Rotational
Motion

If all particles of a rigid body perform circular motion and the centres of these
circles are steady on a definite straight line, then the motion of the rigid body
is called rotational motion.

Basic Concepts of Rotational Motion

In rotation of a rigid body about a fixed axis, every particle of the body moves
in a circle, which lies in a plane perpendicular to the axis and has its centre on
the axis. For e.g. A disc (rigid body) of radius R and mass M rotating about a

fixed axis passing through its centre as shown in figure.
®

Rotational motion is characterised by angular displacement df and angular
velocity o= @
dt

W Rw

If angular velocity is not uniform, then rate of change of angular velocity is
known as angular acceleration (o).

Angular acceleration, o = AA—U; (unit of o = rad s72)
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If the angular velocity of rotation varies with the
magnitude of tangential velocity as v = ra. The rate of
change of tangential velocity is known as tangential
acceleration (a,) given by
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QQ=—=r-—
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Moment of Inertia

Moment of inertia of a rotating body is its property to
oppose any change in its state of uniform rotation.

The moment of inertia of a rigid body about any axis of
rotation is the sum of the product of masses of the
particles and the square of their respective distances
from axis of rotation.

1= MR?

I=mpl+myi+...+m,r?
or
Y
0)
X
where, m,, m,,..., m, are the masses of n particles and

I,T9,...,1, be their distances from axis of rotation.

The unit of moment of inertia in SI system is kg-m2. It is
neither a scalar nor a vector, i.e. it is a tensor.

Radius of Gyration

The radius of gyration of a body about a given axis is the
perpendicular distance of a point from the axis at which
the whole mass of the body could be concentrated without
any change in the moment of inertia of the body about
that axis.

If a body has mass M and radius of gyration is K, then
moment of inertia,

I=MK?

K= |L
M

Radius of gyration is also defined as the root mean
square distance of all the particles about the axis of
rotation.

K=\/r12+r22+r32+"'+r"2
n

Note Radius of gyration depends upon shape and size of the body,
position and configuration of the axis of rotation.

Theorems on Moment of Inertia

There are two theorems based on moment of inertia are
given below

Theorem of Parallel Axes

It states that the moment of inertia of a rigid body about
any axis is equal to the sum of the moment of inertia
about a parallel axis through its centre of mass (Ioy), the
product of the mass of the body (M) and the square of the
perpendicular distance between the two axes.

CMe
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I= Iy + Mr?

Theorem of Perpendicular Axes

It states that the moment of inertia of a plane lamina
about an axis perpendicular to its plane is equal to the
sum of the moments of inertia of the lamina about any
two mutually perpendicular axes in its plane and
intersecting each other at the point, where the
perpendicular axis passes through it.

Z
Y
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Let X and Y axes be chosen in the plane of the body and
Z-axis perpendicular to this plane, three axes being
mutually perpendicular, then according to the theorem

where, Iy, Iy and I, are the moments of inertia about
the X, Y, Z axes respectively.

Values of Moment of Inertia for Simple
Geometrical Objects
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Example 1. Consider a uniform square plate of side a and
mass m. The moment of inertia of this plate about an axis
perpendicular to its plane and passing through one of its
corners is [AIEEE 2008]

7 2
(©) =—ma?® (d) Zma?
12 3

I<——a—

2
S . ma
Moment of inertia of square plate about xx” is & therefore

moment of inertia about z z” can be computed using parallel axes

theorem,
2

a) ma’ ma’ 2ma’
Izz'=lxx’+mﬁ = =

+ =
6 2 3
Example 2. From a uniform circular disc of radius R and

. . R. .
mass 9 M, a small disc of radius 3 is removed as shown in the

figure. The moment of inertia of the remaining disc about an
axis perpendicular to the plane of the disc and passing

through centre of disc is [JEE Main 2018]
»
oR
3
N3
R
(@) 4MR? (b) %/\//R2 (©) TOMR? ) %MRZ

Sol. (a) Moment of inertia of remaining solid
=Moment of inertia of complete solid

— Moment of inertia of removed portion

2 2 2
|_9MR _[M(RB) +’V’(¥j }:”24/\/”%2

2 2

Example 3. Four spheres, each of diameter 2a and mass
M are placed with their centres on the four corners of a
square of side b. Then, moment of inertia of the system about
one side of the square taken as the axis is

@) %M(4a2 +5b) (b) %/\4(4;;12 +5b)

© %M(Zaz +5b? () %M(Zaz +5b?

Sol. (a) ABCD is a square of side b. Four spheres, each of mass
M and radius a are placed at the four corners of the square.

(g——r

(B (e

Moment of inertia of the system about any side, say CD
= MI of sphere at A about CD
+ MI of sphere at B about CD
+ MI of sphere at C about CD
+ Ml of sphere at D about CD



= (3 Ma® + szj + (3 Ma® + sz) FESVAMESYR
5 5 5 5
= %Maz +2Mb?

= % M(4a> + 5b%)

Example 4. [et the moment of inertia of a hollow cylinder

of length 30 cm (inner radius 10 cm and outer radius 20 cm)

about its axis be I. The radius of a thin cylinder of the same

mass such that its moment of inertia about its axis is also |, is
[JEE Main 2019]

(b) 14 cm

(d) 18 cm

(@ 16 cm
()12 cm

Sol. (a) Moment of inertia of hollow cylinder about its axis is
M

I, = 5 (R? +R3)
where, R, = inner radius and R, = outer radius.
Moment of inertia of thin hollow cylinder of radius R about its
axis is
l,=MR?
Given, I, =1, and both cylinders have same mass (M). So, we have
M

?(Rf +R?) = MR?
102 +20% /2 =R?

= R?=250

R=16cm

Example 5. A thin circular plate of mass M and radius R
has its density varying as p(r) = py r with p, as constant andr is
the distance from its centre. The moment of inertia of the
circular plate about an axis perpendicular to the plate and
passing through its edge is | = aMR?. The value of the

coefficient a is [JEE Main 2019]
1 3 8 3
- b > 2 d) 2
(@ 5 (b) - (0) E (d) 5

Sol. (c) Consider an elementary ring of thickness dx and radius r
as shown below

Varying density, p(r) = pyr, where p, is constant.
Area of circular elementary ring.

A =2mrdr
.. Mass of ring, M =density x area
=p X 2nrdr

.. Total mass of the plate,

R R R 2
M 2-[0 p2mrdr =J0 Por X 27rdr =_[O Po X271 X ridr

_2mp R’
3

= M

.. Moment of inertia about centre of mass,
R R
_ 2_ 2
lews _Io Mr _-[o Pof X 21rdrxr

2np R
= len = 50

Now, using parallel axes theorem, we know that

= I'=ley + MR?
=M + M % R?
5 3
= npORs(é + %)
= I:%npoR5

(given)

8
Hence, a=—

Moment of a Force or Torque

Torque (or moment of a force) is the turning effect of a
force applied at a point on a rigid body about the axis of
rotation.

Mathematically, torque, T=rx F=|rx Fln=r F sin0n

where, n is a unit vector along the axis of rotation.

Torque is an axial vector and its SI unit is newton-metre

(N-m).

- The torque about axis of rotation is independent of
choice of origin O, so long as it is chosen on the axis of
rotation AB.

¢+ Only normal component of force contributes towards
the torque. Radial component of force does not
contribute towards the torque.

S

+ A torque produces angular acceleration in a rotating
body. Thus, torque, T = Io.
- Moment of a couple (or torque) is given by product of

position vector r between the two forces and either
force F. Thus, t=r x F.

- If under the influence of an external torque, T the given
body rotates by d6,then work done, dW = 1- d6.

- In rotational motion, power may be defined as the
scalar product of torque and angular velocity, i.e.
Power P=1- .



Example 6. let F be the force acting on a particle having
position vector r and t be the torque of this force about the
origin. Then, [AIEEE 2003]
(@ r-t=0 andF-t#0 (b) r-t#0 andF-1=0
() r-t#0 andF-t#0 (d) r-1=0 andF-1=0

Sol. (d) As

T is perpendicular to both rand F, so r- t as well asF-1 has to be
zero.

t=rxF

Example 7. A force of ~Fk acts on O, the origin of the

coordinate system. The torque about the point (1, — 1) is

[AIEEE 2006]
Z

A~

b) —FGi+j)
) -FGi-j)

@ FGi-j)
© FGi+j)

Sol. (c) The torque about the given position, T =r xF

Here, r:Ai—iansz—FlA(

Example 8. The magnitude of torque on a particle of
mass 1 kg is 2.5 N-m about the origin. If the force acting on it
is 1 N and the distance of the particle from the origin is 5 m,
then the angle between the force and the position vector is

(in rad) [JEE Main 2019]
@ = b =
8 4
2 o =
3 6
Sol. (d) Given, m=1kg

|[T|=2.5N-m,F=1Nandr=5m
We know that,

torque, |T|=rFsin®
= 2.5=5x1xsin6
= sinG:l

2

T

or 0=—rad
6

Example 9. A slab is subjected to two forces F and F, of
same magnitude F as shown in the figure. ForceF, isin
XY-plane while force F, acts along Z-axis at the point (2i + 3j).
The moment of these forces about point O will be

[JEE Main 2019]

(b) 3i-2j+3kF
(d) 3i+2j+3kF

@ Gi+2j-3kF
© Bi-2j-3kF

Sol. (b) According to the question, as shown in the figure below

V4
'T:1
ro Fp
78N 30"
r1\\

6m
Xm/

K =2i+3j and r2:6i
F=Fk
F,=(-sin30° i - cos30°j) F
Moment of force is given ast=r xF
where, r is the perpendicular distance and F is the force.
~.Moment due toF,
7, =i +3j) X (F k)
=—2Fj+3Fi 0!

and

Moment due to F,,
1, =(6j) X (- sin30°i — cos30j) F
=6sin30°F k =3F k ..(ii)
.. Resultant torque, A . .
T=1,+1,=3Fi-2Fj+3Fk
=(3i-2j+3kF

Angular Momentum

The moment of linear momentum of a given body about an

axis of rotation is called its angular momentum.

If p= mv be the linear momentum of a particle and r is its

position vector from the point of rotation, then

Angular momentum, L=r x p=r psinOn= mur sin0 n,

where n is a unit vector in the direction of rotation.

Angular momentum is an axial vector and its SI unit is

kg-m% ™! or J-s.

- For rotational motion of a rigid body, angular
momentum is equal to the product of angular velocity
and moment of inertia of the body about the axis of
rotation.



Mathematically, L = Iw.

+ The rate of change of angular momentum of a body is
equal to the external torque applied on it and takes
place in the direction of torque. Thus,

Ly By [
di di | di |
+ Total effect of a torque applied on a rotating body in a
given time is called angular impulse. Angular
impulse is equal to total change in angular
momentum of the system in given time. Thus, angular
impulse,

At
J=[ rdt=AL=L; - I,
+ The angular momentum of a system of particles about
n

the origin is L= Zri X p;

Law of Conservation of
Angular Momentum

According to the law of conservation of angular
momentum, if no external torque is acting on a system,
then total vector sum of angular momentum of different
particles of the system remains constant.

dL

We know that, 7T, =—
dt

Ift

oxt = 0, then aL_ 0 = L =constant.
dt

Therefore, in the absence of any external torque, the total
angular momentum of a system must remain conserved.

As L = In, the law of conservation of momentum leads us
to the conclusion.

For an isolated system, Io = constant or I o, = I,0,
This principle is often made use by gymnast, swimmers,
circus acrobats and ballet dancers etc.

Example 10. The time dependence of the posmon ofa
particle of mass m =2 kg is given by ) = 2ti - 3t2 j. Its
angular momentum, with respect to the origin, at time t=2s
is [JEE Main 2019]

(@) 36 k (b)~34 (k- )

() - 48 k (d) 48 (i +))
Sol. (c) Position of particle, r = 2t - 3t2}
where, t is instantaneous time.

Velocity of particle, v = % =2i- 6t}

Now, angular momentum of particle with respect to origin is
given by
L=m(rxv)
=m{2ti - 3t%) x 2i - 6t))}
=m(=1262i x j) =6t % x 1))

As, AixAi—]:xf—O
= L =m(-12t% + 6t%k)
As, ixj=kandjxi=-k
= L = -m(6t)k

So, angular momentum of particle of mass 2 kg at timet =2 s is
L=(-2x6x29k=-48k

Example T11. A rectangular solid box of length 0.3 m is
held horizontally, with one of its sides on the edge of a
platform of height 5 m. When released, it slips off the table in
a very short time t=0.01s, remaining essentially horizontal.
The angle by which it would rotate when it hits the ground
will be (in rad) close to [JEE Main 2019]

-> | >
h
(@) 0.02 (b) 0.3 (c) 0.5 (d) 0.28
Sol. (c) Now, angular impulse of weight = change in angular
momentum
/ m/? 3g X1
mg—XT=—® = 0=

2 3 2xl

Substituting the given values, we get
oo 3X10X001_ oy
2x0.3

Time of fall of box, t = \/7 . 2:(()

So, angle turned by box in reaching ground,
6=wt =0.5%x1=0.5rad

Example 12. Four point masses, each of mass m are fixed

at the corners of a square of side I. The square is rotating with
angular frequency w, about an axis passing through one of the
corners of the square and parallel to its diagonal, as shown in
the figure. The angular momentum of the square about this

axis is [JEE Main 2020]
?:‘\'f.;
(@) ml’o (b) 4 mi’w © 3 mlw (d) 2 mi*w



Sol. (¢) The angular momentum of the square about the given
axis will be the sum of angular momentum due to each point
masses.

ie. L=Li+L,+13+1L,

=ho, + Lo, + Lo, + 1,0,
Here, angular frequency will be same.
ie., W = W, = 0y =0, = 0(say)

L=(h+L+5+1)w

2
L ={m(0)2 +2 xm(%) + m(ﬁl)z} o=3mlo

Example 13. A particle of mass m is moving along the side
of a square of side a, with a uniform speed v in the XY-plane

as shown in the figure.
a

Y D v C
ayw %
A v B
a
R
45°
d X

Which of the following statements is false, for the angular
momentum L about the origin? [JEE Main 2016]

@L=-"2"R lz, when the particle is moving from A to B.

N

(b) L:mv(i + a) R, when the particle is moving from Bto C.

NG
(oL =mv(%—a)

R Q, when the particle is moving from D to A.

R/ when the particle is moving from Cto D.

mv
N

Sol. (c, d) For a particle of mass m is moving along the side of a
square of side a such that

Angular momentum L about the origin,L =r xp =rpsin8 A

or L=r(ph

dL=

A~

When a particle is moving fromD to A, L = % mv(=K)

A particle is moving from Ato B, L = k)

2 v
V2
. R A
and it moves from Cto D, L = (— + a) mv (k)
V2

For B to C, we have

L=(%+ a)mv(R)
Example 14. A thin smooth rod of length L and mass M is
rotating freely with angular speed w, about an axis
perpendicular to the rod and passing through its centre. Two
beads of mass m and negligible size are at the centre of the
rod initially. The beads are free to slide along the rod. The
angular speed of the system, when the beads reach the
opposite ends of the rod, will be [JEE Main 2019]

M (b)l\/l(no

M+ 3m M+ m
c M o, ) M oy,

M+ 2m M+6m

Sol. (d) As there is no external torque on system.
. Angular momentum of system is conserved.

= Ii(’oi :If(,l)f
Initially, ‘
Iy
o o |
Y ' YW
m !
k L f
Finally, |
e
m i m
2
Q 0
ML A\
2 2 2
= %-U)O+O= %+2(m)(£) a}
12 12 2
So, final angular speed of system is
MU w
.,
N w=_ 12 _ Mo,
[I\/ILZ + 6mL2j M+ 6m
12

Angular Momentum of a Rigid Body

When a rigid body describes pure rotational motion, all
its constituent particles describe circular motion about
the axis of rotation. In such case, angular momentum of
the rigid body,

L=3Smur=3mr’o=Cmr?) -o=In

Direction of L is same as w. Hence, ®m angular momentum
is an axial vector.

When a rigid body is rotating about its centre of mass

axis with angular velocity wgy;, simultaneously moving
translationally with a linear velocity v, the angular



momentum of that body about a point P in the laboratory
frame is given by

Lp = ICM O+ rym Vepm

Example 15. A solid sphere rolls without slipping on a
rough surface with centre of mass having a constant speed v,
If mass of the sphere be m and r be its radius, then what is the
value of angular momentum of the sphere about the point of
contact with rough surface?

7 5
(a)gmvor (b);mvor

3 5
(©) =mvqyr (d) =mv,r
5 0 30

Sol. (a) The angular momentum of the sphere about the point of
contact P will be

P

L, =lepo+ rXPoy = loy®+ rXmvey

As sphere is rolling without slipping, thus
r

Vo

2 2 VOJ
L =|=—mr — |+rxmxv
P (3 J(r 0

w=—
2
=gmv0r+mv0r

—va r
5 0

Pure Rotational Motion (Spinning)

When the body rotates in such a manner that its axis of
rotation does not move, then its motion is called spinning
motion.

In spinning, rotational kinetic energy is given by

1
KR = 5 I(,l)2
I=mK?
and v=0R
1 2 U2
Kp=—mK*—
R 9 m R2
1 o[K?
=—mv*| —
2 R?
2
Here, o is a constant for different bodies. Value of
K? K?

— =1for ring and cylindrical shell and —- = 1 for disc
R? R* 2

2

and solid cylinder and % = % for a solid sphere.

Equations of Rotational Motion

The kinematical quantities in rotational motion, angular
displacement (), angular velocity (w) and angular
acceleration (o) respectively, then the kinematic
equations for rotational motion with uniform angular
acceleration are

0= 0yt + o,

6=60+m0t+%0ct2

and o’ =wp+2%x(0-6,)

where, 0, = initial angular displacement of the rotating
body and o, = initial angular velocity of the body.

Dynamics of Rotational Motion about a Fixed Axis
From the given table, we compare translation motion and
rotational motion about a fixed axis.

Equivalence between Translation
and Rotational Motions

Translation Motion Rotational Motion

Displacement, x Angular displacement, 6

ax

Linear velocity, v = == a6
at

Angular velocity, o = —
ol

Linear momentum, p = mv Angular momentum, L = /o

Acceleration, a = g—‘t/ Angular acceleration, a. = Z—(:)

Force, F = ma Torque, T = lo

Impulse, I = FAt = Ap Rotational impulse, J = J' Tadt = AL

Work, W =J'F-dS Work=J'r-dG

Power, P = F-v Rotational power, P = 1- ®

Example 16. A disc of mass 5 kg and radius 50 cm rolls
on the ground at the rate of 10 ms™'. The kinetic energy of the

disc is (Given, I = leR2)

(@) 300/ (b) 325 (c) 350/
Sol. (d) Here, mass of the disc, M =5 kg

(d) 375 )

Radius of the disc, R =50 cm = % m

Linear velocity of the disc,v =10 ms™’

As, v =Rw
10 =103
2
or ®=10x2=20rad s

Also, moment of inertia of disc about an axis through its centre,

2
I=1MR2=1><5><(1) :Ekgmz
2 2 2) 8

. KE of translation = %Mvz = %xs x(10)2 =250 |



and KE of rotation =%Im2 =%><§><(20)2 =125

Total KE=250+125=375

Example 17. A rod of length 50 cm is pivoted at one end.
It is raised such that, if makes an angle of 30° from the
horizontal as shown and released from rest. Its angular speed
when it passes through the horizontal (in rad s™') will be

(Take, g =10 ms™) [JEE Main 2019]

35100
@ @ (b)~30
Y20 @ 22
3 2

APE = L jo?
2

(where, I = moment of inertia of rod and
o = angular frequency of rod)

= I\/Ig><£sin30°=1><l><(n2
2 2
= /\/lg£><l=l><l><o)2
2 2 2
=
=

2
{ | :% forrod}

Example 18. A stationary horizontal disc is free to rotate
about its axis. When a torque is applied on it, its kinetic
energy as a function of 8, where 0 is the angle by which it has
rotated, is given as k0. If it moment of inertia is I, then the

o =+/30 rad/s

angular acceleration of the disc is [JEE Main 2019]
k k k 2k
—0 b) -0 —0 —0
(@ BT (b) i (0 4l (d) |

Sol. (d) Given, kinetic energy = k8?
We know that, kinetic energy of a rotating body about its axis

~ Lo
2

where, I is moment of inertia and w is angular velocity.
1

So, —lw® =k6?
2
2
ol = 2kle

27"9 )

or

= o=

Differentiating the above equation w.r.t. time on both sides, we

get
do \/ﬂ de \/ﬂ [ de}
— = —=— W= —
dt I dt I dt
. Angular acceleration,

a:%:ﬁ-w:ﬁ-ﬁe [using Eq. (i)]
27k

or o=
!

Rolling Motion

When a body performs translatory motion as well as
rotational motion, then this type of motion is known as
rolling motion or combined rotational and translational
motion. e.g. Motion of football rolling on a surface.

w, a w, a
= + °
v, a v, a
Plane motion Translational Rotational motion of

motion of CM body about an axis

of rotation passing
through CM

The kinetic energy of rolling body is the sum of kinetic
energy of a translation motion and kinetic energy of
rotation motion.

Net kinetic energy,

Ky =Ky +Kp =%mvz+%lw2

Classification of Rolling Motion

Depending on the fact that relative velocity of point of
contact of the body undergoing rolling motion, with the
platform (on which the body is performing plane motion)
is zero or non-zero, rolling motion is classified into two
categories, which are as follows

(1) Pure rolling or rolling without slipping/sliding or
perfect rolling motion.

(i1) Impure rolling or rolling with slipping/sliding or
imperfect rolling motion.



Pure Rolling Motion

If the relative velocity of the point of contact (between
body and platform) is zero, then the rolling motion is said
to be pure rolling motion.

For pure rolling motion, v g =0

i.e. (W-Rw)-v,=0 = v-Ro=y,

If the platform is stationary, i.e. v, = 0, then for pure
rolling motion v= Rw.

Note Friction is responsible for pure rolling motion. In rolling motion,
friction is non-dissipative in nature, i.e. work done by friction force
is zero because point of contact is relatively at rest.

Impure Rolling Motion
In impure rolling motion, the point of contact of the body
with the platform is not relatively at rest w.r.t. platform
on which it is performing rolling motion, as a result
sliding occurs at the point of contact.
For impure rolling motion,

Uap#0, i.e. v— Rw# vy,
If platform is stationary, i.e. v, = 0, then condition for
impure rolling motion is v # Ro.

=
v = Rw
—>V
]
Here as, v # Ro,
So, a # Ra

Note In this case, friction is opposing the relative motion, /.e. rolling
motion and is dissipative in nature, i.e. work done by friction force
is non-zero.

Rolling Motion on an Inclined Plane

When a body of mass m and radius R rolls down on
inclined plane of height 4 and angle of inclination 6, it
loses potential energy. However, it acquires both linear
and angular speeds and hence gain kinetic energy of
translation and that of rotation.

By conservation of mechanical energy,

2
mgh :%mlﬂ [1 + KJ

RZ
- Velocity at the lowest point, v = 2g2 3
1+—
R2
- Acceleration in motion From second equation of
motion, v? = u? + 2as
By substituting u = 0,s=——and v = 2gh 5> we get
sin©
YR
_ gsinb
- 2
1+ LS
R?

- Time of descent From first equation of motion,

v=u+at

By substituting u = 0 and value of v and a from above

: 1 [2h K?
expressions t = — — 1+ —
sinf | g R?

From the above expressions, it is clear that,

2

Note (i) Factor [K

RQJ is a measure of moment of inertia of a body and its

value is constant for given shape of the body and it does not
depend on the mass and radius of a body.

(i) Velocity, acceleration and time of descent (for a given inclined
2

plane) all depends on LQ Lesser the moment of inertia of the
R

2
rolling body, lesser will be the value of LQ So, greater will be
R
its velocity and acceleration and lesser will be the time of
descent.

Example 19. A uniform sphere of mass 500 g rolls without
slipping on a plane horizontal surface with its centre moving
at a speed of 5.00 cm/s. Its kinetic energy is  [JEE Main 2020]

@ 6.25x 10™%) (b) 1.13x 1073
(© 8.75x 107 %) (d) 8.75% 1073

Sol. (c) The given situation is as shown in the figure below.

m=500g

Vem=5 cm/s

In pure rolling, object possesses both translational kinetic energy
and rotational kinetic energy.



1 2 2

1
SO, KEsphere= EmVCM +EI(D
Here, I= %mr2 and o = % [ vem =Vl
2
So, KE lmv2+1><fmr2><v—

sphere ™ 275 P
= (% + %va2
= %xsoo x107? x25x107*
=8.75x107"]

Example 20. A homogeneous solid cylindrical roller of

radius R and mass m is pulled on a cricket pitch by a
horizontal force. Assuming rolling without slipping, angular

acceleration of the cylinder is [JEE Main 2019]
F oF 3F F
@ —— (b)) — o —— d) ——
2mR 3mR 2mR 3mR

Sol. (b) When force F is applied at the centre of roller of mass m
as shown in the figure below

N

a

f

Its acceleration is given by
(F-1 _
m
where, f =force of friction and m = mass of roller.
Torque on roller is provided by friction f and it is

o ()

t=fR=lu ...(ii)
where, [ =moment of inertia of solid cylindrical roller
=mR*/2
and o = angular acceleration of cylinder = a/R.
mR* a maR
Hence, t=—— —=——
2 R 2
From Eq. (ii), (t =1fR)
ma
f=— - (i)
2
From Egs. (i) and (iii), we get
F==—ma
2
2F
= a=—
3m
So, o= 2F [ o= 3}
3mR R

Example 21. Three bodies, a ring, a solid cylinder and a
solid sphere roll down the same inclined plane without
slipping. They start from rest. The radii of the bodies are
identical. Which of the body reaches the ground with
maximum velocity?

(@) Ring

(b) Cylinder

(c) Sphere

(d) All have the same velocity

Sol. (c) We assume conservation of energy of the rolling body,
i.e.there is no loss of energy due to friction etc. The potential
energy lost by the body in rolling down the inclined plane (= mgh)
must, therefore be equal to kinetic energy gained.

Since, the bodies start from rest. Therefore, the kinetic energy
gained is equal to the final kinetic energy of the bodies.

1T IS
K=—mvey | 1+ =
2 CM( Rz]

where, vy, is the final velocity of (the centre of mass) of the body.
Equating K and mgh, we have

1 L. K
mgh=—-mv*|1+—
85 [ sz

2 2gh
or vi=| —2
(1 +k% R?
Note [t is independent of the mass of the rolling body.
For aring, k* =R?
2gh
Viing = m = \/&
R2
For a solid cylinder, K = >
2gh 4
Ve = =.|—gh
dc “ir12 V38
2
For a solid sphere, K2 = 2R

5
2gh /10
Vsphere: 72: 7gh
1+ =
5

From the results obtained it is clear that among the three bodies,
the sphere has the greatest and the ring has the least velocity of
the centre of mass at the bottom of the inclined plane.



Practice Exercise

Topically Divided Problems

Moment of Inertia

1. Moment of inertia of a thin rod of mass M and

length L about an axis passing through its centre is
ML

12
a distance of % from this axis is given by

. Its moment of inertia about a parallel axis at

MI? mr?
b
(a) 15 (b) 15
MI? 7 ML?
d
(c) 5 (d) 15

. Moment of inertia of a solid cylinder of length L
and diameter D about an axis passing through its
centre of gravity and perpendicular to its geometric
axis is

(a)M(D2+LQj (b)M[L2+D2]
412 16 8
(c)M[D2+L2j (d)M(LZ+D2)

46 12 16

. Three identical thin rods each of length / and mass
M are joined together to form a ladder H. What is
the moment of inertia of the system about one of
the sides of H ?

2 2
oM 2 aMi?
(c) 3 (d) 3

. Three particles each of mass m gram, are situated
at the vertices of an equilateral triangle ABC of
side I cm (as shown in figure). The moment of
inertia of the system about a line AX perpendicular
to AB and in the plane of ABC in g-cm? unit will be

3 9 2 5 o 3 9
(a) 1 ml (b)2 ml (c) 1 ml (d) 5 ml

5. Two thin uniform circular rings each of radius

10 cm and mass 0.1 kg are arranged such that they
have a common centre and their planes are
perpendicular to each other. The moment of inertia
of this system about an axis passing through their
common centre and perpendicular to the plane of
one of the rings in kg-m? is

(a) 15x107° (b)5x107°

(©1.5x107° (d)18x107*

. Moment of inertia of a circular wire of mass M and

radius R about its diameter is
MR?
(a)

[AIEEE 2002]
MR?

(b) MR? (©) 2MR* () .

7. A uniform square plate has a small piece @ of an

irregular shape removed and glued to the centre of

the plate leaving a hole behind. The moment of

inertia about the Z-axis is [NCERT Exemplar]
Y. Y.

S| [ [ Fohole

(a) increased

(b) decreased

(c) the same

(d) changed in unpredicted manner

. Two discs have same mass and thickness and their

materials have densities d; and d,. The ratio of
their moments of inertia about central axis will be
(a) d, : d, () dydy:1

(¢)1:d,d, d) dy: d,

9. A thin rod of length L and mass M is bent at the

middle point O at an angle of 60°. The moment of

inertia of the rod about an axis passing through O

and perpendicular to the plane of the rod will be
(0]

60°
L2 L2

2 2 2 2
ML ®) ML © ML ) ML

(a)



10.

11.

12.

13.

14.

Four point masses, each of value m, are placed at
the corners of a square ABCD of side /. The
moment of inertia of this system about an axis
passing through A and parallel to BD is [AIEEE 2006]

(a) 2mi? (b) V3 mi?
() 3ml? (d) m?
The moment of inertia of uniform semi-circular disc

of mass M and radius r about a line perpendicular
to the plane of the disc through the centre is

[AIEEE 2005]
2

@ 5 M &) % M
© Mr? &) é My
If I, is the moment of inertia of a thin rod about an

axis perpendicular to its length and passing
through its centre of mass and I, is the moment of
inertia of ring about an axis perpendicular to plane
of ring and passing through its centre formed by
bending the rod, then

L 3 L 2
2 b) -2
() Lo (b) L~
2 2
-7 @h-n
I, 2 I, 3
One solid sphere A and another hollow sphere B

are of same mass and same outer radii. Their
moment of inertia about their diameters are
respectively I , and I; such that [AIEEE 2004]

(@) I,=1Iy (b) I,>1Ip
I, d
© I<Iy @ =2
Seven identical circular planar discs, each of mass

M and radius R are welded symmetrically as
shown in the figure. The moment of inertia of the
arrangement about the axis normal to the plane
and passing through the point Pis  [JEE Main 2018]

() 1?9 MR?

®) 22 MR?
2
(0 ? MR?

(d) % MR?

15.

16.

17.

18.

19.

The moment of inertia of a solid sphere, about an
axis parallel to its diameter and at a distance of x
from it, is I(x). Which one of the graphs represents
the variation of I(x) with x correctly? [JEE Main 2019]

1) I(x) /
() (b)
O _—

O —X

I(x) I(x)
(c) / (d)
o) X —

0O —X

A circular disc D; of mass M and radius R has two
identical discs D, and D, of the same mass M and
radius R attached rigidly at its opposite ends (see
figure). The moment of inertia of the system about
the axis OO’ passing through the centre of D;, as
shown in the figure will be [JEE Main 2019]

Ov

(@) %MRQ ) gMRZ (© SMR*  (d) MR’

A thin disc of mass M and radius R has mass per
unit area o(r) = kr?, where r is the distance from its
centre. Its moment of inertia about an axis going
through its centre of mass and perpendicular to its

plane is [JEE Main 2019]
MR? MR? MR? 2MR*
d
(a) 5 (b) 5 (0) 3 (d) 3
The radius of gyration of a uniform rod of length 7,

about an axis passing through a point 1 away from

the centre of the rod and perpendicular to it, is
[JEE Main 2020]

1 3 7 1

=1 =1 —1 d) =1
(a) 3 (b) ,/8 © ‘/48 (d) 1
Mass per unit area of a circular disc of radius a

depends on the distance r from its centre as

o(r) = A + Br. The moment of inertia of the disc
about the axis, perpendicular to the plane and
passing through its centre is [JEE Main 2020]

(a) 2mat (? + ?) (®) 2na’ (% + ?)
4 A aB 4 A aB
(c) ma (Z + ?j (d) 2n (— + ?)



20.

21.

22.

23.

24.

The linear mass density of a thin rod AB of length

L varies from A to Bas Ax) = )»0[1 + %), where x is

the distance from A. If M is mass of the rod, then
its moment of inertia about an axis passing

through A and perpendicular to the rod is
[JEE Main 2020]

5 2 7 2
— ML b) — ML
(@) T () s
(0 2 prz (d) 3 pr2
5 7
Consider two uniform discs of same thickness and

different radii R, = R and R, = o made of the same
material. If the ratio of their moments of inertia I;

and I, respectively, about their axesis I; : I, =1:16,
then the value of o is [JEE Main 2020]

(a) 2 (b) 242
(c) 4 (2
y o
Oe J) cm

«— 60cm —

For a uniform rectangular sheet, shown in the
above figure, the ratio of moments of inertia about
the axes perpendicular to the sheet and passing
through O (the centre of mass) and O’ (corner point)

is [JEE Main 2020]
(a) 1/8 (b) 2/3
() 1/4 (d) 1/2
Moment of inertia of a cylinder of mass M, length L

and radius R about an axis passing through its
centre and perpendicular to the axis of the cylinder

R I
isl=M (4 + 12] If such a cylinder is to be made

for a given mass of a material. To have minimum
possible moment of inertia, the ratio L /R for
cylinder is [JEE Main 2020]

2 3

3 2
© \g (d \g

An equilateral triangle ABC is cut from a thin solid
sheet of wood (see figure). D, E and F are the mid
points of its sides as shown and G is the centre of
the triangle. The moment of inertia of the triangle
about an axis passing through G and perpendicular
to the plane of the triangle is 1. If the smaller
triangle DEF is removed from ABC, the moment of

inertia of the remaining figure about the same axis

is I, then [JEE Main 2019]
A
Dffeeeo ) E
v G
B F [
3 15
a) I'==1 I'="—"1
(a) 1o (b) 1610
1, 9
c) I'=-2 d I'==1
(c) 1 (d) 1610

Torque, Angular Momentum and
Conservation of Angular Momentum

25.

26.

27.

28.

Four 2 kg masses are connected by im spokes to

an axle. A force of 24 N acts on a lever (1/2) m long
to produce angular acceleration o.. The magnitude
of o (in rad s72) is

(a) 24 (b) 12 ©) 6 @ 3

A horizontal force F is applied such that the block
remains stationary, then which of the following
statement is false?

|

—
_____ —F

R PR —

(a) F =mg (where F is the frictional force).
(b) F =N (where N is the normal force).
(¢c) F will not produce torque.

(d) N will not produce torque.

A rigid massless rod of length 3/ has two masses
attached at each end as shown in the figure. The
rod is pivoted at point P on the horizontal axis (see
figure). When released from initial horizontal
position, its instantaneous angular acceleration

will be [JEE Main 2019]
. | 2 .
5M, P 2 M,
g g g g
=2 =2 =3 d) =
@15 Oy © 3 @ 3

A slender uniform rod of mass M and length /is
pivoted at one end, so that it can rotate in a vertical
plane (see the figure). There is negligible friction at
the pivot. The free end is held vertically above the
pivot and then released. The angular acceleration



29.

30.

31.

32.

of the rod when it makes an angle 6 with the

vertical, is [JEE Main 2017]
V4

X

2g . 3g
a) —=>sin 0 b) —= cos 0
()31 ()21

2g 3g .
c) —=>cos 0 d) —=sin 6
()31 ()21

A particle of mass m is moving along a trajectory
given by x = x;, + a cos oyt and y = y, + b sin wyt.
The torque acting on the particle about the origin
att=0is [JEE Main 2019]

(a) zero (b) m (= xb + yoa) 0’k

© —m (xbel ~ ypawd) k  (d) +myea w?k

A uniform cylinder of mass M and radius R is to be
pulled over a step of height a (@ < R) by applying a
force F' at its centre O perpendicular to the plane
through the axes of the cylinder on the edge of the
step (see figure). The minimum value of F required

is [JEE Main 2020]
F

a

N

a (12

(@) Mgﬁ (b) Mg, 1—?

© Mg,/(R)2—1 () Mg,/l—[R‘af
R-a R

A ring of diameter 0.4 m and of mass 10 kg is
rotating about its axis at the rate of 1200 rpm. The
angular momentum of the ring is

(a) 60.28 kg-mZ%s~! (b) 55.26 kg-mZ%~*

(c) 40.28 kg-m %! (d) 50.28 kg-mZs™*

A mass M hangs on a massless rod of length /
which rotates at a constant angular frequency. The
mass M moves with steady speed in a circular path
of constant radius. Assume that, the system is in
steady circular motion with constant angular
velocity o. The angular momentum of M about
point A in L, which lies in the position z-direction
and the angular momentum of M about Bis L.

33.

34.

35.

The correct statement for this system is

- [JEE Main 2021]
(a) L, and Lg both are constant in magnitude and
direction
(b) Lp is constant in direction with varying magnitude
(c) Lp is constant, both in magnitude and direction
(d) L, is constant, both in magnitude and direction

A particle of mass M moves along the line PC with
velocity v as shown. What is the angular
momentum of the particle about O ?

(a) muL (b) mul

A particle of mass 20 g is released with an initial
velocity 5 m/s along the curve from the point A, as
shown in the figure. The point A is at height A from
point B. The particle slides along the frictionless
surface. When the particle reaches point B, its
angular momentum about O will be (Take,

g =10m/s? [JEE Main 2019]

(c) mur (d) Zero

(a) 8 kg-mzls
(¢) 2 kg-m?k

(b) 3 kg-m?/s
(d) 6 kg-m?fs
A triangular plate is shown. A force F = 4i- 33’ is

applied at point P. The torque at point P with
respect to points O and @ are

O«——10cm——>Q [JEE Main 2021]

(a) —15-20+/3,15 —20+/3 (b) 15 + 204/3,15 —20+/3
(©) 15 -204/3,15+ 2043 (d) —15+204/3,15 + 204/3



36.

37.

38.

39.

40.

41.

42.

Initial angular velocity of a circular disc of mass M
is oy, then two small spheres of mass m are
attached gently to two diametrically opposite points
on the edge of the disc. What is the final angular
velocity of the disc? [AIEEE 2002]

() (M“"]ml ®) (Mnj ’”) o

M
M M
© (M+4m)w1 @ (M+2m)m1

A cord is wound round the circumference of a wheel
of radius r. The axis of the wheel of horizontal and
moment of inertia about it is I. A weight mg is
attached to the end of the cord and falls from rest.
After falling through a distance &, the angular
velocity of the wheel will be

1/2 1/2
@ [M) ) ( 2 ’"ghz]

1+mr I+mr
2 h 1/ 2
© [1 ngm) @ @ ghy!"?

A 3 kg particle moves with constant speed of 2 ms™!
in the XY-plane in the y-direction along the line

x = 4 m. The angular momentum (in kg-m?s™)
relative to the origin and the torque about the
origin needed to maintain this motion are

respectively

(a) 12, 0 (b) 24, 0

(©) 0, 24 (o0, 12

If the earth suddenly changes its radius x times the
present value, the new period of rotation would be
(2) 6x%h (b)12x%

() 24x°h (d) 48 x%h

A thin and circular disc of mass and radius R is

rotating in a horizontal plane about axis passing
through its centre and perpendicular of its plane
with an angular velocity o. If another disc of same

dimensions but of mass i is placed gently on the

first disc co-axially, then the new angular velocity
of the system is

5 2 4 3
a)—o b) = ® c)-w d)—w
(@) 1 (b) 3 © = (d) 5
A ballet dancer spins with 2.8 rev s™! with her arms
out stretched. When the moment of inertia about
the same axis becomes 0.7 I, the new rate of spin is
(a) 3.2 rev st (b) 4.0 rev s1

(c) 4.8 rev s1 (d) 5.6 rev s1

A merry-go-round, made of a ring-like platform of
radius R and mass M, is revolving with angular
speed m. A person of mass M is standing on it. At
one instant, the person jumps off the round,
radially away from the centre of the round (as seen

43.

44.

45.

from the round). The speed of the round afterward

1S [NCERT Exemplar]
@20 o O @0
If earth where to shrink to half its present

diameter without any change in its mass, the
duration of the day will be
(a) 48 h () 6h (c12h

A man of 80 kg mass is standing on the rim of a
circular platform of mass 200 kg rotating about its
axis. The mass of the platform with the man on it
rotates at 12.0 rpm. If the man now moves to centre
of the platform, the rotational speed would become

(d)24h

(a) 16.5 rpm (b) 25.7 rpm
(c) 32.3 rpm (d) 31.2 rpm
Consider a uniform rod of mass M =4 m and length

[ pivoted about its centre. A mass m moving with
velocity v making angle 6 = % to the rod’s long axis

collides with one end of the rod and sticks to it. The

angular speed of the rod-mass system just after the

collision is [JEE Main 2020]
3V2 v % %) @ 3 v

v
(a) 7* (©) 7 (¢ 7\/5 7

3| w

l

Dynamics of Rotational Motion

46.

The moment of inertia of a body about a given axis
is 1.2 kg-m?. Initially, the body is at rest. In order
to produce a rotational kinetic energy of 1500 J and
angular acceleration of 25 rads~2 must be applied
about that axis for a duration of

(a)4s b)2s (c)8s (d) 10 s

47. A ring and a disc of different masses are rotating

48.

49.

with the same kinetic energy. If we apply a
retarding torque 7 on the ring stops after making n
revolutions, then in how many revolutions will the
disc stop under the same retarding torque?

(a)n (b) 2n (cdn (d) n/2

A thin metal disc of radius 0.25 m and mass 2 kg
starts from rest and rolls down an inclined plane. If
its rotational kinetic energy is 4 J at the foot of the
inclined plane, then its linear velocity at the same

point is
(a) 1.2 ms? (b) 24/2 ms1
(c) 20 ms1 (d) 2 ms!

The motor of an engine is rotating about its axis
with an angular velocity of 100 rev min . It come
to rest in 15s, after being switched off. Assuming
constant angular deceleration. What are the
number of revolutions made by it before coming to
rest?
(a) 15.6 (b) 32.6

(c) 12.5 (d) 40



50.

51.

52,

53.

54.

55.

56.

A thin uniform rod of length [ and mass m is

swinging freely about a horizontal axis passing

through its end. Its maximum angular speed is .

Its centre of mass rises to a maximum height of

[AIEEE 2009]
1 Po?

1 P’
@2
6 g

1 P’ 1l
(© -—
2 g

(a) g? (b) gg

The oxygen molecule has a mass of 5.30 x 1072¢ kg
and a moment of inertia of 1.94 x 107*6 kg-m 2
about an axis through its centre perpendicular to

the lines joining the two atoms. Suppose the mean

speed of such a molecule in a gas is 500 m/s and
that is KE of rotation is 3 of its KE translation.

Find the average angular velocity of the molecule.
() 3.75 x 10" rad/s (b) 5.75 x 10" rad/s
(c) 9.75 x 10" rad/s (d) 6.75 x 10" rad/s

A circular disc rolls down an inclined plane. The
ratio of the rotational kinetic energy to total kinetic
energy is
1 1 2 3

a) — b) = c) = d) =

(a) 5 (b) 3 (c) 3 (d) 1
Moment of inertia of a body about a given axis is
1.5 kg-m?. Initially, the body is at rest. In order to
produce a rotational kinetic energy of 1200 J, the
angular acceleration of 20 rad/s? must be applied
about the axis for a duration of [JEE Main 2019]

(a) 5s (b) 28 (¢) 3s (d) 2.5s

Two discs of moment of inertia I; and I, about their

respective axes and rotating with angular speed o,
and w, are brought into contact face-to-face with
their axes of rotation coincident. Then the loss of
kinetic energy of the system in the process is

LI, 2 L1, 2
_Aite o b) - 1%2 oy
() 50+ 1y (0 — 05) (b) 5, + 1) (0 —wy)
I 1
© 12— (0, — ) (d) zero
@L+1)
A thin uniform rod AB of mass m and length L is

hinged at one end A to the level floor. Initially, it
stands vertically and is allowed to fall freely to the
floor in the vertical plane. The angular velocity of
the rod, when its end B strikes the floor is
(g is acceleration due to gravity)
. 3 g\V2
(%)

12
mg mg 8
ms b) | & &

@("E) ¢ >(3Lj ©[£]

A particle performs uniform circular motion with

an angular momentum L . If the frequency of a

particle’s motion is doubled and its kinetic energy

is halved, the angular momentum becomes
(@) 2L (b) 4L (© L/2 (d) L/4

57.

58.

59.

60.

A wheel is rotating freely with an angular speed ®
on a shaft. The moment of inertia of the wheel is I
and the moment of inertia of the shaft is negligible.
Another wheel of moment of inertia 37 initially at
rest is suddenly coupled to the same shaft. The
resultant fractional loss in the kinetic energy of the

system is [JEE Main 2020]
3 5 1
° 2 0 d =

(@ 1 (b) 5 (© (d) .

Two uniform circular discs are rotating

independently in the same direction around their
common axis passing through their centres. The
moment of inertia and angular velocity of the first
disc are 0.1 kg-m? and 10 rad s™! respectively,
while those for the second one are 0.2 kg-m? and
5 rad s}, respectively. At some instant, they get
stuck together and start rotating as a single system
about their common axis with some angular speed.
The kinetic energy of the combined system is

[JEE Main 2020]

10 20 5 2
—d =J =J d=J
(a) 3 (b) 3 © 3 (d) 3
Two coaxial discs, having moments of inertia I; and

I
51 are rotating with respective angular velocities o,

O

and —, about their common axis. They are brought

in contact with each other and thereafter they

rotate with a common angular velocity. If E, and E;

are the final and initial total energies, then

(Ef -E)is [JEE Main 2019]
ot g B8 g b

(a) B (b) 12 (c) 3 Loy (d) e

A uniformly thick wheel with moment of inertia 1

and radius R is free to rotate about its centre of

mass (see figure). A massless string is wrapped over

its rim and two blocks of masses m; and

my(m, > my) are attached to the ends of the string.

The system is released from rest. The angular
speed of the wheel when m, descents by a distance
his [JEE Main 2020]

my
my
1 1
2(m, + my)gh |2 my + my 5

@ {(m1 +myR? + 1} ®) {(m1 T myR + 1} g

1 1

my —my 2 2(my —my)gh 2

© {(m1 +myR + 1} gh (@ {(m1 +myR? + 1}



Rolling Motion

61.

62.

63.

64.

65.

66.

A solid sphere, a hollow sphere and a ring are
released from top of an inclined plane (frictionless),
so that they slide down the plane. Then, maximum
acceleration down the plane is for (no rolling)

[AIEEE 2002]
(a) solid sphere (b) hollow sphere
(c) ring (d) All same

A sphere and a hollow cylinder roll without slipping
down two separate inclined planes and travel the
same distance in the same time. If the angle of the
plane down which the sphere rolls is 30°, the angle
of the other plane is
(a) 60°

(c) 37°

(b) 53°
(d) 45°

A sphere of mass 2 kg and radius 0.5 m is rolling
with an initial speed of 1ms™! goes up an inclined
plane which makes an angle of 30° with the
horizontal plane, without slipping. How long will
the sphere take to return to the starting point A ?
[JEE Main 2021]

(a) 0.60 s (b) 0.52 s
(c) 0.57 s (d) 0.80 s

A solid sphere rolls down without slipping on an
inclined plane at angle 60° over a distance of 10 m.
The acceleration (in ms™) is

(a) 4 () 5

(c) 6.06 @7

A roller is made by joining together two corners at
their vertices O. It is kept on two rails AB and CD
which are placed a symmetrically (see the figure),
with its axis perpendicular to CD and its centre O at
the centre of line joining AB and CD (see the
figure). It is given a light path, so that it starts
rolling with its centre O moving parallel to CD in
the direction shown. As it moves, the roller will

tend to [JEE Main 2016]
B D
A C

(a) turn left

(b) turn right

(c) go straight

(d) turn left and right alternately

A solid cylinder on moving with constant speed v,
reaches the bottom of an incline of 30°. A hollow
cylinder of same mass and radius moving with the

67.

68.

69.

70.

same constant speed v, reaches the bottom of a
different incline of inclination 6. There is no
slipping and both of them go through the same
distance in the same time; 0 is then equal to
(a) 37° (b) 30°

(c) 42° (d) 45°

A hemispherical bowl or radius R is kept on a
horizontal table. A small sphere of radius r (r << R)
is placed at the highest point at the inside of the
bowl and let go. The sphere rolls without slipping.
Its velocity at the lowest point is

(a) 5 gR/7 ®) /3 gR/2
() /4 gR/3 (d) 10 gR/7

A marble and a cube have the same mass starting
from rest, the marble rolls and the cube slides down
a frictionless ramp. When they arrive at the
bottom, the ratio of speed of the cube to the centre
of mass and speed of the marble is

@ 7:5 b)V7:5

©~2:1 (d)5:2

A string is wound around a hollow cylinder of mass
5 kg and radius 0.5 m. If the string is now pulled
with a horizontal force of 40 N and the cylinder is
rolling without slipping on a horizontal surface (see
figure), then the angular acceleration of the
cylinder will be (Neglect the mass and thickness of

the string) [JEE Main 2019]
% 40N

(b) 16 rad /s®
(d) 12 rad /s?

(a) 10 rad/s®
(c) 20 rad /s®

A tennis ball (treated as hollow spherical shell)
starting from O rolls down a hill. At point A, the
ball becomes air borne leaving at an angle of 30°
with the horizontal. The ball strikes the ground at
B, then what is the value of the distance AB?

(Moment of inertia of a spherical shell of mass m
and radius R about its diameter = 3 mR?2)

[JEE Main 2013]

f
2.0m )
| MVA30°
1o2m] \ A B
(@) 1.87m (b) 2.08 m
(© 1.57m d 1.77m



=INGI) Mixed Bag

Only One Correct Option

1. If the moment of inertia of a disc about an axis

tangential and parallel to its surface be I, then
what will be the moment of inertia about the axis
tangential but perpendicular to the surface?

6 3 3 5
(a) gI (b) ZI (c) 51 (d) ZI

. A ring of radius R is first rotated with an angular
velocity w, and then carefully placed on a rough
horizontal surface. The coefficient of friction
between the surface and the ring is u. Time after
which its angular speed is reduced to halfis

WU 2myR

(@) —— (b) ——
28 ne
woR w8
Dot d) 2o&
© g ( )zuR

. The curve between log, L and log, pis (L is angular
momentum and p is linear momentum)

~ ~
@ g b g
e >
log p log p
~ ~
© g @ 2
e
log p log p

. Two thin discs each of mass M and radius R are

placed at either end of a rod of mass m, length [
and radius r. Moment of inertia of the system about
an axis passing through the centre of rod and
perpendicular to its length is

M Axis of rotation M

| P [ —

2
ML +lng+lmL2
12 2 2

2 2 2
fIBRE MLT LT ype L e
2 12 12 2

mL2 1 2 1 2
a)—+- MR+~ ML
(a) 5 2 1 (b)

1
—mL
(C)2m

5. A cubical block of side a is moving with velocity v

on a horizontal smooth plane as shown. It hits a
ridge at point O. The angular speed of the block
after is hits O is

«~a-

T

O
3v 3v
(a) E (b) ﬂ
V3u
(c) oa (d) zero

. Four particles each of mass m are lying

symmetrically on the rim of a disc of mass M and
radius R. Moment of inertia of this system about an
axis passing through one of the particles and
perpendicular to plane of disc is

2
(a) 16 mR? ()3 (M + 16m)%

RZ
(c) BM + 12m)7 (d) zero

. If the radius r of earth suddenly changes to x times

the present values, the new period of rotation

would be

(a) dT/ldt = (Tlr) (dridt) (b) dT/dt = @TIr) (dridt)
dr

(o) dTidt = (rT) (dridt) (d) dT/dt = (% T/r) (a)

. The mass of the earth is increasing at the rate of

1 part in 5 x 10'° per day by the attraction of
meteors falling normally on the earth’s surface.
Assuming that the density of earth is uniform, the
rate of change of the period of rotation of the earth
is

(a) 2.0 X 10-20
(c) 4.33 x 10-18

(b) 2.66 x 10-19
(d) 5.66 x 10-17

. For the given uniform square lamina ABCD, whose

centre is O as shown in figure. [AIEEE 2007]

1
D F C
L
P
I//
A0
. H
-
7 1
A EE

(b) *@ IAC = Ipgp
(d) IAC = IEF

@) Iye =2 Igp
(C) IAD =3 IEF



10. Two spheres each of mass M and radius R/2 are

11.

12.

connected with a massless rod of length 2R as
shown in the figure. What will be the moment of
inertia of the system about an axis passing through
the centre of one of the sphere and perpendicular to
the rod?

M M
l«——— PR ——
(@) 2L MR? o) 2 MR?
5 5
5 2 5 2
5 MR &> MR
() 5 ( )21

With referene to figure of a cube of edge ¢ and mass
m, state whether the following is true.
(O is the centre of the cube).

77
H

) >

®

7

O

A /a—>B
X

(a) The moment of inertia of cube about Z-axis is
IZ = IX + ‘IY
(b) The moment of inertia of cube about Z”1is
ma

I’Z = IZ + 72

(¢) The moment of inertia of cube about Z”"is
I// = IZ + 72

d) Iy =1y

Four holes of radius R are cut from a thin square
plate of side 4 R and mass M. The moment of
inertia of the remaining portion about z-axis is

13.

14.

15.

16.

17.

A circular platform is free to rotate in a horizontal
plane about a vertical axis passing through its
centre. A tortoise is sitting at the edge of the
platform. Now, the platform is given an angular
velocity ®,. When the tortoise moves along a chord
of the platform with a constant velocity (w.r.t. the
platform), the angular velocity of the platform will
vary with the time ¢ as

w(t) w(t)

@ (b)‘*")v

= =
o(t) w(f) /\
N N
© (d)
i 7
A pulley of radius 2m is rotated about its axis by a

force F = (20¢ — 5¢%) newton (where ¢ is measured
in s) applied tangentially. If the moment of inertia
of the pulley about its axis of rotation is 10 kg-m?,
the number of rotation made by the pulley before
its direction of motion of reversed is [AIEEE 2011]
(a) less than 3

(b) more than 3 but less than 6

(c) more than 6 but less than 9

(d) more than 9

A solid cylinder is rolling down on an inclined plane
of angle 0. The coefficient of static friction between
the plane and cylinder is p,. The condition for the
cylinder not to slip is
(a) tan©=>3pu,

(c)tan <3,

(b) tan ©>3u,
(d) tan B <3u,

The moment of inertia of a rod about an axis
through its centre and perpendicular to it is

1—12ML2 (where, M is the mass and L the length of

the rod). The rod is bent in the middle to that the
two halves make an angle of 60°. The moment of
inertia of the bent rod about the same axis would
be

1 2 1 2 1 2 MI?

— ML — ML — ML d

(a)48 (b)12 (C)24 ()&/g
Four point masses, each of value m, are placed at
the corners of a square ABCD of side [. The moment
of inertia of the system about an axis passing
through A and parallel to BD is [AIEEE 2006]

(a) V3 mi* (b) 3mi>
(c) mi* (d) 2mi?




18.

19.

20.

21.

22.

From a circular disc of radius R and mass 9 M, a
small disc or radius R/3 is removed. The moment of
inertia of the remaining disc about an axis
perpendicular to the plane of the disc and passing
through O is [IIT JEE 2005]

2R/3

(a) 4 MR? (b)%MRZ (c) 10 MR? (d)%MR2

As shown in the figure, a bob of mass m is tied by a
massless string whose other end portion is wound
on a flywheel (disc) of radius r and mass m. When
released from rest the bob starts falling vertically.
When it has covered a distance of A, the angular
speed of the wheel will be [JEE Main 2020]

1 [2gh 3 1 |4gh 3
(a);T(b)V@ (C);T(d)r@

A bead of mass m stays at point P(a, b) on a wire
bent in the shape of a parabola y = 4Cx* and
rotating with angular speed o (see figure). The
value of wis (neglect friction) [JEE Main 2020]

(a) 2,2gC
© 2/gC (d)

2g
o @

2gC
ab

From a solid sphere of mass M and radius R, a cube
of maximum possible volume is cut. Moment of
inertia of cube about an axis passing through its
centre and perpendicular to one of its faces is

[JEE Main 2015]

b) MR? AMR? @ 4MR?
16 /27 9/3n 33n

A uniform rod of length [ is being rotated in a
horizontal plane with a constant angular speed
about an axis passing through one of its ends. If the
tension generated in the rod due to rotation is 7'(x)

MR?

(@ 3221 (

(©

23.

24.

25.

26.

T(x) at a distance x from the axis, then which of
the following graphs depicts it most closely?
[JEE Main 2019]
T(x) T(x)

(a) (b)

/ — X

A ball rolls without slipping. The radius of gyration

of the ball about an axis passing through its centre

of mass is k. If radius of the ball be R, then the

fraction of total energy associated with its

rotational energy will be
2 2

@ k R

2 2 2
) ) k*+ R k
k% + R? k? + R?

© 7 (d =

A/ |
\/

Three solid sphere each of mass m and diameter d
are stuck together such that the lines connecting
the centres form an equilateral triangle of side of
length d. The ratio I, / I , of moment of inertia I, of
the system about an axis passing the centroid and
about centre of any of the spheres I , and
perpendicular to the plane of the triangle is

[JEE Main 2020]

15 13 23
ki ki q 22
(a) 13 () 15 (d) 13
A solid sphere of mass M and radius R is divided

into two unequal parts. The first part has a mass of
™

5 and is converted into a uniform disc of radius
2R. The second part is converted into a uniform
solid sphere. Let I; be the moment of inertia of the
disc about its axis and I, be the moment of inertia
of the new sphere about its axis. The ratio I; / I, is

given by [JEE Main 2019]
(a) 285 (b) 185
(c) 65 (d) 140

A block of mass m = 1kg slides with velocity v =

6 m/s on a frictionless horizontal surface and
collides with a uniform vertical rod and sticks to it
as shown. The rod is pivoted about O and swings as
a result of the collision, making angle 6 before



27.

28.

29.

momentarily coming to rest. If the rod has mass
M =2kg and length / =1 m, then the value of 0 is
approximately

(Take, g = 10 m/s?) [JEE Main 2020]

(a) 63°
(c) 69°

A metal coin of mass 5g and radius 1 cm is fixed to a

(b) 55°
(d) 49°

thin stick AB of negligible mass as shown in the
figure. The system is initially at rest. The constant
torque, that will make the system rotate about AB

at 25 rotations per second in 5s, is close to

[JEE Main 2019]
A

b
B

(a) 4.0x10"% N-m
() 2.0x107°N-m
(c) 1.6x107°N-m
(d) 7.9%107°N-m

A person of mass M is sitting on a swing to length
L and swinging with an angular amplitude 6. If
the person stands up when the swing passes
through its lowest point, the work done by him,
assuming that his centre of mass moves by a
distance I(] << L), is close to [JEE Main 2019]

(a) Mgl (1-63)
(b) Mgl (1 + 63)
() Mgl

92
(d) Mgl[l + ;J

A round uniform body of radius R, mass M and
moment of inertia I, rolls down (without slipping)
an inclined plane making an angle 6 with the
horizontal. Then, its acceleration is [AIEEE 2007]

gsin 0 gsin 0
a) 2o b) —2°——
(@ 1+ IIMR? ®) 1+ MRYI
gsin 0 gsin 0
¢) = d) S
© 1 - IIMR? @ 1 - MRYI

. Shown in the figure is a hollow R

icecream cone (it is open at the top). If
its mass is M, radius of its top R and
height H, then its moment of inertia

about its axis is [JEE Main 2020] H
MR? MER*+ H?
(a) (b) ME +H)
2 4
© MH? @ MR?
3 3

. A uniform rod of length [ is pivoted at one of its

ends on a vertical shaft of negligible radius. When
the shaft rotates at angular speed o, the rod makes
an angle 6 with it (see figure). To find 6, equate the
rate of change of angulazr momentum (direction

going into the paper) % of sin O cos O about the

centre of mass to the torque provided by the
horizontal and vertical forces Fy; and F}, about the
centre of mass. The value of 0 is then such that

[JEE Main 2020]
Sw

S
AN

g
0=—5 0=
(a) cos o (b) cos 2107
2g 38
(c) cos 3107 (d) cos 5107

. Two identical spherical balls of mass M and radius

R each are stuck on two ends of a rod of length 2R
and mass M (see figure). The moment of inertia of
the system about the axis passing perpendicularly
through the centre of the rod is [JEE Main 2019]

—2h
S
137, 209 ., 17T, 152,
BTk 0222 vr2 © Y mr @ 2% Mr
@5 ® 5 © 35 @5

. A circular disc of radius b has a hole of radius a at

its centre (see figure). If the mass per unit area of

the disc varies as (G—O), then the radius of gyration
r

of the disc about its axis passing through the centre

1S [JEE Main 2019]



34.

35.

2 ;2
(a) w (b)
a?+ b2+ ab a
(@] | — (d) 3

A solid sphere and solid cylinder of identical radii
approach an incline with the same linear velocity
(see figure). Both roll without slipping all

throughout. The two climb maximum heights A,

h
and hCyl on the incline. The ratio — 2 is given by

cyl

14
15

[JEE Main 2019]

(@) 35 ®) © 1

N
The following bodies are made to roll up (without
slipping) the same inclined plane from a horizontal
plane : (i) a ring of radius R, (ii) a solid cylinder of
radius R/2 and (iii) a solid sphere of radius R/4.If
in each case, the speed of the centre of mass at the
bottom of the incline is same, the ratio of the
maximum height they climb is

(a) 10:15:7 (b) 4:3:2

(c) 20:15:14 (d) 2:3:4

4
(d =

Numerical Value Questions

36.

37.

A massless equilateral triangle EFG of side a (as
shown in figure) has three particles of mass m
situated at its vertices. The moment of inertia of
the system about the line EX perpendicular to EG

in the plane of EFG is % ma?, where N is an

integer. The value of N is ............ .
X F

[JEE Main 2020]

E a G
A force F = G+ 2} + 31:1) N acts at a point
(4i+3j- k) m. Then, the magnitude of torque
about the point (i + 2j + kK)m will be ~/x N-m. The

value of xis ...... . [JEE Main 2020]

38.

39.

40.

41.

42.

A person of 80 kg mass is standing on the rim of a
circular platform of mass 200 kg rotating about its
axis at 5 rpm. The person now starts moving
towards the centre of the platform. What will be
the rotational speed (in rpm) of the platform, when
the person reaches its centre? [JEE Main 2020]

One end of a straight uniform 1 m long bar is
pivoted on horizontal table. It is released from rest
when it makes an angle 30° from the horizontal (see
figure). Its angular speed when its hits the table is
given as \/; s7! where n is an integer. The value of
nis...... . [JEE Main 2020]

A thin rod of mass 0.9 kg and length 1 m is
suspended at rest from one end, so that it can freely
oscillate in the vertical plane.

A particle of mass 0.1 kg moving in a straight line
with velocity 80 m/s hits the rod at its bottom-most
point and sticks to it (see figure). The angular
speed (in rad/s) of the rod immediately after the
collision will be ......... . [JEE Main 2020]

A circular disc of mass M and radius R is rotating
about its axis with angular speed oy. If another

stationary disc having radius > and same mass M

is dropped co-axially on to the rotating disc.
Gradually, both discs attain constant angular speed
. The energy lost in the process is p% of the
initial energy. Value of pis ........... [JEE Main 2020]

ABC is a plane lamina of the shape of an
equilateral triangle. D, E are mid-points of AB, AC
and @G is the centroid of the lamina. Moment of
inertia of the lamina about an axis passing through
G and perpendicular to the plane ABC is I,. If part
ADE is removed, the moment of inertia oIf the

0

remaining part about the same axis is , Where

N is an integer. Value of N is ...... .
A

[JEE Main 2020]




Answers

Round I
1. (d) 2. (d) 3. (d) 4. () 5. () 6. (@) 7. (b) 8. (d) 9. (b) 10. ()
11. (d) 12. (d) 13. () 14. (d) 15. (b) 16. () 17. () 18. () 19. (d) 20. (b)
21. (a) 22. (c) 23. (¢) 24. (b) 25. (b) 26. (d) 27. () 28. (d) 29. (d) 30. (d)
31. (d) 32. (d) 33. (b) 34. (d) 35. (a) 36. (¢) 37. (b) 38. (b) 39. (¢) 0. (¢)
41. (b) 42. (a) 43. (b) 44. (d) 45. (a) 46. (b) 47. (b) 48. (b) 49. (¢) 50. (d)
51. (d) 52. (b) 53. (b) 54. (b) 55. (d) 56. (d) 57. (a) 58. (b) 59. (a) 60. (d)
61. (d) 62. (d) 63. (c) 64. () 65. (a) 66. (c) 67. (d) 68. (b) 69. (b) 70. (b)
Round II
1. (@) 2.(c) 3. (b) 4@  5.(a) 6. (b) 7. (b) 8. (@) 9.(d)  10.(a)
11. (b) 12. (d) 13. (c) 14.)  15.(c) 16. (b) 17. (b) 18. (a) 19.(c)  20.(a)
21. (c) 22. (b) 23. (a) 24.(c)  25.(d) 26. (a) 27. (b) 28. (b) 29.(a)  30.(a)
31. (d) 32. (a) 33. (c) 34.(b)  35.(c) 36. 25 37.195  38.9 39.15  40.20
41. 20 42. 11
Solutions
Round I =L+ Iz+1,
1. Apply parallel axes theorem, = MA(rA)Z +Mp (7]3)2 + M ("c)2
I = Iy + MR we get =M (0)*+ m 0%+ m (I cos60°)?
. :ML2+M(L)2:7ML2 :m12+%:5rzl ( COSGOOZ%)
12 4 48
2. Moment of inertia, 5. Here,m; =m,=0.1kg
I:M[§+TJZM(§+$J r1=r2=100m:20.11m s 2
and I=L+I,=mnr+ Emzr2 = Emlr1 (- my =my)

3. Moment of inertia of the system about rod x shown in 3 9 " 9
= 3 x0.1 (0.1)*=1.5%x10"" kg-m

the figure
X z
6. Moment of inertia of circular wire about its axis is
MR?. Consider two diameters XX’ and YY”. Moment of
inertia about any of these diameters is same, let us
y say I.
Y
I=1.+1,+1, X X
2 2
—o | ME L M e 2
12 4 3
YI
4. Moment of inertia of the system about axis AX From perpendicular axes theorem,
X MR2

I+I=MR?>or I=

7. According to the theorem of perpendicular axes,
IZ = IX + Iy.
With the hole, Iy and Iy both decrease gluing the
removed piece at the centre of square plate does not
affect I,,. Hence, I, decreases, overall.




8. As,m; =m,

= nR*xd, = nRxd,
R _dy
R; 4
1 5
—mR; 9
NOW’ £ = % = 512 = ﬁ
I, 1pp B d
2
9. Moment of inertia of a uniform rod about one end
_mL
3

.. Moment of inertia of the system, which rod is bent
2 2

=2X(Mj (L12) _ ML

2 3 12

10. The situation is shown in figure

Al g
po |

D
Iy =m x DP? + m x BQ*+ m x CA?

2
=mxzx(‘/§lj +mx (2 D?=3ml

(9

11. The mass of complete (circular) disc is

The moment of inertia of disc about the given axis is

2 Mr?

I= = Mr?

Let the moment of inertia of semi-circular disc be 1.

The disc may be assumed as combination of two
semi-circular parts.

2
Thus, L =I-1 or L=1=2
2 2
12. Here, as ring is made by bending the rod / =2 R,
0
21
_ml
PN
2
L=mR*=""
? 4n®

Il_ml2 Lﬂ_n2

I, 12 4n® 3

13.

14.

15.

Let same mass and same outer radii of solid sphere
and hollow sphere be M and R, respectively.

The moment of inertia of solid sphere A about its
diameter,

IA:§MR2 )
Similarly, the moment of inertia of hollow sphere
(spherical shell) B about its diameter,

Iy = g MR? (i)
It is clear from Egs. (i) and (ii), I < Ij.

First we found moment of inertia (MI) of system using
parallel axes theorem about centre of mass, then we
use it to find moment of inertia about given axis.

Moment of inertia of an outer disc about the axis
through centre

L~

_ MFR®

+ M@2R)?
- 1\4].!;52(l + 4} -9 2
2 2

For 6 such discs,

Moment of inertia = 6 x gMR2 =97TMR?

So, moment of inertia of system

2
- ME | oaMR? - 52—5 MR?

Hence, Ip = 52—5 MR? + (TM x 9R?)
= I, = % MR?
181
Isystem = 7 MRZ
Moment of inertia of a solid sphere about an axis

through its centre of massis I, = %MR2

Moment of inertia about a parallel axis at a distance x
from axis through its COM is

le 1 N

X—

I=1,+ Mx*  (by parallel axes theorem)



So graph of I versus xis parabolic as shown

1)

16. For disc D;, moment of inertia across axis OO’ will be

I =%MR2 ()

o}

For discs Dy and Dy, OO’ is an axis parallel to the
diameter of disc. Using parallel axes theorem,

Iy = I =T, mere + Md? ...(11)

Here, Iymeter = iMR2 and d=R

5

4

Now, total moment of inertia of the system,
I=L+1,+ 1

I=1 =X MR+ MR? =2 MR
2 3 4

LRz v o <2 MRz
2 4

=3MR?

17. Given, surface mass density,

o = kr?

So, mass of the disc can be calculated by considering
small element of area 2nrdr on it and then integrating
it for complete disc, i.e.

dm =0 dA =0 x2nrdr
R 5
jdm:M:jO(kr Y 2nrdr

18.

19.

4
- M=ome B Llopgt
4 2
2M .
—Y k = — 3
= @)
Moment of inertia about the axis of the disc,
I={dI=[dmr*=][cdAr®
R
= -[0 kr? @urdr) r?
B 6 6
> I=2m [ dr = 2R TR Gy
0 6 3

From Egs. (1) and (ii), we get
1=2 MR?
3

To calculate radius of gyration, first we calculate
moment of inertia of rod about given axis.

Axis through
CM dsw

K
—

>{
]

<— Rotation
axis

/4

Moment of inertia of rod about an axis through
2
centre of mass, I, = mi-
12
where, m = mass and [ =length of rod.
Moment of inertia of rod about given axis of rotation
by parallel axes theorem will be
, D A
I=I, +mh"=m—+m|l—| =—ml
12 4 48
If £ =radius of gyration of rod, then moment of inertia
of rod, I=mk?
9o 7

=—ml?
48

. Radius of gyration of rod, & =, él

= mk

Consider an elemental ring of thickness d at a
distance from the centre.

ar




20.

21.

Area of this elemental ring, dA = 2nrdr
Given, mass per unit area,c(r)= A + Br
Mass of elemental ring,
dm=0(r)-dA=(A+ Br)2nr dr
Moment of inertia of this elemental ring about axis,
dl=dm-r*
=2nr® (A + Br)-dr

Moment of inertia of complete disc of radius a,
a

a a 4 5
I=[dl=[2n"(A+ Br)dr= ona’ yonB
0 0 4 5 0

2nAa* 2nBd® 4(A aBj
= + =2na z+—

4 5 5
According to question,
dm
A X T B

Linear mass density, A(x) = }»0(1 + %)

Moment of inertia of small element about given axis,
dI = (dm)x® = (\dx)x®
= dl = xo(l + %)xzdx

Total moment of inertia about same axis due to the
complete rod,

L X x3 x4 -
I:IdI:J.)LO(1+—)x2dx =] —+ —

! L 3 4L |

1D

D ..(@)

Now, mass of complete rod,
M= J. dm = J.}»dx

L X
=jx0(1 + —)dx
! L

2
=AO{L + L—o}: 8oL

2L 2
2M
= 0=—o
3L
Putting the value of A, in Eq. (i), we get
I=-"mr?
18
Both the discs are made up of same material.

Let the density of material used for both discs be p and
their thickness be ¢.

Now, moment of inertia of first disc,

22.

I = M, R? _ PA R}

2 2
_pmR)R? _mpR/'t
2 2

R =R

I = npRY

2

and moment of inertia of second disc,

MR _ pAstR;

L= 2
_p@R)RS _ mpRyt
22

Ry=aR

I,- np (o Rt _ a'npRt

2 2

Dividing Eq. (i) by Eq. (i1), we get

=

npRY%
L_\ 2 )

I, ( oc4npR4tj

It is given that,

2
L_1
I, ot
L_1
I, 16
On comparing the Egs. (i1i) and (iv), we get
1_1
ot 16
o=(16)V
— (24)114 =9
20
é(\// T

S 40 cm

*/___ _____ pl L=80cm

«—30 cm-|

«———B=60cm——>

Let the mass of this rectangular sheet be M.

From figure,

O’P=£=@cm=40cm
2 2

OP=§=@cm=30cm
2 2

00’ =./(0P)* + (0’ P)?

(given)

()

(given)

...(11)

...(1i1)

...(Av)

(by Pythagoras’ theorem)

=/(0)* + 40)

=,/900 + 1600
=+/2500 =50 cm



23.

Now, moment of inertia about the axis perpendicular
to the plane of sheet and passing through point O is

lo =13 117+ B =1 [0 + 6OF]

= M 16400 + 3600]
12

M .
-5 [10000] (@)

and moment of inertia about the axis perpendicular to
the plane of sheet and passing through point O”is

Iy =1+ Md? (using theorem of parallel axes)
Here, d =00’=50 cm

So, I = % [10000] + M [50]*

= % [10000] + M [2500]
_ M [10000] + M [30000]
12
M ..
=—1[40000 . (1
12[ ] (i)

Dividing Eq. (1) by Eq. (i1), we get
M 10000]
12

o _127 7777 1
I Myo000) 4
/—M
R \ /
¢
Mass of cylinder, M = pnR’L ...Q0)
(where, p = density of material)
M ..
N =— ...(11)
pnR
Moment of inertia of a cylinder,
2 72
I=M s + o
4 12
R? M?
= I=M—+—F—F— from Eq. (ii
[4 12p2n2R4j [from Eq. (iD)]
For moment of inertia to be minimum,
dl
X o
dR
2 2
N Al B M
dR 4  12p%n%R*
2
= %4'%'(—41%_5):0
4 12pm
[ M = constant]
- 2R AM?
4 12p%n°R°®
= RS = g %2
3 p2ﬂ:2

24.

25.

26.

_2 Pn’RIL

6 .
= R 3 o [from Eq. (1)]
()3
= — | =—
L 3
L 3
= — = _[—
R \2
Suppose the mass of the AABC be M and length of the

side be [.

When the ADEF is being removed from it, then the
mass of the removed A will be M /4 and length of its
side will be /2 as shown below

A

I'p
12
/% \¢
B«—>F
12

Since we know, moment of inertia of the triangle about
the axis, passing through its centre of gravity is
I=Fkml? where kis a constant.

C

Then for ADEF, moment of inertia of the triangle
about the axis,

2 2
I- k(%j (lj _ kMl )
4 )\2 16
Moment of inertia of AABC is
I, = kMI® ...(i1)
The moment of inertia of the remaining part will be
2
I'=I,-1=hkMP _Lil/ﬂ
[ using Egs. (1) and (11)]
_ 15kMP?
16
or I'= 15 1,
16

As, force x distance =t = Io

1 1)
= Fsin30° x—=4 ZX(fj o
2 4

or 24 x 1 X l -
2 2 2
a=12rad s
As the block remains stationary, therefore for
translatory equilibrium,
f. =0
2f, =0

For rotational equilibrium, Xt =0.

F=N

and s F=mg



By taking the torque of different force about point O, Again, torque, T = Io
2
Tp+ T+ Tyt Ty =0 where, I = moment of inertia = ml
As f and mg passing through point O 3
— [force and torque frequency along axis of rotation
Ast. 20 fToN passing through in end]
S .
! o = angular acceleration

- Ty #0 and torque by friction and normal reaction will . ml?
mgsin O X — =—
be in opposite direction or N will not produce torque. g 2 3
: iy : . . 3gsin 6
27. The given condition can be drawn in the figure below - = ]

e =2 — . . .
Il r2] 29. Given equations of trajectory are

° .2M0 X=X, + a cos ¢
5Mo P y= + bsinwyt
Now, v, = dx/dt = — aw, sin ot

and v, = % = bw, cos Wyt
Fi=5M Fo=2M .
! od 2 od ) Similarly, a, = do; __ aw? cos (o;t)
Torque (t) about P=1; X F, + r, x F, .. () dt
dv
= t=1x5M,g (outwards)-2/ x2M,g (inwards) Similarly, a, = d—; =- bmg sin (oqt)
= t=5M,gl-4Mgl (outwards) Now, at £ =0;x =%, + a; y=y, and
- t=M,gl (outwards) ...(ii) a,=-awj;a, =0 ()

Now we know that, torque is also given by Torque acting on the particle is given as

t=rxF=m(rxa)
T=1lo -+~ (1) Here, r = (x, + a)i+ yoj + 0k
Here, I = moment of i'nertia (w.r.t. point P) of rod and and a= —au)%i + 03 + 0k
o, = angular acceleration.
For point P, I=(GM,) x>+ @QM,) @)* [ I=MR?

= I=13M,* ...(iv)

So, torque at ¢ =0,

T=m (-aw}) x y, (-k) [using Eq. (1)]
= T=+ myoamlzl:l
Putting value of I from Eq. (iv) in Eq. (ii1), we get

30. Force F is applied to cylinder as shown
T= 13M,P) o W)

F
From Egs. (i1) and (v), we get
Mygl=13M %0
08 0 ~ o R A
. we £ Lo
13 l “—X—> l‘
28. As the rod rotates in vertical plane, so a torque is i
mg

acting on it, which is due to the vertical component of
weight of rod. Force F must be large enough to create a torque about
point A, so that it is able to counteract the torque due
to weight about point A.

. Torque due to force about point A = Torque due to
weight about point A

= F-R=Mgx

From AOAB, x=+R?- (R-a)?
Initial condition At any time t = F-R=Mg|R*- (R-a)’

Now, torque 7 = force X perpendicular distance of line - F = Mg IR~ (R-a)?
of action of force from axis of rotation R

. l R-a)’
= 0x— - _
mg sin B = F=DMg,|1 ( )

R



31. Here, r=0.2m, M =10 kg,
n =1200 rpm =20 rps
L = In= (Mr® @nn)

=10><(0.2)2><2><%><20

=50.28 kg-m%™ 38.

32. Angular momentum, L = m(r x v)
The direction of L with respect to A is along the Z-axis
and magnitude is mur. So, L, is constant, both in
magnitude and direction.
But the direction of L with respect to Bis continuously
changing with time with constant magnitude.

33. Angular momentum
= linear momentum x perpendicular distance of line
of action of linear momentum from the axis of
rotation
=mux! 39.
34. The given figure is shown below as
As friction is absent, energy at A = energy at B
= lmuf,+mgh=lmu§
2 2
= Ui +2gh = v} 40.
or v = () +2x10x10=225
= vg =15ms™!
Angular momentum about point O,
= muplp
=20x107% x 15 x 20
=6 kg-m2 st 41.
35. Torque at point Pw.r.t. O, . o
1 =15 x F = (51 + 5v3j) x (4i - 3j)
=(-15-20V3)k
Torque at point Pw.r.t. @, . o
1o =1y x F = (-5i + 53j) x i - 3j)
= (15-2043)k
36. Conservation of angular momentum gives 42

% MR%o, - (% MR® + 2mR2) o

= % MR%o, = % R (M + 4m) o,
M
or Wy =| — |y
M + 4m

43.

37. By conservation of energy,

mgh = 1I(x)2 + lmv2
2 2

2

= 1Ioo2 + 1mrz(u2 =L [I+mr?]
2 2 2

2mgh

V2
w=
(I+ mrz)

Here, m =3kg, v=2 ms™
y

e N

l«—4m —l
r=4m,L=2T="?
L =mursin90° =3x2x4x1 =24 kg m%~!

and T= aL =0
dt
As no torque is applied, angular momentum

L = In = constant = (% MRZJ (2%) = constant. i.e.

2

= — =constant
T
2 2
= B _R
T T
2 2
T, = B, T, = 5| ouh=244%
R, R,
According to conservation of angular momentum,

Lo, = Lo,

= L MR% - lMR2+1{%} R? |,
2 2 214
4
Wy = g w
Here, ny =2.8 rps,ny=?
l,=0.71
As w 5L _ 1
' o Iy 7
N2 _ 10 (- w=2mn)
ng, 7
10 10
ng=—n; =—x2.8=4.0 rps
2= M p
When the person jumps off the round, radially away

from the centre, no torque is exerted, i.e. T=0.
According to the principle of conservation of angular
momentum, I X ® = constant. As mass reduces to half
(from 2M to M), moment of inertia I becomes half.
Therefore, ® must become twices (= 2 m).

As L = In = constant
2 MR?x (2771) = constant
5 7

2

i.e. — =constant
T



44.

45.

where Ris halved, R? becomes (1/4)th. Therefore, T
becomes 1/4th, i.e.6 h.

Here, mass of man, m =80 kg
Mass of platform, M =200 kg
Let R be the radius of platform.
When man is standing on the rim,
I, = M (R/2)*+ mR?

2
:(g) M +4m)

When man reaches the centre of platform,
I,=M (R/2)?>+mx0=M (R/2)*
As angular momentum is conserved,
I, o, 27mn, n,
I, o 2w n
ng = % X Ny
2
_(M+4m) (R12)? ‘19
M (R/2)*
_ (200 +4x80)

200
 520x12

200
n; =31.2 rpm

x12

Collision of particle and rod occurs as shown in the
figure

A ro=I/2 sin 45°

Origin~ M=4m

Angular momentum of particle about origin (centre of
rod) before collision,

Li=m-vr
where, r, = perpendicular distance of direction of
velocity from centre of rod.
From geometry of figure,

l . l
r, =—sin4d° = —
e 22
So, initial angular momentum of system,

l
L. = m . v- [
1 2\/5
Now, when mass m stuck to one of the ends of rod, let
system rotates about origin with initial angular speed
o, then final angular momentum of system just after
collision,

Lf:[

system ° w

= (Irod +1

particle) o

dm- 12 (z)z T
= +m|—| |o=—mlo
12 2 12

46.

47.

48.

49.

50.

By angular momentum conservation,
Li = Lf
mvl T

= — =—mlo
242 12
3«@(vj
= 0=——"0I| —
7 1
As, I=1.2kg-m% E, =1500J, a =25 rad s 2o, =0,¢ = ?
Now, E,:%Iw2

/2 E,
= W=
1
= 2x1500 =50 rad st
1.2

From, Wy =0 + 0t
50=0+25¢
= t=2s
Work done in stopping = Change in KE = Final KE

— Initial KE, i.e.t1 0 = K = constant. As T is same in the
two cases, O must be same, i.e. number of revolution
must be same.

Then, total number of revolutions made by disc when
it stops =n + n =2n.

Here, r =0.25 m and m =2 kg
Rotational KE = 1 In? = 1 x(l mrzj ?
2 2 \2
= 4=1mvz=1><202
4 4
v=~8 =22 ms?
As 0 = + ot
Here, O0=wy—ot
_Wy _ (100 x 2m) /60 = 0.7rad s
t 15
Angle rotated before coming to rest,
=%
2a
(100 X 2nj2
or o=~ %0/ _7833rad
2x 0.7
0 _ 78.33 —125

Hence, number of rotations, n = —
27 271

By conservation of energy,
Initial total energy = Final total energy




51.

52.

53.

(TE); = (IE)/
1 2

- = h
5 [o” =mg

1 X 1 mlo? = mgh
2 3

2 2
= h= l liw
6 g
Mass of oxygen molecule, M =5.30x 10726 kg
Moment of inertia, I = 1.94x 107%¢ kg-m?
Mean speed of the molecule, v =500 m/s

Given, KE of rotation = gx KE of translation

—Ilo"==x=Mv
372
2 Muv?
or w=
I
_\/Zx 5.30x 10726 x (500)
1.94x 107

=1.35% 10'9% 500
=6.75 x 10*2 rad/s

. . . 1
Rotational kinetic energy, Kp = 3 Io?

2
KR:lxMR ><c02:l
2 2 4

Mv* (- v=Ro)

Translational kinetic energy, K, = %Mv2

Total kinetic energy = K, + K = %Mvz + inz

_3 Mv*
4

1.2
_ Rotational kinetic energy 4 My 1

Total kinetic energy 3 Mv? 3

Rotational kinetic energy of a body is given by

KErotational = l I('OQ
2
where, 0=, + ot
SO’ KErotational = % I((DO + O(‘t)Z oo (l)
Here, I=1.5kgm?,
KE=12004J
and =20 rad/s*and o, =0

Substituting these values in Eq.(i), we get
1200 = % (1.5) 0 x 1)’
tZ _ 2 %1200 -4
1.5 x400
t=2s

54.

55.

56.

57.

2
Moo, K, =1+ 1| B0t L0’
2 I +1,)
_1 o +1, ®,)°
2 L +1,
and K, = % (o2 + I, o))
= AK =K;-K;
I I
=-—1-2 (o _(02)2
2 +1,)
As, the rod is hinged at one end, its moment of inertia
2
about this end is I = ]W?’L .
Total energy in upright position
=Total energy on striking the floor
2
0+7MgL :lIoJ2+O :EML o’
2 2 2 3
N . Lo*
3
or o= 38
L
Given, angular momentum,
L=Iv
= L =1@2mn) [ w=2nn]
= L =2nnl ...(1)
Rotational kinetic energy,
K =L Io?
2
- 1=K ...(ii)
)
Now, from Egs. (i) and (ii), we have
L =2nn x %
)
=2mn X 2K 5
@2nn)
=%
nn
N Ly — Ky m
L, K, ng
K
Ki/2 mn K,==1
= X 2
K 2m and ny =2n,
- Ly _1
L, 4
L, L
= LzzjlzZ [.‘.le ]
Let o, be the final angular speed.

According to law of conservation of angular
momentum,

Initial angular momentum = Final angular momentum



58.

59.

In+0=lo, +3ln,

In =41w,
®
= W, = Z

Loss of rotational kinetic energy,
(AKE )} =Initial KE - Final KE

—  (AKE),, - é Io? —% (T+30) 0’

2

1 9 1 (O]

L laesn@
2 2( D(ﬁl)

The resultant fractional loss in KE of the system
— (AKE )loss
(KBEinitial
_(3/8) In®
C1/2)I0?
3

T4

1
{ (RE)initia1 = 3 1‘92}

The given situation is shown in figure

W
®

As there is no external torque, angular momentum of
system is conserved.

i.e. Ly + Ly = Lygstem
= Lo, + Lo, = + Iy)m
0= Lo, + I,
L+ 1,
~01x10+0.2x5
0.1+ 0.2)

Kinetic energy of combined system is

K=11 ®?

system
2 Y

=

T w:@rad/s
3

2
20) 20

=1(0.1 +02) x(—
2 3 3

Initial kinetic energy of the given system,

1. 5 1 11)((01]2
KE), == Lo+ = | 1|2

1 1Y, 5 9. , .
==+ —|Loy= —Tw
(2 16) 10y 16 1™ @)

Now, using angular momentum conservation law
(assuming angular velocity after contact is o)

Initial angular momentum = Final angular momentum

I / I /
Lo, + [21] (%) = Loy + 51 o)

= §U’1:§(’0’2
4 2

or w’2:§u)1
6

Now, final kinetic energy (after contact) is

1, 2 1(L) .
(KE); = Lo, + 5(51) Wy

... (i)

1.(5 YV 1. (5 V. N
= 511 (g ml) + ZIl (g 001) [using Eq. (11)]

(25
==+
72
2
48
Hence, change in KE,
AKE= (KE); - (KE);

25 )
— | o
144) T

Loy

25 9
= @ 110)12 _Ell(’)lz
1 2
AKE=-—
o4 10y

60. Loss of gravitational potential energy of system

appears in the form of kinetic energy of system.

/ P 7’

my
h

m, %lh T

Loss of potential energy of masses

...(iid)

[using Eq. (1)]

= Kinetic energy of masses + Kinetic energy of rotation
of wheel

=  mygh -mygh = %mlv2 + ém202+%1c02

Assuming no slip, we have
v=0R

(m, — my)gh = % (my + my)(@°R?) + % To?

2(my —my)gh
I pe
(ml + mg + ?) R

or o= 2(m; —my)gh
(my + my)R2+ I

1
or - 2(my —my)gh |2
(my + my)R*+ I

= W=




61.

62.

63.

64.

65.

66.

Since, the inclined plane is frictionless, then there will
be no rolling and the mass will only slide down.
Hence, acceleration is same for all the given bodies.

2011+ KYRY

For rolling, ¢ = -
gsin 6

=same

(given in question)
2011+ K{/R? 21(1+K3R?

gsin 6 gsin 0,
2,2 2,2
. 1+'K1/R =1+'K2/R )
sin 6, sin 0,

For sphere, K} = g R?, 6, =30°

K2
For hollow cylinder, —g =1,0,="?
R

- From Eq. (1), we get

2
1+—
- . 5 _ 1'+ 1
sin30° sin 6,
or sin62=§=0.7143
or 0=4558° =45°
For rolling, a = Lnle
(1 s 2]
MR
_10x1/2
1+2/5
= %msf2 (. for sphere, I = %MRZ)
= =20 2XIXT 56
a 25
~0.57s
Here, 6=60°,/=10m,a =?
: 2_2 5
For solid sphere, K* = = R
9.8 sin 60° gsin®
a=—_-— vas=
2 K2
1+ — 1+ —
5 R?
or a:%x 9.8><§:6.06 ms ™

As, the wheel rolls forward the radius of the wheel
decreases along AB, hence for the same number of
rotations, it moves less distance along AB. So, it turns
left.

2
For solid cylinder, 6 =30°, % _L
RS 2

2
L
2

2

For hollow cylinder, 6 =?, 1

67.

68.

69.

For rolling on inclined plane,

2 2
R _ R
sin 6, sin 0,
(1 " %) 1+1
Hence, - =—
sin30° sin©
. 2
sinf=—=0.6667
3
0=418°=42°
As, it is clear from figure,

On reaching the bottom of the bowl, loss in PE = mgR,
and gain in

= |AK|=fm02+f><(§mr2)(D2
== mv®+ = mv?
= mv?
10

As, gain in KE =loss in PE

2

% mv” =mgR
- 10 gR
7
If h is height of the ramp, then in rolling of marble,
speed
. 2 gh
1+ K% R*

The speed of the cube to the centre of mass,

v=.2gh

For marble sphere, K2 = %RQ

K: 1+g
v V5
7
= g:ﬁ:\/g

Given, m =5 kg, R=0.5m.
Horizontal force, F' =40 N
As, cylinder is rolling without slipping.



70.

Hence, torque is producing rotation about
centre O.

F
2R¢0O

So, T=rxF (Here, r = R)

0=90°
So, t=rxF=rF
or 7=0.5%x40=20 N-m ...Q)
If ot is acceleration of centre of mass ‘O’ then torque is,

1=1a
where, I = MR*

1= MR ...(i0)
Comparing Eq. (1) with Eq. (ii),

MR?0.=20
= o= 20
5x(0.5)2

or a=16rad/s?

Total mechanical energy at O
=mgh =2mg

Now, total mechanical energy at A
2
=lmv2 1+£2 + 0.2 mgh
2 R

Since, total mechanical energy is conserved

2
= ;mv2(1+§2j+0.2mgh =2mg
2
(55
= lv2 1+75 +02g=2g
2 R?

{ K= \E R for spherical sphere}
= 11;2[1+g}+2=20
2 5
= v? F} =36
5

= v=136><5=1@=5.1m/s
7 7

Now, range of projectile

_ u”sin20

g
_(5.1)* sin60° _
=

2.08 m

Round II
1. MI of disc about tangent in a plane = ZMR2 =1
MRE=21
5
MI of disc about tangent I to plane, I’ = gMR2
r=3 (i 1] 5
2\5 5
2. Angular retardation, o = L mng _be
I mR R
As, W= Wy — ot
PO
o
Wy — We/2
ug/R
_ Wk
2pg
3. As,L=rP
= log, L =log, P+1log, r

If graph is drawn between log, L and log, P, then it
will be straight line which will not pass through the
origin because of presence of constant term (log, r) in
the equation.

2

Moment of inertia of rod about the given axis = %

Moment of inertia of each disc about disc about its
diameter

B MR?
4
Using theorem of parallel axes, moment of inertia of
. . . MR® LY
each disc about the given axis = 1 +M 5
_ MR® . ML?
4 4

.. For theorem of parallel axes, moment of inertia
about the given axis is

mI? [MR2 MLZJ
I=—+ +

12 4 4
mL? MR* MIL*
= + +

I=—"
12 4 4

Angular momentum of block w.r.t. O before collision at
O =Mv g. On collision, the block will rotate about the

side passing through O. Now its angular momentum
=Iw




By law of conservation of angular momentum,

M =To
2
2 2
= Mvgz Ma +Ma 0
2 6 2
3v
= w=—
4a

where I is moment of inertia of the block about the
axis perpendicular to the plane passing through O.

According to the theorem of parallel axes, moment of
inertia of disc about an axis passing through K and
perpendicular to plane of disc,

Total moment of inertia of the system
= %MRZ +m @R+ m (2R)? + m (N2R)?

2
=3(M+16m)%

As no torque is being applied, angular momentum,

L = In = constant
2 92 21
= = Mr*| == = constant
5 T
2
or — =constant

Differentiating w.r.t. time ¢, we get

T-2r£—r2£

dt dt _q

T2 -
or 2Trﬂ=r2£
dt dt
dT 2T dr
or —_— =
dt r dt

. As angular momentum is conserved in the absence of a

torque, therefore

Iym, = Io
2
[gMRz) 2n - gMR2+g Mng 2n
3 T 5 55x10 T
£=1_|_$19
T, 5x10
T L _oxi0

T, = 5x10°

9.

10.

11.

12.

From symmetry considerations,

Io = % moment of inertia of lamina about an axis
through O and perpendicular to the plane ABCD.

and Iy, = % moment of inertia of lamina about an axis

through O and perpendicular to the plane ABCD

IAC = IEF
Y
)—)
«—2R Y’

Moment of inertia of the system about YY"’
I,,, = Moment of inertia of sphere P about YY"
+ Moment of inertia of sphere @ about YY”’
Moment of inertia of sphere P about YY"’
2
:gM(E) M @?
5 2
2
= EM(EJ + M @2R)*
5 2

2
= ij +4 MR*

2
Moment of inertia of sphere @ about YY" is %M(g]

2 2
Now, Iyy = MR |\ MR?+ gM(E) -2 ype
0 5 2 5
Choice (a) is false, as theorem of perpendicular axes

applies only to a plane lamina.

Now, Z axis parallel to Z’ axis and distance between

them = % —— Therefore, according to the theorem

NG

of parallel axes,

2 2
I, =1, +m(%) =1, +%
Choice (b) is true.
Again, choice (c) is false as Z’’ axis is not parallel to
Z-axis.
Choice (d) is also false as from symmetry, we find that
Iy=1I,.

If M is mass of the square plate before cutting the
holes, then mass of portion of each hole,

2><'nRz=£M
16 R 16

m =

.. Moment of inertia of remaining portion,
I = I —4 Ihole

square

2
= % (16 R*+16 R?) -4 {”fqt m («/§R)2}



=MX32R2—10mR2
12

107

_8 mp2 10T g2
3 6
= (§_10JJ MR2
3 16

13. As there is no external torque, angular momentum

14.

will remain constant. When the tortoise moves from A
to C, moment of inertia of the platform and tortoise
decreases. Therefore, angular velocity of the system
increases. When the tortoise moves from C to B,
moment of inertia increases. Therefore, angular
velocity decreases.

If M =mass of platform,

R =radius of platform,

m = mass of tortoise moving along the chord AB
and a =perpendicular distance of O from AB.
MR?

Initial angular momentum, I; = mR?+

At any time ¢, let the tortoise reach D moving with
velocity v.

AD = vt
AC =\ R?>-a?
As DC=AC-AD=NR?*-a®-ut)

OD=r=a’+ WR*-a?-uvt]?

Angular momentum at time ¢
2

I, =mr?+

As angular momentum is conserved

. Loy =1,0()

This shows that variation of w (¢) with time is
non-linear.

To reverse the direction,

J. Td6=0 (work done is zero)
As, t=F xr=20t-5t)x2=40¢t-10¢
1042
_40t-10t¢ =4t—t2=@
10 dt

=T
I
3
u):.[t ocdt:2t2—t—
0 3

m1s zero at
A
2t%-—=0
3

= 2 =6¢2
= t=6s
As @:w
dt
6 6 3
= e:j wdt:f LZtZ—t]dt
0 0 3

{ztfi £t T
3 12 0

:216[2—1} =36rad
3 2

Number of rotation = o = 36 =5.73<6
2n  2m
15. Linear acceleration for rolling, a = gLnez
K
YR
f,
\(9
0
K? 1
For cylinder, — =~
Y R? 2
2 .
A eylinder = 3 gsinb

For rotation, the torque
fR = Io. = (MR?) /2
(where, f =force of friction)
But Ro=a

f=

Q

f=

w | b

gsin 6

SRS

gsin®

U, = f/N, where N is normal reaction,

M . 0
Egsm _tan®

- Mg cos 0 -3

Mg
.. For rolling without slipping of a roller down the
inclined plane, tan 8 <3pu,.
16. Since, rod is bent at the middle, so each part of it will

have same length [gj and mass (%) as shown

/ M/2
\%

v

60° M2

O} L/2 |




17.

18.

Moment of inertia of each part about an axis passing
through its one end

()5

Hence, net moment of inertia about an axis passing
through its middle point O is

=556 5 5)E)

_1{ML2 MLZ}_ MI?

+
3| 8 8 12

As, it is clear from figure,
AC=BD=~I+1*=1N2
Moment of inertia of four point masses about BD,

2 2
W2 W2
Igp=m 5 +mx0+m o +mx0

2 2
_mlC ml”_ e
2 2

D“— c

Applying the theorem of parallel axes,
Iyy = Iyp + M (AO)?

2
=ml2+4m(ij

V2
=3ml*
Mass per unit area of disc = 9—]‘42
nR
2
Mass of removed portion of disc = 9—% XT (?) =M
b

Moment of inertia of removed portion about an axis
passing through centre of disc and perpendicular to
the plane of disc, using theorem of parallel axes is
2 2
1 :%(Ej +M(%J =1MR2
2 13 3 2
When portion of disc would not have been removed,

then the moment of inertia of complete disc about the
given axis is

1
I, == MR*
2
So moment of inertia of the disc with removed portion,
about the given axis is

I=1,-1, O mrr -t Mr? - s MR?
2 2

19.

20.

When bob falls, its potential energy is converted into
kinetic energy of bob and rotational kinetic energy of
disc.

So, decrease in potential energy of bob = kinetic energy
of bob + kinetic energy of disc

. mghz%m02+%lm2 .G

If there is no slip, then v=rm

Also, moment of inertia of disc,

mr2

="
2

Substituting this value in Eq. (i), we get

er

1 9, 1 9
mgh==—m@w) + =X —X®
gh=5 (rw) 5%

= mgh = %mrzm2
= o’ = %
3r

or ool [481
r\{ 3

Various forces acting on bead at point P can be
resolved as shown in figure

y

(-

Normal force of rotating wire are
N cos8=mg and N sin 0 = mxw?

2
- tano= % - ¥ ()
dx g
Given, y=4 Cx?
= D _ 8 Cx
dx
dy ..
- =8C
I a (i1)

atx=a,y=0b

From Egs. (1) and (i1), we get

2
ﬂ=8Ca
g
At x = a, we have
2
g—8Ca
g
= w=,8Cg



21.

22,

Use geometry of the figure to calculate mass and side
length of the cube interms of M and R, respectively.

Consider the cross-sectional view of a diametric plane
as shown in the following diagram.

Q-

Using geometry of the cube,
PQ=2R=(3)a
2R
or ==

NE]

Volume density of the solid sphere

b M3 (ﬁj
@) nR® 4n \R?

Mass of cube (m) = () (@)
e
4n " RP)|AB
_3M _8R* 2M

= x_— ="
4nR® "~ 343 3n
Moment of inertia of the cube about given axis is

2 2
ma 2 2 ma
I, =— + =
v=og @ ra)="g
2
ma
= JYZT
_2M _1 _4R* 4MR®

=— X - =
J3n 6 3 93m

In a uniform rod, mass per unit length remains
constant. If it is denoted by A, then

A= El = constant for all segments of rod.

1 5
dm (mass)

X —
V/ l
A K—
ax
To find tension at x distance from fixed end, let us
assume an element of dxlength and dm mass. Tension
on this part due to rotation is
dT = Kx ...(1)
2

As, K =mw

23.

24.

For this element, K = (dm) ®? ...(i1)
dT = (dm) v’ ...(iii)
To find complete tension in the rod, we need to
integrate Eq. (iii),
T m
[aT = [ @dm) o’ (v
0 0
Using linear mass density,
m dm
"7 ax
- dm:%-dx )

Putting the value of Eq. (v) in Eq. (iv), we get

1 zl
T=_[E-m2x-dx=ﬂ-m2 £
17 1Y

X

2
= =" [2_4?

21
Now, if we observe the equation, it will look like a
parabolic equation and when we see from given

options, the correct option is (b).

Kinetic energy of rotation,
2

Ko =2 Io? =2 mp2 2 [ o= E)
2 2 R

where, k is radius of gyration.
Kinetic energy of translation,
K ons = 12)MV*
Thus, total energy,
E=K, +K

trans

UZ

Iy L
2R T g

Hence, Iot —
K

total
K*+ R

In given arrangement, mass of each sphere =m
. d

Radius of each sphere = 5

Distance of centre of each sphere from axis of rotation
or centroidal axis = 3 x Altitude of equilateral triangle

ofsidedzgxﬁxd:i

2 V3



Now, moment of inertia of each sphere along an axis
through its centre,

2
I = gmr2 _2 m(i) = imd2
5 5 \2 10

7w

’ 1=1/10 md?

Now, by using parallel axes theorem, moment of
inertia of each sphere around axis through O,

I'=1I, + m(h?

2 2
=1 +m(i) =Lmd2+ﬂzgmd2
J3 10 3 30
a3
A B
C

So, moment of inertia of system of spheres about O,

I, =37 =3x 12 ma? =13 pg? )
30 10

Again by using parallel axes theorem, moment of
inertia of system about point A,

IA = IO + msystem X h2
13 d )2
=—md”+3mx|—
10 (ﬁ
23 5 ..
=—md ...
10 (1)
Hence, required ratio from Eqgs. (i) and (ii), we get
I 13, 5 10
I, 10 23 md*
= I _13
1, 23

25. The given situation is shown in the figure given below
— 1/W
8

sllll=%===

Crm?
Disc (radius= 2R)

Solid sphere

Solid sphere
(radius =)

Density of given sphere of radius R,
o= Mass M
Volume % R®

Let radius of sphere formed from second part is r, then
mass of second part = volume x density

lMZéTFJ‘B X
8 77TR3
s R? R
r=—== r=—
8 2

Now, I; = moment of inertia of disc (radius 2R and

mass gM) about its axis

_ Massx (Radius)?

zMmez
-8 7 _TyRe
2 4
and I, = moment of inertia of sphere

(radius g and mass é]\l) about its axis

= % x Mass x (Radius)?

2 2
:glex(EJ :MR

58 2 80
7 7 MR
.uRmmgl:{%——f:Lm
I, 2 MR?
80

26.

As there is no external torque, so angular momentum
about pivot O is conserved.

Li = Lf
muvl = (I )
mul = (Irod + Iblock) ®

2
muvl = [ﬂgl + ml2] 0

(where, w =1initial angular speed of rod and block)

ystem

L vue

muvl
T )
[+ml2)
3
muv
= o
(5m)
—+ml
3

1x6 :6><3:§md/S




Now, by law of conservation of energy,

Initial rotational kinetic energy of rod and block =
Final potential energy at angle 6 of rod and block

= l(

5 Lystom) X ©° = Mgh, + mghs

where, h; =height raised by centre of mass of rod
l
=—(1-cosB
2 ( )

and h, =height raised by block = /(1 — cos 6).
Hence,

%(Imd + Lo ) 07 = Mggl (1 - cos 0) + mgl(1 - cos 0)

2
= 1 ME, e m2=gl(M+mj><(1—cos6)
2 3 2
%(%+m)l(ﬂ2
= (]W-'_m)=1—cose
2 g
2
l(g+1)><1><(1—8)
3 5
= 3 = cos 0
(7+lj><10
2
= —=1-cos0
0
= cosO=§:0.46
50
= 0= cos™1(0.46) = 62.61° =63°

The nearest answer is 63°.

27. Moment of inertia (MI) of a disc about a tangential
axis in the plane of disc can be obtained as below.

A

M=5g = 5x10"2%kg

-
B
Moment of inertia of disc about its axis,
MR?
I =
2
R

—_—

From perpendicular axes theorem, moment of inertia of
disc about an axis along its diameter is

IX+IY=IZ:> 2I2=11

2

R Lot MR
2 4

ly=1,

(P
N

e
h=l,

So, moment of inertia about a tangential axis from
parallel axes theorem is

MR? 5

I=1,+ MR?= +MR2=ZMR2
1> %)/2
Now, using torque, T = I, we have
1=TIa= éMRz(L - (”i)
4 At
Here, M=5x102kg, R=1%x102m

0y =25 rps =25 x 21 20 _ 507 729,
S S

w; =0, At=5s
o x5x1073x (10722 x50m
So, 1=4
5
~2%107° N-m

28. Initially, centre of mass is at distance L from the top
end of the swing. It shifts to (L — ) distance when the
person stands up on the swing.

. Using angular momentum conservation law, if v, and
v, are the velocities before standing and after standing
of the person, then

Muv,L = My, (L -1)
= v —(L) 1)
1=\ 73 Vo ...

Now, total work done by (person + gravitation) system
will be equal to the change in kinetic energy of the
person, i.e.

W, + W, = KE, - KE,



29.

= -Mgl + Wp=%lez—%Mv(2)
= szMgl+%M(vf—vg)
1 LY
= Mgl+2MML - l] e — U(2)‘|
30.
[from Eq. ()]
1. Sl(L- ljz
=Mgl+-M -1
8 2 Uol:( i7
1., lj‘Z
=Mgl+=Muyg| | 1-—| -1
8 2 o{( I
1. 5 21)
=Mgl+ =My |1+=|-1
8 9 OK I }
[using (1 + x)" =1+ nx as higher terms
can be neglected, if n << 1]
1 21
= Wp:Mgl+§Mv§><f
or W, = Mgl + Mvgzl ...(id)
H _wa-| |8
ere, vy =WA = (\E] ©oL)
= vy =09/ 8L

. Using this value of v, in Eq.(i1), we get
l
W, =Mgl+ Me(z) gL~Z

= W,=Mgl 1+ 6(2))

Assuming that no energy is used up against friction,
the total loss in potential energy is equal to the total
gain in the kinetic energy.

—>——

las, v=ron]

Mgh = L2+l m?
2 2

1. (v*) 1
Mgh==1=%|+=
g5 [RZJ 2

i.e. M

1, 1]
“ | M+ = |=Mgh
or ZU( 5 g

e 2Mgh  2gh
M + IIR* 1+ IIMR*

If sis the distance covered along the plane, then

or

h =ssin0
2= 2gssin 0
1+ I/MR*

Now, v =2as
. 2 gssin 6
1+ I/MR*
or o= gsin 0 .
1+1/MR
The hollow icecream cone can be assumed to be formed

of several parts of rings having different radii. In
general, we shall consider a ring (element) which is at
distance y away from vertex O, of thickness dy, having
radius r as shown in figure.

Area of cone, A =Rl =nRR*+ H?
dy

Area of element, dA =2nrdl =2nr
cos 0

Mass of element, dm = Surface density x Area
M « 2nr dy

T ARJR*+ H®  c0s0

From above diagram, tan 6 = I orr=ytan6
Yy

dm = 2M tan 0y dy

- Rcos 0 R? + H?

Moment of inertia of element about its axis,

2M tan 0y dy

2V R | (ytan ©)?
Rcos04R*+ H2J

B 2 M tan® 0y dy

- Rcos 6 R?+ H?

. Total moment of inertia,
2M tan® 0

H 5
ydy
Rcos 6 R? + H? '[0
2M tan® 0 H*

- Rcos 6 R?+ H? 4

Again, from above diagram, tan 6= S

dlz(dm)rzz[
1=de=

_H
JR?+ H”
Putting these values in the expression of I, we get
MR*
2

cos 0=

I=




31.

32.

Rod rotates around vertical axis as
Fy

.

Given that,

Rate of change of angular momentum of rod = Torque
provided by horizontal and vertical forces about centre
of mass

2
= % ?sin 0 cos 6= Net torque of Fy and Fy, ...Q0)
Here, Fy, =mg and its perpendicular distance from axis
is —sin 6.
2
/2'sin©

/

/2

mg
. Torque of Fy, =mg- ilsin 0

and Fy; = centripetal force = mw? El sin 0

Also, distance of Fy; from axis is also 51 cos 6.

= Torque of Fy; = mo® QZ sin 6. 51 cos 6

So, from Eq. (1), we have
2

mgésine—mmelsin 6.l cost%mZSinecose

= mgisin 0= lewQ(i + l) sin 6 cos 6
2 12 4

= cos6=§(%)
2\ w7l

We know that, moment of inertia (MI) about the
principal axis of the sphere is given by

2 .

Lphere = = ... (1)

Using parallel axes theorem, moment of inertia about
the given axis in the figure below will be

Principal axis ~ Given axis

33.

I = % MR? + M@R)?

I, - % MR ()
Considering both spheres at equal distance from the
axis, moment of inertia due to both spheres about this
axis will be

21, =2 x (22/5) MR*
Now, moment of inertia of rod about its perpendicular
bisector axis is given by

-t ML’
12
Here, given that L =2R
( : D
k— R ——— R
I,=L M@R)? = L yr2 (iii)
2712 3
So, total moment of inertia of the system is
I=2I +I,=2 X%MRz + %MRZ
= Iz(ﬁJrleRz:ﬁMRz
5 3 15

Given, variation in mass per unit area (surface mass
density),

c=— ...()

Let us divide whole disc in small area elements, one of

them shown at r distance from the centre of the disc

with its width as dr.

Mass of this element is dm =0 -dA

= dm = %o X2mrdr
r

[from Eq. ()]
...(11)

Mass of the disc can be calculated by integrating it
over the given limits of r,

M b
.[dm =J00 x2m X dr
0 a
= M=c,2n(b-a)

Calculation of Moment of Inertia

...(iid)

M b
I={r%dm=| r2.90 wonrdr [from Eq. (ii)]
r
0 a



34.

b
=027 .[ ridr

r3 ¥
=027 3 )
= I:%GOZn 5 —d®] (i)

Now, radius of gyration,

k= |L_J 38 — "~

M 216, (b-a)
3_ 3
- k- L@ -a)
3 b-a

As we know, b° —=a® = (b—a) (b%+ a®+ ab)

K = %(62+a2+ab)

2 2
or K- /#

When a spherical/circular body of radius r rolls
without slipping, its total kinetic energy is

2T‘:GO (b3 _a3)

K total — K translation T K rotation
1
=-—mv® + = Io*
2
1 1. 07 v
=fmv?‘+71~—2 Co=—
2 2 r r

Let vbe the linear velocity and R be the radius for both
solid sphere and solid cylinder.

.. Kinetic energy of the given solid sphere will be

1 5 1 v?
Ksph =§mv +§Isph?
2
:lmvz+l><ng2><U—2
2 2 5 R
= m? .G

10
Similarly, kinetic energy of the given solid cylinder
2

willbe K,y =%mv2+§lcyl%
2 2
=1mv2+7me ><U—2=§mv2 ...(11)
2 2" 2 "R 4

Now, from the conservation of mechanical energy,
mgh =K total
.. For solid sphere,

mghe,y, = lmvz ...(111) [using Eq. (1)]

10
Similarly, for solid cylinder,

ol = zmv2 ...(1v) [using Eq. (i1)]

mgh,

Taking the ratio of Egs. (iii) and (iv), we get
T mv*
mghyn 10

mghcyl §m02
4
= hsPh :l xé:&
hey 1073 15

From question,
let height attained by ring = &,

Height attained by cylinder = A,
Height attained by sphere = h4

As we know that for a body which is rolling up an
inclined plane (without slipping), follows the law of
conservation of energy.

. For ring, using energy conservation law at its height

hy,
(KE)linear + (KE)rotational = (PE)
1
= §m1v§ + 5110)2 =m,8h,
N 1 5 1 R0 = 5
2m100 + 2m1 o =m,ghy
¢+ I =mR? for ring)
U , U
= h=—"+— vy =0R
8hy 9 9 (G )
= h=vylg ()

Similarly, for solid cylinder, applying the law of

conservation of energy,

5, 1 2
—mouy + —1 =moygh
9 2Y0 22 98N9

= Lol lam X(RJZ ®% = mogh
oM T o1y 2 B 28N

[ 1= %mR2 for cylinder and R = g}

2

5, 1 2 %
= —mgy + = X— =mqygh
g Mot g X g maft RI2)? B
15, 15
= —uv5+-—vy=gh
SR 8hy
3
= ghQZZU(Q)
2
- hy=3 ("OJ .G
4\ g

Similarly, for solid sphere,
5, 1 2
—maUy + — Lo =mygh
oMt * 543 383
1, 12 (RT )
= “maUy+ = | —=my | — | |0 =mygh
5 M3b 2{5 3 3 83

[ 1= ngZ for solid sphere and R = ?}



1 P R2 U2

2 0
= SMaU5 + = X = XMy — =mygh
g M T o Xy M g (R T
9, 1 4
= —uv5+=vy = gh
PRI 8hy
T 5
= hy =—uv
8 =19
2
or h3=l&
10\ g

. Taking the ratio of &, hy and Ay by using
Egs. (i), (i1) and (ii1), we get
2 2 2
hythy: hg =&:§E:l&=
g 48 10g
hy:hy:hy =40:30:28=20:15:14

.. The most appropriate option is (c).

l

1:§:
4 10

=

36. X

E G

Moment of inertia of system
3
2
= .21 m;n;

i=

=m17‘12+ m27'22 + m37'32
2
a
=m><0+m><a2+m><(§)

=ma’= §ma2
4 20
== ma?®

20
- N =25
37. Given, F=(i+2j+3k)N
r=@i+3j-k-G+2j+k)
=(@4-1i+B-2)j+ (1-1k
=@i+j-2k)m
Torque,t=r x F

A

k
2/=B+4)i-0+2)j+ 6-1k
3

DO >

i
=3
1

= (7i - 11j + 5k) N-m

Magnitude of torque, | t|= \/(7)2 +(-11)2+ (6)?
=4/49+121+25

=+/195 N-m
So, the value of x=195.

38.

...(iid)

39.

40.

O e
ﬁ
S —
L]
Initially Finally

According to conservation of angular momentum,

Lo, =10,
2 2
- SOR2 + 200R o = 200R o,
2 2
360R> 200R?
= x5 = X gy
2 2
Wy =9 rpm

When bar is released, its potential energy appears in
form of rotational kinetic energy.

h=I/2 sin 30°

Now, from geometry of figure, height of centre of mass
above surface,

h=l~sin30o =£
2 4

If angular speed of bar as it hits the table is ®, then
Gravitational potential energy = Rotational kinetic

energy
= mghzllw2
2
I 1(ml)
= mg—==| —|-o
4 2\ 3
= (1)2:§§:§><E—15
2171 2 1
= (D=\/Esfl
Thus, n=15

The given situation is shown in the following figure

Applying law of conservation of angular momentum
about pivotal point,

= mul=Iw
N mulz(% MIZ + mLz) o )



Given,m =0.1kg, v=80ms™', M =09kg, /=1m
Substituting these values in Eq. (i), we get

2
0.1x 80x 1:(0'9;1 +0.1x 12jm
56+ 50)
= — + =
10 10
= 8=iw
10
= o =20rad/s

41. In this process, no external torque is applied, so the
angular momentum will remain conserved.

From law of conservation of angular momentum,

(L sys )i = (L sys )f

= Loy +0=( +1,) 0
R 2
2 2 M o
- MR* | MR . (2) o
g M 2 2 2
- MR* | MR* MR’
g 2 8 2
MR? 5 MR?
= = XOJZ
2 8
= —§u)
oy 12
4 )
= (1)2:3(»1 ...Q0)

Now, the loss in rotational kinetic energy,
(AKsys )loss = (Ksys )i - (Ksys )f

1 1
= b Lo? + 0} - {5 T + 12)033}

1 MR?
=| =X
2

><u)12+0}

1 ( MR* MR® (4 JZ
=X —+ x| =
27 2 8 5

_MR*! 1 5MR* 160}

4 2 8 25
_ MR*»} MR’}
4 5
_ MRo}
20
Now, the % loss in rotational kinetic energy,

%(AK,,.) =%x1000/
sys /loss K...), o
sys/i

[ MR*w?

20 J
= L %100%

MR’w}
4

42.

-4 100%
20

=20%
and given that % (AKSys Noss = D%

On comparing, we get p =20

Let the mass of plane lamina having a shape of
equilateral triangle be m and its side be a.

Then, the moment of inertia of this lamina ABC about
the axis passing through its centroid G and

perpendicular to its plane is
B ma*
7 12

Now, part ADE is removed.

The side of the new triangular lamina ADE is %.

It is also equilateral in shape.
al2 a

3 23

We know that for triangular lamina ABC, the centroid
is G.

If its centroid is G’, so AG’ =

So, AG="2L
NE)
Now, side G'G = AG - AG’
a a

V3 243
-2
243

Now, the moment of inertia of lamina ADE about the

axis passing through point G and perpendicular to its
plane (using parallel axes theorem),

2
a
"(3)
12

Let m; be the mass of lamina ADE.

I = +my, (G’ G)*

..(ii)



mass of lamina ABC .
= X area of lamina

" area of lamina ABC
mo_ NE) ( a)z _m
B ay !
4
So, putting all the values in Eq. (i1), we get

L s

4

2

ADE =

12 4 )\ 23
_ ma®  ma?®
192 48
5ma’
= ...
192 (@)

So, the moment of inertia of remaining part about the
axis passing through point G and perpendicular to its
plane is given by

Inet = IO - Il

ma®  5ma’

12 192
_llma2
192
11 ma? 11
:—)(7:—0
16 12 16
D E
Wz
a/2 a
4 >
I a |

It is given that, I = % I,

On comparing, we get
N =11



