Session 3

Examples on Largest Value of a Third Order Determinant,
Multiplication of Two Determinants of the Same Order, System

of Linear Equations, Cramer’s Rule, Nature of Solutions of System
of Linear Equations, System of Homogeneous Linear Equations

Examples on La rg eSt Value cannot equal 6. The following determinant satisfies the
- H given conditions and equals the largest value
of a Third Order Determinant e
Example 17. Find the largest value of a third order I -1 1j=-10-1)-1(-1-1)+1(1+1)=4
determinant whose elements are 0 or 1. 11 -1
a b o .
Sol Let A —la. b < Example 19. Show that the value of a third order
’ : bz ’ determinant whose all elements are 1 or —1is an even
as D3 Cj
number.
A =ay(byc5 — bscy) — bi(azcs — asey) + ¢y (ay by — asby) o boa
=(a bycq + a, bsc; + asbic, ) — (bicsa, + by cias + bycyap) Sol. Let A = a, I;Z €2
a c
Since, each element of A is either 0 or 1, therefore the value L a a
of the A cannot exceed 3. But to attain this value, each Applying R, — R, — 2 R and Ry — Ry — — Ry, then
expression with a positive sign must equal 1, while those a a
with a negative sign must be 0. However, if a - b cq
abycs =aybscy =asbc, =1, every element of the :
determinant must be 1, making its value zero. Thus, noting a a
2 2
that A= 0 b, ——=b Co——0C
011 @ @
10 1|=2 0 by — Bp, cs — B,
110 a a
The largest value of A is 2. Expanding along C), we get
Example 18. Find the largest value of a third order A=al{(bz _azle(CS —%clj - (bs _aSbl)[CZ —azcl)} (1)
X @ @ @ @
determinant, whose elements are 1 or —1.
a b ¢ Since, ay, a,, as, by, by, bs, ¢y, ¢4, ¢5 are 1 or —1.

Sol. Let A=|a, b, c, b 92, @, o 3y a, . 1
9, — by, €3, —¢Cq, b3, — by, ¢y, —cy are 1 or —
a; by cs a a 4 4

A= _ _ _ — a a a a
A =ay(bycs — bscy) — bi(azcs — asey) + ¢1 (ay by — ash,) :>bz——zbl,c3——3c1,b3——3b1,cz——charEZ,—ZorO.

= (a\b, c5 +a, bscy + azbicy) — (biecsa, + bycias + bscyap) a @ @ )
Since, each element of A is either 1 or —1, therefore the b a, b a,
value of the A cannot exceed 6. But it can be 6 only if : 2 (71 L[| 6T aTCl
abyc3 = a,bse; = azbe, =1 (1)
a a
and  bcsa, = bycia3 = bscya=—1 ...(ii) and Eb3 - Sbl) (cz - ch) are 4,—4
a4 a
In the first case, the product of the nine elements of the
or 0 = an even number

determinant equals 1, while it is —1 in the second case, so
the two cannot occur simultaneously i.e., the determinant From Eq. (i), A = an even number (¢; = 1 or —1)



Multiplication of Two ok
Determinants of the Same Order 14 -3 18

Let the two determinants of third order be

Applying C; —» C; + C3 and C, — C, + Cg, then

ap by ¢ a B ™ 7 0 -2
Ay=lay by ¢y and Ay=|a, B, v, A=|8 -15 -5
ds b3 C3 (O B3 Y3 4 15 18
Let A be their product. Applying R, — R, + Ry, then
. . . 7 0 _2
Method of Multiplication (Row by Row] ;
Take the first row of A; and the first row of A, i.e., A =112 0 13
a;,by,c; and oy, Py, y; multiplying the corresponding :
elements and add. The result is a,0t; + b,f3; +c;Y; is the 4 . 15 18

first element of first row of A.

Now, similar product first row of A; and second row of A,
gives a, 0L, +b,f, + Y, is the second element of first row
of A and the product of first row of A; and third row of A,
gives a;0t3 + b,P3 +c,Y5 is the third element of first row
of A. The second row and third row of A is obtained by
multiplying second row and third row of A; with 1st, 2nd,
3rd row of A, in the above manner.

Expanding along C,, we get
7 —
- 15
12

Example 21. If ax{ +by;

5 =—15(91+24)=—15x115= —1725

+czi =ax3 +by3+cz3 =ax3 +by3 +cz: =d,

ax; Xs+by,ys+cz,z5
=axsz X, +bysy,+cz3z; =axyx, +by y, + 22, = f,
then prove that

a by ¢ o Brovi
Hence,A=A1 XAZ =|dy bz Cy [ X |0y BZ Yo

as by c3| |as Bs s X1 Y1 Z (d+2f) 1/2
a0y +bify +eyr a0 +biBy +eqy, X2 Y2 22|F (d _f){ abc }
= az 0(,1 +b2 Bl +C2Y1 az az +b2 BZ +C2Y2 X3 _y.7> Z.7)
asoy +bsBy +esy  asoy +b3By +esy, XN &
Sol.Let LHS=A=|x, y, z,

a 03 +bifs +civs
a 03 +b, 5 +cy75 Yoy A

X1 N & X1 N A
SN =AXA=|x, y,

X3 Y3 %3 X3 Y3 %3

a0z +bsfs +csys
T Zy| X X2 Y2 22
Multiplication can also be performed row by column or

column by row or column by column as required in the

problem. . X1 oy oz |ax; by, ez
1 2 3 |=2 1 3 = E Xy Yo 2Zy|X|ax, by, cz,
Example 20. Evaluate|-2 3 2[x| 3 -2 1| X5 ys zs| faxs bys ez
3 4 -4 2 1 =2 . axi + by} + cz} ax1x22+ byl32;2 + cjlzz
= —— |ax;x, + byyy, + czi2y axy + by + cz;
Using the concept of multiplication of determinants. abe X, 4 byay 4 czazs axy % b bys ya + 2y 2,

1 2 3 -2 1 3
A=|-2 3 21| 3 =2 1
3 4 —4 2 1 -2

Sol. Let ax;x; + bysy; + cz3z;

ax, x3 + by, ys + ¢z, z5| [multiplying row by row]

iplvi axi + by: + ¢z}
On multiplying row by row, we get

-2+2+9 3-4+3 2+2-6 1 d f f
A=| 4 =—|f d f [given]
=| 44346 —6-6+2 —4+3-4 b

-6+4-12 9-8-4 6+4+8 frd




Applying C; — C; + C, + C3, then

d+2f f f rr
S I | B Cat D) PR
belivar £ odal Pl f o4
Applying R, - R, — R, and R; — R; — R;, then
1 f f
_d+2f) | i-f =(d+2f)(d_f)z
abc . abc
0 0 d-f
1/2
.-.A=(d—f){d+2f} _ RHS
abc

An Important Property

If Ay, B; and Cy,... are respectively the cofactors of the
elements a,, b; and cy,... of the determinant.

a by ¢ Ay By G
A: a, b2 Cy ,A-‘#O, then AZ Bz C2
as by c; A; By C,

= A

Proof Consider
ap by ¢ A, By G
¢, |[X|Ay, By, C,
As Bj Cj
aAy+b,B; +¢,C,
=| ayA; +b,B; +¢,C,
asAq +bsB; +c5C,

as by ¢
a;Ay+b,By +¢,C,
a,A, +b,B, +¢,C,
asA, +b3By +¢5C,
a1Ag+b,Bs+c,Csy
a,As+byB 4 +c,Cq
asA 5 +b 3B 5 +c3C,

[multiplying row by row]

A 0 O asa;A; +b;B; +¢,C;
=0 A 0|=A° A i=j
0 0 A :{o, i#j
Al Bl Cl Al Bl Cl
= A|A, B, C,|=A’ or |A, B, C,|=A
As Bs G A; B; Cs

[ A#0]
Note Let A #0 and A° denotes the determinant formed by the
cofactors of A and nis order of determinant, then
Ac — An—W
This is known as power cofactor formula.

Example 22. Show that

a’+x* ab-cx ac+bx X ¢ -b
ab+cx b?+x? bc-ax|=|-c x a
ac—-bx bc+ax c?+x? b -a x
x ¢ =b
Sol. Let A=|-¢c «x
b —a x

Cofactors of 1st row of A are x * + a?, cx + ab, ac — bx,
cofactors of 2nd row of A are ab — cx, x* + b%, ax + bc and
cofactors of 3rd row of A are ac + bx, bc — ax, x* + ¢>.
Hence, the determinant of the cofactors of A is

a®+x* ab+cx ac—bx
AN =lab—cx b*+x?

ac + bx bc —ax

bc + ax
c? +x?

Interchanging rows into columns, we get

2
ac + bx x ¢ =b

al| [N =AM

4 x? b —-a «x

ab—cx
AN=|ab+cex b+ x?

a® + x*
bc —ax|=|-c x

ac—bx bc+ax

Example 23. Prove the following by multiplication of
determinants and power cofactor formula

0 c bl |pb2+c? ab ac
c 0 a|l =| ab c*+a* bc
b a0 ac bc  a’+b?
-a*> ab ac
=| ab -b> bc|=1a’h*c?
ac  bc -c?
0 ¢ b
Sol. Let A=|c 0 a|. Expanding along R,, then
b a 0

A=0-c(0-ab)+ blac —0)=2abc

0 ¢ b
0 a| =A? =(2abc)® = 4a’b?c? ..()
b a 0
0 c b o c b 0o ¢ b
Also, |¢c 0 a| = 0 a|Xlc 0 a
b a 0 b a 0 |b a 0
b® +¢? ab ac
=| ab 2 +d° be ..(ii)
ac be a® +b*

[multiplying row by row]



—a? ab ac
and AN =| ab -b®  be|=A""1=A?
ac  be —c?
0 ¢ b
=lc 0 a
b a 0

From Egs. (i), (ii) and (iii), we get

0 ¢ b |p*+c? ab ac
c 0 a|=| ab c? +d be
b a 0 ac be a® + b?
-a*  ab ac
=| ab -b* be| = 4a°b*c?
ac  be —c?

Express a Determinant Into
Product of Two Determinants

Consider the determinant

a0 + b,

Let A=
a; o +by By

a0 +b,fy
a, oy +b, By

a0, +by B,
a, 0yt by By

a0 + by,
a0yt by By

By the property of determinant, A can be written as

a0t + b1, b1 a0 + b1,
az 0y +byBa] [y B1 az oy +0, B,
biB, | |b1B:
by Bz| b2y

a0y

A= +

az Oty

a0y a0y | a0y a0y

+

az Oy
b:B,
b, B,
b,
b,

+B1B>

az 0y

a; 0y a0,

a a4 a; b ap

=00y +0a,, +By0,

[ ) a

b,
b,

a 2

a; b
b,

a;
=0+, -Bio,

az a

a;

(1B, —0ty Br)

Bs
B2

b,
b,
b,
b,

a

a; Oy

a 25

a0 + b,y
a, 0y +b, By

a0, + b,
a, oy + by,

a,

a

b,
b,

Bs
B

Oy

Oy

...(iii)

biB,

b, Ba

b,
b,

Example 24. prove that

a0 +biBy @, +bB, a0 3+ by 5
a,oq+by By aya,+b,B, a,o5+b,B3|=0.
asoq +bsBy  aso, +bsB,  azos+bsPs
a0y + b @0, +bB, ezt bfs
Sol. LHS =|a, 0, + b,y a0ty + b,  a,05 + byP5
asouy + by aso, +bsB,  asois + bsBs
a b 0 |o; By O
=la, b, 0/ X0, B, 0 [row by row]
as; by 0O |og Py O
=0X0=0=RHS

Example 25. Prove that

2 oa+pP+y+9d

o+pP+y+9d
of + o

2(ac+B) (v +9)
of (y + )+ vd (o +B)

of + o

o (y+d)+yd(a+P)|=0.
20y
2 oa+p+y+9d
Sol.LHS=|a.+B+y+8  2(0+P)(y+9d)

of + o

1 1 0 1

aB(y +8) + vd(a +B)

off +yd
of(y +98) +yd(a + )
208y0

1 0

=laa+p y+08 O/x|y+d a+p 0| [rowbyrow]

off
=0Xx0=0=RHS

v 0 v

Example 26. Prove that
cos(A—P) cos(A-Q)
cos(B—P) cos(B-0Q)
cos(C—P) cos(C—-Q)
cos(A — P) cos(A—Q)
cos(B—P) cos(B—-0Q)
cos(C —P) cos(C —-Q)
sinA 0
sinB 0| X |cosQ
sinC 0

Sol. LHS =

cos A cos P
=|cosB

cosC cos R

=0x0=0=RHS

o 0

cos(A—R)
cos(B—R)|=0.
cos(C —R)

cos(A — R)
cos(B—R)
cos(C — R)
sinP 0
sinQ 0
sinR 0

[row by row]



Example

27. If o, and y are real numbers,

without expanding at any stage, prove that

1

cos (o —P) 1
cos (o —v)

Sol. LHS =|cos(a. — ) 1

cos(ow — )

cos(ot—0) cos(fp—a) cos(y—a)

cos(fp—-a) cos(y—o)
cos(y—p)|=0.
cos(B - ) i

1 cos(B—o) cos(y—o)
cos(y - B)
cos(B—v) 1

=|cos(at =B) cos(B—P) cos(y —P)
cos(at —v) cos(B—7v) cos(y—7)
cosa sinot 0| |[coso sinol 0

=|cosp sinfl 0| X|cosp sinf 0
cosy siny 0| |cosy siny 0

=0x0=0=RHS

Example 28. if a,b,c, x,y,z €R, prove that

(@=x)* (b-x?° (c-x)

(@-y)* b-y)? (c-y)?

(@-2)* (b-2)* (c-2)°
1+ax)®> (+bx)? (1+cx)?
=|(1+ay)® (1+by)* (1+cy)?|
(1+az)*> (+bz)*> (1+cz)?

(a-x)* (b-x)* (c—x)
Sol. LHS =|(a — y)2 (b- y)2 (c - Y)Z

(a-z)°
a® - 2ax + x°

2
a

1
=1

(b-2z)’

(c—2)

b? —2bx + x? ¢% —2cx + x°

—2ay +y* b* —2by+y* ¢* —2cy+y?
—2az+z° b*—2bz+z2° ¢ —2z+72°
2x  x° @ —a 1
2y y*|x|b* -b 1 [row by row]
2z 2° 2 - 1
2x 2 1 a d
2y Y I x(-1)(-1)[1 b b*
2z z2° 1 ¢ ¢
[C; <> C3 and taking (—1) common from second
determinant]
2x  x° 1 a d
2y y*|x|1 b b
2z z° 1 ¢ c?

2 1+ 2cx + c?x?

14 2bx + b*x?
1+ 2by + b*y*

1+ 2bz + b%z?

1+ 2ax + a’x
= 1+2ay+azy2 1+2cy+c2y2

1+ 2az + a’z® 14 2cz + c%z?

[multiplying row by row]

(1+ax)® (1+bx)® (14 cx)
=|(1+ay)* (1+by)* (1+cy)*|=RHS
(1+az)*> (1+bz2)* (1+cz)?

System of Linear Equations

(i) Consistent equations Definite and unique solution

[Intersecting lines]

A system of (linear) equations is said to be consistent,
if it has atleast one solution.

. x+y=2|,
For example, System of equations

is
xX—y=6
consistent because it has a solution x =4, y =-2.

Here, two lines intersect at one point.

i.e., intersecting lines.

(ii) Inconsistent equations No solution [Parallel lines]

A system of (linear) equations is said to be
inconsistent, if it has no solution.

Leta;x +b,y +c¢; =0and a,x + b,y + ¢, =0, then
a b, ¢
21 71 21
a by, ¢
= Given equations are inconsistent.
x+y=2

Y is
2x +2y =5
inconsistent because it has no solution i.e., there is no

value of x and y which satisfy both the equations.
Here, the two lines are parallel.

For example, System of equations

(iii) Dependent equations Infinite solutions

[Identical lines]

A system of (linear) equations is said to be dependent,
if it has infinite solutions.

Leta;x + b,y +c¢; =0and ayx + b,y + ¢, =0, then

a, by ¢ . .

—L =-1 =~1 — Given equations are dependent.
a; by ¢

x+2y=3
For example, System of equations y is
2x +4y =6
dependent because it has infinite solutions i.e., there
are infinite values of x and y satisfy both the

equations. Here, the two lines are identical.



Cramer’'s Rule

System of linear equations in two variables

Let us consider a system of equations be

a;x+by+c, =0 b
! yTa where 4 #-L
a2x+b2y+C2=0 az 2
On solving by cross-multiplication, we get
X _ y _ 1
(bicy —byer)  (cya; —cpaq)  (ayby; —ayby)
1
or X -7 =
by ¢ 4 a; b
b, ¢, Cy 4y a, b,
by ¢ ¢ 4
b, c, Cy a4y
or x = Yy =
a; by a; by
a, b, a, b,

System of Linear Equations
in Three Variables

Let us consider a system of linear equations be
ax +byy+ciz=d;
a, x +b,y+c,z=d,

asx +bsy+ciz=d;
a; by o d b ¢
Here, A=la, b, cy,A=|dy, by, ¢,
as by cs3 ds bs ¢
a, di ¢ a, by d;
A, =la, d, cy|andA;=la, b, d,
as ds c3 as bs d;
If A #0, then
di by ¢ ax +byy+ciz by
Ay =|dy by, cy|=layx+byy+cyz by
ds bs c3| |asx+bsy+csz by
Applying C; — C; —yC, —zC5, then
ax b ¢ a, by ¢
Ay =lazx b, cy|=xla, by, cy|=xA
asx by cyq as by cs

x =£, where A #0
A
Similarly, A, =yAand A; =zA

Ay
=—% andz=
Y A

...(ii)
...(iii)

Thus, xzﬁ, =&, zﬁ, where A #0 ...(iv)
A A A
The rule given in Eq. (iv) to find the values of x, y and z is
called the CRAMER’S RULE.
Remark

1. A, is obtained by replacing elements of jth columns by
d,, do, ds, where i =1,2,3
2. Cramer’s rule can be used only when A #0.

Nature of Solution of System of
Linear Equations

Let us consider a system of linear equations be
ax +byy+ciz=d;
a, x +byy +c,z=d,
asx +bsy+csz=ds
Now, there are two cases arise:
Casellf A#0
A _As
A A
Then, system will have unique finite solutions and so
equations are consistent.
CasellIfA=0
(a) When atleast one of A;, A,, A; be non-zero
(i) Let A; #0, then from A; = xA will not be satisfied
for any value of x because A=0and A; #0and
hence no value of x is possible.

(ii) Let A, #0, then from A, = yA will not be satisfied
for any value of y because A=0and A, #0 and
hence no value of y is possible.

(iii) Let A5 #0, then from A5 = zA will not be satisfied
for any value of z because A=0and A; #0 and
hence no value of z is possible.

A

In this case, x =—,y
A

()

Thus, if A=0and any of A;, A,, A5 is non-zero.
Then, the system has no solution i.e., equations
are inconsistent.

(b) When A; =A, =A5; =0
A, =xA
In this case, A, = yA} will be true for all values of x,y
As =zA

€1
C2

Cs3

and z.

But, since a; x + b;y + c1z =d;, therefore only two of
x,y and z will be independent and third will be
dependent on the other two.

Thus, the system will have infinite number of
solutions i.e., equations are consistent.



Remark Expanding along R, then

1. If A #0, the system will have unique finite solution and so 9 2
equations are consistent. Ar=(-1) 52 =—(108 —104)=—4
2. If A =0 and atleast one of A;, Ay, A5 be non-zero, then the
system has no solution i.e., equations are inconsistent. 19 1
3. IfA=A, =A, =A; =0, the equations will have infinite = Ay=2 52 7
number of solutions i.e. equations are consistent. 2 0 -1
Example 29. Solve the following system of Applying C, — C, + 2C;, then
equations by Cramer’s rule. 3 9 1
X+y=4 and 3x-2y=9 .
1
SOI.Here,A=3 =—-2-3=-5%#0 A, =16 52 7
4 1
A, = =—-8-9=-17 0O -~ 0 - -1
9 -2
1 4 Expanding along Rs, then
and A, = =9-12=-3 11 9
3 9 3 9
i A, =(-1) =—(156—144)=-12and A5 =2 5 52
Then, by Cramer’s rule 16 52
21 0
A1 A 33
A -5 5 Y A -5 5 Applying C; — C; — 2C,, then
_17 .3 -1 1 9
57 5
. A; =[-8 5 52
Example 30. Solve the following system of ’
equations by Cramer’s rule.
1
x+y+z=9 0 0
2X+ 5y +72 =52 Expanding along R;, then
-1 9
2x+y—-2=0 As = (1)
11 1 -8 52
Sol. Here, A=|2 5 7 =—(-52+72)=-20
2 1 -1 Then, by Cramer’s rule
Applying C, — C, — C; and C5 — Cs — Cy, then B e
A —4 -4
1 -+ 0 - 0 N
: and z="3 = 20 =5
A —4
=|2 3 5
x=1L,y=32z=5
2 -1 -3 Example 31. For what values of p and g, the
Expanding along Rl’ then system Of equations
3 5 ? 1 1 X + y +z=06
A=1 =-9+5=-4%0, A =|52
IR i #0 A=z 5 7 X +2y +32 =10
0 1 -1

x +2y + pz=qhas

Applying C; — C; + Cs, then (i) unique solution?

? 2 1 (ii) an infinitely many solutions?
: (i) no solution?
A= |52 12 7 Sol. Given equations are
xX+y+z=6 = x+2y+3z=10
0 0 -1

x+2y+pz=q



111 6 1 1 Example 32. Find the value of 2, if the following
A=|1 2 3|=(p-3) = A;=|10 2 3 equations are consistent
12 p q 2 p xX+y-3=0
= 6(2p —6)— 1(10p —3q) + (20— 2q) (1+A)x+Q2+2)y -8=0
b0 16 X— (1+A)y+Q2+A)=0
B f Z 1 Sol. The given equations in two unknowns are consistent, then
A,=[1 10 3 ! ! -3
(1+A)  (2+2) -8|=0
1 qp
1 —(1+A) (2+A)
=1(10p —3q)—6(p—3)+1(q—10)=4p—2q +8
11 6 Applying C, - C, — Cyand C3 — C5 + 3Cy, then
and Ay =[1 2 10 o 0 0
12 ¢ :
— =0
— 1(2g —20)—1(q —10)+ 62— 2) = g — 10 (1+2) ! (3%.-3)
(i) For unique solution, A#0= p #3,g€ R )
y e . 1 -2+ A) (5+A)
(ii) For infinitely many solutions, A = A; = A, = A3 =0
. _ _ Expanding along R;, then
=3,q=10
p 1 1 3L =5

(iii) For no solution, A = 0 and atleast one of A;,A,,A5 is
non-zero is p =3 and q # 10.

t —2+1) (5+1)

= G+A)+2+A)(BA-5)=0
Condition for Consistency of Three N ke or GhERmD R0

Linear Equations in Two Unknowns
Let us consider a system of linear equations in x and y 8ystem of Homogeneous

a;x +byy+cy =0 ..(1)

Gy + by 4y =0 @ LInear Equations
asx +bsy +c; =0 -..(ili)  Let us consider a system of homogeneous linear equations
will be consistent, the values of x and y obtained from any  in three unknown x, y and z be
two equations satisfy the third equation. ax+byy+ciz=0 (1)
On solving Egs. (ii) and (iii) by Cramer’s rule, we have a, x+byy+c;z=0 (i)
x y 1 asx +bsy+c3z=0 ...(1ii)
by ¢ B C2 a4 B az b, @ b
by ¢ s ay a; by Here, A=la, b, ¢,

as by c3
These values of x and y will satisfy Eq. (i), then

b CaselIf A #0, then x =0, y =0, z = 0is the only solution of
2 G2 Cy a4 a, b, . .. . . .
a; b + b, +c b =0 above system. This solution is called a Trivial solution.
3 6 €3 s a3 U3 Case Il If A =0, atleast one of x,y and z is non-zero. This
by, ¢, a, ¢y a, b, solution is called a Non-trivial solution.
= a; -b, +¢ =0 . .
by ¢4 as cCj as b, Explanation From Egs. (ii) and (iii), we get
a, by ¢ x = Y = z
a, b, cy|=0 (by c5 —bscy) (czas —csaz) (azb s —asby)
x z
a; by cs or =Y - = k[say] (+0)
L . .. b, c, Cy 4y a, b,
which is the required condition.
by cs3 C3 43 as bs
Remark L b, ¢, e @ P b,
For consistency of three linear equations in two knowns, the X = b b Y and z = b
number of solution is one. 3 €3 €3 a3 as 3




On putting these values of x, y and z in Eq. (i), we get

b b
P | S A o T ) Rl | )

by 3 C3 das as bs
b b

= a, | ° “ -b; 2 +¢ 2 B2 =0 [k=#0]
b3 Cs3 dasj C3 as b3

a, b, ¢
or a, by, c¢y|=0o0r A=0

as by ¢y
This is the condition for system have Non-trivial solution.

Remark
1. If A #0, the given system of equations has only zero solution
for all its variables, then the given equations are said to have
Trivial solution.
2. If A=0, the given system of equations has no solution or
infinite solutions for all its variables, then the given
equations are said to have Non-trivial solution.

Example 33. Find all values of ) for which the
equations
(A=1x+(BA+1)y+2Az=0
(A=Dx+@UA-2)y+(A+3)z=0
2X+(3A+T)y+3(A-1)z=0
possess non-trivial solution and find the ratios x:y :z,
where A has the smallest of these values.

Sol. The given system of linear equations has non-trivial solu-
tion, then we must have

A-1 30L+1 2
A—1 4rL-2 A+3 |=0
2 3h+1 3(A-1)

Applying R, - R, — R, and R; — R; — R;, then

A—=1 3A+1 2A
0 A=3 —=A+3/=0
3-A 0 A—=3
Applying C; — C3 + C,, then
A—1 30 +1 5A +1
0 A=3 0 |=0
3-A 0 A-3

Expanding along R,, we get

(}\_3)7»—1 5h+1| _
3-A A-3
= A=-3)[A-1(RA-3)-GB-1)GL+1)]=0
= (A =3)%-61L=0
A =0,3

Here, smallest value of A is 0.
.. The first two equations can be written as x — y =0 and

x+2y—-3z=0.
Using Cramer’s rule, we get
x  _y oz
-1 0 0 1 1 -1
2 -3 -3 1 1 2
= X_Y_ 2 X_V_Z
3 3 3 1 1 1
x:y:z=1:1:1

Example 34. Given, x=cy +bz,y =az+ cx and
z =bx+ay, where x,y and z are not all zero, prove
that a* +b? +c? +2abc =1.
Sol. The given equation can be rewritten as
x—cy—bz=0
—cx+y—az=0
-bx —ay+z=0
Since, x, y and z are not all zero, the system will have
non-trivial solution, if

1 — -b
—c 1 —al=0
-b -a 1
Applying C, = C, + ¢C;and C3 — C3 + bCy, then
1 0 0
—c 1-¢? —a—bc|=0
-b —a—bc 1-b°
Expanding along R;, we get
. 1-¢* —a-be _
—a—bc 1-b°
= (1-c*)(1-b*)—(a+bc)* =0
= 1-b% —c? +b%% —a? —b%? —2abc=0

= a> +b% +c? +2abc=1



10.

11.

12.

13.

Exercise for Session 3

Number of second order determinants which have maximum values whose each entry is either —1or 1 is equal to

(@)2 (b) 4 (c)6 (d)8
Minimum value of a second order determinant whose each entry is either 1 or 2 is equal to
(@0 (b) -1 (c)-2 (d)-3
lh my m
17 + m? +n? =1,(i=123)and/{; + m;m; +n;n; =0, (i # j;i,j =12,3)and A=|l, m, n,|, then
I3 m3 n3
(@lal=3 (b)1A|=2 (©)|a]=1 (d)lafj=0

ayy a2 ags
Let Ag =|ays ax, apz|and A, denotes the determinant formed by the cofactors of elements of Aqg and A,
431 a8z ds3
denote the determinant formed by the cofactors of A; and so on. A, denotes the determinant formed by the
cofactors of A, _4, the determinant value of A, is

(a) A2" (b) A2’ (0) Ay (d) A%
1 x x? x3 -1 0 x —x*
Ifl x x?> 1|=3,thenthevalueof| 0 x-x* x3-1|is
x> 1 x x —x* x3-1 0
(a)6 (b) 9 (c) 18 (d) 27

(a1-b1)? (ar—bo)’ (ar—b 3f° (aj—by)
The value of the determinant |22 ~° ¥ (82-b2)° (a2-b3)° (a2 -ba)’ is
(a3 -b1)* (a3 —by)* (az—-b3)* (as—bs)?|
(@5 —b 1)’ (a5 —b3)* (as—b 3 (as —bs)’
(a) dependsona;,i =1,2,3,4 (b) dependsonb i =1,2,3,4 (c)dependsonc;,i=1, 2,3,4 (d)0
1+ X1 1+ XX 14 x4x2
Value of [14+ x5 1+ x5 x 1+ X, x2 depends upon
1+ X3 1+ X3x 1+ x3x2

(a) only x (b) only x; (c) only x, (d) None of these

If the system of linear equations x + y + z =6, x + 2y + 3z =14 and 2x + 5y + Az =u (A, 1 € R ) has a unique
solution, then

(@)r#8 (b) A =8andu # 36 (c)A=8andu =36 (d) None of these
The system of equations ax -y-z=a-1,x-ay-z=a-1,x-y-az=a-1

has no solution, if a is

(a) either -2 or 1 (b) -2 (c)1 (d) not (-2)

The system of equations x + 2y -4z =3,2x -3y + 2z =5and x — 12y + 16z = 1has
(a) inconsistent solution  (b) unique solution (c) infinitely many solutions  (d) None of these

If c < 1and the system of equations x + y —1=0,2x —y —c =0and -bx + 3by — ¢ =0 s consistent, then the
possible real values of b are

()b e(—B, gj (b)b e(—g, 4) (©)b e(—%, ) (d) None of these

The equations x + 2y =3,y —2x =1and 7x —6y + a =0 are consistent for
(@)a=7 (b)a=1 (c)a=11 (d) None of these

Values of k for which the system of equations x + ky + 3z =0, kx + 2y + 2z =0and 2x + 3y + 4z =0 possesses

non-trivial solution

o3 el oy ol



Answers

Exercise for Session 3
1. (b) 2.(¢) 3.(c) 4.(b) 5.(b) 6. (d)
7. (d) 8.(a) 9.(b) 10. (c) 11.(c) 12.(a)
13. (a)
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