JEE Type Solved Examples :
Single Option Correct Type Questions

= This section contains 10 multiple choice examples.
Each example has four choices (a), (b), (¢c) and (d) out of
which ONLY ONE is correct.

Ex. 11fb—c,2b—A, b—a are in HP, thena—%,

b—=,c—=—areis
(a) AP (b) GP
(c) HP (d) None of these
Sol. (b) (2b—1)= Ab=Nb-a)
(b—c)+(b-a)
= (2b—X)=(2b—(a+c))=2[b* —(a+c)b+ac]
= 2b% =200 + Ma+c¢)—2ac =0
= bz—b}»+%(a+c)—ac=0
2 2
= [b—x) —k—+&(a+c)—ac=0
2 4 2
2 2
= [b—x) =}L——&(a+c)+ac
2 4 2

- [#=5) -(=3)e3)

A A
Hence,a— —,b——, ¢ —— are in GP.
2 2 2

Ex. 2 Leta,,a,,a;, ..., a;y are in GP withas; =25 and

101 10174
Za,- =125, then the value on(J equals
i=1 =\
1
d -
@ 125

Sol. (b) Let 1st term be a and common ratio be r, then
101

Zi =125

i=1%

= (g +ar+ar’+.+ar'®)=125

1 1
(a)5 (b) g () g

1—plo1
= QA7) o5 Qleto<r < 1] ..)
(1=r)
1 (1)101
~|=] -1
3‘11—1+1+1++ 1 @ \r
Saoa ar ar® e (1_1)
r

1-r1 1125
= a-r) = X — [from Eq. (i)]
100 100
ar " (1-r) ar a
125 125 125 1

T (@) (as) (25 5

Ex. 3 If x =111...1(20 digits), y =333...3 (10 digits) and
_ 2
z=222...2 (10 digits), then *—Y
V4

equals

(b) 1 (©)2 (d) 4

1

(a)g
- Lo

Sol. (b) - x = 9(999...9) 9(10 1),

=-(999..9) = ~(10"" -1
y 3( ) 3( )

2 2
and z=2(999..9) = (10" —1) ]
9 9
1 20 1 10 2
Z(10% —1) = =(10" -1
x-y" _ 9( ) 9( )
2 2

;(1010 -1)

10 +1-(10" - 1)
2

=1

EXx. 4 Consider the sequence 1,2, 2,3, 3, 3, ..., where n
occurs n times. The number that occurs as 2011th terms is
(a) 61 (b) 62
© 63 (d) 64
Sol. (c) The last 4 occurs as 1+2+3+ 4 = 10th term. The last n
n(n+1)

th
j term, the last 62 occurs as
2

occurs as (

th
62X 63
[ J =1953rd term and the last 63 occurs as

th
X 64
(63 6 j =2016th term.

.. 63 occurs from 1954th term to 2016th term.
Hence, (2011)'" term is 63.

117
Ex. 5 LetS= ————, when[-] denotes the greatest
; 2r]+1
integer function and if S = P when p and q are co-primes,
q
the value of p+q is

(a) 20 (b) 76 () 19 (d) 69



117

Sol. (b)-- S=
2 f]+1

3 5 7 19 18

= + + ot +

2-1+1 2:241 2:3+1 2:9+1 2-10+1
18 6 69

=94+ —=94+—=—
21 77

p=69 and ¢q=7 = p+q=69+7=76

Ex. 6 If a, b, c are non-zero real numbers, then the mini-
mum value of the expression
(a@® +4a* +1)(b* +3b* +1)(c® +2c +2)

equals
a'b?
(a) 12 (b) 24 (c) 30 (d) 60
8 4 4 9 ,
Sol. (¢) Let p = (& T4 T1)(b +421; +1)(c* +2c+2)
a

= (a‘* +4+ 14)(192 +3+ blz){(c +1)% +1)}

1 1
—26b"+3+—2>5and(c+1)* +121

a

c=at+4a+

1
'.'x+22forx>0}
x
P>6-51=30 = P>30

Hence, the required minimum value is 30.

Ex. 7 If the sum of m consecutive odd integers is m*, then

the first integer is
(@ m*+m+1 (b)y m*+m-1
() m*—m—-1 (d)ym®*—m+1
Sol. (d) Let 2a+1,2a+3,2a+5,... be the AP, then
m* = (2a+1)+(2a+3)+(2a+5) +... upto m terms
=%{2(2a+1)+(m—1)-2}= m(2a+1+m—1)

= m® =(a+1)+m-1

2a+1=m’-m+1

Ex. 8 The value ofzw is

= r(5r+5)
@3 G @ @
son 0 ST - am 3 (5225 )
=nlﬂo§(i_5ri5)sl’

G| 1 1 1 1
= lim 2 - |=——0=-
noe S5 (n+1)5") 5 5

Ex. 9 Let A be the greatest integer for which
5p% —16, 2pA, A? are distinct consecutive terms of an AP,
where p € R. If the common difference of the AP is

— |,m,ne N and m, n are relative prime, the value of m+n

n
is
(a) 133 (b) 138 (c) 143 (d) 148
Sol. (c) ~ 5p® —16,2pA,A* are in AP, then
4ph =5p° —16+ A
= 5p° —4ph+A —16=0 )
B—4AC >0 [~ peR]
= 16A* —4-5-(A* =16) =0
= —X+80=0 or A*>80
= —/80 <A <30
A=8 [greatest integer]
From Eq. (i), 5p% —32p+48=0
= (p—-4)(5p-12)=0
12
p=4p= =
= p= % p#E4

[for p = 4 all terms are equal]

Now, common difference = A% — 2pA

12 3 128
—64—16x—=64l1-2|=222=-" [given]
5 5 5 n
m=128andn =5
Hence, m+n =143

Ex. 10 If 2\, A and[}* —14], A€ R — {0} and [.] denotes
the greatest integer function are the first three terms of a GP
in order, then the 51th term of the sequence,

1, 3%, 6A, 10A, ... s

(a) 5104 (b) 5304

(c) 5504 (d) 5704
Sol. (b) - 2\, A, [A? —14] are in GP, then
A2 =20 [0 —14]

= % =[A* -14]

. A must be an even integer

A=4

Now, required sequence 1,12, 24, 40, ...

or 1,4(1+2),4(1+2+3),4(1+2+3+4),...
51th term = 4(1+2+3+...+51)

Hence,

51
= 4-?(1+51): 4.51-26 = 5304



JEE Type Solved Examples :

More than One Correct Option Type Questions

= This section contains 5 multiple choice examples. Each
example has four choices (a), (b), (¢c) and (d) out of which
more than one may be correct.

Ex. 11 The first three terms of a sequence are 3, —1, —1.

The next terms are
(a)2 ®3  ©-Z  @-;

Sol. (b, d) The given sequence is not an AP or GP or HP. It is
an AGP, 3,3+ d)r,(3+2d)r?,...

= (B+d)yr =-1,3+2d)r* = -
Eliminating r, we get B+d)?=-(3+2d)
= d*+8d+12=0 = d=-2-6,
then =-1, 1

3

5
*. Next term is (3+3d)r3 = 3,—5

Ex. 12 There are two numbers a and b whose product is
192 and the quotient of AM by HM of their greatest common

divisor and least common multiple is % The smaller of a
4

andb is
(a) 2 (b) 4 (c)6 (d) 12
Sol. (b, d) If G=GED of a and b, L =LCM of a and b, we
have GL =ab=192 (1)
AMOfGandLis(CH—L) G+L =ﬁ
HM 2 2GL 48
69 169

= (G+L) 1961 219 q9g = 132 42
12 2

= G+ L =52but GL =192

= G=4,L =48 = a=4,b=48 or a=12,b=16
1 1 2
Ex. 13 Consider a series— + — + — + i+ i+ +M
2 2% 22 2% 27 2"
IfS,, denotes its sum to n terms, then S,, cannot be
(@)2 (b)3 (c)4 (d)5
Sol. (a, b, ¢, d)
Sn 1+i+3+i+i+...+ﬂ
3 24 25 2n

1,123 5 A
- —2 7 —4+—5+...+—
2 2

2
1(1 1.2 xn) 1 A, A,

2l 2 2 3 2n

4 4 2n+2 2n+1
1 A, A Ay A
:75"_7_ nt2  on+l S"_z_ Nl n71<2
4 2 2 2 2 2

Ex. 14 IS, =\/r ++/r +4/r ++/...00,r >0 then which the

following is/are correct.
(a) S,,S¢, S12, Sy are in AP
(b) $4,59, Sy are irrational
(C)(254—1)2,(255—1)2(256—1)2 are in AP
(d) S,,S:5, S5 are in GP

Sol. (a, b, ¢, d)
VS, = AT ATtV =41+,
= S-S, -r=0
1+.J(1+4
s,:% [r>0]

Alternate (a) S,,S¢, S5, Sy 1.€., 2, 3,4, 5 are in AP.
1417 1++/37 1++65 e
P

2 2

Alternate (b) S4,S, Sy i.€.,

irrationals.
Alternate (c) (25, _,)%, (255 _1)%, (2S5 _,)? ie., 17, 21, 25 are in AP
Alternate (d) S, S5, Ss¢ i.€., 2, 4, 8 are in GP.

Ex. 15 Ifl, %, 1 are in AP and a, b, —2c are in GP, where
a

c
a, b, ¢ are non-zero, then
(a) a®+b%+c® =3abc (b) —2a,b, — 2¢ are in AP
(c) —2a,b,—2c arein GP  (d) a®,b?,4c? are in GP
Sol. (a, b, d)
111
—,—,—arein AP = a, b, c are in HP
abc
p= 200 ()
atc
and g, b, — 2c are in GP, then b® = —2ac ...(1i)
From Egs. (i) and (ii), we get
2
b= b =a+b+c=0 [-b=#0]
atc

a® +b® +¢> =3abc and a, b, —2c are in GP
= a’, b?, 4c? are alsoin GP and a+b+c =0
= 2b=—-2a-2c
. —2a,b, — 2c are in AP.



JEE Type Solved Examples :
Passage Based Questions

= This section contains 3 solved passages based upon each
of the passage 3 multiple choice examples have to be
answered. Each of these examples has four choices (a), (b),

(c) and (d) out of which ONLY ONE is correct.

Passage I
(Ex. Nos. 16 to 18)

Consider a sequence whose sum to n terms is given by the

quadratic function S, = 3n® +5n.

16. The nature of the given series is

(a) AP (b)GP  (c)HP (d) AGP
Sol. (a) - S, =3n% +5n
Tn = Sn - Sn -1

=Bn? +5n)—[3(n - 1)* +5(n - 1)]
=3(2n—1)+5=6n +2
The nth term is a linear function in n. Hence, sequence

must be an AP.

17. For the given sequence, the number 5456 is the
(a) 153 th term (b) 932 th term
(c) 707 th term (d) 909 th term

Sol. (d) Given, T, = 5456
= 6n+ 2=>5456 = 6n =5454
n =909

.. The number 5456 is the 909 th term.

18. Sum of the squares of the first 3 terms of the given
series is

(a) 1100 (b) 660 (c) 799 (d) 1000

Sol. (b) T2 + T# + TZ = 8% +14% +20° = 64 + 196 + 400 = 660

Passage II
(Ex. Nos. 19 to 21)

Let r be the number of identical terms in the two AP'’s.

Form the sequence of identical terms, it will be an AP, then

the rth term of this AP make t, < the smaller of the last
term of the two AP'’s.

19. The number of terms common to two AP’s 3,7, 11, ...,

407 and 2,9, 16, ..., 709 is

(a) 14 (b) 21 (c) 28 (d) 35

Sol. (a) Sequence 3, 7, 11, ..., 407 has common difference = 4
and sequence 2, 9, 16, ... , 709 has common difference = 7.

Hence, the sequence with common terms has common
difference LCM of 4 and 7 which is 28.

The first common term is 23.

Hence, the sequence is 23,51, 79, ..., 387 which has 14 terms.

20.

Sol.

21.

Sol.

Aliter By inspection, first common term to both the series
is 23, second common term is 51, third common term is 79
and so on. These numbers form an AP 23, 51, 79, ...

Since, Tyy =23 + 13 (28) = 387 < 407
and Tys =23 + 14 (28) = 415 > 407

Hence, number of common terms = 14

The 10th common term between the series 3 +7 +11+...
and1+6+11+...is

(a) 189 (b) 191 (c) 211 (d) 213
(b) Series 3+ 7 + 11 + ... has common difference = 4 and
series 1+ 6 + 11 + ... has common difference =5

Hence, the series with common terms has common
difference LCM of 4 and 5 which is 20.

The first common terms is 11.

Hence, the seriesis 11 + 31+ 51 + 71 + ...

-~ tio =11+ (10 — 1) (20) = 191

Aliter ¢, for3+7 +11+..=3+(n—-1)(4)=4n-1
andt, for1+6+11+..=1+(m—-1)(5)=5m—4
For a common term, 4n—1=5m—-4 1ie, 4n=5m-3
For m = 3, n = 3 gives the first common term i.e., 11.

For m =7, n = 8 gives the second common term i.e., 31.
For m =11, n = 13 gives the third common term i.e., 51.

Hence, the common term series is 11 + 31 + 51 + ...
tio =11+ (10 -1)20 =191

The value of largest term common to the sequences 1,
11, 21, 31, ... upto 100 terms and 31, 36, 41, 46, ... upto
100 terms, is

(a) 281 (b) 381 (c) 471 (d) 521

(d) Sequence 1, 11, 21, 31, ... has common difference = 10
and sequence 31, 36, 41, 46, ... has common difference = 5.
Hence, the sequence with common terms has common
difference LCM of 10 and 5 which is 10.

The first common term is 31.
Hence, the sequence is 31, 41, 51, 61, 71, ... ...(1)
Now, 1y, of first sequence =1+ (100 — 1) 10 = 991
and t;o, of second sequence =31+ (100 — 1) 5 =526
Value of largest common term < 526
~t, of Eq. (i) is 31+ (n — 1) 10 = 10n +21

tsy =10 X 50 + 21 = 521
is the value of largest common term.

Aliter Let mth term of the first sequence be equal to the
nth term of the second sequence, then

1+(m—-1)10=31+(n—-1)5



= 10m—-9=5n+26 = 10m—-35=5n
= 2m—-7=n<100 = 2m <107

1
= m < 53—

2

.. Largest value of m =53
. Value of largest term =1+ (53 — 1) 10 = 521

Passage III
(Ex. Nos. 22 to 24)

We are giving the concept of arithmetic mean of mth

power. Let ay, a,, as, ..., a, be npositive real numbers (not

all equal) and m be a real number. Then,

m
a{”+a§"+a§”+...+a;">(al+a2 +a3+...+anj

n n

if me R~[0,1]
However, if m € (0, 1), then

a{"+a;"+a§"+...+a,',"<(a1+a2 + a, +...+a,,jm

n n

Obviously, if m = {0, 1}, then

a{"+a§"+a§"+...+a,',"_(al+a2 +a3+...+anjm

n n

22. If x>0,y >0,z>0and x +y + z =1, the minimum

valueof -~ 4+ Y 4 % ,is
2-x 2-y 2-z
(a) 0.2 (b) 0.4
(c)0.6 (d) 0.8
Sol. (c) Since, AM of (—1) th powers = (—1) th powers of AM

. (2—x)_1+(2—y)_1+(2—z)_1 >(2—x+2—y+2—zJ_1

3

_{6—(x+y+z)}l_(6—l)l_3
- 3 3 5

@-x)"+C-y)"+2-2)" 23

3

= =
3 5
1 1 1 1 3
or - + + > —
3|12-x 2-y 2-z 5
1 1 1 9
= + + >
2-x 2-y 2-z 5
2 2 2 18
or + + > 2
2-x 2-y 2-z 5
18
or 1+ G P AN P T
2—x 2—-y 2—-z 5
18

or G A 2—-3
2-x 2-y 2-z 5

Hence, S A 2§=0.6
2-x 2-y 2-z 5

["x+y+z=1]

b y z
= +
2-x 2-y 2-z

Thus, minimum value of X + Y + z is 0.6.
2-x 2-y 2-z

23. Ilea,2 =M,V a; 20 and if greatest and least values of

i=1

2
Za,- are Ay and A, respectively, then(A; —N,) is
i=1
(@) nh (b) (n = DA
(©)(n+2) A (d)(n+1) A
Sol. (b) " AM of 2nd powers > 2nd power of AM

n

2 2 2 2 2
al +aj+ai+..+al >(al+a2+a3+.,.+a,,)
h n

n

Sa
2

iaij <nk ..(1)

SRS
n i=1

n

Also, (a, +ay +as +...+a,)* =a’ +a5 +a% +
...+a,2, +22ala2
=7»+22a1a22}»

[ia,} > ...(i)

From Eqs. (i) and (ii), we get
2
A< (Za,«j <nA
i=1
M=nAiandA, =A
Then, M—Ay,=(n—1)A

24. If sum of the mth powers of first n odd numbers is A,
Y m>1, then
@Ai<n™ OA>A" QA< (d)A>n"!
Sol. (d) - m>1
1m+3"+5"+ .. +@2n—-1)"
n
(1+3+5+...+(2n—1))'"
>
n
n m
—(1+2n-1
2( n—1) .

=l =n
n

1" 5"+ C2n-1)" >

1
Hence, A>nm"



JEE Type Solved Examples :
Single Integer Answer Type Questions

= This section contains 2 examples. The answer to each
example is a single digit integer ranging from 0 to 9
(both inclusive).

Ex. 25 A sequence of positive terms Ay, A,, As, ..., A,

. . 3(1+A )
satisfies the relation A,, , 1 = M Least integral value
B+A,)
of A, for which the sequence is decreasing can be
Sol. 2) A, 41 =M. Forn=1, A, =M
B+A,) B+4)
Forn=2 A, = 3(1+4,)
B+ A,)

3(1 N 3(1+ AI)J

B+A) ) 6+4A 3424
3(1+A) 4424, 2+A4,
3+ A4)
*.» Given, sequence can be written as

3(1+A) (3+24)
P B+ A) @2+A4A) T

Given, A; > 0 and sequence is decreasing, then

3+

JEE Type Solved Examples :
Matching Type Questions

= This section contains 2 examples. Examples 27 has three
statements (A, B and C) given in Column I and four
statements (p, q, r and s) in Column II example 28 has
four statements (A, B, C and D) given in Column I and
five statements (p, q, r, s and t) in Column II. Any given
statement in Column I can have correct matching with
one or more statement(s) given in Column II.

Ex. 27

Column | Column 1l
(A) Ifal,az, as, ... are in AP and ay+ ag+ appt ay
30 400
+ ays + azp = 120, then Za[ is (p)
i=1
B) |Ifay, a,as,...arein AP and a; + a5+ a9
= (@ 600
+apztay; +ay t+ as = 112, then Za,- is q
i=1
(C) |Ifay, a, as,...are in AP and
at agta;taptag (r) 800
16
+ a6 = 375, then Zai is
i=1
(s)| 1000

Sol. (A) = (q); (B) = (p); (C) = (s)

A1>3(1+A1) 3(1+A4) >(3+2A1)

(B+A) (B+A) (2+A)
= Af >3 or A > NE)
A =2 [least integral value of A,]

Ex. 26 When the ninth term of an AP is divided by its
second term we get 5 as the quotient, when the thirteenth
term is divided by sixth term the quotient is 2 and the
remainder is 5, then the second term is

Sol. (7) Let a be the first term and d be the common difference,

then T, =5T,

= (a+8d)=5(a+d)

: 4a=3d (1)
and T3 =Ty X2+5

= a+12d =2(a+5d)+5

= 2d=a+5 ...(i1)

From Eqgs. (i) and (ii), we get
a=3 and d=4
Ty=a+d=7

(A) " ay, ay, as, ... are in AP.

@+ Q30 = Qg + Ays = ayg + Ay = A [say]
a; + ag + ayy + ax +ass +azy =120
AN 3\ =120
= A =140
30 30
Then, Zai=?(a1+a30):15><7»=15><40:600
i=1
(B) " @, a,, as, ... are in AP.
a + a5 = as + ay
=agtay =a3 +a3 =2 [say]

aptas +ag +ap+ay;+ay+ay =112

3}\+&=112
2

= 2=112
2

= A =32

25

25 25
Zai Z*(al +a25)=—><32=400
i=1 2 2

Then,



(C) "+ ay, ay, as, .... are in AP.

G+ ag=a,+a3=0a; +a,=A [say]
at+ay ta; +aq+as+ag =375
3L =375 . A =125
Then, iai _16 (a, + ay5)
i=1 2
=8 x A =8xX 125 = 1000
Ex. 28

Column | Column 1l

(A)

Ifa>0,b>0,c>0and the minimum value | (p)
ofa(B*+ )+ b (P +d)+c(d+b)is 2
A abc, then A is

(B) |If a, b, care positive, a + b + ¢ =1and the Q)
. 1 1 1 .
minimum value of | — = 1|| —=1|| -—=1| is 4
a b c
A, then A is
©) |[Ifa>0,6>0,c>0,5s=a+ b+ cand the (1)
. 2s 2s 2s .
minimum value of + + is 6
s—a s—-b s-c

(A —1), then A is

D)

Ifa>0,6>0,c>0,a,b, carein GP and the | (s)
A 3
the minimum value of (%) + (gj is 2, 8

then A is

(® 10

Sol.

(A) = (©); (B) = (s); (C) = (t); D) = (p, g, 1, 5, 1)
(A)-- AM>GM
_ab® + ac® + bc® + ba® + ca® + cb®

6

> (ab®-ac®-be? -ba® -ca® - cb?*)® = abe

a(b* +c?)+b(c*+a*)+c(a® +b*)=6abc
= A=6
(B)-- AM > GM

For b, c, we get @ > Jbe

= (b+c)=2bc (@)

For c, a, we get

19> Jea
= (c +a)>2Jea ... (ii)
and for a, b, we get
@ > \Jab
= (a+b)=2+ab ...(iii)
On multiplying Egs. (i), (ii) and (iii), we get
(b+c¢)(c +a)(a+b)=8abc
= (1-a)(1-b)(1—c)=8abc [va+b+c=1]
-
a b c
A=8
(C)-- AM>HM
(s—a)+(s—b)+(s—c)> 3
3 T 1 1
+ +
s—a s—-b s-c
N 3s—(a+b+c) > 3
3 1 1 1
+ +

3s—s> 3

= + + >9

s—a s—-b s-c
Here, A—1=9
A =10

(D) If a, b, ¢ are in GP.
Then, a}‘, b}‘, ¢ are also in GP.

Then, AM > GM
A A
a +c Zb;L
2
= " +c* =t
a * c *
-
b b
: AER

Hence, A =2, 4,6,8,10



JEE Type Solved Examples :
Statement | and Il Type Questions

= Directions Example numbers 29 to 32
contains two statements:

Statement-1 (Assertion) and Statement-2 (Reason)
Each of these examples also has four alternative choices,

only one of which is the correct answer. You have to select

the correct choice as given below.

(a) Statement-1 is true, Statement-2 is true; Statement-2
is a correct explanation for Statement-1

(b) Statement-1 is true, Statement-2 is true; Statement-2
is not a correct explanation for Statement-1

(c) Statement-1 is true, Statement-2 is false
(d) Statement-1 is false, Statement-2 is true

Ex. 29. Statement 1 The sum of first n terms of the series
12 -2 +3% - 4% +5° —...canbe=iw‘

. 2 . n(n+1)

Statement 2 Sum of first n natural numbers is ——.

Sol. (a) Clearly, nth term of the given series is negative or
positive according as n is even or odd, respectively.

Casel When n is even, in this case the given series is

1P -2 432 — 42452 -6 + .. +(n—-17% -n?

=(1* -2+ (3% -4H)+(5* -6 + .+ [(n - 1)* = n?]

=(1-2)(1+2)+3-4)3+4)+(5-6)(5+6) +...
+(n—-1-n)(n—-1+n)

+1
=—(1+2+3+4+5+6+...+(n—1)+n)=7n(n )

CaseIl When n is odd, in this case the given series is
1P -2 432 — 42452 -6 + . +(n-2°-(n—-1)7% +n?
=(1P=-29)+(3% -4+ (5* = 6H)+... +[(n - 2)* = (n —1)* ]+ n?
=(1-2)(1+2)+3-4)3+4)+(5-6)(5+6)+...

+[(n=2)=(n=D][(n-2)+(n - 1)] +n’
=—[1+2+3+4+5+6+..+(n—-2)+(n—-1)]+n’
=_(n—l)(n—1+l)+n2=n(n+l)

2 2

It is clear that Statement-1 is true, Statement-2 is true and
Statement-2 is correct explanation for Statement-1.

Ex. 30 Statement 1 Ifa, b, c are three positive numbers
in GP, then(a-i-s-”)( 3abc j:(abc)2 3.

ab + bc + ca
Statement-2 (AM) (HM)=(GM)? is true for positive numbers.
Sol. (c) If a, b be two real, positive and unequal numbers, then

AM = 2T GM = Vab and HM = Z“bb
a+

AM) (HM) = (GM)?
This result will be true for n numbers, if they are in GP.
Hence, Statement-1 is true and Statement-2 is false.

are
Assertion-Reason type examples. Each of these examples

Ex. 31 Consider an AP with a as the first term and d is
the common difference such that S,, denotes the sum to

n terms and a,, denotes the nth term of the AP. Given that for
2
somem,ne N,S—’"=m— (m # n).
S, n?

Statement 1 d = 2a because

2m+1
Statement 2 &m =~
a, 2n+1
S m*
Sol. (¢) s =—
@ o=t
Let S, =m’k, S, =n’k
Up =S, =S, =m’k —(m—-1)*k
= a, =(2m—-1)k
Similarly, a, =(2n—-1)k .. Gm _2m 1
a, 2n-1

Statement-2 is false.

Also, *.* a =k, a, =3k, as =5k, ...
Given, aq=a=k
a, =a,a, =3a,a; =5a, ...
Common difference d =a, —a, =as —a, =...
= d=2a

. Statement-1 is true.

Ex. 32 Statement-1 1,2,4,8, ... isa GP, 4, 8, 16, 32, ...
isaGPand1+ 4,2 +8,4+16,8+32,...is also a GP.

Statement-2 Let general term of a GP with common ratio r
beT, ,, and general term of another GP with common ratio r
beT, , 1, then the series whose general term

Tis1=Tis1 + T4 is also a GP with common ratior.

Sol. (a) 1, 2, 4, 8, ...
Common ratio r =2
Tk+1 — l-(2)k+1_1 =2k
and 4,8, 16,32, ...
Common ratio, r =2

Toy =42 =42

Then, T+ Teer1=52=T,,
o 52 L
Common ratio of Ty , ; = —— =2, which is true.
5-2°

Hence, Statement-1 and Statement-2 both are true and
Statement-2 is the correct explanation of Statement-1.



Subjective Type Examples

= In this section, there are 24 subjective solved examples.

Ex. 33 In a set of four numbers, the first three are in GP
and the last three are in AP with a common difference of 6. If
the first number is same as the fourth, then find the four
numbers.

Sol. Let the last three numbers in AP, be a,a+6,a+12.
[ 6 is the common difference]
If first number is b, then four numbers are
baa+6a+12
But given, b=a+12
.. Four numbers are a + 12, a,a +6,a + 12 (D)
Since, first three numbers are in GP.

Then, a® =(a+12)(a+6)
= a2=a2+18a+72
= 18a+72=0

a=-—14 [from Eq. (i)]

Hence, four numbers are 8, — 4, 2, 8.

Ex. 34 Find the natural number a for which Zf(a + k)
k=1
=16 (2" —1), where the function f satisfies
f(x+y)=f(x) f(y) for all natural numbers x,y and
further f(1) =2.

Sol. Given, f(x+y)= f(x) f(y) (1)
and f(y=2 ..(id)
On putting x = y = 1in Eq. (i), we get
fA+1) = £) f1) =22
f(2)=2° ...(iii)

Now, on putting x = 1, y = 2in Eq. (i), we get
f(1+2)= f(1) f(2) =2-2* [from Egs. (ii) and (iii)]

fe)=2°
On putting x = y = 2in Eq. (i), we get
f@+2)=f(2) f(2)=2"2
fla)=2*

[from Eq. (iii)]

Similarly, f(A)= 22 LeN
fla+k)=2""F a+keN

N fla+k)=16(2" -1)= Y2 F =16(2" - 1)
k=1 k=1
= 2 Y 2F =16(2" -1)
k=1

= 2@ +22+22 + . +2")=16(2" - 1)

= zaeﬁzm(z’l—m
(2-1)
= 2t =16=2"
= a+l=4
a=3

Ex. 35 Ifnis a root of x* (1—ac) — x (a* +c?)
— (14 ac) =0 and if n harmonic means are inserted between

a and c, find the difference between the first and the last
means.

Sol. Let H,, H,, Hs, ..., H,, are n harmonic means, then
a, H, Hy, Hs, ..., H,,b are in HP.

If d be the common difference, then 1.1 +(n+2-1)d
c a

a-c .
=7( ) (1)
ac(n+1)
- L ligaa L1y
hy a h, ¢
a c a c
S, hl_hn= - = —
1+ad 1-ed [ (a-¢)  (a-¢)
c(n+1) a(n+1)
=ac(n+l)_ac(n+l)=ac(n+l)[ 11 )
cn+a an +c cn+a an+c
an+c—cn—a
=ac(n+1) 5 ; 5
acn” +(a® + c¢“)n + ac
— 2_
_ azc(a Zc)(nz 1) (i)
acn” +(a® +c°)n+ac
But given n is a root of
x*(1—ac)—x(a®>+c*)—(1+ac)=0.
Then, n®(1—ac)—n(a®+c*)—(1+ac)=0
or acn® +(a* +¢H)n+ac=n" -1,
[ 2_
then from Eq. (ii), by — b, = 2@ = =D _ o q_ oy

(n* -1

Ex. 36 A number consists of three-digits which are in GP
the sum of the right hand and left hand digits exceeds twice
the middle digit by 1 and the sum of the left hand and
middle digits is two third of the sum of the middle and right
hand digits. Find the number.



Sol. Let the three digits be g, ar and ar?, then number is

100a + 10ar + ar? ()
Given, a+ar?=2ar+1
or ar* =2r+1)=1
or a(r-17%=1 ...(id)

2
Also, given a+ar=§(ar+arz) = 3 +3r=2r+2r?

or 2r2 —r=3=0 or (r+1)(2r—3)=0
r=—1,E
2
1
For r=-1, 272=—§EI
(r-1° 4
r#-1
3 1 ..
For r=£,a= =4 [from Eq. (ii)]

. . 3 9
From Eq. (i), number is 400 + 10-4-= + 4 ” = 469
2

n i J
Ex. 37 Find the value of the expression 2 z 21.

i=1 j=1k=1

~

i{ ." -2+éi}=;[zn2+zn]
[

n(n+1)(2n+1)+n(n+l):|
6 2

_ n(n+1)[2n+1+3]: n(n+1)(n+2)
12 6

Ex. 38 Three numbers are in GP whose sum is 70. If the
extremes be each multiplied by 4 and the mean by 5, then
they will be in AP. Find the numbers.

Sol. Let the three numbers in GP be g, a, ar.
r

o atar=70 (1)
r

Given,

4
and —a, 5a, 4ar are in AP.

r
4 1
10a=—a+4ar0r EZE+ar
r 4 r
5a .
or —=70-a [from Eq. (i)]
2
or 5a =140 — 2a or 7a =140

a=20
From Eq. (i), we get

20
— +20+20r =70
r

20
or — +20r =50
r
or 2+2r2=5r or 2r’-5r+2=0
1
or (r=2)2r-1)=0 r=2or —

Hence, the three numbers are 10, 20, 40 or 40, 20, 10.

Ex. 39 If the sum of m terms of an AP is equal to the sum
of either the next n terms or the next p terms, then prove that

(m+n)(1—1)=(m+p)(1—1j.
m p m n

Sol. Let the APbe a,a+d,a+2d, ...
Given, i1 + Ty + ..+ Ty =Tps1+ Tpyo+ o+ Ty ()
On adding T; + T, + ... + T,, both sides in Eq. (i), we get

2(h+ T, +..+T,) =T+ T, +..+ T, + T, 44
+.t+Tpin

= 2Sm:Sm+n
m+n

2~%[2a+(m—l)d]= [2a+(m+n—1)d]

Let 2a+(m—-1)d=x

= mx=m+n{x+nd}

= (m—-n)x=(m+n)nd ...(ii)
Again, Ty + Ty o 4 Ty = Ty + Ty g+t Tt )
Similarly, (m—=p)x=(m+p)pd ...(1ii)

On dividing Eq. (ii) by Eq. (iii), we get

m-n _(m+n)n

m=p (m+p)p
= (m=n)(m+p)p=(m—-p)(m+n)n
On dividing both sides by mnp, we get

(m+p)(1—1)=(m+n>[l—lj
n o m p m

Hence, (m+n){l—lj=(m+p)(l_1]
m p m n

EXx. 40 Find the sum of the products of every pair of the
first n natural numbers.
Sol. We find that
S=1-2+13+1-44+..+2:3+2:44+...+3:4
+354+..+(n-1-n .0
[T+243+..+(n-D+nP=1"+2"+3"+
et (n=17°%+n?
+2[1-24+413+1-4+...+23+2-4+..+3-4+3-5
+..+(n—-1)-n]

(Zn)*=3n® +28 [from Eq. (i)]



=(2n)2_2n2

= S .
{n(n+1)}z _n(+1)@n+t1)
— 2 6
B 2
n’(n+1)° n(n+1)(2n+1)
___ 4 .
2
=D (1) —2(2n 4+ 1))
— n(n+1)(3n2 —n_z)
- 24
Hence, S= (n—1)n(n+1)(3n+2)
24

Ex. 41 If1, =JZ/4 tan” x dx, show that

1 1 1 1

, , , ,...form an AP. Find its

common difference.
Sol. We have,

/4
In+1n+2=J0 (tan" x + tan" * 2 x) dx
n/ 4
=J.0 tan” x (1 + tan® x) dx

n/ 4
tan"“x} 1

/4 n 2
=J.0 tan” x-sec” x dx =

n+1 n+1
1
Hence, ——=n+1
In +In+2
On puttingn = 2,3, 4,5, ...
1 _ 1 _ 1 _ 1 _
L+1, I,+Is I,+I, Is+I1,
1 1 1 1
Hence, ... are in AP with

Ly+1, Ia+1s I, +1 Is+1,

common difference 1.

EX. 42 If the sum of the terms of an infinitely decreasing
GP is equal to the greatest value of the function
f(x)= x* +3x —9 on the interval[-5,3] and the difference

between the first and second terms is f’(0), then show that

. .2
the common ratio of the progression is —.
3
Sol. Given, f(x)=x>+3x-9
fl(x)=3x*+3

Hence, f'(x) > 0in[—5,3], then f(x)is an increasing
function on [-5, 3] and therefore, f(x) will have greatest
value at x = 3.

Thus, greatest value of f(x)is
f(x)=3>+3-3-9=27

Let a, ar, ar?, ... be a GP with common ratio | | < 1 [ given
infinitely GP]

and also given S, =27

a .
S0, A 27 (1)
and a—ar = f'(0)
= a(l-r)=f(0)=3 [ f7(0)=3]
: a(l-r)=3 ...(ii)

From Eqs. (i) and (ii), we get

1 1
(1—r)2=f:>1—r=if
9 3

1
r=1£-
3
4 2 4
So, r=— - = r#— [v]r|<1]
33 3
2
Hence, r=-—
3

Ex. 43 Solve the following equations for x and y

1 1
log;o x + 510810 x + Zloglo xX+..=y

1+3+5+...+(2y 1) _ 20
447410 +...+@y +1) 7log, x

Sol. From the first equation

log x 1+1+l+ +oop =
g10 P y

= logyo x =y

1——
2
= 2logox=y (1)
From the second equation
1+3+5+...+2y—-1) 20

44+74+10+...+By+1) 7logyx

Y -

Ja+2y -1 20
s =

%(4+3y+1) 7 logyo x
- 2y _ 20

3y+5 7logyx

= 7y (2 log;y x) = 60y + 100
= 7y (y) = 60y + 100 [from Eq. (i)]
= 7y° — 60y —100=0

(y—10)(7y +10)=0
-10
=10,y % —
y y 7
[because y being the number of terms in series = y € N ]
From Eq. (i), we have

2logyx=10 = log,yx =5
x=10°

Hence, required solution is x = 10°, y=10



Ex. 44 If0<x<§,

exp [(sin® x +sin? x +sin® x +...+ o) log,, 2] satisfies the
quadratic equation x* —9x +8 =0, find the value of
sin x —cos x

sin x +cos x

T
Sol. 0<x<E

0<sin®x<1

Then, sin’x +sin® x +sin® x + ...+ o

sin® x 2
=72=tan X
1—-sin”x

. exp [(sin? x + sin® x + sin® x + ...+ o) log, 2]

2
= exp (tan® x - log, 2) = exp (log, 2" )
—e log, 2 tan? x — Ztan2 x
2
Let y =2
Because y satisfies the quadratic equation.
Then, y? =9y +8=0
So, y=138 ,
if y=1=2"""*
= ztam2 X _ 20
= tan® x =0
x=0 [impossible] [ x > 0]
2
Now, if y=8=2"""~
= 2tan2 x _ 23
= tan® x =3
tan x = /3

sinx—cosx_tanx—l_\@—lxﬁ—l
sinx + cosx tanx +1 \/§+1 \/g—l
C(WB-1? _3+1-248
3—-1 2

sin x — cos x
Hence, ——— =2 - \@
sin x + cos x

Ex. 45 The natural numbers are arranged in the form
given below

1
2
4 5 6 7
8 9 10 11 12 13 14 15

The rth group containing 2" ~' numbers. Prove that sum
of the numbers in the nth group is 2" "2 [2" +2" 7" —11.

Sol. Let 1st term of the r th group be T, and the 1st terms of
successive rows are 1, 2, 4, 8, ..., respectively.

Tr =l~2r_1=2r_1

Hence, the sum of the numbers in the r th group is

zrfl
=7{2-2"1+(2r‘1—1)-1}

[- number of terms in rth group is 2" ~ ']
=22+ )
Hence, sum of the numbers in the nth group is

2TERM 42" -]

Ex. 46 Ifa, b, c are in HP, then prove that

a+b c+b
>4,
2a—-b 2c-b
Sol. Since, a, b, ¢ are in HP.
2 1 1 .
=—+ L1
b a ¢ ®
and let P= atb ctb
2a—b 2c-b
2ac 2ac
a c
a+c a+c
2ac 2ac [from 4 @]
2a — -
a+c a+c
=a+3c+3a+c=1+3(c+aj ..(ii)
2a 2c 2\a ¢
AM > GM [ra#c]
Cils2
a ¢
3(c a
= e
Z(a c)
3(c a
or 1+(+j>l+3orP>4
2\a ¢
Hence, ath c+b>4
a—b 2c—-b
Ex. 47 Find the sum of n terms of the series
1 2 3
+1241% 1422 42% 143243
Sol. The n th term of the given series is T, = %
(1+n°+n")
n
~Sumofnterms=S,=»T,=  ———
" Zn 2(1+nz+n4)

:2 n

1+n+n*)1-n+n?%




_12 1
2 1-n+n? 1+n+n?

1 1 1
2{1-141 1+n+n?

_ (n +n?) _ n(n+1)
20+n+n?) 2(*+n+1)

[by property]

Ex. 48 The value of xyz is 55 or% according as the

series a, x,y, z, b is an AP or HP. Find the values of a and b
given that they are positive integers.
Sol. If a, x,y,z b are in AP.

Then, b = Fifthterm=a+ (5—-1)d

where, d is common difference]

d:b—a
4
x-y-z=(a+d)(a+2d)(a+3d)=55 [given]
(b + 3a)(2a + zb) [a + 3b)
= =55
4 4 4
= (a+3b)(a+b)(B3a+b)=55x%x32 (1)
If they are in HP.
The common difference of the associated AP is i (2 - IJ.
a
ie (a-b)
4ab
1_1 + (a—1b)
X a 4ab
4ab
= x =
a+3b
1.1, 2(a-b)
y a 4ab
4ab 2ab
et = =
2a+2b a+b
and 1=1+73(a—b)
z a 4ab
4ab
= z=
3a+b
xXyz = dab . 2ab . 4ab =343 [given]
(a+3b) (a+b) (3a+D)
32a°h° 343
= == from Eq. (i
55X 32 55 ! a-( )
or a’b® =343
= ab=7
Hence, a=7,b=1

or a=1,b=7

EX. 49 Find the sum of the first n terms of the series

1 +3-22 43> +3-4° +5° +3-6” +...

If (i) n is even, (ii) n is odd.

Sol. Casel If n is even.

Let n=2m
S=1"+32"+3 +3.4* +5° +3.6" +
+(2m =17 +30@2m)*
=P +3 455+ +2m -1 +3{2% + 4% +6°
+ ..+ (2m)H

= i(Zr—l)S +3:4 irz

r=1 r=1

m m
= Y 8rP—12rt +6r —1}+12 Y r?

r=1 r=1

m m m m m
=8 Y r’—12)rt+6)r—- Y1+12 ) r’

r=1 r=1 r=1 r=1 r=1

m m m
=82 r’+6Yr- 1

r=1 r=1 r=1
2 2
m“(m+1 m(m+1
, (4 ¥ (2 )

=38

=2m*(m+1)* +3m(m+1)—m
=m[2m® + 4m® + 5m + 2]

S ORGRHRIES

Hence, S = % (n® +4n® +10n +8) ...(>i)

Casell Ifnis odd.
Then, (n + 1) is even in the case

Sum of first n terms = Sum of first (n +1) terms — (n + 1) th
term

D 1) kA1) +10(n+1) +8]— 3 (n +1)2

1
=—(n+1)[n* +3n° +3n+1+4n* +8n+4 +10n
8
+10 + 8 — 24n — 24]

1
Hence,5=g(n +1)[n® +7n% =30 -1]

Ex. 50 Find out the largest term of the sequence
1 4 9 16

503 524 5817 692"

2
n

Sol. General term can be written as T, = ———
500 + 3n



1 500

Let U, =—=—+3n
n Tn nz
1
Then, —dU" =— 1000 +3
dn n
2
and d Uz,1 _ 3020
dn n
For maxima or minima of U,,, we have
du, 0=’ = 1000
dn 3

13 13
1000 1000
= n= (3) (not an integer) and 6< (3) <7

But n is an integer, therefore for the maxima or minima of

1000’
U, we will take n as the nearest integer to () .
3

1/3
1000
Since, (3) is more close to 7 than to 6. Thus, we take

n=7.
d 271n
Further ——— = + ve, thenU,, will be minimum and

dn
therefore, T,, will be maximum for n =7.

Hence, T; is largest term. So, largest term in the given

.49
sequence 1s .

Ex. 51 Iff(r)=1+%+%+...+1andf(0)=0,find
i(2r +1) f(r).

Sol. Since, En:(Zr +1) f(r)

r=1

= zn:(rz +2r +1—r2)f(r)= i{(r +1)° —rz}f(r)

r=1 r=1

- i{(r+1)2f(r)—(r+1)2 Fr+1)+(r+1)°
7 Fr+1) = r2f(r)}
= N+ 12 {f(r) - fr+ 0} + Yr+1)

r=1 r=1

fr+1)—r? f(r)}
+ Y+ f(r+1)+(n+1)°

r=1

_ E":(r+1)2

STi(r+1)

fln+1)- En:rzf(r) {ff(rﬂ)—f(r):ril}

=— i(r +1) + {22 £2) + 3% £(3) + ... + n® f(n)}
+(n+17 f(n+1)— (1% (1) +2° £(2)
+32 f3) + ...+ n® f(n)}

=- ir— i1+(n+1)2 f(n+1)-1* £(1)

r=1

_n(n+1)

= T—n+(n+l)2f(n+1)—f(1)

n(n+3)

r=1

=(n+1)° f(n+1)- 1 [ f)=1]

C(n+1)? f(ae1)- 3D

Hence, this is the required result.

Ex. 52 [f the equation x* — 4x> + ax* + bx +1=0 has
four positive roots, find the values of a and b.
Sol. Let xy, x,, x3, x, are the roots of the equation
st —axP vaxi +bx+1=0 (1)
X F Xy + X3+ x,=4 and x; X, X3 x4 =1
X Xyt x3+xg 4

4 4
and GM = (x; x, x5 xg)* =(1)/* =1
ie, AM=GM

which is true only when x; = x, = x5 = x4 =1
Hence, given equation has all roots identical, equal to 11i.e.,
equation have form

(x-1)*"=0
= x'-4ax®+6x?—4x+1=0 (i)
On comparing Egs. (i) and (ii), we get

a=6b=-4

Ex. 53 Evaluate

oo 2

— m‘n
Sol. Let S= _
m2=1 ,21 3" (n-3" + m-3")

Now, let

Then,

...(ii)

On adding Egs. (i) and (ii), we get
NI © W mn
25 = =
mzzl nzzll am an mzzl ,,Zl 3m 3"



=(S")? ..(iii)

s'=2
4

2
From Eq. (iii), we get 2S = (ij

5=
32
. w e e 1
Ex. 54 Find the value fz 2 —
i=0 j=0 k=0 33’3
(i#j#k)
Sol.Let S=Y > Y il. p [i# ) # k]
=0 j=ok=033"3

We will first of all find the sum without any restriction on
L J k.

w5538 L5

Casel If i=j=k

Let SZ:»iii il.k

— — — 1 o 1 - 1
Let S, = — = - J—
« 5 555 rer(S4]2 4]

o 1 (3 1) «3 1 &1
-3 (-1)-3 -5 2
1 1

To3t\2 =2 3" 53
_3.9_27_13
2 8 26 208

Hence required sum, S=5; — S, =353
_27_27_3 135) 27 X26—-27X8—-3X135 81
8 26 208 208 208

Ex. 55 LetS,,n=1,2,3,... be the sum of infinite geomet-

. . . . o1
ric series, whose first term is n and the common ratio is .

n+1
Evaluate
lim 5:S, +5,S5,_1+8S,_, +...+5,5;
n— oo SZ+S2+...+57
Sol. - Snz% = S, =n+1
1_
n+1
S SS, 48,8, 1 +S58, 5+ t8S,S,
n n
= Zsrsn—r+l = 2(r+1)(n_r+2)
r=1 r=1
=2[(n+1)r—r2+(n+2)]
r=1
=(n+1) 2r—2r2+(n+2) 21
r=1 r=1 r=1
=(n+1)2n—2n2+(n+2)~n
=(n+l)n(n+1)_n(n+1)(2n+1)+(n+2)n
2
n 2 .
=g(n +9n + 14) (1)

and S} + S5 +..+ S0 = Y SP = Y(r+1y =Y (r+1° -1°
r=1 r=1 r=0

=(n+l)(n+2)(2n+3)_l
6

= %(2712 +9n +13) ...(i)

From Egs. (i) and (ii), we get
S8, +S, 8, 14858, 5+ +S,S

lim
n— e SE 482 +.. + 87
N, 9 14
—(n® +9n + 14) 1+;+7
"R on? von+13) "7 [24 24 13
6 n n®
_ 14040 1
2+0+0 2



Ex. 56 The nth term of a series is given by
n® +n’ : .
= and if sum of its n terms can be expressed as
n +n° +1

n

1
S,=a’+a+ — where a,, and b, are the nth terms of
b, +b

some arithmetic progressions and a, b are some constants,

b, .
prove that — is a constant.
an

5 3

. n- +n
Sol. Since, th=————
n +n"+1

n
n*+n%+1

1 1
+ 2 - 2
2(n“+n+1) 2(n"—-n+1)

n—

Sum of n terms S, = Zt,,

:2n+;{2(n2+1n+1_n2—1n+1)}

2
1
N2+ —| +2
2+ )
2
N O S B 1
# e
nv2 + + -
V2
but given, S, =a’ +a+ 5
b, +b
On comparing, we get
n 1 5 1
Uy =——+——a=— b, =|n2+—|b
N2 22 g ( ﬁ)
b—" =2, which is constant.
a

n



