Session 2

Transpose of a Matrix, Symmetric Matrix, Orthogonal
Matrix, Complex Conjugate (or Conjugate) of a Matrix,
Hermitian Matrix, Unitary Matrix, Determinant of a Matrix,
Singular and Non-Singular Matrices,

Transpose of a Matrix

Let A=[a;;1,, x, be any given matrix, then the matrix
obtained by interchanging the rows and columns of A is
called the transpose of A. Transpose of the matrix A is
denoted by A" or AT or A'. In other words, if

AZ[aij]an,thenA'=[aﬁ]nXm.
For example,
2 3 4 50
_O, _ O
If A—DZ 1 4 SD s
g7 5 3 1§X4
2 -2 70
O
-1 5
then A':%’ 0
4 4 30
5 s 1.,

Properties of Transpose Matrices

If A" and B' denote the transpose of A and B respectively,
then

@H)y=A
(ii) (Ax B)'= A"+ B'; A and B are conformable for
matrix addition.
(iii) (kA) = kA'; k is a scalar.
(iv) (AB)' = B' A’; A and B are conformable for matrix
product AB.
In general, (AjA,A5.. A A )=A, A, _ ...
A’y A', A (reversal law for transpose).

Remark
/"= 1, where / is an identity matrix.

-sin 6
cos © H
of O satisfying the equation A" + A=1,.

[¢os ©

Example 19. If A= Qino find the values

Sol. We have, AT + A= 1,

0 Ocos B  sin 9I]+ [¢os® -sinOO_ 0O 0O
H-sin 0 cos GH @in 0 cosB H_ @ 1H
2cos O 0 OO od

O Bo o zeose B iH

O 0059:§:c05%§ O 9:2nnig,n[|l

Symmetric Matrix

A square matrix A=[a i 1, x, is said to be symmetric, if

A'=Ale., a; =aj, i, j.
For example,
@ h gO @ h gO
_ 0 " 0
If A=ch b fothenA'=th b fo
B f cB B f cB
Here, A is symmetric matrix as A" = A.
Note
1. Maximum number of distinct entries in any symmetric matrix

of order nis w

2. For any square matrix Awith real number entries, then A+ A’
is a symmetric matrix.

Proof (A+ A) = A+ (A)= A+ A= A+ A

Skew-Symmetric Matrix

A square matrix A =[a;; ], s said to be skew-symmetric
matrix, if A'=— A, ie. a;; = —aﬁ,D I, j. (the pair of
conjugate elements are additive inverse of each other)
Now, if we puti = j, we have a;; = —a;.

Therefore, 2a; =0 ora; =0, Ui’s.

This means that all the diagonal elements of a
skew-symmetric matrix are zero, but not the converse.



For example,

go h gO
0 ad
If A= 0 h 0 fmthen
Be -f 08
O -h —-gO 00 h gO
P _pd_ O L _
A=th 0 -fg=-gh 0 fo=
B f o8 BGg -f 08
Here, A is skew-symmetric matrix as A" = — A.

Note
1. Trace of a skew-symmetric matrix is always 0.
2. For any square matrix Awith real number entries, then A - A’
is a skew-symmetric matrix.

Proof (A-A)=A-(A)= A- A=—(A-A")

3. Every square matrix can be uniquely expressed as the sum of
a symmetric and a skew-symmetric matrix.

i.e. If Ais a square matrix, then we can write
a=loas ay e Loa-a
2 2

Example 20. The square matrix A = (a1« Given

b.yaij =(i _j)n’
skew-symmetric matrices according as n is even or
odd, respectively.

Sol. s a; =(i = j) =(-1)" (j —i)°

show that A is symmetric and

[u i » 1 is even integer

=(-1)"aq. =
(71" a; B—aﬁ,n is odd integer

Hence, A is symmetric if n is even and skew-symmetric if
n is odd integer.

Example 21. Express A as the sum of a symmetric

03 50
and a skew-symmetric matrix, where A =
11 2

Sol. We have,
_us -1

= then A’ =
T Be“ B 2
106 40_03 20

1 L1 o
Let P—2(A+A) 2@ 45 E ZB 14

1
Thus, P==(A + A')is a symmetric matrix.
2

100 60_[00 30
T2Hs o B o
-30_ 00 30

Then, 0= "G, o0

Thus,

Also, let Q = %(A -

Q= E(A — A'")is a skew-symmetric matrix.

3 ZD o 3D 13 50
NowPrO=G i Rs oF H A7

Hence, A is represented as the sum of a symmetric and a
skew-symmetric matrix.

Properties of Symmetric and
Skew-Symmetric Matrices

(i) If A be a square matrix, then AA" and A" A are
symmetric matrices.

(if) All positive integral powers of a symmetric matrix are
symmetric, because

(") = (A)"

(iii) All positive odd integral powers of a skew-symmetric
matrix are skew-symmetric and positive even integral
powers of a skew-symmetric matrix are symmetric,

(A7) =(4')"

(iv) If A be a symmetric matrix and B be a square matrix
of order that of A,then —A, kA, A", A™', A" and B' AB
are also symmetric matrices, where n JN and k is a
scalar.

because

(v) If A be a skew-symmetric matrix, then
(a) A*" is a symmetric matrix for n JN.
(b) A" *isa skew-symmetric matrix for n [IN.
(c) kA is a skew-symmetric matrix, where k is scalar.
(d) B' AB is also skew-symmetric matrix, where B is
a square matrix of order that of A.
(vi) If A and B are two symmetric matrices, then
(a) A £ B, AB + BA are symmetric matrices.
(b) AB — BA is a skew-symmetric matrix
(c) AB is a symmetric matrix, iff AB = BA
(where A and B are square matrices of same order)
(vii) If A and B are two skew-symmetric matrices, then
(a) A £ B, AB — BA are skew-symmetric matrices.
(b) AB + BA is a symmetric matrix.
(where A and B are square matrices of same order)
(viii) If A be a skew-symmetric matrix and C is a column
matrix, then C'AC is a zero matrix, where C'AC is
conformable.

Orthogonal Matrix

A square matrix A is said to be orthogonal matrix, iff
AA' = I, where Iis an identity matrix.

Note
1. IfAA =/ then A7 = A
2. If Aand Bare orthogonal, then AB s also orthogonal.
3. If Ais orthogonal, then A™" and 4’ are also orthogonal.



M 2 yO
Example 22. If% B -y BIS orthogonal, then find
& $ vE
the value of 2a? +6B2 +3y?.
o 28 yO O o aof
- O - _pd
Sol. LetA—%( B -vp then A %B B B
O B -v vQ
Since, A is orthogonal.
O AA'=1
O 28 yOomw o oQ O 0 00
—yU _pl= O
O g B vy B B4 1oy
B B vEly -v v8 B 015
Dip? +y* 2@ -y 2f+y 0 O 0 o0
0 Dsz_yz a2+|32 +y2 o? _|32 _yzD:% 1 Og
%282 +y2 GZ_BZ _y2 a +BZ +VE @ 0 1@
Equating the corresponding elements, we get
4B% +y* =1 ()
2% -y? =0 (i)
and a? +B% +y* =1 ...(iii)
From Egs. (i) and (ii), we get
2 _1 2 _1
== d =_
p*=_andy =2
From Eq. (iii),
1 1 _1
a?=1-pB* -y* =1 - -~ =
P Y 6 3 2
) ) 1 1 1
Hence, 2a? +6B% +3y? =2 x= 46X = +3 x = =3
2 6 3
Aliter
The rows of matrix A are unit orthogonal vectors
RIR,=0 0 262 -y* =0 O 2B% = y? ()
§2E§3:0 Oa *B %y 2=0 OB %% 2= % . (i)
and R, R, =1 0a *B 2y =1 .. (i)

From Egs. (i), (ii) and (iii) we get

Bz = andy
O 20% +63? +3y?
o 2 20
Example 23. If A= % 1 BIS a matrix

[ 2 b
satisfying AA' =915, find the value of |a|+|b|.

Sol. Since, AA' =91,

02 200 2 a0 0O 0 00

_, 0 O_ 0

0 % 1 ZD% 20 9% 107
@ 2 bEm@ -2 bg B 0 15

9 0 a+2b+40

O
OoOonO

0o 0 od
0 9 2a=2b+20= 10 9 00
@+2b+4 2a-2b+2 a° +b° +4g M 0 99
Equating the corresponding elements, we get

a+2b+4 =0 (@)

2a-2b+2=0 ..(ii)
and a> +b* +4=9 ..(iid)
From Eqs. (i) and (ii), we get

a=-2andb=-1

Hence, |a| +|b| =|2| +| -1 =2 +1 =3

Complex Conjugate
(or Conjugate) of a Matrix

If a matrix A is having complex numbers as its elements,
the matrix obtained from A by replacing each element of A

by its conjugate (a £ ib =a F ib, where i = V-1 ) is called

the conjugate of matrix A and is denoted by A.

2+5i 3-—i 7 O
For example, If A = E—Zi 6+i 7 —SiSWhereiZ\m,
Hi-i 3  6i O
2-5i 3+i 7 0O
- _0,. . .0
then A—DZI 6—i 7+51D
Hi+i 3 —6i
Note

If all elements of A are real, then A = A.

Properties of Complex Conjugate
of a Matrix

If A and B are two matrices of same order, then
(i) (A)=A
(ii) (M) = A +B, where A and B being conformable for
addition.
(iii) (kA) =k A, where k is real.
(iv) (E) = A B, where A and B being conformable for

multiplication.



Conjugate Transpose of a Matrix

The conjugate of the transpose of a matrix A is called the
conjugate transpose of A and is denoted by Aie.
A% = Conjugate of A" =(A")

For example,

2+4i 3 5-9i0
It A:B4 5+2i 3ig
B2 -5 4-if
Wherei:\/jl,
o-4i 4 20
then Aez(i'):g 3 5-2i —sg
B+9i —3i 4+if

Properties of Transpose Conjugate Matrix
If A and B are two matrices of same order, then
(i) (A)=(4) (i) (A%)° =A
(iii) (A + B)e =A® +BY where Aand B being
conformable for addition.
(iv) (kA) ® =k A® where k is real.

(v) (AB) ® =B%A® where Aand B being conformable for
multiplication

Hermitian Matrix

A square matrix A =[a;; ],,is said to be hermitian, if

A® =Aie,a; =aj, Ui, j. If we put j =i, we have a;; =;,~i
O a;; is purely real for all i’s.

This means that all the diagonal elements of a hermitian
matrix must be purely real.

For example,

0 a A+ B+ied
It Azg\—iu B x+iyg
B-ip x-iy vy O
where 0,3, Y, A\, 1, 0,@x,y DR and i = ﬁ, then
O a A—iu B -ipO
A'=§\+ip B x—iyg
B+ip x+iy vy O
0 a A+ 0 +ipQ
0 A":(I):é\—m B x+iyE=A
B-ip x-iy vy O

Here, A is hermitian matrix as A% = A,

Note

For any square matrix Awith complex number entries, then

A+ A%is a Hermitian matrix.
Proof (A+ A%)8 =% + (490 =% + A=A + A8

Skew-Hermitian Matrix

A square matrix A=[a;; ], is said to be skew-hermitian

matrix. If A® = —A,le.a; =—ay, i, j. If we put j =i, we
have a;; = —E,—,— Ua; +E,—,— =00 a, is purely imaginary

for all i’s. This means that all the diagonal elements of a
skew-hermitian matrix must be purely imaginary or zero.

For example,

2i -2 -3 -2 +il]
It A:%—Si ~i 3 gwherei:ﬁ,
02 +i 3i 0 g
0 2i  2-3i 2+i[
0, 4 _ . 0
then A—DZ 3i i 3i 0
g-2+i 3i 0 g
O-2i 2+3i 2-i
0 _ i — L . . a0
0 A —(A)—D2+31 i 31D
g-2-i —3i 0 g
2i -2-3i -2 +i[]
=—2-3i =i 3i B=—A
F2+i  3i 0 g

Hence, A is skew-hermitian matrix.

Note

1. For any square matrix Awith complex number entries, then
A= A% is a skew-hermitian matrix.

Proof (A- A%)® = (4% —(A%® =A% - A=-(4A-4%

2. Every square matrix (with complex elements) can be uniquely
expressed as the sum of a hermitian and a skew-hermitian
matrix i.e.

If Ais a square matrix, then we can write

A=Lias a0y + a0
2 2

Example 24. Express A as the sum of a hermitian

and a skew-hermitian matrix, where
2+3i 70,

A0 2/8':ﬁ'

+3i 7 — @230 1+i
SOI.VVehalve,A:B : D,thenAe:(A'):IB ! i
Hi-i 2] H7  -2iH
0 i0
- 2 4+l
4 8+
Let P=2(A+a% =10 = 2p=pe
E_ 0 B _F 0
72 °H



1
Thus, P = — (A + A®)is a hermitian matrix.
2

6i  6-i
Also,let 0 =2(a—-a% =100 =
2 2He-i 4if
o . i oo, i
_ D 3i S_ED D_3l -3 +§D 0
=0 0o -Q

0=
—2i H

3-1 z:‘D:_ +2
7°72 Y H B

1
Thus, Q = 5 (A - A%)is a skew-hermitian matrix.

Bz 4+ig 531 3—%

Now, P+Q =g ‘ot o ’g
-— 0 3—— 20

: ~0fd i

R+3i 70
= = A
H-i 2iH
Hence, A is represented as the sum of a hermitian and a
skew-hermitian matrix.

Properties of Hermitian and
Skew-Hermitian Matrices

(i) If A be a square matrix, then AA® and A% A are
hermitian matrices.
(ii) If A is a hermitian matrix, then
(a) iA is skew-hermitian matrix, where i =4/ —1.
(b) iff A is hermitian matrix.
(¢) kA is hermitian matrix, where k CIR.
(iii) If A is a skew-hermitian matrix, then
(a) iA is hermitian matrix, where i =~/ —1.
(b) iff A is skew-hermitian matrix.
(c) kA is skew-hermitian matrix, where k OJR.
(iv) If A and B are hermitian matrices of same order, then
(a) k; A +k,Bis also hermitian, where k,, k, JR.
(b) ABis also hermitian, if AB = BA.
(c) AB + BA is a hermitian matrix.
(d) AB — BA is a skew-hermitian matrix.

(v) If A and B are skew-hermitian matrices of same order,
then k; A +k, B is also skew-hermitian matrix.

Unitary Matrix

A square matrix A is said to be unitary matrix iff AA® =1,
where I is an identity matrix.
Note
1. 1f AR =/ then A7 = A°

2. If Aand Bare unitary, then ABis also unitary.
3. If Ais unitary, then A™" and A’ are also unitary.

Example 25. Verify that th tri 1 g1 g
. verl a e matrix —— i IS
P y \/gH_I _15

unitary, where j = /-1,

_ 101 1+i0
SOLLetA_\EB—i _1H,then
A0 (e L O 1+
WTEH- f
. 0o 101 1+i0 1 01 1+
35—1 —1Hx\/§a—l —15

Hence, A is unitary matrix.

Determinant of a Matrix

Let A be a square matrix, then the determinant formed by
the elements of A without changing their respective
positions is called the determinant of A and is denoted by
det Aor|A|

L, a, as0] a, a, a,
ie.fA=h, b, bygthen|A|=|b, b, by
B, ¢ ¢ €1 € C3

Properties of the Determinant
of a Matrix
If A and B are square matrices of same order, then
(i) | Al exists < A is a square matrix.
(i) | 4| =| A
(iii) | AB| =] A|| B|and | AB| =| BA|
(iv) If A is orthogonal matrix, then| A| = %1
(v) If Ais skew-symmetric matrix of odd order, then
|A|=0
(vi) If A is skew-symmetric matrix of even order, then | A|
is a perfect square.

(vii) |[kA| =k"| A|, where n is order of A and k is scalar.
(viii)) A" | =| A|", where n (N

(ix) If A =diag(a,,a,,as,,...,
|Al=a, W&, lay...q,

a,), then

Example 26. If A, B and C are square matrices of
order n and det(A) =2, det(B) = 3 and det(C) = 5, then
find the value of 10det (A°B2C7").

Sol. Given, |A| =2, |B| =3 and |C| =5.
Now, 10det(A* B°C™") =10 x|A* B*C7|



=10 x|A°| x|B*| x[CT'|=10 x|A[* X|B[* x|C|™
_ 10X |AP x|B*| _10%x2° x3?

=144
IC]
@ b cO
Example 27.IfA=%) c agabc:L ATA =1, then
€ a b{
find the value of a® +b° +c°.
Sol. - ATA=1
u |ATAl=|1] O |AT||Al=1
N lAllA] =1 [-]AT[=|A]]
O |A]==%1
a b ¢
0 b ¢ a|l=%1
c a b
O 3abe —(a® +b® +c%) = +1
or 3—(a® +b® +c?)=+#1 [mabc =1]
or @+ +¢® =3+1=20r4

Singular and Non-Singular
Matrices

A square matrix A is said to be a singular, if| A| =0 and a
square matrix A is said to be non-singular, if| A| # 0.

For example,

o1 2 30
(i) A= B—l 0 2 Bis a singular matrix.
H2 4 60
Since, |A| =0.

2 30
(i) A= is a non-singular matrix.
B sH

Since,

A|=10 —12 = =2 %0

Example 28. If w #1is a complex cube root of unity,
then prove that

|j+ 20)2017 + (1)20]8 u)2018
B 1 1+ w2018 +2 w2017
H w2017 w2018
1 U
W Bis singular.
2 +w2017 +2 w2018 E

H+2w2017 +w2018 (D2018
O
Sol. Let A = 1 1+ w28 + 2"
H (A)2017 (1)2018
1 O
w17 B
2 +(L)2017 +2(*)201SD
w =1 0w *7
and  w?*® = &’ then
4 +20+ of 1 O
A—[| 1 1+w? +2 =
=0 W W w 0
H o W’ 2+ w+zd5
b «* 10
O O
=4 o g [c1+w+ of =0]
b o -of
®w o 1 w w1
Now, |[A|=]1 ® w(=wl1 1 w [=0
w W -—w W W -w
[ C,=C,]
Thus, |A| =0.

Hence, A is singular matrix.

Example 29. Find the real values of x for which the

x+1 3 5 0
matrixg1 x+3 5 gis non-singular.

g1 3 x+5(g
G+1 3 5 0
SOI.LetAZBl x+3 5 g
g1 3 x+50

x+1 3 5

O |Al=| 1 x+3 5

1 3 x+5

Applying C; - C, + C, +C,, then

x+9 3 5
[A|=|x+9 x+3 5
x+9 3 x +5

Applying R, - R, = R and R; - R, — R, then

x+9 3 5
Al=] 0 x 0 |=x%x+9)
0 0 - x
A is non-singular.
O |[A|20 O x*x+9)#0

O x#0,—9
Hence, x OR- {0 9}



Exercise for Session 2

04 x+20 . .
1 IfA= is symmetric, then x is equal to
%x -3 x+ 1%
(@2 (b) 3
(c)4 (d)5
2 IfAandBare symmetric matrices, then ABA is
(a) symmetric matrix (b) skew-symmetric matrix
(c) diagonal matrix (d) scalar matrix
3 If Aand B are symmetric matrices of the same order and P = AB + BAand Q = AB - BA, then (PQ) is equal to
(a)PQ (b)QP
(c)-QP (d) None of these
4 IfAisa skew-symmetric matrix and n is odd positive integer, then A” is
(a) a skew-symmetric matrix (b) a symmetric matrix
(c) a diagonal matrix (d) None of these

5 IfAis symmetric as well as skew-symmetric matrix, then A is

(a) diagonal matrix (b) null matrix
(c) triangular matrix (d) None of these
6 If Ais square matrix order 3, then|(A - A" Y?°"9is
(@) 1Al (b) |A|
(c)0 (d) None of these
7 The maximum number of different elements required to form a symmetric matrix of order 6 is
(@) 15 (b) 17
(c) 19 (d) 21

8 If Aand B are square matrices of order 3 x 3 such that A is an orthogonal matrix and B is a skew-symmetric
matrix, then which of the following statement is true?

(a)|AB| =1 (b) |1AB|=0
(c) |AB|= -1 (d) None of these
i 1-2i
9 The matrix A= Eﬂ i o E wherei =+/-1, is
(a) symmetric (b) skew-symmetric
(c) hermitian (d) skew-hermitian

710 If Aand B are square matrices of same order such that A" = Aand B" = B, where A'denotes the conjugate
transpose of A, then (AB —BA)* is equal to

(a) null matrix (b) AB-BA
(c)BA- AB (d) None of these
101 i0
11 ifmatrix A= — i =+/—1is unitary matrix, a is equal to
ZHi a Y |
(a)2 (b) =1
(©)0 (d) 1
12 If Ais a3 x 3 matrix and det (3A) = k {det(A)} , k is equal to
(@9 (b) 6
(c)1 (d) 27

13 If Aand B are square matrices of order 3 such that| Al = —1,|B| =3, then [3AB]| is equal to
(@)-9 (b) - 81
(c)-27 (d) 81



14

15

16

17

18

19

If Ais a square matrix such that A% = A, then det(A)is equal to
(@)0or1 (b)—2o0r2
(c)-3o0r3 (d) None of these

If I is a unit matrix of order 10, the determinant of / is equal to
(a)10 (b) 1

1
(c) 0 (d)9

- - D [
If A = 2 ) 3 . then z det(A;)is equal to
%_' 27Q i=

3 5
a) > b) >
( )4 ( )24
5 7
c)= d)
( )4 ( )144
B-x 2 2 0
The number of values of x for which the matrix A :B 2 4 - x 1 Bis singular, is
-2 -4  -1-x3

(a)0 (b) 1
(c)2 (d)3
O3 -1+ x 2 0
The number of values of x in the closed interval [- 4, — 1], the matrix B 3 -1 X + 2gis singular, is
B +3 -1 2 g
(@0 (b) 1
(c)2 (d)3
Fx x 20
The values of x for which the given matrix B 2 X -X Bwill be non-singular are
Bx -2 -xA
(@)-2<x<2 (b) for all x other than 2 and - 2
(c)x=2 (dyxs-2



Exercise for Session 2

1. (d) 2. (a) 3. (c)
7. (d) 8. (b) 9. (d)
13. (b) 14. (a) 15. (b)

19. (b)

4. (a)
10. (¢)
16. (b)

5.(b)
11. (b)
17.(¢)

Answers

6. (c)
12. (d)
18. (b)
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