Continuity and
Differentiability

L

Many real life events, such as the trajectory traced by a football, where you
see Ronaldo hit the soccer ball, the angle and distance covered animation on

‘ ‘ the screen is shown to the viewers using technology can be described with
the help of mathematical functions. The knowledge of Continuity and
Differentiation is popularly used in finding speed, direction and other
parameters from a given function.

Topic Notes

& Limits and Continuity of a Function
Differentiability

Derivatives

@ Second Order Derivative



LIMITS AND CONTINUITY

This Chapter is essentially a continuation of our study
of limits and derivatives done in closs XI. We have
already learnt how to find out the limit of a function
at a point and derivative of polynomial and all
trigonometric functions. In this chapter, we will extend
the concept of limits for finding the continuity of a
function at a point and in an interval. The concept of
limit is further used to check the differentiability of a

OF A FUNCTION

function at a point. Also, we are going to learn various
techniques which will help in finding the derivative of
various exponential functions, logarithmic functions
and many more tupes of functions.

For studying the concept of continuity and
differentiability, we need to have mastery over the
concept of limits that we have studied in class XI.

| TOPIC1]
CONCEPT OF LIMITS

Consider the function y = x%.

y
N
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We observe that in the given figure, as x takes values
very much nearer to 0, the value of f{x) also moves
nearer to 0. We say:

U0

(to be read as "limit of fix) as x tends to 0, is equal to
o".

The limit of fix) as x tends to 0 is to be thought of as
the value of Aix) should assume at x = 0.

Let a € R and let f be a real-valued function in real
variable x defined at the points in an open interval
contalning a except possibly at a. Then, we say that the
Llimit of the function f{x) is a real number [, as x tends
to g, if the value of f{x) approaches [ as x approaches a.
It Is denoted by lim fix) and is read as “limit of f{x) as x
tendsto a” Eme

Now we know that x can approach to g in two
different ways: either from left or from right, ie, all

values of x nearer a could be less than or greater than
a, which leads us to two limits, the right hand limit
and left hand limit. When x takes values close to o
but less than g, if the corresponding values of f move
closer and closer to a number [, we say that [ is the
left hand limit of fat x = a and write lim_f(x).

X -

Similarly, when x is very close to a number g but
remains greater than g, if the values of f are closer to
a number (, we say that lis the right hand limit of fat

x = a and write lim+f{x} =1L
X—=a

If the left and right hand limits coincide, we call the
coinciding value as the limit of f{x) at x = a and denote
ithy lim f(x).

X=a

cEJ/\]’ Important

= Wesay Llim f(x) isthe expected value of fat x = a given
X=a"

the values of near x to the left of a. This value is called the

left hand limit of fat a.

We say lim f(x) is the expected value of f at x = a given
x=sa*

the values of near x to the right of a. This value is called

the right hand limit of f at a. If the left and right hand limits

caincide, we call the common value as the limit of f{x) at

x=aanddencteit by lm f(x).
X =»a

| TOPIC 2|
ALGEBRA OF LIMITS

Let fand g be two functions such that and }tﬂa fx) =t

and lim f(x) = m. Then,

x =t

(1) Um[f(x)+g{x)]= lm F(x)+ im g{x)=l+m

(2 lim [f(x)-g(x)] = Uim f(x)~ lim g(x)={-m
(3) lim [F(x)x g(x)] = lim f(x) x lim g(x) =I{xm
A= a X =0 Xx=0

(@ lim [KF(x)] = k im F(x) = kI
X=a X=a



(5) lim = N

1
= -, provided{ # 0
x=ral f(x)] P

T lim f(x) L

X =0

lirm f(x)

3 'F{x)' xX=0 "
6) Llim = = —, providedm = 0
(©) x=ra| g(x) | xlig’iag(x] m P

@ lm ()" = [ lim f{x)}n =", foralln e N
X=+0 X=a

@ lm |fx)|= ‘}@af(x}| =|{|

Some Standard Results on Limits
(1 lim i

x=al X-04

] =na""!, forallne N

2 lim sﬂ]ﬂ

x=0] Xx
@ lim 1-c05x]=0
x =01 X

@ lim tcnx]=1
x=0] X

b

) lim ligii*_"’] =1

x=0

b

-
©® lim|& 1]:1
x=0. X

[ x
D lum|o—=2

x =0

]:lcga

Methods of Evaluation of Limits
(1) Direct substitution: For finding xli-rpa f(x), we put

X = a in the given function. If f{g) is a real number,
then }ima f(x) = f(a).

IWustration: lim cosx = cos0 =1;
x=0

llustration: lirn1 (C-dx+7)=(1P-4(1)+7=4
X -

A Caution

p X2 =28
= fut to find lim . we cannot but x = 5 as in that
k=5 X-=
2
case, ﬁ will be g, which is an indeterminate form.

To evaluate such limits we use any of the below methods.

(2) Factorisation: If we get an indeterminate value
when we put x = a in the given function and f{x) is

a rational function, then factorise the numerator
and the denominator. Cancel out the common
factors and then putx = a.

2
Iustration: (jm X_=25 _ jy, X +5)(x=5)
x=5 x—5 x=5 x-5
= lim(x+5) =5+5=10
x=5
Ilustration:

2
" -3x+2 . (x-2(x-1) (i =0
li X— = i M-S 7 Um (K }
ket =1 Xt X—1 x =1
=1-2=-1
(3) Rationalisation: If the given function has some

expression within square root sign (or other surd)
and on putting x = g, the value of the function

0 4
becomes 5 or non-real (ie, square root of a

negative number), then follow the following
procedure:

Step 1: Rationalise the given function, so that
the denominator is made free of radicals.

5
For example, in the expression ———, the
g v 5—Jx

denominator can be rationalised by multipluing
the numerator and the denominator by 5+ x

5+~";.
25-x

to give

Step 2: Simplify and put x = a and get the desired
value of the limit.

Illustration: lima —4—%
X=

% i Va+x—J4-x KJ4+x+J4—x

x=30 X Va+x+V4—x
® fiva (4 +x)-(4-x)
x=0 x[V4 + x + V4 - x]
= lim 2x
x=0 x[V4 + x + 4 - x|
_ 2
T [V4+0+4-0)
4" 2

&;]’ Important

=+ Sometimes, we need to make use of conjugate to simplify
a function.



| ToPIC 3 |
INTUITIVE IDEA OF CONTINUITY OF A FUNCTION

A real function is continuous at a point Iff the graph
of the function has no break or Jump at that point of
consideration, Le, we can draw the graph of a function
without lifting the pen. Continuity of a function is a
local property of the function because it is defined at
a paint, ie, function may be continuous at one point,
may not be continuous at same other point. Roughly
speaking, a function is continuous if its graph is a
single unbroken curve with no ‘holes’ or 'jumps.

(Tm} :T__><T_°—>
Lol

Fig. (1) Fig. (i) Fig. (iii)
From above intuitive ideg, it is clear that the function
shown in figure (i) is continuous. The function shown
in figure (i) has a hole/break at a point and hence Is
not continuous. The function shown in figure (jii) has
a jump/break at a point and hence is not continuous.

Continuity of a Function at a Point
Let D be an open intervalin Rand a € D.

A function f: D — R is said to be right continuous (or
continuous fromright) at x =g, if lm f(x) = f(a).
x—a*

A function f: D — R is said to be left continuous (or

continuous from left) at x=a,if lUm f(x) = f(a).
X=ra”

A function f: D — R is said to be continuous at x = a if
it is both left continuous and right continuousatx =a
ie, lim f(x)= Lim'f(x} = f(a).

x=va Xx=a

A function £: D — R Is sald to be discontinuous at
x=ga ifitis not continuous atx=a.

|ﬁ<}’ Important

w A function f may foil to be continuous at x = a for any of
the following reasons:
(1) fis not defined at x = g, i.e, f{a) does not exist.

{(2) Either lim f(x)} does nat exist or Um f(x)does not

X=a x=-4a*

exist.
(3 lim f(x)= lim* f(x)

X o=bd

(4 lUm f(x)= lirn+ f(x) = f{a)

X=sd X=a

Working Rule to Check Continuity of a
Function at a Given Point
In order to check whether a given function f: D = R

is continuous at a point x = g, we follow the following
steps:

Step 1: Write the value of fla), ie, ix) at x = a.
Step 2:Find lim f(x) by simplifying lim f(a - h).
7 h=0

X=Q

Step 3:Find lim f{(x) by simplifying lim f(a + h).
2 h=0

X=a

If Um f(x)= lim f{x)="f(a), Fis continuous ot
x =g x—=a*

X =@, otherwise not.

Example 1.1: Examine the continuity of the
function flx) = 2x* -1 at x = 3. [NCERT]
Ans. Clearly, the given function fix) = 2x2 - 1 is

defined at the given point x = 3 and its value is

2(3)2-1,ie.17.
Also, LHL= lm f(x) = lim f(3-h)
x =33 h=0
= lim [23-h)? -1
h”-TIO[ ( ) ]
=2(3)%-1
=17
RHL= lim f(x) = lim f(3+h)
x=3* h=0
= lim [2(3+h)? -1
hmnnlt + hy* - 1]
=2(3)2-1
=17
Since lim f(x)= lim f{x)=f(3),
x=3 x=-»3*

.. fix) is continuous at x =3,

x,ifx<1
5 ifx>1

[NCERT]

Example 1.2: Is the function f(x]:{

continuous atx =07 Atx= 17 Atx=2?
Ans. Continuity of f{x) at x = 0:

Clearly the given function flx) is defined at x =0
and its value is 0, /e, fl0) =0

LHL = lm f(x)

x=0

lim £(0 - h
h-Tﬁ ( )

lim [0
LAl

0
Um f(x) = lim f(O+h)
h=0

x=0*

RHL

lim [0+ h]
h=0

0



Since, Um f(x)= lim Ff(x) =f(0)
x = x =0

. fix) is continuous at x = 0.
Continuity of f{x) atx = 1:

Clearly the given function flx} is defined atx =1
and its value is 1, ie, A1) = 1.

LHL= lim f(x)

X =1

lim £(1-h
w0l

]

ma -
=1
im f(x)

x -1t

I}

"Ill_r'.n{I f(1+h)

lim [5
th[ ]

=5
Since lim f{x) = lim F(x),
x=1" x=1*
- fix) Is not continuous at x = 1.
Continuity of f{ix) at x = 2:

Clearly, the given function flx) is defined at x = 2
and its value is 5, le, A2) = 2,
LHL= lim f(x)

x=—2

= Fl2 —
w R

= lim [5
h-r:qn”

=5
RHL= lim f(x)

x=2*

= JTDF{E + h)

=0

= hlim [5]
=5
Since lim f(x)= lim f(x)=F(2),
x=2" x=2F

- fx) Is continuous at x = 2,

Continuity of a Function in its Domain

A function fix) is said to be continuous in its domain, if

it is continuous at every point of the domain.

Continuity of a Function in an Interval

(1) Afunction f{x) Is seaid to be continuous in an open
interval (g, b), if it is continuous at every x e (a, b).

(2) Afunction flx) is said to be continuous in a closed
interval [a, b), If

« itis continuous at every x € (g, b)

« it is continuous at x = a from the right hand
side, and

« itis continuous at ¥ = b from the left hand side.
Noteworthy Results on Continuous
Functions

(1) A constant function flx} = k, is continuous
everywhere.

(2) Identity function fix) = x, s
everywhere.

continuous

(3) A polynomial function fix) = ag + @1X + @3X° + e
+ a,.,x", n € N, x € R, is continuous everywhere.

(4) The modulus function fix) = |x| is continuous
everywhere.

(5) The logarithmic function is continuous in its
domain.

(B) The exponential function fIx) = &, @ > 0 s
cantinuous everywhere.

(7) The sine function fix) = sin x and cosine function
Rx) = cos x are everywhere cantinuous.

(8) The tangent function, cotangent function, secant
function and cosecant function are cantinuous in
their respective domains.

(9) All the six inverse triganometric functions are
continuous in their respective domains.

9(x)

L AT 0 is
hx) (x) =
continuous at every point of its domain.

(11) The sum, difference, product and quotient of two
continuous functions is a continuous function.

(10) A rational function flx) =

(12) The composition of continuous functions Is a
continuous function.

Example 1.3: Find all points so discontinuity of f,
where fis defined by

x3-3ifx<2

fx) = {x’ +1,ifx»2 [NCERT]

Ans. Clearly, the given function is defined at every
real number. The domain of the function is
partitioned in three digjoint subsets of the real
line.
let Dy=fxeRix<2} Dp=12} D3={xeR:
x> 2}

Case 1: At any point in Dy, we have fix) = x* - 3
(a polynomial).

In view of Result 3 stated above (A polynomial
function is continuous everywhere in its
domain), flx) is continuous in Dy.

Case 2: At any point in D3, we have flx) = x* + 1
(a polynomial).

Again, in view of Result 3 stated above, f{x) is
continuous n Ds.



Case 3: We shall now check the continuity of
fix)atx=2

Clearly, the given function fix) is defined at x = 2
and its value is 5.

LHL= lim f(x)
=2
i 1e-5

=(2-h)?-3=5
RHL= lim f(x)
x=2"

hll-r’no f(2+h)

(2+h)?+1=5
lim f(x) = lim f(x)=£(2)

=2 X =2

Since

flx) continuous at x = 2,

Thus, the function flx} is continuous everywhere,
l.e, there is no point of discontinuity.

Example 1.4: Determine if f defined by

X

xzslnl. ifx=20
flx) =
0, fx=0

is a continuous function?

[NCERT]

Ans. We note that domain of fis R. Let ¢ be any real
number . Then, two cases arise:

Case 1:Ifc =0, then
lim f(x) = im [x2 sfnl] =¢? siﬂl = f(c)
x ¢

X=hC X=

= f{x) is continuous for c € R, wherec= 0.
Case 2:Ifc=0,then Re) = 0) =0
Here, im f(x) = lim f(0+h)

h=0

x=0*

lim [{o + h)2sin L]
h=0 O0+h

- 7 1=
,E':."a{“‘ ’5‘";] =0

[

sin—

)
h

and lim f(x) = lim f(0-h)
x=-+0" h=0

1
lim | (0 = h)?si —]
hl-TO[( Jlsm{il—h

i foren L ] =
hl'_rr'o[{h) sm_h]_o

{ 1 51}
h

sin—
Hence, lim f{x)= lim f(x)= f(0)
x =0 x—0*

So, f{x) is continuous for all x € R.
Example 1.5: Find the value of k so that the
function f defined by

) = kx +1, ifxsn
X cosx,if x >m

is a continuous function at x = r.

Ans, Since fis continuous at x =,
lim f(x) = lm f(x)="f(n)
x=nt

X=n

[NCERT]

Now, lim f(x) = Um f(x)

x=n" x=sn"

= lim [k(x-h)+1]= li h
h.Tg.[ (mn—h)+1] h'.TaCDS(n+ )

= kn+1=-1
= ||c=—3
T

(OBJ ECTIVE Type Questions)

[ 1 mark]

Multiple Choice Questions

1. @The function fix) = [x], where [x] denotes
the greatest integer function, Is continuous

at:
() 4 (b) 1.5
© 1 (d) -2

2. The value of k (k < 0) for which the function
f defined as:

1-coskx

X =0
x sinx

f(x)=

e

is continuous at x = 0, is:



(a) £1 (b) -1
1 1
© 23 @ 3
[CBSE Term-1 SQP 2021]
Ans. (b) -1
{ 3
g ) 3
x=0\ xsinx ) 2
¢ \
st 1
= lim 2 = =
x-0| xsinx 2
)
hx )
I ) i [ R
x=0 | 2 kx sinx 2
2 )
= K=1andk=+1butk>0andk=-1

[CBSE Marking Scheme Term-1 SQP 2021]
Explanation: -: f{x)is continuous at x =0,
LHL atx =0 =f(0)

1-cosk(0-h)
h=0(0 = h)sin(0=h)

im
h=0 hsinh

[*1-cos20 =2sin? 0]

] sinkhlzfx[g]’
= lim khf?2 2

1
h=s0 = R
(e
k’h?
2x1x—
= 4 !
h? 2
. sinh _
[ ,’::"o“r-l]
= 21
2 2
= k=1
= k=21
But k<O (given]
k=-1

3. @The function flx) = cot x is discontinuous
on the set

(0) fx=nn:neZ}
(b) x=2nn:nel}

(© lx=(2n+1)-;-:nsZ]

(d lx =1_:-;n52 [NCERT Exemplar]

-1+a, x<4
4.let f(x)={a+b, x=4.Then fix) Is

1+b, x>4

continuous at x = 4, when:

(0) a=0,b=0 (b) a=1,b=1

() a=-1,b=1 (da=1b=-1

Ans.(d) a=1,b=-1
Explanation: Here, f{x) is given by

-1+a x<4
f)={a+b, x=4
1+b, x>4

Since f{x) is continuous at x = 4,
lim f(x) = lim f(x)=f(4)
x=4" x=4"

= lm[-1+a = im[l+bl=a+b
h=+0 h=0

= -14a=1+b=a+b
= a=1b=-1

5. @Let flx) = |x| + |x - 1]. Then, fix) is:
(a) continuousatx=0,aswellasx=1
(b) continuousatx=0,but notatx=1
(c) continuous atx=1,butnotatx=0
(d) none of these

1
6. @1f fx) = 5‘";, where x # 0, then the

value of the function f at x = 0, so that the
function is continuous at x = 0, is:

()0 (b)-1
(01 (d) none of these
[NCERT Exemplar]

7.The value of a for which the function
S5x-4, ifO0<x<1
f(x)=4
4x° +3ax, fl<xc<2

is continuous at every point of its domain, is:
13

a) — 1

(0) 3 (b)

() -1 (d) 0
Ans, (¢) -1



Explanation: Since the given function is
continuous everywhere, so fix) Is continuous at
x=1.

= lim f(x) = lim f{x)}=1(1)
x=1" x=1*
) —d) = i 2
= lm [5(1~F)-4] = lim [4(1 +h)
+3a(l+h)=1
{Here, f11) = 1}
= 1=4+30=1
= a=-1

8. If f(x)=-1L-. then the point of
- X

discontinuity of the function f{f{f(x))} is:

(a) {1} (b) {0, 1}
(€) -1, 1} (d) none of these
Ans. (b) [0, 1}

Explanation: Here, flx} is not defined at
x =1, 80, x=1Is a point of discontinuity of the

function fA{Ax)).

Further, fiflx)) = =
Y
1

not defined atx = 0.
So, x = 0 is a point of discontinuity of the

function AAAX)).

Thus, x = 0 and x = 1 are the two points of
discontinuity of the function fIFIA))).

9. @The function flx) = |11 = x + |x|| is continuous

(@) onlyatx=0
(b) onlyatx=1
(c) atx=0aswellasatx=1
(d) everywhere

1"m|:+:l.,if‘J¢'5E

10.If Ax) = is continuous at
sinx+n,if x :»E
2
X= E, then:
2
(@m=1,n=0 (b)m=%+1
(c}n:% (d)m=n=§
[NCERT Exemplar]
mn
fehpe o
Explanation:
LHL= lim (mx + 1) = lim [m(i—h]n]
e ma LA2
i
= m+1

2

RHL = Um (sinx+n) = i [sin[£+hJ+n}
n* =i} 2

N

= limcosh+n=1+n
h=s

& n
-+ fix) is continuous at x = 7

LHL= RHL
= LG S
- n= 22
T2
J1+kx—J1—kx. 4 0
11. @ f(x) = % x .
=g 3 Osx<1
x-1
Is continuous at x = 0, then the value of kis
(@) 1 (b) 2
(c) -2 (d) -1

12. The point(s), at which the function f given by

Ans.

x
—, x<0
fix)={|x| Is continuous, is/are:

-1,x20
(@) xeR (b) x=0
(c) x e R={0} () x=-1and 1
[CBSE Term-1 SQP 2021]
{a)xeR
X
) = :-—1 x<Q
-1 x20
= fl) =-1¥xeR

= f{x) Is continuous ¥ x € Rasitisa
constant function.

[CBSE Marking Scheme Term-1 SQP 2021)
Explanation: We have,

X
f(x) - m.x<0

-1,x20
iimcﬂ
= Q-
-1,x20
o J-lx<0
-1,x20
= fixx=-1xeR

= f{x) Is a constant function.
= f{x) Is a continuous function atx e R.



k(x?+3x), fx<0

13. @ glx) = 5x+2, x>0

then

which one of the following is correct 7

(a) g{x) is continuous at x = 0, for any value

of k.
(b) g{x) is discontinuous at x = 0, for any TR e L A i LY TR
value of k.
L I f,()_1+x.if'xaofs " i
(c) g{x) is discontinuous at x = 1, for any Xx) = 1-x, ¥x <0 continuous a
value of k.

x = 0, then the value of f{0) is

(@) O (b) 1

14. Param observed that the shape of the (c) 2 (d) -1
mountain valley he had visited along with Ans. (b) 1

(d) None of these

his friends while trekking was exactly like Explanation: Since fix) is continuous at x = 0,
the English alphabet ‘V. He took a picture .

’ & lim f(x) = (m f(x) = £(0)
of the valley and on returning, suggested x=0 x— 0*
to his friends that the two lines a and b can s B4 < (0 — b i [ 0 i 21
be represented by functions as they are = h.r:‘o[ ~(O-h) < p,.To[ =04} =A0)

straight lines meeting at the Y-axis. - 1=1=f0)

= AO) =1

(VERY SHORT ANSWER Type Questions (VSA))

[ 1 mark]
15. Examine the continuity of the function Here, f-2) = LHL = RHL, so flx) is continuous
f)=x?+6atx==-2 at x = -2,
2
Ans, We have, f) =x"+86 16. @Show that function flx) = [x], where x is a
We have to check the continuity at x = -2, greatest integer function, Is continuous at
Now, fl-2)=(-2)?+6 x=2.7.
=4+6=10 3x+5, ifx <3
17. If fix) = { X+ 3 WX 23 ihen find point of
LHL= lm f(x)= lm (<2 +86) 3x -5, ifx>3
rpmd” Krdmd” discontinuity.
= lim [(-2-h)?+6 -
hll-nu[{ y 8] Ans. Given: fix) = {giii ::::33
= (N2
=CAr+8 Given function is a polynomial function so it is
=4+6=10 continuous every where except at x = 3,
and RHL= lim f(x) Now, we have to check the continuity only at
x=-2 xX= 3.
P 2 3)=3(3)+5
" ADLNCRE =9+5=14
RHL = lim f(x)
= lim [(=2+h)? + 6] =3
h=0

= lim (3x-5)
=(-2)2+6=10 x=+3*



= lim [33 - h) - 5]

=[3(3-0)-5]
=9-5=4
Here f3) = RHL

Hence, fix) is discontinuous at x = 3.

18. @Examine  the
f(x) = —>

X+

continuity of the

X eER
4

19. Find the value of L so that the function

f defined by
Flx) = Ax, ifx<=m
cosx, ifx>n
is continuous at x = . [CBSE 2020]
Ans. We have, f(x) = A, Fxsx
cosx, ifx>n
Since, fix) is continuous atx = m,
fl)= lim f(x)= Um f(x) -0
X x=n*
New fln)=An (1))
RHL= lim f(x)
X=T
= lim f(x+h)
h=+0
= lim cos{n+h)
h=0
= — lim cosh = —cas0
h=0
=-1 (i)
Thus, from eqs. (i), (i) and (i), we get
An=-1
= A=- 4
n

20. @Determine the value of k for which the
following function is continuous at x = 4.
x?-16
h(x)=1 x-4
k, x=4

y X2 4

21. Determine the value of the constant k so
that the function

Jox

fxy=141x|

3, ifx=0

ifx <0

is continuous at x = 0, [CBSE 2017]

Ans. Given: f(x)={| x|’ ifx<0

3 ifx=0

Since flx) is continuous atx =0
fl0) = lm f(x)= Llim f(x) ()
x=0" x—0*
Now RO) =3 ~(i)
LHL = lim f(x)

x=0"

x—lG"lXI
lim k(0 - h)
h=0"|0=h]|

[}

[}

n

—kh ;
S =i =0

=-k (i)
Thus from eqs. (1), (i) and (jif), we get
3=-k = k=-3

22. @Find the value k, if

f(x) = {

|x-2]| ,x=3
k JJX=3

is continuous at x = 3,

23. Let R be the set of all real numbers. Find the
value of L in which the function f:R = R

defined by
2
x*-2x-3
e T , Wherex = -1
A ;whenx =-1

Is continuous at x = = 1.

2
x-=2x=3

Ans. Wehave, f(x) =4 x+1 . wherex = -1

A Jwhenx =-1

Since, fx) is continuous at x =-1.
fi-1) = limlf‘(x)

X—b—

2
s | l: ljm ﬂ,
x=-1 x+1

lim (x -3)x+1)
x=-1 (x+1)

lim (x—3)

X=-1

=-1-3

Hence, h=—4

24. @Discuss the continuity of the function
f(x) = sin |x].



25. @Determine the value of k' for which the
following function is continuous at x = 3.

(x+3)2-36

f(x) = x-3
k yXx =13

X =3
[CBSE 2017]

Cos X

1l-

n
R
26. @if g(x) = 2 is continuous at

A X =

n| A

X = -g-, then find the value of A

(SHORT ANSWER Type-| Questions (SA-1))

[ 2 marks ]

27. Discuss the continuity of the function f{x)

ven by f Bx X< atx=a
given by f(x) = Rl 7 Bt N
d-x, x<4
Ans. We have ﬂx)=[4+x' x> 4
LHL = lim f(x)
x=d"
= lim (4 - x)
x=4"
= lil"l"l 4—(4_h)
x=4"

0
RHL= lim f(x)
x=4*

lim (4 + x)
x=4*

lim 4+ (h+4)
h=0

1}

=84+0=8
Here LHL = RHL Hence, fix) is not continucus
atx=4.

2B, Find whether the following function f{x) is
continuous or discontinuous at x = 0.

flx) = _1-::3:52.: Jif x =20
5 JWfx=0
[NCERT Exemplar]
Ans. Atx=0,
LHL = lim 17€082X ’“::5‘2“’
= lim 1-cos2(0-H)
h=0 (O_h)i
_ lim 1-cos2h
] h!

But fl0) =5
Since, LHL =f0)
Hence, f{x) is discontinuous at x = 0.

A Caution

w A function is discontinuous if lim fx), lim fx) exist
=g g™
and are equal but not equal to fa).

29, @Text the continuity of the function at x = 3,
Ix-3]

when g(x)={ x-3 '**3
1 X =3
30. Show that
() 6x-5 ,when0O<xs<1
x) =
¥ 7x® - 6x whenl<x <2

is continuous at x = 1.
6x -5
7x3 - 6x

,whenO<x =<1
Ans. We have, 9(x) =

whenl<x <2
Now g(1)=6(1)-5

=1 ()
LHL= lim (6x-5)

x=21"

= lim [6(1-h)-5
hjpol( ) - 5]

=6(1-0)-5=1 i)
RHL= lim (7x? -6x)

x=1*



= lm [7(1+h)® - 6(1 + h)]
h=+0

[7(1 + 0 - 6(1 + 0))
7-6=1

(i)

., tanh
= lim ——+ lim cosh
h=0 h h=0

=l4+cos(0)=1+1

Thus, from eqs. (), (i) and (i), we get =2 (i)
g(1) = LHL = RHL Thus, from eqs. (1), (i) and (iii), we get
Hence, g(x) is continuous atx = 1. f0) = LHL = RHL

31. Show that the function f{x) given by Hence proved.

tanx 32. Find whether the given following function is
T TeesX X 0 continuous or discontinuous at x = a.

f(x) =
2 x=0
' o) = |x-a|sinﬁ Jfx=a
Is continuous at xt= 0. 0 Fx=0
anx
+cosx ,x#0
Ans. We have, f(x) ={ x G [NCERT Exemplar]
2 X =0 . 1
Ans.  LHL = m x_g|sin ——
Now, fl0)=2 0 aa x-a
LHL= lim f(x) =i =
Bali = H_rg |a-h-alsin —
= lim (mnx+casx] = lim.h.sini
x=40" X h=0 -h
1
" = lim [—hsln—)
= lim [M+cos(0—h)] P30 h
h=0[ (0-h) =0 x [a number oscillating
between -1 and 1)
= lim [—mnh+cosh] =0
h=0 -h
1
=t BB L wi cosh RHL.= ,u_,r;l ke-al smm

h=0 h h=0

l+cos(0)=14+1

= lim|a+h-ag|sin
h=+0

a+h-a
=2 () o
RHL= lim f(x) = I.IHrrJhSInF=0
00

g Also, Aa)=lmfx) =0
= [im (tanx + cos X ] 'li-m :

aii: lim fo) = lim f(x) = lim fix) = 0
- [tan(O +h) —— h)] Hence, f{x) is continuous atx = a.

h=ol O+h 33, @show that the function defined by

f{x) = sin x? is a continuous function.

( SHORT ANSWER Type-Il Questions (SA-1) )

[ 3 marks ]
34. Find whether the following function flx) is Ans. Atx =2,
continuous or discontinuous at x = 2. 3_ay_n
2xﬂ-3x_2 LH.L: "m 2”"—1—
fix) = 7,“’.“2 AnT x=2
5 KFx=2 = lim 22-hy -3(2-h)-2
=20 (2-h)-2
[NCERT Exemplar] 8+2h? -8h-6+3h-2

= lim =



m 2h*-5h

b0 _h
= lim h(2h-5)
h—=0 -h
= lim (-2h + 5)
=5

b 2x%1-3x-2
RHL= lm 2X Z2X7<
. x_z

lim 22+h7=3(2+h)-2
b0 T (24 k)2

o 842K +8h-6-3h-2

he) h

2h* +5h
h

lim

b=+

im (2h + 5) =5

Also, A2)=
LHL=RHL =f2)
So, fx) Is continuous at x = 2.

35. Find the values of p and g, for which

[ .3
1-sin"x AW i n
3cos’x 2
fi(x) = [ yifx = g
q(l — sinx) Fxs n
(n - 2x)2 2
is continuous at x = ; [CBSE 2016]
-
1-sin"x Fx< n
Jcos? x 2
Ans. We have, f(x) = 1 p i x =.g.
g(1l - sinx) i x o
(r - 2x) 2

Since, flx) is continuous at %.

im0 = lm Fx) = r[g]
"“*? x-oﬂT

Now, f=p
LHL= lm f(x)

X——
2

()
(0

= tim f[E-h]
h=0 | 2
1-sin’| =-h
hi=0 Scasz[ﬁ—h]
2
= 1-cosPh
h=0 3sinh

(1-cosh)(1+ cos?h+cosh)
3(1 - cosh){1 + cosh)

h=+0

1+1+1

= 1+cos?0+cos0 L
T 3(1+1)

3(1+ cos0)

% i}
lim f(f +h ]
h= 0 2

. q[1-sin[g+hﬂ
= o]

o
3
o
=

a3

+
-+
—
¢
e
"

= | g(l - cosh)
h=0  4h%
h
2sin’ 2
= 9% im 2
4 h=o B2
—x4
4
-9,2_49
AR B -
Thus fram eqs. (i), (i), (i) and (iv), we get
1 q_
2°8°°
: 1 g1
C d —=—, ==
onsi c-r2 23 p
1
= q=4andp=2

36. If the following function flx) is continuous
at x = 0, then find the value of k. fix) =
1-coskx

Jf x=0
xsinx
% I xw0

[NCERT Exemplar]



Ans. We have,
; i 1—coskx
lim - hm -
P RO= xsinx
T 1-cosk(0-h)
=0 (D-h)sin(0-h)
s 1-cos(-kh)
b0  —hsin(-h)

[l
i~

1-coskh
0 hsinh

]
=
3

[-cos (-8) = cos 8, sin (-8) = —sin 8]

. a2kh
2sint=—
N 2

o | kh 2
2
. 1
smhxh
khY k
sin—
=9 lim 2 |, 1
e k-0 | kh ‘,‘ﬂ sinh
2 h
o2
= £ 2 x ;T
2
=2x1x—xk—
kZ
=%

And, Imfx) = z
x—0 2

Since the function is continuous at x=0,
lim fix) = lim fix)
o x—0

K1
= —
2 2
=% k=+1

Hence, the value of kis +1.

37. @Find the value of the constant k so that
the function f, defined below, is continuous
at x = 0, where

1-—cosdx .
== ifx =0
f(x) = Bx [CBSE 2014]
k " ifx=0

38. Find whether the following function f{x) is

continuous or discontinuous at x = 0. f{x) =
1

x

+ »if x=0
1+e”
0 Jf x=0

[NCERT Exemplar]

Ans. LHL = lim _© -

= EE; e”htl—e_”h)

] i 3
im &1~ @

RHL = lim

Also, I:m Ax)=0
As lim f{x) = lim Rx) = lim f{x)
0 x—0* x—+0

Hence, fix) is discontinuous at x = 0.

A Caution

w Calculate all the three limits Iim fix) [im fix) and

X E—aa

bfa f{x) for checking the discontinuity of the function.
X

39. @Discuss the continuity of the function f{x)
= oS X.



40. For what value of a is the function f defined
asinf(x +1) ,x<0

by £() = tanx — sinx
s AR
x
continuous at x = 07 [CBSE 2011]

asinZ(x+1) ,x<0
Ans. We have, f(x) = S it

X
[
x:'l

>0

Since, fix) is continuous atx = 0,
fl0)= lim f(x)= lim f(x) ()]
x =0 x = 0*

Now, RO)= asin g{o +1)

= asing =a (i)

RHL= lim f(x)

x=0*

. tanx — sinx
= lim —_—

x=0* X

= lim tan{0 + h) — sin(0 + k)
h=0 (0 + hY?

= .. tanh-sinh
bim —
h—0 ]
sinh
lim cosh
h=0 e

sinh[ 3 1]
. cosh
= lim ———=

h=0 o)

—sinh

= .. 8inh . 1-cosh
lim % Li
h=0 h  h=0(cosh)h?

. 2 h
. sinh 2sin" 5
= lim——xlim—
w0 h ,th cosh

. h
1 sin—
= L1808 il —2 Lt
2m0 h xwa| h | Mocosh
2
= l><1:<lx1
2
=1
2

i)

Thus, from Egs. (i), (i) and (jii), we get

LS TR

a=

41, @if the function fx) given by

3ax+b ,ifx>1
f(x)= 11 .if'x=1
Sax -2b ,ifx <1

is continuous at x = 1, find the values of @

and b. [CBSE 2012]
5* —1)°
42, Function  f(x) = { ) 3 is
sinilog 192
5 3
continuous at x = 0, find the value of f{0).
X _ 133
Ans. We have, f(x) = G -1 2
sinitog o
5 3

Since, Rx) is continuous at x = 0, therefore
f0) = lim f(x)
x=0

(5* -1y

lim
x =0

2
sin%log[1+%)

=
lim X

0 2
- sinZ log[1+x—]
2 2

Bses L
5 3 *

0 2
= sin = log 10
1lc:-t_:,| 5 xl lim :
5 X 3 x=0 X
5

_ (log, 5

i T |
s,
5 3

L

= 15(log, 5)°

43. If the function g(x) defined by

log{1 + ax) - log(1 - bx) fx=0
g(x) = X
k fx=0

is continuous at x = 0, then find the value of
k.



Ans. We have

= log(1+ax)-log(1-bx)

= li
log(1 +ax)~log(l-bx) o *=40 X
f- =, ¥
) : Pt = lim 0g01+a) | log(1-bx)
' x=0 X x=0 X
Since, fix) is continuous at x = 0 lo
T gll+ax) . .. (1-bx)
flo) = lim £(x) -0 i o (-bx)
Now flo) = k -G = a(l) + b(1)
and lim f(x) =a+b (i)
x=0 Thus from Eqs. (), ) and (i), we get
k=a+b
( LONG ANSWER Type Questions (LAD
[ 4 & 5 marks ]
44, @Find the relation between a and b in the 1

following continuous functions =TT <0

_Jax+3b ,3<x<8 = k ,x=0
®) g(:‘0_[25.1r+2 y,x>8 1

x>0
1+2x

B f = ax+2 ,x <4
B fix) {bx+5,x>4

45. @Find the value of k if the following

functions are continuous at a given point

x> +x2 -16x +20

1 -2
(A) 9(x) = (x —2)?
k X =2
at point x = 2.
1-cos6Bx %0
(B) f(x) = x? '
k X =0
atx=0
46. Prove that the function
—_— yifx =0
f(x) =1 x|+2x?
k ,[fx =0

Is not continuous at x = 0 for any value of k.

— X __ | ifx=0
Ans. We have f(x)={|x|+2x?
k Jifx=0
X x<0
-X+2x
= k .X=0
x>0
L x+2x2

The condition for fix) to be continuous at
x=0is

fI0)= lim f{x) = lim f(x) ()]
x =0 x—0*

Now RO) =k
LHL

lim f(x)

x =0
" 1
m

x=0" —1+2x

lim ;
h=0-1+2(0-h)

1 —
-1+0 . -

lim fi
x —imﬂ" ()

L[}

RHL

lim 1
x=0* 2x+1

lim ;
h=0 2(0+h)+1
1
7%0+1
Thus, from Eqs. (1), (ii) and (jii), we get
Um f(x)= lim f(x)

x=0" x=0*

w (i)

Hence, flx) is not continuous at x = 0 for any
value of k.

Hence proved.



DIFFERENTIABILITY _

| ToPIC1 |
DIFFERENTIABILITY OF A FUNCTION

Suppose fis a real valued function and a Is a point in
its domain. Then, the derivative of fat a defined by

tim fla+h)—f(a) 0
h=0 h
exists finitelu.

As the existence of limit means the equality of RH.L

and LH.L, fis differentiable at a point a in its domain

if both lim —F{a —h)—f{a) and Llim ____f(a +h) - f(a)
h—0 ~ h=0 h

are finite and equal

A Caution

“ |f y = fix), then the derivative of f{x) Is denoted by
) ory.
dx

Illustration: What is the derivative of
(1) ix)=xatx=1?
lim fla+h)-fla) s (1+h)-(1)

x=20 h x=0 h
= |im ﬂ =1
x=0

(2) i) =x2-2atx=10?
fla + h) - f(a)

lim
= [fthe limit in (i) does not exist finitely, then we say fis not x=0 h
differentiable at a.
__ fla=h)-f(a) o _ — [(10 + h)? — 2] - (107 - 2)

) aflflc it S I catled left hand derivative (LHD); el A

= 2
- (im a+h)=f(a) i calied right hand derivative (RHD). - (y 98+20h+H-98

e 4 h=0 h
= The derivative of fix) at ais dencted by f'(a) or % {f(x), - hlimo (204 h) =20
-
| ToPIC 2]

GEOMETRICAL INTERPRETATION OF DERIVATIVE

Let y = f {x) be a function and @ be a point in its
domain. Let P (g, f (a)) be a point on the curve and
Qo+ hfla+h), R(a-h,fla-h)betwo points in
right and left neighbourhood of P.

Slope of secant line PQ is §L eiarni~iid)

PT a+h-a
_ fla+h)-fla)
- h
Y
r 3
\‘ynﬂx)
ZQ(G+hﬁIG+h))
Pia + fla)) T
e S
R{a - h, flal- h))
i + a-h aa+h

Y

Now, if @ — P, then h = 0. Consequently, chord QP
becomes tangent at P.

In such limiting situation, the slope of chord QP will
become the slope of the tangent at P to the curve y
= f(x).

f{a+h)-f(a)

= Slope of the tangent at P = lim
P 9 h=0 h

= f'(a®)
Similarly,

Slope of secant line RP is Ps = fla)-fla—h)
RS a-a+h
- f(a)-fla-h)
h
In limiting situation, when R moves closer and closer

to P, ie, h = 0, the secant line RP becomes tangent at
P to the curve y = Ax).



= Slope of the tangent at P = Um fla)-fla-h)

k-0 h
=f{a)

If fis differentiable at x = g, f'(a”) and f'{a*) must be
equal

= the tangent lines obtained as limiting cases of
secant lines RP and QP, will coincide.

= If fis differentiable at x = g, a unigue tangent line
can be drawn to the curve y = f{x) ot x = g and the
slope of tangent at P (for x = a) is given by f{a).

m Important

- Any function fis differentiable at a point if and only if
there exists a unigue tangent at that point. This also means
that this point must not be a corner point or at this point,
curve must be smooth.

Example 2.1: Prove that the function f given by
fix)=|x=-1,xeR

is not differentiable at x = 1. [NCERT])
Ans. Here,
) = - 1|
L Jx-1,ifx21
T N-x ifx<l
LHD atx =1,
lim f(l-h)-f(1) = lim l=-(1=h)]=(1=1)
h—0 -h h=0 =h
= lim L= -1
h=20 —h
RHD atx =1,
lim {1+ hk)-Ff(1) - 1+ h)-1]-[1-1]
h=0 h h=0 h
= tim =1
h—0h

Since LHD # RHD, fis not differentiable at x = 1.
Example 2.2: Prove that the function fgiven by
fX)=[x],0<x<3
is not differentiableatx=1and x= 2.
Ans. Here, fix) = (4]

[NCERT]

LHD atx =1,

lim f(l1-h)-f(1) o i 0-1

h=+0 -h h=0 —-h
= lim 1. = (notdefined)
T h=0h

RHD atx =1,

lim w= lim E= lim 2=0

h=0 h=0 h h=0h

Since LHD = RHD, fis not differentiable at x = 1.

Further,
LHD atx = 2,
lim f(2-h)-f(2) = [ 1-2
h=0 -h h=0 =-h
= lim = = (notdef
i S (not defined)
RHD atx = 2,
lim f(2+h)-f(2) T 2-2
h=0 h h=0 h
0
= li —=0
h-:noh

Since LHD & RHD,
x=2,

f is not differentiable at

Example 2.3: Prove that the function fgiven by
fix) = sin x
is differentiable at x = g :
Ans. Here, f{(x) = sin x
LHDatx= I,
2

A h
) g TJ 1
im 2{:05[“ ] lim .
2 )k

-0

5
=h

~
&
o
=]
=3
x
1}
S

n
5




h
" sin[—]
lim 2cos ’”h) TR /%

h=+0

g
= lim 2cos JisiL (i}x}-
h=0 \ 2 2
T
= cos—, ie, 0
Q 2 1.

Since LHD = RHD, fis differentiable at x = g ;

Noteworthy Results on Differentiable

Functions

(1) A constant function is differentiable at each real
number.

(2) A polynomial function flx) = ag + aix + azx? + ....
+ a.x", n € N, x e Ris differentiable at each real
number.

(3) The logarithmic function is differentiable at each
real number.

(4) The exponential function flx) = ¢, a > 0 s
differentiable at each real number.

(5) All trigonometric and Inverse trigonometric
functions are differentiable in their respective
domains.

| TOPIC3 |
RELATION BETWEEN CONTINUITY AND DIFFERENTIABILITY

Theorem: If a function fis differentiable at x = g,

then it is continuous at x = a.

Proof: Let f be differentiable at x = a. Then,

lim f(x) = f(ﬂ)

X=a X=a

exists and finite.

Lot im ZX=F@) _ g
X=0a X-=a

In order to show that f is continuous at x = g,
we need to show that

lim f(x) = f(a)

X=a

Consider
lim f{x) = lim

X=s0 X =0

f(x)-f(a)
x—-a
X lim (x —a)+ lim f(a)
f(a) x 0 + fla)
=fla)

Hence, fis continuous at x = a.

ﬁ:} Important

= Converse of this theorem is not always true i.e. if a function
is continuous at a point then it may not be differentiable at
that point. For example, f{x) = [x| is continuous at x = 0, but
not differentioble at x = 0.

( OBIECTIVE Type Questions )

[1mark]

Multiple Choice Questions

m does not exist then

1. If lim
h=»0
(a) fis not differentiable at a point a
(b) fis differentiable at a point a
(c) Fmust be continuous at a point a
(d) Nane of these
Ans. (a) fis not differentiable at point a

Explanation: It is given that limit does not exist,
then fis not differentiable at the given point.

2. @If a function fis differentiable at C, then
itis:

(a) continuous at C
(b} discontinuous at C

(¢) not defined atC
(d) can not say anything

3. The set of points, in which f{x) = sec x is not
differentiable, is:

(a) {x:x=@,m§2}
cypig ik

(b) {x.x- z.nEZ}

(©) {x:x=(2n+1)m,ne Z}

(d) None of these



Ans. {a) {x:x =M

,nEZ}
Explanation: As we know that sec x is not
defined for x = —E.E -1{0
orx=ye (3.3 )- 0
Hence, Rx) is not
(Zn+1)n

differentiable at

X= Jne .

1

fix)= -1

4. @Function is not

differentiable at point:
(@) x=2 b)x=1
(c) x=-1 (d)x=0

5. The derivative of flx) = |x|* at x = O is:
1 1
(a) 3 (b) - =
(e) -1 (d)0
Ans. (d) 0

Explanation: |, f(a+h)-f(a)
x=+0 h

=
i 10+h-10F
x=0 h

lim h?=0
x=0

6. The function given below at x = 4 is

2x+3,x <4
f(x) = i
) {x2-5,x>4

(a) Continuous but not differentiable
(b) Differentiable but not continuous
(c) Continuous as well as differentiable
(d) Neither continuous nor differentiable
[Delhi Gow. 2022]
Ans. (@) Continuous but not differentiable
Explanation: To check continuity at x = 4:

We have fld) =2(4)+ 3=11
LHL = |jm (2¢+3)

= 4"

= lim [2(4-h) + 3]
h=+0

=11-2(0)=11
RHL= lim (x2-5)
x=2d4"

lim [(4 +Hh)2-5]
h=0

im (11 +h+h?)
h=+0

=11+ 8(0) + (0)?
=11

s LHL =RHL = f14)
. fix) is continuas at x = 4.
To check differentiability at x = 4:

We have, LHD = Iim w
h=0 -h
% 1 [2(4-k)+3]-[2(4)+3]
h=0 -h
-2h
= | —_—2
L
RHD = tim f(4+h)-f(4)
h=0 h
= (im l4+hY-5]-[2(4)+3]
h=+0 h
“ I Bh+h?
= um
h=0 h
= |im B+h)=8
h=0
LHD =RHD

. flx) is not differentiable ot x = 4.
7. @The function flx) = x| is:

(a) continuous and differentiable
everywhere

(b) continuous and differentiable no where

(c) continuous everywhere but

differentiable everywhere except at x =0
(d) continuous everywhere but differentiable
no where
8. The function f{x) = |x| + |[x + 5] + [x = 6] Is not
differentiable at:
(a) x=0,5,6
{c) x=0,-5,6
Ans. (c) x=0,-56
Explanation: We know that modulus function
flx) = |x| Is not differentiable at x = 0.

(b) x=0,-5,-6
(d) x=0,5-6

9. @The set points where the function f given
by fix) = |2x = 1] sin x is differentiable, |s:

1
(@) R (b) R~ {5]
(c) (0, =) (d) None of these
[NCERT Exemplar]

10. For what values a and b, the function

Jfx<1

fixy=1 * 3
( {me Fx>1 is differentiable at

all real points?
(a0)a=1,b==-1
(©a=2,b=-1

(bya==1,b=1
(dya=-2,b=1



Ans.{c) a=2b=-1 —_—

Explanation: Since differentiablity implies 13.1f f(x)= ; i dfbrentiobile ot
continuity, we have the function ’ Kk x>%
T4

2 .
X Jifx=l
f(-“}={ is continuous at all real

ax+b |ifx>1 x=%, then value of k is:

points.
i - = S 1
= ;-!'Ennf(i h) hh—To fll+h)=F(1) (a) _7; (b) 0
= lm (1-h)* = lim [a(1+h)+b) =1
h=0 h—;O{ ) (9] % d 1
= l=a+b=1
= a+b=1 () Ans. (@) €
x2  ¥x <1 ‘4}5
Further, f(x) = ] is
ax+b ,ifx>1 Explanation: We have,
differentiable at x =f1. So, ; COBN. % %
lHD = lim fA=M-f) Flx) =
h=0 ~h kK x> =
4
— 2 —
_ lim Q=R -1 .
h=s0 -h Now, LHD= lim f(x)
= i 2-h)=2 L
hl-';na ( ) 4
L = im f{ Z-h
RHD = [im F+h)-f(L) hoso (4 ]
h=0 h
= lim o Sl el = hli-TU cos[%—h]
h=0 h
= lim {a+bt+ah-1 = lim [cosEcosh+sin£sinh)
h=0 h h=+0 4 4
= |lim — In vi f () ab = it:c:sf:l+ i.tsinCl
g {In view of (i) abova} 7 N7
=a - 3 x1+ —]-'-xﬂ = —1-
Thus,a=2,b=-1. V2 V2 V2
11. @The function fix) = eM is: RHD= lim_f(x)
(a) continuous everywhere but not differen- hﬂnT
tiable at x = 0.
(b) continuous and differentiable every = lim f(E + h]
where. h—+0
(¢) not continuous atx = 0. = Um k=k
(d) none of these [NCERT Exemplar] h=0
12, @Let fix) = |sin x|. Then: Since, f{x) is differentiable, therefore
(a) fis everywhere differentiable. LHD = RHD
(b) f is everywhere continuous but not - 1 =k
differentiable at x = nm, n € Z. V2

(e) f is everywhere continuous but not

. . 14. @ The set of points in which flx) = 32 + 8 is
differentiable at x = (2n + 1)%, nel differentiable, is:

(d) none of these (a) (=0, ) (b) [0, )
[NCERT Exemplar] (c) (-0, 0] (d) None of these



15. The exponential functien &5 a > 0 is
differentiable at x belongs to

(@) (~e0,0) (b} [0, =)
(€) (~e0, ) (d) (~co, o) - {0}

Ans. (¢) (o0, )

Explanation: Let f{x) = a"
As, we know that fix) is defined for every real
values. So, fix) is differentiable ¥ x € R.

(VERY SHORT ANSWER Type Questions (VSA))

[1 mark]

16. @Find the non-differentiable point of
fix) = |x - 2|.

17. Find the differentiable value of a constant

function.
Ans. Let fi)=c
LHD = [im f(0-h)-Ff(0)
h=+0 h
h=0
and RHD = lim w
h=0 h
= c—¢ =0
h=0 h

A IHD =RHD=0,¥ceR
Hence, differentiable value of constant function
is always zero.

18. @Find the right hand derivative of f{x) = |x|
atx=3.

19. The greatest integer function defined by
flx) = [x], 0 < x < 2 is not differentiable at
which point? [CBSE 2020]

Ans. Since, the greatest integer function is not
differentiable at integer value,

Hence, fix) is not differentiable at x = 1.

20. @Find the right hand derivative of flx) =
x¥+7atx=2,

21, @Find the non differentiable point of

1
o=ty

22. @prove that the greatest Integer function
defined by flx) = [x], 0 < x < 3 is not
differentioble at x = 1. [CBSE 2020])

23. Let fix) = x|x|, for all x € R. Check Its
differentiablity at x = 0. [CBSE 2020)

x? x20

Ans. We have, fix) = x|x| = Z
-x* ,x<0

To check the differentiability at x = 0
LHD = lim f(0 —h)-f(0)
h=0 -h

2
= |im —_(O_h} =0
h=+0 -h
hZ
= lim —
:.E‘o h
= |im h=0
h=0
RHD = lim f(O+h)-f(0)
h=0 h
2
& iy OH =0
h=0 h
2
= lim h—: lim h

=0
Here LHD = RHD, hence fx) is differentiable at
x=0.

24. @Find the left hand derivative of flx) = tan x

n
at X=—:
4

25. Sunaina took four cups and placed them as
shown below. She then sketched the outlines
of the cups and was quite amazed to note
the striking resemblance it had to the graph
of the trigonometric function tan x.




Find the set of points In which flx) = tan x,

5 Since, tan x is not defined at x =Z in the
X€ [-733. E“-] is non-differentiable. 2

interval [E,Eﬁ]
Ans, We have fix) = tan x. 36

We know that it is differentiable in its domain. Hinca i) Is Fioh-diffarentiable at polt X = % i
(SHORT ANSWER Type-I Questions (SA-I) )
[ 2 marks ]
26. Find the differentiable value of f{x) = x? at 27. @Find the differentiable value of f{x) = log x
1 atx=3.
X =E.
) 3 28. @Show that function fx) = e is not
Ans. Given:  flx) = x differentiable at x = 0.
Now, LHD = Lf'[l] 29. Discuss the differentiability of a function
2 fx)=logxatx=e.
f(% =f )_ f(% ) Ans. We have, fix) = log x
= ‘.}i:'."o —h Now, differentiability at x = e,
l_hz_iz LHD:!&TOW
= (im 12 - 2
A - - im logle-h)-loge
{1_}1_111_”1_‘_1] h=0 -h
= lim L2 212 2
h=+0 -h h
logel 1- = !~ 1
= l|-m M:l = hl[_r:.lu _h
h=0 —h
J 1 h
RHD = Rf| = S o
[2] _ loge+log(1 e] 1
© h=0 -h
G )-G) )
= lim 2 2
h=0 h 1+lug[1——]—1
2 = li
(3on(3) m
= [im \2 2
h=0 h
log| 1- =
(3er-t)3ered) i
i X2 IAD 2 e(__ ]
h=0 h .
_ . hi+h)
- ,u,['_rPD h [ lim log(1+x}:1]
= lim (1+h) X
1
=1 = ;
Here, LHD =RHD =1
Hence, differentiable value of fix) at x = % is 1. and RHD= |im “e_”':_ﬂ
h—0



log(e + h) - loge

= lim
h=0 h
h
MQE+MQ[1+—]-MQE
= lim £
h=+0 h
[ h ]
” bgl+; 1
= lim B -
h=0 e[_] e
e
LHD = RHD,

Hence, it is differentiable at x = e

30. @Examine the differentiability of f, where

Fisdefined by fy = {2*% Fxs2 0,
S=x ,ifx>2
[NCERT Exemplar]

31. Discuss the differentiability of a function
gix) =(x+ 2)2 atx=1.

Ans. Given, glx) = (x + ?.:l2
Now, differentiability at x = 1,
LHD = (im Z3=f-gll)
h=0 ~h
_ 2 _ 2
i (1-h+2)*-(1+2)
h=0 -h

2 a2
=“mw
h=0 -h

i (3-h-3)3-h+3)
h=0 -h

= lim (6-h)=6-0=6
h=»0

RHD = [jm 2L+R-g(1)
h=0 h

i A+h+22 -(1+2)7

h=0 h
1 _ a2
= lim(3+h} 3
h=0 h
= i (B3+h-3)3+h+3)
h=0 h
e i h(6 + h)
h=0

g- Lol

6+0=6

Here LHD = RHD, hence g(x) Is differentiable at
x=1,

32. @Find the set of points in which f{x) = |sin x|
is not differentiable.

( SHORT ANSWER Type-Il Questions (SA-1I) )

[3mark5]

33. Show that the function g{x) = |[x= 7|, x € Ris
continuous but not differentiable at x = 7.

Ans. We have, glx) = [x - 7|

We know, modulus functions are continuous
everywhere.

So, glx) = |x = 7|, x € Ris continuous.
Atx =7,

LHD= (im SZ=h-9()

h=0 -h
- lEﬂ_.|7-‘1h-?’|—l:l
h=0 -h
; -h| . h
= lim /! = lim ==~
nﬂk -h hEB—h
=-1

and RHD = lim Y +h-9(7)
h=0 h
& I |7+h=-7]-0
h=0 h
- lhl_ i B
EEE h _ﬁzbh
=1
Here, LHD = RHD, hence, g(x) is not differentiable

atx=7.
Hence, g (x) = |x = 7| x € Ris continuous but nat
differentiable at x = 7.

34. @show that the function fix) = |[x + 1f,
+ |x - 1|, for all x € R, is not differentiable at
the points x = -1 and x = 1. [CBSE 2015]

35, Discuss the differentiability of function

flx) = |sin x| at x = 0 in the interval [—E,; ]



Ans. We have, fix) = |sin x|

. T
sinx O=x -:-i-

i i3
—sinx -Equo

At point x = 0,

LHD = lim ﬂg_‘fl}:fﬂ
h=0 -h

—sin(0-h)-sin0
h=0 -h

L]
5

sinh-0
h=0 —h

]
?

—sinh
h=0 h

]
5

1]
I
-

RHD = lim f(0+h)—£(0)
h=+0 h

sin(0+h)-sin0
h=0 h

]
?

sinh-0
h=0 h

inh
im 222 o
h-—Tﬂ h 1
Here LHD = RHD, hence, flx) is not differentiable
atx=0.
36. @Examine the differentiability of f, where f
x[x], If 0<sx<2

(x-1)x, If 2<x<3%"

L]
5

is defined by flx) = {

x=72,
37. For what value of X, the function defined by
2
Fix) = Ax®+12) ,ifx<0
4x+6 , x>0

x = 07 Hence, check the differentiability of
fix)atx=0. [CBSE 2015]

Ax2+2) ifx<0
4x+6 ,ifx>0

is continuous at

Ans. We have, F(x}:{

Since, fix) is continuous at x = 0. Therefore,

RO) = lina_ fix)= lma* f(x) -0
Now f0)=A(0% +2)
=2A (i)
RHL= (im f(x)
x=0"
= lim (4x+6)
x=0"

=4(0) + 6
=6 i)
Thus from Egs. (i), (i) and (ji}), we get
2i=6
= k=3
Hence, given continuous function becomes
ﬂx}={3(x? +2) ,if x50
4x+6 if x>0

Now, we have to check the differentiability at
x=10.

LHD = lim T(@-h-f(0)
h=0 -h
2
- 3[(0-h)y" +2]-3(0+2)
h=0 -h
i 3h?+2)-6
= |im —
h=0 —-h
—
" h=0 —=h

lim -3h=-3(0
her 0 0

=0
and RHD= lim [Q+h)-f(0)

h=0 h

Ol [4(0+h)+6]-3(0+2)
h=0 h

= |lim M= lim 4
h=0 h h=0

=4

Here, LHD = RHD
Hence, flx) is not differentiable at x = 0.

38. Examine the differentiability of f where f

x? sin1 JF x=0
is defined by flx) = X at
0 Jf x=0
x=0, [NCERT Exemplar]

Ans, For continuity at x = 0,
lim x?sin2 =0 = [an oscillating number
x=0 x

between -1 and 1]
=0
Also, fl0)=0
So, fix) is continuous at x = 0,
Now, for differentiability at x = 0,

LF () = m F)=fO)

x=0" X -0



_ o 'FO-h)~0
= i 0-h
1

(0-h)?sin—
lim ——0=h
b0 O-h

h’sin(—%}
lim ——x

b0 -h

. 1
I'm hsEnF
= 0 x [an oscillating number

between -1 and 1]
=0

RF (0) = lim TX)=F(0)
=" x-0

L F(0+R)-0
=~ =k

P ¢
. {O+h) 5|n{0+h)
h=s0 (0+h)

, 1
m hSEﬂF

= 0 x [an oscillating number
between -1 and 1]
=0
Since, Lf' (0) = Rf" (0)
So, fix) is differentiable at x = 0.

39. @Find the values of a and b, if the function
f defined by

2
f(x) = x“+3x+a ,xs1
bx+2 ,x>1

is differentiable at x = 1. [CBSE 2016]

40. A function f: R — R satisfies the equation
fix+u)=Ff)Fly)forallx, y e R, F{x)=0.
Suppose that the function is differentiable at
x=0and f'(0) = 2. Prove that f’ (x) = 2f (x).

[NCERT Exemplar]

Ans. Let f: R — R satisfies the equation fix + y) = f (x)
AY) Y x.y € R A = 0.
Given that f (x) is differentiable at x = 0 and
£ (0) = 2.
f(x+h)-f{x)
h

_ i FOOFR)=h(x)
el h
[ flx + y) = flx) fiy)]
. f(h-1
-y tm £

Now, putting x = y = 0 in f (x + y) = fx) f (),
we get
fl0 + 0) = f{0) AQ)
flo)=1

Now, f* (x) = lim
=

[As flx) # 0]

0= fi) g LT
= fix) f* (0)
F0)=2fX) [ F(0) = 2(Given)]

Hence, proved.

( LONG ANSWER Type Questions (LA) )

[ 4 & 5 marks ]

41. Find the values of p and g, so that

x*+3x+p,ifx<1

e Jl gx+2,ifx>1

Is differentiable at x = 1. [NCERT Exemplar]

x243x+p,if x<1

is differentiable
gx+2,if x>1

Ans. Given, f{x) = {

otxe=1l

So, it must be continuous at x = 1.
fi17) = A1*) = (1)

=1+3+p=g+2=1+3+p

= p-q=-2 ()

2x+3 ifx<1

F () { g ifx>1

We must have
LFF(1)=Rf(1)

= 2(1)+3=g
= g=>5

p=3 [from ()]
Hence, the values of p and g are 3 and 5,
respectively.



42. Examine the continuity at x = 1 and
differentiability at x = 2 of the function

Sx-4 ,0<x<1
g(x)=4{4x?-3x ,1<x <2
3Ix+4 , x=22

Sx-4 |, O0<x<l
Given, g{x) = 4x?-3x , 1ex<2
ANgC 3Ix+4 , x22
Now, we examine the continuity at x = 1,
g(1) = 4(1)*-3(1) = 1
LHL = lim g(x)
x=-1"
= lim (5x-4)
x=1"
= lim [S(1-h)-4
Jlim_ [5(1-h)-4]
=5(1-0)-4=1
and RHL= lim g(x)
x=1*
= lim (4x%-3x)
x=1*

. 2
Jim_ [4(1+ h)? - 3(1+ )

=4(1+02-3(1+0)
=4-3=1
Here, g(1) =LHL=RHL
Hence g(x) is continuous at x = 1,
Now, we examine the differentiability at x = 2,
LD E_’:}ﬂz - ﬁ}:h— f(2)

= lm [4(2- h}’ -3(2-h))-[3(2) + 4]
h=0 -h

_ i 144+ —4h) -6 +3h]-10

h=0 -h

. 16-16h+4h’-6+3h-10
= Llim

h=0 -h

. 4h* -13h
= llm _—

h=+0 -h

lim - (4h-13
hF-r:.ID ( }

=-(4x0-13) =13

and RHD = (im f2+h) -f(2)
h=0 h

= lim 32+ h)+ 4] =[3x2+ 4]
h=0 h

. 10+3h-10
im —
h=0 h

m 3=3
h=0

Here, LHD = RHD
Hence, fis not differentiable at x = 2.

43. Show that the function defined as follows is
continuous at x = 1, 2 but not differentiable
atx=2.

3x-2 ,0<x=s1
f(x)=|2x?-x,1<x<2
Sx-4, x>2

[CBSE 2010]

3x-2 , 0<xs1
We have, f(x) ={2x*-x , 1<x<2
Sx-4 , x>2

Ans.
First of all we will show that fix) is continuous
atx=1 2.
At pointx=1
fl)=3(1)-2

=1 w{1)
LHL= lim f(1-h)
h=0

im (3(1-h)-2
hlj_natt ) =3

lim (3-3h-2
hl-r#nﬂ{ )

lim 1-3h
h=0

=1-30)=1 ()

RHL= lim f(1+h)
h=0

lim (201 +h)? = (1+h)
h=0

lim [2(1+h? +2h)-1-H]
h=0

lim (2h? +3h+1)
h-0

=20002+30)+1=1 (iii)
Thus from Eqs. (i) and (iii), we get
fl1) = LHL = RHL
Hence, f{x) Is continuous at point x = 1.
At paintx = 2
f2) = 2(2)? -2
=8-2=6 V)
LHL= lm f{(2-h)
h=0

2
= lim (202~ - (2~ h)

= Um 2[4+h? —4h|-2+h
h=+0



lim 2h® —=7h+6 . 2ht—-7h
h=0 lim

h=0 —h
=20)-7(0)+6=6 (V) )
and  RHL= lm fQ2+h) = lim —(2h-7)
h=0
= lim [5(2+h)-4] =-2x0-7)=7
S F(2 + k) (2)
’ RHD = iy 2o 0= 042
= hh'rpﬂ (5h +6) P h
=5(0)+6=6 Vi) = lim B2+h)-4]-[8-2]
Thus from Egs. (iv), () and (vi), we get h=0 h
f2) = LHL = RHL . B+5h-8
Hence, flx) is continuous at point x = 2. = h['f,"u fa
Now, we will shew that f{x) is not differentiable
atx=12 = lim 5=5
h=0

l F(2-h)-F(2)
h_r.nﬂ -h Here RHD = LHD

Hence, flx) is not differentiable at x = 2.

LHD =

2
i 2R -2-h)]-[8-2)

T heso —h 44. @pDiscuss the continuity and differentiability
1-x X <3

o s (24 +h®—4h)-2+h)-6 of f(x)={(1-x){2-x),1<x<2

" h=0 -h 3-x i i

 [2R*-Bh+B-2+h]-6
= lim
a h=0 —-h



DERIVATIVES _

| TOPIC 1]
DERIVATIVES OF FUNCTIONS

Derivatives of Some Standard Functions

Here are derivatives of some standard functions studied in Class X:

-3

xn — nxn-—l
dx{ )

i(t:t:nnstc:mt] =0
dx
i(sir'uc) = COSX i(::f)s;u:) = —sinx
dx dx

d
= (cosec x) = - cosec x cot X
x

—(e")=e

dx dx

d
— (secx) = secxtanx
dx

i(a"‘) =0".log.0,a>0

9 (k") = knx"1
dx

2

d
— (tanx) = sec” x
dx

2

d
—(cotx) = — cosec”x
dx

:—x(log,_,x) = %,x >0

Algebra of Derivatives

(1) Derivative of sum of two functions is equal to the
sum of the derivatives of the two functions.

d d d
S +9)=2(F)+ ()

(2) Derivative of difference of two functions is equal
to the difference of the derivatives of the two
functions.

d d d
E(F -g)= a(ﬂ - E(Q)

(3) Derivative of product of two functions is given by
the following product rule:

d d d
—(fo) = f=(a) + g —(f)

(4) Derivative of quatient of twa functions is given by
the following quotient rule:

d(Fy 9N -FL(g)
E[E]' (9)’

| TOoPIC 2|
DERIVATIVES OF IMPLICIT FUNCTIONS

Until now we have been differentiating various
functions given in the form y = fix). But it is not
necessary that functions are expressed in this form,
For example, consider the following relationships
between x and .

(1) x+2y=2

(2) xy+siny=1

In the first case, we can express y in terms of x as

2-x

y= — -In the second case, it is not possible to

express y in terms of x.

When a relationship between x and y Is such that it
is easy to express y in terms of x, we say that y is an
explicit function of x. In the latter case, y is an implicit
function of x. Now, we shall learn how to differentiate
implicit functions.

Illustration: Let the implicit function be 2x + 3y
=ginx

On differentiating both sides w.rt. x, we gat

2+3Ejrg = COS X

dx
dy _ cosx-2
=t dx 3
Example 3.1: Find % for the following implicit

functions:
(A) xy+y’=tanx+y

(B) sin’y + cos (xy) = k [NCERT]



Ans. (A) Given functionis xy + y’ =tanx + y On differentiating both sides w.rt. x, we get

On differentiating both sides wirt. x, we get [Zsrnycnsygg- )_ sin{xy){x%il . y} -0

x£+y +29d_¢__; =gaity 9
dx dx dx

= [2sinycosy — xs[n{xy]]gg- = ysin(xy)
= x+2y-1) -3%= seclx -y

= [sin2y — xsEn{xy)]EE = ysin(xy)
2 dx

25 dy _ secx—y

dx X+2y-1 dy _ _ ysin(xy)

dx ~ sin2y — xsi
(B) Given function is sin?y + cos (xy) = k % Gndiemxiinteg)

| ToPIC 3|
DERIVATIVES OF INVERSE TRIGONOMETRIC FUNCTIONS

In this section, we shall learn the method of d ton™t x) = 1 R
determining the derivatives of inverse trigonometric () g tan " X) = 1+ x2 HE
functions.

d -1
Results: 4 —(cot'x) = XeR
esu 5 (co x) m‘f X e

M) Sinto=oS—xe -11)

d .
1-x (5) a(sec 1,1]

1 1
X)= —F——xeR-|-
| x| ¥x2-1

2 %(cc:s‘1 x) = — x€ (-11)

d -1
1-x —(cosec1x) = xeR-[-1,1]
. dx | x| ;:2 -1
Proofs:

. — .
(1) Let y=sintx,xe (-11). Then, ye(—%.%) @ yrmeTrre 11

- Then, y € (0, r) such that cos y = x.
suchthatsiny =x

Differentiating both sides of sin y = x wrt. x, we Differentiating both sides wr.t x, we have

have
dy —siny-% =1
= amq
cosy .
d 1
= d—y = L = -&%— = —E
dx cosy
nm Since,y € (O, m). siny >0
Since Y e (—5.5} cosy >0
Therefore, ﬂ = -.—1
2
Therefore, 9 = 1 dx 1-cos*y
dx :,}1 —sin’y
1
= 1 T 1 _xz




(3) Lety= tan"ix,x e R

Then, Y e (-g. -g-] suchthattany =x
Differentiating both sides wrt. x, we have

dy

2
n
sec y - —=
dy 1
= = =
dx sec’y
dy 1 1

dx 1+tanly 1+x2

(4) lety=cot lx,xeR
Then, y € (0,7t} suchthat coty =x.

Differentiating bath sides wrt x, we have

d

2 Y

-cosecy-—==1
ydx

dy 1
=3 —==- 5
dx cosec’y

d_y__ iy 1

dx 1+cot’y  1+x

2

(5) lety=sec lx,xeR-[-1,1].
Then, y e (0,n)— {g} such thatsecy =x.

Differentiting both sides wrt x, we have

secymny-% =1

o

iy 1

dx  secytany

Since y e (O.n)—{g}, secytany>0

(6) Lety=cosec lx,xeR-[-1,1].
Then, y e [—gg ]- {0} such that cosecy=2x
Differentiating both sides wr.t x, we have

— cosecycoty % =1

[«

7] 1

dx  cosecycoty

Since y e [—%.%]—{D}. cosecy coty >0

dy 1 Tiareien, 22w i
Thererore, dx |secyl]| tany| dx | cosecy || coty |
1 _ 1
) | secy | \/se:':2 y—1 | cosecy | Jcosec’y—l
- 1 _ 1
| x| vx? -1 leaxz—l
| ToPIC 4|

DIFFERENTIATION USING TRIGONOMETRIC SUBSTITUTION

3
Consider a function y = tan'l[sf x,; ] In present

form, itis difficult to differentiate y, but if we substitute
x = tan @ and simplifu, then we get

3
1 3x—-x
= tan
’ [1-3::2)

_1[3tané-tan36
1-3tan”©

tan™? (tan36) =30 = 3tan™ !x

Now it is quite easy to differentiate y wirt. x.

3
1+x

dy _
dx

d =
3 s (tan!x) = F
Here, we are listing some important substitution and
identities which are highly useful in the process of
finding derivatives of inverse trignometric functions.



Form of exponent

Substitution

Tupe-l

Form of exponent Substitution

2w
\Iaz+x2 Jaz_xz x*=a"cos®

|
a? = x? x=asinBorx=acosd | 1-x% x=sinBorx=cos0
a’ + x? -x=atanBorx=acotEll ! 142 -x=tnn90rx=cot9 ‘
x2-a? x=aseclorx=acosect x2-1 x =secBorx=cosec@ ‘
a+x a-x  X=acosb 1+x  [1-x Ix=m59
ﬁ"" a+x 1—x°r 1+x

it . o x?=cos ©
1-x2 N1+ x2

a’-x* " Vo +x? ‘
Type-Il
Form of x in inverse Substitution ‘ Form of x in inverse Substitution
exponent exponent .
2x% 2x
12 x=tan B Tt 22 x=tan®
2x2-1 x=cosh 1-22 x=sind
2 2
x° =1 1-x
3 x=cot@ vl x=tan @
x“+1 1+x
3x - 4x° x=sinB 4x3 - 3x x=cos@
Ix—x
3-3 x=tan@ 2xv'1—x2 Xx=cosBorsing ‘
—3x

Example 3.2: Find :—y for each of the following:
x

2 2

2
(B) y:cos"[:_l_:z],o-:x-:i

= aln=1 fi oty 1 1
(C) y=sin"" (2xv1 - x*), 75‘:::4:75

[NCERT]
Ans. (A) Let y= sin—l[ 2x 2] {0)
1+x
Putting x = tan 8 in (j), we get
. ~1f 2tand
=5 _—
HIR [1 +tan’@ ]

=sin" ' (sin20) =20 =2 tan ' x

Differentiating both sides w.rt. x, we get

= 2 %(mn_1 x)

=2# GFL
1+x2

1+ x2'

= cos™* 1-x
Y 1+ x?

Putting x = tan 8 in (f), we get

i cus‘l[l - tanzﬁ]

(B) Let
(i)

1+tan’@
=cos ! (cos 20) =28 =2tan ! x
Differentiating both sides w.rt. x, we get

dy_

AT
e 2 dx(tan x)

T
1+x2" 1+x?

(C) Let y = sin" 2xv1 - x?)
Putting x = sin 8 in (), we get

-0



y = sin~(2sin6v1 - sin’ )
=sin~1 (2 sin 0 cos 6)
=sin"1(sin20)=20=2sin"* x

Differentiating both sides wrt. x, we get

| ToPIC 5 |

& 2i(sin‘1x)
dx dx

1 2

=2 ,or
\J"l—)f2 \\u‘til—:«'2

LOGARITHMIC DIFFERENTIATION

If a function, whose derivative is to be determined,
invalves at least one of the following:
(1) Product of functicns [e.g. fix) g(x));
; ; f(x)
(2) Quotient of functions [e. —]
9 e
(3) Function raised to the power function
leg. fx1#)
Then, its derivative can be obtained easily by taking

logarithm (with base €) on both sides and simplifying
before differentiation. This procedure is called
Logarithmic differentiation.

Example 3.3: Differentiate w.rt. x each of the
following:

(A) y = cos x.cos 2x.cos 3x

[ (x=-1)(x-2)
® y= \{(x = 3)(x - 4)(x = 5)

(C) y=(ogx)™* [NCERT]
Ans. (A) Lety = cos xcos 2x.cos 3x
Taking logarithm on bath sides, we get
log y = log [cos x.cos 2x.cos 3x]
or logy = log [cos x] + log [cos2x]
+ log [cos 3x]
[+ logab=log a+ log b]
Differentiating both sides wirt. x, we get

1d
ot LN Li(::u::nsx)+ i[::c:s’b-:)
ydx  cosxdx cos2x dx
+ i(z:c.u;B:ar]
cos3x dx
= L (_ginx)+ —(-2sin2x)
cosX cos2x

1
+————(-3sin3
cc:-sEx( L

=-[tan x + 2 tan 2x + 3 tan 3x]

= %g- = yf- [tan x + 2 tan 2x + 3 tan 3x]}

= — COSs X.cos 2x. cos 3x (tan x
+ 2 tan 2x + 3 tan 3x)

(x-1)(x~2)
@l ¥ = Ve-ax-ax-5

(x-1x-2) }?
[(x -3)(x-4)(x-5) ]

Taking logarithm on both sides, we get

_1 [ e=D(x=2)
logy= 3 l°9[(x —3)x-A)(x - 5}]
[~ log a® = b log d]
= 3 flog [~ Dix-2)
- log[{x - 3)(x - 4){(x - 5)]
[ log% = loga -logb]
- % flog (x- 1) + log (x- 2) - log (x - 3)

- log (x - 4) - log (x - 5)}
Differentiating both sides wrt. x, we get
ldy 1{ 1 1 1 1 1 }
y dx 2lx-1 x-2 x-3 x-4 x-5

-~ Y
dx

=1{1_'_1_1_1_1}
2yx—1 x-2 x-3 x-4 x-5

[ (x-1f{x-2)
V(x-3)(x - 4)(x - 5)

2
2

{ P W R }
¥-1 x-2 x-3 x-4 x-5
(€) y = (log x)™=*
Taking logarithm on both sides, we get
log y = cos x. log (log x)
Differentiating both sides wrt. x, we get

d
;E'; =cosx - s {log (log x)}

+log (log x) % (cosx)



1 1
cosx - —— - — + log(logx).{—sin
oax g(logx).{-sinx)

cosx
xlogx

- sinx.log(logx)

— EE = y{ﬂ - sinx.log(logx}}

| TOPIC 6 |
DERIVATIVES OF FUNCTIONS IN PARAMETRIC FORMS

Sometimes the relation between two variables Is
neither explicit nor implicit, but some link of a third
varioble with each of the two variables, separately,
establishes a relation between the first two variables.
In such a situation, we say that the relation between
them Is expressed via a third variable. The third
variable is called the parameter. More precisely, a
relation expressed between two variables x and y in
the form x = f(t), y = g (t) s soid to be parametric form
with t as a parameter.

In order to find derivative of a function in such form,

dx xlogx
cosx
& cos x - sinx.log(logx
= (log %) {xmgx gllog 4
Therefore, dy . d_':’.,.ﬁ
dx dr dt
_ —2sin2t
cost
_ —4sintcost
N cost
=-4sint

(B) Givenx =cos 8 -cos 20,y =sin 6 -5in 20
Differentiating wirt. B, we get

we have by chain rule, @ sin 6 + 2 sin 26
de
dy dy/dt v e
—= = ; ded — = 0.
ax “axjaeProee g t and % = cos - 2 cos 28
t
Example 3.4: Find Y for each of the following: Therefore, %Y = %Y, X
dx dx  do d8
(A) x=sint, y=cos 2t c0s8 — 2c0s20
(B) x=cos8~-cos 26,y =sin0-sin26 [NCERT] = “ein® 1 28in20
Ans. (A)Givenx =sint, y = cos 2¢.
Differentiating w.rt. t, we have - cosf — 2cos28
~ dy 25in28 - sind
— =costand —= =-2¢sin 2t
dt
| ToPIC 7 |
DIFFERENTIATION OF A FUNCTION WITH RESPECT
TO ANOTHER FUNCTION

So far we have learnt to find the derivative of a
function with respect to some variable, e.g. derivative
of £ {x) wrt. x. Now we will discuss the process of
differentiation of one function with respect to another
function.

Let u = f(x) and v = g (x) be two differentiable functions
of x. We need to differentiate u with respect to v, ie,

du du . du du av
— + So, we obtaln —, using — = ——+——*
dv dv dv dx dx

Example 3.5: Differentiate sin x w.r.t. e°*%.

[NCERT]

Ans. Let u =sin?x and v = e *. We need to find —g% .

du . dv y
Here, — = 2sin xcosx and — = e****{-sinx)
x %
du du dv
So, s P L
dv  dx dx
2sinxcosx
T et Xginy
2cosx

or-2 cos x e~ 85X

cosx
-



(OBJECTIVE Type Questions)

[ 1 mark]

Multiple Choice Questions

1 1
1. |fy = +
Ly p €8 g gl =D
+;,then EE_ =
14 x2"Caxbt dx
(CI] xﬂ+h+l: (b} xahc
1
O e OF
[Delhi Gov. 2022]
Ans. (d) O
a b

Explanation: y = xh + xb

X x7 x5 X+ x°+x°

xC
+
X%+ x? + x¢

- x9 4 xP 4 x°¢

X% 4 xP 4 x¢
Thus,y=1

dy
=Y a0

= dx

2.The derivative of sin™ (2x\/1-x?) w.rt.

sin"tx, ?1- <x <1, is:
2

() 2 ®) 3- 2
Fi s
© 3 d) -2
[CBSE Term-1 SQP 2021]
Ans. (a) 2
let u = sin™ (2xy/1-x?)
and v=5in'1x.-\-/"[—2-< xel
= sinv =x (1)

Using (1), we get :
u=sin? (2 sin v cos V)
= u=2y
Differentiating with respect to v, we get:
du
dv
[CBSE Marking Scheme Term-1 SQP 2021]

=2

Explanation: Let u = sin™(2x,f1-x?)

Put, x = sin 8 = 0 = sin”! x, we get

u = sin™(2sin8,f1- =sin’6)

= sin"! (sin 26)
= 20
= 2¢in"1 x
d
. _u - 2x 1 = 2 m{i)
dx 1-x? J1-x?
Also, let v =sinlx
dv 1
= a = 1 (i)
du  dufdx
—_— =2
Haw, dv  dv/dx

[Using (i) and (i})]

3. @The derivative of x* w.r.t. x is:
(@) x-1 (b) x* log x
(c) ¥ (1 + logx) (d) x* (1 - logx)

4.1fy= 10", then gy-is:
X

(a) 10" (log 10)

(b) 10™" (log 10)?

() 10" 10%(log 10)?

(d) 10" 10* (log 10)

Ans. (c) 1019°10* (log 10)?

Explanation:

Here, y= 10"

= logy=10"log 10
1 dy 2
= == = 10" (log 10)2 + 10* x 0
G B (log 10)° + 10" x

[DIKSHA]

dy 2
—= = y 10" 10
= e =Y (log 10)

= 10" 10* (log 10)?

A Caution
dy.

w Take the logarithm on both sides for getting e
Ix



5.fx=a(t+sint), y

(a) tant

t
(c) tan 3

Ans. (c) ton %

Explanation: Let x = a(t + sin t), 4y = a(l - cos ©).

= a1 - cos t), then ':'y is:

X
(b) —cott
t
d t—
(d) co 7

Then,
dx
— =a(1 t
0 a(l +cost)
and % = afsin t)
dy dyjdt
= dx _ dxjdt
_ __asint
" o1+ cost)
2sin 2 os 1
_ 2 2
2C032(£]
2
= tant
2
7y 1 then dy is equal to:
6. @lify =log ) T q 2
4 -4 x
b
(a) s “1-:‘
1 ~4x*
dy %
© = @ 15
[NCERT Exemplar]
(x2-y?)
7. Iflog L" Y | =a,then ¥ o
x4 g,l2 dx
y -y
2 b) —=
(@ & ®) =
x 5 X
Gl @
[Delhi Gov. 2022]
Ans. (a) £
X

Explanation: We have,

3 3
log i ) S
x? + i

x2—y?

xz+yz

:ea

or

Differentiating both sides wirt. x, we get

d d
(2 +yY) — (2 -y~ (x2- ) —(x2 +y?)
dx dx

x?+y?)?

=0
wenfond)v-nfn)
(“+y7) | 2x dex (x"-y9) 2x+2ydx

=0

= (27 + xy? - 2 + )

+ (2% - 23 - 22y + 24°7) j—y
¢

=0
dy
= Axy?-4x%y = =0
Y de
d 2
s _y=4xy i
dx 4x2y X

dy
8. If 5" + 5¥ = 5" then —= =
+ en

(a) 5*°¥
(e) -5*7¥

(b) 59°*
(d) -5¥~*
[Delhi Gov. 2022]

Ans. (d) - 597~

Explanation: We have,

5¥ 4 5Y = GX+U
Dividing both sides by 5**¥, we gst
5 Y45 %=1
Differentiating wirt. x, we get

5 ¥log 5 [—jx—y] +5%log5(-1)

=0
dy —=-5*
- dx 5%
= GY-x
9. Ifx=sin’t, y = cos® t then % .
dx
(a) tant (b) cott
(c) ~tant (d) —cott
[Delhi Gov. 2022)

Ans. (d) -cott
Explanation: We have,
x=sin’t,



y=cost

Differentiating them wi.rt. t, we get
dx

— =3sinltcost
dt
and dy =-3cosltsint
dt
dy
Now, EL-"_ = dt
dx  dx
dt
_ —3cos’tsint
3sin’tcost
= &St =—Cotrt
sint

10. If (x + yH)? = xy, then %5’1 is:
X

x +4x(x? +y?) y - 4x(x? + y?)

tly(x2 + yz) — X X + 4()(2 + yzj

© y —4:4:(;«2 + yz) 41'.,r{11|:2 + yz} —X
4_1_:{)(2 + yz} —X

y—4x(x” +y?)
[CBSE Term- 1 2021]
g .0
Ans. (c) M
ay(x?+y?)-x
Explanation: (x2 + !_,,rz)2 =xy
Differentiating both sides wirt. x, we get

iz lz_i
dx{x +y) —dxwy)

d dy
2 0 2 _ ;
= 2(x +y).dx(x +y) xdx+y1
d d
4 2 4 2 2—"‘"‘: —y
= 4x(® + y?) + 4y(x +y)dx X *y

d
= [4y(x2+y“)—ﬂ-d—f =y-ax (¢ + 4%

dy _ Y—4x(’+y%)

= dx  4y(x?+yH)-x

11. @The derivative of y = log, 2 is:

log2 —log2
(@ x (log x)? ®) x (log x)?
—log2 log2

() angnz (d) &0

Ans. (c)

12. If y = log (cos &), then jx_y is:

(a) cose*-1 (b) e™ cos &*
(c) " siné* (d) - e*tan &*
[CBSE Term-1 SQP 2021]
Ans. (d) -€&“tan €
y = log (cos €9

Differentiating w.rt. x:
= sinv=x -(1)
Using (1), we get:

dy 1

= .(~sin &9, &
dx cos(e’) ( £
(chain rule)
dy
—= =_¢"t X
=5 T an e
[CBSE Marking Scheme Term-1 SQP 2021]
Explanation: y = log (cos &
%% = (—sine™)e”
cose”®
=-¢&"tan &
13. @Given 22 - xy - y? = 0. Then the value of
d_g at the point (1, -2) is:
3
-5 .
(@ ® -3
4
- d) 2
© 3 @

14, If X° - 3x%y + y° = 2021 + xy, then % =

3x2 -6xy -y
() 3,2 37 _ &

3x?2 -6xy -y

@ Ix? + 35.|'2 -x

3x? - 6xy-y
Q) ax? + 392 + x

6xy+y- 3x?
(C] 392 o jxl -x

[Delhi Gov. 2022]

Bxy+y—3x
3y’ =3x"—x

Explanation: We have,
A -3xly+y? =2021 + xy



Differentiating wirt. x, we get

3x?-3[ j +y—{x2}:| + 3y d«”
dy
=0+ |x=2 1
[xdxw( )]

2y d
32-3[—— 2]329
=% xd+y(x}+yd

Qr, — =

dy

15. @lf’y = .fsinx+y , then -y is equal to:

€os X

@ 21

sin x

cos x

i
o3

[NCERT Exemplar]

16. The derivative of sin™* x w.rt. cos™y1 — x2

Jst
(@) 1 (b) O
1
(c) cos™? (d
) V1 - x?
[NCERT Exemplar]
Ans. (@) 1
Explanation: Let u = sin™ ! x,
du_ 1
dx 1-x2
and v= cos~ ! 1 - x?
d 1
. <L (TR
2 d
1-( 1—x2)
g T
X l-x
1

du _ du/dx _ 1
dv  dv/dx
17. @The derivative of cos™ (sz =1)w.rt, cos™ x
is:
(a) 2 &) ——
2:!1-::’
(c) 2 (d)1-x2
x
[NCERT Exemplar]

18. If & + &Y = &*Y, then L. is:
dx

(a) e~ (b) e**¥
(c) —e¥"% (d) 2e*~Y
[CBSE Term-1 SQP 2021]
Ans. (c) —e¥-*
ef+e¥=e"tY
= e¥4e¥=1

Differentiating wirt. x.

= —e'yg,%—e"‘=0= %E=—e9"

[CBSE Marking Scheme Term-1 SQP 2021]
Explanation: ¥+ e¥ =" ¥
Dividing both sides by €**¥, we get
e¥+er=1

Differentiating both sides wrt. x, we get

dy
| —=Z XL 1Y =
e ( dx]+e -1)=0
—x
= -d—g = .-e_=—-e-~ey
dx e‘y
=-gf X

19. Kids love fast food such as burgers, hot
dogs and pizzas. They are more fascinated
by the toppings of various sauces. Soham
was about to take a bite on his favourite
hot dog when he observed that the sauce
had been spread nicely and evenly all over
and it reminded him of trigonometric and
logarithmic functions he had studied in
mathematics.



- dy
If sin (x + Y} = log (x + y), then i is
(@) -2 (b) -1
(©) 1 (d 2

Ans. (b) -1
Explanation: Given: sin (x + y) = log (x + y)
Differentiating both sides w.rt. x, we have

= cos{x+y][1+9§-] = #[1+d—y

dx | (x+y) dx
__1 |4y
— {cas{x+y] (x+y)}dx

- 1 —cos (X + y)
y)

(VERY SHORT ANSWER Type Questions (VSA))

[ 1 mark]

20. @Find the derivative of the function
y=xtan™ 1x,

21. @f y = tan" ! x + cot™ 1 x, x € R, then find

dy, [CBSE 2020]
dx

22. If sin (xy) = k and xy # %.n € Z, then find

.
dx

Ans. Given, sin (xy) = k
On differentiating with respect to x, we get

cos (xg) () =0

dy ] .
ccs(xy)[xdx +1ly| =0

Since, xy # %, therefore cos (xy) = 0

dy
So —+y =0
xdx Y
dy -y
= dx  x

23. @1f f(x) = Vx2 + 2x + 3, then find £(x).

24, If f{x) = sin 2x - cos 2x, then find f'(% ]

Ans. We have, flx) = sin 2x ~ cas 2x
X F'{(x) = 2 cos 2x + 2 sin 2x

n n n
— - — in—
Now, f‘[ﬁ) 2[m53+sm3]

; :{L:@]

2 2

=1+3
dy
25. @Find = Ify=log (sin &".

26. Find the derivative of y = (tan x)*.
Ans. Given y = (tan x)*
On taking log both sides, we get
log y = x log (tan x)

On differentiating with respect to x, we get

1,‘_’2 i 5 3 i|:1:x:|n:«r]
y dx tanx dx

+1 x logtanx

d X
_9=y[

2
xsec*x +lo tanx]
dx tanx 9

2
= (tanx)* [ﬂ + logtanx]
tanx

27. @if y = |(x + 1), then find gf-.



(SHORT ANSWER Type-| Questions (SA-I) )

[ 2 marks ]

28. @Differentiate wir.t. x : log (x+Vx*+a)
[NCERT Exemplar]

- |
29. Find d—g atx=1,y= E, if

siny + cos xy = k.
Ans. Given:  sin?y + cos (xy) = k

On differentiating both sides with respect to x,
we get

[CBSE 2017]

d .2 d _

T (IN° y) + <= {cos(ay)} = 2=(k)
- . d

2siny a—(mny} - sm{xy}a—(xy} =0

25'"HC°Syd—y = Gin(xy}[I.y + xﬂ] =0
dx dx

siniy%g- - xsin(xy}%% = ysin(xy)
n
Atx=1y= —,
473

dy T i n n
dx(sin2x4 15!n[1-4]]-45in(1-4]

4

dy _ T _ T

dx V2-1) 4(2-1)
(%)

30. @1f y = " log (1 + x?), find ‘;_” :
X
1-cosx

P } with respect

31. Differentiate tan~ : [

to x.
Ans. let y = :an‘l[

1- cosx]
sinx

2sin? 2
= tﬂn-l
X X
2sin—cos —
2 2

x
sin—
= tan™}

cos 2
2

<1 X
=tan""| tan=
( 2)

]
N x

Now on differentiating bath sides with respect
to x, we get

32, Find the differential of cos? x with respect to

Elln x

Ans, Letu =cos?xand v=e"i"*

On differentiating both functions with respect

to x, we get
ﬂ = 2 cos x(- 5in x)
dx
and LA} P
dx
du  dujdx
dv dv /dx
—2sinxcosx
e""* cosx
= -2 sin x e~ 4N x
33, @Differentiate tan? [ cosx — sinx ] with
cosx + sinx
respect to x. [CBSE 2018]

34.If x = a sec 6, y = b tan 8, then find

W e=l. [CBSE 2020]

dx 3

Ans, Given:x=agsecfandy=btant

On differentiating both parametric functions
with respect to 6, we get

dx

pr =gsecftan®
and Y . pseclo
do
dy _dy/de
Now dx - dx/d8
bsec?®

S0 P
asecOtan®

b sech®

o tan@



Ans. Given, y= sin }(6xv1-9x?)

f——
coso = y=sin"*(23x1-(3x)?)
Put 3x = sin 0, then

- asin®
y=sin~1 (2sin8Y1 - sin?@)

= y = sin~ 1 (2 sin B.cos 6)
= y=sin"1(sin 26) => y = 20

= y=2sin"1(3x)

On differentiating with respect to x, we get

dy . b _ 26
av3

= 1 1 d 9
35, [fy=sin"? (6xy1 - 9x2) ,-—= < x < ol I
4 ( )3k 32’ o

W it

dy
then find == . CBSE 2017 -
dx [ : dx  J1-9x2

( SHORT ANSWER Type-Il Questions (SA-II) )

[ 3 marks ]
36.@f y-= Jcosx +/C08 X + JEOS X + i, 38. @pifferentiate w.rt. x:

(x+ 1)%x + 2)%(x + 3)* [NCERT Exemplar]

then find dy ' d
dx 39. If (cos x)V = (cos y)*, then find Exg .

2
37.If y = e “** + (cosx)*, then find % [CBSE 2012]
[CBSE 2020) Ans. Given, (cos x)¥ = (cos y)*
Ans. Given: Y= gxlcosx | (o On taking log both sides, we get

p log (cos x)¥ = log (cos )
y = X coax + gtllogeosx)

= Yy log (cos x) = x log (cos y)
On differentiating with respect to x, we get On differentiating with respect to x, we get
dy d xleosx d x(logcosx) d d
— = — (e + —e . —_ - —_
s dx( ) dx( ) =y po log(cos x) + logcosx = (y)
- Ex:m“[“a"'("zmsx)] = X iI.r::-t_qfc:tzlsg,f] + log(msy)i(x)
dx dx dx
d
+e'ﬂ°9‘°"3d—x{x(logcosx)] =y calsx %(cnsx} + log(cnsx):—i
_ ox2cosx —ixrd
=e [2x cosx - x? sinx) i cnsg:—x(msy)“ogmsy'l
+e'a°qm“)[1.log{cosx}+ X (—sinx)]
Cos X 1 dy
= Y+ ——(-sinx) + log(cosx) - —=
P cosx dx
= " “*[2xcosx - x? sinx|

1 . dy
- == 4 1
msy( siny)- == +log(cosy)

+ 099X lng cos x - x tan x| o



= —ytanx +lt:|g{lt:05x}ﬂ
dx
= —:ru:u'lg,fﬂ +log{cosy)
dx

= [xtany + log(cosx]]-j%

= log (cos y) + Yy tan x
dy _ log(cosy) + ytanx
dx xtany+ log{cosx)

40. @pifferentiate w.rt. x: If Y1-x7 + W
1-y?
1-x?
[NCERT Exemplar]
41, If x = a(20 - sin 20) and y = a (1 - cos 20), find

j—i when 6 = g [CBSE 2018]

- dy
L] r
=a (x - y), prove that —= =

Ans. We have x = a(26 - sin 26) and y = a(1 - cos 26)

dy
d
Clearly, d—f = 32 0
dd )

Here, -j—: = a2 - co0s20.2) = 2a(l — cos20)

and gg. = a(0 + sin20.2) = 2asin28

From Eq. (i), we get
dy _ 2asin20
dx  2a(l-cos26)

sin20
1-cos20

2sinBcos
2sin%0
[ cos20=1-2sin?0)
coto

Now, [ﬂ] = Cot
dx 6-2

WA

42.@ Ifx =3 sint-sin 3t,y = 3 cos t - cos 3t,

then find :x—yut t= g [NCERT Exemplar]

43. @Ify = x tan x + sec x, then find the value of
dy n

= atx= —-
4

dx

Jiex?-1

44, Differentiate tan'l[
x

]w.r.t. tan! x

when x = 0. [NCERT Exemplar]

1+x% -1
— |ond v=tanlx

)

Ans. Llet u= tun‘l[

Now, u = tan™! [

X
Put x=tan®
J 19 _
- T~ l+tan‘@-1
tan®
. secB-1
= tan tant
_1r1—casB
= tan [ sin®
-
2sin?
) ey S
= tan 0
2sin—cos—
\ 2
4]
= -1 tan—
tan [unz]
= -g- = %tun‘lx
. d_Ll' - lx 1
dx 2 1+x°
ond Ya i(mn‘l.ic)
dx  dx
_ 1
1+x*
du dufdx _ 1

Now, === dvjdx 2

& Caution

= The function with respect to which we need to
differentiate should be taken as v and other function
as u.

45. @yf y = (sinx)®™ ™ then prove that

dy  ylcotx
dx 1- ylog(sinx)



( LONG ANSWER Type Questions (LA) )

[ 4 & 5 marks]

46. Find the derivative of the following functions:
(A) y = (sin x - cos x)&Inx-cesx)
(B) y = log (sec x + tan x)
Ans. (A) Given: y = (sin x - cos x){sin = c0sx)
On taking log both sides, we get
log y = (sin x — cos x) log (sin x — cos x)
On differentiating both sides wirt. x, we get

1d 1

o) = (sin x—cos x) x

y dx (sinx —cosx)

x (cosx + sin x)
+ (cos x + sin x) log (sin x — cos x)

= (cos X + sin x)

+ (cos x + sin x) log (sin x - cos x)

= —= =y(cos x +sinx)[1+log

dx

(sin x — cos x)|

= dy = (sin x — cos x)isin X~ cosx)

(cos x + sin x) [1 + log (sin x — cos x)]

(B) Given: = log (sec x + tan x)
On differentiating w.rt. x, we get

dy - > d —(secx +tanx)

-d; (secx + tanx) dx

secxtanx + SEIZ:2 X

(secx + tanx)

secx(tanx + secx)
(secx + tanx)

=secx

47. @ify = sln"'[m } b > a, then find
b+ acosx

its derivative.

g V1 4+ X% 1 - x2
48.If Y = tan ’{ -lex<d,
Vi+x2 -1 -x2 X<
x =0, find ay,
dx

m+m}

Ans. Given: y= tun'l[
Vi+x2 —y1-x2

Put x2 = cos 26, then

— { V1 +cos20 + V1 —cos20
J1+cos28 — 1 —cos28

{JZcus 8+ V’?sm B}

‘f2cos a- 'JZSIFI e

-1 {cnsB+ sme}
cosf —sing

tan-1 1+tcm&}

1-tané

i pe{ )

Zio
4

w—l<x<l=0<x?<1

=>0<cc:-528<1=>0<23<g

T _®_n n
20<f<—=—<—+8< =
4 4 4 2
L £+1:os'1x2
4 2

On differentiating with respect to x, we get

dy_g l_ 1
4o

2
dx ,||'1 —x* |dx

2x
21-x*
-X
" Vi-xt

49. @Find the derivative of the following
functions:

(A) log(x? + y?) = 2tan'1(%J

(B) y = (cos x)"*

50. @Find the derivative of the following
functions.

@A) y = (o=

t =t t =t
e +e e —e
B) x = andy =
y




SECOND ORDER DERIVATIVE _

| TOPIC 1]
SECOND ORDER DERIVATIVE OF PARAMETRIC FUNCTIONS

Let y = fix) be a function. Then,

dy _ _,
dx =F

If f'(x) is differentiable, we may differentiate (i) again
with respect to x, then the left hand side becomes

i(e‘y_] which is called the second order derivative

i
=

dx \ dx
dzy
of y wrt. x and is denoted by —= o + The second order
X

derivative of fix) is denoted by f"(x) or y" or y,.
If a function, represented by x = f{t) and y = g(t),

defines y as a twice differentiable function of x, then

at any point where _d&{ 20
t

( dy )
de | dt
dx | dx
dt |

2
Example 4.1: Find :_g, ify=x3logx. [NCERT]
X

Ans. Given, y = x3 log x, we have

4 3x2logx + x° A
dx x
= x2(1 +3logx)
d’y dy
= =
dx? ( ]

dx
di X2 (1 + 3 log )]

=2x(1+3logx)+ x2-§

d%y
= T

A (1+ 3logx)+ 3x orx(5+ 6 log x)

Example 4.2: If y = 500e’* + 600e”7%, then show

that 9Y = 4sy. [NCERT]
dx?
Ans. Given, y = 500e”* + 600e™7*, we have
dy

S = 500e7*(7) + 600e” 7% (- 7)

=3500e’*-4200e&7%

dy d{dy
= Svgd)

X

%[35003" - 4200e” 7]

=3500e’*(7) - 4200 e 7% (- 7)
= 24500 e’ + 29400 ™ 7*
=49 (500 e™ + 600 ™7
=49y

Hence, proved.

Example 4.3: If x=a cos 8 + bsin 0 and
y =asin 6 = b cos B, then show that

2
2dy  dy
—= - x—=+y=0. Delhi 2015
Ui = [De ]
Ans. Given, x=acosB+bsind A1)
and y=asinB8-bcosh ~(ii)

Here, 8 Is the parameter.
On differentiating Egs. (i) and (ii), respectively
wirt 0, we get

dx d \
= = E{acc—sﬁ+ bsin@)
= E‘v=—asir‘tﬁ+br:t:u:9.6
de
dy d, .
and % " de{asmﬂ bcosB)
= g—g=acosﬂ+bsinﬁ
dd
dy _ (dy/de}
Now, —= g —t—t
dx  (dx/d8)

acosh + bsin® X

= —(asin® —bcosh) - Yy

[from Eqs. (7) and (i)]



Again, differentiating both sides w.rt. x, we get

d dy
d%y _ _[yam— xd—]

dx? y
2
2d%y dy
— —_— e ==
v dx? Y xdx
2
2dy _ dy
SyYy-—=-x—=+y=0
d dx? dx Y

Hence, proved.
dzy n
Example 4.4: Find == at g = =, when
dx? 2
x=a(f +sin8),y =a(l - cos 6).
Ans, Given, x = a(f + sin 8), ¥ = a(1 - cos 8), we have

Q-}'_ =a(l +cos®)
de
= 2ac0s? 9-;
and Y g (sin 6)
de
= 2:::rs.h‘|9¢:c:sE
dy _ dy/d®
Now, dx _ dx/de
QGSIHECOSE
- 2 2
20:0522
2
0
= tan-—
an 5
dy _ d(dy
— P e
dx? dx[dx]
= i tang .ig.
o 2] dx
= }-secgg- 1
2 ¢ 2&!:05?9
2
-1 a8
dac 2

2
rhus.[d_ﬁ] ; [imd]
R

dx: 4a 2 [ et
- g R
4ag 4

1 (3=l
E(‘E’} =

Example 4.5: If y = sin” ! x, then show that

dly dy
1-x2 —f—x—=0.
( )dx dx

Ans. We have, y = sin™ ' x
On differentiating both sides w.rt. x, we get

2 s
dx 1 =2

= \;l'l—xz-?.i =1

dx

On squaring both sides, we get
dy f
1-x) 2] =1
a-Z]
Again, differentiating both sides wirt. x, we get
-] | -4
dx[(l x )(dxﬂ = 2

2
- (1-x2}%(£¥-] +[i*i];i(1-

" S
dx dx ) dx Xy a0

2
= (1-x2}2d—9-d—‘;’+(ﬂ])(u-2x} =0

dx dx dx
dy 2,d% dy]
2Ll -yt -y 2| o
= dx[{ L el Rl
d'y dy
1-x? = =0

Hence, proved.

(OBJ ECTIVE Type Questions)

[ 1 mark]
Multiple Choice Questions (a) =y (b) y
. () 25y (d) 9y
1. Ify =5 cos x - 3 sin x, then is equal to: [CBSE Term-1 SQP 2021]

dxz



Ans. () -y
ty =5 cos x-3sinx
dy

] —= =-5sinx-3 cosx
dx
]

= d—%=—5cosx+35inx=—y
dx

[CBSE Marking Scheme Term-1 SQP 2021])
Explanation:

y=5cosx~-3sinx {0)
d_y =-5sinx-3cosx
dx
dly
) =-5¢cosx+ 3sinx

=-(5cosx-3sinx)=-y
[using (0]

2. @The second order derivative of the function
y=log x*is:

3 3
a) -— b) —
@ - ® =
2 1
c) — d) —
© % @ =
d?
3. @H‘y = &%, then —";- is equal to
dx
(a) e (b) 25 &**
25
eSx
(c) 5% {d)
5
dzy r
4.I1fx=asecB, y=>btan B, then — 4t 0=—
dx? 6
is:
-34/3b -
(@) —"; e
a a
-33b -b
(€@ —— (d)
a 3\’,'5“2
[CBSE Term-1 SQP 2021]
Ans. (a) il
a2
x=asech
= d_x =gtanOsech

y=btané
= Y - psec?e
do
gy _b
=g cosec O
2
ay _-b deé
= e 5 cosec 0. cot 6. ™
= =L cot¥
a
dy| = _ =33
dx? L a?

[CBSE Marking Scheme Term-1 SQP 2021]
Explanation: x = o sec B,y =btan 0
Differentiating w.rt. 8, we get

EJr—'1f~=.f:se-::ﬂttmB;EJE&"-=-!:lsen:'zt§| (i)
de de

dx _ dy/de
dy dx/de

_ __bsec’s
- gsectant

—cosec O cot ). —gr%

&
n
Qo gjor

So,

= - -g— coseccot

" 1
asecOtan®

[From (7]

¥ COSECE \'Z'iZi'CE
[ﬂ} _ _bCosecg oty
0-1 02 E t E
SECB _One
E _Q_ 2x JS
5 T
V3 V3
-343b
al

2
5. @Ify =X° + &, then -j—% is:
X

(a) 20x° + 4e¥ (b) 20x* + 2e*

(©) 20x° 4+ ¥ (d) None of these
6. Ifx=1o then d—zg--2£!-"--
L o gt y. dx: dX s
(@) y (b} 2y
(e) -2y -y
[Delhi Gov. 2022]

Ans. (d) -y



Explanation: We have,

x =log.y
or, e =y
Differentiating twice wr.t. x, we get
et = Y
dx
2
and €= dy
dx?
2
Now, Y 2% _ o ger
dx?  dx
== e" = - y,

d
7. If y = x cos x, then d_xg is:

(0) cosx=-2xsinx (b) xcosx-2sinx
() ~xcosx=2sinx (d) xcosx + 2 sin x

Ans. (¢) - x cos x - 2 sin x
Explanation: Given; y = x cos x
On differentiating twice with respect to x, we
get

E'L-’i =l1lcosx-xsinx
dx

d?y
and ai-=-—sinx-[1.sinx+xcosx]

==-Xcosx-2sinx

2 2
8. @f y= log.[:—z} then %‘% Is equal to:

-1 1
(@ — ® -
2 2
™ @ -z

[CBSE 2020]
2
9. Ify=ax"*!+bx ", then xzz—g- is:
) &

(@) ny

(€) n(n-1)y
Ans. (d) n(n + 1)y

Explanation: Given: y = ax” * 1 + bx™

Differentiating twice w.rt. x, we get

&Y . a(n+1)x" —nbx™ "1
dx

(b) n%y
(d) n(n + 1)y

d?

o

and, = an(n+1)x" "+ bn(n+ x"?

&

2
= x’%g- = an(n+ 1)x"* 4 bn(n+ 1)x~"
=n(n+1) [ax"* 1+ bx ", orn(n + 1)y
2
10. @ x = t? and y = 3, then :—g is equal to:
X
3 3
(@ 2 (b) 4_t'
3 3
© ¢ (d) Y
[NCERT Exemplar]

2
11. If tan y = x, then when x = 1, value of 4d—!1"*
x

is:

(a) 2 (b) -2
® 1 (@ -1
[Delhi Gov. 2022]
Ans, (b) -2
Explanation: We have,
tany =x
or y=tan lx
Differentiating twice w.rt. x, we get
R
dx 1+x°
=(1+ XJ)' !
d’y -2
and ? ==1(1+x9“(2%)
_ =2x
(1 +.'|:'2’}2
2
-8
So, 4d_g = -

dx?  (1+x%)?

2
- [ol-e
Xml

dx? [1+(1)?P
- _—8. =2
4

3
12. @The second order derivative of ¥ = loge®

is:
(@) 9loge*’ (b) 6x
() 6 (d) 6x
x! 2 2
13.If ; s :—, = 1, then the value of 3;!;- is:
b4 b4
- b
(a) =37 (b) ';1;'5



b’y b
(c) —? (d) uzya

.b‘
Ans. (g -
O

2 2

Explanation: We have 5 - £ = 1 )
o° b
On differentiating both sides wir.t. x, we get
2x _2ydy
al bldx
ydy _ 2
b! dx aﬂ
2
dy i b X
dx ;i; -0

On again differentiating with respect to x, we get

dy )
dzy b_i [yxl—xa-

. R 2 ;
B [ b2x |
| Tl - —
a2y .y a2y
[+ From Eq. (i})]
) B2 'azyz — b2
=y oy
b? 2.2
= -a‘b
Ssleb
[+ Using Eq. ()]
b-‘l
TP

( VERY SHORT ANSWER Type Questions (VSA) )

[ 1 mark ]
2 Ans, Given: = log e*" *
14. @Ify =x* + 3x2, then find d_;;_ ' ¥ .g
dx = Yy =sinx
On differentiating twice with respect to x, we
15.If g—% =cos?x, then find the value of get
O . €os X
d?y n dx
—3 atx =—.
4 d dy ;
an —7 =-sinx
Ans. Given: dy = cos? x dx
dx )
On differentiating with respect to x, we get 18. @Find j_%_ ify=x?+cotx.
2 X
d_!% = 2 cos x (- sin x)
dx 19. Find second order derivative of the function
= d?y = -sin 2x - b
dx? Ans. Given: y = 1o
n On differentiating twice with respect to x, we
At x =—,
4 get
dy
2 == =b'%log b x 10
% - —2sln(2x§-] dx 9
X
= (10 log b) b*%*
= =2sinZ = -2x1 dy .
2 = (10 log b) b'®* x log b x 10
i ) ( g b) x log
=-2 2 10
@ = (10 log b)* b*™*
16. @Find the second order derivative of
tan= 3 x. = 20. Megha had a very sharp and mathematical
mind. She could relate most things she saw
17.Find the second order derivative of with its appropriate mathematical function.
y = log e*i"*, When she visited the amusement park with



her family, she could relate the roller coaster
somewhat with the trigonometric function

dzy 2
Find —=, ify =cos*x.
dx? v

Ans. We have, y = cos? x

On differentiating twice with respect to x, we
get

dy = -2 cos x sin x

dx
= ey = - sin 2x

2
and d—g =-2cos 2x

dx

(SHORT ANSWER Type-| Questions (SA—I))

[ 2 marks ]

21. ®Find the second order derivative of

y=|xt+1]
2

22. If y = cos (log x), find :Tg .

y = cos (log x)
On differentiating twice with respect to x, we

Ans. Given:

get
L= a
i sm(log(x])dx{logx)
E&f _ _‘sin{logx)
dx x
and

dz_y } _[x % sinflogx) - sin(logx)%(x]jl

x'l

l x xcos(logx) x% —sinflogx)x1 ]

x?

_ —cos (logx) + sin(logx)
= 3

2
23. @ify = x> thenfind 1Y .
dx!

d?y
24.fx=acos 8, y = b sin 6, then find — -
dx

[CBSE 2020]

Ans. We have,x=acos8,y=bsin@

%:—asina o))

gi =bcosB ~(if)
dé

dy _dy do
dx dé dx

- bco.sB =—£cct9
—asin® a

;b{— cosec?6) g8
a dx

E msec—"ﬁ( Alcosec e J
a

a
[Using ()]

-b
“cosec’ 0

a’

25. @Find the second derivative of the function
y=e%cos 4x,

26. @if y = A sin x + B cos x, then prove that
2

dy
+y=0.
ax? Y
d’y
27. If x = at?, y = 2at then find .
dx
[CBSE 2020]
Ans. Given: x = at?, y = 2at
& 2at,
dt
% _ 2



o
o]
(=]

d .
dx

T|8{Sle
|]
o |
5|
|]
re | =

o
[ ]
L
|
[y
o
~

So

2

[]
8
2

TSI
T 2ot 2a8

(SHORT ANSWER Type-Il Questions (SA-II) )

[ 3 marks ]

28, @if y = 4 + 5e* then prove that
d’ 4 9 +20g 0
dx?

29, @1if o¥ (x + 1) = 1, then show that

2
y dy
=|~=]. CBSE 2017
dx? [dx] [ ]
30.If y = Ae™ + Be", show that
d

- (m <+ n) y+mny—0

Ans. Given: y = Ae™ + Be™
Differentiating twice with respect to x, we get

FE = Ae™ m + Be™n
dx

diy

v =m? Ae™ + n’Be™
%

and

d’y dy
Now, LHS. = — - == + mn
oW =) {m+n) = y

= m?Ae™ + n?Be™ - (m + n){mAe™ + nBe™)
+ mn(Ae™ + Be™)
= Ae™ [m? - (m + R) m + mn)
+Be™[n? - (m+n)n+mn)
=Ae™ x0+Be™x0=0=RHS.

Hence proved.
31. If y = (sin"* x)?, prove that
2
1-2208_ .0,

CBSE 2019
dx? dx [ ]
Ans. Given: y = (sin~ 1 x)2
Differentiating wrt. x, we get
dy = | 1
== = 28in” " xx o
e - 0

Again, differentiating w.rt. x, we get

2
gy (srn 1)+ 2sfn‘1x-£- [ : ]

EI ||' 2 dx dx :Iil«xj

2 1
B JZL—J:n xw_.n'l—xz

+2sin™! x % =
(1 X ]Eﬂ
2 i #1
= (1-x2)9-%=2 i s
dx 1-x2
d%y sin~ 1 x
= (1-xY)—2= -2 -2=0
dx? ;1—.1(1
2
= 1-x)3Y_x W 5.9
dx? dx

Hence, proved.

32. @Ify = (tan™ ! )2, show that
02 + 1%ya + 2x(% + Dyy = 2.

33. @Ify =x log (l} then prove that
X

2
xd_y._ZE

3x? = 0.
dx? d'x+ %

34. @'lfy = Ae” " sin (nt + ¢), prove that

d’y dy 2
-2m—=+(m?+n =0.
PT R =

35. If y = 2 cos (log x) + 3 sin (log x), prove that

2
=d9+x:_9+y 0. [CBSE 2016]
Ans. We have, y = 2 cos (log x) + 3 sin (log x)

Differentiating with respect to x, we get

d_y = —2sin(logx) x l + 3cos(logx) x 2
dx X X

:xj—i =~ 2 sin (log x) + 3 cos (log x)



Again differentiating with respect to x, we get

d’y  dy 1
X +=Z = —2cos(logx)x =
ot o i
: 1
-3sin(logx)x —
X
= x’d—zywrﬂ = - |2 cos (log x)
dx? d

+ 3 sin (log x)]

2
2d%y dy _
= xdx2+xdx— y
2
2d%y _dy
= xdx2+xd +y =0

Hence, proved.
@) m+n dy
36. @If x"y" = (x + y)™ * ", prove that —- o =0,

[CBSE 2017]

( LONG ANSWER Type Questions (LA) )

[ 4 &5 marks ]

37.If (x - a)? + vy - b)2 = ¢, then prove

3/2
[1 +! dy !2 \ !
that d: is @ constant and

dy
dx?
independent of @ and b.
Ans. Given: (x- a@)? + (y - b)? = &2 {0
On differentiating twice with respect to x, we

get

dy_
2Ax—a)+ 2y b)dx_o

£y
- @ (x2) e
: 3
(y=-b)1) - (x —a)=
and 4Y = - 3 dx
dx? (y-b*)
) {y—b)—tx—ai{—[;::]}
(y - b)?
[From eq. (ii)]
(x-a)?
N (i — b) + 3—== )
(y - b)?
; _[(y—b}%(x—af]
(y- by
CQ
= _[{ymb}j] [From Eq. ()]

3/2
dy ;

1+
dx

Now, LH.S. =

2y
dxt

(y-bp

342
e

(y - b)?

(y - b)*

¢ (w-b
(y-b) c?

=-C
which is a constant and independent of a and b.
Hence proved.

38. If y = 3 cos (log x) + 4 sin (log x), show that

d'y y
122 4 x—= +y=0.
dx* dx y

X

Ans. We have, y = 3 cos{(log x) + 4sin (logx)  ..(Q)
On differentiating with respect to x, we get
dy

; d
ek — 3 sin (log x) = (leg x)

+ 4 cos (log x) aix (log x)

- d_y - —35m(lngx)+4cus{logx]

dx X X




= x%=—35ln[logx}+4ccs(logx}
X

Again differentiating with respect to x, we get

d’y  dy _ d
X =5 + = Scos{lagx)dx (logx)
—4sin(logx)i{logx]
dx
- —3cos{logx) _ 4sinflogx)
X X
2
:xzd—'-'i"- +x% = - [3 cos (log x) + 4 sin (log x)]
X %
=-y [From eq. (i)
2
= xzj—xg-+x3—ﬁ+y=0.

Hence, proved.

39. @1 x = sin t and y = sin pt, prove that

W d
(1-x) %g-xd—fa,p’y:o

[CBSE 2019, NCERT Exemplar]
40. If y = log(x — Vx* + m?), prove that

2
(x? +m’)ﬂ+xd—y =0,
dx? dx

Ans. Given, y = log(x - Vx? + m?)

On differentiating with respact to x, we get

dy _ - L IRG. F T

dx (x- x2+m2} dx

) 1 [1_ 2x ]
B {x—Jx2+m2} 2~jx2+m2

(Vx2+m? - x)

) (x = Vx2 + m2)(Wx2 + m?)

o1
x? +m?
= \"x’+m2z—g=—1 = {X2+m1](j—f]’ =1

Again differentiating with respect to x, we get

¥ 2
{x2+m2) Kz(j—fIg—xg]+(z—i](2x}=0

dy|,. 2, 2d%y  dyf_
25[(;\' +M}E+XE =0

¥
= (x2 + mi)d—y +J<ﬂ
dx? dx

Hence, proved.

=0



= xj—y=-35ln[logx)+4cas(logx}
X

Again differentiating with respect to x, we get

d?y dy _ _ d
xd_f+ - Scos{logx)dx (logx)

d
—45sj —{l
sm(logx)dx{ogx]
- —3cos{logx) _ 4sinflogx)
X X
2
:xzj—xg-+x% = — (3 cos (log ) + 4 sin (log x)]
=—y [From eq. ()]
2
2dY A e
= X Ei—+xdx+y A

Hence, proved.
39. @f x = sin t and y = sin pt, prove that
d\
2 B, S
(1= x)_x? xdx+py-0
[CBSE 2019, NCERT Exemplar]

40. If y = log(x — Vx* + m?), prove that

2
(x? +m1}ﬂ+xd—y = 0.
dx? dx

Ans. Given, y = log(x - Vx? + m?)

On differentiating with respect to x, we get

ﬁ-—l % = x2 +m?)

dx _{x x +m}dx

) 1 [1_ 2x ]
- {x—\fx2+m2} 2\.{‘41:'2+m2
{\J'x2+m! - X)

i - Jx2 4 mz)(‘jh': +m?)
1

T emt

= Vx?+m? dy-—l::{x2+m7] ay =1
dx dx

Again differentiating with respect to x, we get

2 dy Y dy dy
(x? +m)x2(d d—f] [d ](2.1:} 0

dyf,. 2, _2d%y  _dy|_
2;[(4\’ +m}E+XEx- =0

dy
dx

2
= (x? +m2)d—y +x—==0
dx?

Hence, proved.



( VERY SHORT ANSWER Type Questions (VSA) )

[ T mark ]

1. Determine the value of 'k’ for which the following function flx) is continuous at x = 3:

(x+3)-36
o= x-3 ' >3
k , Xx=3
Ans. || e [ 2 56 sy o
[ =
=g S z3 - T

.'ffm)..i.. conbnuoius _al ¥ = 3 _ I
b flx) = Lm $p) - 4 4(3)

s 3= A 3r
lim (3 *_ [ Lk -
~a s
____U*"Hv’{:::;"ﬂ) hr,gﬂ;) =k ‘_ _:_______
Al ('l -3)
Lim [u/bj {_-w.+q = -
et r/@
_ lm_f (xeq) =k~ I
RN /,
IR ¢
k =12 N
[CBSE Topper 2017]
(SHORT ANSWER Type-| Questions (SA-1))
[ 2 marks ]
2. Differentiate tan™! (%‘%‘-) with respect to x.
== ) ( |+t‘.01'x,)
'm %
Y = m-l ( AV /2 }
7 aema/ Lot ¥




Y= Jun’ _{‘-ﬁ‘_’_"‘f_")
amafa

y = o’ (Bt4) -

e tan ( Ma~%/a)]

_ 5= =X e

oL &

- Qﬁﬂe.wm%mﬁ Wi o __ B

I dy - 1 Uy __./”f
'El'_t. ol - ~?” 'J::- [CBSE Topper 2018)

(SHORT ANSWER Type-Il Questions (SA-1I))

[ 3 marks ]

3. Ifx=a (20 -sin 20) and y = a (1 - cos 26), find %" when 0 = %

Ans. Il = Q. (20- sinae) N -
de = @ (2-2cote) e
W oy . aa(r-ce1ae),

de
»al .
y = aCl= s db) A
d = u_,{'l}-f-é_m"naej -

do %q; = do enae v . .
o

s dy ds = o020 = ASbstp
%% ap - du 3 (181 20) A wjr &

'%um& e

(ﬁ%)[ﬂ-'m)_ hm %

= wst (60)

= T~ 7
P s 3 [CBSE Topper 2018]




n
4, If x = cos t + log (tan —-), = sin t, then find the values of —t,— and E’_ atts= &
Ans.

4 y = etk = aset ko gfiontsy)
] h‘l’]f._\nf.!' +

Ayt = _glﬂ__t_\j;?ﬂc'ﬂa y
+AUA 1

BiH, wr ¥ &¥E = —gint & st
dly = ~€int 28tnl, ety ~
- = —m'n.* . .'I.dulfncl'l.t'll}l-]

_______43;5:&__ - =shT . i?u-t R
M beaw; An = -:J--: o L A = eoi*t

At o \da e N
B 11 e ]
[:_ﬂ_ﬁ! entd..

gk bhide i) HEU)

:? &H’M- 3 t.?.l.f
Tl

M= wgk.sing * giwt =foud

. T maet et _
bnl WA /
r J-\L_J&M)-ﬁt—,
sodt. | - wilt I
e— = &;51 -;‘mum, -
. St sink = b e gt
Tietwt | oftate ot

= gnbe’t _,_i..__———-

]:j 1&__%113: REr)! -
| ﬁ\iq a] e —
AL T (g

p/
5. Differentiate tan™? ( J—' ‘/—' ) with respect to cos™ x%

SERR

[CBSE Topper 2019]

Ans. B = T  —maE e ==
b‘l“‘ |.-'.'-_-'—1"" =} | = jlcong L :

- o=t {_;‘J:__f" F—:—tﬂﬂ o ﬁ -.ﬂ- I-- - wm e o m wm oam o — a

______ T oetas s -j-....___-_r_a“u, - m wm

________ LA -7

e I-mﬁ::ﬁi&‘-_--'--,--_-_-_"_'__



