JEE Type Solved Examples :
Single Option Correct Type Questions

= This section contains 10 multiple choice examples.
Each example has four choices (a), (b), (¢) and (d) out of
which ONLY ONE is correct.

Ex. 1 Ifo. and B (o <P), are the roots of the equation
x2 + bx +c=0, wherec <0 <b, then
(@)0<a<Bb)o <0<fP <|o]
Qa<p<oda<o<|o]<p

Sol. (b) - oa+P=-b af=c (1)
c<0 = af<o0
Let oa<0,p>0
o oo]=—0o and o0 <0< P [ a0 <P]...(10)
From Eq. (i), we get —|ot |+ B <0
= B <o ...(iii)

From Egs. (ii) and (iii), we get
o <0<f<|al

Ex. 2 Leto., B be the roots of the equation x> — x + p =0
and, § be the roots of the equation x* — 4x +q =0. If
o, B,y and & are in GP, the integral values of p and q respec-
tively, are
(Q)-2-32 (b)-23
(©) —6,3 (d) -6, — 32
Sol. (a) Let r be the common ratio of the GP, then
B=or,y=or?andd=or’

o+f=1=a+ar=1

or a(l+r)=1 ..(1)
and of=p = a(or)=p

or a’r=p ...(ii)
and Y+8=4 > ori+or’=4

or or’(1+r)=4 ...(iif)
and Y=q

= (ar®)(ar’)=q

or a’r’=q (iv)

On dividing Eq. (iii) by Eq. (i), we get

r’=4 > r=-22
If we take r = 2, then o is not integer, so we take r = — 2.
On substituting r = — 2in Eq. (i), we getot = — 1

Now, from Egs. (ii) and (iv), we get
p=0olr=(-1)%-2)=-2
g=a’r’ =(-1)%(-2)° =-32

(p.q)=(=2-32)

and

Hence,

Ex. 3 Let f(x) = J;X1/(2 —t?) dt, the real roots of the
equation x* — f’(x) =0 are

:
(b) t

(d)0and 1

(a) 1

1
(c) iE

Sol. (a) We have, f(x)= jlx,/(z —t%)dt

= Fix)=e-x%

xt— f'(x)=0

= xz—mzo: xt+x?-2=0

= xt=1-2

= x==*1 [only for real value of x |

Ex. 4 Ifx*> +3x+5=0andax® + bx + ¢ =0 have a
common root and a, b, c € N, the minimum value of a + b + ¢
is

(a)3 (b)9
(c)6 (d) 12
Sol. (b) " Roots of the equation x 2 4+3x +5=0 are non-real.

Thus, given equations will have two common roots.
a b ¢

= 7:7:7:)\, sa
R [say]
a+b+c=9\

Thus, minimum value of a+ b+ ¢ =9 [ a b ce N]

Ex. 5 If x;, x,, x3,..., x,, are the roots of the equation
x" +ax + b =0, the value of
(x1 = x2)(x1 = x3)(Xg = x4) ... (Xq = x,,) s
(a)nx; + b
(b) n(x)" ™'
©n(x)" " "+a
(d)n(x,) "'+ b
Sol. (o) x" +ax+b=(x—x;)(x — x,)(x — x3)...(x — x,,)
= (x—xy)(x = x3)...(x — xn)=w
X=X

On taking lim both sides, we get

XX
n
. x"+ax+Db|0
(x; = x3)(x; — x3)...(xy — x,) = lim ——— | —form
XX X — X 0
n-—1
. nx +a _
= lim ————=n(x)" '+a
X = X1



Ex. 6 Ifo., B are the roots of the equation ax® + bx + ¢ =0
and A, =o." +B", thena A, ,, +bA, .1 +cA, is equal to
()0 (b) 1 (©a+b+c (d)abe
Sol. ()0 +B=-"2 and af =
a a

An+2 :an+2+Bn+2
=(O( +B)(an+l+ﬁn+l)_a6n+l_B(xn+l
= (o +B)(a" T+ BT —op(a” +B")

b c
= _*An+1 - 7An
a a

= aA,,,+bA,,1+CcA, =0

Ex. 7 If x and y are positive integers such that
xy +x+y =71, x%y + xy? =880, then x* +y? is equal to

(a) 125 (b) 137 (c) 146 (d) 152
Sol. (v xy+x+y=71 = xy+(x+y)=71
and xzy + xy2 =880 = xy(x+y)=2880

= xy and (x + y) are the roots of the quadratic equation.
t? — 71t +880 =0
(t =55)(t —16) =0
t =55,16
o x +y=16and xy =55
So, x*+y* =(x+y)* —2xy =(16)* —110 = 146

=
=

Ex. 8 Ifa., B are the roots of the equation x> —3x +5 =0
andy, § are the roots of the equation x* +5x —3 =0, then
the equation whose roots are o,y + 38 and ad + Py, is

(@) x> -15x—158=0 (b)) x*> +15x — 158 =0
()x* =15x +158 =0  (d) x* + 15x + 158 =0
Sol. () o +P=30B=5y+3=(=5),y8=(-3)
Sum of roots = (ary + $3) + (ad + Py)
=(o +PB) (v +3)=3x(-5=(-15)
Product of roots =(aty + B3) (ad + Py)
=a*y8 + afy? + Bad® + B8
=v3(a” +B*) + Py’ + %)
==3(a® +B*) +5(y* + 8%)
=-3[(c +B)* — 2081+ 5[(v + 8)" - 2y9]
= —3[9 — 10] + 5[25 + 6] = 158
". Required equation is x?+15x + 158 = 0.

EXx. 9 The number of roots of the equation

1 1 35 .
—t =5

X (- x2 ) 12
(@0 (b) 1
()2 (d)3

= v, then

Sol. (d) Let 1 u and
x (1-x%)

35
u+v=""and u? +v?=uh?

12 )
= (u+v)? = (5)
12
52
= u2+v2+2uv=(j
12
35
= u2v2+2uv=(1) [ou? +v2 =u’v?]
2
35
= utvitouw—| = | =0
12
49 25
= uv+—||uv——|=0
[ -2
49 25
= uv=—-—uv=—
12 12
9
CaselIf uv = ——, then
1 1 49
———— = [here x < 0]
x (1 - x?) 12
12)?
- PRI )2 _
(49)
(5 +/73)
= S SO S
25 14
CaselIl If uv = — | then
12
1 1 25
= =— [here x > 0]
x a1 -x?) 12
12)°
= ot -2+ 02 )Z =
(25)
9 1 3 4
= xt-= xz——6 =0 = x=—-,—
25 25 55
On combining both cases,
_ (5+473) 3 4
14 5’5

Hence, number of roots =3

Ex. 10 The sum of the roots of the equation
233x—2 +211x+2 :222x+1 +1is

1 2

a) — b) —

( )11 ( )11

3 4
(c) ﬁ (d) ﬁ

Sol. (b) Let 2''™* =1t, given equation reduces to

t3
tar=22 41
4

= P8 +16t—-4=0 = t,-t,t;=4

211x1 .211x2 .211x3 =4 = 211(x1 +xg+x3) _ 22

U

U

11(x + x5 + x3) =2

2
x1+x2+x3=—1



JEE Type Solved Examples :

More than One Correct Option Type Questions

= This section contains 5 multiple choice examples. Each
example has four choices (a), (b), (c) and (d) out of which
more than one may be correct.

Ex. 11 For the equation 2x* —6/2x —=1=0

(a) roots are rational
(b) roots are irrational

(c) if one root is (p + \/5), the other is (—p + ﬁ)
(d) if one root is (p + ﬁ), the otheris (p — \/5)

Sol. (b,c) As the coefficients are not rational, irrational roots
need not appear in conjugate pair.

Here, o +P =32 andof = —%
Leto = p + \/5 then prove that other root 3 = — p + \@
Ex. 12 Given that .,y are roots of the equation

Ax® —4x+1=0andB,§ the roots of the equation
Bx? —6x +1=0, such thato, B,y and § are in HP then

@A=3 (b)A=14 (c)B=2 (d)B=8
Sol. (a,d) Since, o, 8,y and J are in HP, hence l, l, 1 and 1
o By )

are in AP and they may be taken asa—3d,a—-d,a+d

1
and a + 3d. Replacing x by —, we get the equation whose
x

roots are a — 3d, a + d is x* — 4x + A =0 and equation

whose roots are a — d, a + 3d is x*> — 6x + B=0, then
(a=3d)+(a+d)=4 = 2a-d)=4

and (a—d)+(a+3d)=6 = 2a+d)=6

5 1
a=- and d=—
2 2

_ (5 3)\(5,1)_

Now, A=(a—-3d)(a+d)= (2 - 2)(2 + 2) =3
4 . 5 1)5 3

and B=(a-d) +3d)——(2—2)(2+2)=8

Ex. 13 If|ax® + bx +c| <1for all x in [0, 1], then
@)lal=<8 (b)|b|>8
©lcl=1 (da|+|b|+]|c|=17

Sol. (a,cd) On putting x =0,1 and % we get

[e]<1 ..(1)
la+b+c|<1 ...(1i)
and la+2b+4c|<4 ..(iid)

From Eqgs. (i), (ii) and (iii), we get
|b|<8 and |a|<8
= la|+|b|+]|c| <17

Ex. 14 Ifcos®0 + p, sin® 0 + p are the roots of the equa-
tion x* +a(2x +1) =0 andcos* 0 + q,sin” O + q are the

roots of the equation x* + 4x +2 =0 then a is equal to

(a) -2 (b) —1 (o)1 (d)2
Sol.(b,d)

. cos*0 —sin?B = cos20

= cos*0 —sin?0 = cos?0 —sin?0

= (cos*0 +p)—(sin46 +p) =(cos*0 +q)—(sin26 +q)

Vaa* —4a _16-8 o P = VD
1 1 ' a
= 4a* —4a=8 or a*—a-2=0

or (a-2)(a+1)=0 or a=2-1

Ex. 15 Ifo.B,y are the roots of x> — x* +ax +b =0 and
By, S are the roots of x> — 4x* + mx +n=0. Ifo.,B,y and §
are in AP with common difference d then

(@A) a=m (b)a=m-5
()n=b-a-2 (db=m+n-3
Sol. (b,cd)
. a,p,y,0 are in AP with common difference d, then
B=o+d,y=0+2d and d = +3d (1)
Given, a,f3,y are the roots of x*—x?+ax+b=0,then
a+B+y =1 (i)
af+Py+ya =a ..(iii)
ofy =-b (1)
Also, B,7,9 are the roots of x* — 4x% + mx +n = 0, then
B+y+d=4 (V)
By +y0+3B=m (i)
Byd=-n ..(vii)
From Eqgs. (i) and (ii), we get
300+3d =1 ...(viii)
and from Egs. (i) and (v), we get
300+6d =4 (ix)
From Eqs. (viii) and (ix), we get
d=10 = 2
3

Now, from Eq. (i), we get

1 4 7
=_,y=—and6=—
B 3Y 3 3

From Eqs. (iii), (iv), (vi) and (vii), we get
2 8 13 28
a=-—b=—m=—n=-—
3 27 3 27
a=m-5n=b—a-2andb=m+n-3



JEE Type Solved Examples :
Passage Based Questions

= This section contains 2 solved passages based upon each
of the passage 3 multiple choice examples have to be
answered. Each of these examples has four choices (a), (b),
(c) and (d) out of which ONLY ONE is correct.

Passage 1
(Ex. Nos. 16 to 18)

If G and L are the greatest and least values of the expression

2
x“=x+1
, X € R respectively, then

X +x+1

16. The least value of G° +L° is

(a) 0 (b) 2 (c) 16 (d) 32
2_
Sol. (b) Let y=X -2l
x“+x+1
= x2y+xy+y=x2—x+1
= (y—l)x2+(y+l)x+y—1=0 [-x€eR]
(y+1)* —4-(y-1)(y—-1)=0  [b*—4ac>0]
= (y+1) =2y -2*2>0
= By-1(y-3)<o0
§3y33 = G=3andL=§ -~ GL=1
5 5
Ol Gy =) =1
5 5
= G +L >lor G +L°>2

", Minimum value of G° + L’ is 2.

17. G and L are the roots of the equation
(@)3x2-10x+3=0 (b)ax*—17x+4=0
(x> =7x+10=0  (d)x*=5x+6=0
Sol. (a) Equation whose roots are G and L, is
x> = (G+L)x+GL=0

, 10

= x = "x+1=0 or 3x>—10x+3=0
3

18. If L<A < Gand A€ N, the sum of all values of Ais
(@2 (b) 3 (c) 4 (d)5
Sol.(b)-.'L<}»<G:>%<k<3 SLA=1,2

Sum of values of A=1+2=3

Passage 11
(Ex. Nos. 19 to 21)

Let a, b, cand d are real numbers in GP. Suppose u, v,w satisfy

the system of equations u + 2v+ 3w = 6,4u + Sv+ 6w =12 and
6u + 9v = 4. Further, consider the expressions
f(x):(1+1+1)x2 Fl(b=e) +(c—a) +(d—b)]
u v ow

x+tu+v+ w=0andg(x)=20x2 + 10(a—d)2x—9=0

19. (b—c)® +(c—a)* +(d —b)? is equal to
(a)a—d (b)(a—d)* (c)a*-d*> (d)(a+d)
Sol. (b) Let b=ar,c=ar’ and d = ar®
Now, (b —c¢)? +(c — a)* + (d — b)*
= (ar —ar®)? +(ar? - a)* + (ar® —ar)*
=ad’rf(1-r)? +a*(r* —=1)* + a*r*(r® - 1)°
=20 -+ (r + 1) + %0 + )3
= (1-r)?(r* +2r> +3r +2r +1)
=’ (1 -r)(Q+r+ri)?=a*(1-r*)
=(a—ar’)? =(a—d)*

20. (u+v +w)isequal to

1 1
(a)2 (b) 5 (c) 20 (d) 0
Sol. (a) Now, u+2v+3w=6 ..(i)
4u+5v+6w=12 ...(ii)
and 6u+9v=4 ...(1i1)
From Eqs. (i) and (ii), we get
2u+v=0 ...(iv)
Solving Egs. (iii) and (iv), we get
1 2
U=——,v=-
3 3

Now, from Eq. (i), we get w =

(SN NS, |

1 2
vtu+w=——+-—-+-=2
3 3 3

21. If roots of f(x)=0be a,p, the roots of g(x) =0 will be

(@), p (b)—a,, =B (c) ozll (d)_l,_l

§ o P
(1 1 1)2 )
Sol. (c) Now, f(x)=|—+—+—|x"+[(b-¢)
u vow
+(c—a+(d-b’lx+u+v+w=0
= f(x)=—19—0x2+(a—d)2x+2=0

= f(x):—9x2 +10(a—d)’x +20=0 (V)
Given, roots of f(x)=0areo andf.

Now, replace x by L in Eq. (v), then
x

- 10(a — d)?
%+M+20:0
X X
= 20x% +10(a—d)*x —9=0
g(x)=0

Roots of g(x) =0are i, l
a P



JEE Type Solved Examples :
Single Integer Answer Type Questions

= This section contains 2 examples. The answer to each
example is a single digit integer ranging from 0 to 9
(both inclusive).

Ex. 22 If the roots of the equation10x > — cx?
—54x — 27 =0 are in harmonic progression, the value of ¢ is
Sol. (9) Given, roots of the equation
10x° — cx? —54x — 27 =0 are in HP. (1)
Now, replacing x by i in Eq. (i), we get

27x> +54x% + ex —10=0 (i)
Hence, the roots of Eq. (ii) are in AP.

Leta—d,aand a+d are the roots of Eq. (ii).

54
Then, a-d+a+at+d=——
27
2
= a=-° ...(iii)
3

Since, a is a root of Eq. (ii), then
27a’ +54a° + ca—10=0

= 27 (—;j + 54(:} + c(—ij -10=0 [from Eq. (iii)]

2c
= 6—?=0 or c=9

JEE Type Solved Examples :
Matching Type Questions

= This section contains 2 examples. Examples 24 and 25
have three statements (A, Band C) given in Column I and
four statements (p, q, r and s) in Column II. Any given

statement in Column I can have correct matching with
one or more statement(s) given in Column II.

Ex. 24 Column | contains rational algebraic expressions
and Column 1 contains possible integers which lie in their
range. Match the entries of Column | with one or more
entries of the elements of Column II.

Column | Column Il
2
x“=2x+9 (p) 1
=2 "2 77 YeRr
(A) 2+ 2x+9
2
x“=3x-2 (@ 3
B) | y=—— = xeR
(B) ¥ 73
2% —2x + 4 ® -4
C) | y=22 "2 77 yeRr
© 1y X2 —4x+3
() -9

Ex. 23 If a root of the equation
n® sin? x — 2sin x —(2n +1) =0 lies in[0, 7w / 2], the
minimum positive integer value of n is
Sol. 3) "+ n’sin®x —2sinx —(2n +1)=0

2444+ 4n*2n +1)

= sinx =
2n®
[by Shridharacharya method]
_1E4/@2n’ +n® +1)
2
0<sinx <1 [ x €0, m/2]]
1++4@n® +n%+1)
= 0< 5 <1
n

= 0<1++4(2n° +n%+1)<n?
= \J@n® +n?+1)<(n®-1)

On squaring both sides, we get
on® +n® +1<n* —2n® +1

[-n>1]

n*—2n® -3n? >0

=
= nf-2n-320 = (n-3)(n+1)=0
= n=3

RS n=34,5,...
Hence, the minimum positive integer value of n is 3.

Sol. (A) = (p); B) = (p. q. 1, 5); (C) > (p, g, 5)
2 p—
(A) y=7x2 2x+9 =>x2y+2xy+9y=x2—2x+9
x“+2x+9

= (y-Dx*+2x(y+1)+9(y—-1)=0
x€R
4(y+1)° —4-9-(y—1)* =0

= (y+1)* =3By -37%=>0

= (4y-2)(=2y +4)20

= 2y-1)(y-2)<0
éSySZ = y=12(p)
2_ —

(B) - X T T 3y =xt-3x -2
2x -3

= x* = x(3+2y)+3y—-2=0 x€R

(3+2y)* —4-1-(3y-2)>0
= 4y* +17 20

yE€R(p, q,r1,5)



C2xP-2x+4

(C) .
x“—4x+3
= xzy—4xy+3y=2x2—2x+4

= x*(y—2)+2x(1-2y)+3y—4=0
: x € R
4(1-2y)° —4(y-2)(3y —4)=0
= (49" -4y+1)-(3y* - 10y +8) >0
Y2 +6y—-720
(y+7)(y—-1)=20
y<—7ory21(p,q.s)

Ul

Ex. 25 Entries of Column | are to be matched with one
or more entries of Column Il.

Column | Column 1l
(A) |Ifa+ b+ 2c=0but ¢ #0,then atleast one root in
ax® + bx + ¢=0has (p) | (-2,0)
(B) |Ifa, b, ce Rsuch that atleast one root in
2a — 3b+ 6¢=0,then equation has | (q) | (-1, 0)
(C) | Leta, b, c be non-zero real numbers atleast one root in
such that ) (-L1
I
J. (1+ cos®x) (ax? + bx + c)dx (s) | atleast one root in
00 X 5 (0, 1)
= jo(l + cos®x) (ax® + bx + ¢)dx,
the equation ax” + bx + ¢ = Ohas
(t) | atleast one root in
0,2)

JEE Type Solved Examples :
Statement | and Il Type Questions

= Directions Example numbers 26 and 27 are
Assertion-Reason type examples. Each of these examples
contains two statements:
Statement-1 (Assertion) and Statement-2 (Reason)
Each of these examples also has four alternative choices,
only one of which is the correct answer. You have to select
the correct choice as given below.

(a) Statement-1 is true, Statement-2 is true; Statement-2
is a correct explanation for Statement-1

(b) Statement-1 is true, Statement-2 is true; Statement-2
is not a correct explanation for Statement-1

(c) Statement-1 is true, Statement-2 is false
(d) Statement-1 is false, Statement-2 is true

Ex. 26 Statement 1 Roots of x*> — 2+/3x — 46 =0 are
rational.
Statement 2 Discriminant of x* — 2\3x —46=0isa
perfect square.
Sol. (d) Inax2+bx+c=0,a,b,ceQ

[here Q is the set of rational number]

Sol. (A) = (r,s,t); (B) = (p,q,1); (C) = (1,s, 1)
(A)Let f(x)=ax*+bx+c

Then, f(l)=a+b+c=-c [va+b+2c=0]
and f(0)=c
f0) f(1)=~c*<0 [ c#0]

~.Equation f(x)=0has a root in (0, 1).
~. f(x)has aroot in (0, 2) as well as in (-1, 1) (r)
(B)Let f'(x)=ax®+bx+c
ax®  bx?
=—+—+cx+d

f(x) , e

f(0)=d
and  f(-1)= —§+§+c+d= —(W}d

=0+d=d [ 2a—3b+6c =0]
Hence, f(0)= f(-1)
Hence, f’(x)=0has atleast one root in (—1,0) (q)
: f(x)=0has aroot in (-2,0) (p) as well as (-1,1) (r)

(C)Let f(x)= I(l +cos® x)(ax?® + bx + ¢)dx

Given, f(1)= f(0)= f(2)- f(0)

= F()=f@)

= f’(x) = 0has atleast one root in (0,1).

= (1+ cos® x)(ax? + bx + ¢) = 0 has atleast one root in (0,1).
= ax®+ bx + ¢ = 0has atleast one root in (0, 1) (s)

“. ax® +bx+c =0 hasarootin (0, 2) (t) as well as in

1, 1))

If D >0 and is a perfect square, then roots are real, distinct
and rational.

But, here 23 ¢ Q

*. Roots are not rational.

23+ . J(12+ 184)

2
ie. \f3+7. [irrational]

But D =12+ 184 = 196 = (14)*

*. Statement-1 is false and Statement-2 is true.

Here, roots are

Ex. 27 Statement 1 The equationa™+b*+c¢*—d*=0
has only one real root, ifa>b >c>d.

Statement 2 [f f(x) is either strictly increasing or decreas-
ing function, then f(x) =0 has only one real root.

Sol. (¢ v a*+b"+c*—-d* =0

= a* +b"+c*=d*



33
(3ol (o2

and f(0)=2

Subjective Type Examples

= In this section, there are 24 subjective solved examples.

Ex. 28 Ifo, B are roots of the equation
x? = p(x +1) —c =0, show that (o +1) (B +1) =1—c. Hence,
o +200+1 +Bz +2B+1 _
B2 +2B+c

1

prove that
a’+20+c

Sol. Since, ocand f are the roots of the equation,
x? -px—p-c=0
o a+P=p
and of=-p-c
Now, (. +1)(B+1)=af+a +P+1
=—-p—-c+p+tl=1-c¢

Hence,

2 2
Second Part LHS=OC +20£+1+B TP+l

o?+200+c PP+2B+c
_ (o) B+1)°
(v +1)°-(1-¢) (B+1)*-(1-c)
_ (o0 +1)°
(o0 +1)* = (ot +1) (B +1)

(B +1)?
B+1)°—(a+1)(B+1)
_o+1 B+1=OL_B=1=RHS
a-p Pp-a oa-p
Hence, RHS = LHS

Ex. 29 Solve the equation x * + px + 45 =0. It is given
that the squared difference of its roots is equal to 144.

Sol. Let o, B be the roots of the equation x* + px + 45 =0 and

given that
(o = P)? =144
= pi—4.1.45=144 { a_gz*@}
a
= p® =324
p=(£18)

(0 +1)(B+1)=1-c Q)

[from Eq. (i)]

.~ f(x)isincreasing function and lim f(x)=-1
= f(x)has only one real root. e

But Statement-2 is false.

For example, f(x)=e ™ is increasing but f(x)=0has no

solution.

On substituting p = 18 in the given equation, we obtain
x?+18x +45=0

= (x+3)(x+15)=0
= x=-35
and substituting p = — 18 in the given equation, we obtain

x%—18x+45=0
(x =3)(x—15)=0

= x =315
Hence, the roots of the given equation are (—3), (—=15), 3
and 15.

Ex. 30 If the roots of the equation ax *+ bx +¢ =0 (a #0)
be o and B and those of the equation Ax * + Bx + C =0
(A #0) beal + k and P + k. Prove that
b? — 4ac _(af
B> —1ACc \A)’
Sol. va-B=(a+k)—(B+k)

b - 4ac (B - 440) { o«-p= 5}
a A

b — 4ac ( a )
= _ | =] —
B® - 4AC A
On squaring both sides, then we get
b* — 4ac _ (ajz
B*-4AC A
Ex. 31 Leta, b and c be real numbers such that
a + 2b + ¢ = 4. Find the maximum value of (ab + bc + ca).

=

a

Sol. Given, a+2b+c=4
= a=4-2b—-c¢c
Let y=ab+bc+ca=a(b+c)+bc

=(4-2b—c)(b+c)+bc
= —2b® + 4b - 2bc + 4c — ¢*
= 20" +2(c-2b—4c+ci+y=0
Since, b € R, so
4(c -2 —4x2x(—4c+c*+y)=0



= (c—2)* +8c—2c* -2y>0
= c?—4c+2y-4<0
16—-4(2y —4)20=>y<4
Hence, maximum value of ab + bc + ca is 4.

Since, ¢ € R, so

Aliter
. AM >GM
WE @+ b+o)
= 2> J(ab+be+ca+b’)  [a+2b+c=4]
= ab+bc+ca<4-b*

.. Maximum value of (ab + bc + ca) is 4.

Ex. 32 Find a quadratic equation whose roots x | and x ,

satisfy the condition
2 2 _ 5 5 _ 3 3
X" +x, =53(x; +x,)=11(x;” + x, ) (assume that x;, x,

are real).
5 5 3 3
Sol. We have,  3(x;” + x,)=11(x; + x,)
5 5
. x4 1
x13 + xz3 3
2 2y (3 3 2.2
N (xl+x2)(x1+x2)—x1x2(x1+x2):£
(x) +x)) 3
2.2
N (x2+x2)— X, x, (X1 + x3) _ 1
1 2 2 2
(x;+ x2) (%1 +x3 —x3x3) 3
[ox +x,° =5
2_2
- 5o XX, _11
5— x1X, 3
2.2
N é: X1 X5
3 5-x1x,
= 3xix2 + 4xx, —20=0

= 3x12x§ +10x;x, —6x;x, —20=0
= (x5 —2) (3xyx5 +10)=0

10
XXy =2, — —
(-2

We have, (x; + x,)% = x7 + x2 + 2x,0, =5 + 2x,%,
(x;+x,)" =5+4=9 [if x;x, =2]
X+ x,=1%3
and (% +x3)" =5+ 2(—10)2 —S{if XXy = _10}
3 3 3

which is not possible, since x;, x, are real.

Thus, required quadratic equations are x®  3x +2 = 0.

Ex. 33 If each pair of the three equations
x2+ax+b=0,x*+cx+d=0and x> +ex+ f =0 has
exactly one root in common, then show that
(a+c+e)’ =4(ac+ce+ea—b—d - f).

Sol. Given equations are
x> +ax+b=0 (1)
...(i1)
...(iii)
Let o, B be the roots of Eq. (i), B, ¥ be the roots of Eq. (ii)
and vy, § be the roots of Eq. (iii), then
oa+Pf=-aqaf=>b (i)
B+y=-cPy=d ..(v)
y+a=-eya=f .(vi)
~LHS=(a+c+e)’=(-a -B-P-y-y-a)
[from Egs. (iv), (v) and (vi)]
=4(a +P +7)° .(vii)
RHS=4(ac+ce+ea—-b—-d - f)
=4{a+B)B+V)+B+V)(V+o)+(y +a)
(o0 +B)—op - By —yo)}
[from Egs. (iv), (v) and (vi)]
=4(0® + P2+ 9% +20P + 2By + 2y00)

xP4ex+d=0

xP+ex+f=0

=4(o +B +y)? ...(viii)
From Eqs. (vii) and (viii), then we get
(a+c+e)’ =4(ac+ce+ea—b—d— f)

Ex. 34 Ifa, B are the roots of the equation
x % + px +q =0 and?, 8 are the roots of the equation
x? +rx+s=0, evaluate(o. —v) (0. = &) (B=y) (B =39) in
terms of p, q,r and s . Deduce the condition that the equa-
tions have a common root.

Sol. - o, are the roots of the equation
x%+ px+q=0
(X+B:—p,(XB:q ...(i)

and v, § are the roots of the equation x* + rx +s =0

Y+0=-r,yd=s

Now, (o —v) (o = 8)(B-v)(B-39)
=[o® —a(y +8) +ySI[B* —B(y +8) +v3]
=(@?+ra+s)(B>+rp+s) [from Eq. (ii)]
=a’B* +raf(o +B) +riaf +s(a’ +p?)

+sr(a+B)+s?

=a’B* +raf(o +B) + r¥af + s[(a +B)* - 208]

+sr (00 +B) + s

...(ii)

=q° - pqr +r’q +s(p* —2q) + sr (=p) + s*
=(q—s)* —rpq +r’q+sp® — prs

=(q =) =rg(p-r)+sp(p-r)

=(q=5) +(p—r)(sp—rq)

For a common root (let o =y or 3 = §),

then (o0 —y)(a-8)(B-vy)(B-8)=0

...(iii)

...(iv)



From Egs. (iii) and (iv), we get

(=3’ +(p-r)(sp—rq)=0
= (q - s) = (p —r)(rq — sp), which is the required
condition .

Ex. 35 Find all integral values of a for which the
quadratic Expresion (x —a) (x —10) +1 can be factored as a

product (x + ) (x +B) of two factors and o, € 1.
Sol. We have, (x —a)(x —10)+1=(x + o) (x + )
On putting x = — o in both sides, we get
(o —a)(—o —10)+1=0
(o +a)(o +10)=—-1
o +aand o + 10 are integers.

oa+a=—-1land o0 +10=1
or a+a=1landa +10=—1

(i) fo+10=1
o =-9,thena=38

[vaael]

Similarly, § = -9

Here, (x-8)(x —10)+1=(x —9)*
(i) Ifor +10=—1

o =—11,thena =12
Similarly, § =12
Here, (x —12)(x —10)+1=(x —11)*

Hence, a=2812

Ex. 36 Solve the equation

Jx+3-afx—1) +/x+8-6(x 1) =1
Sol. Let /(x —1) =t
We have,

The given equation reduce in the form

JE + 4 —an) +Jt? +9—6t) =1

x=t>+1,t>0

= [t =2|+|t=3]|=1
S
N L
; + 1+
B 2
2<t<
= 4<t? <9
= 4<x-1<9
= 5<x <10

Solution of the original equation is x € [5,10].

Ex. 37 Solve for ‘x’
N+21431 4+ +(x =)+ x!=k? and ke I.
Sol. For x < 4, the given equation has the only solutions

x =1k =2%1and x =3,k = £ 3. Now, let us prove that
there are no solutions for x > 4. The expressions

11+ 2!+ 3!+ 4! =33
1I+2!+3!+ 4! +5! =153
ends with the digit
1 +20 431+ 41+ 5! +6! =873
+2'+3'+4!'+5!'+6! +7! =5913

3.

Now, for x > 4 the last digit of the sum 1! + 2! + ... + x!is
equal to 3 and therefore, this sum cannot be equal to a
square of a whole number k (because a square of a whole
number cannot end with 3).

Ex. 38 Find the real roots of the equation

\/x+2\/x+2\/x+...+2w/x+2«/§ =X

n radical signs

Sol. Rewrite the given equation

\/x+2\/x+2\/x+...+2,/x+2,/x+2x =x (1)

On replacing the last letter x on the LHS of Eq. (i) by the
value of x expressed by Eq. (i), we get

x=\/x+2\/x+2,/x+...+1/x+2x

2n radical signs

Further, let us replace the last letter x by the same
expression again and again yields.

x=\/x+2\/x+2\/x+...+2,/x+2x

3n radical signs

=\/x+2\/x+2\/x+...+2 X +2x =..

4n radical signs
We can write,

xz\/x+2w/x+2,/x+...
x+2\/x+2\/x+...+21/x+2x

N radical signs

= lim
N — oo

If follows that

x=yx+2fxra ..
=\/x+2(\/x+2\/T=\/(x+2x)

Hence,

x%=x+2x
= x*=3x=0
x=0,3



Ex. 39 Solve the inequation, (x > + x +1)* <1. = xo14 Lt oy x_1=0

Sol. Taking logarithm both sides on base 10, 1+ \73
then xlog(x®+x+1)<0 : x = _2
which is equivalent to the collection of systems 1445 1-+5
_{X>O, {X>O, X, = 5 , Xy = 5
log (x *+ x +1) <0, - xHx+1<, satisfy the given equation and this equation has no other
{x <0, {x <0, roots.
| {log (x *+ x + 1) >0, P+ x+1>1, Ex. 41 Solve the system of equations
(x>0 x>0, [x=1]+|y —2]=1
x(x+1)<0, -1<x<0 y=2—-|x-1
=
x <0, x <0, Sol. On substituting | x — 1| =2 — y from second equation in
| (x(x+1)>0 x>0and x <(-1) first equation of this system, we get
xeo, 2-y+|y—-2|=1
Now, consider the following cases
x<(-1) It >
. . V=254
Consequently, the interval x € (— oo, — 1) is the set of all then 2-y+y-2=1 = 0=1
solutions of the original inequation. No value of y for y > 2
Remark If y<2
When the inequation is in power, then it is better to take log. then 2-y+2-y=1 & y= § which is true.
2
Ex. 40 Solve the equat{on From the second equation of this system,
= 3
1+ ] =X oo |x—1]
1+ ’ 2
1 1
1+—. = [x—1=-=>x-1=%—
1+ 2 2
1+l = x=lil::>x=l,§
X 2 22

When in expression on left hand side the sign of a fraction is Consequently, the set of all solutions of the or1g;nal system

13
repeated n times. is the set of pairs (x, y), where x = 23 andy = 3

Sol. Given equation is

14 1 — Ex. 42 Leta, b, c be real and ax* + bx + ¢ =0 has two real
141 roots oL and 3, where o, < —1and 3 > 1, then show that
1
c | b
L T+=+| = [<o0.
. a |a
l+; Sol. Since, v <—1and > 1

Let us replace x on the LHS of the given equation by the o +A=-Tandf=1+u [A.u>0]

expression of x. This result in an equation of the same

Now, 1+5+ =1+of+|a+f|

form, which however involves 2n fraction lines. Continuing a a
E:Ilriistsrocess on the basis of this transformation, we can (1= M)A ] —1-A+1+y]
. =1-1-u—A—-Au+|u—A
x:1+hm1+7l =S—U—-A—-AU+U—A [ifu > A]
e T+ —— and =-u-A-Au+i-n [if & > u]
1+ —
1+ . 1+5+|2 =—2A—Alor—2u— AU
l. a a
1+ — [n fractions] c
x On both cases, 1+—+|—|<0 [ A u>0]
a |a




Aliter
ax? +bx+c=0,a#0
b
x2+fx+£=0
a a
2 b C
Let f(x)=x"+—x+- -1 1
a a AN H/B

f(-1)<0and f(1)<0

So1-2i o and 1424+ ¢ <0

a a a a
Then,1+é+£<0
al a
. 3—x 3—x
Ex. 43 Solve the equation x X+ =2
x+1 X +1
Sol. Hence, x +1#0
and let x(3_x)=uandx+3_x=v
x+1 x+1
o uv =2 ..(1)
3—x 3—x
and u+v=x +x +
(x+l) (x+1)
=(x+1)(3_x]+x=3—x+x=3
x+1

u+v=3 and uv=2
Then,
Given equation is equivalent to the collection
3- 3-
x = 2 x = 1
x+1 x+1
or
3-x 3-x
=1 x + =2
x+1 x+1

u=2v=1loru=1,v=2

X+

xX-x+2=0 x2=2x+1=0
= , or )
x“=x+2=0 x°=2x+1=0

2
1 7
x——| +—%0
2 4

{xz—x+2=0
=
(x—1)%=0

x=2x+1=0

(x—=1)%=0

= x = 1is a unique solution of the original equation.

Ex. 44 Show that for any real numbers a;,a,, as,...,ags,
the roots of the equation
ags X¥ +agy x* +.. . +a;x® +3x% +2x +1=0 are not real.

Sol. Let P(x) = ags x¥° + ag, x®

fotax P +3x 4 2x+1=0 ()
Since, P(0) = 1, then 0 is not a root of Eq. (i).
Letaly, 0Ly, Ols, ..., OLgs be the complex roots of Eq. (i).
1
Then, the 3;| let— | the complex roots of the polynomial
a;

Oy)= y85 + 2y84 + 3y83 + a3y82 +... 4+ ags

It follows that

ZBi:—Zand 2 2 Biﬁj:?’

i=1 1<i<j<85
85 85 2
Then, 2&2:(26,] -2 2 2 BiBj
i=1 i=1 1<i<j<85
=4-6=-2<0

Thus, the 3;’s is not all real and then o.;’s are not all real.

Ex. 45 Solve the equation

22X 2 X |41,
Sol. Find the critical points :
_—
B —
—
-1 0
x+1=02"-1=0
AR x=—1,x=0
Now, consider the following cases :
x<-1
270D X = (0¥ — 1)+ 1
= 27t =2
—(x+1)=1
RN x=-2 (1)
-1<x<0
2¥ T 2 = (27 —1) +1
= Zx+1:2
x+1=1
x=0
x#0 [+-1<x<0]
x>0

22Xt 2% =2 — 141
N 9X+1 _g g%
QX+l _gxtl
x=0.
Now, combining all cases, we have the final solution as
x €[0,00) U {-2}

which is true for

...(ii)

Ex. 46 Solve the inequation
—ly|+x=+/(x* +y* =1) >1.
Sol. We have, —|y|+ x —+/(x* +y* —1) =1
= x =]y =1+ 4(x% + 3% —1)

if x 2|yl
then squaring both sides,

iyt —2x|y| =1+ xP +yP -1+ 2y(xF +yP - 1)
= —x|y| = (x* +y* 1) ..(d)

Since, x2|y|=0 ...(ii)



Then, LHS of Eq. (i) is non-positive and RHS of Eq. (ii) is
non-negative. Therefore, the system is satisfied only, when
both sides are zero.
.. The inequality Eq. (i) is equivalent to the system.
x|y|=0

x?+ y2 -1=0
The Eq.(i) gives x =0ory =0.If x =0, then we find y = £ 1
from Eq. (ii) but x >|y| which is impossible.
If y = 0, then from Eq. (ii), we find

2

x° =1
x=1-1
Taking x=1 [ x=|yl]

. The pair (1, 0) satisfies the given inequation. Hence, (1, 0)
is the solution of the original inequation.

Ex. 47 Ifa,,a,,as,...,a,(n > 2) are real and
(n=1)a? —2na, <0, prove that atleast two roots of the
equationx " +a;x "' +a, x"? +...+a, =0 are
imaginary.
Sol. Let 04,04, O3, ..., 0., are the roots of the given equation.

Then,

and Y00, =00y + 005 + ... + 0,10, =dy

Now, (n—1)a’ —2na, =(n -1)(20,)? —2n Yo, 00,
=n{(Xoy)? - 23 040,} - (Toy)
=nXoi - (Za)’

= 2 X(o _0‘]‘)2

1<i<j<n

D0 =0 +0, +0g+...+0, =—q

But given that (n — 1)a’ — 2na, <0

= Yo ¥ (o -0;)° <0

1<i<j<n

which is true only, when atleast two roots are imaginary.

Ex. 48 Solve the inequation |a** +a*** —1| =1 for all
values of a(a >0,a #1).
Sol. Using a* =1,
the given inequation can be written in the form
[t* +a°t - 1|21 (i)
a>0anda# 1, thena” >0
t>0 ...(ii)
Inequation (i) write in the forms,
t* +a’t—1>1andt® +a*t - 1< -1

2[4 2, [ 4
p< 2%~ +38 > ¢ +4/(a” +38)

>

2 2

and —a?<t<0

t>0 [from Eq. (ii)]

2, [ 4
> ¢ +4/(a” +8)

B 2

2, [ 4
. +4/(a” +38)

B 2

But

For 0<a<l,

—a* ++(a* + 8)]

x < log{ 5

—a® + J(a* + 8)]

X €| —oo, loga( 2

—a® +4(a* + 8)]

and fora>1, x > loga( )

2

-a* ++/(a* +8)J -

x€ loga[

Ex. 49 Solve the inequation
log|,|(\/(9 = x*) = x =1) 21,

Sol. We rewrite the given inequation in the form,

logj/(y/ (9 = x*) = x = 1) > logy(|x|)

This inequation is equivalent to the collection of systems.

VO = x*) = x —1>|x],if |x|>1
JO-x*) —x-1<|xif 0<|x|<1

For x > 1 For x > 1
JO-xH)-x—-1>2x O - x*) 22x +1
For x < -1 For x < -1
i \/m—x—lz—x:> Jo-x*)=1
For0<x <1 For0<x <1
9-x*)-x-1<x VO - x*) <2x +1
For -1<x <0 For -1<x <0
©@-x*)-x-1<-x VO -x%)<1
[ For x > 1
s x<iin-
’ Forx<—?
- —22<x <22
For0<x <1

2 2
xS—g(\/ﬁ+l)andx25(\/ﬁ—l)
For-1<x<0
x < —2+42 and x > 242




[ xed
{—2\/5 <x<-1
2 -1<x<1
’ xe o
Hence, the original inequation consists of the intervals

2
—2\2<x<-1 and g(\/ﬁ—1)s;c<1.

Hence, xe€[-242,-1)U E(\/ﬁ— 1), 1)

Ex. 50 Find all values of ‘a’ for which the equation
4* —a2* —a+ 3=0 has atleast one solution.
Sol. Putting 2* =t > 0, then the original equation reduced in
the form
t*—at—a+3=0 ...>Q)

that the quadratic Eq. (i) should have atleast one positive
root (¢ > 0), then

Discriminant, D =(-a)? —4-1-(-=a+3)>0
= a’+4a-1220
= (a+6)(a—2)=0
— L
‘6\—_/2
o a€ (—oo, —6] U [2, )
If roots of Eq. (i) are ¢;and ¢, , then

t1+t2 =a
ity =3—a
For a€(—eo, — 6]

t; + t, <0and f1t, > 0. Therefore, both roots are negative
and consequently, the original equation has no solutions.

For a€(2, )

t; +t, >0and tit, 20, consequently, atleast one of the
roots t; or t,, is greater than zero.

Thus, for a € [2, =), the given equation has atleast one
solution.

Ex. 51 Find all the values of the parameter a for which
the inequality a9™ + 4(a —1)3* +a >1, is satisfied for all
real values of x .

Sol. Putting t =3 in the original equation, then we obtain

5 Taxis 0 Taxis
() (i)
\ / Taxis \ 0 Taxis
0
(iif) (iv)

at®* +4(a-Dt+a>1
= at? +4(a—Dt+(a—1)>0 [t>0,3" >0]
This is possible in two cases. First the parabola
f(t) = at® + 4(a — 1)t +(a— 1) opens upwards, with its

vertex (turning point) lying in the non-positive part of the
T-axis, as shown in the following four figures.

a > 0 and sum of roots <0

4(a—1
- _H@=D g and £(0)2 0
2a
a>0a—1>0anda—-1>0
Hence, a>1

T-axis

Second the parabola f(t) opens upward, with its vertex
lying in positive direction of ¢, then

4(a—1
a>0,—M>0andDS0
2a

= a>0(a—1)<0
and  16(a—1)* —4(a—1)a<0
= a>0a<1
and 4(a—1)(3a—-4)<0

4
= a>0,a<1and1$a£§

These inequalities cannot have simultaneously.
Hence, a > 1 from Eq. (i).



