | +log3 - 45

27. @Evaluate I (3x? - 3cosx + e*) dx.

( SHORT ANSWER Type-I Questions (SA-I))

[ 2 marks ]
28. Evaluate [ Jx(5x2 + 3x + 5) dx. _
J¥xt ) Ans. Let LHS. = J‘i" ;dx
X+
Ans. Let |=]-j§(5x2+3x+5}dx 2x43-4
241 1,4 1 '[ 2x+3
= I(Sx 2 +3x2  +5x2)dx 243 4 4
X
-[2x+3 I2x+3

I 5x°2dx + 3_|'x3"'2dx + ISx”de

5 | 1
241 ~+1 -
_ 5x2" +3x2+ +5x?
-5 3 1
24t 243 2
5 5t 2+1

= 072 8 52 10 31
7 5

+1

+C

+C

2x -1

29. Verify that: j dx = x - log |(2x + 3)Y

+C [NCERT Exemplar]

=[1dx-4 jle+3 dx

=x——%lag [(2x+3)]+ C

=x-log|(2x+ 3)% +C
= RHS.
Hence, verified.

CO!‘.’EC:X

SEl‘:z x

30. Find the integration of

COSEC?X

sec?x

Ans, let | = J' dx



2
5° X
=J'Ct,‘)2 dx
sin® x

= J cot? xdx

= j (cosec?x - 1)dx

=—cotx-x+C
Slogx
e
31. @E\'ﬂluate Imdx

[NCERT Exemplar]

secx

32. Evaluate | (secx + tanx)

secx

Ans.Le 1= I (secx + tanx)

SECX —tanx

- J secx
SECX —tanx

secx + tanx

dx

J‘- SEC X —secxtanx
SEC X—*tﬂl‘l X

j SECZX —secxtanx

1

dx

= jseczxdx—J'secxtanx dx
=tanx-secx+C
33. Evaluate | (e¥19° + 7197 4 gP1o9) iy
Ans. J' (e¥loga 4 galogx  ghloghy gy

= J'(el"g“'x + o9 +el°9bb)dx

= J' a*dx + jx"dx + Jbb dx

a* xu-i-].
+

+b%x+C
loga a+1 &

sin x 4+ cos X

,]1+sm2x

[NCERT Exemplar]

34. @Evaluate [t

1
35. Find [ ——o—dx

1
Ans. Let |=j p—x+2_v’;dx
Vx+2 +x

_ 1
_-ll~,:’}-:+2—«..E)c-\a"x+2+\!'3_rt:‘l’r
_ x+2+J;
- Wer 2l —or
JNX+ +~.r"_}d
X+2—x
=J(m+‘f;}dx
2
E[ﬂ P”],,c
2 3/2 3/2
= ﬁ[(J-c+2}3"2+.w::’-"2l+(:

= %[(x+2)3"2 +x?) 4 C

3
36. @Evaluate J (x + i— J dx.

( SHORT ANSWER Type-Il Questions (SA-1I) )

[ 3 marks |

37. Evalaute the integral

cos?x sinx

j(&cnsx —Lsinx +

cos?x sinly

Ans, j[ 3cosx—5sinx+ +3tanx de

= _I' 3c05xdx-—5]sinx dx +6Jsec2 x dx
- BImseczdx + BI (sec? x—1)dx

=3sinx+5cosx+6tanx + 8B cotx
+3(tanx—x)+C
=3sinx+5cosx+9tanx+8cotx—3x+C

+3tan’ x ]dx

38. @Evaluate J’de
1-—2cos3x

[NCERT Exemplar]
39.f'()=asinx+beosxand f'(0) =4, f0)=3,
fG ] = 8, find f00).
Ans. Givenf'(x)=asinx+bcosx [

Putx =0, we get
f'{0)=asin0+bcos0



= 4=0+b
=2 b=4
On integrating Eq. (i), we get
jf'(x)dx = J'(asinx+bc05x}dx

= fix)
Putx=0and x=; in Eqg. (ii), we get

RO)=-acos0+bsin0+C

= 3=-a+0+C
= 3=-a+C R (1)}
and f[f] = ~acos[£]+ bsin[E]H:
2 2 2
= B=0+b+C
= 8=b+C
= 8=44+C
= C=4
Fram eq. (i),
=-a+4
= ag=4-3
= g=1

Put the values of g, b and C in Eq. (ii), we get
fx)=-cosx+4sinx+4
or fix) =4 sinx-cosx + 4

=-acosx+bsinx+C (i)

X
40, Evaluate j[ﬂ + elos.x’ +(§] ]dx

Ans, Let | = J'[xg +¢lo% +(§]‘]dx
dx

"33 e
4 3 lUQei
4 3 ‘E'
L4 3 +C
4 {logee log,3)

£
e ol
4 "3 " 1-log,

3 2
41, @Evaluatejz" 2IE X o

x? 4 2x

(LONG ANSWER Type Questions (LA) )

2+C

[ 4 &5 marks ]
42, Solve the following integrals =1 27 9 27
s = log|x+3|+ 5+ -
(A)I x di 3(x+3) (x+3) 2(x+3)
(x + 3)*
= log|x+3|+ 9 i 8 2 5+C
x5 +Bd (x+3) (x+3) 2(x+3)
x?+2 6
B)let | = x2+8dx
Ans. (A) Let, X2 +2
3 2,3 3
X
- dx (x ) +2
I(X+3) Jl x +2

J-(x+3) —27-9(x +3)° +2?(x+3}dx
- (x +3)*

sl 127 98 . %
x+3 (x+3)* (x+37° (x+3)°

2 4 92
=I{x +2)(x" +4-2x ]dx
x?+2
= j(x‘ +4—2x2)dx
x° 2x3

e X sax=2 40
T



METHODS OF INTEGRATION _

| TOPIC 1]
INTEGRATION BY SUBSTITUTION

Finding the integral of functions by the method of
inspection is not suitable for many functions. So, we
need to develop additional techniques or methods
of finding the integrals by reducing them into
standard forms. One such method is Integration by
Substitution.

In this method, we transform the given Integral
Jf(x) dx into another form by changing the indepen-

dent variable x to t by substituting x = g(t).

It is important to guess what will be the useful
substitution. Usually, we make a substitution for a
function whose derivative also occurs in the integrand
as illustrated below:

Iustration: Integrate each of the following wirt. x
1
(A) x + xlogx

1 1
dx - d
Ix+xlogx % _Ix(1+logx] .

Put (1+logx)=t
Differentiating both sides, we get

L
X

Substituting the values of (1 + log x) and dx, we
get

1 1
thlﬂongdx = J';dr

=log|t|+C
=log|1 +logx| +C
g

® [

Put(2+ 3=t
Differentiating both sides, we get

= 0?dr=dt=x dx= %dt

Substituting the values of (2 + 3x%) and dx, we

get
J’.x—z.dx s 11 d
+acy  Clgg®

"

%jr‘ Yar

1 t-3+1
= — C
9[-3+1]+

-2
= 1[t—]+C
91 -2

— G 8
18 t?
1 1

s | s -
18 (2+3x3%)?

Example 2.1: Find: (A) [xv1+2x? dx

tan~ 1 x

e
) I 1 +x* o

Ans. (A) [xv1+2x? dx

[NCERT]

Put (1 + 2x%) =t = 4x dx = dt = xdx = %dt

1
Ix 1+2x%dx = JE‘E‘“
= lj'tiﬂdt
1 ‘;-+1
t
=l +C
4 §+1
AP
- 43/2
= l.tal"z-\}—c
6
=L as2p.4c
6
Etnn'ix
B dx
®) Jl-w:2
Purtantx s pes — dx =dt
-+ X
tan™ ' x i
' J'e 5 dxzje'dt=e’+ C=e ', c
1+x

Example 2.2: Find: (A) jcoszx\}sinixdx

2
(B)jgiilsifl-dx [NCERT]



Ans. (A) J'cnstJsian dx

Putcosx=t=-sinxdx=dt

Put sin 2x=¢ Thus, Jtanxdx = - I%dt
= 2:052xdx=a;t =—log|i+C
= cos 2x dx = Edt =-log|cos x|+ C, or
log |secx| + C
Jcos2xq‘sin2x dx = j%v’f dt J'me dx = J-c?sx dx
sinx
- ljt”zdt Putcosx=t=cosxdx=dt
2
Thus, jcotx dx = Jlldt
1 ¢£3/2 t
232 =log|t] +C
1 =log [sinx|+ C
= E.tm +C Jsecxdx _ J-secx{sec.r+mnx} e
secx +tanx
= %.(singx)gfz +C Put (secx +tanx) =t

2
® J-(l + logx) e
X
Put(l+logx)=t= ldx =dt
X

‘[de = Itz dt

(4) j cosec x dx

= (sec x tan x + sec? x)dx = dt
or [sec x (sec x + tan x)]dx = dt

Thus, Jsecx dx = I% dt

log [t] + C
log |secx + tanx| + C

cosec x(cosec x + cot x
g2+l = I ( J¢:‘.1|r
- +C cosec x + cotx
2+1
Put (cosecx+cotx) =t
_ ¢3 +C = (- cosec x cot x — cosec? x)dx = dt
T a3 ie, [cosec x (cosec x + cotx)] dx =—dt

2
= {1 +logx) i
3
Using substitution method, we can easily find the

integral of the remaining four trigonometric functions,
namely tan x, cot x, sec x and cosec x.

c

sinx

Thus.Icosecxdx = —j%dt

=-log|t]+C

=-log |cosecx +cotx|+ C

= log |cosec x-cotx| +C
When the integrand Involves some
trigonametric functions, we also use some

(1) Jtcnxdx = I dx known trigonometric identities to find the
caax integral.
| TOoPIC 2]
IMPORTANT TRIGONOMETRIC IDENTITIES

(1) sin 2x = 2 sinx cos x @) tan2x= 2tum2(

_ 2tonx 1-tan“x
1+ tan? x cotlx -1
2 3 cot2x= ———

() cos2x=cos“x-sin“x 2cotx
=1-2sin?x (4) sin3x =3sinx-4sin3x
=2cos?x-1 cos 3x=4cos x-3cosx

1-tanix 3tanx — tan’ x
R tan 3x= —M8M8M8—

1+tan®x 1-tan’x



(5) —— sinx = 1-cosx ® J dx [NCERT]
2  1+ecosx sinx cos(x —a)cos(x — b)
X sinx 1+cosx
7 " T-cosx  sinx Ans®) Ilj-"::o)s(x 11 +c::s:

(6) sin(x+y) =sinxcosy+cosxsiny - I(l —cosx){1+cosx) s
sin(x-y) =sinxcosy-cosxsiny 1+ cosx
cos(x+y) =cosxcosy-sinxsiny = I(l—cosx)dx
cos (x—Y) =cosxcos y +sinxsiny e x—sinx+C

(7) tan(x+y)= {E‘M (B) J 1

—tanxtany cos(x — a)cos(x — b)
tanx — tany 1 sinfa - b)
tan (c—y) = 1+tanxtany = Sin(a-b) '[cos{x —a)cos(x - b)
(8) 2sinAcosB=sin(A+B)+sin(A-B); =1 J‘sin[(x —b)-{x-a) 4
2 cos A sin B = sin (A + B) - sin (A - B) sni=R) el =anete=h)
2 cos A cos B = cos (A + B) + cos (A - B); sin{x-b)cos(x-a)-cos(x-b)
2 sin A sin B = cos (A B) - cos (A + B) - sm(;_b}] Casix_a}msijgg”'“)

@)

A+B

cos

sin A+ sinB= 2sin A—B;

2

A+B . A-B

sin——
2

sin A-sinB= 2cos

cosA+cosB= 2:05A+B

cosA—cosB:—EsinA+BsinA;E

(10) sin~ 1 (sin )=x cos l(cosx)=x

an™ ! (tan x) = x: cosec™ ! (cosec x) = x;

ec” ! (secx) = x cot ! (cotx) = x

Exa rnple 2.3: Find:

sin?
@ J 1+cosx

| ToPIC 3]

sin(x — b)cos(x —a)

sin(a—b) J[cos{x —a)cos(x —b)

_cos(x — b)sin(x — a)
cos(x —a)cos{x — b)]dx

J[tun{x b) - tan(x — a)] dx

SOME ELEMENTARY STANDARD INTEGRALS

When the integrand involves seme particular
functions, we also use substitution to find the integral.

N o

X—C.'

- I—dx
{x —a)(x+a)

_ 1 x+a0)-(x-a)
B 20-[ (x —a)(x +a) o

_ ke 1 . b
_E[Ix-adx -[x+adx]

1

1
— llog Jx-al -
a

m
m{loglSEC(x—bJI-lOQISEC(X—G)I}
+C
sin{: -b) iﬁﬁﬁi :S;I T
srn(al B Iﬁziﬁi EH it

log |x+a]]+C

= I dx
{a—x){a+ x)

_ iI(a+x}+(a-x}dx
T 2a’ (a-x)a+x)



) 210 [I ]

- % [ log |a -] + logla + x]]

dx+j'

+C
1 a+x
= —lo +C
2a ga—x
(3)
Jx2+a
Putx=atuntThen,dx=asec2tdt
1 1
= [——= [asec%]dr
'l:-c2+a2 ja'ztanzt+az [ !
—I 7 [asec?t]dt
(tun t+1)
- 2
= asec”t]dt
-I-azsec:’-t[ !
1
== |1dt
=}
= £+C. or ltun“liir{l
a a a
1
4} | —dx
@ | =
Putx=asint Then dx=acostdt
j~1—dx = I;[acosr]dr
Jaz <3 daz —a’sin’t
acost]dr
d

1
- '[ Ja?(1 —sin’t)

= I——21 —[acost]dt
Ja?cos’t

= [1dr

=t+C

. 1 X
=sinl=+C
a

1
o i

Putx=asect. Then, dx=asecttant dt

1
Y

X" —-0

[asecttant] dt

- I 1
\lazseczr = ﬂz

= }' 1 lasecttant]dt
;ia?(secz t-1)
1
= | [asecttant]dt
Jaltan?t

= J'sec t.de

=log|sect+tant]| +C

2

X X
N S |
a a

= log|x+\.i.1r2 —a’ |-logla]+C
= lm3||x+u"x2—rz2 |+C4

where C; =C-

1
e

Put x = a tan t. Then, dx = a sec? t dt

I#d" _ I;
Jx2+a? Jaltan?t+a?

= log +C

log |a

[asec’t]dt

[asec?t]dt

1
B I‘Ja’ sec?t
= Isectdt

=log|sect+tant]+C

= log|V1+tan?t +tant|+C

x? x
L=
a a

= log| x+vx? +a? |-log|a|+C
= log|x+Vx?+a? |+C;

log |a].
Example 2.4: Find

+C

= log

where C; =C-

2
® j—lfxs dx

© I 9x? +12x +3 [NCERT]

Ans.

Putx® =t.Then, 3x2 dx =dr



z J' 3){'2 i = j dt _ dt
x4 241 ‘e241?
fox®=(x) =t

=tan"1t+Cortan i (x})+C

Putx® =t Then, 3x2dx=dt = x* dx = %dr

X 1, dt & 2 2
SN ——dx = | — x= =t
J.1-::‘5 371-¢2 6y =1
s
T 3l12.42
1] 1 1+t
=22 g | +C,
3{2):1 ]
1+x3
—lo +C
e e

(C).[—i—d - [t
+12x+3 (B3x+2)°-(1)

Put(3x+ 2)=t.Then, 3dx=dt = dx = Edt

1
. —#dx
ng +12x+3

1
o
1 dt
B 5]:2 _(1)2

" Smaesirale
3'2)-:1 t+1

@Bx+2) -1
Ex+2)+1

aty
_6 g

Ix+1
3x+3

‘+C

Example 2.5:

1
Fnd (&) I—,—g — dx

1 i
Ol ol e

1
b

1
= d
J-V{sz = {SX)Z *

Put Sx =t Then, S = dt = dx = %dt

I—l—-dx ._.J' 2 dx

v,
= «—s:n"'-t— +C,
or l'.un'1 SX +C
5 3

1 1
B dx = d
“‘[J1+4x2 ) ‘[Jfﬁu(zx)2 "

Put2x=t.Then, 2dx=dt=>dx = -;-dt

. I___];__dx - I_?l—‘l-dx
V1+4x2 V12 +(2x)
= lj L dt
27124
= %log|r+v‘1+t2 |+C
= %log|2x+~.‘1+4x2|+c
1
dx
(C)‘[ 5x? —2x
= 2 dx

1 = 1Y
= —logit+.,t°—|=]|+C
5 g
=3],'§lngx—-]5—'+ ‘xz--zgf +C

(1) Integral of the Tupe J# dx
c

To evaluate such integral, we use the following
steps:

Step 1: Write ax? + bx + ¢ = a[x2+2x+5:|
a

e 5]



Step 2: Put [x+%]=t and get dx = dt

2
Step 3: Write [_ & b_J +k? and reduce the
a 45

T 1 1
iven integral to the form = dt, which
g q m ajtz T whic

can be evaluated easily.

1
2) Integral of the Type | ——— dx
@ . up '[u'ax2+bx+c

To evaluate such integral, we do the same steps
as in (1). The only difference is, here the given

1 1
integral is reduced to — dx, which can
¢ a J Jtz + k2

be evaluated easily.

(3) Integral of the Type _|' PXY9 oy

ax‘ +bx+e
To evaluate such integral, we use the following
steps:

Step 1: Express px + q = A{%e{m2 + bx +c)}+ B

=A(20x+ b)+ B

Step 2: Find the values of A and B by comparing
the coefficients of like powers of xfrombothsides.

Step 3: Write the given integral as

J-A(an+b)+de
ax“ +bx +c
2ax +b 1
=A|l————dx+B|—————dx
J-ax2+bx+c IGXQ+bX+C

And hence evaluate the two integrals.
pX +q

(4) Integral of the Type .[ To? b4 c

To evaluate such integral, we do the same steps
as in (3). The only difference is, here the g[ven
2ax +b

integral is reduced to A
9 J-s.u'ax + bx + r:
1
+BI = dx, which can be evaluated
Jax +bx+c¢

easily.
1

EXCHTIPIE 2.6: Find: (A) Jm X

1

B 1 Y,
® \J'?—Gx—xz

x+3
(qjixz—zx de

dx

x+2

? e )

I = J’;dx

Ans. (A) Let
@ 9x? +6x+5

Here, 9x2 4 6x + 5= g[x1+gx+§}
3
1Y 22}
=0yl x+=| +| =
{(+37+(6)

1 1
Thus, I=§J—-——dx

2
x1+3
3

1 1x+~
T C
2/3 2/3 |t

tun'l[ 3”; 1 ]+ £

Q= O]

1
o [ p—
fEI]LetI-Im X
Here,
7-6x-x2=16-(9 + 6x + x?)
= (@) - (x+3)

| = I 1 dx
@ —(x+3

= sin'i(ﬁ]—rc
4

x+3
{C)Letl= Imdx

Let x+3=Ai(x2—2x—5}+B
dx

=A(2x-2)+B

Equating the coefficients of x and the
constant terms from both sides, we have

1=2Aand3=B-2A

5A=£.B=4
2

Thus, |=J~A{2x—2]+B

5 dx
x“—2x -5

1

—(2x—-2)+4
jzf )

X2 —2%—5
1 2x =2
=_|—" dx
ZszﬂZx-S

1
4L  dx
* Ix’—2x-5

'[x —2x 5

1
4 dx
' I(x ~17 - (Y6)?



Put x2-2x-5=t

= (2x-dx=
2x -2
_j -2x-5

dx

1dt 1
=—|—==log|t]+C
_2_[: 2 gltl+Cy

Thus, | = %log|x2—2x—5|+C1+4

J’ 41?0')(
(x-172+(«/3)

(=

aloglx -2x—5|

2J‘ ((i H ﬂﬂ:ﬁc"

Elc:-g!x -2x-5]
+J§lo :: 3+§

where, C=C, + Cs.

(D) Let | = jg)”? dx
VX2 +2x+3
Let x+2=Ai(x2+2x+3)+B
dx

=A(2x+2)+B

Equating the coefficients of x and the
constant terms from both sides, we have

1=2Aand2=B+2A

= A= B=1

N[ b

Thus,
J— AlZx +2)+ B

v'x +2x+3

) —{2x+2}+1

= dx
waxz+2x+3
=£J- 2x+2 dx+_f 1 dx
;x2+2x+3 \.I'x2+2x+3
171 1
ol dt + dx
QJ.:;’? JJ(x+1}’+(Ji)?

where, t = x2 + 2x + 3 = dt = (2x + 2)dx

—1+1
2

+log|(x+1)+ Jix+1)? +(ﬁ}2i+C1 +C,
= Jx?2+2x+3
+log|(x+1)+vVx?+2x+3 | +C

where,C=C; + C,.

( OBIECTIVE Type Questions )

[ 1 mark]

Multiple Choice Questions

1. The value afj dx is:

2x
(2x+1)?

1 1
(a) 5[lng|2x+1|+ 2x+1}]+c

1
(b) [Iag|2x+1|—(2x+1}

1
© [log|2x+1|+(2x+1)]+c

(d) None of these

Ans. (d) %[Iogf2x+1]+(2xl+u]+c

2x

Explanation: Let | = J mdx

Put2x+ 1=t = 2dx=dt
_plt-1) dt
I-I 3 x?

171 1

=l =- dt
2I[t ET]

1 1
5[logt+?]+c

1 1

1
= jmdx .

—log | secx + tanx | +C

(@) J—



(b) 71.5[09 | secx —tanx | +C

(c) log |secx+tanx| + C
(d) None of these

Ans. (a) %!og | secx +tanx | +C

Explanation: Let

| = J & dx
31 +cos2x
- J;dx
v2cos? x

= %‘[ secx dx

1
= log | secx + tanx | +C
35 gl |

(a) sin (b - a) log %::; te
(b) cosec (b - a) log H te
(C) cosec (b - a) log % e
(d) sin (b - a) log ﬁ
[NCERT Exemplar]
7 | S ebe equals:
cos?(xe®)

{a) - cot (xe") + C (b) tan (xe*) + C
{c) tan (") + C (d) cot(e® +C

Ans. (b) tan(xe")+ C

9 » ) _ o fx+1)e”
3 | 10x x:"if 12::9,10 o Explanation: Let | = | Py
10 10 Put xet =t
(a) 10".-x : +‘(13 (b) 10" + x +(1'.' Then, (xe*+&Jdx =
(€) (10" -x%)"*+C (d) log (10" +x'D)+C ot (x + 1)e*dx = dt
Ans. (d) log (10° + x19 + C o - f (x +1)e*
. :
Explanation: Let | = J 107 :om lo?'md cos {xe J
x7 +10
= —i—dr
Put x1% 410" =t. j cas
Then, (10x° + 10* x log, 10)dx = dt = | sec?edt
10 10%log, 10
Now, I=j x? T0+1;xg" dx =tant+ Cortan (xe") + C
1 . :
=I?dt=|‘°9|r|+c- B@Ix +2x+2dﬂs
tan"*(x+1)+C
or log{xm +109+C E:; :Q:PI(XE’-‘:) 3;
4, @J—dx — © (x+tan"(x+ 1)+ C
sin? x cos? x (d) tan"1x+C
(a) tanx +cotx + C J 1 d
X |s:
(b) tanx=-cotx+ C 9. EBx—tIxi
(c) tanxcotx+ C 2
(d) tan x - cot 2x + C (a) %sin‘l Elxs— 8 ]+ c
2 f By —
5, @j —SIT = mi X dx is: (b) —:—sin‘1 Bxs 2 ]+ Cc
sin” xcos* x \
(@) tanx+ cotx + C (© lsin-l"gx‘a +C
(b) tanx=-cotx+ C 3 , 8
(c) tanxcotx+C 1. _4(9x-8
(d) tanx=-cot2x+C (d) ESI" . 8 ]+C
dx s 8x-9 ]
" Ans, —sin +C
6. @f S(x —a)ekix —D) is equal to: () 2 ( 9



Explanation: I JSxdex

=l 1 dx
2 gx—x2
4
=1 1
o
64 4 64
- : dx
2 \/g (-0
8 8
o
=%'.r.m'1 28 +C or %sin“[sx;9]+c
8
SECEI
10. @j—dx is:
3 +tanx

(a) log |3 +tanx|+C(b) log|3-tanx|+C
(c) log|secx]+C (d) log|tanx|+C

1

11. Iz—dx
4x“ +12x + 13

(@) 1 mn‘i[ 2x2+ 3 ]+ c

2

; _1f 2x +3

—tan +C
® 2 [ . ]

(© % tan }(2x+3)+C

(d) %mn'l(h +3)+C

I, 3 2%+ 3
Ans. —tan | —— |+ C
Explanation: Let

|—_|’-“#—L
4 4x? +12x+13

dx
= (2x)? +2x2x3x + (3)* + (2)°

f dx
(2x +3)* +(2)°

1 -1 2x+3 1
2[tan[ 3 ]]x2+c

%tan‘l[ 2x;- 3 )+ C

dx
12. @I mdx is equal to:
(@ sin"(x+3)+C
) lsln“("—”]w
5 5
© sin"("l’j'3 ]+c

() sln"( s ; 2 ]+ C

13. jx’ e*’ dx equals:

@ Lo 4 ® Ll sc
3 3
c) —e" +C —e” +C
(©) 3 (d 3
[CBSE 2020]
1 l:
Ans. (a) :,’_—e +C
Explanation: Let | = J'xze': dx
dt
Putx3=t=:-3x2dx=dt=:x2dx=?
1lre
|_§]’e de
1,
=—g +C
3
1.0
==—e* +C
3e
B [
16 —9x
1 4+ 3x
—1 +C
(@) 12 094—31
1 3x -4
(®) El‘:g Ix+4 %L
1 4+ 3x
c) —lo +C
© 24 g4—3x
1 3x+4
d) —Ilo +C
@ 12 931—4
1 4+ 3x
Ans. (c) —lo +C
© 24 g4—3x‘
Explanation: Let
1
= | —
J16~9x2



= J‘—ii_fdx
(4)" - (3x)

1J- dx
SoET

I
|
X

1 4+ 3x

. C
24 2|3-3x|"

(VERY SHORT ANSWER Type Questions (VSA))

[ 1 mark]

15. Evalaute j sin x sin {cos x)dx.
Ans. Let = j sinxsin(cos x)dx

Putcosx=t
= -sinxdx=dr

1= [ sin(e)(-dt)
= —J sintdt = cost+C
=cos (cosx) + C
16. @simplify [ xv3 + 4x* dx.

tan~1x

17. Evaluate | =—dkx. [CBSE 2011]
1+x
etuﬂ'lx
Ans. Let | = j —dx
1+x
Put tan"lx=t
= 5 dx = dt
1+x
| = je’ dt
=ef+ C
- Etan“x +C
3x2 4+ 7
i8. Find the value of I —_—
x*+7x+5
3x2 +7
Ans. Let l= | 5———dx
‘[ X'+ 7x+5
Putx® + 7x+ 5=t
= (3x2 + Ndx = dt
1= (gt
E
=log|t| +C

=logpi+7x+5/+C

1l-sinx i

19, @Evaluate I —
X + COSX

2
20. Evaluate | mdﬁ

2
I (=
I IX{S +logx) %

Ans. Let
PutS5+logx=t
= 0+ Lax=at
X
= l x =dt
X
| = gf.:l't
t
=2logjt]+C

=2log|5+logxl+C

o 2 2
21. @Find [ T X gy, [CBSE 2017]
SINXCosSX
i 6
22. Find | =5~ dx. [CBSE 2014]
cos x
v B
Ans. Let I:= I smax dx
Cos™ X
= J tan® x sec? xdx
Puttanx=t
= seclx dx =dt
|= [t
7
t
=—+C
7

23. Integrate I f'(ax + b)[f(ox + b)]"dx-

Ans. Let 1= [ flax +b)[F(ax +b)]" dx

Putflax+ b) =t
= f'lax+b) xadx=dt



24. @evaluate I

25, @Evaluate I

| = Jtnxdt

1 t”+1

an+1

+C

[Flax + b)"*?
ain+1)

x2 +2x+5

;dx
~J4+3x-:lr2

- cosdx

26. Evaluate J' Trcosis
+ cos2x

1-cos2x

Ans« LEt I = I‘m—;‘
_ .[ 2sin? x

2cos? x

dx

= ‘[mnzxdx
= I (sem:j x—=1)dx

=tanx-x+C

(SHORT ANSWER Type-| Questions (SA-1))

27. Solve _[

Ans. let |=

2
x
. @Evaluate | ——dx.
28. @Evalua _[ o

29, Evaluate J -

Ans, Let |= j

=

cosecx —cotx

cosecx

J' cosecx

cosecx —cotx

1

I sinx dx

COSX
sinx sinx

-J 1 dx

1-cosx

.[ 12 X dx
2
sin 2

EI cosec? X dx

2 2

-lcc-t£><2+C
2 2

—cotX+cC
2

sinx
sin(x — a)

sinx
sin(x — a)

sin{(x —a) + a]dx

dx.

sin{x —a)

[ 2 marks ]

- ,[ sin{x —a)cosa + cos(x —a)sina i
B sin(x - a)

cosa Jll dx +sina Jcc:-t{x —a)dx
=(cosa)x+sinalog|sin(x-a)] +C

30. Find jﬂdx.

Js—cus‘x
[CBSE Term-2 SQP 2022]

Ans. Putcos’x=t
= -2 cas x sin xdx = dt
= sin 2x dx = —dt
a \132 t?
= —gin-t COS7X
3

[CBSE Marking Scheme Term-2 SQP 2022]

1t
=—sin~! +c

The given integral = j

31. Evaluate jtan’ x sec* x dx.

[NCERT Exemplar]
Ans, Let | = _[tun’ x sec x dx

2

= _[tcln’ xsec? x. sec? x.dx

= I tan? x(1 + tan? x)sec? x.dx

Put tanx =t = sec’x dx =dt
I=j2(1+t)dr
=2+ tYdt
s 2
= —+—+C
3 5
_tan’x tan®x
= +

3 5+C




A Caution

w Remember that sec?x =1 + tan?x.

secx
32. @Find the integral of J sec 2x o

[NCERT Exemplar]

33. Evaluate _[ dx :
x:;x" -1

dx
Ans. Let | =
Ix;x‘-l
Put x? = sec 0, where 8 = sec! x2
=5 2xdx =secOtan O do
= A SECQthBdB

2x

[l _[ secﬂtunﬂ

21

j- secOtand
2secByfsec?f-1

34. Evaluate J 331 33" 3% gx

Ans. Let 5 j33’ 33" 3% gy

put 3 =t
= 3% x3% x3" x (log3) dx = dt
1
= 37 %3%" x3* d == dt
{log3)
1= ar gt
(log 3) (log 3)

3s. ®Find _[ 1-sin2x dx.% <X <§

[CBSE 2019]

36. Integrate:
J- sinacosa da
2cos?a -1

Show your steps.
[CBSE Question Bank 2022]

sinacosa
Ans. Letl= I—
2cos?a-1
Put 2cosa-1=t
=-4cosasinada=dt

~dt
=5 sinacasada-—T

I=—%[og|2c052a—1|+c

(SHORT ANSWER Type-Il Questions (SA-II) )

[ 3 marks ]

37. Evaluate the following:

= 1-cosix b4
tan™?! f»———— dx,0< x < =
Q) I { 1+cosix } 2

1+ cosdx
(®) jmtx utanx

Ans. (A -1} [1-cos2x n
()jtan {"—1+c052x r:J‘J':.{ch.xc:2

13
= jtan‘ll Es:nz.r }dx
2¢cos” X
= jttm"1 {Vtan? x}dx

jxdx

n

x2

—+C
2



J- 1+cosdx
cotx — tanx

dx

2cos? 2x
=J—. dx
cosx sinx

sinx cosx

2cos? 2xsinx cos x
= J' dx

cos’ x —sin’ x

- Jcos 29 % sin2x
cos2x

]

I%cos?xsiandx
- lj sindx dx
2
= —lcostlx +C
8

(lene 2) cost
— 05?0 — 4sind

sin® — 2)cosb 4o
- 0520~ 45ind
_}- (3sin6—2)cosH

5 — (1 -sin’8) — 4sin®

d6.  [CBSE 2016]

3sndj

Ans. let | = f (3

- j Ssir;ﬂcosﬁ de
4 + sin” B —4sind
"J 2cosf
(4 +sin’ 8 — 4sin0)
=31, - 2, -0
whera |y = J' sln:]ccsﬁ do
4 +8in" 6 — 4sinf
cosh
and Iy =
: J (4 + sin” 0 — 4sin@)
Consider | = I s-Enﬂﬁcns& — df
4 +8in" 0 — 4sind
Put sin6 =t

= 2sin®cosddo=dt

[ _lJ- dt
VT2 4he-a

Sl a
23 (Jt -2y

Put{J”-?)::u:-.»i%,?dradu

1
dt=d
= % "

= dt= 2(u + 2)du
i |1ﬁ fy—-;-gdu

du du
= T 2 T
.[u* .[uz
=l<:|g|hr|—g+1:1

= log | Jt - 2",(_

= 2
= log|sin8-2| -
9l | sinG -2
cost

4 4 sin’0 — 4sin0

+Gy (i

Consider |, = J

Putsin8=v
= cos 0.di =dv

I = dv - dv
. J4+u“-4v J(u—'z}’

-1 1
=(g__55+c2=_sinﬂ—2+cz -

From Eqgs. (), (i) and (ii), we get

. 6
]=3[I‘Jg ISII’]B—Z' —m

P -
(sinf—2)
4
——+C
(sind—2) i

+C; +C4

= 3log|sinB-2]| -

WhEl‘E C = CI + C2
cos2x — cosdx

39. @Evaluate J' -—z-dx.
1-cos2x

sin® x +cos® x
e - P

[NCERT Exemplar]

sin® x +cos® x
| = J‘—

dx
sin’ x cos’ x

Ans. Let

_ j-(sin‘ x}’+(cns’x)3 e
B sin’ xcos’ x

_ J-(sln’x+cos’x](sm x —sin’ xcos® x +cos* x) i
sin’ xcos” x

j-(l)(sin x -sin® xcos? x + cos x)d

sin® x cos? x
_ j sin' x Jsin‘xcos*x
sin? xcos® x sin? x cos® x
j cos* x
gin® x cos® x
22
sin~x cos’ x
J = ax-[1ax + [S5 X ax
cos” X sin® x

= jtan’xdx = fl.dx * Icot‘xdx



= [(sec? x-1)dx - [1.dx + [(cosecx -1)dx ‘).cos?( .28 5]
= j tan~! 4 2 dx
= [sec’ xdx + [cosec’ x dx - 3[dx Zsin[%—g]cos[%—%]
=tanx-cotx-3x+ C :
i n x
= | tan cot[ i —] ]dx
A Caution j \ 4 2
- Usea” + b¥= (o + b) (a? = ab + b°) for simplifiing the i o o o
integral. = j tan™!| tan{ = - ( - = -—] dx
2 4 2
41. Evaluate
ad n X
Jtun"(secx+tunx}dx,—-;-: < X <g— - _[tcm (tnn(z+§ndx
2 j X lax
Ans. Let |= J tan™* (secx + tanx)dx 4 2
2
. n X
- Jtnn'l(—l 5 SA0E ]a‘x Xt C
COSX COSX
_ J- s 1+sinx i 42. @Evaluate  the following integral:
h 0s X sinx
— dx
1+ sinx
1+ cos( L x]
& I tan~ | ——2 7 43, @ntegrate the function sosikro) with
= . [ ] . g sin(x + b)
g respect to x. [CBSE 2019

(LONG ANSWER Type Questions (LA) )

[4 & 5 marks |
44. Evaluate the following integrals: (B) Let
(A) j cos2xcos4x cos6xdx |= Isin‘xcos“xdx
4 4
®) jmn xcos” x dx = 115— (2sinxcosx)* dx
Ans. (A) Let "
= - : 4
= j(cos?x cosdx cosBx)dx ey J (sin2x)" dx
= %j (2cos2x cos4x) cosBx dx 1 1 —cosdx 2
i | SRRV o
i) ( 2 ] X

= %I [cos(2x + 4X) + cos{2x — 4x)] cosBx dx 1

16x 4

1 1+ cosBx
- [1 +(—2— J—ans4x]dx

J(l + cos? 4x ~ 2cos4x)dx

= %J [cosBx + cos2x]cosBx dx

= %I [2c08? 6x + 2cosBxcos2x]dx

_ 4 [E 1 sinEx_szm4x]+C

—| =X+ =X
= %I(l+ccsl?x+cosﬂx +cos4x)dx 412 2 8 3

n

3
. . . ———([24x + sinBx — Bsindx]+C
i} E[x sin12x  sinBx , Sindx ]+C 1024

4 12 8 4




1
sin® x + sin® xcos® x + cos* x

1
sin® x + sin? xcos? x + cos* x

45, Evaluate J

dx

Ans. Let | = J

Dividing numerator and deneminator
integrand by cos*x, we get

1

&
|=I . cos x2 dx
tan"x +tan“x +1

= J- (ser::g.lt}(sec:2 x) i
tan® x +tanfx +1

dx

= I (tan2x+1}sec2x
tan*x + tan?x +1
Puttanx =t = sec’xdx = dt
2
t“+1
=
"+ 41

Dividing numerator and denominator
integrand by 2, we get

dx

of

of

Again put t—%‘-=v=a(l+;]i-]dt=du

1 1 E_%

= —tan_ +C
3 V3
2

= 1tun'1 £ 1]+C




SPECIAL METHODS OF INTEGRATION _

| TopIC 1]

INTEGRATION OF RATIONAL ALGEBRAIC FUNCTIONS BY USING
PARTIAL FRACTIONS

A rational froction is defined as the ratio of two

polynomials in the form Z"(Tfi where Q(x) = 0. If the

degree of P(x) is less than the degree of Q(x). then the
rational function is called proper fraction, otherwise
is called improper fraction. The improper rational
fractions can be reduced to the proper fractions by
Pux)
Q(x)

where A(x) Is a polunomial and

long division. Thus, if Is Improper, we can write

@:A{x}.{.@

Q(x) Qx)’

g is a proper rational function.

Q(x)

In this section, we shall consider proper rational
functions whose denominatros can be factorized
into linear andfor quadratic factors. Writing a proper
rational function as a sum of simpler rational
functions is called partial fraction. Integration of
simpler rational functions can be carried out easily by
the methods learnt so far.

Here is a table that indicates the types of simpler
partial fractions that are to be associated with
various kinds of proper rational functions.

Form of the proper Form of the partial

rational fractions
px+q A B
1 — e —
0 ax-b) 0 %
px+q A B €
_— -+ +
@ (x.._ajztx_b) X—a (x—a]2 x—b
2
px" +qgx +r A B C
5
W Goa-Bx—8 s 7 b %o
b
px*+gx +r A B c
—_— + +
@ —aPx—b) x—a (x—af x—b
& px* +gx+r A Bx+C
(x-a)(x> +bx+¢) x-a x2+brx+c

where x* + bx + ¢ cannot be factorised further.
A Caution
= A, B and C are real numbers to be determined suitably.

We shall now explain how to integrate a rational
function form-wise, with the help of an example.

px +q
Form 1: (x - a)(x - b)

Example 3.1: Integrate the following rational
functions:

X
A rix+2)

1
B NCE
® [NCERT]
X
Ans. (A) Let I'= dex -{0)
; A . B
Wi aDx+2) ~ xs1 xa2 O
X _ Alx +2)+B{x+1)
(x+D{x+2)  (x+1D{x+2)
== x=Al+2)+Bx+1)

=(A+B)x+(2A +B)
On comparing coefficients of x and constant
terms on both sides, we have
1=A+B and0=2A+8B
On solving these equations, we get

A=-1B=2
Putting these values of A and B in (i), we
get

X -1 2

(i)

= +
(x+1)(x+2) x+1 x+2

From (i) and (i), we have

PR S
{(x+1)(x+2)

=j{ =2 S }dx
x+1 x+2
=—log|x+1|+2log|x+2]+C
=log (x + 2)? ~log [x+ 1]+ C
2
“i5 (x+2)
| x+1|

I = szl_gdx

(B) Let

1
s I(x+3]{x—3} e -0



. 1 A . B

Wi e =3 ~x+3 x-3 O
1 _ Alx=3)+8(x +3)
x+3)x-3) ° x+3)(x-3)

= 1=Ax-3)+B(x+3)
=(A+Bx+(-3A+3B)
On comparing coefficients of x and canstant
terms on both sides, we have
0=A+B
and 1=-3A+13B
On solving these equations, we get

1 1

A=-=,B==

6 6
Putting these values of A and B in (ji), we get
1 _-1/6, 1/6 0

(x+3)(x-3) x+3 x-3

From () and (iil), we have
1
=l
= f{ﬁq. ﬂ}dx
x+3 x-3

j—ljﬁ o+ 1,1’Bﬂr
Xx+3

—%log|x+3|+%log|x—3|+c

x=-3
+3

v Xy
s°g

|+C

A Caution

= Alternatively, part (B} cau!d alse be solved by directly

applying the formula J 2

+C

px +q

Form 2: (X = a)Z(x = b)

Example 3.2: Integrate the following rational

functions:
3x-1
(A) (x + 2)2
x
(B)

Ans. (A) Let

(x - 1)%(x +2)

3x-1

| =
j{x+2)2
Ix -1 A B

WO Pt e

dx (0

Ix -1 " Alx+2)+B
(x +2) (x +2)?

= 3x-1=Ax+2)+B

= Ax+ (2A+B)
On comparing coefficients of x and constant
terms on both sides, we have

3=A;-1=2A+B
On solving these equations, we get
A=3andB=-7
Putting these values of A and B in (i), we get
3x-1 _ 3 " -7
(x+2? x+2 (x+2)

(i)

From (i) and (ii}), we have

I Ix - 12d
{(x+2)

=I d "‘—'_i‘-? }dx
X+2 (x+2)

3 k.
ol —viakd e

(x+2}-2+1
= 3| 2| #{-)|——=—|+C
og|x+2|+( ][ - +

7
= 3l +2|+——+C
og | x | X+2

x
(E} Let e Imdx -{i]
Write - =KL + 8 + G
(x-12%(x+2) x-1 (x-1)2 x+2
(i)

—_—
= -1 x+2)

A(x INMx+2)+B{x+2)+C(x - 1)2
(x-1)%(x+2)

= x=Alx=-1){x+ 2)+ B(x + 2}+C(Juc-1}|2
= x=(A+Cx?+(A+B-20)x
+(-2A+28+C)

On comparing coefficients of x% x and
constant terms on both sides, we have

0=A+C;
1=A+B-2C
and 0=-2A+2B+C
On solving these equations, we get

2 2
A==, B-——undc-——-
9' 3 9

Putting these values of A, B and C in (i), we
get

X 2/9 i/3 -2/9

gl = + 5 -+
(x=-1)(x+2) x-1 (x-1) x+2

i)




From (i) and (jii), we have
By R S—
(x=1)"(x+2)

2/9  1/3
- I{x—l -7

(X 1}—'21-1
-2+1

+-2',g}dx

Xx+2

2
_ —log| x - 1+
_ggl |

--;—log[x+2|+C

2

9

x-1
x+2

3(x - 1)

n

px*+gx+r

Form 3: (x - a)(x — B)(x - )
Example 3.3: Find: I-’de
x3 —4x
x24+6x-3
| = | ———dlx
J- x3 _4x

Ans. Let

Expressing the denominator as @ product of
linear factors we have

2
6x-3
I: .x_—'_.__dx
j x3 —4x
2
_J- x°+6x—3 s 0
x(x —2)(x +2)
2
Write X t6x-3 _A_ B . C _®
x(x—-2)(x+2) x x-2 x+2

x?+6x—3
x(x = 2)(x+2)

_ Alx=2)(x+2)+Bx(x +2) + Cx(x - 2)
- x(x —2)(x +2)

= x2+6x-3=Alx-2){x+2)

+ Bx(x + 2) + Cx(x - 2)
= x2+6x-3=(A+B+C)x°

+(2B- 2C) x + (- 4A)
On comparing coefficients of x2, x and constant
terms on both sides, we have

1=A+B+C

6=2B-2C
and -3=-4A
On solving these equations, we get

P

4’ 8 8

Putting these values of A, B and Cin (i), we get
x*+6x-3 _3/4 13/8 -11/8

(i

X -2(x+2)  x " x-2 x+2

From (i) and (jii), we have

_j x? +6x -3 i
x(x — 2)(x +2)

_1{314 13_/8 —xligﬂ}dx

= EJ‘ldx+E
47 x 8

11 1

BYx+2

= %log|x|+}§log|x—-2i

—%log|x+2|+c

x2 +qx +r
Form 4: s q
(x - a)*(x - b)
5x2 +6
Example 3.4: Find: J 22x 1)
5x% +6
Ans. Let «(0)
-[ x3(2x + 1}
. 5x2+6 A B c
Write —— =2, = 4, >~ =(ii)
2x+1) x 2V a1
5x2+6  Ax(2x+1)+B(2x +1)+Cx”
x1(2x +1) x%(2x +1)

e 5x? + 6 = Ax(2x + 1) + B(2x + 1) + Cx?
= 5x2+6=(2A+C) x> +(A+2B)x+ 8B
On comparing coefficients of x%, x and constant
terms on both sides, we have

S=2A+C0=A+2Band6=8
On solving these equations, we get
A=-12B=6andC=29
Putting these values of A, B and Cin (i), we get
5x% + 6 -12 6 _ 29
X“(2x +1) x x* 2x+1

Fram () and (i), we have

(i)

J- 5x2 +6
2('2x+1)

{-12 6 29 }
= —_t—+ dx
x x? 2x+1

. —12_[%::‘,! +ijizdx+2sj'ﬁdx

= —12log]x|—%+2—f-log|2x+1|+c



px2 +qQx+r
Form 5: (x - t::)(x2 + bx + ¢)
Example 3.5: Find: J =00 dx  [NCERT]
2
Ans. Let | = J. mdx (0
2 A Bx+C :
Write —————— = _A "
g (1-x)(1+x%) 1—X+1+x2 W
2 A(1 + x?) + (Bx + C)(1 - x)
— =
{1 - x)(1+ x*) (1 - x)(1+ x%)
= 2 =A(1 +x%) 4+ Bx+C)1-%
- 2=(A-B)x*+(B-C)x+A+C

On comparing coefficients of x2 x and constant
terms on both sides, we have

0=A-B;

0=B-C
and 2=A+C

On solving these equations, we get
A=1B=1andC=1
Putting these values of A, B and C in (if), we get
2 o, 41 i
A-x)1+x}) 1-x (1+x%) -
From (i) and (iii), we have
2
|= | —————s-dx
J (1-x01+x%)

=j{ 1 +x_“}dx
1-x 1+x?

= 1 x+1
—Il_xdx+_|'mfdx

i | 1
=-[1—xdx+-[1+xx2dx+-[1+xzdx

=-log|1-x| +%lag(1+x2)+tc:n-1x +C

| ToPIC 2 |
INTEGRATION USING BY PARTS

In this section, we describe one more method of
integration, which Is quite useful in Integrating
product of functions.

Let u and v be two differentiable functions of a
single variable x(say). Then, by the product rule of
differentiation, we have

dv du
= IUE;C'X‘PIV-&;dX
dv du
= I“E;d"' -uv-Jv-a—x-dx (1)
Let u = fx) and o g(x).
dx

du i
Then, o =f(x) and v = Ig{x}dx

So, the expression (i) becomes
[ #Fagxkdx = F(x)[g(x)dx - [{f(x)[ glx) dx}x

If we take flx) as the first function and g{x) as the
second function, then the above result can be
remembered as follows:

"The integral of the product of twe functions = (first
function) = (integral of second function) - integral
of {{derivative of first function) x (integral of second
function)}”

Selection of First Function

The function whose initial appears first in the word
ILATE can be chosen as the first function, where

() |stands for Inverse trigonometric functions

(i) L stands for Logarithmic functions

(iii) A stands for Algebraic functions

(iv) T stands for Trigonometric functions

(v) E stands for Exponential functions
Illustrations: Choaose the first function from the
following:

(A) jx sinx dx (B) I x2e* dx

(D) I xtan~* x dx

[NCERT]

) j xlogx dx

(A) x(as A precedes T)

(B) x*(as A precedes E)

(C) log x (as L precedes A)
(D) tan™1x (as | precedes A)

Example 3.6: Find: (&) [xsinx dx
(B) I x3e* dx
(€) I xlogx dx

(D) J' xtan™ x dx [NCERT]



Ans. (A) J xsinx dx
. d .
=x js:nx dx — J{E;[X)J5|nx dx}dx
= x(—cosx) - I{i.(— cos x)jdx
=-xcosx+sinx+C
® [x%e* dx
xzfe" dx - J{%(xz}fe‘ dx}dx

x%e* - I?xe" dx

=xlef -2 Jxe*dx ()
Further,

J’x e* dx = x [e" dx —J'{%(x]‘[e" dx}dx
= xe~ —Jl.e' dx

= xe* - ¢*
Substituting in (i), we have

‘[ x2e*dx =x2e" - 2{xe* - &%

=x2e-2x"+2e +C
or (x*-2x+2)e+C

(©) f xlogx dx

= lchJ'x dx - j{%{lngx}]x dx}dx

X
=tan x— - | —— —dx
2 1+4* 2
2 2
X ~1 X
= —tan X -—— dx
2 ‘[1+X2
2 2
x -1 1px“+1-1
= ——tan - d
2 27 1442

Integral of the type
je"[f(x) + f(x)ldx = e*f(x)+ C
Let | = Je"[F(x}+ F(x))dx

= je".f(x}dx +J'e".F’(dex

=y + |2 (say) ()
Now, Iy = [e* f(x)dx

= foofe” dx~ [{ 7o et

= f(x)[e*dx - [{f(x)[ e*dx} dx

= f(x).e* -Je" F(x)dx

= f(x)e* -1,
= l1+12 =flx)e*+ C
ie. [ eX[F(x)+F(x)ldx = f(x)e* +C ~(A)

cﬂﬂ’ Important

= This formula is useful in evaluating integrals of the
form [e*g(x)dx, when g is of the form f + f for some

differentiable function.

Example 3.7: Find:
1 1
o e[t
xe*
B
®) '[ (1+x) 2

© J- [1+smx]

1+cosx

[NCERT]

Ans. (A) Tuke = = f(x).
X

Then, f{x) = ——11-
X

So. fe [-‘—] X = [eX[f(x)+F(x)]dx
Using formula (&), we have

o 6 PO
[e [; ?]dx_ﬂx].enc

ie., IEI [l - l]l_‘b{ = l a* +C
X x X
(B) Using partial fraction,
x PR P
A+x?  14x (Q+x)P

Take - 1 _f.

+ X



1
{1+ Jr:)2

1 1
So, - I
° I~{1+x} dr=Je [1“ (1+x}2]mr

= [ [F(x) + F(x)] dx

Then, fix)=—

Using formula (&), we have

X
I xe dx =fx)e*+C

(1+ x)?
xe*
So, dx = -e*+C
J{l + x)2 1+x
S X
. 1+ Zsin—cos—
(©) Here, 1+sinx _ 9

1+ cosx Zcosz(i;—J

= 252t Ston®
2 2 2

X 1 ofx
= tan—+ —sec”| —
z2 2 2

Take tan% = f(x).

Then, f(x)= —secz{ ;]

So, I ( 1+sinx ]d
1+cosx

R P
- je [tan2+2sec (2]]dx

= [e*[F(x) + £(x)] dx

Using formula (4), we have

J‘ex(1+smx ]dx = flx)e" 4 C.

1+cosx

X
=tan—-e* +C
2

| TOPIC 3 |
SPECIAL INTEGRALS

Here we shall discuss some speciol types of standard
integrals based on the technique of integration by
parts.

Form 1: [Vx? - a” dx
Let I= f x2 —a? dx

= _[1.1.“.1:2 —a’ dx

Taking canstant function 1 as the second function, we
have
= Jyx? - azjldx —J'{di(dxz -a?) J'l dx}dx
x
= x(¥x?2 —-a?)— J{

o ""}

2
= J|:(\.J'.u:2 —az}—j %dx
x“—a
w 2
x(Wx? —a?)— Jng dx

x(sz—az)—Jsz—azdx*azj 1 dx

vx? -a?
x(\fxz —a’ }-1- aﬁ%dx

x? —a?

n

1
= 21 = x(Vx? —a’)—a? dx
-t
= 2= x(vVx? - a?)-a’log| x + Vx? —a? | +C
2
= |I= %{sz -aﬁ—%lﬂglxafx’—d"’ |+C

Form 2: Imdx
let |= _[s}xz +a’ dx
= _[1.\.|'>¢2 +a’dx

Taking constant function 1 as the second function, we
have

- I a? [1dx -J’{-{%{-(u"x2 +a? )Ildx}dx

x(vx? +a%)- { ( ]]d
EB e ¥
x(y‘x +a’

)~ ey o
= x(“‘xz +a2]_jde

x? +a’



=x{\fx2+a2)-]\fx2+a2 dx+a2j .
x2+a?

1
x(Wx? +a®)-1+a? dx
J'sz +a’
2= x(Vx? +a?) + GQJ% clx
Vvxl+a
2= x(vx?+a?)+a’log| x+Vx*+a® | +C
2
= i=%Nx2+a"‘}+%log|x+q'x2+a2|+C

Form 3: [Va® - x? dx
Letl = j \;’az -xidx = Il.\;’az - x2dx

Taking constant function 1 as the second function, we
have
= Va®-x*[1 dx-j{i(Ja?-x2 )J‘1dx}dx
dx
x(va? - x2) - j{

3 T.=. {x}] dx
x{\l'a - X

1y— j7=dx

2

7y_ j -x*-a
Ji
1
x{\faz —Jrz)—_[u'r;:.v2 —x* dx+azj-ﬁ1 dx
x(Ja? - x) -1+ a?[

x{\.l'a - X

1
dx
Ja? - x?

Y 06 S (O 1
= 2l=x{va*—-x")+a Imdx

= x(va? - x2)+a?sint 2 4 C
a
¥
= I=-(\|'a -X )+ sm1 +C

Example  3.9:  Find: (&)  [V4-xTdx
(B) Iv'xz +4x + 6.dx (C) Iv‘xz +4x — 5 dx

[NCERT]
Ans. (A) Let

| = Ix}'c‘l» - x?% dx
= [ (27 - x* dx

We know,
2
a? — x2dx = %\Faz -x? +%sin‘lf.+c

a

2
}+2—sin'1£+C
a

_i 22
= SO -+ 5

= ;—{J4—x2}+2sin'1%+c
(B) Letl = J‘dx’ +4x + 6 dx
= j,/(x +2) +2dx

= [Jx+22 +(v2)? &
We know,

Vx?+aldx = %«Jx’ +a
2
+%[Og|x+\l'x2+az | +C

(x+2)2 +2

log | (x +2) +(x + 2% + (v2)? | +C
" x;-i(v'xz+4x+6}

+log|(x+2)+Vx2+4x+6|+C

(©) Let |=J’ x? 4+ dx ~5dx

= ‘[\/(x +2)2 —9dx

= [Vix +2) - (3) dx

2
X a f
xi_gl = = x?-a? —?I.og|x+ =g |+C

2
x+{

e+ 27 - 3F) - ‘3’ B 1og | (x+2)

+J(x+2) =37 | +C
= X;2Nx: +4x-5)

-%lﬂgl{x+2}+ VX2 +4x-5|+C




( OBJECTIVE Type Questions )

Multiple Choice Questions

1 j J1-25x? dx is equal to:
@ XJ1-25x2-L sintsx+C
2 10
(b) %v‘i _25x2 4 1—::] sin"15x + C

(c) %\1'25—.1:1 +1—1osin'15x+c
(d) %\’25—;:: —i—j'osin'15x+c

Ans. (b) %\h ~25x2 4 %sin'l 5x+C

Explanation: Let

1=le-25x2dx
IE [l]—xgdx
5
x (1Y 2 1/25 4 x
sl 51 = 5 1
[2 (L]0 o M2

10

%wh-zsxi +1—105|'n'15x+c

2. jxcoszxdx is equal to:

(@)

®) 3

(c)

(d)

Ans. (c)

z sin2x - 1c052x +C
2 2

—sin2x + %cosh’ +C

£ sin2x + 1r.:c:ls2.1¢ +C
2 4

X sin2x - 1mslx +C
2 4

= sin2x + i cos2x + C
2 4

Explanation: Let

| = Ixcos 2x dx

5[i J1-25x2 + 5—105!n'15x]+ c

[1mark]

By using integration by parts, we get

| = xjccﬂx dx — I {:—x(x}jcosh dx}dx

= x sin2x _J-l

.ﬁn2x
2

2

- 1.,
—2-er ZX—EI sin2x dx

-{sin2x + lcoﬂx +C
2 4

3.® Jx log x dx is equal to:

2
() xlogx - xT +C

dx

x? x?
(b) Tlogx+?+c
x2 x
{c) -z—logx—«5+c
2 2
() X logx-%X+c
2 4
X o
4, jmdxm.
(x - 1)?
{a) log o +C
® tog| ®=2, ¢
o x-1
(© log|f *=1 | c
9 g[x—z]
(d) log [(x = 1)(x = 2)] + C [NCERT]
(x-2)
Ans. (b) log . +C
Explanation: Let | = Imdx D)
y X A B
Write m = x—_1—+m‘ (i)
X _Alx-2)+B(x-1)
Z x-Dx-2 T (x-D(x-2)
= x=Alx-2)+B{x-1)

=(A+B)x+(-2A-B)



On comparing coefficients of x and constant let, |= I ox

terms on both sides, we have (x+2)(x* +1)
1=A+Band0=2A+B By partial fraction, we have

On solving these equations, we get 1 A Bx+C

A=-1B=2 (x+2)0c+1) - x+2 x+1

=>1=AK+1)+Bx+Cx+2)

Putting these values of A and B in (i), we get 5
=21=A+B)x“+(2B+Clx+ A+ 2C

X -1 2 -
= 2+ (i) On comparing coefficients of x2, x and constant
F=DE=2  x~1 k-2 terms both sides we get
From () and (iii), we have A+B=0,2B+C=0,A+2C=1
x
| A—"' : 1. A -2
I{x—l){x—?} & A-S.B_ 5unr:ll(.‘,_5
- dx . dx
I{X 1 X = 2} EE j[x+2](x:+1]
-1 2
= dx + dx 1.2
IX-I J.X_Q =lf 3 +I5X+5d
=-log|x-1]+2log x-2|+C 57 x+2 41
(x=2)
= log +C s Ay 1 2 d
| x-1] "5 g k+2] 1o %45 j1+x’ X
= llc:g x+ 2| -Llo (147 + Zranix+C
5.@ —5——dx. 5 10 °9 5

x{x +1)

(a) log | x | -Elog(xz +1)+C

() log | x | +1log(x? + 1)+ € /\ Caution
2 w We need to use the method of partial fraction for
1 solving this problem.
(¢) -log| x| +=log(x*+1)+C
2 5 @j X+sinx i :
. x is equal to:
(d) Ele'.lg | x|+ llog(xz +1)+C  [NCERT] 1+cosx .
2 2 (a)log |l +cosx|+C (b)log |l +sinx]+C
: e -1 (c) x - tan X+C {d}xtun-{-i-c
6 If-[(x+2]{x ) alog|l+x?+btan"tx+ 2 3
1 [NCERT Exemplar]
EIOQ PRk 2] Gy then 8. j e* secx(1 + tanx) dx equals:
-1 -2 1 -2 (a) e*cosx+C (b) € secx+C
(@a=15:0=3 ®la=15:0=7 (©) e*sinx+C (d) & tanx+C
a Ans. (b) e secx+C
(b o @b ® *
10 5 10 5 Explanation: Let
Ans. (da= %,b: % | = Ie" secx(1+ tanx)dx
Explanation: = I e” [secx + secxtanx]dx
Gl that,
ven d?c Let sec x = f{x). Then, sec x tan x = '(x)
—_— - 2 -1 #,
J(x+23(x’+1} =alog |1 +x*| +btan™ x So. 1= [e¥[f(x)+Fx)dx

+-;-log(x+2)+c =e"fl)+ Core’secx+C



9. @[ Jx¥-8x+7dx equals

) %(x—4}M+9log|(x—4]
+MI+C

(b) %(x-4)m+gmg|(x-4)
+MI+C

(c) %(x—il-)m—alogﬂx-ti}
+m|+c

(d %[x—t’f)vm-%logﬂx—él)

+Vx?-8x+7]+C

10. j e*[m )dx is equal to:
X

{a) log (e* logx) + C
® 4
X

(c) xlogx+ & +C
(d) € logx+C
Ans. (d) e'logx+C

Explanation:Let | = j e"(M ]dx
X

= _[ e"[lch +E}dx
X

Let fix) = log x. Then, f'(x) = 1
x

Thus, given integral is of the form

e 1ft) + £ dx

Thus, = ‘[e"[logx+l]dx
X
=¢"logx+C
11
11, @j Ex(;—;—:]dx is equal to:
(@) Z-e*+c ®) -S+c
2 X

2
< 1=-x
12. @Ie [1_'_!:) dx is equal to:
e” -’
(@) 7,57*C ®) T3y *C
e’ -g*
{C) m-l-c (d) m‘tc

[NCERT Exemplar]

13. fcosx 9-sinx dx is:

3

(0) S25X Jo—sintx + 2sin[ S2X |1 ¢
2 2 3
3

®) _SI;" Jo—sin?x +%sfn‘1(_"'“” Lc

(© E?—JB—sinlx +%sin’1
(d) _m:x V9 -sin® x +gsin"(c°5x ]+C

Ans. (c) i'gii,fg —sin?x +_§s'.n_1(smx ]+C

Explanation: Let | = jcosx 9 —sin? x dx

Putsinx=t

= cos x dx = dt

| = j J3)E =22 dt
2
-2+ anrtlsc
2 2 3
sinx m + g'.r.in'j'[ _si;x ]+ e

2 2

14. The Metro rail network has come as a boon

for the people as it offers a comfortable and
fast ride. Currently, metro rail is operating
in thirteen Indian cities. The speed of the
train at any instant can be found if the
instantaneous position function is known. If
the function describing the position of the

train at any instant is given by y1+x?, Its
speed can easily be calculated.

I-Jl+ x? dx equals:
(a) %\,‘1+x2 -|-%I.t:u_:||x+\’1+x2 |+C

b) %(1 +x2)2 ¢

(c) %x(l ER xz)a;z +C

2
(d) %\(1+x2 +%leﬂg|x+\l'1+xz |+C



Ans. (a) %\Fi+x2 +%!og [ x+V1+x? [+C = j\f(l)2+x2dx
Y2+ x2 +%log|x+,f(1}1+x2 |+C
\|'1+x2+%lcg|x+\"1+x2|+c

Explanation: Let

| = 14 x2dx
I

x
2
L
2

(VERY SHORT ANSWER Type Questions (VSA) )

[ 1 mark ]
x
15. Integrate T dx by using partial 18. @evaluate ‘[e (coax ~slnx)ex

fraction. 19, Given J e*(tanx +1)sec x dx =e"f(x)+C,

Ans.let = J 3 i P dx Write f{x) satisfying above. [CBSE 2012]
x -
Ans. We have Ie"(tanx +1)secxdx =e* F{x)+C
1
=JX:_42dx = e*[tanxsecx+secx]dx=e"flx)+ C

L oref[secx+tanxsecx]dx=e"fx)+C 1)

= _[ md" Consider g(x) = sec x. Then, g'(x) = sec x tan x

1 1 We know, Iex [gl) + g'(x)] dx = €g(x) + C

=lj|: - ]dx
8/Llx-4 x+4

= %[lag|x—4|—lc:—g|x+4|]+c

J'e" [secx + secxtanx] dx=e*secx+C

i)

=1lag x-q‘_l_c From (i) and (i), we get
8 Xx+4 e flx)+C=e"secx+C
1 = flx) = sec x
16. @Find Imdx

20. @Find j x e* dx.

17. Find Ix"[ogx dx
21. Evaluate f log 2x dx.

Ans. Let | = J' x* logx dx
[ | Ans. Ler | = Jl.lcg?xdx
[

By using integration by parts, we get

By using integration by parts
4 d 4 y g g y parts,
| = logx‘[x dx —I{a(lch)_[x dx}dx

5 I = log2x[1dx - j{d%(log 291 dx}dx

5
X 1 x
(lngx}xT—‘[;x -?dx

"

(log2x)x — Jaj-l; ® 2% xdx

- xslogx —jx—4dx
5 5 = x{lagﬂx}-—-}ldx
5 5
x’logx  x
= —-xc *C =xlog 2x-x+C
= x°logx x_5+ c 22. Evaluate j V16 - 4x? dx.

5 25



Ans. let |= j V16 - 4x? dx

= [2V4 - % dx

- 2P~ o

= 2[§Jﬂ+%sw1§]+c
= xm+4sin4%+c

23. @Evaluate I Vx2-6x+4 dx

24. Integrate the function f(x)= Vx2+4x+10.
Ans. Let |= [ F(x)dx

= j Vx2+4x+10 dx

& _in +2x2x +(2}2 +(G)2dx

= J‘ (x +2)? + (V8)? dx

2 ; . Vxl+4x46
+g[og!{x +2)+f(x+2)2 + (VB)E|+C

X+ 2
2

+3log|(x +2) + VxZ + ax + 10| +C
25. Evaluate j sec? xv/25 -tan? x dx
Ans, Let | = _f sec? xV25 —tan® x dx

Puttanx =t = sec?xdx = dt

X2 +4x+6

.-.|=j 25 -t2 dt
t 25,
= —yJ25-¢2 sin = 4C
2 T 5+
= :a;xm_'_%smq(tu;x ]+C

26. @Find the integral j x2\Vx® —a* dx

(SHORT ANSWER Type-I Questions (SA-I) )

[ 2 marks ]

2
27. Evaluate J x=+3 dx
x —
2
Ans. let |= Jx +3dx
x2-1
J X —1+4
- J‘(1+ f ]dx
x<=1

-I[ (x-1)(x +1]]d

I dx+4_[ [ﬁ—m]dx

=x+2/ogx-1|-log jx+ 1]+ C

= x+2log

”—'1‘+c
x+1

log x
28, Find [——=—dx
'[(1 + lt::;;:c)2

[CBSE Term-2 SQP 2022)

Ans. J. log x dx=J-lagx+1—1dx

(1+logx)? (1+ logx)?
= [ d— [ —— dx
1+logx (1+logx)2
= I x—xxa'x
1+lch (1+logx) x
wf R S
(1+ logx)? 1+logx
[CBSE Marking Scheme Term-2 SQP 2022]
Explanation:
Let,
J logx
|[1+lc:rgm)"T
J1+lagx -1
(1+lugx}
1+logx 1
.dx
J(1+lngx)7 I(1+logx)2

= [ d - [———.dx
1+logx (1+ logx)?



On integrating first integral by parts, we get

1 -1 1
= X X— _[ zx—xxdx
1+logx (1+logx)? X

+C~- J—dx
(1+lch}

x x
= + dx
1+logx ‘[{1+ logx)?

—I.._.j.:._. dx +C
(1+logx)?
x

+C
1+ logx

& Caution

= The tricky part of the question lies where, one
need to break the given Integral inte two parts. So
integrate it wisely.

29, @Evaluate Is.l'5-2x+ x? dx
[NCERT Exemplar]

fag _ 2
30. Find the integral j -%—(I'Dgidx
x
= 2
Ans. Let | = f——‘wdx
X

Putlogx=t= lt:"x=r:J‘|:
X
a1 = [ 6 -2 de

36 ....1
6 sin o
JeT -7 + 28 (6]+

3
2 2

-

- 99X 52 _(ogx)? +1asin'1(lﬁg—"]+c

31. @Evaluate J«}Iax-x’ dx [NCERT Exemplar]

x-1
32. Evaluate J md“

x-1

Ans. let | = dex
x-1 A 8
e D) D D) D
- (x-1) = Alx - 2) + B(x + 1)

Putx =-1, we get

-1-1=A(-1-2)+0 = A=

W r

Put x = 2, we get
2-1=0+B(2+1) = B= =

Put the values of A and B in Eq. (i), we get

P R
iDx-2) - 3x+1)  3x-2)
2 1
|=J‘3(x+1]dx+J.3{x—2]dx

%lug|x+1|+%log|x—2|+c

33. @Find [ sin~*(2x) dx [CBSE 2019]

34. Find | N d dx
sin

2y -2sinx-3

Ans. Let | I coEx dx
s LE =
\!(sin x—-2sinx -3

Putsinx=t=cosxdx=dt
dt

1= V2 -2t -3

g Je2 -2t +1-4 ] Je-1?-22
= log(e - 1)+ Jie - 12 - 22|+ C
= logl(t-1)+~.ft2-2t-3|+c

= log | (sinx — 1) + Vsin® x - 2sinx -3 | +C

(SHORT ANSWER Type-Il Questions (SA-Il) )

[ 3 marks ]

2x

35. Find _[ m dx

[CBSE 2017)

Ans. Let | J 13“ v 4)5‘

Putx?=y

= 2 dx = dv

In_[ dv

(v + 1)(v? + 4)



1 A Bv+C

, - i
e I+ 8) ~ v+l P d
= 1=AW?+4)+(Bv+Ov+1)
- 1=(A+BV2+B+Cv+4A+C

On comparing the coefficients of v2 v and
constant terms both sides, we get
A+B=0,B+C=0and4A+C=1

On solving, we get

Put the values of A, B and C in Eg. (i), we get

1. 1
1 s

W+ D2 +4) “Sv+D) vi+4

5 5
dv
[

j5{v+1) T4
1 1-v+1
= Zlog|v+1l|+=| ——adv
5 9l ! 54 vitd
1 2v
..—lD v+1|-— v
3 gl | 10 2,2

1 1
+= T—dv
5'[ vi+d

1 1 7
==log|v+1l|-—log|v-+4
3 gl | 10 gl |

]
=

Xx+1

36. Find: ——————dx

(x%+1)x
[CBSE Term-2 SQP 2022]
x+1  Ax+B C {Ax+B)x+C(x +1)
(x?+1)x X +1 X (+1)x
= x + 1 = (Ax + B)x + C(x? + 1) (An identity)

Equating the coefficients, we get
B=1,C=1A+C=0

37. @Find j sec® x dx

38. Find j

Ans. Let |

Hence, A=-1,B=1,C=1

The given Integral=J' XFd ia J' =dx
x241
= 2 [E 24 J‘ 14
274244
-1 1
=—i-Ix2 dX+J-x +1dX+I;dX

= %log(xh 1) +tantx+loglx +c

[CBSE Marking Scheme Term-2 SQP 2022]
Explanation:

Let, I J' :+1 dx
(x“+1)x
By partial fraction
Let
x+1 - Ax+B+£
(x?+1)x 2+l X
- x+1  _ (Ax+B)x+C(x*+1)
(32‘*1}7‘ x(x2+1)
=4 x+1 = Ax?+Bx+Cx% C
= x+1=(A+C)x?+Bx+C
On equating coefficients to both sides, we get
A+C=0
B=1 andC=1
A=-C=-1
Then, X+ = —x+1+l

(x?+1)x Pl X

X+1 _ol=x+1 1
: J' = dx —I[ ‘:"‘ ]dx-l-I;dx

(x*+1)x x241

1+x2 LE: ‘[ x24

1
+|—dx
Jx
= tan‘lx—% log {x’+ 1)
+logx+C

[CBSE 2020]

2cosx
(1-sinx)(2 —cos? x)

dx [CBSE 2019]

J 2cosx o
(1 - sinx)(2 - cos? x)

.[ cos X
2 ) X
(1 -=sinx)(1+ sin® x)




Putsinx=v 5=86A

= cos x dx =dv = A=l:'
I=I 2dv . and -2=2A+B
=¥ = —2=2x§+B
. A Bv+C

Consider T+ " T 102 0 = B= -2—§=-%

2=A1+A)+Bv+CO)(1-V) (i) Putting the values of A and B in Eq. (i), we get
Put v = 1in Eq. (i) Sx-2= 2(5x+2)- 3

2=A(1+1)+0 59
— A=1 .'.|=‘|-_—'—'—‘-—EXﬁ

Ix“+2x+1

Put v =0 in Eq. (ii),

2=A(1+0 0 1-0 =IM¢1_HI 1 dx
=A(1+0)+(0+C)(1-0) 6(3x +2x+1) 3 (3x1+2x+1)
2=A+C 5
= 2-1=C =Eiog!3x1+2x+1|
sl 11 1
Put v=-1in Eq. (il), we get Y 2 1 1 dx
143 P22
2=A(1+1)+(-B+0O)(1 +1) 379 9
2=1x2+2(-B+1) =§log|3x!+2x+1]
2B=2 6
= B=1 _1_1_. dx
Put the values of A, B and C in Eq. (i), we get 9 [ 1]2 1
| x+=] +1—=
2 _ 32 +v+1 3 3
1-v)(1+vY)  1-v *
(@=vX ) ¥ Sy =§tog|3x2+2x+1|
5 1] 1 vl b
CTT 1=y 1avt 1 dx it
9 1 J2
=J ! dv+_[ Y dv+J 1 _dv [x+§r+[?]
1-v 142 1+v? 5
1 = 2log|3x? +2x +1]
= —log|1-v|+=log|1+v?) 6
2 1
X4=
-1 11.. 1 = 3
+tan"v+C —_——X—T C
1 gl.-.c_2 an % +
= -logl1—sinxf+ilog|1+srn2x| 3 3
5
+tan™ ! (sinx) + C =§1°9|3"2+1"+1|
S5x -2 11 _13x+1
39. Evaluat dx. NCER ———tan +C
o e13x5+1x+1 * [NCERT] 32 ( 2 ]
Sx =2
Ans. Let | = [ —————dx 4
37 +2x +1 40. @Evaluate I(—:E‘—,-fﬁdx.[NCEETExemplar]
-X

_2=A9 32
Consider Sx-2 Adx (3x" +2x+1)+B 41. Evalaute j'g—‘ cosx dx,

— S5x-2=ABx+2)+B ()
= 5x—2 =6Ax+ (2A +B)

On equating the coefficients of x and constant ) J e~ cos x dx
terms both sides, we get [

Ans. Let | = Ie"’ cosxdx. Then,



= |=e *sinx - f(—e"‘)sinx dx

= I=e"'sinx+je"'sinxdx
T

= |=e "sinx+e *(-cosx)

- [(-€"*)(~cosx) dx

= |l=e*sinx-e%cosx - j e *cosxdx
= l=e*sinx-e *cosx-|
= 2=e*sinx-e"cosx

E—X
= |= T(sinx —cosx)+C

42. @Find the integral of ** sin x.
43, @Find I x?tan™! x dx

( LONG ANSWER Type Questions (LA) )

[ 4 & 5 marks ]

2

X
44, FEi ' dx 4
-
nd —5—5—'( )0 H [CBSE 2014]

x? d
Ans. Let I = Jm X

Put x? = t, then
2

X _ t
(2+1)(xr+4) (E+1)(t+4)
L t _ A = B
(t+1)(t+4) (t+1) (t+4)
= t=Alt+4)+B(t+1)
=5 t=t(A+B)+4A +B

On equating the coefficient of t and constant
terms, we get
1=A+Baond0=4A+B

1 4
oW Am-s,Bumz
3 3
t _ =1 4 4
(t+1)(t+4) 3(t+1) 3(t+4)

4
= J‘_:n[xi*+1)d“j:a(ﬁ+4)d"E

= ——:l-x-l—tan'1£+ 2 x»l—tan'lx+C
31 p i el 2
= —1tnn Iy s Ztan 12 4C

3sinx + 2cosx
dx

45, Eval — .
ol -[ 3cosx + 2sinx

3sinx +2cos x

Ans. Let | =
3cosx + 2sinx

Consider 3sinx+ 2cosx= Ay :—x

(3cosx+2sinx)+A(3cosx +2sinx)
= 3sinx+2cosx=Ai(-3sinx+2cosx)
+A49(3 cosx + 2 5inx)
On comparing the coefficients of sin x and
cos x on both sides, we get
-3k +2hy=3
and 201+ 309 =2
On solving, we get
5

Ay = ——
T,

12
d Ay = —
an A% e

& l=
I11(-3sinx+2casx)+12{3z:osx+25inx) e
3cosx+2sinx

Put3cosx+2sinx=t
= (-3sinx+ 2cos x) dx=dt

I= 12x+11j—:~dc

=Akox+ Aq{logt) + C
=Ax+Ajlog|3cosx+2sinx]+C
12

= —x—i log|3cosx+2sinx|+C
12 13

6x +7

46. @Evalaute j TEOTED) dx

47. @Find | — 2
1+ cotx



48. @Evaluate _[4“—112 dx
xt=x'=

[NCERT Exemplar]

49. Evaluate the integral

1
j[log{lng x)}+ Togx)? ]dx

1
Ans, Let| = J'[log(logx}+ Togn)? ]dx

1
= [(og(logx))dx + | e

Consider Iy = jlag{l.c-gx)dx
and g = I—Ifdx
277 (logx)
Then =1y +1, N0
Now, Iy = Iill.log{lo?x]dx

By using integration by parts,

li= log(logx)[1dx - J[%lag(logx)_[ldx]dx

1 1
|log(log x))x - j[@ X =% x]dx

xlog(logx) - Jl.{logx)’l dx
I |

Again using integration by parts
Iy = x log (log x) -

[(logx)'ljl dx — I[%ﬁogx}'ijl dx]]

= x log (log x)

-1 1
{(lch) .x_‘[_{logx)zx xxdx}
X 1
= xlog(logx) - —— - dx

logx ? (logx)?

xlog(logx) — @ Sl %0

Put the value of |, in Eq. (), we get

= xlog(logx}—$—5+c+iq

= xlog(logx) — Io;_x +C

50. Evaluate =1 § X .
valua jsin b+xdx

X
b+x

Ans. let | = J'sin'1 dx

Put x = b tan?0 = dx = 2b tan 0 sec? 0 do
. ‘ btan?e
. | = sin L —_—
I b+ btan?e
% (2btanBsec?8)do
2
= 2bfsin"! |20 x (tan@ sec?6)de
1+tan“®
1
= 2b[sin”* (2208« a8 sec? 6)do
sec B

=2 sin'l(-t%:] (tan@sec? 8) do
S

= 2bJ‘sin‘1(sina)xtana sec?0d0

- 2bj tli(tcmaﬁec2 0)de

By using integration by parts,
= 2b[8 [ ton8sec’odo

d 2
= J{E{B](tanﬂsec G}dﬂ]dﬁ}

2 2
tan“ @ ton“ @
=2b|86 -I1. de
[ e ]
- bBtunza—bI(seczﬂ—ljdﬂ
= b0 tan?@ - bltan 0 - 0] + C

— b[ftan'lJE—Jz+tan‘lJE]+C
b b b b

51. Evaluate | (Veotx ++tanx) dx. [CBSE 2014]

Ans. Let | = J{m+ Jtanx) dx
= IM{1+catx}dx
Put tan x = t2
= sec? x dx = 2t dt
2t
= dx = mdr
= %dt

1 2t
1= lel 1+ X —7dt
I[ F] 1+t
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- [1+12]dr=dv
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DEFINITE INTEGRALS _

| TOPIC1]
DEFINITE INTEGRALS AS AN AREA

The value of the definite integral I: f(x)dx represents

the area of the region bounded by the curve y = fix),
the ordinates x = @ and x = b and x-axis. Let us first
understand the area function A(x) before we proceed
further.

Area Function
Let x be any real number in (g, b).

Then J: f(x)dx represents the area of the shaded

region ABCD shown in the figure.
Y

M /yﬁﬁX)
C
D
A
X' <ol o X b R
W
YI

[Here, it is assumed that fix) > O for all x € [a, b]].

Area of the shaded region depends upon the value
of x. We denote this function of x by A(x) and call the
function A{x) as Area function and is written as

Al) = f: f(x)dx,x 2 a

Indefinite integral was a function but the definite
b
integral fa f(x)dx is a value of the area function A(x)

atx=bh.

On the basis of the above, we state the fundamental
theorems of calculus.

First Fundamental Theroem
Theorem: Let f be a continuous function on the

closed interval [a, b] and let A(x) = j: f(x)dx be the

area function. Then,
Ax) =fx) for allx e [a, bl and A(Q) = O

Second Fundamental Theroem

Theorem: Let f be a continuous function on the
closed interval [a, b] and let F be an anti-derivative,
of £ Then,

7 fdx = [Fx)l = Fb) - Fla)

This thearem enables us to evaluate definite integrals
by making use of anti-derivative.

tﬁ Important

= In j': f(x)dx, the function f (the integrand) must be well

defined and continucus in fa, b,
b
= While evaluating L flx)dx, there is no need to

take constant of integration C becouse if we take
b
[ Fx)dx = F(x)+ C, then [ flx)dx = [F(x)+Cl3 = IF®) +

C] = [F{a) + C] = F(b) = F{a) = ie, the constant of integration
disappears while calculating definite integral

Illustration: Evaluate ‘[_ll(x +1)dx

2
Since ‘[ (x +1)dx = % +x, by second fundamental

theorem, we have
1 x J
I_l(x +1)dx = [7 + XL
2 .
[ e

. [%+1]—[%—1]. ie.2

3 X

Example 4.1: Evaluate: (&) [ ke
2 5x?

B) [ 5———adx NCERT]

® J’- x* +4x+3 [

Ans. (A) Here, | ﬁdx = %J?Z%dx

= %lc:g(n'2 +1)

So, by second fundamental theorem, we
have

3 x 1 2 9
dx = [—lng(x +1}]
L X +1 2 2



%[lug 10-log5]

l[ogﬂ
2 5

1
—leg2
2 g

1]

n

5x?

—— X ()]
x2+4x+3

(B) Consider _[

5x? =5_ 20x +15
x2+4x+3 x2+4x+3
__20x+15 g
(x +1)(x +3)

Here,

20x +15 _ A % B
(x+1)(x+3) x+1 x+3

(i)

Let us write

= 20x+15=A{x+3)+B(x+ 1)
= 20x+15=(A+B)x+ (3A+B)
= A+B=20and3A+B=15
= A=—Eandﬂ=£

2 2

Substituting these values of A and B in (i),
we have
20x+15 _ -5/2 45/2
(x+1D(x+3)  x+1 x+3

From (ii), we have

5x2  _c_=5/2 45/
X2 +4x+3 x+1 x+3

By second fundamental theorem, we have

2
I el

x“+4x+3
2
=[5x+Elog|x+11-4—slog[x+3|]
2 2 4
5 45
= |10+=log3-—1o 5]
[ T

5 45
—|5+=log2-—Ilog 4
[ +2 og - og ]

5 +;ﬂ093 —log2)——i—{9[og5— 9log4)

Example 4.2: Evaluate (A) I;‘uslnz:r dx
(B) J:ﬂcoszx dx [NCERT]

Ans. (A) Here, Isinzx dx:—%cos 2x

So, by second fundamental theorem, we
have

-1 x/4
rmsinhdx = [— cos?x]
o 2

0

= i[cosf—cosﬂ] —i
T2 2 2

(B) Here, J’t::t:ns2 xdx = -1—_[(1 +€0s2x) dx
From (i), we have 2

5x? _1 x+sin2x
Ja o "E
x“+4x+3
So, by second fundamental thearem, we
[ [_E 45 ]] have
= |5-| =% +—% || ®2 5 1 sin2x Y2
x+1 x+3 _[a cos” xdx = 2[JH > ]a
501 45. 1 : y
= |5dx+ = | —— X = —— | ———dlx _1ffmx  sinm) sin0
I 2'[x+1 2jx+3 _5[[E+T) [U+—2 )]
=5x+g[og1x+1|—4—25109|x+3| =%|:;_:_ ].i.e,%
| TOoPIC 2 |

EVALUATION OF DEFINITE INTEGRALS BY SUBSTITUTION

Step 1 Consider the integral without limits and
substitute y = f{x) or x = g{y) and reduce the given
integral to a known form.

To evaluate j:f‘{x)dx by substitution, we take the

following steps:



Step 2: Change the upper and lower limits in the
context of the new variable.

Step 3: Integrate the new integral with respect to
the new variable without mentioning constant of
integration.

Step 4: Find the difference of the values of the upper
and lower limits.

Illustration: Evaluate I: XVx+2dx

Letl= J: XX+ 2dx

Putx+ 2 =tsothatdx=dt

Forx=2t=4andforx=0t=2.

Thus, |= J':(t-:!)JE dt

j: (32 — 2t112) gt

. 4
S12 AN
5712 “3)2

2
- 4
=[2802 _ itm]

5 3 2

242 _4 m]-[% sp2_4 m]
= _5(4] 3(4] 5{2) 3(2]

- :5(2)5 - %(2)3]— [%{4@— %(iﬁ)]

1}

(64_22,(8V2 842
(53 3 5

32 1642 16V2
157 15 ' 15

(V2 +1)

Example 4.3: (A) J1 sln'i[ ax . ]dx

2x
Ans. (A) Let 1= [ sin [ 22 Jax
'[0 1+x
Putx=tant t=ton> x= dx=sectdt
Forx=1t= % andforx=0,t=0.
Thus,

= Jn]dsin_l( 2tant

2
———— [sec”tdt
0 1+tan t]

= J";:H.-r.in'Ilis.inzt}se-t:2 tde

=2 I; 'Mt.sec’ tdt ()

Using integration by parts, we get
[t.sec’tde =ttant- [1tontde

= t.tant - log | sect |

From (i), we have
I=2 I;'“ t.secltdt

= 2[t.tant - log | sect |]3IH

=2([ X tanZ -lug|sec El
4 4 4

|- (0.tan0 - log | secO |]]

(oo

T T
——2logv2,0r= -log2
5 0gV?2, ar2 og

r/2  sinx
(E) LEt I'—‘ JO mdx

Put cos x = t so that (- sin x)dx = dt

Forx= ;.t:ﬂandfcrx=0.t=1

o 1
Thus, | = - L mfcn:

I ° RN = —[tc:m'1 r]i'
gy (*/2__sinx
® -[U 1+¢:.:u:2.u'dch NGET] = -tan" '0+tan"'1= ‘E
(OBJ ECTIVE Type Questions)
(1 mark]
Multiple Choice Questions
1. Lﬁ %ﬂ' equals: © g— (d) % [NCERT]
T in T
(a) 3 (b) 3 Ans, (d) 17



Explanation:

Vi odx -
Y Tei = [tan lx}i‘@

e —— 1

4+9x?
n n
(a) 3 (b) 13
n T
— d) —
(c) 21 (d) 2
X313
3. r(x—*}—dx equals:
(a) 6 () O
(c) 3 (d) 4
Ans. (a) 6
1/a
Explanation:Let | = J3 &dx
3 x
1/3
1
X —5—1
= ﬁ e dx
3 X
/3
[
= fl X —dx
3 X

Put(x—lz— )=!‘ suthat—%dx=dt.
1 1

or —dx = —=dt
x 2

When x = 1, t = 0 and when x=%.t=8

Thus, | = j: tm(—%dr)

_ 1.8 1/3
_-i_[ot dr

1]

|

|
—~
[l
@2

1]
(a2}

4. The value of is:

o x logx
(a) lug% (b) log%
(c) log 3 (d) log 2
Ans. (b) Iagg
Explanation: Let | = j:: ld_x
xlogx

Putlogx=t=> lr:u'x =dt
x

Whenx=e3 t=loge’=3loge=3
Whenx=e t=loge’=2loge=2

1= 02
s )=
= [log | £ [} = log(3)-log(2)

3

= log=

092
5. @r X2 dx is equal to:
19 21
= By ==
(a) 2 (b) i
4 23
(c) E (d) T

6. Evaluate: Jlog[ . }dx

{a) log3-log2 (b)log2-leg3

{c) log 4 -log 52 (dyo [DIKSHA]
Ans. (d) O
Explanation:
1
1_
Let | = Jlog(—x) dx
7 X

[ I—F(x}dx =_Tf(a-x}dx]

- Jlog( o ¥

On adding () and (if), we get
1
1-x X
2l= El;lc:-g(T) + log (E) dx

1

= [logldx=0
1]
0



14
[ faequiies
7. ¥ ',41 cos2 SRS
(@) 1 (b) 2
(€3 (d) 4 [NCERT Exemplar]
Ans. () 1
Explanation:
a4
dx
W b .aa1+€082x
_ Ij_4 dx
- 4 2c0s8x

-nf4
4
- _[ sec? x dx
2 i
uf4
_[ sec’ x dx
-nf4

[tcnx];“ = tan -E- -tan0=1

3 X
8. & o s

(@) %logz (b) log 2
1 i i
c) log— d) —log—
(c) log 3 (d) 3993
4
9. I:" tanx dx is equal to:
1 b
(a) 5[092 (b) 5!092
(c) log 3 (d) 2log 2

Ans. (b) %Iog?

Explanation: Let
| = _[:'“ tanx dx

= (log | secx |]3“

n

= log secz —log| secO|

= logv2 - log(1)
= logy2 -0

=log2'/?= %log?

11-x

10.
01+x

dx lis:

1
2log=
(a) 2log 5

(b) 2log2+1

(c) 2log2-1
(d) log 2

Ans. (c) 2log2-1
Explanation: Let
11-x

d
01+x *

1—x-1+2
el

- j‘[-1+ 2 ]dx
0 1+x

= [-x+2log |1+ x [}

=[-1+2log|1+1|-(-0+2log|1+0]
=[-1+2leg2-2log1]
=-1+2log2-0

=2log2-1

3
11. @The value of _[2 log xdx is:

27 27
log— +1 log— -1
(@) log* (6) log
9 3
log=— -1 log=+1
(c) 09 (d) 097
12, [ 2 _ax 1s:
0 cosx

(a) log(v2 +2) (b) log(vZ - 1)

1
(@ 5109{#5-* 1) @ log(¥Z +1)

Ans. (@) log(v2 +1)

Explanation: Let

nf4 1

dx
0 cosx

| =

4
= j;" secx dx

= [log | secx + tan [|&/4

= log ~log |sec O + tan 0]

o T
sec—+ton—
4 4

= log(v2 +1)-log |1+ 0]
= log(v2 +1) -log1
= log(v2 +1)-0

= lag{ﬁ +1)



(VERY SHORT ANSWER Type Questions (VSA) )

[ 1 mark]
3
13. Evaluate le 3% dx. [CBSE 2017] Ans. We have,
T
3 jo _de =3
Ans. Let | = J 3% dy
2
1 -1b T
3" =3 5- tan 5— = -§
= logSI }2 X
= tan"!2 = X
= L{33_321 3 3
log3 g (n]
= 3 = tan 3
= ﬁ(ﬂ 9)
9 = b= Bxﬁ
=£=18I.c-gge - b=1373
log3

3
14. @simplify the Integral L_ (x? + 1) dx.
Hf! 2
15. ®Find [ cos®x dx.

16. Evaluate J: xe*" dx. [CBSE 2014]

1
Ans, Let | = Jlu mz"‘2 dx

Putx?=t= 2xdx=dt= r:f.1r=£':‘—t

X

Lower limit, when x = 0,thent=0%2=0

Upper imit when x = 1,then t = 12=1
de
- t B
= ju xe x
1

= 3 cT!?':l.'.l't

1. +a
EIE lo

Yig b

A ]
1

- _1
Sle=1]

17. @Evaluate j:;: cot xdx,

18. If j:

. 3 dx = g, then find the value of b.

Hence, the value of b is 3./3.

19. @Evaluate j: 2 ldx. [CBSE 2014]
X

20. Evaluate Jﬁ mdx.

1+ x?
J3 tan~x
Ans. Let | = jo l_Td
-1 1
Puttan™ *x=t> —zdx=dt
1+x
Upper limit, when x = ﬁ. tan~* sﬁ = g

Lower limit, when x = 0, tan™ lo=0
|= r;a tde

5T
(2 -]

Lid
18

21. @Find j: Vo - x7 dx.

22. If j dx = — , find the value of k.
0 15

2 + Bx?

Ans. We have, J E— = §Ia —



11 o B k = sin x - x cos x
= .é.---[tcm 1---] Thus, fix) = sin x - x cos x

(l] o On differentiating both sides with respect ta x,
2 we get
L =
= =[tan™*2xJ§ f'{x) = cosx - [x-g-—(ccsx}+ ccsx-g-{x}]
4 dx dx
= E[tun'lzk—tan"'ﬂ] =cosx—[x{l-sinx]+msx] :
=cosx+xsinx-cosx=xsinx
= l[tcm'iﬂc] 24. Sonam was observing a few boys playing
4 with lattoo or top. She then noticed that one

T boy started rotating the top on his palm. She
16 wanted to use her knowledge of integration
n

I
o
o
3

I
R

K

<

1]

and find the area of the surface formed if
the function is given by cos 3x.
ik (T

Buy

=5 2k = tanZ

4
= Zk=1
1
k==
= 2
1

Hence, the value of k is 5

23.If f(x) = J:tslntdt, then write the value of

(). [CBSE 2014] i
T
Ans. Given fix) = [ tsintdt Evaluate " cos3x dx
Il
nf3
By using integration bu parts, we get Ans. Let | = ‘[0 cos3xdx
d i ; x/3
fix) = [r sintdt - [—(t] sEntdt]dt] - [sme]
fonc - [ Stofonca o | )
= [t(-cost)[} +I: l.costdt o %[sim:- sin0]
= [-tcost]; + [sint]j ) 1[0 _—
=-xcosx+0+sinx-0 3 B

(SHORT ANSWER Type-I Questions (SA-I) )

[ 2 marks )

25. ®Evaluate J':""‘(Zsec: X+ x* + 2)dx. By using integration by parts in first integral

2x 2 e

PSR = [l%] -{j[di(l]jehdx}dx]

26. Evaluate J:[l-z—li- e?*dx, [CBSE2020] R : s !
x  2x

Ans. Let | = _[2 i_1 e dx 2
1 x 2x2 2x 2 2x
= [fﬁ-] = = x € dx
= jz leﬂx dx — szeh‘ o Tl 2x 1 '[1 xZ 2
1 x 19x?
(I 2 2%



27. @Prove that I: sinlxdx = ; -1

1
28. Evaluate [—2X [NCERT Exemplar]
pe”+e
1
Ans. Let, = j Idx —
se" +e
1 e!
= [ g
;[e"+1 %
Consider,
=t
= e'dx = dt
Whenx=0t=e=1
Whenx=1t=el=e
L dt 1,90
= - tCIr'I t
1t41 [ ]‘
=tanle-tan?1
=tanle-T
4
29. Find ("2 98X _ ..
0 1.4sin’x
{2 cosx
Ans. Let Ja [ dx
0 1+sinx
Putsinx=t=cosxdx=dt

Upper limit, when x = E,t =ginE=1
2 2
Lower limit, whenx =0, t = sEn 0=0

e Iﬂ 1+t2

1
= -1
[torte].

=tan"'1-tan" 10

PR ey
4 4

30. Evalaute I: X x + 6 dx,

Ans. Let

| = I;xe+6dx
= [P(x +6-6)VX+6dx
0

j: [(x +6)*?dx - 6Jx + 6 dx]

g+1 l+]. 7
_ (x+6)2  6(x+1)2
§+1 1+1
2 2 b
r 3
5/2
& %-4(“1)3“
2 0
5/2
- [—(3;’;‘; -4(3+s)3f2}
_Jo+ey?
5/2

1
(32}5’2—4(32}3"2 }-[%(5}2*5_4 }

x35-4x33} { x 366 - 4 x 6 x 6

i

={

5 5

_54 48/6 _48/6-54
5 5 5

31. @evaluate ‘[ a ﬁ
x“+6x+

xf12 1 + tanx

32Fd-[ 1-tanx

n/12 1 + tanx

I's ons b
0 1-tanx

Ans. Let dx

T
tan-‘-{ +tanx

_ ‘[I':fli

A dx

T
1- tanztcmx

= .[It,"ll

tun(£+x]dx
0 4

X .

{M}_{n@-ueﬁ}



forfelz [

0

a5 )} -3

lo (secﬂ]—lo (secEJ
s e ] Lo

= log(secEJ —log[secz]
3 4
= log2 - log+2

= logjz.i. = logy2

33. @Evaluate j';'“ sin3x sin2x dx

( SHORT ANSWER Type-Il Questions (SA-II) )

[ 3 marks ]
v3 .'l’4 +1 2n iz -1
34. Prove that dx =22 Ans. Let | = sin~" xdx
I“ xI+1 3 jo
Ans. Let Putsinlx=0 =sinB=x
| ﬁx4+1d = cos 6 do =dx
= ——=dx
0 x41

4
=;*'5<L_-L+%d,,

0 G |

=I‘E|:{x4_1]+ 2 .|dx

o x* 41 x4+l

=J-J5 (xz—l)(x2+1)dx+‘[ﬁ 2

0 0 2

x2+1 x“+1

= I;E(x? —1}dx+_[fx22.|‘1dx

(2 -r] o[prdmiz]”
=l —-x +|2x=tan™* =
3 o 1 1k

[(J_%)E-Ji-ow]dzmn'iﬁ-o]

"

33 n
=" 3 42x%—
3 i 3

Ik
o
+

I

)

|

Hence, proved.

/2 1
35. @Evaluate: JE’“:
(1=cos x)*?

[NCERT Exemplar]

36. Evaluate J';E“ sin™! xdx

2B
2

WlA

Upper limit, when x = g.e = sin

Lower limit, whenx=0,0=sin"10=0

nf3
| = _[{J Ell.cc:;'ls&dﬂ

By using integration by parts, we have
e d
| = [Bjcoseda]a -[J'{E(B}Icas&de}dﬂ]

= [8sin6]f/® [ [1.sin0 0]’

x
0

[gsin g - 0] - [—a:osEl];f:l

I

|
x
+

[casg-cosﬂ]
n 1

- Y

23 [2 ]

.

23 2

2

37. Evaluate | —————
e £1+m’tun’x

tan x

[NCERT Exemplar]

/2

tanx
Ans. e, A | e
o



sinx
LY
O T
J 5 8in*x =
l+m —
cos’x
M2 sinxcosx

2 cos’ x+m’sin’ x
"j’ sinxcosx
T o 1-sinx+msin®x

" sinxcosx

Put sinx =t
= 2sin x cos x dx = dt
Whenx=0,t=5n?0=0

When x = E.t= sin? & =1
2 2

dt
A1 +(m*-1)t)

—
n
D ey

i
2=
2 rJ1+(m —1)t

i 1 S
E[m’— 1log [(1+(m 1):]]0

llog (1 + (m? - 1)) - log 1]

—
2Am*-1)

_ logm® _ 2logm _ logm
T 2Am*-1) Am*-1) (m*-1)

3 p |
38, @Evaluate L_ m dx

39. @Evaluate I::: J1 - sin2x dx

(LONG ANSWER Type Questions (LA) )

[ 4 & 5 marks |

40. Evaluate nf4 sinx + cos X
0 16 + 9sin2x

[CBSE 2018]
Ans. Let

- j::;4sinx+cc-sx "
0 16+ 9sin2x

nf4  sinx + cosx
=Jo 9(2sinxcosx)+16

nfd sinx + cosx

- d
0 T9(—2sinxcosx) 116

r/4 sinx+cosx

0 —"::‘(.'r,ir'iz.1|r+c<::sz x—2sinxcosx-1)+16

nf4 sinx + cosx
= dx

0 25-9(sinx - cosx)?

Putsinx-cosx=t=>(cosx +sinx)dx =

Lower limit, when x = 0, then
t=sin0-cos0=-1

Upper limit, when x _% then

t=5in£—cg}5£ 5 e e e =2 [}
4 4 2 2

1= [0 dt
= 25— 9r2

I
L
c:|"‘

=
[ln]
uijun
1+
L) L
™ |~
[=]
AR

r/2 dx
41. @evaluate L' (a’cos’x +b'sin'x)?

[NCERT Exemplar]

1
2)(12 + bE} dx

42. Evaluate J; T

Ans. Consider x? = y. Then
1 _ 1
(x2+a?)(x?+b%) (y+a®)(y+b?)

()



% 1 __A B
(x* +a®)(x* +b%) y+a® y+b’

1=A(y+b) +Bly+a) (i)

Putting y = - a? and y = - b? successively in (i),

we get A = . S and B =az—b2
Substituting the values of A and B in (j), we get
1

(y+a’)y+b?)

o 3 1 1
a’-b* y+!:|)2 y+a’

1 { 11 }
a®-b? | x?+b? x?+a?

- 1
| = d
= -[0 (x? +a?)(x? + b?) %

1 1 1
- dx
t:tz—1‘::“{‘.-“-(.1n12+b2 x2+az)

[1tar1‘1 & —ltr:m‘1 5]
b b a alpg

—1—[[1tun‘1m—ltun'1u]
a
—(ltan‘lﬂ = }-tan'l 0 )]
b a
1 14 T
A ) W, [,
az—bz[(i'b 2a]( )]

e
2ab(a + b)




PROPERTIES OF DEFINITE INTEGRALS _

| ToPiC 1]
EVALUATION OF DEFINITE INTEGRALS USING PROPERTIES

Here are some important properties of definite
integrals which are very useful in evaluating them.

Property 1 (Change of Variable):
b b
L F(x)dx = .L f(t)de

Property 2 (Interchange of limits):
b a
L flx)dx = L F(x)dx.

In particular, j:r‘(x}dx =0

Property 3: J:f(X]dX = J:f{x)dx 4+ J':F(x)dx,

wherea<c<b

:f‘r\} Important

wt This property is generally used for evaluating the modulus
function ete.

Property 4: J:f(X] dx = J:f(a + b - x)dx.
In particular, !:F(x}dx = f:f'(a - x)dx

Property 5 _[:"f(x)dx = [2F(x) dx+ [P F(2a - x)dx
Property 6:

Iazaf{x}dx . l?];f(x}dx. if f(2a-x)=f(x)
0, if f(2a-x) =—-f(x)

Property 7: faf(x}dx

ZJ;f(xJ dx, if F(-x)=F(x), ie, if f is an even function.
0, if F(=x)==F(x), i.e, iff is an odd function.

Proofs of the Properties
Property 1: Let ff(x}dx = F(x). Then, If(t) dt = F(t).

LHS = ["F(x)dx = [F(x))3 = F(b) - F(a) 0
RHE= J: f(t)de = [F()]; = F(b) - F(a) i)

From () and (i), we conclude that

_[:F(x} dx = [F(t)de

Therefore, in a definite integral, we can change the
variable throughout.

Property 2: Let [f(x)dx = F(x). Then,
LHS = [*F(x)dx = [F(x)]5 = F(b) - F(a) 0

RHS = - [*f(x)dx = ~[F(x)I} = -[F(0) - F(b)]
= F(b) - F(a) (i)
From (i) and (i), we conclude that

b a
L f(x)dx =- fb F(x)dx
Further, we observe that if a = b, then J:f(x)dx =0
Property 3: Let [f(x)dx = F(x). Then,
b h
LHS = jﬂ f(x)dx =[F(x)]2 = F(b) - F(a) -0
RHS= [*FOx)dx + [, F(x)dx

= [FO +[FOOR

= [F(c) - F(a)] + [F(b) - F(c)]

= F(b) - F(a) ()
From (i) and (ii), we conclude that

[PFeadc= [CFgdx+ [ F(x)dx

where,a<c<bh.

This property can be generalised as

j:f{x) dx = J: f(x)dx + J‘: £(x) dx

+[5 0 dx+ o+ [ F(x)dx

whereg<c<d<e<...<z<h
Property 4: Llett =a + b-x.Then, dt = - dx

Whenx=a,t=bandwhenx=b,t=a

b
So, [, fxyax = - [ fla+b-t)de
= J:f(a +b-t)dt {Using Property 2}

= _[:F(a +b-x)dx {Using Property 1}



Taking a =0 and b = a, we have
j:f{x)dx = j:f(a - X)dx
Property 5: Using Property 3, we have
2 2
[T Fxdx= [PFx)de+ [PF(xpdx 0)
Consider j:af'(x)dx.

Putx=Z2a-tsothatdx=-dt
Whenx=a t=agand whenx=2a,t=0

So. [f(x)dx = — [ F(2a~t)dt
- J’;’f{za ~t)dt  {Using Property 2}
= J:F(Za -x)dx  {Using Property 1}

Thus, from (i), we have

[°F0dx = [CFadx + [TF2a-x)dx

Property 6: Using property 5, we have
[of0dx = [PF(xdx+ [7F(20 - x)dx
= [Cf(x)dx + [ F(x)dx, if R2a-x) = )
=2 [:f{x)dx. if A2a - X) = fix)
Further, f,"f(x)dx
= [(F(x)dx + [ F(2a - x)dx

= [CF(x)dx - [CF(x)dx,
if {2a - x) = - flx)

=0,
if f2a - x) = - fix)

Property 7: Using property 3, we have
0
[ feadx = [ Foodx+ |7 fadx g

0
Consider La fx)dx.

Putx=-tsothatdx=-dt
Whenx=-ag t=aand whenx=0,t=0

so. |0 flxdx = [CF-e)-at)
- j:f(mr}dr {Using Property 2}
= j:f(-x)dx {Using Property 1}
Thus, from (i), we have

[ f0dx = [[F-x)dx 4+ [°F(x)ax (i)

(@) If fis an even function, ie, when fl- x) = flx),
equation (i) becomes

[ fxydx = [*¢(x)dx + [T F0x,

or 2 j:F(x)dx

(b) If fis an odd function, le, when fl- x) = - f{x),
equation (i) becomes

[ foxax =  [exyax + [ F(x)dx, or 0
Example 5.1: Evaluate:

@ [° 1 x+2]dx
®) [;1x-5]dx [NCERT]

Ans. (A) We know that

a2 x+2, whenx + 220, orxz-2
" |={x+2). whenx + 2<0,orx<-2

So. [° [ x+2|dx

-2 5
=[x +2)dx+ [C | x+2]|dx

{Using Property 3}
2 S
= -L‘s(z + 2)dx + j_i(x +2)dx

2 oa [5ea]
-[?+2x 2— T+2x_5
=[§+10—2+4]—[2-4-E+m]

2 2

=29
(B) We know that

i 5]s x-5whenx-5200rx25
" |-(x-5), whenx-5<0,0rx <5

B
So, j2|x-5|dx
5 B
=j2|x-5|dx+js|x-5|dx

{Using Property 3}
s 8
= -J‘2 (x -S)dx+_[5 (x — 5)dx

2 s 2 8
= -[X—-SX] +[x——5:r}
2 p L2 5

-[%5_25~2+1o]+[32~40—2_;+25]

=9



/3 Jm

—_— dx.
xf6 Jsinx + Jeosx

Example 5.2: Evaluate:

Ans. Let

K J-:r.-':l Jsinx
~ IrIE fsinx + Jeosx

PO L
,’sm(—+——x]
= ida 3 6 dx
HE Jsin LA +\,cos L
3 6 3 6

dx -0

{Using property 4}
sin[E -Xx ]
R
Jsin[E -Xx ]+ \ICDS[E - x)
2 2
xf3 Jeosx
= — ol
'L-*E Jeosx + Jsinx X g

Adding (i) and (i), we get

xf3 Jfsinx + Jcosx

= l+l= —_—  — dx
Lfﬁ Jeasx + WJsinx

x/3
= 2= L G 1.dx

Example 5.3: Evaluate:
(A) J:X\J'I —xdx

(B) J':“log (1 +tanx)dx (NCERT]

Ans. (A) Let
1= j;x\,l'Z —xdx

= j;(z — x)\J/x dx {Using property 4}

- j:(zJ:? — xx) dx

2
[ixzn » gxs,fz]
3 5 o

4 312 _ 2 5502
3(2) 5(2)

8 8 1642
= gV2-glor==

(B) Let
1= j:“logll + tanx]dx

= r’mlog[l + mﬁ[E - X ]] dx
0 4

{Using property 4}

i
tan— —tanx
4
= ju'l log|1+ e dx
0 .3
1+ tunztanx

'3

- \

- F ¥ g
_ j 14 sl 1 4 1-tanx e
0 k1+1xmnx

Y log ]dx
0 | 1+ tanx

4 x4
= j:" lng:de-Iﬂ'J log[1 + tanx] dx
= J':Hlogzdx-l

=2 = J';“log 2dx =log2[x3/* = "log?

2
4
T
= |==1log2
8 g

Example 5.4: Evaluate:
@ [0, sin’ x dx.

® [ sin?x dx.
= [NCERT]
Ans. (A) Let flx) = sin” x.
Then, fl- X) = sin? (- x) = - sin’x = - fix)
2. Using Property 7, we have

T2 . 7 _
I—sﬁ sin"xdx =0

(B) Let flx) = sin?x.
Then, fi- x) = sin? (- x) = sinx = f{x)
. Using Property 7, we have

W2 acd 2 .
_[_“"2 sin® x dx =2j;-" sin? x dx

= :’2{1-coszx)dx

[+ cos 2x = 1 -2 sin’x]

1 x/2
= | x—=sin2
[x 3 in x]a

MNH

Example 5.5: Show that
Js F00 gadx = 2[TF(x) dx,

if f and g are defined as fix) = fla - x) and g(x)
+gla=-x)=4 [NCERT]



Ans. Let I = j:f(x)g{x}dx

= I:F{a - x)gla — x)}dx

{Using propertu 4}
= [3F00f4 - g(x)hx

= [J4f(0dx - [CF(x)glx)dx

= 4]’:f(x}dx-|
= 2l = 4j:f(x}dx

= | = 2]‘:f(x)dx

Hence, proved.

(OBIJECTIVE Type Questions )

[ 1 mark]
Multiple Choice Questions
T,
1. J‘Rn sin? x dx is equal to: ke R = seczx
0 = fl-x) = sec” (~x)
2
n = sec” x = fx)
(@) 3 &0 So, flx) is an even function.
'
n n 1= 2" sec? xdx
. - |
(c) 2 (d) 5 0
4
: = 2[tr:.|r'n.w}g‘r
Ans. (c) 7
= E[tcln%—tc:nO]
Explanation: Let 1= [/ sin?xdx -0 ot
x{2 2 T
I=J, SN (E_X ]dx 3. @fﬁ:sinsxdxis:
1= [ cos?xax . (@) 2 (®) -1
(c) O (d) 1

On adding eq. (i) and (i), we get
2l = En(sinz X + cos? x)dx

2

=01dx

= Sl
1{n

==|=-0

Sital

T
=4

nf4 2 . .
2. _f_m“(sec x)dx is equal to:

() -1 (b) 0
() 1 (d) 2 [CBSE 2020]
Ans. (d) 2

Explanation: Let | = E:rL[SECZ x) dx

2x+8,1<x<2
fi(x) = ! -
4. If (x) I b dEii then

j:f(x) dx is:

(a) 43 (b) 45
(c) 47 (d) 46
Ans. (¢) 47
Explanation: We have
2x+8,1=x<2
Ry = { Bx ,25x54

J:F(x}dx = _[fczx +8)dx + j:sx dx

-[ee] o [5F]
=| —+8x| +| —
2 1 2 b

=[4+16-(1+8)+3[16-4]
=(20-9)+3x 12
=11+36=47



5. a (-“—"'m]dx equals:
o 4 + 3cosx
3
(a) 2 (b) %
(© 0 (d) =2
Ans. (c) O
Explanation: Let

/2 4 + 3sinx
= ["log] =205 -
0 g(4+3::osx ]dx 0

4+35En{§—x]

L
= Ia log dx

4+3cosx| = -
Q x[z X]

n)2 4 + 3cosx
log| 2+ 2C08X g
o ° (4+35Enx ] S

Adding (i) and (i), we get

il ::;21 4 +3sinx d
-[0 g 4+ 3cosx %

" ::,-'210 4+3c?sx g
0 4 + 3sinx

=J-n,'zlc (4+35inx]x(4+3cosx] g
0 9 4+ 3cosx 4 + 3sinx

nf2
= jn log 1dx

= [0y dx

=21=0
= 1=0

6. @I fla + b - x) = A, then [ xF(x)dx

equals:
(@ 2 ;;b [2F(b - x) dx
® = bj:f(b + x)dx
© 2 - 2 [F(x) dx
@ LB [2F00) ae

T2 3 cosx i
7. J‘_nn x“e ***dx equals:

{a) 1 (b) O
(© 3 (d) 4
Ans, (b) O

Explanation: Let fix) = x> g%

Then, fi- x) = (- )% 6@ = — 7 5% = _ flx)
ie, fix) is an odd functions

. By property, we have

®I2 3 cosx .
-[-ﬂfl x'e""dy =0

8. :”2 41 - sin2x dx equals:

(@) 2v2 (b) 2(V2 +1)
() 2 (d) 2v2-1)
Ans. (d) 2(v2-1)
Explanation: Let | = [*/*VT—sinZx dx
= [ Jlcosx — sinx)? dx
= [*% cosx ~ sinx | dx

n .
When D < x < 7 cos x > sin x.

So, |cos x — sin x| = cos x - sinx

n i :
When Z<x<5. €Os X < sin X.

So, |eos x - sin x| = - (cos x - sin x)
= sin x - cos x

| = f:“(cosx —sinx)dx
L i
+-L!4 (sinx —cosx)dx

nf2

= | = [sinx+cosx]§/* +[-cosx—sinx]7/y

= sinE + cosE— sin0 - cos0
4 4

( L T r:]
+| —cos = —sin—+ cos — + sin—
2 2 4 4

1 1 1 1
- -0-1|-0-1+—
'[ 2 2 ] ‘2R
4

- —z-ﬂ,orZ{ﬁ—l)

i
9. @Evaluate: _[log (}%x_] dx.
[1]

(a) log3=log 2
(c) log 4 -=log 52 (d)0

(b) log 2 - log 3
[DIKSHA]

10. @The value of I::| cosx |dx is:

(@) 1 (b) -3
() 2 (d) -2



11. The value of j':[x] dx , where [x] is a greatest

integer which is less than equal to x, is:

(o) -1 () 2
©1 @3
Ans. (c) 1

Explanation:Let | = E["]dx

= [} lxlde + [[[x]dx

= Jlﬂdx+_|'21dx
] 1

= 0+[x];

=0+[2-1]=1

12. @f:[x’ cosx) dx js:

(@) 0 (b) 2
(© -1 (d) -2

13. j':n cos? x dx is:

n n
o b) —
(a) 3 (b) 3
n n
L ¥ 2
(c) 3 (d) 3
n
Ans. —
ns. (c) y
Explanation: Let | = J:n cos? x dx -
« [ oa?( 3
| = o, oS [2 x}ix
I = J‘u sin? x dx (i)
0

On adding Eqs. (i) and (i), we get
2= J“u (cnszx +sin? x)dx

0
- J'Ik,"ﬂ 1dx
(4]
= le‘]FI
n
= 2l==-0
2
n
= | = —
4

_of 2x-1
14. @Etﬂn 1( =, ]ﬂ'x equals:

1+x-x
(o) 1 (b) O
(© -1 (d) E

15. Samrat, Kanchan and few friends were
playing a game with die. They discussed
ways to calculate the probability of rolling
a particular digit. Samrat came up with the
idea of caleulating the probability from the
probability distribution function, which he
assumed to be eM¥,

fone o i

(a) 2e-3 (b) 2e + 2

(c) 2e-4 (d) 2e-2
Ans. (d) Ze-2

Explanation:Llet | = J_ll e dx

x.x20
Fiere W = {—x x<0

= fle_‘dx +‘[ul e dx

—-x1°
=[‘* l+[&“‘l$
= | Y

=—[e9-el]+ [e—€T)
=—[1-¢] +[e-1]
=2e-2

( CASE BASED Questions (CBQs) )

[4&5mark5]

Read the following passages and answer the
questions that follow:

16. Let [x] denote the greatest integer, less than or

equal to x and n is a positive integer.

(A) @[5.79] is equal to:
(@) 5 () 6
(¢) 5.7 (d) 5.8



(B) The value fn [x]dx, forn=1Is:

(a) 2 ()1
(c) -1 do
< @The value of fn [x]dx, forn=2is:
(a) 4 (b) 2
(c) -2 (d) 0

(D) The value of J': [x]dx, forn=1ls:

(a) 1 (b) -1
(c) -2 (d) 0
(E) @The value of I: [x]dx, forn=2Is:
(a) O (k)1
(c) 2 (d) 4

Ans. (B) {¢)-1
Explanation: Far n=1,

fn [x]dx = f_ll [x] dx

= [° (-Ddx+ [ (Q)cx

!
=[-x]4
=0~ (-1)] = -1
D) (@0
Explanation: Forn=1,

_":[Jf]dx = J;{x]dx = Eo dv=0

17. We know that a given function f{x) is even
f{- x) = fix); and it Is odd, if f{- %) = - f{x). Also,

2[ F(x) , iff(x)is even
0 , iff(x) is odd

(A) fix) = x> sin® x is afan:
(a) odd function
(b) even function
(¢) neither odd nor even
(d) odd as well as even
(B) @ﬂx} = {sin |x] + cos|x|} isfan:
(a) odd function
(b) even function
(c) neither odd nor even
(d) odd as well as even

[(#) @Eﬂx“ cos* x dx is equal to:

[° flxdx =

(@) 0 ®) n
© 3 Ok

(D) @ fi:z | sin x |dx is equal to:

(@0 (b) 1
(©) 2 (d) 3
(E) f::: (x? + xcosx + tan" x + 1) dx is
equal to:
(@0 (b) 1
(c) 2 (d) n

Ans. (A) (a) odd function
Explanation: Let fix) = x° sin? x. Then,
A-x) = (-3 sin*® (-x)
= (- x°)(~ sin x)*°
=(-x9) (sin*%x)
=- (r"‘ sin*® x)
=-f{x)
= f{x) is an odd function.
® @n
Explanation: Let fix) = X + x Cos x + tan°x.
Then,
fl-x) =( x]3 + (- x) cos(- x) + tans(— x)
=-x3 - x cos x - tan°x
=-fix)
ie., fix) Is an odd function.

2
Now, “in(ﬁ + XC0SX +tan® x + 1) dx

= fijzif + xcosx + tan® x}dx

xf2
+-[—xf21 dx

It.l'ﬂ ﬂf?
- I_m_zf(x)dx + [M]_“_'_.2

= {]+[g+§}orn

18. We know that a given function f{x) is a
continuous function defined on [0, a) then

[;‘ f(x) dx = ]‘;‘ fla - x)dx

sinx — cosx

Glbi 1+ sinxcosx

, then what is the
value of f‘[ g -x ]? Hence, evaluate

jn.‘l sinx — cosx
—_— . dx
0 1+ sinxcosx

(B) Evaluate | si2___sinx

—_—dx
0 sinx + cosx



Ans. (A) If f(x) = DX ~COSX ien
1+sinxcosx

abalin bd
1+sm(g_x}os[g_x]

cosx —sinx
1+cosxsinx

..,,
o
MR
I
x
e
I

sinx —cosx N
= - ()
1+sinxcosx
nf2 sinx —cosx
Nowlet|= [ *" —————adx )
0 1+sinxcosx

af2 sln[E - x] - f:c:-s[£ - x)
2 2 di

1+sinfl ——x|cos| ——x » L
2 2

(A) Find the wvalue of the integral

nf2 cosx — sinx
= e i 50
-|'0 1 + cosxsinx X @ _[ o dx

-50 250
Adding (i) and (i), we get
ot r,-':[ smx_-cosx " cosx—snrlx ]dx
Q 1+sinxcosx 1+ cosxsinx

(B) Find the area formed by the curve x* = 250 y,
y=0and y=10.

nl2 s0 x?
-4 .I-[j de = 0 Aﬂs. (A) I-SO 'ﬁdx
= I= [}'J ) 2}'50 2 P
xf2  sinx T T
B) Letl= —— ey o 250
B Le jﬂ sinx +cosx 0
2
& [1': x) [ X is an even f'unction]
w2 nl 5= 250
= .[n ax
il & _ E_ 50
sm(2 x]+cos(2 x) _i{ﬁ]
250
- J-r!.fﬂ cosx . _Gi)
cosx + sinx
‘e = —2{(50)° 0]
Adding (i) and (il), we get 750
= j:l'f2|: . sinx 4 CosX ]dx _ 1000
0 | sinx+cosx cosx+sinx 3
- :.-‘Jsmx +C03Xd J’nnldx {B} Gimnlxzz 2509
sinx + cos x
= x = J250y
e [ e |3
- 7= 3-0] o
n H= 10
=% |= :;-
0 =0
19. The bridge connects two hills 100 feet apart.
The arch on the bridge is in a parabolic form. b
The highest point on the bridge is 10 feet . ) 10
above the road at the middle of the bridge as ~ Required area =2 JD J250y dy

shown in the figure.



[93,"2150

=72 250
2 372

=2 stox%[mm )

=2 x SJEx%xloJiﬁ

_ . 2000

5q. units

(VERY SHORT ANSWER Type Questions (VSA) )

[1mark]

1
20. Evaluate j'x(l - x)" dx
0

1
s j‘xu—x)"dx 0
(4]

Ans. Let

1
I = [(1-x)[1-(1-x)]"dx
0]

= I(l - x)x" dx

0
[ xn+1 xrﬂ! ]
“ln+l n+2
1 1 1

“h+l’ n+2 n?43n42

21. Evaluate _[_“::4 sec? x dx.

. _ x4 2
Ans, Let 1= I—nid sec” x dx
Consider fx) = sec? x
So, fl-x) = sec? (-x) = sec? x, which is an even
function

o xf4 2
| = 2]0 sec” xdx
= 2[tunx]§-”
= Z[mnf—mnﬂ]
4

=X x1=32

22. @Find jji ‘;3 tan? x dx,

- b1
sinx ,0s x < —

23, @ f(x) = 2, then find
cos x .-:- <x<m

X
Iof(x)dx.
24, Evaluate le x | dx. [CBSE 2020]
Ans. Let I= lex ldx
i x.,x20
L -x ,x<0
0 2
t= [ (=x)dx+ [ xadx
(=], [%]
e + —
21, 2 Jo
(—2)’] 1.2
=-{0- =2
[ 7 |t21@ -0
4 4
= o —
2" 2
=2+2=4

4
25. Evaluate [ | sinx | dx.

4 :
Ans. let I = j_‘iu | sinx |dx

Hee |sin x| is an absolute function, so it is an
even function.

2 r'“ sinx dx
[+}

2[-cos .'x']g'r 8

—Q[msf—cos D]
4



ol
=2-2 or 42(2-1)

7x+3,1sx<3

Bx ,3<sx<4 then find
¥

26. @if g(x) = {
4
L g(x) dx.
-3
27. Evaluate J_ " log xdx.

Ans. Let = j_-: log xdx

Consider fix) = logx
Since f{x) is not defined for - 8 < x < - 3, so given

integrand can not be determined.

28. Find ‘[_11 [x]dx, where []is a greatest integer

which is less than equal to x.

Ans. Let = ,"_11 [x]dx
= f1 [x]dx + I;(x)dx
= [0 ~1de+ [ 0

= [-x}°, +0
=0+(1)=-1

29. @rind [*1" (sin®2x)dix.

30. Evaluate 7| 2x -1 |dx. [CBSE 2020]

Ans. Let 1= [P12x-1]a
Here
(2x-1) ;when2x-120o0rx 2 2
|2x-1|= 2

—(2x -1) ;whenﬁx—lc(}orx-:%

2x2

3
3
= jl (2x—1)dx=|:—2-—x]1

I=[(3)?-3]-[(1)*- 1]
=9-3=6

s x
31- Find jo W dx
Ans. let| = J: :’,dex -(i)

Using property j: flx) = J';f{cr — x)dx,

we have

_ e
=)y Js-x+.j5-(5-x)dx

e Jo ﬂ+ T -1

On adding Egs. (i) and (i), we get

N = j5f+ﬁ
V5 x+J_

(SHORT ANSWER Type-I Questions (SA-I) )

[ 2 marks ]

32. By using of properties of definite integrals,
evaluate J:(z -x)" xdx-
Ans.let = [22_ ™
ns. Le [;@-x)7 xdx

= - @-xI"@2-xdx

2
a jaxmtz - x)dx
_xmfl)dx

= [l

[2xm+1 xm+2 :|2

m+1 m+2ls




m+1 m+2
22 T 0-n)
m+1l m+2

2!1‘1‘1-2 2m+2

m+1 m+2

2m+2 1 = 1
(m+1) (m+2)

_ gm+2 m+2-(m+1)
B (m+1)(m+2)

2m+2

T m+Dm+2)

33. @Evaluate j: % dx,
- X +x

34. Evaluate fn (1 - x?)sinx.cos? x dx.

[CBSE 2019]

Ans. Let | = fn (1 - x?)sinx.cos? x dx

If  fix) =(1-x? sinx cos? x, then
fi-X) = [1 = (= %)7] sin (- %) cos? (- x)
(1- xi) (- sin x} cos? x
- (1 - x?) sin x cos? x
- fix), which is an odd function
1=0

[ [°_fx)dx = 0, if f(x)is odd Function]

2
35. @)E\mluate fs X dx.

14+7%

2 | x|
36. Evaluate j " —dx. [CBSE 2019]
-1 x
Ans. Let == fl uﬁ-!dx
x20
Ix| = -x<0
0

= fl—ldx + J:ldx

= [-x)% +Ix]3

=-[0+1]+[2-0]
=-1+2=1

37. @Find [° | x + 3 |dx.

/2 cos? x

38. Evaluate |, 4 dx.

cos* x + sin* x
/2 cos? x

Ans. let |= "

e -
cos" x +sin” x

cos“(-;- -X ]dx

= Inﬂ
g cos‘[%—x ]+sin‘(%—x ]

/2 sint

0 sin®x + cos? x

X

|=

dx i)

On adding Eqgs. () and (i), we get

rj2 cos® x + sin® x

3

2l = ———
0 cos?x+sin®x

dx

21 = ("2
5 1dx

2 = [x]5?

|=%[g-o]

]

2
39. Evaluate fun cos’ x dx.

Ans, Let | = f:ﬂ cos® x dx
Consider fix) = cos®x
Now fl2n - x) = cos® (2r - %)
=cos® x
We know,

2j:f(x)dx , if f(2a - x) = f(x)

J‘j” f(x)dx =
0 Jf(2a-x) =-Ff(x)

| = 2]: cos® x dx

fin - x) = cos>(r - x)

=- CDSSX

=~ )

|= 2]: cos® x dx

Again,

=0
[by using property of definite integral]
40. Show that I:f‘(x) h(x)dx = 3]': f(x)dx, iff

and h are defined as fix) = fla - x) and h{x)
+h{o-x)=6.



Ans. Let I= J':f{x)h(x) dx

= [°f(a - x).h(a - x)dx

-0)

[Using property j:f(x) dx = j;f{a - x)dx |

| = j: f(x){6 — h(x)} dx

(i)

On adding Eqs. () and (i), we get
2= sj:f(x)dx

= =3[ fix)dx

Hence, proved.

41. @evaluate J'_":L tan? x dx

( SHORT ANSWER Type-Il Questions (SA-II) )

xj2  cos?x

42. Evaluate L —
J cosx + sinx

rf2  cosix dx
0  cosx +sinx

msz{E—x]
2
x
2

Ans. Let | =

2
l= (M dx

e J-n,'z sin’ x
0  sinx +cosx

On adding Egs. (i) and (i), we get

o1 = [M? co8” x +sin’ x
0 cosx +sinx
- }ll,"? 1
0  cosx+sinx
2
= Jn‘ 1 dx
Q 2 X X
1-tan” — 2tan—
2 , 2
X 72X
1+tan’= 1+ton’=
2 2

[1+ tan? f]
= r‘u 2 dx

-0 X X
1-tan?= + 2tan=
an 7 n2

sech
2
= I:..' P 2 de
2
1-tan =+ 2tan—
2 2

X 1 X
Put tan= =t = =sec’=dx = dt
it bl bk

Upper limit, when x = -T-;.t = tan% =]

)

(i)

[ 3 marks ]

Lower limit, when x=0,t=tan 0 =0

$ B
L 2= Iu——~1_t2+2tdr
1 dt
=32 S 4 SN
jﬂ ~(2* -2t -1)

J"l dt
0 [(t-1)7 -2

. dt
=2k (mz_(c_nz

G V2 +(t—
2-]— V- (t—1)

2+1-1] |
°g|Ji—1+1|

=2x

[

o]

oo 221

S
=

f_,-,|.-

lag

fary

V2 +1
V2 -1

J2+1
__[07__

43. @Evaluate _[:x sin x cos? x dx

[NCERT Exemplar]

= 0+lag

|

IS

44. Evaluate j_’i | x* - x | dx [CBSE 2020}

2
Ans.let 1= [ |x*-x|dx

Here absolute function is defined as

b =X = [ (¢ = 1) + 1)]



+{(x*=-x),-1€x<0
=1-(x-x),08x<1
+x3-x) ,1€x<2

= fl+{x:l - x)dx + j; [--‘(.w:l - x)dx

Nl B
+

 ——— |

=@

S b

nf3 dx

45. Solve Jr:.-'s 1+ :itun X

Ans. let |= J"” _dx

"8 14+ Jtanx

_ (i3 dx
~ dnye sinx
1+
cosx

= n{3 JCosx dx 0
r/6 Jeosx + :sinx

" cos( £+ % -x)
- /6
Jccs[5+£-x]+\zsin(f+£-x]
3 6 3 6
cos(E—x]
| = Jﬂ.ﬂ 2

)

ki rﬂ Jsinx dx
®/6 Jsinx + \Jcosx

On adding Eqs. (i) and (i), we get

dx

dx

~(i)

m_rj: CosX ++/sinx o

r/6 Jsinx + vcosx

A= (=3
Lm 1dx

1, w3
b= 5["]:::6

s3]
203 6

1[5]-1
216 12

46. Prove that j: £(x) dx = j: f(a - x) dx, hence

[CBSE 2019]
Ans. To prove: J:f(x}dx = I:f(cr - x)dx

Consider RHS = [ f(a - x)dx

Putting t = a - x, then dt = - dx
Loawer limit, when x = 0;thent=a-0=a
Upper limit, when x = a,thent=a-a=0

Now. RHS= —[°f(r)de

= j:f(r}d:

= j:F(x}dx = LHS

Hence, proved.

®  XSsinx
—dx )

01 +cos’x

Now, Let | =
We know,
J’:f(x} = j:f(a - x)dx

I(n x)sin(m — x) i
@ 14 cos?(n-x)

(1': x)smx
Ty

1+ccs X
sinx xsinx
= —_—dx e N
‘[0 1+cos?x Ja 1+cos?x
lenff -l (FromEq )
= - rom Eq. (i
0 1+ cos? x 9
sinx
= 2| =
jﬁ 1+ cos? x
= |= L L dx

290 1 +cos?x
Put cosx=t
= ~-sinxdx =dt



Lower limit, when x=0,thent=1 = 1 1 1 %0 1
Upper limit, whenx = n,thent=-1 T ? 2

-n-1 dt
Now, e [ T 1 1 1
2J.1 1+t2 —[[0—?]—[5)(1-#;53(0]]
= L= S(Lo2)f(e2 1
1+t = 2n 1:2 1:2 2n
= g[ton‘it]fl i 3.1 .1
n F ;ﬁ. 2n
= %[tun'i(lj—tan-l{— 1)) 1
T
- E[E_ _z ]
" 2|4 4 48. Evaluate I: log(1 + cos x) dx, when
2
= E E = “— i i = —E
2[2] 2 ,[u logsinxdx = 3 log2
47. Evaluate J': | xcosnx |dx Ans. let | = _[;I.Dg(1+cosx)dx
Ans. let, |= J'1 | xcosmx |dx By using property of definite integral
0
Consider xcosmx=0=x=00rcosnmx=0 = I: log[1 + cos(m — x)]dx
= x=0ormx == S 3
M = J': log(1 — cos x)dx

M| =

=x=00r x =
oy J'E Log[?sinzf]dx
0 2
xcosmx ,0<x<=

T X
|x cos nx| = 1; = Ja (1092 + 2logsin 5 ]dx

—~XCOSTX ,— S X S =
2 2 “log2dx + 2[" logsin>d
= _[0 0g2dx + Jo ogsinz-dx

8 e Eﬁ(xcosr:x)dx+'[1 —(xcosnx)dx

X .
t=— =
8 b I xccs " Put 5 in second integrand, so dx = 2 dt
Il

sintx ¢ sinmx Upper limit, whenx=nx, t =
X —j dx

KA

Lower limit, when x=0,t=0

sinmx 4 cosnx 5
T o s 1 = log2[xJ§ + 2] logsint) (2dt)

142

e [xsinmr cnsn:x]

2

= - log2(n—0] + 4‘[;!2[ugsintdt

0

]

2

[ X sinmx , gosmx ]1
n 1/2

nlog?+4[—glc92]

=nlog2-2rlog2

1 n cos0
= Esm +—Ec05 +_r:r =-nlog2

n T

sinm  cosm 1 n 1 n n/2 sinx + cosXx
- in® 4+l cos® 49. @gyaluat e
[[ + ] [ sin—+ 5 cos 3 ]] valuate I e x



( LONG ANSWER Type Questions (LA) )

[ 4 & 5 marks ]
50. Evaluate [} __XtanxX gy [CBSE2017) a4
secx + tanx = _[ log {sin (-x) + cos (-x)} dx
-nf4
Ans. L i, [ e 4
#h 0 secx +tanx ¥ 0 nf4
Wakrow = _;[4109 (cos x — sin x) dx (i)
I: fix)dx = I:F{a - x)dx Adding equations (i) and (i), we get
nf4
| = f" {r — x)tan(x — x) = 2= j [log(cos x + sinx) + log(cos x - sinx)]dx
0 sec(n— x)+ tan(m — x) -xf4
nf4
= |= [FR=x)tanx (i = 2= _[ log (cos? x - sin? x) dx
0 secx + tanx x4

nf4

On adding eq. (i) and (i) we get o 2. J log-fesa 263 e

- ol = [F_RtanX -x/4
0 secx + tanx 4

= 21 =2 [log(cos 2x )dx (i)
Multiply numerator and denominator by o

(sec x - tan x)

= b tanx(secx —tanx) [ [ Flxydx =2[F(x).if Fl-x) =f(x]]
270 (secx + tanx)(secx —tanx) -a 0
Put 2x=t
_ Efr: (tanxsecx — tan? x)dx
290 (sec? x —tan? x) dt
= dx = 5
_ T = tanxsecx -seclx +1d
= 2f0 1 X When x =0, thent=0
n and when x = = then, t= =
= 5[52cx—tonx+x]3 4 2
5/l
= g[(sec n-tan + 1) - (sec 0 - tan 0 + 0)] 2l = jlog (cost) dt wAiv)
o
b1 w/2 "
= 2 -1-04m-(1-0) = 2= Jios[cos{Z-t]]ar
o
- T . e/l
=5 r-2 = 21 = [log(sin ) dt )
o
- On adding equations (iv) and (v), we get
51. Evaluate: _[ log(sin x + cos x) dx %2
- 4] = f(lagsint+logcast} dt
[NCERT Exemplar] ’
&2 -
e - }- log[?slnt ccst]dt
Ans, Let, | = f log(sinx +cosx) dx ()] 5 2
-4 =2

[ (log sin 2t ~log 2)dt

*‘“[ { T
J' log sir{————x]- 0
L 4 4

Put2t=u

I

+ cos(——%— ]de = 2dt=duordt= % du



Whent=0,u=0

When t = %.u:n

_1 % n
o mz l’log(sinu)du—a log 2
. n
= 4] = =x2| L -
7% !og(smu)du 2[092
= n
= 4| = Ilog(sin:]dt-alogZ
(1]

[ [fixydx=[f(e)dt]

= 4l = 2I—%log2 [Using (V)]
21 = -Zlog2
2 g
n
= I= ——log2
2109

A Caution

= We need to apply the property of definite integrals
multiple number of times, to solve it

52. Evaluate : fi|x3 - 3x? + 2x]dx
[CBSE Term-2 SQP 2022

Ans, The given definite integral

2 b= 32 + 2xjaix

n

0 1
[t =1) 6= 2+ [ e~ 1) (- e
+ J’f e(x - 1) (x - 2)|dx

- fl(x3 - 3x? 4 W)dx + J’; 0 = 3x2 + 2x)dx
~ f(i’ - 3x2 4 2x)dx

n
I
—
| >
|
¢
L
+
5
L*)
—
] o
—
+
r—
1%
|
k4
L
+
=
M
L
(=] 4

1
nhw©
B

g
4

[CBSE Marking Scheme Term-2 SQP 2022]

Explanation: Consider,

2
I]x3—3x2+2x|dx
('

1]
= 1= [1°-3x2+2x|
-1

1 2
*+ [Ix*=3x? +2x|dx + [1x*-3x% +2x|dx
0 1
0 1
= —J'(x:'—?.x2+2x)+ I(x’—3x2+2x}cbf
=1 0

2
_j(x3-3x2+2x)dx
1

4 3 2 23 3 2

0
4 3 2 4 &
| X 3 2 Ixt 3 o
g 4 3 2

4
53. _L {fIx-1]+]|x-2]+|x-3|}dx
4
Ans. L fIx=1]+]x—2]+]|x-3}dx
2
=_[1 Ix-1]+|x—2]|+|x=3Ddx
3
+L fIx-1]+|x=2|+|x-3}dx
4
+L flx-1]+|x-2]+]x-3}dx
=_[f{x—1-(x-2)-(x-3};dx
3
+.[z fx-1+x-2-(x-3)}dx
+j:{x—1+x—2+x—3)dx

= [ -x+ 4}dx+J:x e + [ (3x - 6)dx
2[5 o]
=[—2—+4xl+ ? 2+ T—Bx f
-4 L =3 1.2 4
=[[T+8] (2 +4]]+2(3 29)



3 : S On adding eq. (i) and (i), we get
+ 5x4 —-6x4 |- 5><3 —6x3

nf2 T
2= —dx
Io cos? x + sin? x
= [6 = Z] + 2 + [{24 —24) - [ =2 ]] Dividing numerator and denominator by cos? x,
21 2 = we get
S B2=Tx5 .9 19 1
2 2 2 | P ﬂjnn CDSQX dx
D e sin? x
t ; cos? x
54. @Evaluate jx log sin x dx.[NCERT Exemplar]
0 2
2] = n‘[:n gt Z dx
@ 2/2 = 1+tan“x
55. ©prove that In logsinxdx = —Elogl Puttan x = t = sec? x dx = dt
Lower limit, whenx=0,t=tan0=0
1 X Upper limit, when x = Z.t = tanZ = e
56. Evaluate | '~ —s——— dix. PP ‘
j‘-" cos?x +sin’x 2 2
- dt
2l = n| —
Ans.letl= [V2 X o 0 b Tre
0 cos“x+sin"x -
= 1 ~1 X
We know, B ETai S
= 2L |
5 fodx = [ f(a-x)dx =gitan. e ton =y
0 ] =
{3
| x/2 (- x) 2
~ o cos?(m — x) + sin’(x — x) = ﬁ
2
2 (x—x) 2
= 1=, ———5—% @ =y 1= X
4

cos” x + sin“ x



(VERY SHORT ANSWER Type Questions (VSA) )

[1mark]

X
1. Iffix) = _[. t sin t dt, then write the value of f (x).
0

Ans.

fqa) s _J?-;-«;:‘n{— dt

Fal

i _t11|_r! ) VI Y o B 3

- [CBSE Topper 2014]

2 2
sin x—cos x

2. Find: sinxcosx

dx.

Ans. /-li-n"‘s.—tus"! dn

Aimmtotu

v =0 f cogP ~findy oy
Afimuresn

= {=1) f rag2m o

dimtw

= f-4a) f.ul!l':ll-h. i

[y ~ .
= (-2} len [timda] o) A f FH i [ratnd= = log BRI J-lmﬁ.ﬂ_
1) leg liin .L}gl__, _ ),
= = ha .J_:.'-...-:;.(’/-d- &

= log |cogee x| *+ &

~ [CBSE Topper 2017]



