Unit 8 (Application Of Integrals)

Short Answer Type Questions

1. Find the area of the region bounded by the curves y = 9x, y = 3.
Sol. We have, y* =9r and y = 3x
Solving " =3(3r) =¥ ¥
= y=0orl
Wheny=0,x=0and wheny=3,x=1
8o poinis of intersection are (0, 0) and (1, 3)
Graphs of parabola y* = 9x and line y = 3x are
as shown in the adjacent figure.
From the figure, Area of shaded region
I

A= [ (0x - 3x)dx

2. Find the area of the region bounded by the parabola y* = 2px, x* = 2py.
Sol. We have, )’ = 2px and x* = 2py
Solving curves, we get

oy



= =40
= =8
= x{xr- 8p") =0
= x=0,2p

When x =0, y = 0 and when x=2p, y = 2p
So, points of intersection are (0, 0) and (2p, 2p)
Graph of bath the parabolas is as shown in the following figure.
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From the figure, Area of shaded region,
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3, Find the area of the region bounded by the curve y = x° and y = x + 6 and
x=0
Sol. We have, y=x,y=x+6andx=0
Graph of function are as shown in the following figure
Solving y = x" and y = x + 6, we get
©=x+6
= L-x-6=0



'Clearlyx =1 satisfies the above equation.
Also from the figure it is clear that there is only point of intersection.
. From the figure, area of shaded region,

2
A=[(x+6-x)dr
0

2 Lk
=[%+ﬁx-%j|n =%+]2-?=H}sq. units

4. Find the area of the region bounded by the curve y° = dx, x* = 4y,

Sol. Ingq. no. 2, putting p = 2 we get the required area %:12:% 5q. units
5. Find the area of the region included between y* = 9x and y = x

Sol. We have, )’ = Oxandy=1x
Solving y2 =0y
= y=00or9
When y=0,x=0and wheny=9,x=9
So points of intersection are (0, 0) and (9, 9)
Graphs of parabola y* = 9x and y = x are as shown in the following figure.
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6. Find the area of the region enclosed by the parabola x* = y and the line
yux+l
Sol. We have, ¥’ =yandy=x+2
Solving curves, we gel

= A=x+2
= F-x-2=0
= (x-2)x+1)=0

Whenx=2,y=4and whenx=-1, y=1
Graph of parabola and straight line are as shown in the following figure.



7. Find the area of region bounded by the line x = 2 and the parabola y* = fx
Sol. We have, y” = Brandx=2
Graphs of parabola and line are as shown in the following figure,




From the figure, area of shaded region

i]
=4\E{§.zﬁ_u]=%sq. units

8. Sketch the region {(x,0):y=4-x"} and x-axis. Find the area of the
region using integration.
Sol. We have y=yd4-x" (i)

= V=d-2y20

=  F+y=4,y20

Graph of above function is semi-
circle lying above x-axis.

The graph is as shown in the
adjacent figure.

2. From the figure, area of shaded
Tegion,
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=0+ 2sin™' 1-0-2sin"'(~1 =2f-2[~5]= i
sin sin” (~1) 3 5 )= 275q. units.

9. Calculate the area under the curve y =2 Jx included between the lines x =0

andx=1]. ¥
Sol. We have,y=2 ».I';

or Y= x20
The graph of above function is part of
parabola lying above x-axis. '
The graph is as shown in the adjacent
figure.
From the figure, area of shaded region,

A:izv"}dx

0




= Z[EJ =Esq. units
3} 3
10. Using integration, find the area of the region
bounded by the line 2y = 5x + 7, x-axis and
the lines x=2 and x = 8.
Sol. We have, 2y =5x+7

or =_.+._
e "a

The graph is as shown in the adjacent figure.
From the figure, area of shaded region

j-51'+?

y 2

. & ..
dfgel

%{Sx32+?x$~l0—lﬂ

dx

1

% [160 + 56 — 24] = 96 sq. units

11. Draw a rough sketch of the curve v = Jx -1 in the interval [1, 5]. Find the
area under the curve and between the lines.x = 1 and x = 5.

Sol. We have y= 41— 1

= V=x-1
The graph of above function is parabola with vertex at (1, 0) and lying above
x-axis

Forx € [1, 5], graph is as shown in the following figure.




From the figure, area of shaded région,

]
A= J{x— "2 e
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12. Determine the area under the curve y = -.,l'a'2 -x* included between the lines
x=0and x=a,

Sol. We have y= “Jaz -x!
5 pfed-d
= Cry=d
Giraph of above function is semi-circle lying above x-axis.
The graph is as shown in the following figure.

From the figure, area of shaded region,

A=j-\||a2—xzdx
a
Ty Y
--|:2 I2+25|11Ial
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13. Find the area of the region bounded by y = /x and ¥=x
Sol. We have y= J; and y =x
Solving, we get

x=~£‘c_



- X=x

= ¥-x=0

= x=0,1

Atx=0,y=0

andatx=1,y=1

Thus curves intersect at (0, 0)
and (1, 1)

Graph of y = Vx is part of
parabola lying above x-axis.
The graph is as shown in the
adjacent figure.

From the figure, area of shaded
region,
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Find the area enclosed by the ::uwey=—x2 and the straight linex +y+2=0.
We have, y = -x"and x+y+2=0 '

Solving we e,

F=x+2
= £-x-2=0
= x-Dix+1)=0
= x=2,-1

The graph of above function is downward parabola.
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From the figure, area of shaded region,

2
A= [ (= - (-x-2))ds
=1 ;
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15. Find the area bounded by the curve y = Jx ,x=.2y+ 3 in the first quadrant
and x-axis.
We have y = Jx andx=2y+3
Solving we get i

Sol

y=2y+3, y20

V=2y+3,y20

Po2y-3=0,y20

y=-NF+1)=0,p20

y=3

The graph of function y = Vx is part of parabola * = x lying above x-axis.
The graph is as shown in the following figure.
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From the figure, area of shaded region,

3
A=[@y+3-y )y
]

3
2y* 31 18 ] ;
=| 4 3p—i—| =| —+9-9-0|=9sq.units
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Long Answer Type Questions



16. Find the area of the region bounded by the curve ¥ = 2¢ and +* + 1% = 4x.
Sol. We have, )y’ = 2vand x* + * = 4x
3 = 2x is parabola opening to the right of positive direction x-axis
X+ f =4x
= (x-2)° +)* = 4, which is circle having centre at (2, 0) and radius *2’
Solving the curves we get,

X+ 2r=dx
= P-2=0
= =01

Whenx=0,y=0and whenx =2, y=22
Thus points of intersection are (0, 0), (2, 2) and (2, =2)
The graph is as shown in the following figure.

From the figure, arca of shaded region,

2
=2-f[y2*- (-2 - J2x)dx
L]

st e 2] o 2]
E]_ 22

=z[[u+u-n+z-— —2(23”-m]=2x-ﬁsq.uniw
2 3 3

17. Find the area bounded by the curve y = sinx betweenx =0 and x = 21,

Sol. We have y=sinx,0<x<2r

The graph is as shown in the following figure.

p=sinx




18.

Sol.

19.

From the figure, area of shaded region,

f
= 2 sin xdx = 2{~cos x]j =2[~cos 7+ cos 0] =4
0
Find the area of region bounded by the triangle whose vertices are (-1, 1),
(0, 5) and (3, 2), using integration.
We have vertices of a AdBC as A(-1, 1), B(0, 5) and C(3, 2)

~.Equation of ABisy— 1= [{}T] (x+1)
= y=l=dr+4
= yp=dx+5-

2-5
Equation of BCisy—5= [ﬁ] {x—0)

= y-i==x
= y=5-x i

. . . 2-1
Equation of line ACisy—1 = T x+1)
= _v—l-'-'%{xﬂ}
= dy=x+3

Now see the solution of g. no. 21

Draw a rough sketch of the region {{x, v) P <barand X +y < 16a"}. Also
find the area of the region sketched using methed of integration.

. We have, 1°< 6ax, which represents the region interior to parabola y* = 6ax

towards focus. Ay
And x* + % < 164", whigh
represents the region interior
to circle x* + )7 = 164",

Solving circle and parabola,

Wﬁgﬁl

2+ bax = 16a°
= ¥+ 6ax— 164" =0
= (x-2a)(x+Ba)=0
= x=2a

(as x = —Ba is not possible)
Putting x = 2o in parabola, we
get
The graph of functions are as
shown in the adjacent figure,
From the figure, area of the
shaded region
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20. Compute the area bounded by the lines x + 2y =2, y~x=land 2x+y=17, °
Sol. We have lines .

x+2y=12 (i)
y-x=1 (ii)
and x+y=7 (1ii)

Solving (i) and (ii), we get point of intersection (0, 1)

Solving (ii) and (iii), we get point of intersection (2, 3)

Solving (i) and (iii), we get point of intersection (4, -1)

These lines are plotted on coordinate plane as shown in the following figure




- From the figure, area of the shaded region

: 2=x ¢ 2-x
A=I[.r+l- }cir+j[?-2x- )dx
0 2 Z 2

3, H.O3
=£—§-dx+![ﬁ—.ix]dx

2 4

3t { 3xz:|
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{ 4 :L 4 1

= 3+(24-12) - (12 -3) = 6 5. units.

21. Find the area bounded by the lines y=dx+5,y=5-xanddy=x+3.
Sol. We have lines

y=dx+5 (i)
y=5=x (i)
and dp=x+5 {iii)

Solving (i) and (i}, we get point of intersection (0, 5)

Solving (ii) and (iii), we get point of intersection (3, 2)

Solving (i) and (iii), we get point of intersection (-1, 1)

These lines are plotted on coordinate plane as shown in the following figure.,

'From the figure, area of the shaded region

; - fx45
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22. Find the area bounded by the curve v =2 cos x and the x-axis from x = 0 to
x=12x
Sol. Wehavey=2cosx, 0<x <2y
Graph of the functions is as shown in the following figure.

From the figure, area of the shaded region
ix 2
A= [|2cos x|dx=4 j (2 cos x)dx = &sin x]7° = § sq. units
0 ) 0
23. Draw a rough sketch of the given curve y =1 + [y +1|, x=-3,x=3, y=0and

find the area of the region bounded by them, using integration.
Sol. Wehave.v=I1+x+ 1, x=-3,x=3and y=10 ‘

—-x=1, x<-=I
Nngr+1|={.I+l, xz-1
-x, x<-1
-"='+|"+”=.{x+2, xz-1
Graph of the above function with x = -3, x = 3 as shown in the following
figure

From the figure, Area of shaded region, -

A= ]E—r:ix + j'[x+ 2)dx
o

e[z ]
21, 2 |

=-|:142}+B—+6~é+2} =4 + 12 = 16 6q. units.

Objective Type Questions



24. The area of the region bounded by the y-axis, y = cos x and y = sin x, Dﬁxﬁ%

is
(a) JE 5. Units (h) [\.I"E +1) sq. units
{c) (~/2 —1)sq. units (d) (242 ~ 1) sq. units

;i T
Sol. (c) Wehave y=cosxand vy =sinx, wherel < x < &)

Solving curve, we pel sin x = cos x

X

From the figure, area of the shaded region,

A= Nj‘{ms:r*shl x)dx
:E]sin x+ cos x]F*
={5in§+msf—sinﬂ—mﬂ)
=::7.2.+:=.1-- 1=(2-1) sq. units

25. The area of the region bounded by the curve x* = 4y and the straight line
x=dy—-2is

(a) % sq. units (b) 5. units

o0 oot

(c) % sq. units (d) Q. units
Sol. (d) We have pan’.ﬂ:u:rlﬂ.:r2 = dy and the straight line x = 4y — 2
Solving we get
=x+2
= Pr-x=-2=0
== (x—2¥x+1)=0
=3 r=-1,2 :
Forx=-1,yv=1/4
and forx=2,y=1.
Thus point of interséttion are (—1, 1/4) and (2, 1) :
Graphs of parabola ©= 4y and x = 4y — 2 are as shown in the following
figure,

2 b 55
x+2 x Cea
= 2 |dx
4 _( 4 4]
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= | - —— | - — - = — ——=—3|==5q. i5
4[[2+4 3J (2 2+3)] 4[3 2 ] T

26. The area of the region boﬁndedby the curve y = 4/16 —x* and x-axis is
(a) 8msg.units (b) 20msg. units (c) 16 sq. units (d) 2567 sq. units
Sol. (a) It is similar to q. no. 8, -
: Solve yourself
27. Area of the region in the first quadrant enclosed by the x-axis, the line y =x
and the circle x° +* =32 is
(a) 167 sg. units (b) 4mwsg.units  (c) 32mwsg. units (d) 24 sq. units



Sol. (b) We have, y =0, y = x and thecircle £+ y* =3 in the first quadrant

Solving y = x with the circle

Sed=32
= =16
= x=4  (In first quadrant)
Whenx=4,y=4
For point of intersection of circle with the x- B}le,
Puty=0
L. ©40=32
- x=1442
S0, the circle intersects the x-axis at (+4 2 .
From the figure, area of shalled region

47
xdx + ]’2 J@2P -2 dx

[ l [— T +f"~rl Tﬁr
=s+[lﬁ-§_g.ﬁ_,6,ﬂ

=8+ [%n- 8 - 41] = 47 5q. units
28, Area of the region bounded by the curve y = cos x between x = 0 and x = 7 is
{a) 2 sq. units (b) 4 sg. units
{c) 3 sq. units (d} 1 sq. units

A:

=



Sol.

29,

(@) Wehave y=cosx, x=0andx=m
¥

- . =
a7 0 uif%i/jm e

From the figure, area of the shaded region,

&2

x
A =J'|ms x|dx=2 _[ cos xdx = 2sin x| = 2 sq. units
0 b :

The area of the regior bounded by parabola 3* = x and the straight line 2y =x
is

{a) %sq. units (b} I sq. units (c) %5(;. units  {d) %sq. units

. (a) We have y* = x and y=x

Solving, we get ' = 2y
= y=10,2
When y=0,r=0and when y=2,x=4
So, points of intersection are (0, 0y and (4, 2)
Graphs of parabola y* = x and 2y = x are as shown in the following figure.
o
I+

From the figure, area of the shaded region,

gl

4
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30. The area of the region bounded by the curve y = sin x between the ordinates
x=0x= % and the r-axis is
(a) 2sq. units (b} 4sq. units {c) 3sq. units  (d) | sq. units
Sol. (d) We have y=sinx,0=x< %
iy
27

1 e
a2 0 Wx
1+

From the figure, area of the shaded region

2
A= _[ sin xdx
i

=[-cos x]} = —m§+ cos 0 =0+1 =1 sq. units

. a4
31. The area of the region bounded by the ellipse —_ + L _1is

25 16
{a) iﬂ#sq, units (b) 2077 sq. units
(c) 164 5q. units (d) 25mrsq. units

2 3

Sol. {a) We have, ;—2 + :—3 =1, which is ellipse with its axis as coordinate axis.




=3 ) }ﬂ:%a."llj"’!—x1

From the figure, area of the shaded region

A= 4]’ e

lﬁ[ 1,“ .T 'I'—S]ﬂ I—[
2
]:[ﬂ+%sm'!l—{} ﬂ]_l_:l?_%r = 207 5q. units

32. The area of the region bounded by the circle x* + y* = 1 is
(a) 2msq. units (b) msq.units () 3wsq.ounits  (d) 4msq. units
Sol. (b) We have, x° + 37 = 1, which is circle having centre at (0, 0) and radius *1°
=4 y2 sy
= y=4fl- X

From the figure, area of the shaded region

_4j 12— % dx
e ]
= [ﬁ Py’ +—sm"-—]
2 2 b
1l =
=4{0+=-—-0-0
03309
=T 5q. units
33, The area of the region bounded by the curve y = x + | and the lines x =2 and
x=31Is
(a) %5&1. units (b) %sq. units

(3] % 5. units (d) %sq. units



Sol. (a)

From the figure, are of the shaded region,

3 3 3
x 9 4 7 ,
A= Nde=|—+ =|—43-—=2 =—'g.q_|]n[ﬁ
I[I+ ) |:2 I:L |:2 2 :l 2 '

34, Thfareaufﬂwremmbuundadbylhecum.t 2y+3andﬂ1evlmesy |

andy=-11s

{a) 4 sq. units (b) — sq units

{c) 6 sq. units (d) qu units
Sel. (c)

From the figure, are of the shaded region,

1
A= [@y+3dy=[y" +3y], =[1+3-1+3]=6sq. unis
-1 -



