| Objectives
=" MATRI C ES After studying the material of this chapter, you should
Capd® be able to :

e Understand the definitions of matrix and types of
matrices.

Understand the conditions for the equality of two
matrices.

Understand the operations on matrices.

Understand the Transpose of a Matrix and Symmetric
& Skew-symmetric matrices.

Understand the definition of Invertible Matrix.

God made integers, all else is Understand to the find inverse of a Matrix by
the work gf man elementary transformations.

—L. Kronecker

In Mathematics., Matrices are most important tools and the knowledge of ' S RER
1ts properties 1s essential in various fields. Matrices are not only being used for

® L ] ] a s - *
mh-'mg the systems ol simultaneous linear equations. Now a days. 1t 18 also CONCEPTS

1-5, 9-10, 13-14, 18-20, 31-34, 4244
* ILLUSTRATIVE EXAMPLES

6, 11, 14-16, 21-25, 34-39, 4546
* EXERCISES & ANSWERS

widely applied in various branches of Sciences. Engineering. Economics.
Industrial management; etc. Physical operations like rotation and reflection
through a plane can also be represented mathematically by matrices.

In this chapter we will study the following concepts : Ex. 3(a) 6-8
. Introduction to Matrices Ex. 3(b) 12-13
«  Types of Matrices Ex. 3(c) 16-17
*  Operations on Matrices Ex. 3(a) 26-30
Transpose of a Matrix g Z(E} :z:::
 Inverse of a Matrix by Elementary Operations. . Revisi.un(?ﬂxercise ——
* HINTS TO SELECTED QUESTIONS
Ex. 3(a) 8
(I) Let us express that “Anil has 8 books.” Ex. 3(b) 13
o exnrece thic ac ; , idea that the rwiitteninside T is Ex. 3(c) 18
We express this as [8] with the 1dea that the number written inside | ] 18
the number of books Anil has. =% dld) 30
Ex. 3(e) 42
(IT) Let us express that “Anil has 8 books and 6 pencils.” ¢ Teviddon Beevelee 58
We express this as [8 6] with the 1dea that first number mside | | 1s the * HOTS
number of books and the second number 1s the number of pencils Anil has. (Higher Order Thinking Skills)
(ILI) Suppose there are three boys Anil, Akram and Manjit. Anil has 8, 16-17, 28-29, 37, 40-41, 45, t;‘?a.
' <¥: ncils, Akre as 4 books and 3 pencils while Manjit has
9 hnul\r% ind -_i puu..llu. Akram has 4 books and 3 pencils while Manjit has + NCERT-FILE
6 books and 5 pencils. Questions from NCERT Book 48-56
Let us express the above statement in the form of a matrix. Questions from NCERT Exemplar
First of all, we express the above information in the tabular form as below : 56-57
Books Pencils * CHECK YOUR UNDERSTANDING
Anil 9 4 -
* CHAPTER SUMMARY 59-60
fﬂh]\lﬁﬂﬂ 4 3 * MCO 60-64
Man;it 6 S * CHAPTER TEST-3 65
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Now. we write this as below :

==

0 4-] — I st row
4 1; —  2nd  row
6 5| - 3rd  row
! &
I st 2nd

column column

We gather the following information from the above display :

(1) The entries n the first, second and third rows represent the objects (books and pencils) possessed by Anil, Akram and
Manjit respectively.

(71) The entries in the first and second columns represent the number of books and pencils respectively.

Thus the entry in the third row and second column represents the number of pencils possessed by Manjit.

Similar 1s the case with other items of the above display.

The arrangement or display of the above kind is called a matrix.

Formally, we have the following definition :

=} Definition

A system of mn-numbers (real or complex) arranged in the form of an ordered set of m horizontal lines (called rows)
and n vertical lines (called columns) is said to be an m x n matrix (1o be read as m by n matrix).
Thus the order of the matrix 1s m x n.

Or

[

Hl Definition

An ordered rectangular array of numbers (or functions) is called a matrix. The numbers (or functions) are called
elements (entries) of the matrix.

We write m X n matrix as :

a, a, a3 ; .. &, .. a

1n

dy) Qg Agg ... 4, 2n

’
ﬂil 'H-.iz aia LER LR ain

m] amz am3 L] Er.".“' L] Emﬂ

where a; € K. when K 1s the number system.
We dt?l]E[E the general element by aj; and the matrix by I{IU] or .b}’ [uU]m x or by [HU]{‘m % %)
The suffixes 7 and j in aj; denote ith row and jth column respecuvely to which the element a;; belongs.
Notations :
Matrices are generally denoted by capital letters of English alphabet viz., A, B, C.....
Elem’enl:; a%*e generu'lly denoted b}f curreapgndmg small letters {?f Engllskll alphabet ViZ. djj hﬂ. Cjjoe
The tollowing notations are used for enclosing the elements which constitute a matrix :
ENGN | N’
In this chapter. we shall use the first two.
Examples :

l 3 35
(1) ConsiderA=12 4 6.
7 9 Il

Clearly A1s 3 X 3 matnx.



Here ay = 1. i.e. the element. which occurs 1n the first row and first column =]
= 3. i.e. the element. which occurs in the first row and second column = 3.
a3 =3, ie. the element, which occurs in the first row and third column = 5.

Similarly, we have :
a,y =2, a5, =4,a,;=6 and ay =7.a;,=9,a;=11.
(2) Consider the following information regarding the number of men and women workers in three factories I, 11 and 111 -

Men Workers Women Workers
/ 25 10
Il 30 11
111 24 7

Represent the above information in the form of a 3 x 2 matrix.
What does the entry in the third row and second column represent !
The given information is represented in the form of a 3 x 2 matrix as below :

25 10
30 11..
24 O

The entry in the third row and second column represents the number of women workers in factory Ill. (Here a5, =7)
(3) Consider the linear equations
2x +3v-5z=4
X+ y+2z=3.
The coefficients of x, y and 7 in the above equations can be expressed in the form of the following matrix :

YN TYPES OF MATRICES

(@) (1) Rectangular Matrix. Any m x n matrix (m # n) is called a rectangular Rectangular Matrix
MBI 1 2 3 » st row
1 2 3. ‘ 2 3 4 » 2nd row
For Example : | | 3 4|84 rectangular matrix of order 2 x 3. - l §
e - 2
1st column
v
2nd column
v
3rd column
Number of rows = 2
Number of columns = 3
(i1) Square Matrix. Anv n x n matrix is called a square matrix of order n (or n-rowed matrix). (Jammu B. 2013)

In this case. the number of rows = the number of columns.

1 2 3 Square Matrix
I : L - .
For Example : ; 1 ; 1$ a square matrix of order 3. 1 2 3 > 1st row
£ = 2 3 4 » 2nd row
3 4 S | » 3rd row
1st column
v
2nd column
v
3rd column

Number of rows = 3
Number of columns = 3



(it1) Row Matrix. Any I x n matrix is called a row matrix (or row vector). Row Matrix

A row matrix has only one row. [1 2 3] > Ist row
For Example : [ 2 3]i1sal x 3 row matrix. l

1st column
v
2nd column
v
3rd column

Number of rows = 1
Number of columns =3

(iv) Column Matrix. Any m x I matrix is called a column matrix (or column vector).
—» 1st row

—» 2nd row

A column matrix has only one column.

6

4

5 |—» 3rd row
1S a 3 x | column matrix. i

For Example :

N o= O
I

- - 1st column

Number of rows =3

| Number of columns =1
(b) (1) Diagonal elements of a matrix.

An element a i of the square matrix A = I”Ej] is said to be a diagonal element if i = j.
LDUS, @71, BigemamniBiiescsa are diagonal elements.

(ii) Principal Diagonal. The line on which the diagonal elements lie is said to be the principal diagonal.
This 1s also known as leading diagonal or simply diagonal.

Thus, 4y, oy vyl form the principal diagonal.

For Example : It A =

then the diagonal elements are 2. 1, 0 and principal diagonal is the line on which these elements lie.
(7i7) Diagonal Matrix. A square matrix A = |a a‘jl is said to be diagonal matrix if a = O wheni#j.
Thus. it is a square matrix in which all the elements except the diagonal elements are zero.

1 0 0]
For Example: (0 4 0 1s diagonal matrix of order 3.
0 0 7|

This is also denoted by the symbol diag. [1, 4, 7].
(iv) Scalar Matrix. A diagonal matrix is said to be scalar matrix if all its diagonal entries are equal.
(Karnataka B. 2014)

Thus., A = |a 1s said to be a scalar matnx

fjlm X I
=0 when i# _
., where o 1s a number.

a; =0 when =]

LT
1 J

-l;

| O :

For Examples : [3]. [{J I iﬂnd 0
= 0

are scalar matrices of order I, 2 and 3 respectively.

(¢) (1) Identity Matrix. A diagonal matrix is said to be an identity matrix if each of its diagonal elements is unity.
This 1s also known as unit matrix.

Thus, A= l”f'j']" “n

if (1) a; = O when i #; (11) = I wheni =.

1s called an identity matrix



The 1dentity matrix of order n is usually denoted by I or simply by L.

—

L0 1 O 0O
For Examples : I, =[1]. I, = [[} l]‘ ;=10 | 0O}:et.
0O 0 |1

Il Definition

il
7|
=1
e

The square matrix [a, ] 1$ an identity matrix

when

Lk l 1= |
1 ) {0 when

i# ]

e

(i1) Zero Matrix. A matrix ts said to be a zero matrix if each of its elements is zero. (Jammu B. 2013)

This 1s also known as null matrix.

The zero matrix of the type m x n i1s denoted by O, or simply by O.

Frl, H
) 0 0 0
For Examples : O, ;= [[} U 8 J._OJ__;: 0 0 0f:ete.

(d) Triangular Matrices.

= fari ..

(1) A square matrix A = |a, ] is said to be upper triangular matrix if a. i

P8 T %

For Example : IS an upper triangular matrix.

R N g

-
5
9_

-

(i1) A square matrix A = [ﬂf;r-l is said to be lower triangular matrix 1f gy = Ofori<].

5 0 0
For Example: |6 2 0] is a lower triangular matrix.
3 4 1

(e) Matrix Polynomial.

n=— | n-—2

+ ... be a polvnomial and A be a square matrix of order n. Then

+ d

Let fix) = apx" + a;x + d5X
fiA)=aA" + a, A" + a,A"-2 4+ ...
: ( /

For Example : If fix) = x* — 5x + 3. then

+a, ;x+a,

. A +a, Lis called a matrix polynomial.

fiA) =A% = 5A + 31, where A is a square matrix.

RN EQUALITY OF MATRICES

[ﬂfj] and B = ”J,ﬂ are said to be equal 1f and only if :

Two matrices A =
(i) they are of the same order

(i.e. they have the same number of rows and the same number of columns)
(it) the elements in the corresponding positions are equal (i.e. aj; =

bl=[3 4]ifandonly ifa=23and b=

b,-j- for all 7, j).
For Examples : (1) |a

(1) [‘f / [; :ﬂl and only ifa=1,h=2c=3and d=4.




Frequently Asked Questions

Example 1. Write the element a,, of a 3 x 3 matrix
A= [aij] whose elements a.. are given by :

J
a.. = ‘I_J‘.

v 2

(C.B.SLE. 2015)

Solution. We have :

]
2 o) 0 j'

Example 2. If matrix A = [a;]3,, and a;; = (3i - 2j)%,

then find matrix A. (P.B. 2018)
ay ap
Solution. A= |ay ax»
| 431 933 |
A=t @8
_ | 6-2)" (6—4)
(9-2)" (9-4)°
T
- |16 4
(49 25|
x+y 1 7 1
Example 3. If 2y 5|(=|4 5| find *x’.

(C.B.S.E. 2010 C)

] _ x+yv 1 ]
Solution. We have : s =14 5|

2y
Comparing. X+yv=171 sl 1)
and 2v=4 L)
From (2), y= 2.
Putting n (1), x+2=T7T=2>x=7-2.
Hence, = 3,
‘x-y z| [-1 4]
Example 4. If = , find the value
2x-y w| | 0 §
of x + . (A.I.C.B.S.E. 2014)
[ x— v 7 =
Solution. We have : 2x—y w = 0 5|

Comparing the corresponding elements of first column,
we get :

x—v=-—] =0 L) 25 =) (2)
Subtracting (1) from (2), x = 1.
Puttingmm(l), l —yv=-1 = v=2
Hence, x+y=1+ 2 = 3.
cosa -sina

sin «

508 i ), then for what

Example 5. If A = (

value of ‘0’ is A an identity matrix ? (C.B.S.E. 2010)

] _ (E(}S a —sina
Solution. Here A = TR )
1 0
Now A=I=(0 l]when:
cosa =1 and s a = 0.
Hence, @ =10

Example 6. Find the values of a, b, ¢ and d from the
following equation :

2a+b a-2b 4 -3

[Sc—d 4c+3d] B [ 11 24 ]
(N.C.E.R.T.; HF.B. 2010 §)

Solution. We have :

2a+b a-2b 4 -3
[5{‘—(1’ 4::'+3d} =[ll 24 ]
Comparing the corresponding elements of two given
matrices, we get :

2a+b =4 (1) a-2b=-13 el Z)
S5c-d =11 ..(3) d4c + 3d = 24 ..(4)
Solving (1) and (2) :
From (1), b = 4 -2a k)
Putting in (2),a -2 (4 - 2a)=-3
= a-8+4a = -3=2>5a=5=>a=1.
Putting in (5). b =4-2(1)=4-2=2.
Solving (3) and (4) :
From (3), d = 5¢-11 :.(0)

Putting in (4), 4¢+3(5¢c-11)=24
= 4c + 15¢—-33 = 24 = 19¢c =57 = ¢ = 3.
Putting in (6). d=353=11=15 <11 =4,

Hence, d = 1. b =2, c=%and d=+4.

EXERCISE 3 (a)

Fast Track Answer Type Questions

1. Consider the following information regarding the
number of men and women workers in three factories 1. 11
and 111 :

Men Workers Women Workers

I 30 25
11 25 31
111 2] 26.

Represent the information in the form of a 3 x 2 matrix.
What does the entry in the third row and second column
represent ? (N.C.E.R.T)

2. (a) If a matrix has 8 elements. what are the possible
orders 1t can have ? (N.C.E.R.T")

(b) If a matrnix has 24 elements, what are possible orders
it can have ? What, if it has 13 elements ?

(N.C.E.R.T.; H.F.B. 2010 §)



3. Name the square matrix A= Iaﬁl in which a,= 0.1 #].

(Uttarakhand B. 2015)

4. 115 6 7]A =]13 23]. what is the order of the matrix

A7 (Assam B. 2015)

S. (@) Write the element a, of the matrix A = [HU]M.
whose elements a are given by :

(A.LLC.B.S.E. 2015)

(b) For a 2 x 2 matrix, A = [u,.j], whose elements are
agiven by :

&, =2 3if X
i SIn Jx.

:

a; = T write the value of 1 (C.B.S.E. 2011)

6. (a) (1) Find the value of “x’, 1f :

3x+y -y 2
Fy—x 317 -5 3
(A.1.C.B.S.E. 2009)

x+2y 5 7

(”} gy 3 -3 3

-
- == B -

LN

Il

(Kashmir B. 2013)

Very Short Answer Type Questions

8. Construct a 2 x 2 matrix A = [uﬂ-] whose elements
are given by :
|

(1) @4 — j (N.C.E.R.T.; Karnataka B. 2017;
H.PB. 2013 8. 10 8S)
" 2i— ] .
(11) B = (Bihar B. 2014)
| + .
(111) a; = (t+))

5
(N.C.E.R.T. ; Jammu B. 2015 W; H.P.B. 2013 §)

(H.P.B. 2016)

I
(V) a;= ?| (2 +37 1, (Nagaland B. 2018)

9. (a) Construct a 2 x 3 matrix whose elements in the
ith row and jth column are given by :

s gl
(i) a =22 (H.P.B. 2010)
"  Ji= P ) =
(11) &y = {r'+j.. if i < (J & K. B. 2010)

(H) Construct a 3 x 2 matrix whose clements in the
ith row and jth column are given by :

. _i+4j o i+2))°
&) A= (i) a;; = :
(i) a;; = %1 i—3jl. (N.CER.T;H.PB. 2016, 10)

-

(b) Find the value of ‘v, if :

yv+2x S 7 5
. 1 [T =9 q | (Jammu B. 2012)

o

(¢) Find the values of ‘x” and *v" when :

Cx+2y 3y 0 =3
4x 2 |18 2

(H.B. 2012, 09)
(d) Find the value of ‘a’ if :

a—>b
2a—=b 3c+d|T |0 13|

2a+c| -1 5
(C.B.S.E. 2013)

(¢) Write the value of x — v + Z from the following
equation

— ey — —

X+yv+2z 9
X+ — | S
V+2 ¥

(Kashmir B. 2016: C.B.S.E. (F) 2011)

7. If A 1s a square matrix of order m. and if there exists
another square matrix B of the same order m. such that
AB =BA = 1. then B 1s called the ........ (KFill in the blank)

(Kashmir B. 2012)

10. (a) Construct a 3 x 3 matrix whose elements a; are
given by :
(1) =1 + ]
san . . )
(111) a; = (1 +))-.
(h) Construct a 3 x 4 matrix whose elements are given by :

(N.C.E.R.T.; H.F.B. 2010)

(H}ﬁfj=f><j

(i) a;="2i-]

|
(if) a; =—=|=3i + j|. (H.P.B. 2016, 10 S)
11. Find the values of ‘x" and v’ from the following
matrix equation :
-2.1" + l 2}" i —.1‘ + 3 }12 —- '2_
() yo—=3y 0 -6 |

T e - —

r2
|l

12. Find the values of x, v and z from the following
matrix equations :

< |4 3 y Z
¥ [1 5}=[1 5

|x+y 2
(&) S+Z Xy

e ==

(N.C.E.R.T.)

(N.C.E.R.T.)

Il
" L
h O
o s g
o

(x4 y+2
(111) X+
| y+z | _7_J

(N.C.E.R.T.; HF.B. 2011)




13. Find values of a, b, ¢ and d from the equation : 0 6 By=3
b Fgde = 5] . 2x —3 2e+F2
o~k Datel =1 3| (N.C.ER.T.) = | o 3ok
2a—-0b 3{“+(¢’J (0 13J Y"h+4 =21 0
" x+3 z+4 2y-T] obtain the values of a, b. ¢: x, y and .
14.1f |[4x+6 a-—1 0 NCER'
bh_3 . “ - (N.C.E.R.T.)
I | p— -
_ Answers |
30 25 52 9/2] (9/2 25/2]
. A=|2§ 31l: (b) (i) 3 3 (i) | 8 I8
27 26 72 112] 25/2  49/2
Number of women workers in factory III. -1 512
2. () 1Ix8.8x1.2x4.4x2 Giiy |1/2 2|
(h) w22 ] 2ol 1292 3B, 8K 4306, 0 3/2
6x4:1x13,13x1. :q 3 ™~ = B B
3. Diagonal matrix. D 3 - B
4. 3 x 2 matrix 10. @) |3 4 5 i) (2 4 6
T o | 4 5 6] 3 6 9]
1 _ ,
5. (a)e™ sin2x (b) e 4 9 16
= (ii1) 9 16 25|
6. (a) (x=13GH)x=3 (byy=3 16 25 36
(c) x=2,y=-I dya=1 ) 1. - .
, I“,_,_T_‘ o e W 1 0 -1 -2]
« INVErse o . (b} (i) 3 9 1 0
1 1rg] /3 0 > 4 3 2
& 0 3 1 @ |y 23 112 0 1/2]
. = i i [i8) 8i2 2 JF2 ]
I B B 4 7/2 3 52
(111) 9/7 R (1v) ] (8 . _ .”
e g z . 11. Given matrices can’'t be equal for any value of vy
T 12: (1) x=ly=4d.z=3
(v) i _ (i) x=4,y=2,2=00Rx=2,vy=4,z=0
| a2l (iti) x=2,v=4,z=3.
- . . . . a=l,b=2,c=3,d=4.
2 9/3 b 0O 3 4 ii = }_f:}f f 7 ¢ 14 3 5 9
: - . a=—=2,b=-7T,c=-1;x=-3,y=-3,2=2.
@D lgn g 2sp2] W) o 5 |

—" Hints to Selected Questions ——————— @ - - —

6. (¢) Comparing, x+y+z =9 (1 (112, 2
She s Tk 1) Hence, A =
x+z =5 ) 142, 1]
and y+z2 =/ «(3) 9, {{I_)(_ﬁ)ﬂ”=l—l=0;ﬁlj=l+2=3:ﬂ|3=l+3=4

Solving,. x =2. v=4andz =3.

If_'}"l' P é =2—4+3= l.

— —

I ] I 0O 3 4
8. a,==R-3=-0)==, Hence, A=|, , <
l l ) )
Q13 ?512_6’ =§(4)=2 13. Comparing.a—b=-1,2a+c=5,2a-b=0and 3¢
1 | 1 +d=13. Solve.
and f12|=54—3=;(1)=5.
| l 1 14. Comparing,x+3=0.2+4=6,2y-7=3y-2;elc.
“22 =54_6 =5(2)=1 Solving, r==3 y==5,z=2 el




B YW OPERATIONS ON MATRICES

Now we shall define the following three operations on matrices :

(A) Addition of matrices (B) Multiplication of matrix by a scalar (C) Muluplication of matrices.

Let us deal with one by one.

(A) Operation 1. Addition of Matrices.

(7) Suppose Ajay has two factories at places A and B. Each factory produces clothing for boys and girls in three price styles,
labelled 1, 2 and 3. The quantities (in standard units) produced at each factory are given in the matrices as shown below :

Factory at A Factory at B

! 2 3 / 2 3
Boys — [71 69 73] 40 33 37|« Boys
Girls — [S(} 63 45| 31 25 35|« Girls

In order to find the total production of clothing in each style, we have :
Style 1 Style 2 Stvle 3
Boys — (71 + 40) (69 + 33) (73 + 37)
Girls — (50 + 31) (63 + 25) (45 + 35).

This can be represented in the following matrix form :
71440 69+33 73+ 37|
[sm 31 63+25 45+35(
The above matrix is the sum of first two matrices. It 1s clearly observed that the sum of two matrices 1s a matrix, which 1s
obtained by adding the corresponding elements of the given matrices. Moreover, the sum 1s defined if the matrices are of the
same order. Formally, we have the following definition :

e
1=
2

-..‘

Let A = Iﬂfjlm « pand B = [bfj]m « n € two matrices. Then their sum (denoted by A + B) is defined to
be the matrix [c;l,, « ,, where :
i T » << iy
\ Ci ﬂu+buﬁﬂ‘f_l_ﬂi.f_j_ﬂ.
For Example :
1 2 =3] 7 -8 9] 1+7 2-8 -3+9] [8 -6 6]
= w B= Lot = g ) | = !
Let A [4 s ﬁ-!dnd [2 8 —4 then A + B 4+2 —5+8 6-41"l6 3 2

. KEY POINT

Addition is defined only for those matrices, which are of the same type.

If two matrices are of the same order, they are said to be conformable for addition.

If two matrices are not of the same order, we cannot find their sum.

i
i

, 3 4 5 |
For Example : [f A = [? ” and B = [] é J' then A + B 1s not defined. |-"A and B are of different orders|

(i1) Properties of Matrix addition.

(I) Matrix addition is Commutative. If A, B are any two matrices of order m x n, then A + B = B + A.

moxX n
LHS=A+B= [”ij]m xn™T Ih{'ﬂ:ﬂ Xxn - [Hfj i) bfj]m X n [Def. ]

= IhU-E- a

let A= I”fj]m «nand B = [h{!]

:‘jlm o |~ Addition in number system is commutative |

+ [af-j] =B + A= RHS.

= ibij]m X n mxn
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(II) Matrix addition is Associative. If A, B, C are any three matrices of order m x n, then :
A+B)+C=A+(B+ ().

Let A= [ﬂU] B=1[bh and C'= [r!-j]

f}']m X N

mxn’ mxon
LHS=(A+B)+C= {[“{jlm xnTt Ih{j'm X n} ¥ [{'{f]m Xno— [“ij + hij]m xnt [{'ijlm X n | Def.
= .{-HE;' =z btj-} + Ll:'_,."]m X n [Dﬁf:
= 'ui- + “":‘j - f:j}]m 5 |~ Addition in number system is associative

/
= [a

J'j]m xn T {“’."Ej]m xnt [{'fj]m T i A+ (B +C)=RHS.
(I1I) Existence of additive Identity. /f O be the null matrix of order m x n, then :

A+0=0+A=A, where A is anv matrix of the same order m x n.

Let A Iﬂf-j].m < n
A+0O= I”fj]m xn T [O]m xn [”:'j ® O]m Xn - [“fj]m Xn— A
and O+A= I{”ur xnT [”.‘j]m xn 10+ “ijlm xn [”:'jlm xn -

Hence, A+ O=0+A=A.

©. KEY POINT

The zero matrix O is the additive identity, which is unique.

(IV) Existence of additive Inverse. Ler A be a matrix of the order m X n. There exists a matrix X of the same order m x n
suchthatA + X = 0 = X + A.

Let i [“U]m «pand X = [.rl-j].

m X n
A+ X=laglysn+ I.r&-]m wn= [”fj + W5k s | Def. ]
If A+ X =0, then ”y"'*"ﬁ:{] M1, ]
= Xp=—a =4 x;; exists and is unique.
Thus X =[- agl.m -
Similarly X + A=0gives : X = - ”:'j]'m .
Thus 1f A= [“;j]m « n 18 given, there exists unique matrix |- aU]m w n S:L.
[”if]m xnt |- “ij]m xn - O.
The matnx [— u&-] m x n 18 the negative or inverse of A and is written as — A.
Hence, A+ (-A)=0=(-A)+A.
(it1) Difference of Matrices.
=}l Definition
o Let A and B be two matrices of the same order m x n. Then the difference of A and B, denoted by A — B,
is the sum of A and the negative of B.
\_ Thus A-B =_A + (— B).
Note. The difference A — B 1s obtained by subtracting from each element of A the corresponding element of B.
(iv) Cancellation Laws. If A, B, C are the matrices of order m x n, then :

A+B=A+C= B=C |Left Cancellation)
and B+A=C+A=B=C [Right Cancellation
Now A+B=A+C = -A+(A+B)=-A+(A+0() |Adding — A to both sides
=2 (—A+A)+B=(-A+A)+C [Associative Property
— O+B=0+C ' -A+A=0

— B= C.
Similarly B+A=C+A= B=C.



Frequently Asked Questions

Example 1.

—

If

then find the matrix A.

Solution. Let A =

9 -1 4
Then

_—2 |

9 —1 4]
=

=2, 1 &
Comparing,

9
—2

—_ _ o I,
9 —a”+l. 20 | = a,,t+2, 4= um—l.

-1 4

1 3

-l”]"p

Lorss)

H:”

-ﬂ“ + |
_H:] +[}

ﬂl 3

H:;

)

47

— A+

(C.B.S.E. 2013)

—

- +2

EI:E + 4

8
Hence, A=| _,

Example 2. If A=

——34’;[3:“
3,::13:—6.

-3 5]

-3 -6
-2 2] 6
-3 1,B=|1
4 0] 0

1 2 =1
0 4 9

”23 + 9_ -

S

2
3

4]

—

matrix C such that A + B + C is a zero matrix.

Solution. Let C=

2 2 6 2
-3 1|+]|1 3
i
4 0] [0 4]
T 346 242] |
—34+1 143|+
—
| 4+0 0+4] |
i 2‘]'6‘*‘[‘]1

€12 _
€22
€32 |
_F] I ["'] 5 ] '_'0 O_
+ Ii"zl C:l — 0 0
_{‘:H (‘3: | _0‘ 0_
1] L'] 3 | _{} [}H
€ e |=(0 0
€3] t'3:_ _U‘ U_
2+2+¢n| [0 O
(} + 4 + {'32 : _” {}_

0 4 9

'y 'iﬂd IhE

8+c¢ 4+ 0 0
_ =240 4+cn |=|10 0f.
! 4 + ¢35 4+t‘33_| 0 0
Comparing :
8+c¢;; =0 = Ciy =
4+cH,=0 = cp=—4
~2+0y =0 = Cyy = 2,
4+c,,=0 = Cyy =—4,
4+cy,=0 = €y =-—
and 4+ c3,=0 = (39 = —
=8 ==4]
Hence, C=| 2 -4|.
4 —A]

Example 3. Mahesh has three factories at A, B and C
places respectively. Each factory produces clothing for
boys and girls in three price styles labelled 1, 2, 3. The
quantities produced by each factory are given in the
matrices shown :

Factory at ‘A’ S Factory at ‘B” Factory at ‘CC’
1 2 3 1 2 3 1 2 3

Boys—[75 70 72 [80 84 72| (25 35 40]
Girls— |60 65 40| [65 69 54| |30 22 36/

Find the total production of clothing in each style for
boys and girls.

Solution. The required total production of clothing
requires the addition of three matrices, i.e.

75 70 72  [80 84 721 [25 35 40|
60 65 40| 7|65 69 547 [30 22 36|
_[75+80 70+84 72+72] [25 35 40
|60+65 65+69 40+54| |30 22 36|
[75+80+25 70+84+35 T72+72+40]
T160+65+30 65+69+22 40+ 54+36 |

_[180 189 184
155 156 130

Hence, the total production of clothing in each style for
boys and girls 1s given by :

| 2 3
Boys — [ 180 189 134-]
Girls = [ 155 156 13(}A|,'
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Fast Track Answer Type Questions

1. If Ais of order m x n and B 1s also of order m x n;
then (A + B) 1s a matnx of order.......... (Fill in the Blank)

(Jammu B. 2017)
2. (a) Compute the following :

m FTATQ g

(i) [sm (B+0) cos(B+ tl)}J

sin(0—0) cos(B8-10)
+|:5in(9—tb) cus{ﬂ—m}
sin(0+0) cos(B+0) !
3. Compute the following :
-1 4 -6] [12 7 6]
8 5 16/+| 8 0 5. (N.C.E.R.T.)
2 8 5 32 4

: 2 =1]. [ 4 .3
4.IIA—[4 EJ.B-[_E 1]*

-2 -3
C=[_1 —-2_" find the value of A+ B + C.

2 -1 2 3
(i) 4 2 +_] 2 (H.B. 2012)
(i) O 1 3 g 6 2 -3
1-3 2 1 —1 4 21
a b i a b _ ,
(b) (f} __.b ﬂ'_ f} {I_ {.ﬁ!'.( .IL.R; [- ]

(11)

COS™ X
2

=

—-

e 2
SiIn” x COS X

(N.C.E.R.T.)

S. Does the sum

sense ?

‘s

R
s 'l I

[000
+

0 0 0} make

. 2 2 . 2
SIn - X COsS X s5In X

—

Very Short Answer Type Questions

-3
6. (1) If Az[l

2 2 -1
20 2}‘3‘[1 0

the matrix C such that A+ B + C 1s a zero matrix.

] and

Short Answer Type Questions

] .
B l} find

| _ 2 0 2
(i) Given X =) 5 _4

7. Verity associative law of matrix addition for the

I so, find the sum and 1f not, give the reason.

], find Z such that

(Meghalava B. 2013)

10. A retail wool store stocks three kinds of wool :
ordinary, standard and deluxe. These wools come in three
colours : yellow, green and red. The store’s weekly sales are
given n the matrix form as :

Yellow Green Red

I f?l | F‘lj ‘.”ljl — Ol‘dlﬂill'}’
P=|pyy p» prz|— Standard
P31 P3 Paz | — Deluxe,
where for mstance py, denotes the number of kgs. of

deluxe yellow wool that was sold during the week.
Suppose the store’s inventory at the beginning of the

matrices
0 3 7 ~1 0
A_[E _1:‘*3—[4 8 | and C=[ 0 O:"
i 2 3] 4 5 6]
S8.1f A=| - 0 21.B=|-1 0 1
i -3 —l_ o z 2_
=1 =2 I
and C=(-1 2 3|, venfy that:
-1 -2 2

A+B+C)=(A+B)+C.

9. If A and B are two m x n matrices and O is the null
matrix of the type m x n, then show that :

A+B=0=A=-Band B =-A.

week 1s given by :

Yellow Green Red

411 491> 43 | Ordinary
Q=|¢g>; ¢>»>» ¢>3 |~ Standard
q31 4932 Y3z | Deluxe.

Find the inventory at the end of the week.



. Answers |
14 nm xXn _1 1 l I ﬂ-: 4 l_!
2. (a) (i) 5 4 (i7) _4 6 3i. 5 10 gJ J
20 2 ~ 6. (i) [3 R [_5 I _2]
i Al 7 « i | (11 -
_ S -3 0 -1 | 0 2
”J} “} 0 ~ ] (17) [ " = "
2 | 11 _ -
o L Qi1 =Pt qi2 = P12 913 P13
(i) 2sinBcos0 2cosBcoso 10. |4921— P21 422 — P22 423 — P23 |
| 2sinBcos® 2 cosOcos ¢:J 31— P31 g3 — P32 433 — P33

—" Hints to Selected Questions — 9000 —

7. Verify:A+(B+C)=(A+B)+C. 10. Inventory at the end of the week
9. A+B=0 = O—P
= [ﬂ[j]m xnt [bij]m xn lmm X n " -
=5 [u,.j - sz]m o = O 5.0 Gii P11 D2 Piz 43 Pri3
— ﬂi"j + hfj =) =3 HU = — hi':f' = |4921 P11 G — P2 Yr3— Py
Now A=lagly,xn=[lmxn P e T P TP,
== [b{j]m xp— 0 &

(B) Operation 1I. (i) (a) Multiplication of a Matrix by a Scalar.

=}l Definition

Let A be any m x n matrix and k be any scalar (i.e., an element of number system K).

The m x n matrix obtained by multiplying each element of the matrix A by k is said to be the

Ry scalar multiple of A by k and is denoted by kA or Ak.
In Symbols : If A = Iu{j]m « o then KA = Ak = Ikﬂ,-ﬂ-,,, % n
1[1 =1 2] [1/2 =1/2 1]

(h) Negative of a matrix. The negative of a matrix A is denoted by — A.
We define : — A= (- 1) A.

e ea [ 34 o[ 3 4]_[-3 -4
or xﬂmpe_ — _4 .l'_l‘tﬂn_ —(_ ) —{‘— } _4 .l’_!_ 4 _1_?
(c) Difference of Matrices. Let A= [a], , ,and B=1[b;]., .,

Then (A — B) is defined as D = [df.j]m « n » Where df-’,- of - b‘-j.

Thus D=A - B =A + (= 1) B. which is the sum of matrix A and the matrix — B.
(i) Properties of Multiplication of a Matrix by a Scalar.
(I) Scalar multiplication is distributive over matrix addition.

If A and B are two matrices of the same order m x n, then k (A + B) = kA + kB, where k is anv scalar:
et A= Iaf}-] and B = [b:}']'

mx n m xn
LHS = k(A+B)=k ““{flm onT |'hﬂ_|m < )
= [k m&- — f}’}.}]m - | Def. of addition of two matrices|
- 'kuU s };bU]m - | Def. of scalar multiplication
— k“{'j]m . |kh:j]m o | Distributive Law

= k [n&.]m i Pk [hﬂ.]m « n = kA + kB = RHS.
(ID) If A is any matrix of the type m x n, then (k; + k;) A =k; A + k, A, where k,;, k, are scalars.
et A= I“U]'

mxn
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LHS

= (k; + k) A= (k; +ky) [a
[(ky + &y) a]

ki la

i ]m

= |k1”;j+
]

ijlm x n

= m xn
+ k- |a

t'j]m X n

x N
k~a

-

rjlm X n

= kA + k,A = RHS.

= [k,

d 1 | m

xn

(IID) If k; and k, are two scalars and A is any m x n matrix, then k; (k,A) = (k k) A.

Let A= |”:‘_;'|'

nmxn

LHS = k| (k;A) = k| (ky [ay]

m X n

(kk5) |a

:'j]m X n

) = k, [kya

e

:j]m X n

+ [k::”;jl

= |k, {k:rrfjll
|Associative Law for real numbers under multiplication|

(IV) If A is any m x n matrix, then (-k) A = — (kA) = k(= A), where k is any scalar:

Let A= [”:'j]'m X 1

Then (k) A=—-k [“U]m wn = 1(=K) ”U]m “n
Also (=k) A= (=k) la;l, « , = [(=k) a;l
(Dand (2) = (k) A=—-(kA)=k (- A).
(V) If A is any m X n matrix, then

=[- {kuﬂ-}]

m xX n

- Ik (— Hrj}]

—
—

mxn

m x n

(1) IA=A (2) (-1)A=-A.
Let A= IHU].m < n
(1) A =1 I“{,r']m X n o ““ij]m xn [“fj]‘m X N
Hence, IA = A.
(2) -DA=(1 [“fj]m xn - [( -] }ﬂij]m xn - = ”f"j]m xn

Hence, (- 1) A=-A.
Frequently Asked Questions

Example 1. Find the values of x, y, z and t, if :

X 7z 1 -1 RE-S
2 +3 -3 .
'y t 0 2] 4 6
(Meghalaya B. 2016)
) . Ei 1 -1 '3 §]
Solution. We have : 2 +3 =3
ly t] |0 2] 4 6
2x 2z]1 [3 =31 [ 9 157
- =
= 2y 2t |0 6] 12 18
2v+3 2--31 [ 9 15]
1 2y 2+6] |12 18
= 2x+3 =9 _..(D 22—-3=15 -(2)
2y =12  ...(3) 2t+ 6= 18 L(4)
Fromi(l), 2¢=9—-3 =% 2x=06= .%=3.
From (3), 2v=12 =y=0.
21
From(2).2z2-3=18 2 2:=21=7= =
From (4).2r+6=18 = 2r=12 21=6
21
Hence,x=3,y=6,2= = and71=06.
21 [-1] [10
Example 2. If X| 5 +y 11=| 5 [ write the valucs

of ‘x” and ‘y’.
(Kerala B. 2018; Jammu B. 2017: Kashmir B. 2016;
C.B.S.E. (F) 2012)

1l
5

Solution. We have : x

w9

(X = y).

mxn

mxn

= [(k ky)

m > n

— (kA) (1)
=k[-agl,, xa=k(-A) ..(2)
- A.
4 - A
"N, o A
2% M —y] 10 ]
= 3x]| |y - | &
2x—v]|  [10]
= Bx+y| TS5
Comparing, 2x—y =10 (1)
and Ix+y =35 ik 2)
Adding (1) and (2). Sx =15
= % =&
Putting in(1), 2(3) —=y=10 = y=-4
Hence, x=3 and v =-4.
3 4| (1 y| [7 0]
Example 3. If 2 + = . find
5 x| [0 1] (10 5
(C.B.SE. 2014)
_ 3 4] (1 y] [7 0O
Solution. We have @ 2 + | =
5 x| |0 1] [10 5
6 8] [1 ] [7 O
=3 + -
10 2xf |0 1] 7110 5]
6+1 8+ 7 0]
= 10+0 2x+1] T 10 5
(7 8+y| [ 7 0]
= 10 2x+1] |10 5
Comparing, 8 + v=0,2x+1 =5
= y=-—8, 2x=4 ie x = 2.
Hence, x—-v=2-(-8)=2+ 8 = 10.



Example 4. Find the value of (x + y) from the | I T 10 —-101 =16 01
following equation : == 20 10f{+| -8 4
3
> X 5 3 -4 |7 6 =2 )] [ -6 —12])
7 v=3|7l1 27|15 14| i
N | - A 10-16 —10+0]
(Kashmir B. 2017; A.I.C.B.S.E. 2012) 1 0—8  10+4
Solution. We have : 3 356 5-12 I
Jx 5 1.3 -4]1_[7 6] o - ]
17 y-3]]1 2| 7115 14 ] -6 —-10 -2 -10/3
2x 0] [3 -4] [7 6] =—| 12 14|= 4 14/3
= f A + gl = __ 3 | "
14 2y—6] [T 2f " [I5 14 ] —-31 -7| |[-31/3 -=-7/3
2x + 3 10—4 7 6
— Example 7. If A = diag. [3, -5, 7]*
ki [14+1 2y—6+2 | T [ 15 14 E | | |
T i o = ; 6 : and B = diag. |- 1, 2, 4], then find (2A + 3B).
= 15 2y —4 | = 15 14 | Solution. We have :
Comparing, 2x + 3 =7 and 2v -4 =14 3 0 0 =1 @ 0]
= 2x=4=>x=2and 2y=18=y=9. A=|0 -5 0land B=| 0 2 0/,
Hence, x+y=2+9=11. 0 0 7 0 0 4
4 27 215 3 0 0] [-1 0 0]
Example 5. If A = and B = . ) | |
P 21 4 3 4 6 n 2A+3B=2[0 -5 0/+3] 0 2 0
find 2A - B. (H.B. 2014) 0 O 7! | 0 0 4]
Solution. 2A -B =2A+(-B)=2A+(-1)B 6 0 0] [-3 0 O]
'-4 2 7- _2 l 5_ | =10 = l[} (). + () f] ().
=2 +(—1) | 0 0 14} 0 0 12/
_2 | 4 _3 4 0| - = ke e
'] 4 14'+'_2 =j =& 6-3 0+0 0+0)|
Lol o e - e
8—2 4—1 14-5] [6 3 9] : | ) &
“|4-3 2-4 8-6| |1 -2 2| ]
— R - =|0 -4 0 =diag. [3.-4.26].
8 0 2 —2] 0 0 26
. = | & e P i — : - B
Example 6. If A =4 ] and B=| 4 ‘?‘%* Example 8. Two farmers Ram Kishan and
3 6 =3 1] Gurcharan Singh cultivate only three varieties of rice

then find the matrix ‘X’, of order 3 x 2, such that : namely Basmati, Permal and Naura. The sale (in ) of
these varieties of rice by both the farmers in the month

2A +3X =3B. (N.C.E.R.T.) of September and October are given by the following
Solution. We have : 2A+ 3X =5B matrices A and B :
= 2A+3X -2A=5B-2A September sales (in <)
e V., IN =SB _ 9 ‘
= ;A :A +3X=0B :A Basmati Permal Naura
= (2A - LA5+ i‘f: i'; - -;—i o [ 10,000 20,000 30,000 | >Ram Kishan
= TR | ~| 50,000 30,000 10,000 |- GurucharanSingh
[*© — 2A is the inverse of 2A] October sales (in ?)
=5 3X =5B - 2A. |
: 5 ¢ 2 Basmati Permal Naura
| [+ O is the additive identity) 5000 10.000 6.000 1 - Ram Kishan
l _ 'y ] . .
Hence, X = oy (5B — 2A) [ 20,000 10,000 10,000 }—r(}urucharan Singh.
) _ - i ; Find :
T 2 -2 § 0]
:l sl 4 20224 —» (i) What were combined sales in September and
3 5 ] 3 6], October for each farmer in each variety ?
\, | = " e -
a0 O 0 |
| | 0 & Dasaons 0 | |
* A = dmg [”l‘ A5, sz : u”| — - . where A 1s n X n matrix.
() L | S a,
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(ii) What was the change in sales from September to
October ? =
(iii) If both farmers receive 2% profit on gross sales,
compute the profit for each farmer and for each variety

5000 10000 24000]- Ram Kishan
30000 20000 0 |- Gurucharan Singh.

2
i) 2% of B=—XB=0-02B
(111 ¢ 0 100

in October. (N.C.E.R.T.)
Solution. (i) Combined sales in September and
October : Basmati  Permal Naura
] Basmati Permal Naura (0:02) [ 5000 10000 600{}]—3- Ram Kishan
napo| 1000045000 20000+ 10000 30000 + 60[}(}] = 00150000 10000 10000 [> Gurucharan Singh
| 50000 + 20000 30000 + 10000 10000 + 10000

"15000 30000 360007~ Ram Kishan . [“}U 25 120 —»Ramlishan
B 70000 40000 20000 |- Gurucharan Singh. 5 BN R - Eemeheang)
(i7) Change in sales from September to October : Hence, Ram Kishan receives X 100, < 200 and < 120
Basmias Pl Niitisi as profit and Gurucharan Singh receives < 400, < 200 and

10000 — 5000 20000 — 10000 30000 — 60{]{]] X 200 in each variety of rice in the month of October.

A_B=[50(}00— 20000 30000 — 10000 10000 — 10000

EXERCISE 3 (¢)

Fast Track Answer Type Questions

- - 1 2 3 3 -1 3] “
] | 2 (i) If A= 5 3 and B = 1 0 af then find
1. (a) IfA = and B={, 3| then find : A - B. T ~d
L [ 20 (N.C.E.R.T)
(A - B). (Jharkhand B.2013) 4. (i) Find the value of (y — x) from the following
y 3 equation :
(b If A=| , find (i) 2A (ii) - 3A.
{—l 4} £ 3 3 -4\ (7 6
- 207 v=3)T1 2)7 s 14)
2. Find ‘%" and *y" if 3[" 5]{4 ”]]_ Foy=ap b e
> ¥ 5 (A.I.C.B.S.E. 2012)
(Uttarakhand B. 2013) (if) Find the value of (x + v) from the following equation :
4 2 3_-{18—_1 3 7] | 3 v 0 (5 6
3.()ITA= s 7_‘*” | 4 1) DREAE 2o T\ o7l &) (ALCBS.E. 2012)
(H.B. 2014) - . " .
- - 2/3 1 5/3 2/5 3/5 |
2 '_1 2 3 = — . : g
GiVIFA = . opl T . Cfind 2A + 3B S.1f A=| 1/3 2/3 4/3|and B=| 1/5 2/5 4/5/|,
! < L Ty & 213 LTy 603 215
(H. B. 2012) | then compute 3A — 5B. (N.C.E.R.T))
Very Short Answer Type Questions m VSATQ

6. Find a matrix ‘X’ such that :

| 5 2] 3 6]
3 l _3 l + Y: ‘ — =
2A-B+X=0,where A=| _landB=| _ | et [ | A 8% [0

b — o r—

(Meghalaya B. 2018)

aa = ey S

=
o

(N.C.E.R.T1. ; HF.B. 2013 S ; H.B. 2012)




| 7 0 3 0
(n) X+Y= 5 and X—-Y-= .

I
N
(-

(Jammu B. 2017)

3 2 3 3 2 =2
(1ii) 2X + 3Y = 40 and 3X +2Y = 1 5|

(N.C.E.R.T. ; HF.B. 2013 §)

S R g % |3 2 3 I 0
8. Find X,lfY-[l 4] and 2X+Y—[ﬁ3 2]
(N.C.E.R.T., Jammu B. 2018; Assam B. 2018)
2 — | 10 . ,
9. If x {: }+ }'[ ]j| =[ 5} then find the values ol

xand v, (N.C.E.R.T.; Kashmir B. 2011)

Short Answer Type Questions

, 2 -1 4 3
13.1If A= 4 9 ,B= _» |and

=2 =g - : , ;
C= [ 1 ..,].. find each of the following :

=

(1) 2B + 3C (i1)-2A + (B + )
(mi)(2A-3B)-C (v)A+ (2B -0)
(MA+(B+C) (vi)(A+B)+C.

—

I

10. Find “x" and y".if () 2 |

—

3

X

-

y

= — —

-
"N
o)

1 2] |18

(NC.E.R.T.: Kashnmur B. 2016)

P R
sk [ T L 2|

11. Solve the equation for x. y, zand t :

X I
(1) 2 43 =3

3 5
-4 6-

7 6
15 141

(N.C.E.R.T.)

(INNC.E.RT.: Jammu B. 2015)

a2l 7 |43

%
— |

12. Given 3 [Y Y — [
z n‘_'

find the values of x, v. z and w.

3
=3
) _4
o |
2w

3
6

(H.B. 2012)

4 xX+y
24w 2 F

(NV.C.E.R.T.)

23
14.1f A=|— 0 2|,
b —8 _Fl_u

4 5 6
B=|-1 0 1/.C=

2 1 2

find (1) 2B — 3C (ii) A-2B + 3C.
15. If A = diag. [2. -5, 9], B = diag. [-3, 7, 14] and

C =diag. [4, -6, 3], find :

2 b2 9

| R Q—

(DA+2B (i1) 2A + B - 5C.

T T4 6 [ —o
1. (a) 9 5 (b) (1) | _» BJ{”} B _12:
2. x=2,y=3
3 97 131w 71 . [-1 5 3
. (1) _2 14 ]5_ (i1) 11 10 (1i1) 5 6 0l
4. ()7 )6

0O 0 0] =8 1]
5. 1o 0 0 6.

0 0 0 L O —1

4 4 ——

il ' — —_

(1) X [0 4}’1" [[} 5:1

. ER " 2 0]

(1) 114 T

. 315 —12/5 215 13/5]

“”))(_[—IIJS 3]*Y“L4JS —?J'

12. x=2,v=4,

3 =3 -2
13. H)LJ 3]“”H

14. (1)

-6 =T | =2
i g8 —2! = =1

15. (1) diag. [- 4, 9, 37] (ii) diag. [~ 19, 27,

— 14

6
6
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—-ll Hints to Selected Questions ————@®-¢- - - —

6. X=B-2A. 2x+3 2z-3] [9 15]
7. (i) Add and Subtract. = 2v  2t+6 12 18 EIC.
(1 © 15. (i) A+2B
8 2X +Y = : ¥ F ’
-3 2 2 0 0 -3 0 0
3 21 [1 O _10 =5 0f+21 0 7 0 [;etc.
b 2X + = etc i
1 4] |-3 2 0 0 9 |0 0 14
2x 2z| [3 -3] [9 15]
- + _
. 2y 2 o 6] |12 18]

(C) Operation ITI. Multiplication of two Matrices.

(1) Anil and Akram are two friends. Anil wants to buy 4 pencils and 4 note-books, whereas Akram wants to buy
7 pencils and 6 note-books. They go to a shop and know the rates as below :

Pencil — T 5 each. Note-book — X 10 each.

Let us find out the money does each need to spend ? Clearly Anil needs T (4 x 5 + 4 x 10) i.e. X 60, whereas Akram
needs T (7 x 5+ 6 x 10) i.e. T 95. We write the above information in terms of matrix representation as below :

Reqguirements Prices (in %) Money needed (in )
[4 4] [5] [4x5+4x10}_[60]
7 6l 10 7X5+6x10| |95]
Suppose there is another shop in the market quoting the following rates :
Pencil — T 6 each. Note-book — X 12 each.

Now Anil needs T (4 x 6 +4 x 12)i.e. T 72 and Akram needsT (7T x6+6 x 12)1.e. T 114.

We write the above information in terms of matrix representation as below :

Requirements Prices (in %) Money needed (in )
4 4] 6 4X6+4x12 72
7 6l [12] [7x6+6x12]=[114]'
Com :_lining the above two informations, we have :
Requirements Prices (in %) at hwo shops Money needed (in ) at two shops
4 4] 5 6 4x5+4x10 4x6+4x12 60 72
[7 6_! [10 12] [7><5+6><1{] 7><6+6><12] =‘:95 114]'

The above example illustrates the multiplication of matrices. It 1s observed that for multiplication of two matrices A and B.
No. of columns of A = No. of rows of B.
Formally we have the following definition :

=l Definition

Let A = [a i | be m x n matrix and B = [a o | be n X p matrix such that the number of columns in A is
equal to the number of rows in B. Then the matrix C = [c, ], which is of order m x p such that :

n

Cifp = > aiib it where i = I, 2.3 cuviiin; BTE B §:dy e p, is called the product of the matrices
e
A and B and is written as :
\_ C =AB.

Here C 1s of the order m x p.
In AB, A 1s called the pre-factor and B the post-factor.

.. KEY POINT

( The product AB of two matrices A and B is defined if and only if the number of columns of A = number of rows of B. )




Two such matrices are said to be conformable for multiplication.

If the product AB is defined, then BA may not be defined.

Thus the multiplication of matrices is not necessarily commutative.

For Example : [f Ais 4 x 5 and B is 5 x 6, then AB is defined. [ ... No. of columns of A = No. of rows of B = 5]
but BA is not defined. |- No. of columns of B # No. of rows of A as 6 # 4]

ALGORITHMIC APPROACH TO MULTIPLICATION
Let C = AB.

1o obtain C :
(1) Multiply the elements of first row of A with the corresponding elements of the first column of B and add.

This gives us the first element of the first row of C.

(it) Multiply the elements of first row of A with the corresponding elements of the second column of B and add.
This gives us the second element of the first row of C.

Similarly we can get the remaining elements of the first row of C.

Proceeding as above, we get the elements of the remaining rows of C.

For Example :

; a aps | b by | . : 2
If A=|"1 2 land B=| ! 12 be two 2 x 2 matrices over a number system K. then the product A.B 1s defined
a»; s | byy  bsysy |

— i — ]

to be the 2 x 2 matrnx :

H”b“ +{J|2b2| {I||b|: +H|'}b'}’:~“i

-—

ullhll -+ {111}111 Hjlhl 2 57 H".:"jh'_?ﬁ "

L — ! e |

AB=|

-
Thus (i, j) —entry in AB is a; by ; + a;5by; = > ajbyj. which is the sum of the products of corresponding entries in

R

r=1
the ith row of A and jth column of B.
_ = h“ ]3'12 b] p
H” '”13 H]”
| / (253 b
. (- H" (4 o) 22 e 2p
Thus if A=| - . =" and B=
(l i,,,n (l '
ml m2 mn |
B _hnl bnl‘ hﬂp_

be two matrices of the type m x n and n x p respectively over a number system K, then the product A.B is defined to be
the m x p matrix :

€11 €12 i"[p
1) ' (] 4
. a4 2p e _ | o b . :
, where Ci= a, b Thi uﬂhzj + ﬂ,,,f?',,j Zl ﬂ,rhrj forl <is<m, 1<j<p.
o
Cml  Cm2 - Ump i

(i1) Properties of Matrix Multiplication.
(I) Matrix multiplication is Associative.

If A, B, C are three matrices such that A.B and B.C are defined, then (A.B).C and A.(B.C) are both defined and
(A.B).C = A.(B.C).

Let A be of the order m x n.
Since A.B and B.C are both defined.
B must be of the order n x p and C of the order p x g.
By def.. A.B is of the order m x p and B.C of the order n x g.
Consequently (A.B).C 1s defined of the order m x ¢ and A.(B.C) 1s defined of the order m x g.
LetA= Iu,}-], B &= [hij] and C = [rfj].

Let AB= [d,j] and B.C = [E’.,-j].



Then d;; Z ajy by; and e;; = Z b ¢

re=] s=1

Ok

P 4
Forl1<i<m,1<j<gq, (i j)—entry of (A.B).C = >, dig Coj = 2 {
r

s=1 -l | sy go=] pe=)
[ \
‘ n n P n p
and (1, f}_ entry of A. (B.C) = E djp € rf = E iy E brs ij = Z Z iy “] Fx_,r}
r=1] r=| \s=1 ] v=ks=d

Thus both the matrices (A.B).C and A.(B.C) have identical (7, j) —entries and are of the same order m x q
[ e bm) Csj =y, (D, € }fru all r, s

Hence, (A.B).C = A.(B.C).
(II) Matrix Multiplication is distributive over addition.
(i) If B and C are matrices of the same order and A ts a matrix such that A.(B + C) is defined, then :

A (B+C)=AB+ A.C.
(it) If A and B are matrices of the same order and C is a matrix such that (A + B).C is defined, then :

(A+ B).C =A.C + B.C..

(1) Let A= [“; be any m X n matrix.
Let = Ibu and € = |‘5'{','| be n X p matrices.
Then B + C = Idﬂ-l where ffij = h&. + ¢
For | <i<m, 1 <j<p then (i, j)—entry of A(B +C)
= Z ﬂ”{f” E a;. (b +r”) = E “*';rbu +Hfrfrj )= 2 a”hrj Ef‘:rfrj
pr=] r=| r=|\ r=|

= (i, j) —entry of A.B + (i, j) —entry of A.C = (i, j) — entry of (A.B + A.C).
Hence A. (B+C)=A.B + A.C.
(i) This 1s left tor the readers to try.
(IIT) Multiplication by an Identity Matrix.

IfAisanm x nmatrix and I, and I, are identity matrices of orders m and n respectively, then |, A=A =A1 .

Let A = |[a; I

yh'm x n

Then Im A and Al” are of same order m x n such that :

m

(lm A).. = z](lm }ir{Al)rj
r=
m
= m A) = rEI{Im }fr“rj
= (L) 19 +{ln1};3 ”2; ********* (L, )im”mj
i ’ 0 if r#i
= dy g L], * Ui = ] df F=1i

BN POSITIVE INTEGRAL POWERS OF MATRICES

If A is a square matrix. then AA 1s defined.

We write it as AA = A”,

Now A’A=(AA)A=A(AA)=AA’=A° [Associative Law]
Thus A° = AAA = AA* = A°A.

In general, AA ...to m factors = A",

Now AA" = (AA ... to m factors) (AA ... to n factors)
=AA ...to (m + n) factors =AM * 1,
Again, (ATt = AT AT ... to nn factors = (AA ... to m factors) (AA ... to m factors) ... to n tactors

= AA ... to mn factors = (A)"™".
Cor. If I be a unit matrix of any order, then =P = ... =1"=1.



- ' EANce
Frequently Asked Questions . FAQs
Example 1. Write the order of the product matrix : % ( —4 2 ] _ ( -4 0 ]
=9 13  \=9 2z
1
b | Hence. x = 13. [By Comparison]
|2 3 4]. (C.BS.E. (F) 2011)

3 Example 5. If A is a square matrix such that A% = I,
Solution. Here A'1s 3 X | matrix and B 1s 1 X 3 matrx. then find the simplified value of (A = 1)? + (A + I)® - 7A.
Hence, AB is defined and is of order 3 x 3. (C.B.S.E. 2016)

(4 Solution. (A — )" + (A + )’ - 7A
Example 2. If (5 x 1) | 2| =(35), find x. = (A =P - 3A%1 + 3A1%) + (A? + I
\7) +3A% + 3A12) - 7A
(Assam B. 2016) =2A3 + 6AIZ - 7A
/4) = 2AAZ + 6Al - 7A [+ 12 =1
Solution. We have : (5 x D] 2 | =(35) =2Al + 6Al - 7A [@ A% =]
\7 =2A+6A-TA=A.
= (20 + 2x + 7) = (35) Example 6. If A is a square matrix such that A% = A,
=20+ 2x+7=35 = 2x=8. then write the value of 7A — (I + A)?, where I is an identity
Hence, x = 4. matrix. (Type : W. Bengal B. 2016; A.I.C.B.S.E. 2014)
T 1 -1 Solution. (I +A)* =(1+A) (I+A)
, bk K - - -
Example 3. If matrix A = —1, 1 and A- = KA, | I+ IA + Al + AA
then write the value of ‘k’. =1+A+A+A°
(Meghalava B. 2014; A.I.C.B.S.E. 2013) ,}
i i =]l+2A+A [- A< = A]
] =]
Solution. We have : A = 1 1k =1+ 3A (1)

T+A° =d+A)2J+A)
=+ 3A)(I+A) [Using (1)]

= [{] —1 1
- L " =11 + IA + 3Al + 3AA
[+l =1-1] [2 -2 =1+ A+ 3A+ 3A°
—1-1 1+1 | |[-2 2] =1+A+3A+3A [A? = A]
By the question, A% = kA =1+ 7A k)
9 9] s Hence, TA—= (1 + A =7A = (1 +7A)  [Using (2)]
= -z a] =1 3 =-1
) ) i ] Example 7. Find matrix A such that
| -r ; 1 —=1] a : i i
= “~ ) l = e 1l 2 -1 -1 — 8
- ) ] ] 1 0[A=| 1 -2|. (A.I.C.B.S.E. 2017)
Comparing, 2 = k. "
Hence, k = 2. 2 -9 22
2 3 1 -3 -4 6 o -
Example 4. If 5 7/l -2 415 g &) 2 -1
write the value of ‘x’. (C.B.S.E. 2012) Solution. LetP=| ' Ul which is of order 3 x 2
Solution. We have ‘e

and Q=] | =2/, whichis of order 3 x 2.

.
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Let A be p x g. 24+0+12 —-6+6+0 10+12+20]
ThenPA=Q = 2=p and ¢g=2. =[3+0+15 —94+8+0 15+16+25
Thus A1s 2 x 2 matrix. 4+0+18 —12+10+0 20+20+30]
a b 14 0 427
Let A=l 4l =[18 -1 56/
] 22 -2 70]
B | B —-1 —8 3 1 1 0]
(l A4 = s
Then L 0 | = | 9 Example 10. If A = 1 > and I = 0 11
O ( _ N L .
-3 4]/ - |9 22 find ‘k’so that A% =5A +KI.
(C.B.S.E. Sample Paper 2019)
[ 2a—¢ —d 1l -1 -% . 3]
2a— 2b—d 1 =3 Solution. We have : A = [ \ 2].
e a b = 1 =21 -
—3a+4c =3b+4d 9 22 : 2 _ AA = 3 L3 l
u 1 I = i = y N — =1 >l 21 >
311 9 i V9 — A = _ 9, _ - _ -
Comparing, 2a-c =-1 ...(1) 2b-d=-8 ...(2) 9_1 349 Q5
a=1 ..3) b=-2 ..4) - . = _
“3a+4c =9 ..(5) -3b+4d=22 ..(6) [=9=2 =l+4] =2 2
From(l)and (3). a =1 and  ¢=3. 3 11 [15 5
From (2) and (4). b = -2 and d=4. Also,  5A =5 1 217 1=5 10
(5) and (6) are also verified. > T
Il 0O kK 0
i and Kl = k =
Hence, A = ; R 0 1] 1[0 k]
A Now, A2 =5A +kI
Example 8. Solve the following equation for x : | 8 5] [15 5 N k0]
- —
"1 0] -5 3 -5 10 0 k
i . ' F | : : = B s B ,_- _-
x 1, =0 (C.B.S.E. 2014) w &1 T & L
! _ - _ _
_ _ 5 3] |-5 10] |0 Kk
1 0 - B S
Solution. We have : [x 1] =0 B-I5 §-5 k0O
-2 0 — =
- - -5+5 3-10 0 k|
> x-2 0+0] =0 " o _
> x=2 0] =[0 0] T O [k
Comparing, x—2 =0.Hence, x = 2. 0 =T7] 0 k)
Example 9. Compute the indicated product : Hence. k=-7. )
2 3 4|1 -3 5] 1 0 2]
3 4 50 2 4. (N.C.E.R.T.) Example 11.IfA= |0 2 1| and
4 5 6/3 0 5] 2.0 3
3 4] A3 - 6A% +7A + kI; = O, find k. (A.I.C.B.S.E. 2016)
Solution. Let A=[3 4 5 1 0 2]
4+ 3 B Solution. We have : A= [0 2 |
1 -3 5] 2 03
and B=|0 2 4| 10 21 0 2
3 0 5] ~A2=AA=|0 2 1ffo 2 1
Number of columns of A = Number of rows of B = 3. 20 32 o 3
Thus AB is defined and 1s a 3 x 3 matrix. . i o T ’
i} 1+0+4 04+04+0 24046 5 0 8
2x1+3x0+4x%3 , , 5
AndAB=[3X14+4x0+5x%x3 = [0+0+2 0+4+0 0+2+31=12 4 5
4x1+5x0+6x%x3 _2+{}+f} O0+04+0 4+U+9_ _8 0 13_
2X(—3)+3X2+4x0 2X5+3x4+4%x5 1 0 2][5 0 8§
IX(=3)+4X2+5X0 3X5+4X4+5%5 And A*=AA° =10 2 1|[2 4 5

4X(—3)+5%X2+6X0 4X5+5X4+6X5 2 0 3(]18 0 13



540416 0+0+0 8+0+26| [21 0 34] SX]HOX04H8X2  SXO+HOX2+8X0  5X2+H)X]1+8X3 |
- 0+4+8 0+8+0 O0+10+13|=]12 8 23/{. =| 2X14+4X04+5%2  2XO0+4X245%0 2X24+4X1+5%3
10+0+24 0+0+0 16+0+39] |34 0 55 8XIHOX0+13X2 8X0+H0X2+13X0 8X2+0X1+13x3
Now A? — 6A% + TA+ kI, =0 i L .
) o - ) 540416 0+4+0+0 10+0+24 21 0 34
21 0 34 5 0 8 | 0 2
240+10 04840 4+4+15|=|12 8 23]
=112 8 23|—-6/2 4 5|+7(0 2 1 =
84+0+4+26 0+4+0+0 16+0+39 34 (0 55
34 0 55 8 0 13 2 0 3 - . 2k :
- - - " - SAT—6A°+TA+ 21
10 0 00 0 (21 0 34] [s o s8] [1r o 21 [1 o o
+ k10 1 0f=10 0 0 |12 8 23[-6|2 4 5|+7[0 2 1[+2{0 1 0
00 1| |00 0 34 0 55 [8 013 |2 0 3] |oo 1
[ 21-30+7+k  0—0+04+0 34—48+14+0 21 0 34] [=30 0 -48] [7 0 14] [2 0 O

| 12 8 23|+|—12 =24 —30[+[0 14 7[|+|0 2 0©
= | 12-1240+0 8-24+14+k 23-30+7+0
34 0 55) |-48 0 -=78] |14 0 21] [0 0 2

| 34—48+41440  0—0+0+0 55—78+21+k ‘ =" o

R 21-30+74+2 0+40+0+0 34—48+144+0
00 0 _ | 12=124+0+0 8-24+14+2 23-30+7+0
1o o o 34—48+14+0  0+0+0+0 55—78+21+2
=24k 0 0 ] [0 0 0 000
N 0 k=2 0 |_lo o0 of |
0 Q  —Z2+%& 0 0 0 | 0 0 0]
Comparing, -2 + k = 0. - ) | which verifies the result.
Hence. k = 2. Example 13. Let
1 0 2 '123} o 2 —1]
Example 12. If A= [0 2 1|, show that : A= _:i :;' :iandB=; —; —;1.
S Find AB _dBA I M; BA ? _ d
A3-6A2 +7A + 21 = O.( N.C.E.R.T; Jammu B. 2015) WAL ARG D I T ¢

Solution. Here A 1s 3 x 3 matrix and B 1s also 3 x 3

—

1 0 2] matrix.
0 2 1 Since no. of columns m A =no. of rows in B = 3,
Solution. Here A = - : - AB 1s defined.
2 0 3 . 2 .
o - | 2 3(1(0 2, =l
A = AA G AB=| 2 3 4 1 3 4 |
b M1 0 2] -1 1 2/(0 -2 -3
=10 2 1110 2 1 - |
5 > I x0+2x1+3x0
2 0 3|2 0 3] —| 2%x04+3x1+4x0

] | ) B S
IXI+0X0+2%2 IX0+0X2+2X0 IX2+0X1+2X%X3 = IX0+1Xx1T+2X0

OXI4+2X04+1Xx2 O0XxO04+2X241xX0 Ox242x1+1x3 st

T 2X140X043x2 2X040X243X0 2x24+0X143x3 lii:ii::li{{:i ii:i;:iij:zz{(:?}
14044 04040 240461 [5 0 87 —~] 821K I4DIR(~2) ~1X(~I1}+]Rd+2X(~3)
{04042 04440 0+243|=(2 4 5 G bl Bibh o lad
240+6 0+0+0 4+0+9| [8 0 13 | 08 #4008 —BETT1
and A’ =AA —0+1+0 -2+3-4 1+4-6
5 0 8][1 0 2] - N A
|2 4 5o 2 1 13 s D5
8 0 132 0 3 I =3 =]




Again since no. of columns of B = no. of rows in A = 3,

-, BA 1s defined.

0 2 -1][ 1 2 3]
. BA=|1 3 4| 2 3 4]
0 -2 -3||-1 1 2]

OX1+2x24+(-Dx(-1)
| X | +3x2+4x(—=1)
_()><1+{—2]>r:2+{—3)><{—l}

I

Ox2+2x34(=1)x1
Ix2+3x3+4x1
OXx24+(=2)x3+(—-3)x1

O0x3+2x4+(=1)x2 |
Ix3+3x4+4x2 {
OX3+(=2)xd+(=3)x2]

T OkB—1 8~
=(1+6-4 2+9+4 3+12+8]
_U—4+3 0—-6-3 0—8—6_!
[ 5 B 6|
= 3 15 23
=1, —§ =14

Hence. AB # BA.

Example 14. If the product of two matrices is a zero
matrix, it is not necessary that one of the matrices is a zero
matrix.

Or
Give an example of two matrices A and B such
that AB = O when neither A= O nor B = O.
(N.C.E.R.T.)
0 -1 3 35
Solution. Take A = 0 ~ | and B = 0 .

A#0Oand B # 0O,

o —-11[3 5
But AB=14 2|0 o
0—0 0-0 0 0
=lo+0 o+0|=l0o o] =O

3 4
Example 15. Let A = |:_ 1 — 3} . find f(A),

Here

where f(x) = x% - 5x + 7.
Solution. We have : fix) = x> - 5x + 7.
fIA) =A% - 5A + 71

N  _ | 3 4 RE
oW A—AA—_4 4| [ed =3

_3><3+4><{—4; IX44+4%X(—3)

(=) X3+ (=3)X(=4) (=4)X 4+ (=3) X (=3)
B 0—16 12-12 — 7 0

| =12412 1649 |T 0 —7

s A =A2-SA+TI

i B 3 4 1 0
‘{ 0 —7}'5[—4 -3}”[0 1}
-7 0+ —-15 —20+7 0
1 6 -9 20 151 |0 7
~7-15 0-=20 N ¥
0+20 —7+15 0 7

[ P2 -20} [7 0]
_+_

20 8] |0 7

[-22+7 -20+0] [ -15 -20

| 2040 8+7] | 20 15])
PRINCIPLE OF MAT ICAL INDUCTIC

Denote the given problem by P (n), where € N.

GUIDE-LINES

Step L. Verify that P (n) is true forn = 1.

Step IL. Assume P (n) to be true forn = m, where | Sm < n.
Step III. Verify the truth of P (n) whenn=m + 1.
Then P (n) 1s true for all n € N.

Example 16. Prove the following by the principle of

Mathematical Induction :

lff—\—[l —l_!" then A —[ . 1—211!'
where n € N.

(NNC.E.R.T. : Assam B. 2018 : H.B. 2014 : Kashmir
B. 2012 : PB. 2012)

Solution. Step I. When n = 1.

3 -4 21 -4l ]
AI:A:[ 41_[1+ 1 -4l

I =1} | 1 | -2.1[
Thus the result 1s true when n = 1.
Step II. Let us assume that the result is true for any

natural number m. where 1 <m<n

g, AS = "
m 1 —2m |

=

(1)



Step III.
A+ I AMA

| + 2m
B m

—4m |[3 -4 | |
1—?.!1':_![1 —I‘ |Using (1)]

| 3+6m—4m —-4-8m+ 4m |
| 3m+1-2m —4m—1+2m i

—4—4m|

|3+ 2m
—1—2m |

| + m

—4(m+1) |

| 1+2(m+1)
a [=2(m+1) |

m=+1

Thus the result 1s true whenn=m + 1.

Hence, by Mathematcal Induction, the required result

1s true for all n € N.

Example 17. Three schools A, B and C organised a
mela for collecting funds for helping the rehabilitation
of flood victims. They sold hand made fans, mats and
plates from recycled meterial at a cost of ¥ 25, ¥ 100 and
X 50 each. The number of articles sold are given below :

Find the funds collected by each school separately by

selling the above articles. Also, find the total fund collected
for the purpose. (C.B.S.E. 2015)

40 25 35
50 40 50
20 30 40

—

Solution. Quantity matrix, A =

oy
Cost matrix, B = 100 .
50

Total fund = Quantity matrix x Cost matrix = A x B

40 25 35|/ 25
50 40 501|100
20 30 40| 50

_-— - =

40X 254+ 25%x1004+35%50]
S50X254+ 40100450 x50
20X 25+ 30 %100+ 40 %50

1000+ 2500417501 [5250
12504+ 4000+ 2500 7750
| 5004300042000 | | 5500 |

. Fund collected by school A =% 5.250
Fund collected by school B =% 7.750
Fund collected by school C =% 5,500
and total fund collected = 5250 + 7750 + 5500
=3 18.500.

Values : We should show sympathy and humanity towards
flood victims.

Example 18. In a legislative assembly election, a
political group hired a public relations firm to promote
its candidate in three ways ; telephone, house calls and
letters. The cost per contact (in paise) is given in matrix
Aas:

Cost per contact

40 Telephone
A= 100 House calls
i 50 i Letter

The number of contacts of each type made in two
cities X and Y is given in matrix B as :

Telephone House calls Letter
B = 100 500 5000 |- X
3000 1000 10000 | — Y.

Find the total amount spent by the group in two cities

XandY. (NC.E.R.T)
~[ 40 1
o (100 500 s50007(
Solution. Here BA“[SU{}[} 1000 10000 | 13;’;

=

100 x 40 + 500 x 100 + 5000 x 50 |
3000 x 40 + 1000 x 100 + 10000 x 50 |

Il

4000 + 50000 + 250000 | 304,000 — X
120000 + 100000 + 500000 |~ | 720.000 | - Y

Hence, the total amount spent in two cities is I 3,040
and T 7,200 respectively.
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EXERCISE 3 (d)

Fast Track Answer Type Questions

1. (a) (1) If A 1s a m x n matrix such that AB and BA
are defined, then B is of order....... (Fill in the Blank)

(Jammu B. 2017)

(i) If A1s of order m x n and B 1s of order n x p, then
AB 1s a matrix of order as m x p.
(True/False) (Kashimir B. 2017)

(b) If A 1s a matrix of order 3 x 4 and B is a matrix of
order 4 x 3. find the order of the matrnix (AB). (C.2.5. 5. 2000 ()

2. Compute the indicated products :

a blla —0b
(@) (1) —b allb a

(N.C.E.R.T.)
25
aiy [2[2 3 4l (N.C.E.R.T))
|—3_
=211 2 3 = A
(1i1) |:2 :J [2 3 IJ (N.C.E.R.T.)
1 0][2 -1
(iv) o 1ll1 2 (Meghalayva B. 2015)
1 0][o o
(v) 1ol o (Uttarakhand B. 2015)
A T i
6 91[2 6 0 2 3 4|1 3 D
B 4 5 6]|13 05

(N.C.E.R.T.)

(c)IfA=|2]|and B=[1 O 2], the find the value of AB.

|
2
(IftA=]1 2 3 4]landB= 1 , compute AB.
-4-
(Meghalava B. 2017)
0 1 0] T 2
. ifP=|9Y 2 1l o=|3 O, find PQ.
2 3 0 4 1
(J.&K.B. 2010)
I 2¥(3 1 7 11
(b) If 3 4ll2 5/ =\ 23] then write the value
of A’ (C.B.S.E. 2010)

(¢) (1) If matrix A = and A< =1A,

then write the value of “A’. (A.I.C.B.S.E. 2013)

3

-3 3
then write the value of ‘A”.

and A® = AA,
(ALC.B.S.E. 2013)

(11) If matrnix A =

(d) It A'1s a square matrix such that A< = A. then write

the value of (1 + A)*—3A. (Tripura B. 2016 C.B.S.E. (F) 2012)

s b2 =

(Jharkhand B. 2016)

10 10
(e) If A = 1 7 and 1 = o 1l then find K so
that A% = 8A + KI. (Mizoram B. 2017)
4. (a) Find the values of "a” and ‘b’ for which :
a bl 2] [5]
—a 2b||—1]7 4]
(Bihar B. jf)f 4. KE’;'{;fH E? _?(;I 7; Rajasthan B. 2017)
cos@  sin6@

(b)) It A=

B

A’ =

Very Short Answer Type Questions

5.

find AB.

(1) If A =

o

Mo

2
=2

3
3

1
4

o

-

and B =

e o I

q

-

I —

. then

(H.B. 2016)

(i) If A =

b

—sinf  cos @

cos 26

sin 26

—sin 260 cos 20|

» then prove that :

(Kerala B. 2017; Rajasthan B. 2013)

find AB and BA.

——

2 4= 2

3
R
I

. then

(Jammu B. 2017)



- > —| g 1] . 2 4 ] -1 5
(i) It A= 6 7 and B = _— find AB. 8. Let A = T and B = | 6
(Jammu B. 2017) (a) Find AB.
6. Evaluate the following : (b) Is BA defined ? Justuty your answer.
4] 4 (_)'| (Kerala B. 2013)
(i) M[? 9|+[ﬂ 5| o
2 3
. 1 -2 3] T )
) o 9. IfA=|_, 5 q_I'dlnf;iB= 4 51, then find AB,
a h g ||x - 2 1
(i) [x y z]|h b [f||¥ g ) |
¢ f - BA. Showthat AB#BA. (N.C.E.R.T.: Jammu B. 2017, 16)
_ ) 10. Prove that AB = BA when
1 -1 X p - i —
2 b cos@ sinf cos¢ sin
(itr) | 0O 2 [_l} ;i ‘:1—[0 | ;') A= and B=| ? ¢ ;
5 a2 0 1} {10 --J sinf) cosf  sing  cos¢
' ) 11. Show that :
7. (a) Solve the matrix equations :
1 2 3|[-1 1 0] [-=1 1 ol1 2 3
BN | | N (H.B. 2012) 0 101 0 -1 Ligl 0 —1 10 1 0
‘ e e B 3 1 1 0j 2 3 4 2 3 411 1 O
(b) Find the value of “x” such that : (N.C.E.R.T))
19 ollo 12. Show with the help of an example that AB = O,
M 2 1 |2 a L2 z0 (N.C.E.R.T) whereas BA # O, where O 1s a zero matrix and A, B are both
[ 0 2]« noN-zero matrices.
) S | 13. Give an example of matrices A, B and C such that
- SF 9 AB=ACbutB = C,A = 0.
1 0 2||x
(i) [x =5 —1]{0 2 1{[4{=0. (N.CE.RT) 5 9 10
20 3111 14. It A= -1 9 and I = 0 1| show that :
(¢) Find the values of ‘a” and ‘b’ for which the following (A -3 (A-4D) =0.
hold : 3 h]
. e S . 15.1f A=| . show that A% — 5A is a scalar
3 2 5 =2 1 0 -4 2
T a|—T bl 10 1] matrix.
Short Answer Type Questions m SATQ
16. Consider the matrices : e ] e
) ) ) ) (i) If A = B= . verify that :
] -2 a b 1 0 2 31
A=|_; zladB=|_ .| s 4 . ) |
i i e B (A+B)- #A-+2AB + B-. (J. & K.B. 2010)
2 9 1 1 =1 1 8
If AB = 5 6! find the values of a. b, ¢ and d. 18. HIfA=|2 0 3/.B=| 0 2
i i 3 -1 2 -1 4
(Reraulu B. 2014) ) - - -
e 2 =] | 4] [ 2 3 _4]
17. () It A= [_ | E}a’md B—[_ Tt and C = [,_, g —3 1J' find A(BC), (AB)C and
does (A + B)* = A*+2AB + B* hold ? show that (AB)C = A (BC). (N.C.E.R.T))
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(i1) Let A =

L

| 2

2 |

, B =

ad

Calculate AC, BC and (A + B) C.

and C = | ,

Also venty that: (A + B) C =AC + BC.
(Karnataka B. 2014)

=23 ==, = o

0 6 7 0 1 | 2
(fii) LetA=|—-6 0 8(.,B=|1 0 2|,C=[(-2
_7—80_ _12(}_ _3_
Calculate AC. BC and (A + B) C.
Also show that (A+ B) C =AC + BC. (N.C.E.R.T.)
19. Find the matrix ‘X so that :
1 2 3| |-7 -8 -9 -
Xl4 5 6|71 2 4 6| NCERT)
" —9]
) A: i
20. (i) It l=8 4

find — A% + 5A. (PB. 2010)

(i) If A = [_? ;] show that A —5A + 71 = 0.

_—

Use this result to find A%, (N.C.E.R.T.)
20 1)

() If A=|2 ] 3. then find :
1 =1 O

(I) A% — 5A + 6]
(I A2 -3A+21. (N.C.E.R.T.: A.LC.B.S.E 2010)

3 _
21. (i) If A= [ ;} show that A2~ SA + 71 = 0.

(N.C.E.R.T.)

R

.
3_

(i) It M = » then verify the equation :

M?-10M+111,=0.

=1

(Kerala B. 2015)

1 2 3]
22. (O IfA=|3 -2 1/. then show that :
4 ) IJ

o

A2 - 23A —40I # O. (N.C.E.R.T.)

10 2
(iyIfA=10 2 1], prove that:
2 By 8

A3 _6A2+TA +21=0. (Karnataka B. 2017)

- —

=

> 1

23. () If A= find f(A).

where f(x) = x* - 2x + 3. (Mizoram B. 2015)

o

() It A=

where f(x) = x> — 5x+ 7.

3

]
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2

24. (a) (H IfA= [_

. 3
(if) If A=[4
that A2 = kA = 2I.
L0
(i) A= 7

—_—

ra b9

and I =

3
5

0

1

0

.then find f(A).

0

I

(H.B. 2018)

]~ find k" so that A% — 8A = kI.

(W. Bengal B. 2018; P.B. 2010)

|

}. then find ‘K" so

0

1

=

(N.C.E.R.T.)

then find ‘A’ so that k A2 =5A-211. (H.B. 2015)

(b)y1If A= . then find ¢ and b for which

'3 3
i

A+ aA + bl = O. (H.B. 2016)

25. LletA= |:” l] show that :

0 0
(al + bAY'= a1 + na™! bA.

where 1 1s the identity matrix of order 2 and n € N.

(N.C.E.R.T. : H.B. 2014; Kashmir B. 2012 ;
Jammu B. 2012)

26. A matrnix X has a + b rows and a + 2 columns while
the matrix Y has b + | rows and a + 3 columns. Both matrices
XY and YX exist. Find “a” and *h". Can you say XY and YX

are of the same type ? Are they equal ?
-1 -4 |
27. Let A = ] 3 prove by Mathematical
Induction that :
L—2Zn —4n
A = n 1 4+2n |- where n € N.
(P.B. 2012)
o cos® sin®
28. (D ITA=|_. 9 cos@ | Prove that:

cosn® sinno
A= _ .n € N.
—sinnB cosnb

(N.C.E.R.T. ; H.B. 2015, 12 ; Kashmir B. 2012)

- cos —sinf '
(i) LetA=| .. g cosf |- Show by Mathematical
Induction that :
cosnf  —sinnf
Vil _ ; e
A" = Sinub _— for every positive integer n.



29. Three schools X. Y and Z organised a fete (mela) for
the following funds for flood victims in which they sold hand-
hold fans. mats and toys made from recycled material, the sale
price of each being ¥ 25, ¥ 100 and I 50 respectively. The
following table shows the number of articles of each type
sold :

Using materials, find the funds collected by each school
by selling the above articles and the total tunds collected.
(A.ILC.B.S.E. 2015)

Long Answer Type Questions

2 3 5
32.Let A= [_ Lo || and flx) =x=—4x + 7. Show that
fIA) =0, 5. Use this result to find A”.
_ o
0 ot lilﬂ‘: ] {ﬂ
33. et A= o« < | and lz[[} | ‘
tan — (0 .
| 2 _
~ Ans
1. (a) (1) n xm (1i) True (b) 3 x 3.
T o 1 2 3 4]
2@l T Y Ghla 6 8
A “ ﬂ‘-‘l'h‘_J 6 9 12
3 —4 1 2 =11 [0 0]
(111) [ g 13 91 (1v) 12 _L (v) 0 0
- [ % |
75 117 72 ..
(B ® |55 29 14J (i) |18 —1 56
T 22 —2 70|
3 4 0 8
14 -6
'3 0 6]
(d) [30].
3 0
3. (a) 10| (b k=17
11 4
(¢) (DA=4UHA=6 (d)l (e) K=-7.

4. (a) a=1l,b=-3.

30. A trust fund has I 30.000 that must be invested in
two different types of bonds. The first bond pays 5% and
second 7% interest per year, which will be given to an NGO
Cancer Aid Society. Using matrix multiplication, determine
how to divide < 30.000 among the two types of bonds if the
trust fund must obtain an annual total interest of :

()X 1,800 (b) X 2.000. (N.C.E.R.T.)

31. There are two families A and B. There are 4 men,
6 women and 2 children in family A ; 2 men. 2 women and
4 children in family B. The recommended daily allowance
for calories 1s Man : 2400, Woman : 1900, Child : 1800
and for protems 1s : Man : 55 gm, Woman : 45 gm and
Child : 33 gm. Represent the above imformation by matrices.
Using matrix multuplication, calculate the total requirement
of calories and proteins for each of the two families.

show that :

COSa —SsIn

I+A)=(1I-A)

sina cosa|

(N.C.E.R.T.; Jammu B. 2015; Assam B. 2013 ;
Rajasthan B. 2013 ; H.B. 2012)

wers |

) ] ) [<iffi 3 3il
- -1 9 0 —4
5. (i) i) =16 2 37
20 1] e 3
. . s —-2 =2 11
7
(111) 33 34
. [32 36]
% [35 40|
(i) [ax®+ by + cz2% + 2fyz + 2g2x + 2hxy]
0 -1 |
(i) |2 0 -2|.
5 —2 —3
1. (a) x=0, =3/2

(b) (Hx=—1(i)x= 43
(¢} a=J, b=3,

— o

2 6 34

8. (a)
| =7 —13_

(b)Y BA 1s not defined because number of columns of
B # number. of rows of A.
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= - [ i -2
0 —4 W Al 19.X=[i 0}
9. AB=| o ;[BA=[-16 2 37|
] ] -2 =2 11
- ; | -2 o] [ 39 55
12. Take A = ] ] and B = -1 ol
) ) T 1 =1 =3] T ] =] =]
13. Az[{'} maz[? gic{g ?J Gih | =1 =1 —10| an| 3 -3 —4|.
- - —) 4 4 -3 2 0
16. a=16,h=39 ¢c=7and d = 15. - -
17. (i) No. " 13—
" i 4 A 25, KI) -8 8_ (11) O.
15 ) ABJC=ABC)=135 —2 =53 22 24. (a)(Vk=-T7 (i) k=1 (iiDk=1(hya=—-4.b=1.
31 2 =27 11
- - 26. a=2.b=3;: No.:No.
5 7 2 2] 29. X:T6,500;Y:32800;Z:% 11,000
) AC=1y 5]:BC=17 10 Total fund = ¥ 20,300,
S 30. (a) T 15,000,% 15.000(h) T 5.000, T 25.000.
and (A+B)C = (115 31. A : 24600 calories, 556 gm proteins
i i B : 15800 calories : 332 gm proteins.
9] - 10| -
iy AC=|12|.BC=| 8|.AC+BC=|20. B ["Lg el
30| -3 28 e

—" Hints to Selected Questions ————————————@-©- - - —

> [ 3 =5][3 -5 ! =A% = 31
15 &2 o N 23. f(A)=A--2A+3I
e ¢ =l =y 26. XYisdefined=>a+2=b+1 =a-b=-1 ..(1)
- [9+20 -15-10][ 29 =25 YX is defined =>a+3=a+b=b=3.
|—12=8 20+4 J[-20 24 Puttingin (1),a-3=-1=a=2.
. 29 -=25] [3 =5 - o
. A2=SA = -5 5
=00 24 = 2 —
] o ] 30. (@) [x 30,000 - x] 1(7’0 —[1800]
o 3 1T _ Al
) 20—15 25+ 25 _ 14 0 100,
~[-20+20 24-10]| |0 14])
which 1s a scalar matrix. = x = 15000.
Q1 %4 k. 55|
B, LaX=|. 5. | Ty 2400 5¢
N v ] 31. F:{) . Z].R: 1900 45 .
Then a5, aﬂ__él 5 ] = I 2 4 6 |
N —ﬂ]t +4H]3 Eﬂ'” +5ﬂ]3 3(1]1 +6HI-_1— 33' USE Fak = 1— lﬂﬂi [1/2
Gy tday  2ay +5ay; 3ay +6ay, I+ tan” o2
= s s s 2 tan o2
5, 4 6 | - and SIN O = = .
" : | + tan” 0/2

Compare and solve.



Bl TRANSPOSE OF A MATRIX

(a) The matrix obtained from any given matrix A by interchanging its rows and columns 1s called 1ts transpose and 1s
denoted by A'or A’ or AT, (Kashmir B. 2015)

IfA=|[ ﬂ,-jf is an m X n matrix, then the transpose of A, denoted by A' or A or AT, is defined to be
n X m matrix obtained from A by writing the rows of A as columns and columns of A as rows in the

same order:

Thus A’ = [bf}-], where b,j = a; Jor 1S jsm Isisn

) - . 1 2 3
‘ 1 - o "" 2 3 4
For Examples: (DIf A=]2 3 4 1| thenA'=|3 , ,
. ) o e
3 & 209 4 1 5
_H” ap» |H|3,-| _“Il az) “3|—
{[” If A= ] k) asy |, then A’ = L’I]E “32 {132
| d3)  d3p  d33 a3 dp3y  diz

(b) Theorem. If A" and B' be the transpose of A and B respectively, then :

(H(A')' = A (II) (A + B)'=A"+ B', A and B being of the same order

(II1) (kA)" = kA, k being any scalar

(IV) Reversal Law. (AB)'= B'A’, A and B being conformable to multiplication.

Proolf. (I) Let A be an m X n matrix.

Then A" will be an n x m matnix and thus (A’)" will be an m x n matrix.

Thus A and (A")" are of the same type (1)
Now (i, j)th element of (A")" = (j, i)th element of A" = (i, j)th element of A L2)
(I)and (2) = (A")" and A are of the same order and their corresponding elements are equal.

Hence, (A")' = A.

(Il) Let = [HU] and B = Ib&.]

= (A + B)'is a matrix of the order n x m.

Then (A + B) 1s a matnx of the order m x n

mxn m x n.

Also as A"and B' are both of the order n x m = (A'+ B’) 1s a matrix of the order n x m.

Thus (A + B) and (A" + B’) are both of the same order A 3)
Now (i, j)th element of (A +B)" =(j, )th element of (A +B) = a + f:rﬁ
= (J, i)th element of A + (j, i)th element of B

= (i, J)th element of A"+ (7, j)th element of B’

= (i, /)th element of (A'+ B) ()
(3) and (4) = (A + B)"and A"+ B"are both of the same order and their corresponding elements are equal.
Hence, A+ B)'=A"+ B".
(I1I) Let A= [ufjl.m 5 5

If & 1S any scalar, then KA is a matrix of the same order m x n and thus (KA)"is a matrix of the order n x m.

Agamn A'is a matrix of the ordern x m. . kA" 1s a matnix of the order n x m.
Thus (kA)"and kA" are both of the same order il D)

Now (j, i)th element of (KA)" = (i, j)ith element of kA =k . (i, j)th element of A
= k. (j, i)th elemenet of A'= (j, 1)th element of kA’ (6}



(5) and (6) = (KA)"and kA" are both of the same order and their corresponding elements are equal.
Hence, (kKA) = kA"
(IV) Let A= [a,-j]m «npand B = “’:‘jl'
Thus the product AB is defined.

- AB is a matrix of the orderm x p = (AB)'is a matrix of the order p x m.
Now B'is a matrix of the order p x n and A’ is a matrix of the order n x m.

. B"A'is defined and 1s a matrix of the order p x m.
Thus (AB)"and B'A" are matrices of the same order

Now (i, j)th element of (AB)" = (j, i)th element of AB

= Sum of the products of the jth row of A and ith column of B

nxp

by
[}'I
2 |:H_f1 !IJ“ o o8
b .

nr _

=laj ajp <« dg) j2 by # s

P i + . + hm- a,

= Sum of the products of the ith column of B and jth row of A
= Sum of the products of the ith row of B"and jth column of A’
= (i, j)th element of B'A’

e

= blf a + b+

MODERN'S abc + OF MATHEMATICS (XHi)

..(7)

i{(B)

(7) and (8) = (AB) and B'A" are both of the same order and their corresponding elements are equal.

Hence, (AB)'=B'A".

Generalisation. (A 1A,

¥
n—1

A)= A A

SYMMETRIC AND SKEW-SYMMETRIC MATRICES

(a) Symmetric Matrix.

=l Definition

A square matrix A = [a i | is said to be symmetric if (i, j)th element is the same as its (], i)th element.

(Kashmir B. 2012

Thus matrix Ais symmetric if A'=A e ifa; = ajj for all i and .

J
) <0 0 0 1]

_ ~la a, a
2 411 %2 Blo 0o 0 o

For Examples : Jar by s |,

4 5 - - - 0O 0 0 0

- I W/ 'y C
32 811 ooo

are all symmetric matrices.
Theorem. The necessary and sufficient condition for the matrix A to be symmetric is that A" = A.
Proof. The condition is necessary.

Let A= I{IUI be n-rowed symmetric matrix.

Then, by def.. a; = a;

Also A" will be n-rowed square matrix

Now (i, j)th element of A’ (J, i)th element of A =a =y

4

(7, ;ith element of A

(2)and (3) = A= A,
The condition is sufficient.
Here A= A

= A 1S a square matrix.

w1 )
aill2)
|Using (1)]
i(3)

|Given|]



Also (i, j)thelementof A = (i, j)th element of A’ [ A'=A]
= (J, i)th element of A.
Hence, A 1s a symmetric matrix.

(b) Skew-Symmetric Matrix.

=j| Definition

A square matrix A = [ﬂ,-j] is said to be skew-symmetric if (i, j)th element is negative of its (j, i)th element.

(Kashmir B. 2012)

Thus matrix A 1s skew-symmetric if A'=—- A re. 1f dp==gy for all 7 and .

0 a b
For Example : | —a 0 ¢ is a skew-symmetric matrix.
-b —-c 0
Theorem. The necessary and sufficient condition for the matrix A to be skew-svinmetric is that A' = — A.

Proof. The condition is necessary.

Let A =[a;] be n-rowed skew-symmetric matrix.

Then. by def.. By i By LY
Also A" will be n-rowed square matrix {2}
Now (1, j)th element of A" = (j, 1)th element of A
=d;=—q [Using (1)]
= — (i, j)th element of A il )
(2) and (3) = A" =-A.
The condition is sufficient.
Here A'=-A |Given|
= A 1S a square matrix.
Also (i, j)ith element of A= — (4, j)th element of A’ [+ A'=-A]

= — (J, )th element of A.

Hence, A 1s a skew-symmetric.

. KEY POINT

The symmetry of a matrix 1s that it 1s symmetric along the main diagonal. whereas the matrix 1s skew-symmetric 1f all
the elements on the main diagonal are zero and the elements symmetric about the main diagonal are equal in magnitude

\bul of opposite signs.

BEEEEEEXE] MORE THEOREMS

Theorem L. For any square matrix A with real entries, A + A" is a symmetric matrix and A — A" is a skew-symmetric

matrix.
Proof. (i) Let B=A+A".
Then B'=(A+A"
=A"+ (A" [ (A+B)=A"+ B
=A"+A [-- (A")) =A
=A+A’ ' A+B=B+A]
= B.

By def.. B=A+ A’ is symmeltric matrix.



(11) Let C=A-A"
Then C'=(A-A"
=A"— (A" ["(A-B) =A"-B]
=A"-A [+ (A7) = A]
=-(A-A)
=-C.
By def., C = A— A" is skew-symmetric matrix.
Theorem 1. Any square matrix can be expressed as that sum of a symmetric and skew-symmetric matrix.
(Kashmir B. 2012)

Proof. Let A be a square matrix.

. .
Then A=—(A+A }+;(A—A ¥

—

]
2
But A+ A’ is symmetric and (A — A”) is skew symmetric [Th. I.]

| . . L . - *
= (A +A") is symmetric and = (A — A") is skew-symmelric.

— -

Hence, any square matrix can be expressed as the sum of symmetric matrix and skew-symmetric matrix.

BTN MORE MATRICES

(1) Conjugate Matrix. The matrix obtained from the matrix A by replacing the elements by their conjugates is said to be

conjugate matrix and is denoted by A .
(ii) Hermitian Matrix. A matrix A is said to be hermitian if the transpose of the conjugate matrix is the same as A

ie. (AY =Aor A® = A,

(i11) Skew-Hermitian Matrix. A matrix A is said to be skew-hermitian if the transpose of the conjugate matrix is negative
of A

ie. (AY = —Aie. A®=-A.

(iv) Orthogonal Matrix. A square matrix A is said to be orthogonal if A'A = AA" = 1.

(v) Unitary Matrix. A matrix said to be unitary if A® A=,

(vi) Nilpotent Matrix. A square matrix A is said to be nilpotent if there exists a positive integer 'm’ such that A" = 0.
The least positive integer ‘m’ satistying A" = O 1s said to be the index of the nilpotent matrix.

(vii) Idempotent Matrix. A square matrix A is said to be idempotent matrix if A = A.

(viii) Involutory Matrix. A square matrix A is said to be involutory matrix if A* = 1.

(ix) Trace of a Matrix. Let A = [a i |, « , D€ asquare matrix. Then the trace of A, denoted by tr (A), is the sum of all main
diagonal elements.
Thus tr (A) = Qi F G55 + censennsans + @,

Frequently Asked Questions . FAQs |

0 2b -2 0 3 3a [0 2b -2
Example 1. Matrix A= | 3 1 3| is given to = 21 3|=13 1 3
' 3a 3 -1 =2 F =1 3¢ 3 -1
be symmetric, find values of a and b. (C.B.S.E. 2016) Cﬂmpﬂﬁﬂgf 3=2b,3a=-2.
Solution. Since A is symmeltric, |Given] Hence, g = ___z;_ vl By ;}_ |

A=A




0 a -3
Example 2. If the matrix [ 2 0 —1| is skew-
b 1 0

symmetric, find the values of ‘a’ and ‘b’ . (C. 5.5 F. 2018)

0 a —3
Solution. Let A=1[2 0 -1
_b 1 0 |

Since A 1s skew-symmetric,

N =
0 a —3_r 0 a -3
— 2 O —l — 2 'U —]
_b 1 U_ _b 1 {}_
0 2 bl [0 =a 3]
= a 0 1|=1-2 0 1
=3 «—1 0] ‘—h — | f}_
Comparing, 2 =-—aand b=3.
Hence. a =—32 and b=3;
cosa  Sin«
Example 3. If A = ( ) )., find ‘a’
—sina  CoS

satisfying 0 < @ < — when A + AT = /2 I,, where A" is

2
transpose of A. (A.I.LC.B.S.E. 2016)

. _ COSa  SIn«
Solution. We have : A = _ .
—SIN&  COS L
COSt —SsIn«
AT = .
SIN L COS 1
Now A+A" = \EI,_,
COSC  SINd COSx —SInd 1 0
— : + P — \/E
—SsINd COS « SIN COS ! 0 1
2cosc () \E ()
= — :
() 2COS 0 ﬁ
_ |
Comparing, 2cosa =2 = cosa=—F.
42
7T T
Hence. it = E . Tl <a< 5

a+b 2 6 5\
Example 4. If 5 b/ = (2 2) , then find ‘a’.

(C.B.SE. 2010 C)

a+b 2 6 5\
Solution. We have : g bl =1 5

L

a+b 2 6 2
= 5 b} =\5s 2/

Comparing, a+ b =06 il 1)
and b= 2 Y ()
Putting the value of » from (2) in (1), a + 2 = 6.
Hence,

0= 4,

. 3482 (2 -1 2
Example 5. If A = £ 20 andB—[l ) 41

i

then verily that :
(i) (AY =A
(i) (A+B)Y=A"+B
(iii) (kB)" = kB’, where k is any constant.

(N.C.E.R.T)
_ =
Solution. (/1) We have : A = 3 ﬁ = I
|_4 2 0
- 4 o
A'=|3 2]
I 2 (]J,
Ay =[3 V3 2o
4 2 0

Hence. (A”") = A.

e _ 13 A3 2] (2 -1 2
(i1) We have : A = p 5 dndB—[l , 4]
ANapo|3¥2 3-1 242

_4+l 242 (J+4_
_[5 f3-14
5 4 4
i § ¥
(A+B) = ﬁ—l 4 (1)
4 4
" 3 47 T2 1]
Also A’=|43 2|landB’ =|-1 2]
2 D) 2 4




342 441 T 5 5 1 4+—1 -3
A +B =[3-1 2+2(=|/3-1 4 (2) 13 7] -4 -7
2+2 0+4| | 4 4]
i N =1 4=-3] [0 1
From(l)and (2), (A+B)Y =A"+B". = _3_4 7_7_—__] ﬂ_ (1)
o 2 =1 2] [2k -k 2k]
i) “‘B“‘[l : 44‘[&- 2% 4k | 0 -1 [0 1
NUW {A T A } — _l [} i — __ l [}_
26 k| [2 1 | |
(KBY =|-k 2k|=k[-1 2{=4B". == A=A [Using (1)]
2k 4k 2 4 Hence, A— A’ is skew-symmetric matrix.
Hence, (kB)" = kB’. . 5 4
Example 8. IfA’ = | =1 2 | and
Example 6. Show that A + A’ is symmetric when . 01
e o
A= : (H.B. 2014) -3 2 1 ‘
S 6 B = 1 2 3 | then verify that:
| 2 4 (A+B)=A"+B'". (N.C.E.R.T.)
Solution. We have : A = | ¢ 6|
! _ -y 4"
(2 5] Solution. We have : A’ = | —1 2
A" = 4 6 01
L -1 2 1
2 4 Z 3 _
B g + mad B—[ . %]
A+A =15 6| |4 6
i L i -1 1
2+2 4+5] [4 9 [3 = U] . 5
o —. A= : "= “ ~
=|5+4 6+6] |9 12 1) 4 2 1]® 4
OW (A + ) = -9 12- [ ‘””g{ ” “}A‘i‘B: 4 7 l e ] 3 3
Hence, A+ A’ is symmetric matrix.
ol 7. Show fhat A — A" i <kew — 3-1 =142 0+] 2 1 1
xample /. Show that A — A" 1S sKkew-symm{iric when = | 441 >42 1431515 a4 4/l
A L & 2014 (2 5]
= . H. b. 201 £ 3
& P | | )
(A+B) =] | (1)
a 1 4
1 4 - T ]
Solution. We have : A= |y 5. 3 4 =1
B And A’ +B' =| "1 2|¥] ¢ 2
) ) 0 1 | 3
1 3 i J L |
A =14 7] 0 3—-1 4+1] [2 5]
| =1l+2 2421 _|11 24 (2)
1 4] [1 3] - O+ | #+3 | 1 4]

K i I 8 " From(1)and (2). (A+B) =A" + B'.

which verifies the result.




Example9.IfA=| 4 ,B=[1 3 -6], then verify that

N

(AB)'=B'A".
(NNC.E.R.T.; HPB. 2018, 12 ;: PB. 2014; Kashmir B. 2012)
Solution. We have :

e
A=| 4 and B=[1 3 —6].
b 5_.
e
A'=[-245]land B'=| 3|
—_6-
e
Also AB=| 4|{[]l 3 —-6]
5
-2 -6  12]
= 4 12 -24
5 15 —-30|
—2 4 5
(AB)y=[-6 12 15 (D)
12 -24 -30]
.
And B'A’=| 3/ [-2 4 5]
__‘-ﬁ._i
-2 4 5|
=1-6 12 15] (2)
12 -24 -30] )

From(l)and (2). (AB)'=B'A".
which verifies the result.

Example 10. If A and B are symmetric matrices of

the same order, then show that AB is symmetric iff
AB = BA i.e. A and B commute.

(N.C.E.R.T.; Karnataka B. 2017)

Solution. AB 1s symmetric

= (AB)'=AB | Def. ]
= B'A'=AB |Reversal Law]
= BA = AB.

.- A is symmetric, .. A" = A. Similarly B' = B]

Hence, A and B commute.

Conversely :

(AB) =B’A’
= BA |+ A and B are symmetric]
=/ ' A and B commute]

Hence, AB 1s symmetric.

Example 11. Let A be a square symmetric matrix.
Show that :

(a) (1) -lz-—{A + A’) is a symmetric matrix

1

(1) 3 (A — A’) is a skew-symmeltric matrix.

(b) Also prove that any square matrix can be

‘uniquelyl expressed as the sum of a symmetric matrix

and a skew-symmetric matrix.

Solution. Since A 1s a square symmetric matrix,
[Given|
sA'=A

[ N ,
(a) (1) [;(A+Aj! —;{A+A}

:i{A'+{A’}’}=1{A’+A}:—1(A+A’}-
I 2 2

= = h

l : . .
Hence, — (A + A%) 1s a symmetric matrix.
J,

s

o =

il o
(ii) ?{A—A’}] =:’-[A—r‘\r}r

N O I ,
=5 (A" =(A))=5(A"=A)=-=(A-A").

- —

Hence, S (A —A") is a skew-symmetric matrix.

—

(D) Given a square matrix A.

I | |
Take P::(A + A’) and Q=?{'A - A).

m=a e

o 1
Clearly A =—(Q2A)==(A+ A"+A-A

st e

l l
e S b & TR —~ A= P

Thus A has been expressed as the sum of P and Q matnices.
But P is symmetric and Q 1s skew-symmetric matrix.
|See Part (a) (i) and (ii)]

Hence, any square matrix can be expressed as the sum
of symmetric matrix and skew-symmetric matrix.

Uniqueness :
If possible, let A have two representations viz.

A=P+Q..(l)andA=R+S b},
where P and R are symmetric



ie. P=PandR'=R kD) which is skew-symmetric.
and Q and S are skew-symmetric |
ie.Q'=—QandS'=—S (4 Hence.
Taking transposes on both sides of (1) and (2), we get : i S _

I 1
A= ?(}\+AI)+:(A—A’}

— o

3/2 5/2
A'=P'+Q and A'=R'+§S’ BEL "
—SA'=P- Q ..(5)andA'=R-S (6) 2he 2 ] |=ei2 0
[ Using {318 1] Exa.mple 13. Express the m?tnx A as the sum of a
symmetric and a skew-symmetric matrix, where :
Adding (1) and (5). A+A'=2P A7) -
Adding (2) and (6), A+A'=2R ..(8) - -
B A = J -2 -5
Subtracting (5) from (1), A-A"=20Q ..(9) -1 1 2
Subtracting (6) from (2), A-A'=2S ..(10) (T'ype :W. Bengal B. 2016; A.LLC.B.S.E. 2010)
From (7) and (8), 2P=2R & R=P SOlNGoR. e have ;
From (9) and (10), 2Q=2S < S =0Q. 3 =2 ~4
3 -2 -
Thus the second representation A= “] 1 ;

A=R + S becomes A=P + Q. ) }

which establishes the uniqueness. - 3 3 1]
Hence, any square matrix can be |uniquely| expressed A= | 2 -2 1
-4 =5 2
as the sum of a symmetric matrix and skew-symmetric 2 <
matrix. "3 -9 41T 3 3 -1-
. 3 4_ ! . A"'A; — 3 _‘2 _5 + _2 _2 l
Example 12. Express { 5| @ the sum of | =] I 2] | =4 =5 2|
symmetric and a skew symmetric matrix. A3+3 =d4+3 —4—1
(Jammu B. 2013) = g g bl
) ) | et | i =3 &4F2 ]
Soluti L R i & 8
S O1ut1on. cl A = 1 5 . i 6 ] _,_-f-'.;-
' ‘ | 1 -4 -4
L -5 -4 4
A" = = .
4 35 i i
) ) y 3 192 = 342
(3 4] [3 —1] > —(A+A) =| 1/2 -2 =2
A+A" = | s + 4 5 - —5i2 —=12 2
S T - which is symmetric. i
343 4—1-_-6 3 3 2 4l [ 3 3 —11
“|-1+4 5+5] [3 10 Kevd A — Al 1= 3 -2 -5|—-| -2 -2 1
_ . . =1 1 2 -4 =5 2
I ( ) 3 3/2 i T i
. A‘*‘Ar — e "
<5 E e 3-3 —2-3 —4+1
which is symmetric. = d+2 =2+2 =8=I]
- S - _ -1+4 [+3 Z2—2
3 4 3 -1 : c
And A-A'= - _ q
-1 5] [4 5 g —5 —3
[ 3-3 1 [o 5] = |2 W8
_ = 4+1 _ 3 6 0|
—1-4 5-5] |-5 0 i
| ) ; | i — &Iy 3|
1 0 5/2 1 , 0 —=35/2 —3/2
> —(A-A) = | . , >5(A-A") =512 0 -3
- e ) | 3/2 3 0




which is skew-symmelric.

I
Hence, A = ?(A—A')

—

%(A+A')+

3/39

3172 =5/2 0 —5/2 =3/2°
| w2 =2 =2f+s52 0o -3
-52 -2 2| [32 3 o

EXERCISE 3 (e)

Fast Track Answer Type Questions

1. (a) For any square matrix A, A—-A"is ... matrix.

(Fill in the Blank)
(h) It A and B are matrices of same order. then
(AB) =B’'A’. (True/False)

(Jammu B. 2018 : Kashmir B. 2017)

(c) If Ai1s a matnx of order 3 x 4 and B 1s a matrix of
order 4 x 5. what is the order of the matrix (AB)! ?

(Assam B. 2017)

2. Find the transpose of each of the following matrices :

_ _ 10 1
@A -1 i (if) [1 0}
1 3 32
(iii)y |0 2 1},
92 3 3
3. For what value of ‘x’, 1s the matrix :
(0 1 =2
A=I|—-1 0 3
| X -3 0 |

a skew-symmetric matrix. (A.I.C.B.S.E. 2013)

—i 1 0
4. (a)If A= O =1 1. verify that:
2 3 4
3 (3 )
—A'=[=A].
4 4

(b) If matrix A= (1 2

(Uttarakhand B. 2013 ; Rajasthan B. 2013)

e

the transpose of matrix A.

(A= (

COS &

SIN

the general value of «.

5.

(i+2))°

ay

mar

Very Short Answer Type Questions

-1 2 -2
6. Show {hEA=% =2 1 2 | 1s proper orthogonal
13 2 1
matrix. (W. Bengal B. 2017)
[ -1 2 3] [—4. 1 =5
7. @lfA=| 5 7 9landB=| 1 2 0f, then
—Z 1 1 13 1]
verity that :

(NHNA+B)=A"+B" (I (A-B)=A"-B".

(N.C.E.R.T.; H.P.B. 2014)

b) If A= —% 3 ag=|"" ¥
E)HA=| | o|amdB=] ; 5],

then find (A + 2B)’. (N.C.E.R.T)

(o) IfTA" =

;
— 1
0

—SIN &

COsSc

.Find A + A'.

R

3). write AA’, where A’ is
(C.B.S.E. 2009)

] and A+ AT =1. write down

(Assam B. 2017)

Consider a 2 X 2 matrix A = | n,.j]* where

(Kerala B. 2014)

' |
. undB=[ |
|

2
o

] , then

verify that (i) (A + B) =A’ + B' (i) (A-B) = A’ - B'.

a. I X" =

X" -Y',

9. (H If A=

(anIf A =

L

= —

1

~4

‘1

L

e

— D

and Y =

—
1

I
3

0 R

(N.C.E.R.T)

+ then find

(Meghalava B. 2014)

1,B=[1 5 7], verify that (AB)' = B'A".
(N.C.E.R.T. ; H.F.B. 2012)

.B=[-1 2 1], ventythat: (AB)'=B'A".

(N.CERT: HPB. 2012 : ALC.B.S.E. 2010)
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3
(iii) IfA=|—1|. B=[-6 7 10], verify that:
_ 5_
(AB)' =B’ A'". (P.B. 2016)
o
(iv) IftA=|—=4|.B=[6 3 —1], verty that:
- ]..
(AB)' =B'A’. (P.B. 2017)
¢
(v IfA=|—4|. B=[6 1 -1], verify that :
L S_
(AB)'=B" A" (P.B. 2017)

Short Answer Type Questions

11. Show that A + AT is symmetric matrix, where AT
denotes the transpose of A :

iy A=

(11)

(iti) A=

12. Show that A — AT is skew-symmetric matrix,

l

2
4

0

=

5
7 (H.EB. 2018;: H.B. 2017;: Jammu
) B. 2017: H.PB. 2015. 13)
(H.B. 2016)
3 =1
5 2 | (H.B. 2011
6 1

where

AT denotes the transpose of A :

(iv) A=

__l o

y
7 (H.PB. 2018; Jammu B. 2017)
(H.B. 2016)
(Jammu B. 2013)
-1 2]
I (H.B. 2011)
| 3 !
2 3 -]
0 21.B=|-1 0O 1]1.
= | 2 1 2

5 1
2 3|, find (A+B+C).
g |

Is(A+B+(C)'=A'+B'+(C"?

| —1 5
10. (¢) Show that the matrix, A= |—-1 2 1| isa
5 | 3

symmetric matrix. (N.C.E.R.T. ; HFB. 2013)

0o 1 -1
(b) Show that the matrix, A= |—1 0 1} isaskew-
L
symmeltric matrix. (N.C.E.R.T))

(¢) Show that the matrix A 18 skew-symmetric, where :

() a b
| ~=b —=e¢ 0]

s1n O
COs O

Cos O

VI A= .
14. (0 If [_ e

AA=L

} . then verify that :

(NNC.E.R.T.; HPB. 2015;
Nagaland B. 2015)

sin oL

(i) If A= {_ S :2: g], then prove that A'A = 1.
(N.C.E.R.T. ; H.F.B. 2015)

Show that (AB)' = B'A’" (15 - 16) :

5 0
-1 3
15. A=[_7I X ﬂ.ﬁ: 0 3.
- e
. S
16. A= + B= (P.B. 2010)
-4 S.I L l-
8 =[] 2 | 3
17. If A-[ﬁ 7 B_[1 4}. Cz[_] 4}

verify the following :
(1) (A)' =A
(i) (A+B) =A'+ B’
(ir1) (3A) = 3A’
(iv) (AB)'=B'A".
18. If A be a square matrix, prove that :
AA"and A'A are both symmetric matrices.
19. Verify that :
(@) A+ A’ 1s a Symmetric Matrix
(b) A — A" is a Skew-symmetric Matrix when :

| 1 s] 2> 5
“} A"—" 6 7 {”}A: 4 1

6 2

where A’ is the transpose of A.

(F.B. 2012)



1 5
20. (a) For the matrix A = [ 6 7 ] verify that :

(1) (A + A’)is a symmetric matrix
(if) (A —A")1s a skew-symmetric matrix.
(N.C.E.R.T. ; Jammu B. 2013)

(b) If A = 0 5 | then show that "AA’" 1s a

symmetric matrix. (H.B. 2015)

| l
21. Find ;(A + A’) and ?(A — A’) when:

—

[ a b
A=|—a 0 c..
| & b —=c¢ {}_

(N.C.E.R.T.; Jammu B. 2015; Meghalaya B. 2015)

3
22, Express (i) [*l _ﬂ

(Kerala B. 2016; Jammu B. 2013)

Long Answer Type Questions

26. Express the following as the sum of symmetric and
skew-symmetric matrices :

§ =2 3
(-2 3 1 (N.C.E.R.T)
2 -1 3
=
) |—=3 =% ]
-4 -5 2|

2 -2 -4
Giiy [-1 3 4
1 ~2 =3

(NC.ER.T.; Kerala B. 2018 Kashmur B. 2016, 12, 11;
Jammu B. 2015 W: PB. 2010)

3 1
(1v) 3 2 (N.C.E.R.T)
4 5

3 -4
1 —

as the sum of symmetric and skew-symmetric matrices.
(N.C.E.R.T.; Mizoram B. 2016)

23. Show that all the diagonal elements of a

skew-symmeltric matrix are zero. (C.B.S.E. 2017)

24. Show that the matrix B’AB is symmetric or skew-
symmetric according as A i1s symmetric or skew-symmetric.
(N.C.E.R.T.)

25. Let A and B be symmetric matrices of the same order.
Then show that :

(1) A+ B 1s a symmeltric matrix
(i1) AB — BA 1s skew-symmetric matrix

(N.C.E.R.T. ; H.B. 2017; Jammu B. 2012 : H.P.B.
2009 §)

(iti) AB + BA 1s a symmetric matrix.

2 5 -
301 |

(v) (PB. 2018)
76 9
2 -4 5

(viy |1 8 =2 (PB. 2017)
7 3 9
) S

viiy | 7 0 5 (P.B. 2016)
-4 8 9
(1 2 3]

(viii) 2 & 2 (Tripura B. 2016)
56 7.
ERE)

(1x) 2 2 (W. Bengal B. 2018)
2 4 5|

GHSWQI'E

1. (a) skew-symmetric (b) True (¢) 5 x 3.

i 5 1 10 9
2. ()| =1 (if) [1 {J (Gin) |3 2 S|.
1 2 1 3

A x=2

L (B A (el = %



n

26.

9 41/2] 4 3]
. 7. (b) i
41/2 36 3 6|
4 3 ‘4 =3 Z
-3 0. 13. | 5 2 -—-4]:Yes
-1 =2 _1{) 6 3_
0 a b
(1) O (ii) |—a 0 ¢
_-b —C 0_}
. [3 3] 0 2'l
(1) |:3 —|J+|:—2 ﬂ_}
) 3 —=3/2 P 0 =512
Ul | 32 =) 5/2 0 |
6 =2 2] [o o0 0O
() |—2 3 —1|4|0 0 0
2 -1 3/ |0 00
C 3 1/2 =5/21 [ o 5/2 3/2)
(11) 1/2 -2 =2 |(+|=-5/2 0 3
= B ~3/2 -3 0
- 2 =312 =3E] [0 =1/2 =503
Gii) |=3/2 3 1 |+|1/72 0 3
~3f3 ] ~3 5/2 -3 0

-
|
i

I
J

Hints to Selected Questions

3. UseA=-A".

12.

18.

(i) A-AT=

Hence. (A ~A' )T

0
=l

[AA,}; =(AJ}F A.f:AAF

l
0

0
I

~]
0

=

(A'A)Y = A" (A")Y =A'A.

I 0 -1
L o
=—(A—AT)

24.

Il ELEMENTARY OPERATIONS TRANSFORMATIONS)

Since A is symmetric, .. A" =A.

Now (B'AB)" =B'A’ (B')
=B'A’' B=B'AB.

B'AB is symmetric.

25. (ii) LetC=AB - BA.

C'=(AB-BA) = (AB)'-(BA)'=B'A’'-AB’

=BA-AB =-C.

1 2 31 [ o 1 =-2]
(1v) 2 3 =1|4+|-1 0 3
3 -1 5| | 2 =3 0
2 4 3l [ o 1 -4
(v) |4 1 11/2{+l-1 0 =1/2
3 1142 o | 4 1/2 0
2 =3/72 6] [0 -=5/2 -1
(vi) —3/2 o 172 1+15/2 0 —5/2
6 1/2 o | | 1 5/2 0
I 1 9/2 =7/21 | =513 1r2
(vii) | 9/2 0 13/2|+| 5/2 0 —=3/2
=7/2 13/2 9| |-1/2  3/2 ()
[ 1 B2 41 [ 0 —=1/2 =]
. |5/2 4 1172 4| 12 0 —1/2
(viir) _
4 11/2 701 1 172 0
3 5 5/21 [ 0 =1 —=1/2]
(ix) 3 5 7124 0o 0 —=1/2].
| 842 T2 5| |-1/2 172 0
23. (ﬂ}aﬁ=—ﬂﬁu—-}lﬂﬁ=(]=~a“-={].

There are six operations (transformations) of a matrix — three for rows and three for columns, which are known as
elementary operations or elementary transformations.

(1) Interchange of any two rows (columns).

Symbolically : (a) Interchange of ith and jth rows

i1s denoted by R. < Rj.

(b) Interchange of ith and jth columns is denoted by C; <> C,.




1

|
—
pon

For Example : Let A
| 2 4 8]
E - K 5
Applying R; < R,. A=| 5 6 T7].
2 4 8

(11) Multiplication of the elements of any row (column) by a non-zero number.
Symbolically : («) Multiplication of each element of ith row by non-zero k™ is denoted by R, — AR .
(b) Multiphication of each element of ith column by non-zero k™ i1s denoted by C; — kC..

1 2 3

For Example : Let B = [_ | V3 J.

—

—_

. / | 2 3/5
Applying C; — S Cis B= [_ | \ﬁ 1/5 ‘

(11I) Addition to the elements of any row (column) the corresponding elements of any other row (column) multiplied by

any non-zero number:
Symbolically : (a) Addition to the elements of ith row, the corresponding elements of jth row multiplied by non-zero ‘&’

1s denoted by R; = R, + k& Rj.
(b) Addition to the elements of ith column, the corresponding elements of jth column multiplied by non-zero *4" 1s denoted
by C;, = C, + ij.

_——

3 2

B

z 3
For Example : Let C =[ _ 7] :

=l Definition

Two matrices are said to be equivalent if one can be obtained from the other by a sequence of elementary

operations.

If A and B are equivalent, then we write : A ~ B.

5 6 7] [-1 V3 1
For Example : | — | J3 1|~ 5 6 7
2 4 8 2 4 8

because second can be obtained from first by R <5 R,,.

IR A INVERTIBLE MATRIX AND INVERSE OF A MATRIX
=}l Definition

Anvn—rowed square matrix A is said to be invertible if there exists an n—rowed matrix B such that
AB=BA=1 ,

wherel isthe unit matrix of order n.

B is called the inverse of A or reciprocal of A.

\_ Inverse of Ais generally denoted by A=,
2 ~3 2 3]
For Example : Ler A= [_! 2} and B = [! 51

P L P —n

) _3"* ) 3_|= 4-3 6—6 | 0O o
| 21 *

I
|

Here AB =
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(2 3] 2 -3] _[4-3 -6+6] _[1 0]_
A BA*[i ?._.[—l zj[zmz —3+4J“[u 1]“'*
Thus B 1s the inverse of A and A 1s the mmverse of B.

In other words, B=A"! and A=B!.

Note. A rectangular matrix does not possess mverse matrix.

| .- For products AB and BA to be defined and to be equal, it is necessary that matrices

A and B are to be square matrices of the same order]

. KEY POINT

If A1 is the inverse of A, then A is the inverse of A~/

Theorem. Inverse of every square matrix, if it exists, is unique.
Proof. Let A be any n-rowed square ivertible matrix.

Let B and C be two mverses of A.

Then AB=BA=1 A1) | -+ B is the inverse of A]
and AC=CA=1 w(2) [ - C is the inverse of A]
From (1), we have :
AB=1.
Pre-muluplying by C, we have :
C(AB)=CI =C ()
From (2), we have :
CA=I
Post-multiplying by B, we have :
(CA)B=1B=B ..(4)

Since C (AB)=(CA)B.
. from (3) and (4), we have : C = B.

Hence. the inverse of A i1s unique.

RS ¥ INVERSE OF A MATRIX BY ELEMENTARY OPERATIONS

We can find the inverse of a matrix, 1f it exists, by using either row operations (transformations) or column operations
(transformations).

Let A be a square matrix of order n.
Then A= IHA (orA=Al)

Let a sequence of elementary row (column) operations reduce A on the left (right) side to I and the same elementary
row (column) operation reduces 1 on the left (right) side to a matrix B.

Then L. =BA

= I”A" =(BA) Al [Multiplving by A-1 |
sy Al =B(AA™D [Associative Law]
= A~ = B(l) = B.

% KEY POINT

By doing one or more elementary operations if we obtain all 0’s in one or more rows (columns) of left side matrix of
[ = BA, then A~! does not exist.




Example 1. By using elementary transformations,
1 3]
2 7|
(N.C.E.R.I.; HPB. 2018. 15, 12)
Solution. (By Elementary Row Transformations)

find the inverse of the matrix A = [

We know that A =1 EA

I.e.

Hence.

We know that A = Al,
1 3 10
e > 7] ="o 1}
1 0 ] =3
= 2 1] =% o 1
[Applying C, — C, — 3C]
1 0 7 =3
=7 [0 1]=A[-2 l]'
[Applying C,— C; — 2C,]
7 =3
Hence, Al = -9 [ |-
Example 2. By using Elementary Row
Transformations, find P~1, if it exists, when :
10 -2 e
P= [_5 1_‘ . (N.C.E.R.T.)
Solution. We know that P = [,P
10 =21 [1 U'P
i.e. 8 3 __O |
I —=1/5] [1/10 {J'P ]
=|_5 | ___ 0 1 [Apphmq R, %—R;J
1 —=1/5] [1/10 O]
— = ;
0 0] L 1/2 1

(ILLUSTRAT

i *LL.—:

.

I
0

I
-2

-

—

IApph ing R; — R, - 3R,|

-
"

e’

i

[Applying R, — R, + 5R]

0

1

i A

0]
A

3]
l|

__3.

A;;-phnn-; R, — R, - 2R]

1|

(By Elementary Coloumn Transformations)

Since second row of LHS matrix has all zeros,
.. P~! does not exist.

*’“*.FH.E—“

f-.}

| EXAMPLES )

Example 3. ()btain the inverse of the following

A

-

0
1
3

Solution. We

l.e.

Hence,

0
I
3

w O -

i o

know that A =

I
2
I

Il—i-i—-M

= —

—
e

e

et b

W
.
|

s I
I

—_—

fad

(.

Il

9 Y

| AT Ol S

]

l
=10

0

Il

2
l
q

matrix by using elementary row transformations :

(NV.C.E.R.I.; F.B. 2010)

;A

0 0l
1 0 A
0 1

—

[ 0
0 0

-3 1

Applying R, <> R,

A

|[Applyving Ry — R; — 53R ]

2, 1 4
1 00
0 -3 1

-

A

[Applying R; — R, — 2R, ]

-3

0]
0 0fA

-

[Applying R; — R; + 5R,|

'[

= 2 I
I 0
32 =312

—

0
0A
1/2

—

1/2

1/2

/

Applying R; — 3 R;

A

|
|
|

[Applyving R ) R ;T H_;r]

1/2 —1/2

0
15/2 =3/2
(1/2 =112
—4 3
5/2 =3/2

1/2
=]
1/2.

A .

[Applying Ry — R, — 2R;)

1/2 =1/2
— 4 3
5/2 —3/2

g
—
1/2
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201 0 o0 1] [0 1 0]
Example 4. IfA= |1 0 1/, find the inverse of > O 1 0]=|-1 2 1A
0 2 -—1 0o 0 -1 | 2 =4 =]
A, using elementary row transformations and hence [Applving R, = R, — R|]
solve the following equation XA =[1 0 1]. ‘ -
- | (C.B.S.E. Sample Paper 2018) 1 0 1 = 6 T &
Solution. (/) We know that A=1 A . o 1 ol -l=1 2 1la
2 1 1] |1 0 0 0o 0 1f |-2 4 1
0 2 —1 0 0 1 [Applying R, = (-1) R ]
‘L1 ol 1 -1 0 1 0 0] [ 2 =3 -=r
=5 1 0 1{=(0 1 O|A = 0O 1 0| =(-1 2 1
0 2 —1] [0 0 1 00 1 =2 4 1
[Applying R, = R, — R|] [Applying R, = R — R ]
= L 1 g |t =1 ga Hence, A! = ~d 2 L
0 2 —] o 0 1 =2 4 [ ]
[Applying R, < R ] (if) Here, XA =[1 0 1]
10 11 [o 10 e e LR
> 0 1 —=-1|=(1 -2 OA (I A T, o
0 2 - 0 V. _ _ -
: 1 L s =t 0 1}, 2
[Applying R, » R, - R | | =2 4 f "
10 1] [0 1 0 " h_(—=1
0 1 Of |-—1 2 1] | —14+0+1
[Applying R, = R — R |
10 17 [0 1 0] : 0
- 0O 1 0|=|-1 2 1[|A - V| = | 1k
0o 1 =1 |1 =2 0 2] L0
, Hence, x=0,y=1andz=0
[Applying R, <R ] '

Very Short Answer Type Questions

(N.C.E.R.T.; HF.B. 2016, 13 ; H.B. 2013; C.B.S.E. 2010)

2 —6
it -

Find the inverse of the following, if it exists, by using
elementary row (column) transformations :

2 3 : , .
1. (1) 5 7:| (N.C.E.R.T., Kashmir B. 2013)
- (N.C.E.R.T.: HEPB. 2017, 10: H.B. 2017: PB. 2013)
-
v | & "CERT- B9 =1
(i) | 5 4]. (N.C.E.R.T.: H.PB. 2016) (i) |
B 2 3
2 (3) 2 5} (N.C.E.R.T. : H.PB. 2018, 15: Jammu B. 2012)
i I T
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3. (i) [3 l} (N.C.E.R.T.: H.PB. 2013: PB. 2012) R [4 5}
5 2 3 4
3 —1 (N.C.E.R.T.: H.PB. 2016, 13: PB. 2012)
) ' _ 3 N.C.E.R.T.: H.PB. 2017
(N.C.E.R.T.: H.PB. 2017, 10: H.B. 2017: PB. 2012) ) [_1 2f (V.C.E.R.1.; A.EB. )
(1i1) 5 19 (N.C.E.R.T.; Jammu B. 2014) 6 —3
7 e— - 5. [_2 *l] (N.C.E.R.T.: H.PB. 2010)
4. (i) [.} 2} (Kerala B. 2018: H.PB. 2015: PB. 2012) %5 &
2 -1 6. (i) (P.B. 2011)
6 5
-2 4 3
- e 4
(11) _2 l_ (Karnataka B. 2014) (if) [ . 4]. (PB. 2011)

Short Answer Type Questions m SATQ g

7. Find the inverse of the following, if it exists, using 5 W
elementary row (column) transformations : _
" (1 2 3 (P.B. 2018)
2 =1 3 1 —3
(i) |—9d 3 l (C.B.S.E. Sample Paper 2019) ] o
=3 & 3 2 301
) ] v | > (P.B. 2015)
I & -2 11 3
(iiy |-3 0 -5 - -
25 0 b2 =2
] g -1 3 0 o
| (vii) (A.L.C.B.S.E. 2010)
(Type : Nagaland B. 2016; P.B. 2014, 10) | 0 -2 I
2 0 -1 1 3 =2
i) |5 10 wiiy | =3 O =1 (Bihar 2014; C.B.S.E. 2011)
01 3 S B
(A.L.C.B.S.E. 2015; Utiarakhand B. 2015; 3 7]
Assam B. 2015; C.B.S.E. (F) 2011; P.B. 2010) (ix) 2 4 3 (PB. 2017)
2 —3 3 2~ 2
(iv) |2 2 3 (N.C.E.R.T.) B ) %
3 -2 2 :
i ) (x) 2 5 Ty (C.B.S.E. 2018)
-2 -4 =5
Long Answer Type Questions
8. Find the mverse of the matrix A by elementary T 1 2 5]
operations and verify that A'A =1 when : Gy A=| 2 3 1
12 -2 -1 1 1
(DA=|-1 3 0 (H.B. 2010) (H.B. 2010)
0 =2 I
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_Answers |

1. () [_7 .3] (if) s _l}. -7 -9 10
5 =3 =F 8 |
e ) 7_ “} —12 _15 17
3 _s ~l, 48 ] 1 =l
- _] - o
2. (i) [—1 2] (i) = ) 1  —=2/5 -3/5
Y - ] (i) |=2/5 4/25 11/25
(111) E|:__2 1i| _—3:’5 1/25 9/35_
2 - 2 - 3 =1 0 _2/5 0 3/5°
3. () 5 7 (11) 514 3 (i) | =19 & =3 vy =1/5 1/5 0 |.
i L ° -2 2 2/5 1/5 -2/5
7 —10 ; i T 1
giy | ] 3] o 31 o8 -6
: — _ ™z 3 10 vi) —| 14 =5 -3
1 115 215 . /5 275 -2 4 0 -8 =1 21
- W 25 —ws) U a5 s : : _
: ; ; > 2 6 1 -2 =3
| 4 -5 -2 3 (FH} ] l 2 (I?ﬁf.} =2 4 7
(iif) [ ] (iv) } | N
-3 4 12 L2 2 3 -3 5 7
5. Does not exist. Tl =5 2 . ™
~5 4 | -4 1 -1
6. (i) [_6 5] (ii) Ttself. (| 2 4 =7 '
i § & 2 0 1

NCERT-FILE

Questions from’'NCERT Book

(For each unsolved question, refer : “Solution of Modern’s abc of Mathematics”)
Exercise 3.1

_ _ 2. It a matrix has 24 elements, what are the possible

2 § 1 =7 orders it can have ? What, it it has 13 elements ?
1. Inthe matrix A= | 30 —2 S5/2 12 Cwrite : [Solution : Refer Q. 2 (b). EX. 3(a)]
h\ﬁ 1 =% 17 3. If a matrix has 18 elements, what are the possible

i\ e order of the at orders it can have ? What.f it has 5 elements ?

(ii) The number of elements Solution : We know that a matrix of order m x n has
mn elements.

(iif) Write the elements a .. d,,. dy3, @y, a5,
" ] (/) In order to find all possible orders of a matrix having

2 ¥ 19 =7 I8 elements. we find all ordered pairs, the product of whose
Solution : We have : A=| 35 =2 5/2 12 ]. clements s 18.

B 1T =5 7 Thus all possible ordered pairs are :
T (1. 18). (18, 1), (2.9), (9. 2). (3. 6). (6. 3).

[ A has 3 rows and 4 columns)] Hence, the possible orders are :

(it) Number of elements = 3 x 4 = 12 1 x18,18x1.2x9.9%x2,3x6,6x 3.

(iif) aj3 = 19, ay = 35, (if) Possible orders in case of 5 elements are :

I x5.5%1.

ta |

ﬂ33 - — Sﬁ uﬂ-" — l.?.. Hnd ﬂ'l‘{ —




4. Construct a 2 x 2 matrix, A = I”;j" whose elements

are given by :

)
. Gt D o s
{_f} “{f — 5 (H) “U — j
|Solution : Refer Q 8: Ex. 3(a)]
(i+2 )7
(111) a; = 5
. : , (1 +2 ;}‘
Solution : Since a;; = =
where 1<7/<2,1<;<2 |Given|
Q+95H* ad+2H* 9
H[l — — — —
2 2 2
(1+2(2))° (1+4)> 25
a1y = —= =
2 2 2
2+2(1)° (2+2)° 16
H:I —_ e :—:8
2 2 2
2+2(2)° (2+4)° 36
and ay = = e

_ _ 912 2542
Hence, the required matrix A =
8 18
S. Construct a 3 X 4 matrix, whose elements are given
by :
. — ]' I F‘;-+ -I oy s 5 .
(1) djj = D dT gt (i) a=21~]
g - ! ;L
Solution : (i) Since «;; =?I— I+l
where 1 <1 <3, 1< <4, [Given|
I I | L e
g HIIZ—I—3(]}+1|=—|—3+]|=—|—2|=—(2)=1:
2 2 2 2

I | | |
) :E|—3{1}+2|:;|_q+ziz?]\_llz;{”:

i e e

]
s
-

ﬂ|3=%I—3{l)+3|=%i—3+3|=%I[}I=%([}}=U;

e - -

I | 1 1 I
g :E|—3“)+4|:E|—3+4]ZE|1|:E(”-E
i) _l|—u’n+1|_l|—6+1|_l|—i|_im %
l 1 l L ;g
an> =—l—-‘5(1}+{}|—?|~—f}+j|_?|—4|—; -1}:2

I 1
o = P - = — — | — — -
{111,——2| ‘%{ ]+"H —| 6+31 | 31 {1} 2

d—r d—l

9

“2_1,:ll"—j(Z}+4|—l|*—6+4|:i|_2|:i
2 2 2 2
1 l | .
“3[-?' 3(}}+1|-—?|—9+||—? 3|:?[8}:._|.
| l l 7
= — | — e P imis | = i N [y | — _—
-‘-’h:—zl 3(3)+21 2! 0+2]| 21 71 (7) 5
| 1 |

l l
and aqy =?I—3(3}+4I=;l—9+4|

it a8

ll 51 5 a

A
1 1/2 0 1/2]

Hence, the required maunx =(5/2 2 3/2 |
4 T7/2 3 35/2

(11) [Solution : Refer Q. 10 (b) (1) : EX. 3(a)]

6. Find the values of x, y and z from the following
equations :
4 03] [y 2] . [x+y 2] [6 2
(1) = (11) ' =
E- - ' 5+z xy| |5 8]
S ol 2] [9]
(111) x+z |=|5].
| g | |
[Solution : Refer Q. 12 (1) — (i1) & Q. 6(¢e): EX. 3(a)]

7. Find the values of a, b, ¢ and d from the equation :

a—b 2a+c =] 3
|2a—b 3c+d 10 131"
[Solution : Refer Q. 6(d); Ex 3(a)]
8. A= [“U]m . 1S a square matrix. if
(A) m<n (B) m>n
(C) m=n (D) None of these.

[Ans. (C)]

9. Which of the given values of x and v make the

(3x+2 510 v—=2]
following pair of matrices equal v+l 2-3x ; E 4 -
B l = m
(A) x= Eales 7 (B) Not possible to find
-2 =1 =2
= Yo — Y= .,y =—
(C) y=7, x E (D) =« 3 :
|Ans. (B)]

10. The number of all possible matrices of order
3x 3witheachentryOor 1 1s:

(A) 27 (B) I8

(C) 8l (D) 3S12. [Ans. (D)]
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Exercise 3.2

2 4 I3 -2 5 a>+b°> bE+ct| [ 2ab 2b¢ |
LUgtA= g 5= 5 °~| & 2l B | 5 5 5 a5t s 0
- - - - - . Ll . I 5 —2ab |
Find each of the following :
(i) A+B (i) A-B “ 2 oa 21 e .
(111) 3A -C (iv) AB . & . i 8
(v) BA. (iif) 8 5 16|+ 8 0 5
o on [24] 1 3] 2 8 5] [3 2 4
A . 2 i 7 . 2 2
) i Cos™ X sin”x sin~ X Ccos™ X
2+ 4+3] [3 7] (i) | a0 + 3 2 |-
— = i SINT X COS™ X COS™ X SIn~ x
|3=-2 2 %3] L 7] = 1l L !
SO : [Solution : Refer Q. 2(i). Q. 3. Q. 2 (b) (i1); Ex. 3(b)]
(i) A—-B=A+(-1)B =| ’+(—1}[ ] . . i
| 3 2 -2 5 +62 B2 4c?| [ 2ab  2be
Solution : (/i + :
2 4] [=1 —3 w {'”}_u2+f2 a” +b* | L[—2ac —2ab_
=l zJ Tl 2 -5 _ _
} ~ a® +b* +2ab b* +c* +2bc
2-~1 4-3 = p
= _{+_l} j | = |ii ,:J _az Joi o Y T A - Eﬂhu
TR [2 4] [—2 5 @+’ (b+0)’
N 3 4) (a-c)° (a-b)*
(6 121 2 5§ 3. Compute the indicated products :
_ | p p
"9 6|7 |-3 -4 -
& R E a blla —b] 21 5 &
T g - & o 2 R 4
=|8+2 6—4J _ [6 "J Dy allp o @ [2[1234
(/v) Number of columns of A =2 = Number of rows of B. o
2 4 1 3 ) o ] 2 3 4|1 -3 5
Thus AB is defined and AB = ) | L =2)fl 23 ‘ 3 4 5|0 2
13 Z]l=2 3 (i1f) (1v)
2 ¥l F 1
= SlLE 2 T 04 8 Glld 4 5
2%x1+4X%X(=2) 2X3+4X5
T 3x1+2x%x(=2) 3x3+2x5 "5 1] _ _ Tr —7
] wl 3010 wn]3 13, o
9 _ ) 3 2 %) :
3-4 9+10|7| -1 19/ -1 1t Lo 13 1
(v) Number of columns of B =2 = Number of rows of A. [Solution : Refer Q. 2 ; Ex. 3(d)]
AL 1 3] [2 4] i : i :
Thus BA 1s defined and BA =| 2 503 2| 1 2 =3 3 T B
} 4. If A=1|5 0 2|.B =14 2 5| and
_ | x24+3x3 I x4+ 3x2 1 -] ] ) 0 3
(—2)X24+5%x3 (-2)x4+4+5x%x?2 ) i “ il
- -
2+9  4+6] [11 10] = 14
= —44+15 =8+10 = |1 f‘;" - — () 3 2 , then uumputc{A-l—B) and (B - C©). Also,
= 2l
2. Compute the following : =23
a bl la b verify that A+ (B-C)=(A+B) -C.
D\ —p ol 4 Solution : (i) A + B




6. Simplity :

I 2 =3 3 -1 2
=1 3 0 2 |+| 4 2 5 0- cosf sinf| G_Sint?' —cos6
0s ( | + sin ;
! =] I 0 3 ; | —sinf  cos6 | cosb sin 6
1+ 3 2—1 =3+2] T 1 8
4 1 ! cos 0 Hiﬂel
— | 5+4 0+2 Z¥8 | |9 2 7 Solution : cos© .
= = “ —sin® cos9 |
| 1+2 =]1+0 [+ 3 3 —] 4 =
(i B-C=B+(1 +ain9[5ine —CDHBJ
B " | 9 _ _ cos 6 sin B
c=l4 2 5|+-=nlo 3 2 cos*@  sinf cos B
2 3 -2 3 - >
- L . . - | —sin 6 cos 0 cos™ 60 |
-, ) o
Fg  d F1 Pl i =B g sin” 6 sin @ cos 6
_| 4 5 Bl =) =85 =3 sin @ cos 6 sin“ @ |
2 == 2 — = > 9
| = 0 3_ =] = 3- B cos™ 6 +sin~ 6
i . SR A . P (-1 =2 0 —sin 6 cos @ + sin 6 cos 6
=|4-0 2-3 5-2 | = -1 3 sin@cos@—sinBcosO®| [1 0
5 I - l 2 §) - =
- I_ WPl =0 = i cos” 6 +sin” 0 0 1
(itiy A+ (B -0C) _ J
1 2 =31 |- -2 0] 7.i:inqundY,if:
=[5 0 2|+ 4 -1 3 70 30
4 e L] L 2 0] | HX+Y=|, s|landX-Y=|, ;|
|Using part (ii)] } i i i
= =1 V=B =4 () 0 -3 Sﬂlllliﬂl’l:WEhﬂ‘fE:X+Y=|:Z 2‘ 1)
_|5+4  0o-1  2+3|_|9 -1 5 <
1+ —1+2 1+0 | |2 1 [ | 3 0
(1 and K== 0 3 wi(2)
4 —11 [ 4 1 2] Adding (1) and (2).
- 9 2 71—10 3 2 7
(A+B)-C = - 7 0 [3 0
_ o — |Using part (1)] - 743 0= ”-:
4 1 - 4 =] =2 7 240 5+3]
_192 2 7|+ -0 -3 =2 N 0
— = B s Y —
| 3 l ] L= 2 3 | = 2X 3 SJ.
[ 4.—4 -1 =-1-21 [0 o0 =3 10 0] [5 0]
= | D=1 2—.3 =2 | 1% =l 5 Hence, :E|::r_ 3!=[1 4|
[ 3-1 —1+2 4-3] |2 1 | Subtracting (2) from (1), )
o) = =
i) 7 0] [3 0O
From (1) and (2), A+ (B-C)=(A+ B) - C. (X+Y)—(X-Y)= - f
T 2. 5 0 3|
Hence, the venfication. J
2 5| 2 5 ] 7 0] [-3 -0
3 3 3 5 2 B -0 -3
1 2 4 1 2 4 ] S ]
S ] SO G . s
51fA=|3 3 3 and B=[2 2 ° . then = EY:[Z 30 UJ
7 2 7 6 2 2-0 5-3
37 3 5 55
- - - - |4 0]
compute 3A — 5B. = 2Y = A i
|Solution : Refer Q. 5; Ex. 3(¢)] -
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1[4 0] [2 O]
ne —- — | = j
Hence, Y 2[2 EJ [l IJ
2 3] -2 2]
5 j - ) N
(if) 2X+3Y= 4 0 and 3X +2Y = ] 5
|Solution : Refer Q. 7(iii);: Ex. 3(¢)]
3 2 10
8. Find X, il Y = | 4 and 2X +Y = —3
|Solution : Refer Q. 8; Ex. 3(¢)]
| [t 3] [v 0] [5 6
9. Find xand y, 1t 2 +|° = .
0 x| 11 2] |1 8§
[Solution : Refer Q. 4 (i7) : Ex. 3(¢)]
10. Solve the equation for x, v. z and . 1f
(x z] |1 =1 ER:
2 +3 =3 .
vy t] 10 2 4 6
[Solution. Refer Q. 11 (i); EX. 3(¢)]
2] [-1] [10
11. If x| |+ | = 5 , find the values of x and v.
e = - S -
|Solution. Refer Q. 9; Ex. 3(¢)]
, v v [ x 6]l 4 x+v
12. Given 3 = + .
'z w] [ 2w] |z+w 3|

find the values of x, v, z and w.
[Solution. Refer Q. 12: Ex. 3(¢)]

cosx —sinx 0O
13. IfF(x)=|sinx cosx 0], show that:
0 0 I
F(x) F(y) = F(x + y). (PB. 2016)
cosx —sinx 0]
Solution : Here F(x) F(y)=|sinx cosx 0
-0 0 L.
(cosy —siny O]
siny cosy 0O
0 0 |
COS X COS y — SIn v sin
=] SIN X COS y + COS X SIn
0 . . -
- —smycosx—smyxcosy 0
—smxsmmy+cosxcosy 0
0 |
[ cos (x+y) =—sin(x+y) 0]
=|sin(x+y) cos(x+y) O|= F(x+y),
I 0 () l
which is true. i
14. Show that
5 =12 1], [2 I][5 -1
(1) z
6 7|3 4] 3 4]l6 7

(11)

1 2
0 1
1 1

-1 1 0
off 0 =1 1
off 2 3 4

=

15. Find A° = SA + 61 if A =

-1 1 o|[1 2 3
0 -1 1[0 1 0
> 3 4|1 1 0]
2 0 1
2 1 3.
1 -1 0

[Solution : Refer Q. 20 (i) (1); Ex. 3(d)]

16. It A=

(1 0
0 2
2 0

[Solution : Refer Ex. 12: Page 3/23]

17.

18. It A=

If A=

A% = kA - 2L

3
4

4
lan —

and I =

= ©J

|
—tan—
m

re

of order 2. show that [+ A= (1 — A)

e—

| 0
0 |1

[ COS ¢

SIN ¢

.prove that A —6A° + 7TA + 21 = O.

. find k£ so that

|Solution : Refer Q. 24 (ii): Ex. 3(d)|

and [ 1s the 1dentity matrix

— SN

cosa |-

[Solution : Refer Q. 33; Ex. 3(d)]
19. A trust fund has T 30.000 that must be invested in

two different types of bonds. The first bond pays 5% interest
per year. and the second bond pays 7% nterest per year. Using
matrix multiplication, determine how to divide < 30,000 among
the two types of bonds.If the trust fund must obtain an annual
total interest :

(/) T 1800 (ii) I 2000. [Solution : Refer Q. 30; Ex. 3(d)]
20. The bookshop of a particular school has 10 dozen

Solution : Inventory,

Selling Price matnix, B =

Chem.

Phy.

chemistry books, 8 dozen physics books. 10 dozen economics
books. Their selling prices are ¥ 80, ¥ 60 and T 40 each
respectively. Find the total amount the bookshop will receive
from selling all the books using matrix algebra.

Lco.

A=[10x 12 8x 12 10x 12]
=[120 96 120]

-

-

80
60)
40)

— Chem.
— Phy.
— Eco.



MATRICES

- Reqd. amount = AB

T, =

30 |
:[12() 96 12{1] 60 |
)

=[120 x 80 + 96 x 60 + 120 x 40]

=[9600 + 5760 + 4800] =[20160] .

Hence, the book-shop will receive T 20,160 by selling
all the books.

Assume X. Y. Z. W and P are matrices of order 2 x n. 3 x k.

2x p,nx3andp x k. respectively. Choose the correct answer
in Exercises 21 and 22.

21. The restriction on n, k and p so that PY + WY will
be detined are :

(A) k=3.p=n (B)k 1s arbitrary, p = 2

(C) pisarbitrary, k=3 (D) A=2,.p=3. [Ans.(A)]

22. If n = p. then the order of the matrix 7X — 5Z i1s :

(A) px2 (B) 2xn
(C) nx3 (D) pxn. [Ans. (B)]
Exercise 3.3
1. Find the transpose of each of the following matrices :  a &
-5 ) i 3T
) ) J.JIFA'=|—1 2] and B = . then verify
3 | - 5 128
(1) | 2 (11) 2 3 ) :
=k ) ) that :
B 8 (()(A+B) =A"+B' (ii) (A-B)=A"-B".
) [Solution : Refer Q. 7(¢): Ex. 3(¢e)
iy (N3 5 6] ¢ o "1 0
i B e -2 3 ~1 0
L, = T TR 4. If A’ = | o| and B = | o[ then find
- &7 (A +2B)’. [Solution : Refer Q. 7(b); Ex. 3(e)]

3 ] —1]
(i1) We have : A= | '%I‘
A” 1 2|
-1 3J‘
-1 5 6]
(ii1) We have : A= -\Fw > 61.
2 3 —IJ

WS
A'=| 5 5 3.
6 6 -1
-1 2 3 —4 1 -5
2.IfA=| 5 7 9| and B = I 2 0], then
-2 1 1 13

verify that :
() (A+B) =A"+B'.(ii) (A-B) =A"-B'.
[Solution : Refer Q. 7 (a) : Ex. 3(e)]

5. For the matrices A and B, verify that (AB)" = B'A’,
where :

I 0
() A=|—-4|(.B=[-1 2 1]J@A=|1|, B=[l 57].

>
9

[Solution : Refer Q. 9 (i1): Ex. 3(e)]

o - cosa  sina | ,
6. It (1) A= , then verify that A’A=1.

—SIN COS L

3 sin cosd | _ ,
(i) IfA= ' . then verify that A’A = 1.
—Cosa  sina_

[Solution : Refer Q. 14; Ex. 3(e)]

1 —1 5
7. (i) Show that the matrix A = |—1 2 1] 1s a
S L 3
symmetric matrix.
0 1 —1]
(i) Show that the matrix A=|—1 0 I| is a skew
| —1 0

symmetric matrix.

[Solution : Refer Q. 10 (b): Ex. 3(e)]
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8. For the matrix A = 6 7/ verify that

(1) (A+ A')is a symmetric matrix
(if) (A" = A") is a skew symmetric matrix.

|Solution : Refer Q. 20 (a) : Ex. 3(e)|

| l
9. Find :(A+:’-’s'} and :(A—A’L when

0 a b
A=|—a 0 c¢|. |Solution : Refer Q. 21; Ex. 3(e)]
=0 =g G

10. Express the following matrices as the sum ol a
symmetric and a skew symmetric matrix :

§ ) 6 =3. 2]
3 5
(1) l l (17) -2 3 —1
- - 2 -1 3

(111)

—4

3 -1
—2 1
-3 2

(1v)

| 5
—1 2

[Solution : Refer Q. 22 and 26:; Ex. 3(e)]
Choose the correct answer in the Exercises 11 and 12.

Exercise 3.4

Using elementary transformations, find the inverse
of each of the matrices, if it exists in Exercises 1 to 17 :

Miscellaneous Exercise on Chapter | 3

] -1 2 | 3]
Lfo 3 201 1|32 7
(2 3] [2 1T T2 &
“lE 9%y 4]™|1 &
ESRl 4 5] [3 10]
7 l 8. 9,
5 2 3 4 2 7
i e | (2 —6] I ~3 |
. | 7o 2. | ©
-4 2 -2 -2 1
Yy . N F
0 1 i
. letA= & ol show that (al + PAY' =d"' 1 + nd”" ' bA.

where I 1s the 1dentity matrix of order 2 and n € N.
[Solution : Refer Q. 25; Ex. 3(d)]

|
I 1 1
I 1]

2. f A= " prove that :

11. If A, B are symmetric matrices of same order, then
AB-BAisa:
(A) Skew symmetric matrix
(B) Symmetric matrix
(C) Zero matrix
(D) Identity matrix. |Ans. (A)]
(cosa —sina
12. =y . ... ~|» then A+ A" =1, if the
sSina cosa
value of ex 18 :
b/ | E
(A) P (B) 3
37
(O) =« (D) 5 |[Ans. (B)]
S 3 —8 3]
2 =3 2 1 o
13. ) 14. 15,12 2 8
-1 2 4 2
. . ) i 3 =2 2
13 2] 2 0 -1
6. =3 0 —5| 17. |3 1 ©
| 2 3 4 0O 1 3
|Solution : Refer Ex. 3(f)]
18. Matrices A and B will be inverse of each other only
i1 :
(A) AB =BA (B) AB=BA=0
(C) AB=0,BA=1(D) AB=BA=1 [Ans.(D)]

A”

.

-

'%H—l

qn—l

-

qﬂ"[
qn—l

qn—l qnul 1:1—1_

1::—1

;n—l

=

.ne N .

Solution. Step I. When n = 1.

Al

—
e

3{} 3{} 3{}
3{] 3{1 3{]'
3{} 3{} 3{1'

—

b

11
1 1|=A.
. 4

Thus the result 1s true whenn=1.



Step II. Let us assume that the result 1s true for any
positive integer m, where 1 <m <n

3m -1 3m — 1 Sm - |
i Am = 3m~ ! Hm—- | 3m-— | (1)
31" -1 3m -1 Sm -1 |
Step III. A™ *+ 1 = Am A
F‘;m—l ﬂyn—! qm—lj’- I i
—| Am- | e Uihe I M = | ]
M= | ;m — | M = | i - I '
=] m— | m— | m— | m—1 m— |
3 + 3 + 3 3 + 3 +3
= 3m-[ + 3rn-l + SHI-I 3m-l + 3,,,.,1 + 3mwl
Hnr—l + 3nf-l + 3m—! Bm-—l + 3rn-—l + 3”1"|
%m—r | m-— 1 i1
: +3 + 3
am— | e %m—r | e -{m—r |

M- | ¥ M- | g M= I

-33”*:— | 33"~ I 33" | _3m 3 3”1_,
— | gz I 33M~ I 3.3M Y O Mmoo 3m
3 - I 3 71”1 —1 3 jim -1 zm lm 2;;:
_7,[_m+l“|—l Jm+1)—1 ?{n:+l}—]_:
= -%i.'m+ll—l h-.;{m-r-l}—l %{m+l}—lh

qim+ll—l z{m+ll-! q{m+l}—] I
Thus the result 1s true when n =m + 1.
Hence, by Mathematical Inductuon, the required result
1s true for all n € N.

3 —4
3. If A= [ ] then prove that :
- 1+2n  —4n) _ o
A" = , where n 1s any positive integer.
| n 1-2n]

|Ans. Refer Ex. 16; Page 3/24]

4. If A and B are symmetric matrices, prove that
AB — BA is a skew symmetric matrix.

[Solution : Refer Q. 25 (i1): Ex. 3(e)]

§. Show that the matrix B'AB i1s symmetric or skew-
symmetric according as A 18 symmetric or skew symmetric.

[Solution : Refer Q. 24; EX. 3(¢)]

6. Find the values of x, y, z if the matrix A =

0 2y oz
YooY T ] satisfy the equation A’A = 1L
X —y <

|Solution : Refer Q. 9: Rev. Ex.|

1 2 0]0]
7. For what valuesof x:[1 2 1112 0 1(|2]|=0?
_I 0 2__x_
[Solution : Refer Q. 7(b) (i) : Ex. 3(d)]
3 1 .
8. IfA=|_| 5| show that A= —=5A +71=0.
[Solution : Refer Q. 20 (ii): Ex. 3(d)]
10 2|l x|
9. Findx, if [x=5-1]110 2 1||4]|=0.
2 0 3|1
[Solution : Refer Q. 7(b) (ii) : Ex. 3(d)]
10. A manufacturer produces three products x. v, z which
he sells in two markets. Annual sales are indicated below :
Market Products
] 10,000 2.000 18,000
11 6.000 20.000 8.000
(a) If unit sale prices of x, y and 7 are ¥ 2.50, X 1.50

and < 1.00, respectively. find the total revenue in each market
with the help of matrix algebra.

(h) If the unit costs of the above three commodities
are < 2.00,3 1.00 and 50 paise respectively. Find the gross profit.

[Solution : Refer Q. 4: Rev. Ex.]

11. Find the matrix X so that :

1 2 3] [-7 -8 -9
4 5 6 2 4 6

[Solution : Refer Q. 19: Ex. 3(d)]

12. It A and B are square matrices of the same order such
that AB = BA. then prove by induction that AB” = B"A. Further,
prove that (AB)" = A" B" for all n € N.

Solution. (1) Let P (n) : AB" = B"A.

Step I. When n = 1, AB! = AB = BA

|- AB = BA (given)|

X

=B'A.
Thus P (1) is true.
Step II. Let us assume that P (n) 1s true for n = m, where
| <m<n
i.e. AB" = B"A
Step II1. Now AB™ *+ ! = A (BB™)

(1)

= (AB) B™ |Associative Law]
= (BA) B" [-- AB = BA, (given)]
=B (AB™) |Associative Law]
=B (B" A) |Using (1)]
= (BB™) A. |Associative Law|
= Bmtl A

Thus P(m)1s true forn =m + 1.

Hence, by Mathematical Induction, P (n) 1s true for all

ne N.



3/56

(ii) Let P (n) : (AB)" = A"B".
Step I. When n = 1, (AB)! = A'B! i.e. AB = AB.
Thus P (1) 1s true.

Step 1I. Let us assume that P (n) 1s true for n = m, where
| = m<n

e. (AB)" = A"B™ —e
Step III. Now (AB)" * | = (AB)" (AB)
= (A™B") (AB)
= AMB™ (BA)
= A" (B"B) A
- Am (Bm+ | A)
=AM (AB™m+ 1)

— {AHIA} BM + |
—Am+lgm+1

|Using (1)
[.© AB = BA, (given)]

|Associative Law

| Commutative Law|

[Associative Law]

Thus P (1) 1s true forn = m + 1.

Hence, by Mathematical Induction, P (1) in true for all
n € N.

Choose the correct answer in the following questions :

— —

a f

st ,. P :
v -« 1s such that A= =1, then :

13. IfA=

(B) l—-«"+fy=0
(D) 1+a*-Py=0.
[Ans. (C)]

14. If the matrix A is both symmetric and skew
symmetric, then :

(A) 1+a’+fy=0
(C) l-a*-By=0

(A) Ais adiagonal matrix (B) A 1s a zero matrix
(D) None of these.
|Ans. (B)]

(C) A is asquare matrix

15. It A 1s square matrix such that A” = A. then
(1 +A)’ —TAis equal to :

(A) A (B) I-A

(C) 1 (D) 3A. [Ans. (C)]

Questions From NCERT Exemplar

Example 1. Construct a matrix A = [“:j ]2:{2 whose

| : iy
elements a; are given by a; = e~ sin jx.

. . ﬂ'” H!:
Solution. Let A = .
G21 '“22
- _ %) = o w X, SRy
Now a, = e'simx.a,=e " sinldx:
Ay, = e* sin x ; a,, = e ¥ sin 2.
[* B s £.5 S )
| e~ sinx e sm2x
Hence, A =

4x - dx -
¢ T':-}lﬂ.l' ¢ 511]2_1'

Example 2. Show that a matrix, which is both
symmetric and skew symmetric, is a zero matrix.

Solution. Let A= [{.!"-j-].

Since A is symmetric matrix, therefore, A’ = A

ie.. a;=a; for all i and j (1)
Since A is skew-symmteric metrix, therefore, A" = - A

. - _ 2
L& Q= —a, o L)

From (1) and (2). a;; = —a,; for alliand
= 2a,=0= a, =0 for all 7 and ;.
Hence. A is a zero matrix.

1 2|x
Example 3. If [2x 3] = (), find the value
-3 0][8]
of *x’.
Solution. We have :
1 2][«x]
[2x 3] =0
=3 0|8
e
= [2x -9 4x] g = 0

e ™8 £

= [2x2 = 9x + 32x] = [O]

= 2x2 + 23x] = [0]

= 22+ 23x = 0

> (2423 = V.
23

Hence, x =0, —f.

e

Example 4. If A is 3 x 3 invertible matrix, then show
that for any scalar ‘k’ (non-zero), kA is invertible and

L o«
kA)Yl= —A"".
(KA) .

Solution. We have :

AL a- _(.1) -1) _ _
(AA)(kA )_ ko (A.A™Y) 1. =L

|
S (KA 1S the imverse of (IA l).
o] -
Hence., (KA = EA .
"3 A

Example S. Let A = . Then show that

__1 2-

AZ - 4A + 71 = O. Using this result calculate A® also.
Solution. We have :

A




4-3  6+6 | [ 1 12
= |-2-2 —3+4| |[-4 1
2 3] [-8 =12
_4A = =4 =
-1 2] |4 -8
and Pl = 71 {}:7 U
0o 1] (0 7]

> R 121 I ]
A2 AA 4T = l l...+ 8 l_+7 0

= 4 -8 0 7

hern =l — — — e

1=8+7 12—-124+0] [0 O
—44+44+0 1-8+7 | |0 0

= 0.

anAE-MH} = 0= A=4A-T7I (1)

Thus A = AAZ=AMUA-TI) [Using (1)
4A% -~ TAI

4 (4A-TDH-T7A [Using (1)]
16A — 281 - 7TA =9A - 281 ...(2)

A3A?
(9A - 281) (4A = 71)
|Using (1) & (2)]
36A7 — 63A1 — 112 IA + 196 11
36(4A—TH—63A-112A+ 196 1
|Using (1))
36(4A-TH - 175 A+ 196 1

=
|

Now

= —31A-=-561

9 3] 10
_ =31 —56

—i 3 0 1

—62 —93 4 -56 0
31 —-62 0 -56

[—62—56 —9340
3140 —62-56

Il

Exercise

I. If a matrix has 28 elements, what are the possible orders
it can have ? What if 1t has 13 elements ?

2. Construct a, _ , matrix, where a; = | - 21 + 3.

3. It Xand Y are 2 x 2 matrices. then solve the following
matrix equations of X and Y :

2 3 -2 2

7, — , Ix+2Y = .
AFIAX= 14 B 1 =5

4. If A is a square matrix such that A> = A, show that
I+Ay = TA+1.

—118  —93
- | 31 —118]
F AT
0 0 5
S. Thematrix |0 5 0 1s a scalar matrix.
3 & 9

State true or false. It false, then what type of matrix is this ?
6. Find non-zero values of ‘x’, satisfying the matrix

equation :
2x 2] [8 sx] [ 24|
x +2 ; =2/ ™ = :
3 x] [4 4x 10 6x
2. 4 =B
. - i & 2
7. Express the matrix as a sum of
I -2 4

symmetric and a skew-symmetric matrix.

. Answers |

1. 128, 2 ld 4% 7. 7Txd, 14 %2, 28% |;
¥ 13: 13% 1.
B
2. | 2
-2 0] 2 1
PE= a7 T2 2

S. False ; Square matrix.

. r=4.
| 1 5] [ 5 7
2 — —— 0 —— ——
2 2 2 2
. , 11 3 3 7
7. Given Matnx=| = 3 - 4= () —
2 2 2 2
3 3 7 7
—— - 4 - — 0
L. 2 2 1 LZ 2 i

Revision Exercise

3 4_ 7 4 3 8_!'
a matrix D such that CD - AB = 0.
(N.C.E.R.T. : C.B.S.E. 2017: Kashmir B. 2011)

- 2 2 5
e A= “HnefS 2 cof? 5] rna

Solution. Since A, B and C are all square matrices of

order 2,
- D must also be a square matrix of order 2.
E
a b
Let D= [

¢ d J
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By the question, CD -AB =0
_ |2 5||a b|_[2 -1][5 2|_[o O]
3 8l|lc dl |3 4|7 41710 ol
2a+5¢ 2b+5d| | 10-7 4-4] [0 O]
3a+8¢ 3b+8d| |15+28 6+161 |0 0
 2a +5¢ -3 2b + 5d 1_[(} 0]
1710

—

~ |3a+8-43 3b+8d-22 0|
Comparing, 2a + 5¢ -3 =0 ol 1)
Ja+8c-43=0 =42)
2b+5d =0 .(3)
and 3b+8d-22=0 ..(4)

Solving (1)and (2),a=- 191, ¢c=T77.
Solving (3) and (4). h=—-110. d = 44.

a b| [-191 —110]
Hence, D= 5 dJ_[ - 44J.

2. If A and B be square matrices of the same order such
that AB = BA. prove that :

() (A+B)(A-B)=A?-B-

(ii) (A-B)*=A*-2AB + B-

(iii) (A+ B)? = A* + 3A’B + 3AB* + B,

- cosOL sindl |
. then show that :

E

3.0 Ay =

—SInoL  coso

Ao -Ag = Agip and (Ay)" =A - Where n e N.

4. A manufacturer produces three products x, v, z which
he sells mm two markets. Annual sales are indicated below :

Market Products
I 10.000 2.000 1 8.000
I1 6.000 20.000 8.000

(a) If unit sale prices of x, y and 7 are I 2-50, X 1-50
and X 1-00 respectively. Find the total revenue in each market
with the help of matrix algebra.

(b) If the unit costs of the above three commodities are
< 2:00. X 1-00 and T 0-50 respectively, find the gross profit.

(N.C.E.R.T))

5. Show that :

[/ N 3 U - - {0y
| €)] 0N m () | | 0
3 3
o o 1 |+ | ® o | _|0
I ) e 3
m- | 0 ®w o | 2 |
I AL r _(l) i 'a{})

where m is a cube root of unity.

l F 1 ==
6. If A(x) = - 1.1. prove that :
L= |k | ]
X+y
AX)A(v)=A ( : }, where lxl < |.
|+ vy

Hence, dec uce that (A (X))~ = A (- x).
a bl
7.LetA=|, |, where a# 1. Show that :

o b(a" =1)

A= a—1 for all neN..
0 ]

(H.B. 2012)
8. Let A be a square matnx and & be a scalar. Prove that :
(1) If A1s symmetric, then AA 1s symmeltric.
(i) If A 1s skew—symmetric, then kA 1s skew—symmetric.
9. Find the values of x, v. z if the matrix

0 2y 7]
A=|x v —z| satisties the equation A" A = ;.
X =3 £ ]
(N.C.E.R.T.)
11 z“B 1 =3] 1 =1
10. I[f A= 0 1-- -_2 4 and C = o 2:
then prove that :
(1) AB # BA (11) A(BC)=(AB)C
(iti) A(B+C)=AB+AC (iv) BB' =10C
(v) (AB) =B'A’ (vi) A°-2A+1=0.

(Jharkhand B. 2016)

4. (a) Total revenue in market I =% 46.000
Total revenue in market Il =3 53.000
(b) T 15.000.F 17.000.

Hints to Selected Questions —————@®-¢- - - —

6. A(x) A(-x) = A{ - ) = A(0)
m——

| |1 O [ 0

“J1-0]0 1 B 1=

Hence, (A(.r))_l = A( —x).




_#% CHECK YOUR UNDERSTANDING

1. A matrix is an ordered rectangular array of numbers or 6. What is the order of the product matrix ?
functions. (True/False) o
Ans. True.
2. A diagonal matrix 1s said to be a ....... it 1ts diagonal b|[1 2 3]
2 . : . Ans. 3 x 3.
elements are equal (other than unity).
(Fill in the blank) e
Ans. Scalar matrix. a 0Ol[0 O 0 0
3. Construct a 2 x 2 matrix whose elements a.. are given 7. Compute . Ans. .
] =
bya.=i+]. a 00 0 0 0
i : - ke - L -
(2 &7 a b a c
Ans. ‘ 8. Find the transpose of . Ans.
3 4 ¢ d b |
s om @ 4 ) ] (1 5] (2 41
P q P q 2p 2q 9. IfA= cthen find A+ A’ Ans. .
4. Compute + . Ans. . Eod 11 14
9 £] ™1 P, | 0 2p 10. If A and B are two symmetric matrices of the same
P order. then A + B 1s also symmeltric.
23 R (True/False) (Kashmir B. 2015)
5. IfA= * find 4A. Ans. . Ans. True.
AR —4 16

o S il

4 E

. Matrices

MATRICES
2 3 4]
8
6

Introduction to Operations on

Matrices

Matrices

5 1
7 3

Types of Matrices Transpose of a Matrix

Inverse of a Matrix by

Elementary Operations

L J

(iii) Row Matrix. Any | xn matrix 1s called a row matrix.

wsw (iv) Column Matrix. Any m x | matrix is called a column

1. MATRIX matrix.

Def. A system of mn—numbers (real or complex) arranged (v) Diagonal Matrix. A square matrix A = [@;; | is said
in the form of an ordered set of i horizontal lines (called rows)
and n vertical lines (called columns) 1s called an m X n matrix.
2. TYPES OF MATRICES

(i) Rectangular Matrix. Any mXn matrix (m#n) 1s
called a rectangular matrix.

to be a diagonal matnx 1t ¢;; =0 when 1# .

(vi) Scalar Matrix. A diagonal matrix 1s said to be a
scalar matrix 1f all its diagonal entries are equal.

(vii) Identity Matrix. A diagonal matrix 1s said to be an
identity matrix if each of its diagonal elements is unity.

(ii) Square Matrix. Any nXn matrix is called a square (viii) Zero Matrix. A matrix is said to be a zero matrix if
matrix of order n. cach of its elements 1s zero.




(ix) Triangular Matrices.
() A square matrix A= [a,] is said to be upper triangular

matrix if ajj =() fori >j.
(II) A square matrix A= I“{.I"] 1s said to be lower triangular
matrix if a; =0 fori <.

ij
3. EQUALITY OF MATRICES

Two matrices A=|a, ] and B = Ib | are said to be equal 1iff (1)
they are of the same Urdr.r (11) their LGITEHp()I]leg elements are
equal.

4. OPERATIONS ON MATRICES
(i) Addition of Matrices.

Let A:[HU Ln}q” and B:Ib{'; ];"}{” be two I]li]ll‘i{.‘ﬁ:-;, Then
the sum A + B = C = [¢j; |, <, where ¢;; =a;; +by; for
I€i<m,1<)j<n.

. KEY POINT

Addition 1s defined only for matrices, which are of the
same order.

(ii) Multiplication of a matrix by a scalar.

Let Abe any m > n matrix and k be any scalar. Then mXn
matrix obtamed by multiplying each element by 4 1s said to be
scalar multiple of A by & and 1s denoted by kA or Ak,

(iii) Multiplication of Matrices.

LetA= |”@;| be mXn matrix and B = [bjk] be 11X p matrix

such that the number of columns of A equals the number of

rows of B. Then matrix C = [¢,, |, which 1s of the order mX p

such that :
H

{'I.'k — E ﬂ.':jhjk A

J=1
1S cull%d the product of the matrices A and B and 1s written as

wherei=1,2,...mo=123. . &k

. For Board Exammatlons

[ A. B are symmetric matrices of same order, then
AB-BAisa:

(A) skew-symmetric matrix
(B) symmetric matrix

(C) zero matrix

(D) 1dentity matrix.

(H.P.B. 2018, 17, 16)

4 2 3 1 3 7
2. It A= | 5 7 and B = 0 4 1| then
A +Bis: _ ' i
9 7 13] 9 13 7
Al s i4 7% By 14 13
7 9 13
(C) 2 14 15 (D) None of these.

(H.B. 2018)

% _ KEY POINT

Product AB 1s defined iff number of columns of

A = number of rows of B.

S. TRANSPOSE OF A MATRIX

(i) Def. If A=[dj; |,yx . then the transpose of A. denoted
by A" (or A" or A') is defined by nxm matrix obtained from
A by writing the rows ol A as columns and columns of A as
rows in the same order.

(i1) Properties : (i) (A")" = A

(1) (A+B)'=A"+B’, Aand B being of same type

(ii1) (k A)"=k A", k being any scalar

(iv) (AB)"'=B' A7
6. SYMMETRIC AND SKEW-SYMMETRIC MATRICES

(i) Symmetric Matrix. Def. A square matrix A = [d;; ] is
said to be symmetric if (7, j)th element is the same as its (7, i)th
element.

. KEY POINT

A is symmetric if A" =A.

(ii) Skew-Symmetric Matrix. A square matrix A =
[H,:;] 1s said to be skew—-symmetric if (7, j)th element 18

negative of its (J, 7)th element.

. KEY POINT

A is skew=symmetric if A’ =-A,

4% MULTIPLE CHOICE QUESTIONS

3. If the matrix A 1s both symmetric and skew-symmetric,
then A 1s :
(A) a unit matrix (B) a zero matrix
(C) a scalar matrix (D) a diagonal matrix.
(Mizoram B. 2018)
4. If order of matrix A i1s 2 x 3 and order of matrix B 1s
3 x 5, then order of matrix B'A" is :
(A)S %2 (B)2 x5
(Cyax3 (D)3 x 2. (P.B. 2017)
5. If A and B are mvertible matrices of the same order.
then (AB) ' is equal to :
(A)BA

(C) BA™

(B) B'A

(D)B'A. (H.E.B. 2017)



10.

11.

12.

3y +7 51 |5
y+l 2—=3x 8 8|

If the matrices . then

the values of x and v are :

A r=-—l y=17 B) r=-—l 1*=—£

{. } 3"- { ¥ % 3"'- 3
B et —_ 2

(C) 1—"-?._1— (D) ,1—.._1——#?_

(H.B. 2017)

21 [-17 [0
30 1] | s
(Byx=10,v=0

(D)x=5,yv=-1.
(H.B. 2017)

i
Il

, the values of x and v are :

; 5 6
i) If 2 4
i) o "1 2171 5

=3 = = e =]  —

. then the values

of x and v are :

(A)x=2,v=3 (B)x=3, y=3
Clx=4,y=2 (D) None of these.
(H.B. 2017)
0 2 2 3]
Let A = and B = , then AB equals :
iy 3 0 0]
(A o 8 (B) bl
} L. [0 0
o 6 0 0]
(L) (D)
0 4 0 0

(Nagaland B. 2017)
If A is a square matrix such that :
Al # 0and A~ A+ 2l =0, then A ! equals :

(A) 1-A (B) =(1— A)

: |
(C) ;{H' A) (D)YI + A. (Mizoram B. 2017)

Ik
The value of *A" such that the metrix (—k 1) IS

symmetric 1s :
(A) 0 (B) 1
(C)-1 ()2, (Kerala B. 2017)
If AB = C. where B and C are matrices of order
3 x 5, then the order of matrix A is :
(A)Y3 x5 (B}S &3
(C}S %D (D)5 x 3.
If A and B are invertuible matrices. then :
(A)(AB)"' =B~ A-!  (B)(AB)! =A-! B-!
(C)(AB) ! = (BA)"' (D) None of these.

(H.P.B. 2016)

(P.B. 2016)

13.

14.

(i) If A = [a,-j] 1s a matrix of order 2 x 3 and

s L
uU= 5 . then the matrix 1s :
(3/2 3 ] )
, . " 32 813 T2
(A) 2 : (B) ) 5 i
542 T2 - -
3/2 2] ) _
. - 5 3f2 O 5}
el e ' (L 3 3 7/2
T2 4 - -
(H.B. 2016)
0 1] 1 0]
If A = B= _ then BA =
0 0 0 0
. i1 0 . 0 1]
{)ﬁ 1 ”_1 0
i 17 0 0]
©1lo o D)o o

(Kerala B. 2016)

| ' RCQ Pocket

A

16.

17.

(Single Correct Answer Type)
(JEE-Main and Advanced)
The number of 3 x 3 non-singular matrices, with four
entries as 1 and all other entries as 0, is :
(A) less than 4 (B) 5
(C) 6 (D) at least 7.(A.LE.E.E. 2010)

The number of 3 x 3 matrices A whose entries are
either O or | and for which the system :

= S . -—

X l
Al Y| = g has exactly two distinct
solutions, is :
(A) 0 (B) 2V -1
(C) 168 (D) 2. (I.I.T. 2010)

[f @ # | 1s the complex cube root of unity and matrix

w 0 _
N=|q5 | then H"is equal to:

(A) O
(C) H2

(B) - H

(D) H. (A.LEEE. 201125)
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(1 0 0] (L 2 2
12 1 0 ~ gemon v 2 1 =21. . e .
18. Let A = a9 1| It u; and u, are column 21. IfA= 1$ a matrix satisfying the equation
jj & ’ a 2 b
g £ 5 AAT =9I, where I is a 3 x 3 identity matrix, then the
0 | ordered pair (a, b) 1s equal to :
matrices such that Au, = . and Au, = " * then (A) (2. -1) (B) (=2.1)
-7 -7 (C) (2, 1) (D) (-2.-1).
iy + u5 is equal to : (J.E.E. (Main) 2015)
Fadil ] | ] | (Sa —b ] | : |
(A) | (B) | 22. IfA= s 2 and A. ad) A=A A", then Sa + b 1s
L Y] | =, equal to :
i i ) i (A) 5 (B) 4
—] l (C) 13 (D) - 1. (J.E.E. (Main) 2016)
(C) | —1 (D) | =1 |- (A.LE.E.E. 2012) 3 .
0 ] 1 0 0O
T | o 23. LetP=| 4 1 O and I be the identity matrix of
19. IfPis a3 x 3 matrix such that P’ = 2P + I, where P! 6 4 1
1s the transpose of A and I 1s the 3 x 3 idenuty matrix, - -
- - "0 ] order 3.
: Q)= [q‘.}.] 1s a matrix such that :
then there exists a column matrix X = | ¥ | # 0 '
: 0 431 + 432
;4 g E = g P - Q =1, then . equals :
such that (A) 52 (B) 103
"] (C) 201 (D) 205.
(A) PX=| 0 (B) PX = X (J.E.E. (Advanced) 2016)
0 24. How many 3 x 3 matrices M with entries from
ST {0, 1. 2} are there, for which the sum of the diagonal
(C) PX = 2X (D) PX =-X. (LLT. 2012) entries of M™ is ?
20. If Ais an 3 x 3 non-singular matrix such that AA" = (A) 162 (B) 135
A'A and B = A~'A’, then BB’ equals : (C) 126 (D) 198.
(A) 1 (B) B! (J.E.E. (Advanced) 2017)
(C) (B~ (D) 1+ B.
(J.E.E (Main) 2014)
_ Answers |
1. (A) 2. (A) 3. (B) 4. (A) 5. (D) 6. (C) 7. (C) 8. (D) 9. (B) 10. (A)
11. (B) 12. (A) 13. (B) 14. (C) 15. (D) 16. (A) 17. (D) 18. (D) 19. (D) 20. (A)
21. (D) 22. (A) 23. (B) 24. (D).



—3|'+ Hints/Solutions

(8

16.

17.

18.

(D) First row with exactly one zero
total number of cases = 6.
First row with 2 zeroes, we get more cases.

Total no. of non-singular matrices = 7.

(A) There are three possible cases.
Either unique solution or no solution
or infinite number of solutions.
Hence, two distinct solutions are not possible.

(D) H? =

Let HF =

w 0
| 0 w
= H.
(D) A
Now AH]
Butl Al =

and adj A

Il

|

w ()
() w
wk ()
— D mk i

w 0
0 w ()

"

—

w

.where 1 < k <n.

= &

70

0

1 0 0
2 1 0
_3 2 I
ot -
0 =:~HI=A‘I (0
0
U e
| =2 1T [ 1
0 1 =2 _|-2
0 0 1] L
] 0O 0O
-2 1 0
1 =2 1
1 0 0
-2 I ()
1 -2 1

0
70

k1)

1 0 0][ 1
From (1). u, = -2 1010
1 =2 1]]0]
e
_ -2
b 1._
o o
And Au, = i u, =A -l l
- 0] - A
] o o][o]l |
— ”2 — _2 1 []‘ 1 —
1 =2 1]{o] |
1] [ o] [ 1]
uy +u,= | =2+ 1]=|-1|.
1] |=2] =L
19. (D)We have : PT= 2P + 1
» Pl - 2P= 1
Taking transposes. (PT —2P)T = T
= (PHYT —2PT =]
= P-2Pl=1
Multiplying (1) by 2, 2PT — 4P = 2]

b )

i)
+(3)

Adding (2) and (3), - 3P = 31=P=-1=P+1=0.
Thus (P +1) X= O = PX =- X,

20.

(A) B=A"'A'"=> AB=A'

ABB'=A'B’ = ABB' = (BA)' = (A'A’A)’
=(A'AA") =(A') =A
BB’ =1

21.

l
2

a

-2

b2

|
19 b9

=

_H

+4+4
2+2—-4

+4+2b

R

(D) We have : AAT=9]

— —_—

(9 (0 0
0 9 0
0 0 9

I

I

I

a

-2

=9

I
0

0
1

()
()
l

2a+2-2bh

0 0

a+4+2b

2a+2-2b

A )
a - +4+b"

—



22;

From (1) and (2).

23.

a+4+2b

2a+2-2b

a+4+2b 2a+2-2b a +4+b"

9 0 0
10 9 0
0 0 9

Comparing,a+4+2b=0 =>a+2b=-4

2a+2-2b=1()

and > +4+b*=9 > +b=5

Adding (I)and (2), 3a=-6 =>a=-2.

Puttingin(1). -2+ 2b=-4 =2b=-2
> h=-1.

Hence, (a, b) = (-2, - 1).

= g - 2bi= =2

(1)
R 0.
sld)

la = -2, b=—1 also satisfv (3)]

(A)
(Sa —=b|[5a 3
We have : AA! =
i 3 '2_ _—h' 2_
9542 42 15a—2b |
~| 15a=2» 13
T =3l T2 B
Now ad) A= =
b Sa| |[—3 Sa|
| Sa —=b|[ 2 b
AadjA =
i 3 2_ _—3 Sa |

10a+3b 0
0 3b+10a

25{12 + bz 15a—2b

| 15a—2b 13

10a+3b 0
0 10a+3b |

Comparing, 10a + 3b =13 and 15a - 2b6 = 0.
2

Solving, a = 3 b=3.
Hence. Sa+b=2 + 3 =5.

p== E

1 0 0
(B) P=|4 1 0

(16 4 1

10 01 0 O]

el d)

i)

24,

1 0O 0O
8 1 0.
16(1+2) 8 |

Similarly P3= 12 1 0]

I 0 0
By Induction, P! = 20 L&
16.50.51 R
> 200 1_
Since PPV~ Q-1 =1,
16.50.51
we have: ¢4, = =
and 4y, = 200. g5, = 200.
H 431 + 432 _'16.5{].51 L= 100+1=103
ence a1 = 3500 +1= +1 =105,
-n' b f_'-
D)LetM=1d ¢ f
g A i

a d g¢lla b ¢
MIM=|b ¢ hlld ¢ f

~ o) I ‘ 1
a~+d - +g~ ab+de+gh ac+df + g

Al e

ab+de+ gh bc+ef +hi

ca+ fd+ig be+ ef + hi ¢t + f2 +i-
orMTM)= (a? + d* + ¢%) + (b + ¢ + h?)
+(Ct+f2+1i%)
=@ +P+E+E+E+ i+ @+ +2 =5,
when entries are from {0, 1. 2}.
Two cases arise :
Case I. When five entries are 1 and other four are
Z€ro.
W | =126
Case II. When one entry is 2, one entry 1s 1 and others
are 0.
T2 =72

Hence, total = 126 + 72 = 198.
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CHAPTER TEST {3

Time Allowed : 1 Hour Max. Marks : 34

Notes : 1. All questions are compulsory.
2. Marks have been indicated against each question.
1. Write the element a, of the matrix A = [Hfj]zﬂ, whose elements are given by a; = e sin jx. (1)
-3 -3 . |
2. If the matrix A = 13 and A= = AA. then write the value of ‘A". (1)

3. For what value of ‘x’. 1s the matnx :

0o 1 =2
A = -1 0 3
| X =3 Q]
a skew-symmetric matrix. (2)
ol 2 4'+'| vl [7 0
4. It "—_5 o1 = 10 5_& find (x — ). (2)
3 1) |
5. IfA= i sl show that A - 5A + 71 = O. (4)
. P
6. Show that A+A'is symmetric whenA= | 5 |- (4)
7. By using elementary transformations, find the inverse of :
by 1
=g 2 )
[ x+3 z+4 2v-7] [ o 6 3v—2]
8 If 4x+6 a—1 0 |=| 2« -3 2c+2
| b=3 3b z+2c| |20+4 -2I |
obtain the values of a, b, ¢ ; x, v and . (4)
i —a"
9. LetA= | 1| by Mathematical Induction prove that :
1—2n  —4n
10. Express the matrix A as the sum of a symmetric and a skew-symmetric matrix, where :
3 =2 —4]
. G
A= e (6)
=] I 2
((:j\nswersgj
1. &> sin 2x. 2.4 =6, 3 =g, 4. 10.
2 —]
g _5 3 8. a=-2,b=-1,c=-1;x=-3,y=-3,7=2
3 /2 =5/2] [0 =5/2 =3/2
10. 2 =2 =2 ¥ 32 () -3
(=31 =2 2 | |3/2 3 0 |




