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Theory of Equations



Session 1

Polynomial in One Variable, Identity, Linear Equation,
Quadratic Equations, Standard Quadratic Equation

Polynomial in One Variable

An algebraic expression containing many terms of the
form cx", nbeing a non-negative integer is called a
polynomial,

. -1 -2
ie., f(x)=ay-x" +a; - x"" +a,-x"
.. +a,_,-x+a,,

where x is a variable, a,, a;, a,, ..., a, are constants and
a, #0.

1. Real Polynomial

Leta,,a,,a,,...,a, be real numbers and x is a real variable.

Then,

f(x)=ay-x" +a;-x"" -l

"4a, x" P+, +a,_, x+a,

is called a real polynomial of real variable (x) with real
coefficients.

For example, 5x% —3x%2 +7x —4,x? —3x +1, etc., are real

polynomials.

2. Complex Polynomial

Letay,a;,a,,...,a, are complex numbers and x is a
varying complex number.

Then f(x)=ay x"+a;- x" ' +a,- x" *+..+a,_;- x+a,

is called a complex polynomial or a polynomial of complex
variable with complex coefficients.

For example, x> —7ix® +(3 —2i)x +13,3x% —(2 +3i)x +5i,
etc. (where i =+/—1) are complex polynomials.

3. Rational Expression

or Rational Function

P(x)

An expression of the form % where P (x) and Q (x)

O(x
are polynomials in x, is called a rational expression. As a
P(x)

Q(x)

particular case when Q(x) is a non-zero constant,

reduces to a polynomial.

Thus, every polynomial is a rational expression but a
rational expression may or may not be a polynomial.
For example,

(i) x* —7x +8 (ii) 3
X —
L x0 —6x° +11x —6 . 3 x*+3
(iii) (iv) x + —or
(x —4) x x

4. Degree of Polynomial

The highest power of variable (x ) present in the
polynomial is called the degree of the polynomial.

For example, f(x)=ay-x" +a; -x" ' +a, - x""*

+...4+a,_; - x +a, is a polynomial in x of degree n.

Remark

A polynomial of degree one is generally called a linear
polynomial. Polynomials of degree 2, 3, 4 and b are known as
quadratic, cubic, biquadratic and pentic polynomials,
respectively.

5. Polynomial Equation

If f(x) is a polynomial, real or complex, then f(x) =0 is
called a polynomial equation.

(i) A polynomial equation has atleast one root.

(ii) A polynomial equation of degree n has n roots.

Remarks

1. A polynomial equation of degree one is called a linear
equationie. ax + b =0, wherea b €C, set of all complex
numbers and a# 0.

2. A polynomial equation of degree two is called a quadratic
equation ie. ax’ + bx + c,wherea b, ¢ € Cand a#0.

3. A polynomial equation of degree three is called a cubic
equation ie. ax®+ bx’+ cx+ d =0, wherea b, ¢, d € Cand
a#0.

4. A polynomial equation of degree four is called a biquadratic
equation ie., ax’ + bx® + cx? + dx + e=0, where

abc deeCanda=#0.

5. A polynomial equation of degree five is called a pentic
equationie. ax® + bx* + cox®+ dx? + ex + f =0, where
abcdefeCanda=#0.



6. Roots of an Equation

The values of the variable for which an equation is
satisfied are called the roots of the equation.

If x = o is a root of the equation f(x) =0, then f(ct) =0.

Remark

The real roots of an equation f(x) = 0 are the values of x, where
the curve y = f(x) crosses X-axis.

7. Solution Set

The set of all roots of an equation in a given domain is
called the solution set of the equation.

For example, The roots of the equation

x% —2x% —=5x +6 =0 are 1, — 2,3, the solution set is

{1,-2,3}.

Remark

Solve or solving an equation means finding its solution set or
obtaining all its roots.

|dentity

If two expressions are equal for all values of x, then the
statement of equality between the two expressions is
called an identity.

For example, (x +1)* = x* +2x +1is an identity in x.

or
If f(x) =0 is satisfied by every value of x in the domain of
f(x), then it is called an identity.
For example, f(x) =(x +1)* —(x* +2x +1) =01is an
identity in the domain C, as it is satisfied by every
complex number.

or
If f(x)=ay-x"+a, -x"" ' +a,-x
+...4+a,_; - x +a, =0have more than n distinct roots, it
is an identity, then

ayg=a; =4y =...=a,_1 =a, =0

n-—2

For example, If ax® + bx + ¢ =0 is satisfied by more than

two values of x, thena=b=c=0.
or

In an identity in x coefficients of similar powers of x on
the two sides are equal.
For example, Ifax® +bx> +cx? +dx +e

=5x% —3x3 +4x% —=7x -9 bean identity in x, then
a=5b=-3,c=4,d=-7,e=-09.

Thus, an identity in x satisfied by all values of x, where as

an equation in x is satisfied by some particular values of x.

Example 1. If equation

(A = 5A+6)x* + (A* = 3A+2)x+ (A’ —4)=0is
satisfied by more than two values of x, find the
parameter A.

Sol. If an equation of degree two is satisfied by more than two
values of unknown, then it must be an identity. Then, we
must have

AN =50 +6=01 3L +2=0,A>-4=0
= A=2,3and A=2,1and A=2,-2
Common value of A which satisfies each condition is A = 2.

Example 2. Show that
(x+b)(x+c) (x+c)(x+a)

b-a)c-a) (c-b)a=b)"

is an identity.
Sol. Given relation is

(x+Db)(x+c)

(b—a)(c—a)

(x+c¢)(x+a)
(c—b)(a-b)

(x+a)(x+b)_
(a-c)(b-c)
(b-a)(c - a)

When x = —g,then LHS of Eq. i) =——— =1
(b—a)(c—a)

Q)

=RHS of Eq. (i)
When x = — b, then LHS of Eq. (i)

_(c—b)(a—b)= _ .
_7(c—b)(a—b) 1=RHS of Eq. (i)
and when x = — ¢, then LHS of Eq. (i)=w=l
(a=c)(b-c)

= RHS of Eq. (i).
Thus, highest power of x occurring in relation of Eq. (i) is 2
and this relation is satisfied by three distinct values of
x (= —a, — b, —c). Therefore, it cannot be an equation and
hence it is an identity.
Example 3. Show that x* - 3| x|+2=0is an
equation.
Sol. Put x =0in x* —3|x|+2=0
= 0> =3[0/ +2=2#0
Since, the relation x* — 3| x| + 2 = 0 is not satisfied by x = 0.
Hence, it is an equation.

Linear Equation

An equation of the form
ax +b=0 (1)
where a,be R and a #0, is a linear equation.

Eq. (i) has an unique root equal to — k
a



.oox (3x -1 X
Example 4. Solve the equation 2+( c ) -
SOI.Wehave,£+m:1—£
2 6 2
X X X 1
or —+ —+—=1+ -
2 2 2 6
3x 7
or =
2 6
7
or X =—
9

Example 5. Solve the equation (a - 3)x+5=a+2.

Sol. Case I For a # 3, this equation is linear, then
(a=3)x=(a—-3)

-3
xz(a )zl
(a—3)
Casell Fora=3,
0-x+5=3+2
= 5=5

Therefore, any real number is its solution.

Quadratic Equations

An equation in which the highest power of the unknown
quantity is 2, is called a quadratic equation.

Quadratic equations are of two types :

1. Purely Quadratic Equation

A quadratic equation in which the term containing the
first degree of the unknown quantity is absent, is called a
purely quadratic equation.

ie., ax’ +c= 0,

where a,ce Cand a #0.

2. Adfected Quadratic Equation

A quadratic equation in which it contains the terms of
first as well as second degrees of the unknown quantity, is
called an adfected (or complete) quadratic equation.

ie., ax® +bx +c=0,

where a,b,ce Cand a #0,b #0.

Standard Quadratic Equation

An equation of the form

ax® +bx +¢c=0 ..()
where a, b, c € C and a #0, is called a standard quadratic
equation.

The numbers a, b, ¢ are called the coefficients of this
equation.

A root of the quadratic Eq. (i) is a complex number o, such

that a0 + boL + ¢ =0. Recall that D = b? — 4ac is the

discriminant of the Eq. (i) and its roots are given by the
following formula.

~b+D
x="22V2

; Shridharacharya method]
a

Nature of Roots

1. If a,b,c€ Rand a #0, then
(i) If D <0, then Eq. (i) has non-real complex roots.
(if) If D >0, then Eq. (i) has real and distinct roots,
namely
~-b+~D ~-b-~D
= , Xy = and then
2a 2a

X1

...(id)
(iii) If D =0, then Eq. (i) has real and equal roots, then

ax® +bx +c=a(x —x;)(x - x,).

x; =x, =—— and then
2a

ax® +bx +c=a(x — x,)°.
..(iii)
To represent the quadratic ax® + bx + ¢ in form
Egs. (ii) or (iii), is to expand it into linear factors.
(iv) If D 20, then Eq. (i) has real roots.
(v) If D; and D, be the discriminants of two
quadratic equations, then
(a) If D; + D, >0, then
o atleast one of D; and D, >0.
e if D, <0, then D, >0 and if D; >0, then
D, <.
(b)If D, + D, <0, then
e atleast one of D; and D, <0.
e If D, <0, then D, >0 and if D; >0, then
D, <o.

2.Ifa,b,ce Q and D is a perfect square of a rational
number, the roots are rational and in case it is not a
perfect square, the roots are irrational.

3.Ifa,b,c € Rand p + iq is one root of Eq. (i) (g #0),
then the other must be the conjugate (p —iq) and
vice-versa (where, p,ge Rand i = le)

4.Ifa,b,ce Qand p + \/5 is one root of Eq. (i), then the
other must be the conjugate p — \/E and vice-versa
(where, p is a rational and \/a is a surd).

5. Ifa=1and b, c € I and the roots of Eq. (i) are rational
numbers, these roots must be integers.



6.Ifa+b+c=0andaq,b, c are rational, 1 is a root of the
Eq. (i) and roots of the Eq. (i) are rational.

7.a% + b + ¢ —ab—bc—caz1
2

{(a=b)* +(b—-c)* +(c —a)’}
=—{la=-b)(b-c)+(b-c)(c—a)+(c—a)(a—D)}

Example 6. Find all values of the parameter a for
which the quadratic equation

(@+1)x*+2(a+1)x+a-2=0

(i) has two distinct roots.

(ii) has no roots.

(iii) has two equal roots.

Sol. By the hypothesis, this equation is quadratic and therefore

a # —1 and the discriminant of this equation,
D=4(a+1)*-4(a+1)(a-2)

=4(a+1)(a+1-a+2)
=12(a+1)

(i) For a > (—1), then D > 0, this equation has two distinct
roots.

(if) For a <(—1), then D <0, this equation has no roots.
(iii) This equation cannot have two equal roots. Since,
D =0 only for a = — 1 and this contradicts the
hypothesis.
Example 7. Solve for x,
(5+246) 2+ (5-246) ~* =10.
Sol. - (5+2v6) (5 - 246) =1
1
(5 +2v6)

(5+246)" 73 +(5-2v6)" "% =10

(5-2v6) =

2

x“=3
! =10
5+ 246

Put (5+246)" 3 =, then t + + = 10
t

2
reducesto (5+2+/6)° 2 + (

= 2 =10t +1=0

tlei,/(;00—4):(5i2\/g)

or

= (5+2v6)" 7% = (5 £ 2J6) = (5 + 24/6)*!
x?-3=%1

= x? =3=1orx?-3=-1

= xi=4do0r x*=2

Hence, x=%2, i\/E

Example 8. show that if p,q,rand s are real numbers
and pr =2(g+s), then atleast one of the equations
x?+px+qg=0and x* +rx+s =0 has real roots.
Sol. Let D, and D, be the discriminants of the given equations
x? 4+ px+q=0 and x* + rx + s = 0, respectively.
Now, D, + D, = p> —4q+r? —4s = p* +r? —4(q +5s)
[given, pr =2(q + s)]
[ p and q are real]

= p2 +r? - 2pr
=(p-r) 20
or D,+D, =20
Hence, atleast one of the equations x* + px + ¢ = 0 and
x? + rx + s = 0 has real roots.

Example 9. If o, B are the roots of the equation
(x —a)(x —=b)=c,c #0. Find the roots of the
equation (x —o.) (x —B)+c=0.

Sol. Since, o, § are the roots of
(x—a)(x=b)=c

or (x—a)(x—b)—c=0,
Then (x—a)(x=b)—c=(x—-0a)(x—-P)
= (x—a)(x=PB)+c=(x—a)(x—b)

Hence, roots of (x — o) (x —pP)+ c =0areaq, b.

Example 10. Find all roots of the equation
x* +2x3 —16x% —22x+7 =0, if one root is 2+ /3.

Sol. All coefficients are real, irrational roots will occur in
conjugate pairs.
Hence, another root is 2 — /3.
.. Product of these roots = (x — 2 — \/5)(x -2+ \@)
=(x-2%-3=x"—4x+1
On dividing x* + 2x° — 16x* — 22x + 7 by x* — 4x + 1, then
the other quadratic factor is x* + 6x + 7.
Then, the given equation reduce in the form
(x2 —4x+1)(x*+6x+7)=0
x*+6x+7=0
= (0EN30728 Vz“‘zg =342
Hence, the other roots are 2 — \/g, —3+42.

Then,

Relation between Roots
and Coefficients

1. Relation between roots and coefficients of
quadratic equation If roots of the equation
ax® +bx + ¢ =0(a #0) be real and distinct and o <f3,
~b+D gb- JD

theno = ,
2a 2a




(i) Sum of roots

—S=q +p=— 2 = Coefficient of x
a

Coefficient of x* .

(ii) Product of roots

c Constant term

a Coefficient of xz.

(iii) Difference of roots
-D'=a—-P= VD _ VDiscriminant '
a  Coefficient of x*

2. Formation of an equation with given roots
A quadratic equation whose roots are o and 3, is
given by (x —a) (x =) =0or x* — (a0 +B)x +af =0
i.e. x* — (Sum of roots) x + Product of roots =0
x? =Sx + P =0.

3. Symmetric function of roots A function of o and
B is said to be symmetric function, if it remains
unchanged, when o and f are interchanged.

For example, o.® +30.° B+30f® +P° is a symmetric
function of o and B, whereas o> —B* +50f is not a

symmetric function of o and 3. In order to find the
value of a symmetric function in terms of o +f3, of3
and o, — B and also in terms of a, b and c.

(i) o +p* =(o +B)* —2aP

=[_b)2 _z(c) _b* —2ac

a a a?

(i) o® =B* =(o +B) (o —P)
:(_b)(@)z_bﬁ

a

(iii) o +B° =(a +B)° =30 (a0 +P)

-(-4) _3(c)(_b):_(b3—zabc}
(iv) o =B* =(a-P)° +3aB (0 —P) a
(ﬁ) o) )50

a a

a

(V) 0(‘4 +B4 =(O(2 +BZ)2 —20(2 BZ

2

_Lbz —2acJ —2(0)2 _b* +24°c® - dach’

2 P 4 :
a a a

(vi) ot =B* =(a® +B?) (a® - p?)
__bJD(b* -2ac)

a

(vii) o® +B° =(a? +p?) (@ +B>) —a? pX(o +P)

_[ b* —2ac | _(b* —3abc) _cz(_b)
a* a’ a* a

_ —(b® —5ab’c +5a°bc?)

5
a

(viii) o® —B° =(a? +B%) (&> —B*) +a? p*(ct - B)

_ b* —2ac \/B(D +3ac) +(CT @
a’ a’ a a
_ \/B(b4 —3ach® +3a°c?

5
a

Example 11. If one root of the equation
x? —ix—(1+1i)=0, (i =+/-1)is 1+, find the other root.
Sol. All coefficients of the given equation are not real, then
other root #1 —i.
Let other root be o, then sum of roots = i
ie. 1+i+o=i = o=(-1)
Hence, the other root is (—1).

Example 12. If one root\%f the equation
9++/5
x* =/5x-19=0is

. then find the other root.

Sol. All coefficients of the given equation are not rational,

9 —A/5
then other root # ;f .
Let other root be o, sum of roots = J5
9 +4/5 -9 +4/5
B 5 = a= &
2 2
. =9 +4/5
Hence, other root is f
2

Example 13. If the difference between the
corresponding roots of the equations x* +ax+b =0

and x2 +bx+a=0(a#b)is the same, find the value
of a+b.
Sol. Let o, B be the roots of x? + ax + b=0and v, § be the

roots of x? + bx + a =0, then given

o-P=y-95
2 2
- \/a ;417 _ \/b I4a |—'~'O‘_B:\/aﬁ}
= a* —4b=1b" - 4a
= (@ -)+4a-b)=0 = (a—-b)(a+b+4)=0
a-b#0

a+b+4=0 or a+b=-4.



Example 14.1f a+b+c=0and g,b, c are rational.
Prove that the roots of the equation
b+c—-a)x*+(c+a-b)x+(a+b-c)=0
are rational.
Sol. Given equation is
(b+c—-a)x*+(c+a—-b)x+(a+b—-c)=0 (1)

“(+tc—-a)+(c+a-b)+(a+b-c)=a+b+c=0
.~ x = lis aroot of Eq. (i), let other root of Eq. (i) is ., then

+b-
Product of roots = arbv-c
b+c—a
-c—c¢
= 1xo = [ca+b+c=0]
-a—-a
C .
a=- [rational]
a

Hence, both roots of Eq. (i) are rational.

Aliter
Let b+c—-a=Ac+a-b=Ba+b—-c=C
Then, A+B+C=0 [ca+b+c=0]..3i)

Now, Eq. (i) becomes
Ax® +Bx+C =0 ...(iii)
Discriminant of Eq. (iii),
D =B’ -4AC
=(-C - A)* - 4AC
=(C + A)? —4AC

=(C - A)2 =(2a — 20)2

[“A+B+C=0]

= 4(a - c)* = A perfect square

Hence, roots of Eq. (i) are rational.

Example 15. If the roots of equation

ab-c)x*+b(c—a)x+c(a-b)=0

be equal, prove that g,b, c are in HP.

Sol. Given equation is
a(b-c)x* +b(c —a)x +c(a—b)=0 (1)

Here, coefficient of x2 + coefficient of x + constant term = 0
ie., a(b—c)+b(c—a)+cla—b)=0
Then, 1 is a root of Eq. (i).

Since, its roots are equal.
Therefore, its other root will be also equal to 1.

Then, product of roots =1x 1= c(a—b)
a(b—c)
= ab—ac =ca-bc
b= 2ac
a+c

Hence, a, b and ¢ are in HP.

Example 16.If o is a root of 4x* +2x —1=0.
Prove that 40.° — 3 is the other root.

Sol. Let other root is 3,
2 1 1
then a0 +f=-—=--orf=---a ..(i)
4 2 2
and so 40,2 + 20, — 1 = 0, because @ is a root of
4x* +2x —1=0.

Now, P=40°-3a=a(4a’-3)
=a(l-20-3) [“40a®+20-1=0]
==20’-20a
1
=—5(40c2)—20c

1
=_§(1—2(x)—20c [F40?+20 —1=0]

1
:———(X:B
2

Hence, 40.® — 3 o is the other root.

[from Eq. (i)]

Example 17. If o, § are the roots of the equation
A(x? = x)+x+5=0.If A, and A, are two values of A

for which the roots o, are related by g+ B = L;, find
o

the value of }}:12+ }\—1

Sol. The given equation can be written as
AxZ—(A=1)x+5=0

"o, B are the roots of this equation.

OL+B=}\'_landOLB=i
A
But, given « +E—E
B o 5
2 2
- o +p _4
of 5
(A-1° 10
- (+B)-208 _4 52 p_4
of 5 E 5
A
— 2_
= (1) —100 _4 A — 120+ 1= 4\
5A 5
= A2 —16L+1=0

It is a quadratic in A, let roots be A; and A,, then
A+ Ay=16 and A A, =1
Mo hg N ARG (At A) -2,
A, Aihy

_(16)° —2(1) _
e

A A

254



Example 18. If o, B are the roots of the equation = (o +B) (o = B)*{(o +B)* — o}

x? - px+ g =0, find the quadratic equation the roots =p(p® - 4q9)(p* - q)
of which are (@* —p?)(0* -B*)and o *B> + o’ B>. and 0B? +a?B’ = 0 2Bi(a + B)= pq’
Sol. Since, o, B are the roots of x* — px +q=0. S = Sum of roots = p(p2 - 4(])(}72 -q)+ qu
a+B=pap=¢g =p(p" -5p°q +5¢°)
= o-p= \/m P = Product of roots = pq*(p* — 4q) (p* - q)
Now, (0.2 —B2)(a® - B?) .. Required equation is x*=Sx+P=0

— (o +B)(ct = B) (0 — B) (02 + 0f + B?) Le.x® = p(p” =5p7q +5¢")x + p7q"(p” = 4q)(p” —¢q) =0

Exercise for Session 1

1. 1f(@®>-1x2? + (a - )x + a? —4a + 3 =0 be an identity in x, then the value of a is/are
(a)-1 (b) 1 (c)3 (d)-1,1,3
2. The roots of the equation x? + 2/3x + 3=0are
(a) real and unequal (b) rational and equal
(c) irrational and equal (d) irrational and unequal
3. Ifa,b,c € Q then roots of the equation (b + ¢ —2a)x? + (c+a-2b)x +(a+b —2c)=0are
(a) rational (b) non-real (c) irrational (d) equal
4. 1fP(x)=ax? + bx + cand Q(x) = —ax? + dx + ¢, where ac # 0, then P(x) Q (x) =0 has atleast
(a) four real roots (b) two real roots

(c) four imaginary roots  (d) None of these

5. If roots of the equation (q —r)x2 +(r—-p)x +(p—q)=0are equal, then p,q,r are in

(a) AP (b) GP (c) HP (d) AGP
6. If one root of the quadratic equationix? —2(i + 1)x + (2 —i)=0,i =+/—1is 2 — i, the other root is
(a)—i (b)i (c)2+i d2-i
7. If the difference of the roots of x? — Ax + 8 =0 be 2, the value of A is
(a)+ 2 (b) + 4 (c)+ 6 d)+8
8. 1f3p%=5p +2and3q2 =5q +2where p #q, pq is equal to
@2 0)-2 © -
9. Ifa [ are the roots of the quadratic equation x% + bx —c =0, the equation whose roots areb andc, is
(@ x2+ax-B=0 (b) x? — [(c+ B) + oB]x — of (o + B) = 0
(€)x? + [(o.+ B) + aP]x + op(a+P)=0 (d) x2 + [(c+ B) + of]x — ap(o+P)=0

10. Let p.q € {12,3,4}. The number of equations of the form px? + gx + 1=0 having real roots, is
(a) 15 (b)9 (c)8 (d)7
11. If a.and p are the roots of the equation ax? + bx + ¢ =0 (a #0, a, b, ¢ being different), then
(1+ o+ a?)(1+ B + p?)is equal to
(a) zero (b) positive (c) negative (d) None of these



Answers

Exercise for Session 1
1.(b) 2.(¢) 3.(a) 4. (b) 5. (a) 6. (a)
7.(c) 8. (b) 9. (c) 10.(d)  11.(b)
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