Mathematical Induction Exercise 1:
Single Option Correct Type Questions

= This section contains 3 multiple choice questions. Each 2. IfP(n)=2+4+6+...+2n n€e N, then
question has four choices (a), (b), (c) and (d), out of which Pk)=k(k+1)+2
ONLY ONE is correct. = Pk +1)=(k +1)(k +2)+2,V k € N. So, we can
1. If a, = 4|7 + /7 + /7 +... having n radical signs. Then, conclude that P(n) = n(n + 1) + 2 for
& & (a)allne N (byn>1
by mathematical induction which one is true? ()n>2 (d) Nothing can be said
(@)a,>7,Vn=1
(b)a, >3,V n>1 3. The value of the natural number n such that the
©a, <4V n>1 inequality 2" > 2n + 1is valid, is
(d)a,<3,Vn=1 (a)forn>=3 (b)forn<3 (c)foralln (d)for mn

Mathematical Induction Exercise 2 :
Statement | and Il Type Questions

= Directions Question Number 4 to 6 Assertion-Reason 4. Statement-1 Ifq; =1,a, =5 thena, =3" -2",VneN
type questions. Each of these questions contains two andn>1
statements.
Statement-1 (Assertion) and Statement-2 a, ., =53, ., = 6a,,n 21
Statement-2 (Reason) 5. Statement-1 For all natural numbersn,2-7" +3-5" —5
Each of these questions also four alternative choices, only is divisible by 24.

one of which is the correct answer. You have to select the

Statement-2 If f{x) is divisible by x, then
correct choice as given below:

f(x+1)— f(x)is divisible by x + 1, V x € N.
(a) Statement-1 is true, Statement-2 is true; Statement-2 is
correct explanation for Statement-1

(b) Statement-1 is true, Statement-2 is true; Statement-2 is 0-5+0-55+0-555 + ... upto n terms= 3 n— 1 (1 _1 j
not correct explanation for Statement-1 9 9 10"

n-1 :a(l_rn)

6. Statement-1 For all natural numbers n,

(c) Statement-1 is true, Statement-2 is false

2
(d) Statement-1 is false, Statement-2 is true Statement-2 a+ar +ar® +...+ar

, for
0<r<1 (1-r)

Mathematical Induction Exercise 3:
Subjective Type Questions

= In this section, there are 10 subjective questions. 8. Prove by induction that if n is a positive integer not
7. Prove the following by using induction for all n € N. divisible by 3, then3”" +3" + 1is divisible by 13.
(i) 11" + 122" "1 is divisible by 133. 9. Prove by induction that the product of three consecutive
(ii) n’ - n s divisible by 42. positive integers is divisible by 6.
(ifi) 3% + 24n — 1is divisible by 32. 10. Prove by induction that the sum of three successive

natural numbers is divisible by 9.
(iv) n(n + 1)(n + 5) is divisible by 6.

11. Prove by induction that the even power of every odd
(v) (25)" *! = 24n + 5735 is divisible by (24)%.

integer when divided by 8 leaves the remainder 1.

(vi) x*" —y*" is divisible by x + y.



12. Prove the following by using induction for all n € N: 14, Ifa, =1,a,,, = 1 a,,n 21, then prove by induction
n 1 no» - >
() 1+2+3+.. +n="0FD )
2 thata, ., =—,n€eN.
» _n(n+1)(2n+1) (n+1)!

() 1*+22+3*+...+n p

(iii)) 1-:3+3-5+5-7+...+(2n—-1)(2n + 1)
_ n(4n® +6n — 1)

15. If a,b,c,d, e and f are six real numbers such that

atb+c=d+e+f

3 a®+b*+c* =d* +e? + f?
(iv) L+L+L 1 __n anda® +b° +¢° =d3+63+f3,provebymathematical
2.5 5.8 811 (Bn-1)(3n+2) 6n+4 induction that
(v) 1-4-7+2-5-843-6-9 + ... ustonterms &b 4" =d" +e" + " Y neN.
=—(n+1)(n+6)(n+7)
) ) ) 4 16. Using mathematical induction, prove that
1 2 +1
(Vl) —+ —+ ...+ n = n(n ) -1 1 -1 1 -1 1
1-3 35 (n-1)(2n+1) 2(2n+1) tan 3 +tan - +ottan T
n“+n+1
13. Leta, =2 a, =5and forn >2,a, =5a,_, — 6a, _,, then _1( n j
=tan | ——|
prove by induction that a, =2" +3",Vn>0,ne N. n+2

Mathematical Induction Exercise 4 :
Questions Asked in Previous 13 Year's Exam

= This section contains questions asked in IIT-JEE, AIEEE, JEE Main & JEE Advanced from year 2005 to year 2017.

1 1 1
17. Statement-1 For every natural number n 22—+ —+...+— > Jn,
n

NN

Statement-2 For every natural number n >2.\/n(n+1) <n+1
(a) Statement-1 is true, Statement-2 is true; Statement-2 is correct explanation for Statement-1
(b) Statement-1 is true, Statement-2 is true; Statement-2 is not a correct explanation for Statement-1

(c) Statement-1 is true, Statement-2 is false
(d) Statement-1 is false, Statement-2 is true [AIEEE 2008, 3M]

18. Statement-1 For each natural number n, (n+1)” —n’ —1is divisible by 7.
Statement-2 For each natural number n, n’ —n is divisible by 7.
(a) Statement-1 is false, Statement-2 is true
(b) Statement-1 is true, Statement-2 is true; Statement-2 is correct explanation for Statement-1

(c) Statement-1 is true, Statement-2 is true; Statement-2 is not a correct explanation for Statement-1
(d) Statement-1 is true, Statement-2 is false [AIEEE 2011, 4M]

Answers

Chapter Exercise
1. (c) 2.(d) 3.(a) 4. (a) 5.(c) 6. (b) 17.(b)  18.(b)



1. Let P(n):a, =

Solutions

7 +4/7 + /7 +... (nradical sign)

Step1 For n=1,

P():a, =7 <4
Step II Assume that a, < 4 for all natural number, n = k
StepIIl For n =k +1,

Pk +1):ay,, =7 ++J7 +47 + ...

[(k + 1) radical sign]
=T+a <7+4 [ a, <4]
<4 [by assumption]
This shows that, a; , ; <4, i.e. the result is true forn =k + 1.
Hence, by the principle of mathematical induction
a, <4, 0= 1

2. It is obvious.
3. Check through options, the condition 2" >2n + 1 s valid for

n=3.

4. LetP(n):a, =3" -2"

StepIFor n=1,

LHS=¢q, =1 [given]
and RHS =3' -2' =1
0 LHS = RHS
Hence, P(1) is true.
For n =2,

LHS=a, =5 [given]

and RHS =3* -2% =5
O LHS =RHS

Hence, P(2) is also true.
Thus, P(1) and P(2) are true.
Step II Let P(k) and P(k — 1) are true

O a =3 —2Fanda, _, =3"71 -2 !

StepIll For n=k+1,

Gepq =54 —6a;
:5(3k_2k) _6(3k_1 _2k—l)
=503 -50F -2 +3
=3|3k—2mk=3k+1 _2k+1

which is true forn =k + 1.

[from Statement-2]

Hence, both statements are true and Statement-2 is a correct
explanation of Statement-1.

. Let P(n): 200" +303" -5
Stepl For n=1,
PQ):20" +33B' -5
: 24 is divisible by 24.
Step II Assume P(k) is divisible by 24, then

P(k):207% + 38 =5 =24 A is positive integer.
StepIII Forn =k +1,
Pk +1)=-P(k) =2 @*" ! +3 55! -5)
-@o* +35% -5)
=20%7 -1) +3 56 -1)
=12(7% +5%)
=divisible by 24
=24p, 0p0 1
75 +5Fis always divisible by 24]
0 P(k + 1) = P(k) +24[1 = 24\ + 24|
=24\ + )
Hence, P(k + 1) is divisible by 24.
Hence, Statement-1 is true and Statement-2 is false.

= 3H - o =08

. StepI Forn =1,

LHS = 0.5 and RHS =[] -1g-1
o0 9 10

0 LHS = RHS
which is true forn = 1.

Step IT Assume it is true for n = k, then 0.5 + 0.55 + 0.555 + ...
+ upto k terms
5 1 1
SR-1- 108
90 9 10

StepIll Forn =k + 1,
LHS =05 + 055 + 0555 + ... +upto (k + 1) terms

1 1
:§H<_*§ — %+(k+l)thterms
o0 9 10F ]
:§ l@ @’]"' 0.555...5
o0 9

(k + 1) times

O a

_sg 11 1 g 0
9 % 9§ 10k§g+ 10671 H;"—f i njeﬂ
3

(1 +10 +10% + ... +10%)

5 1 10 500 -1
:*H“*§‘ﬁ D*%
97 9 10°00 10" ' - 1)

50 1 1 10k*1-10
=55 ol -l e

0 10 10 g
5 1.1 1 0O
7%’“1 “o Tomor 10F1g

5 1. (10-9)0
=Z[k+1)-—+

j )75 9[- '

5 1 1 o
=2k +1) -2 0 -— = Res

9% ) 9 10k*! E

which is true forn =k + 1.

Hence, both statements are true but Statement-2 is not a
correct explanation for Statement-1.



7. () LetP(n)=11""%+12°""!
StepI Forn =1,
PA)=111"2 + 1221 =11 +12°
=(11 +12)(11% =11 x12 +12%)
=23 x 133, which is divisible by 133.
Therefore, the result is true for n = 1.
Step IT Assume that the result is true for n = k, then
P(k) =11%* 2 +12%% *1 is divisible by 133.
a P(k) =133r, where r is an integer.
StepIll Forn =k +1,
0 P(k+ 1) :11(k+1)+2 +122 (k+1)+1:11k+3 +122k+3
=11®* 00O + 127k @2
=1101F "2 + 144 @25 !

Now, 115*2 +122k+911m1"*2 + 144 02% 71 11
1101572 +1102% !

13302 %!
0 1101%%2 4 144[q2% !

- 11(11k+ 2 4 122k+1) +133 |j|22k +1
ie. P(k + 1) =11 P(k) +133 [@2% 1
But we know that, P(k) is divisible by 133. Also, 133 [2%k*1is

divisible by  133.

Hence, P(k + 1) is divisible by 133. This shows that, the result
is true for n=k+1.

Hence, by the principle of mathematical induction, the result is
true for all n ON.

(i) Let P(n)=n" —n
StepI Forn =1,
P(1) =17 -1 =0, which is divisible by 42.
Therefore, the result is true for n = 1.
Step IT Assume that the result is true for n = k. Then,
P(k) = k" -k is divisible by 42.
a P(k) = 42r, where r is an integer.
StepIll Forn =k +1,
Pk +1)=(k +1)7 —(k +1)
=1+ =k +1)
=1+7Ck +7C,k* +7C,k* +7C k' +7C5k°
+7C kS +7C K —(k +1)
=(k" —k) +('C ik +'C,k* +7C,k* +7C, k*
+7C,k° + 7C4k°)
But by assumption k” — k is divisible by 42.
Also, "Cik + 'C,k* + 'C, K + 'C, Kk +7C k% +7C kS
is divisible by 42. [+ 7C,1<r <6is divisible by 7]

Hence, P(k + 1) is divisible by 42. This shows that, the
result is true forn =k + 1.

O By the principle of mathematical induction, the result is
true for alln OJN.

(iii) Let P(n) =3°" +24n -1

StepI Forn =1,
P1)=3%"" +24 x1 -1=3"+24 —1=9 +24 —1
=32, which is divisible by 32.
Therefore, the result is true forn = 1.
Step II Assume that the result is true for n = k. Then,
P(k) =3% + 24k —1is divisible by 32.
g P(k) =32r, where r is an integer.
StepIll Forn =k +1,
Pk +1)=32®"D 4+ 24k +1) -1

K+2 4 odk +24 -1

=3
=323 % + 24k +23
=93 % + 24k +23

Now, 3% + 24k —1)9x 3% + 24k + 2300

93 % + 216k -9
- - +
-192k + 32

O P(k+1)=93% +24k —1) -32(6k —1)

=9P(k) —32(6k —1)
O  P(k+1)=932r) =326k —1) [by assumption step]

=3209r —6k +1),
which is divisible by 32, as 9r —6k + 1is an integer.

Therefore, P(k + 1) is divisible by 32. Hence, by the
principle of mathematical induction P(n) is divisible by 32,
Ord N.

(iv) Let  P(n) =n(n +1)(n +5)

StepI Forn =1,
P(1)=1[1 +1)(1 +5)=102@
=12, which is divisible by 6.
Therefore, the result is true for n = 1.
Step II Assume that the result is true for n = k. Then,
P(k) = k(k + 1)(k +5) is divisible by 6.0
P(k) = 6r, ris an integer. E

Step Il Forn =k + 1,
Pk +1)=(k +1)(k +1 +1)(k +1 +5)
=(k +1)(k +2)(k +6)
Now, P(k +1) — P(k) =(k +1)(k +2)(k +6)
—k(k +1)(k +5)
=(k +1){k* + 8k +12 —k* -5k}
=(k +1)3k +12)
=3k +1)(k +4)
O P(k + 1) =P(k) +3(k +1)(k +4)
which is divisible by 6 as P(k) is divisible by 6
[ by assumption step]
and clearly 3(k + 1)(k + 4) is divisible by 6, [ K N.
Hence, the result is true forn =k + 1.

Therefore, by the principle of mathematical induction, the
result is true for all n LJN.



(v) Let P(n) =(25)" "' —24n +5735
StepI Forn =1,
P(1) :(25)2 —24 +5735 =625 —24 +5735 =6336
=11 x(24)%, which is divisible by (24).
Therefore, the result is true for n = 1.
Step IT Assume that the result is true for n = k. Then,
P(k) = (25)F "1 - 24k +5735 is divisible by (24)".
O  P(k) =(24)°r, where r is an integer.
StepIIl Forn =k +1,
P(k + 1) =(25)** D+ —24(k +1) +5735
=(25)%* 2 —24k +5711
=(25)(25)F " —24k +5711

Now, P(k + 1) — P(k)

= {(25)@5)F ! —24k +5711) —{(25)F "' —24k +5735)

=(24)(25)F "1 - 24

=24{@25)" " -1}
O P(k + 1) = P(k) +24{25) "' -1}
But by assumption P(k) is divisible by (24). Also,
24{(25)k *1 —1}is clearly divisible by (24)*, OKJ N. This
shows that, the result is true forn =k + 1.

Hence, by the principle of mathematical induction, result is
true for all n OJN.

(vi) Let P(n)=x*" —y*"
n=1,
P(1)=x* -y
=(x —y)(x + y) which is divisible by (x + y).

Step I For

Therefore, the result is true forn = 1.
Step IT Assume that the result is true for n = k. Then,
P(k) = x 2 =y ¥ is divisible by x + y.
g P(k) =(x + y)r, where r is an integer.
StepIll Forn =k +1,
= x 3% — 2 g
= x2x2k — 2y g g2 2k 22k
= x3(x% — y?) + (2 —y?)
= x’(x +y)r +y*(x =) +y)
[by assumption step]
=(x + )’ +y*(x -y}
which is divisible by (x + y) as x*r + ka(x —y)isan
integer.
This shows that the result is true for n = k + 1. Hence, by the

principle of mathematical induction, the result is true for all
n ON.

. Let P(n) =3%" +3" +1, Onis a positive integer not divisible by 3.
StepI Forn =1,
P(1)=3%+3+1=9 +3 +1
=13, which is divisible by 13.

10.

Therefore, P(1) is true.

Step II Assume P(n) is true for n = k, k is a positive integer not
divisible by 3, then

P(k) =3% +3 +1, is divisible by 13.
O P(k) = 13r, where r is an integer.
StepIIl For n=k +1,
Pk +1) =360 43551 49
=33% +303" +1

3% 43k 41 ) 323% 33k 1 (37

32BZk+SZBk+32

Now,

63" -8
O Pk+1)=326% +3° +1) -6 B* -3
=9P(k) —23%*1 +4)

=9(13r) —2(3% "1 +4) [by assumption step]

which is divisible by 13 as 3¥*! + 4is also divisible by

13,  KJ N and not divisible by 3. This shows that the result is
true for n = k + 1. Hence, by the principle of mathematical
induction, the result is true for all natural numbers not
divisible by 3.

. Let P(n) =n(n + 1)(n + 2), where n is a positive integer.

Stepl Forn =1,
P1) =111 +1)(1 +2) =1 @B
=6, which is divisible by 6.
Therefore, the result is true forn = 1.
Step II Let us assume that the result is true for n = k, where k is
a positive integer.
Then, P(k) =k(k + 1)(k +2) is divisible by 6.
O P(k) = 6r, where r is an integer.
maz [infact positive integer]
Step III For n = k + 1, where k is a positive integer.
Pk +1)=(k +1)(k +1 +1)(k +2 +1)
=(k +1)(k +2)(k +3)
Now, P(k + 1) = P(k) =(k +1)(k +2)(k +3) —k(k +1)(k +2)
=(k +1)(k +2)(k +3 —k)
=3k +1)(k +2)
O Pk + 1) =P(k) +3(k +1)(k +2)
But we know that, P(k) is divisible by 6. Also, 3(k + 1)(k +2)is
divisible by 6 for all positive integer. This shows that the result

is true for n = k + 1. Hence, by the principle of mathematical
induction, the result is true for all positive integer.

Let P(n) =n® +(n +1)* +(n +2)%, where n ON.
StepI Forn =1,
P1)=1>+2% +3% =1 +8 +27
=36, which is divisible by 9.
Step II Assume that P(n) is true for n = k, then
Pk) =k + (k +1)® +(k +2)°, where k ON.
O P(k) = 9r, where r is a positive integer.

StepIIl Forn =k +1,



Pk +1)=(k +1)° +(k +2)® +(k +3)°

Now, P(k + 1) = P(k) =(k +1)® +(k +2)*® +(k +3)°
—{k* +(k +1)° +(k +2)°}

=(k +3)° -k’
=k® +9k* +27k +27 -k°
=9(k?* +3k +3)

O P(k +1) = P(k) +9(k* +3k +3)
=9r +9(k* +3k +3)
=9(r + k* +3k +3)

which is divisible by 9 as (r + k* + 3k +3) is a positive integer.

Hence, by the principle mathematical induction, P(n) is
divisible by 9 for all n CJN.

11. Let P(n):(2r + 1)*", Ord Nandr O1.
StepI Forn =1,
PA):@r+1)*=4r® +4r +1

=4r(r+1)+1=8p +1,p OI

[ r(r + 1) is an even integer]

Therefore, P(1) is true.

Step I Assume P(n) is true for n =k, then

P(k) : (2r + 1)** is divisible by 8 leaves remainder 1.

0 P(k) =8m +1, n UI, where mis a positive integer.

StepIll Forn =k +1,

O Pk+1)=@r+1)2(k+1)
=@r +1)%*@r +1)°
=@m+1)@p +1)
=64mp+8(m+ p) +1
=8@mp+m + p)+1

which is true forn =k + 1 as8mp + m + pis an integer. Hence,

by the principle of mathematical induction, when P(n) is
divided by 8 leaves the remainder 1 for all n JN.

12. (i) LetP(n):1+2+3 +...+n=@ ..(i)
StepI Forn =1,
LHS of Eq. (i) =1
RHS of Eq. (i) = w+y =1
LHS =RHS

Therefore, P(1) is true.

Step II Let us assume that the result is true for n = k. Then,

¢ K+ D)
2

Step Il For n = k + 1, we have to prove that
_(k+1)(k +2)
2

Pk):1+2+3 +... +

Pk +1)=1+2 +3 +... +k +(k +1)

LHS =1+2+3 +... +k +(k +1)

kKD
2

[from Steps I and II]

[by assumption step]

=(k +1)% +1§=(k+1)§<;72g

_(k+1)(k +2)
- 2
=RHS
This shows that the result is true for n = k + 1. Therefore,
by the principle of mathematical induction, the result is
true for all n OON.
(n+1)@2n+1)

(ii) Let P(n):1% + 22 +3% + . +n® = .

..(i)
StepIFor n=1,

LHS of Eq. (i) =1° =1

11+1)@2x1+1)

RHS of Eq. (i) = .
1203
= =1
6
LHS = RHS

Therefore, P(1) is true.
Step II Let us assume that the result is true for n = k. Then,
P(k):lz +22 +32 + ... +k2 :w
6
Step III For n = k + 1, we have to prove that
Pk +1):1% +2% +3% + . +k* +(k +1)°
_(k+1)(k+2)(2k +3)
6
LHS =1% +22 +3% +... +k? +(k +1)
_k(k +1) 2k +1) +
6
[k 2k + 1) .
0O o6

(k +1)2 [by assumption step]

- O
=k +1) (k+1)%

Dk? +7k +6 O
O——0
o o O

=(k +1) E(k+2)(2k+3)%=(k+1)(k+2)(2k +3)
| 6 O 6

=(k+1)

=RHS
This shows that the result is true for n = k + 1. Therefore,

by the principle of mathematical induction, the result is
true for all n OON.
(iii) Let P(n): 13+ 3@ +50 +... +(2n —1)(2n +1)
_n(4n® +6n-1) .
B E— (1)
Stepl Forn =1,
LHS of Eq. (i) =103 =3
1(4%x1%+6 x1 “1)_4+6-1_,
3 3

RHS of Eq. (i) =

g LHS =RHS
Therefore, P(1) is true.
Step IT Assume that the result is true for n = k. Then,
P(k):13+3B+50 +... +(2k —1) (2k +1)
k (4k? + 6k —1)
3



Step Il For n = k + 1, we have to prove that
Pk +1):13+308+50 +... +2k —1)(2k +1)
+ 2k +1) 2k +3)
(k+1)[4k +1)* +6(k +1) —1]
3
(k + 1) (4k? + 14k +9)
3
LHS=13+3083+50 +... +(2k —1) 2k +1)
+ 2k +1) 2k +3)

2 —
_ k(ak ;6k 1) 4 ok +1) 2k +3)

[by assumption step]
3 4 ok? —
_ 4k +ok” —k +(4k? + 8k +3)
4k +18k* +23k +9
3
_(k + 1) (4k* + 14k +9)
3

This shows that the result is true for n = k + 1. Therefore, by
the principle of mathematical induction, the result is true for
alln ON.

=RHS

(iV)LetP(n):L+L+L+ ..+;
23 503 801 Bn—1)(3n +2)

n .
= (1
6n+4 ®

StepI Forn =1,
1 1
LHS of Eq. (i) = — = —
4 ® 23 10
1

6x1+4 10

LHS =RHS
Therefore, P(1) is true.

RHS of Eq. (i) =

Step II Let us assume that the result is true for n = k. Then,

1 1 1 1 k
Pk):—+—+ ——+..+ =
23 53 801 (Bk-1)3k +2) 6k+4
Step III For n = k + 1, we have to prove that
P(k+1);i+i+71 +...+ !

23 53 801 3k —1) 3k +2)
1
+ S
(3k +2) 3k +5)
_ (k+1)  _(k+1)
6(+1)+4 6k+10
1 1 1
— 4+ ot
Gk —1) Gk +2)

LHS:L R
23 5B 801
1
+ —
(3k +2)(3Bk +5)
__ ko 1
6k+4 (3k +2)(3k +5)
k (3k +5) +2 3k? + 5k +2
2(3k +2)(3k +5) 2(3k +2)(3k +5)

[by assumption step]

(k+1)(Bk+2) _ k+1
T 2@k +2)(Bk+5) 6k +10
=RHS
This shows that the result is true for n = k + 1. Therefore,

by the principle of mathematical induction, the result is
true for all n OJN.

(v) Let P(n): 147 +2[58 +3[609 +... +upto nterms

=L+ () +7)
ie,P(n):14F+2BB+3M@B0Q +...+n(n +3)(n +6)

=%(n +1)(n +6)(n +7) ()
Stepl Forn =1,

LHS of Eq. (i) =1[2[7=28

ZDBZZS

RHS of Eq. (i) :i(l 1)1 +6)(1 +7)=
LHS =RHS

Therefore, P(1) is true.

Step II Let us assume that the result is true for n = k. Then,

P(k):12T+2BB+360+... +k(k +3)(k +6)

:E(k+1)(k +6)(k +7)

Step Il For n = k + 1, we have to prove that
P(k+1):1[27 +2BEB+3@0 +... +k(k +3)(k +6)
+(k +1)(k +4)k +7)
(k+1)

(k +2)(k +7)(k +38)

LHS=11[7 +2BB +3[@0 +... +k(k +3)(k +6)
+(k +1)(k +4)k +7)

:g(k Sk +6)(k +7) +(k +1)(k +4)(k +7)

[by assumption step]

[k d
=(k +1)(k k k
(k +1)( +7)%( +6) *( +4)E

2 O
:(k+1)(k+7)D< + 6k + 4k +16D
O O

Ok? + 10k + 160
OO
0

|
:(k + 1)(k +7)W@

+
= %(k +2)(k +7)(k +8)=RHS

This shows that the result is true for n = k + 1. Hence, by

the principle of mathematical induction, the result is true

for alln OJN.

12 92 n?

vi) Let P(n): — +
(vi) (n) G

=(k+1)k +7)

S
303 (2n —1)@2n +1)
22n +1)



StepIForn =1,
Lo 171
LHS of Eq. (i) =—=—

+

RHS of Eq. (Q:M:i:l

22%x1+1) 23) 3

LHS =RHS
Therefore, P(1) is true.
Step II Let us assume that the result is true forn = k,
then
1?22 N K _ k(k+1)

305 @k -1k +1) 22k +1)

PH) =

Step IIl For n = k + 1, we have to prove that
1 2° K
Pk+1):—+—+ .+ —m——
13 303 2k —1)(2k + 1)
(k +1)*

(k+ 1)k +2) (2k + 1)(2k +3)

22k +3)
2 2 2
LHSZL"'L"' +k7
13 30 @2k —1)(2k +1)
k)
(2k + 1)(2k +3)
2
- k(k + 1) + (k+1) [by assumption step]
22k +1) 2k + 1)k +3)

_k+) Dk k+1 0 (k+1) bk? + 5k + 20

@k+1)2  @k+3)0 @k+1)[g 2k+3) g
- (k+1) ék+2)(2k+1) :(k + 1)k +2)

(k+1)  22k+3) 22k + 3)
=RHS

This shows that, the result is true for n = k + 1. Therefore,
by the principle of mathematical induction the result is
true for all n OJN.

13. Let P(n):a, =2" +3", 0nz 0,n0 N

and a,=2,a,=5and forn 22,4, =54,_, —6a, —2

StepIForn =0,
a, =2 +3°=1+10=2

which is true as a, = 2. [given]
Also, forn =1, a, =2 +3'=2+3=5
which is also true as a; =5. [given]
Hence, P(0)and P(1) are true.
Step IT Assume that P(k — 1) and P (k) are true. Then,

ap, =251 43kt (i)
where ap_, =5a;, _, —6a, _, and a, =25 +3% (i)
where ap =5a, _; —6a; _,

StepIll Forn =k +1,

Pk + 1):a,, =21 +35* Ok= 0,k ON.
where
Now,

Ap+1 =5ay —6ay

Ape1=5a =6ay_,

14.

=5@2F +3%) = (27! +3F 7
[by using Egs. (i) and (ii)]
=52 +503° —62* ' 63!
=215 —6) +35 7153 -6)
=2 @+3 T =2k 43k
O Qe =280 4350

where Apyq=5a, —6a;_,
This shows that the result is true for n = k + 1. Hence, by the
second principle of mathematical induction, the result is true

forn OON,n = 0.
1

Let P(n): = ,n (i
APy = 0)
1
wherea, =1landa =——a,n=>1 (i
1 n+1 n+ 1) n ( )
Step1For n =1, from Eq. (i), we get
_ 1 _1
a, = =—
a+1! 2!
But from Eq. (ii), we get a, = ! a 7(1)‘l
q. (1), we get a, 1+1) 175 9
which is true.
Also, for n =2 from Eq. (i), we get
-1.1
RETI
1 1 1
But from Eq. (ii), we get a, =—, a Zdef
q. (ii) g 373 BTG T
which is also true.
Hence, P(1) and P(2) are true.
Step II Assume that P(k — 1) and P(k) are true. Then,
1 ..
P(k—=1):a, :E ..(i)
where, a . :%ak_l, k=1 .(iv)
1
d P(k): =
an (k) :ap 4, (k+1)! )
where a4 =mak,k >1 (Vi)
StepIIl For n =k +1,
1
Pk +1): =— ..(vii
( ) G4 s (k+2)! (vii)
1
h =
where A4 (k+2)ak+1 (viii)
Now, LHS of Eq. (vii) = a .,
1
=——a using Eq. (viii
(k+2) k+1 [ g q( )]
=1 Ellia [using Eq. (vi)]
k+2) (k+1) " em
1 1
= O—~0aq_ using Eq. (iv
2 ke % [using Eq. (iv)]
1 1 1
= B—d& using Eq. (iii
k+2 k+1 k K [using Eq. (i)



15.

_ 1
(k +2)!
This shows that the result is true for n = k + 1. Hence, by the

second principle of mathematical induction, the result is true
foralln=>1,n ON.

= RHS of Eq. (vii)

Let P(n):a" +b" +c" =d" +¢" + ", UnO N .(i)
where atb+c=d+e+f ..(id)

a® + b2+t =d? +et + f? ...(iii)
and A+ +cd=d v’ + 1 (iv)

Step I For n =1 from Eq. (i), we get

PA):a+b+c=d +e+f [given]
Hence, the result is true for n = 1.
Also, for n =2 from Eq. (i), we get

P@):a? + b* + ¢t =d* +e* + f? [given]
Hence, the result is true for n = 2.
Also, for x =3, from Eq. (i), we get

PB):a® + b+ =d® +e® + 3 [given]

Hence, the result is true for n =3.
Therefore, P(1), P(2) and P(3) are true.
Step II Assume that P(k —2), P(k — 1) and P(k) are true, then
Pk =2):a* 2 +pF 72 4k 2 =gk 2 4 k2 +fk_2 (v)
Plk=1):a" "+ T4 T =d T T T ()
and  P(k):d" +bF + ¢k =dF +eF + £k ...(vii)
Step I1I For xn = k + 1, we shall to prove that
Pk +1):ak" ! 4+ pk*1 o ckrloghety
LHS =a**!
:(ak + bk +ck)(a +b +¢) —(ak_1 +pk 1 +ck_1)
(ab + be + ca) +abc (a¥ ™% +bF 72 +cF 72
=@+ + A re ) dTT ST AT
(de +ef + fd) +def(d ™" +¢7% + <77
[using Egs. (ii), (iii), (iv), (v), (vi), (vii)]
0 (a+b+c) =(d +e +f)*
O a®+b*+c* +2(ab +be +ca)
=d®+ e + % +2de +ef +fd)
O  ab+bc+ca=de+ef +fd
[ca®+b%+c =d? +e® + f7

ek+1 +fk+1
+bk+1 +ck+1

and a’®+b*+ ¢ -3abe
=(d+e+[)d* +e’ +f* ~de —ef ~fd)
=d® + e + f? -3def
O abe = def [ra®+ 0>+ =d® +e* + £

=dk+l +ek+l +fk+l=RHS

This shows that the result is true for n = k + 1. Hence, by
second principle of mathematical induction, the result is true
foralln ON.

.+ tan” D*D
h?® +n +10

16. Let P(n): tan™" %Q + tan”" %Q + .

On O

=tan~ Bsza (1)

Stepl Forn =1,
U

_ 4
LHS of Eq. (i) = tan 1%§: tan IB%H
+2

=RHS of Eq. (i)
Therefore, P(1) is true.

Step II Assume that P(k) is true. Then,
-1 -1 44 1 0
P(k) : tan %Q+ tan %Q+ ... ttan Ho——-0
k” + k +10

StepIII Forn =k +1,
-1 -1 4H 1 O
P(k +1): tan %§+tan %§+...+tan O——~0
k® + k +10

_1% 1
Ok +1)% +(k +1) +1

Lk +10 .
%H ..(ii)

+ tan

t
t
t

LHS of Eq. (ii)

-1 -1 401 0
= tan %§+ tan %§+ ... ttan Dzilj
(k*+ k+10

_, 0 1 O
+ tan " [4 5 O
Ok +1)° +(k +1) +10
t +t 1 E
—an
BQ B E(k+1 +(k +1) +10

[by assumption step]

=tan”’ 117+(k+15+
= ta ﬂth D+tan_l
+ k+IB

_ID(k+1)—1 _1D(k+2) (k +1)

Bi+(k+1 H Bi k+2)(k+1B

=tan '(k +1) —tan"'1 +tan '(k +2) —tan"(k +1)

%2 a
Lk® +3k +30

a 1 a
E+(k+1)(k +ZH

=tan '(k +2) —tan"'1

tan” Dﬁﬂ_l H B(—ID RHS of Eq. (ii)

=tan = of Eq. (ii
+(k+2 H 3B q

This shows that the result is true for n = k + 1. Hence, by the

principle of mathematical induction, the result is true for all
n ON.

11 1

17. Let Pn) = —= + — +... + ——
et Pln) = 1 2 Jn
0 PR)=—= + - =1707 >2

1 2



Let us assume that

1 1 1
Pky=—+—+... +— k is true forn =k + 1.
N N AN

1 1 1 1
LHS= =+ — + .. +— +—

NSR) N

1 :,/k(k+1)+1> k+1
+1 Jk +1) ik +1)
Oykk +1) +1 >k, Ok= 0]

>JE+\/k

O Pk+1)>,(k+1)
By mathematical induction Statement-1 is true, [ > 2.
Now, leta(n) = \/W
0 a(2) =22 +1) =6 <3
Let us assume that

a(k) = \/m <(k +1)is true
for n=k+1

LHS =./(k +1) (k +2) <(k +2)

Ok +1) <(k +2)]

By mathematical induction Statement-2 is true but Statement-2
isnota correct explanation for Statement-1.

18.

Let P(n)=n’ —n
By mathematical induction for n =1, P(1) = 0, which is divisible
by 7
for n=k Pk)=k" -k
Assume P(k) is divisible by 7
O K -k=7\AN0OI ()
Forn=k +1,
Pk +1) =(k +1) =(k +1)
=(TC k7 + 7C K + T,k + T,k +
AT C k10 (K +1)
=(k7 —k) +7(k® +3k° +... +k)
=7\ +7(k® +3k> +... +k)=Divisible by 7
[J Statement-2 is true.
Also, let F(n) =(n +1)” —n” -1
={n+1)" =(n +1)} =@’ -n)
= Divisible by 7 from Statement-2

Hence, both statements are true and Statement-2 is correct
explanation of Statement-1.



