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MATHEMATICAL TOOLS
Mathematics is supporting tool of physics. The elementary knowledge and applications of
fundamentals of mathematics is useful in understanding and problem solving in physics. In
this chapter we will study elementary Algebra, Trignometry, differentiation, integration &
vectors.

HMM...LET’S TRY 
ANOTHER TOOL 
FROM MY KIT...

VECTORS
TRIGONOMETRY

INTEGRATION

DIFFERENTIATION

To solve the problems of physics Newton made significant contributions
to Mathematics by inventing differentiation and integration.
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APPROPRIATE CHOICE OF TOOL IS VERY IMPORTANT
1. FUNCTION

Function is rule which relates the value of one variable quantiy to the value of another variable quantity in
which one is assumed to be dependent and the other as independent variable.
e.g.  A circle’s circumference is a function of its diameter, i.e., circumference depends upon diameter of
circle.

         e.g.  Air pressure at any level in the  atmosphere is dependent on elevation above sea level.
In each of the above example, value of one variable quantity (dependent variable) , which we might call
y, depends on the value of another variable quantity (independent variable), which we might call x. Since
the value of y is completely determined by the value of x, we say that y is a function of x and represent
it mathematically as y = f(x).
Here f represents the function, x the independent variable & y is the dependent variable.

fx
Input 

(Domain)
Ouput

(Range)

f(x)

All possible values of independent variables (x) are called domain of function.
All possible values of dependent variable (y) are called range of function.
Think of a function f as a kind of machine that produces an output value f(x) in its range whenever we feed it
an input value x from its domain (figure).

When we study area of sphere, we usually call the area A and the radius r. Since area depends on
radius, we say that A is a function of r, A = f(r) . The equation A = 4r2 is a rule that tells how to calculate
a unique (single) output value of A for each possible input value of the radius r.
A = f(r) = 4r2 . (Here the rule of relationship which describes the function may be described as square
& multiply by ).
If   r = 1    A = 4     if   r = 2 A = 16    if   r = 3   A = 36
The set of all possible input values for the radius is called the domain of the function. The set of all
output values of the area is the range of the function.

 We usually denote functions in one of the two ways :

1. By giving a formula such as y = 
x
2

 that uses a dependent variable y to denote the value of the function.

2. By giving a formula such as f(x) = 
x
2

 that defines a function symbol f to name the function.

Strictly speaking, we should call the function f and not f(x),
y = cos x. Here the function is cosine, x is the independent variable.

OLVED XAMPLES  E
Example 1. The volume of cube of edge a is given by the function V(a) = a3. The volume of cube of edge length 2

meter is ?
Solution: V(2)  = 23 = 8 m3

Example 2. Suppose that the function F is defined for all real numbers r by the formula   F(r) = 3(r2 + 1) + 8.
Evaluate F at the input values 0, 2, x + 2, and F(2).

Solution: In each case we substitute the given input value for r into the formula for F :
F(0) = 3(0 + 1) + 8 = 11  ;
F(2) = 3(22 + 1) + 8 = 23 ;
F(x + 2) = 3((x +2)2 + 1) + 8 = 3x2 + 12x + 23;
F(F(2)) = F(23) = 3((23)2 + 1) + 8 = 1598
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Example 3. A function (x) is defined as (x) = x2 + 3, Find 0) , (1),  x2), (x+1)  and 1)).
Solution: (0) = 02 + 3 = 3 ;

(1) = 12 + 3 = 4  ;
(x2) =  (x2)2+3 = x4+3
(x+1) = (x + 1)2 + 3 = x2 + 2x + 4 ;
((1)) = 4)  = 42+3 = 19

Example 4. If function F is defined for all real numbers x by the formula  F(x)  = x2 .
Evaluate F at the input values 0,2, x + 2 and F(2)

Solution: F(0) = 0  ;
F(2) = 22 = 4  ;
F(x+2) = (x+2)2  ;
F(F(2)) =  F(4)  =  42  = 16

 

2. TRIGONOMETRY
Measurement of angle and relationship between degree and radian
Angle is figure formed by two rays called the sides of angle, sharing a common end point, called the vertex
of the angle.

It is the measure of change in direction.

C



r
A



B

Let ACB be a central angle in a circle of radius r , as in figure. Then the angle ACB or  is defined in radian
as -

 = Radius
lengthArc

   = 
r

AB

If       r = 1  then   =  AB

The radian measure for a circle of unit radius of angle ACB is defined to be the length of the circular arc AB.
Since the circumference of the circle is 2 and one complete revolution of a circle is 360º, the relation
between radians and degrees is given by :  radians = 180º

Angle Conversion formulas

1 degree = 180


( 0.02) radian

1 radian   57 degrees Radians to degrees : multiply by 


180
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OLVED XAMPLES  E
Example 5. (i) Convert 45º to radians.

(ii) Convert 6


 rad to degrees.

Solution: (i)  45 • 180


 = 
4


 rad

(ii) 6


• 


180
 = 30º

Example 6. A circular arc of length  cm. Find angle subtended by it at the centre in radian and degree.



6cm

cm
6cm

Solution :
s cm rad 30
r 6cm 6

     

Example 7. Convert  
3


 radian to degrees.

Solution:
3


×


180
  =  60º

 
STANDARD VALUES

(1)  300  = 
6


 rad (2) 45o  = 
4


 rad (3) 60o  = 
3


 rad

(4) 90o  = 
2


 rad (5) 120o  = 
3

2
 rad (6) 135o  = 

4
3

rad

(7) 150o  = 
6

5
 rad (8) 180o  =  rad (9) 360o  = 2 rad

(Check these values yourself to see that the satisfy the conversion formulae)

MEASUREMENT OF POSITIVE AND NEGATIVE ANGLES

Negative
Measure

y

x

An angle in the xy-plane is said to be in standard position if its vertex lies at the origin and its initial ray lies
along the positive x-axis (Fig.). Angles measured counterclockwise from the positive x-axis are assigned
positive measures ; angles measured clockwise are assigned negative measures.
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SIX BASIC TRIGONOMETRIC FUNCTIONS
Let two fixed lines XOX' and YOY' intersecting at right angles to each other at point O.

     • Point O is called origin.

     • Line XOX'  is known as x–axis and YOY' as y–axis.

     • Regions XOY, YOX', X'OY'  and Y'OX are called I, II, III and IV quadrant respectively.

Consider a line OP making angle  with OX as shown. Line PM is  perpendicular drawn from P on OX. In the
right angled triangle OPM,  side OP is called hypotenuse, the side OM adjacent to angle  is called base and
the side PM opposite to angle  is called the perpendicular. Following ratios of the sides of a right angled
triangle are known as trigonometrical ratios or T-ratio

sin  = 
perpendicular MP
hypotenuse OP

  cos =
base OM

hypotenuse OP
 tan =

perpendicular MP
base OM



cot = 
base OM

perpendicular MP
 sec = 

hypotenuse OP
base OM

 cosec  = 
hypotenuse OP

perpendicular MP


1
cosec =

sin



 

1
sec

cos
 


1

cot
tan

 


OLVED XAMPLES  E
Example 8. Find the six trigonometric ratios from given figure



5

3

4

Solution : sin = 
perpendicular
hypotenuse  = 5

4
  ; cos = 

base
hypotenuse  = 5

3
 ;

tan = 
perpendicular

base
 = 3

4
  ; cosec  = 

hypotenuse
perpendicular  = 

4
5

 ;

sec = 
hypotenuse

base
 = 3

5
 ; cot= 

base
perpendicular  = 

4
3
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 
RULES FOR FINDING TRIGONOMETRIC RATIO OF ANGLES GREATER THAN 90°
Step 1  Identify the quadrant in which angle lies.
Step 2 
(a) If angle = (n  ± ) where n is an integer. Then trigonometric function of (n  ± )

          =  same trigonometric function of  and sign will be decided by CAST Rule.

(b) If angle = 



 




2
)1n2(    where n is an integer.  Then

trigonometric function of 



 




2
)1n2(  = complimentary trignometric function of 

and sign will be decided by CAST Rule.

Four Quadrants and CAST Rule*
In first quadrant, all trigonometric ratios are positive.
In second quadrant, only sin and cosec are positive.
In third quadrant, only tan and cot are positive.
In fourth quadrant, only cos and sec are positive

(c) Trigonometric function of an angle – (negative angles)
sin(–) = –sin cos(–) = cos tan(–) = –tan

Values of sin , cos  and tan  for some standard angles.

01333/414/33/10tan
12/12/102/15/32/15/42/31cos

02/12/312/35/42/15/32/10sin
4/33/22/3/180/534/180/376/0Radians

1801351209060534537300Degree







OLVED XAMPLES  E
Example 9: Find the value of :

(i) sin30° + cos60° (ii) sin 0° – cos 0° (iii) tan 45°–tan 37° (iv) sin 390°
(v) cos 405° (iv) tan 420° (viii) sin 150° (viii) cos 120°
(ix) tan 135° (x) sin (330°) (xi) cos 300° (xii) sin(–30°)
(xiii) cos(–60°) (xiv) tan(–45°) (xvi) sin(–150°)
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Solution : (i) sin 30° + cos 60° = 
1 1 1
2 2
  (ii) sin0° – cos0° = 0–1 = –1

(iii) tan 45° –tan 37° = 
3 11
4 4

  (iv) sin 390° = sin(360 + 30) = sin 30 = 
1
2

(v) cos 405° = cos(360° + 45°) = cos45° = 
1
2 (vi) tan 420° = tan(360° + 60°) = tan60° = 3

(vii) sin 150° = sin (90° + 60°) = cos 60°

(viii) cos 120° = cos(180° – 60°) = – cos 60° = – 
1
2 (ix) tan135° = tan(180° – 45°) = –tan 45° = –1

(x) sin 330° = sin(360° – 30°) = – sin 30° = – 
1
2 (xi) cos 300° = cos (360° – 60°) = cos 60° = 

1
2

(xii) sin (–30°) = –sin 30° = – 
1
2 (xiii) cos (–60°) = + cos 60° = 

1
2

(xiv) tan (–45°) = –tan45° = –1 (xiii) cos(–60°) = + cos 60° = 
1
2

(xiv) tan (–45°) = –tan45° = –1

(xv) sin (–150°) = –sin (150°) = – sin (180° – 30°) = – sin 30° = – 
1
2

 
GENERAL TRIGONOMETRIC FORMULAS :

1. Trignometic Identities

   

   

   

2 2

2 2

2 2

cos sin 1

1 tan sec

1 cot cosec

2. Addition formulae

 
  


 



cos(A B) cos A cosB – sinA sinB
sin(A B) sin A cosB cosA sinB

tanA tanBtan(A B)
1 tan A tanB

3. Half angle formula
sin 2 = 2 sin  cos  ; cos 2 = cos2  – sin2  = 2cos2  – 1 = 1 – 2sin2 

cos2  = 
2

2cos1  ; sin2  = 
2

2cos–1 
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4. Sine rule for triangles



a c

b


;
  
 

sin sin sin
a b c

5. Cosine rule for triangles

a c

b


; c2 = a2  + b2 – 2ab cos

6. Maximum and Minimum Values of Some useful Trigonometric Functions
      • –1  sin 1
      • 1 cos 1

      • 2 2a b    a cos b sin  2 2a b

OLVED XAMPLES  E
Example 10. : Find maximum and minimum values of y :

(i) y = 2 sinx (ii) y = 3sinx + 4 cosx
Solution: (i) ymax  = 2(1) = 2  and  ymin = 2(–1) = –2

(ii) 2 2 2 2
max miny 3 4 5 and y 3 4 5       


3. DIFFERENTIATION

FINITE DIFFERENCE
The finite difference between two values of a physical quantity is represented by  notation.
For example :
Difference in two values of y is written as y as given in the table below.

y2 100 100 100 
y1 50 99 99.5 
y = y2 – y1 50 1 0.5 

INFINITELY SMALL DIFFERENCE :
The  infinitely small difference means very-very small difference. And this difference is represented by ‘d’
notation instead of  ‘’.
For example infinitely small difference in the values of y is written as ‘dy’
if y2 = 100  and y1 = 99.99999999........
then dy = 0.000000...................00001
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DEFINITION OF DIFFERENTIATION
Another name for differentiation is derivative.  Suppose  y is a function of x or y = f(x)

Differentiation of y with respect to x is denoted by symbol f ’(x)

where f ’ (x) = dx
dy

dx is very small change in x and dy is corresponding very small change in y.

NOTATION : There are many ways to denote the derivative of a function y = f(x). Besides f ’(x), the most
common notations are these :

y´ “y prime” or “y dash” Nice and brief but does not name the 
independent variable. 

dx
dy  

“dy by  dx” Names the variables and uses d for 
derivative. 

dx
df  

“df by dx” Emphasizes the function’s name. 

)x(f
dx
d  

“d by dx  of  f” Emphasizes the idea that differentiation is 
an operation performed on f. 

Dxf “dx  of  f” A common operator notation. 
y  “y  dot” One of Newton’s notations, now common 

for time derivatives i.e. 
dt
dy . 

f´(x) f dash x Most common notation, it names the 
independent variable and Emphasize the 
function’s name.  

 

SLOPE OF A LINE
It is the tan of angle made by a line with the positive direction of x-axis, measured in anticlockwise
direction.

Slope = tan  ( In 1st quadrant tan  is +ve & 2nd quadrant  tan  is  –ve )

In Figure - 1 slope is positive In Figure - 2 slope is negative

 < 90°  (1st quadrant)  > 90° (2nd quadrant)
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AVERAGE RATES OF CHANGE :
Given an arbitrary function y = f(x) we calculate the average rate of change of y with respect to x over the
interval (x , x + x) by dividing the change in value of y, i.e.y = f(x + x) – f(x), by length of interval x over
which the change occurred.

The average rate of change of y with respect to x over the interval [x, x + x]  = 
x

)x(f)xx(f
x
y








Geometrically,  
x
y




 = 
PR
QR

 =  tan  = Slope of the line PQ

therefore we can say that average rate of change of y with
respect to x is equal to slope of the line joining P & Q.

x

y

x + x

y+  y

P

Q



y

x
R

In triangle QPR tan   = 
y
x

THE DERIVATIVE OF A FUNCTION

We know that, average rate of change of y w.r.t. x is  
x
y




 = 
x

)x(f–)xx(f

 .

If the limit of this ratio exists as x  0, then it is called the derivative of given function f(x) and is denoted as

f ’(x) = dx
dy

 = lim
0x   

x
)x(f–)xx(f




GEOMETRICAL MEANING OF DIFFERENTIATION
The geometrical meaning of differentiation is very much useful in the analysis of graphs in physics. To understand
the geometrical meaning of derivatives we should have knowledge of secant and tangent to a curve

Secant and tangent to a curve

Secant :  A secant to a curve is a straight line, which intersects the curve at any two points.

P

q Secant

x

y
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Tangent:-
A tangent is a straight line, which touches the curve at a particular point.  Tangent is a limiting case of secant
which intersects the curve at two overlapping points.

In the figure-1 shown, if value of x is gradually reduced then the
point Q will move nearer to the point P.  If the process is
continuously repeated (Figure - 2) value of x will be infinitely small
and secant PQ to the given curve will become a tangent at point P.

Therefore  










 x
y

0x
 = dx

dy
= tan                               x

y

x + x

y+  y

P

Q



y

x
R

Figure - 1

we can say that differentiation of y with respect to x,i.e.  







dx
dy

 is

equal to slope of  the tangent at point P (x, y) or tan = dx
dy

(From fig. 1, the average rate of change of y from x to x + x is
identical with the slope of secant PQ.)

x

y

x+ x

y+ y

P

Q

Q

Q

Q


y

x
R

Figure - 2RULES FOR DIFFERENTIATION

 RULE NO. 1 : DERIVATIVE OF A CONSTANT

The first rule of differentiation is that the derivative of every constant function is zero.

If c is constant, then c
dx
d

 = 0.

OLVED XAMPLES  E

Example 11.
d

(7) 0
dx

 ,
d 1

0
dx 2

   
 

,  d
8 0

dx




 RULE NO. 2 : POWER RULE

If n is a real number, then  1nn nxx
dx
d  .

To apply the power Rule, we subtract 1 from the original exponent (n) and multiply the result by n.

OLVED XAMPLES  E

Example 12.
f x x2 x3 x4 ....

f' 1 2x 3x2 4x3 ....
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Example 13. If y = 4x
1

 then, dx
dy

 will be :

(A) 3x
4

(B) 4x3 (C) 5x
4

 (D) 5x
4

Answers: (C)

Solution: dx
dy

 = dx
dy

(x–4) = – 4x–5 .

Example 14. (a) )x(
dx
d 2/1  = 2/1x

2
1  = x2

1

  |   |
    Function defined for x  0     derivative defined only for x > 0

(b) )x(
dx
d 5/1 = 5/4–x

5
1

   | |
    Function defined for x  0        derivative not defined at x = 0



 RULE NO. 3 : THE CONSTANT MULTIPLE RULE

If u is a differentiable function of x, and c is a constant, then )cu(
dx
d  = dx

duc

In particular, if n is a positive integer, then )cx(
dx
d n = cn xn–1

OLVED XAMPLES  E
Example 15 The derivative formula

3d
(6x )

dx
 = 6(3x2) = 18x2

says that if we rescale the graph of y = x3 by multiplying each y–coordinate by 6, then we multiply
the slope at each point by 6.

Example 16 A useful special case
The derivative of the negative of a differentiable function is the negative of the function’s derivative.
Rule 3 with c = –1 gives.

)u(
dx
d

  = )u1(
dx
d

  = –1   )u(
dx
d

 = dx
d

 (u)
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

 RULE NO. 4 : THE SUM RULE
The derivative of the sum of two differentiable functions is the sum of their derivatives.
If u and v are differentiable functions of x, then their sum u + v is differentiable at every point where u and v
are both differentiable functions is their derivatives.

)vu(
dx
d

  = ]v)1(u[
dx
d

  = dx
dv

dx
du

dx
dv)1(

dx
du



The Sum Rule also extends to sums of more than two functions, as long as there are only finitely many
functions in the sum. If u1, u2,.........un are differentiable at x, then so is u1 + u2 + ........+ un , and

)u.....uu(
dx
d

n21   = dx
du.......

dx
du

dx
du n21  .

OLVED XAMPLES  E

Example 17 (a) y = x2 + 6x3 (b) y = 2x3 – 
8
3 x2 + 15x + 3

 2 3dy d d(x ) (6x )
dx dx dx

       
 

3 2dy d d 8 d d2x x (15x) (3)
dx dx dx 3 dx dx

      = 2x + 18x2     = 6x2 – 
16 x
3  + 15

Notice that we can differentiate any polynomial term by term, the way we differentiated the polynomials
in above example.



 RULE NO. 5 : THE PRODUCT RULE

If u and v are differentiable at x, then so is their product uv, and dx
d

(uv) = dx
duv

dx
dvu  .

The derivative of the product uv is u times the derivative of v plus v times the derivative of u. In prime notation
(uv)’ = uv’ + vu’.

While the derivative of the sum of two functions is the sum of their derivatives, the derivative of the product of
two functions is not the product of their derivatives. For instance,

dx
d

(x.x) = dx
d

(x2) = 2x,   while dx
d

(x) . dx
d

(x) = 1.1 = 1.

OLVED XAMPLES  E
Example 18 Find the derivatives of y = (x2 + 2) (x4 – 1).
Solution : From the product Rule with u = (x2 + 2) and v = (x4 – 1), we find

2 4d
(x  + 2) (x  – 1)

dx
    = (x2 + 2) (4x3) + (x4 – 1) 2x = 6x5 + 8x3 – 2x.

Example can be done as well (perhaps better) by multiplying out the original expression for y and
differentiating the resulting polynomial. We now check :  y = 2 4(x  + 2) (x  – 1) = x6 + 2x4 – x2 – 2.

dx
dy

 = 6x5 + 8x3 – 2x

This is in agreement with our first calculation.
There are times, however, when the product Rule must be used. In the following examples. We have
only numerical values to work with.
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Example 19 Let y = uv be the product of the functions u and v. Find y’(2) if u’(2) = 3, u’(2) = –4, v(2) = 1,

and v’(2) = 2.
Solution: From the Product Rule, in the form

y’ = (uv)’ = uv’ + vu’ ,
we have y’(2) = u(2) v’(2) + v(2) u’ (2)  = (3) (2) + (1) (–4) = 6 – 4 = 2.



 RULE NO. 6 : THE QUOTIENT RULE
If u and v are differentiable at x, and v(x)  0, then the quotient u/v is differentiable at x,

and 







v
u

dx
d

 = 2v
dx
dvu

dx
duv 

Just as the derivative of the product of two differentiable functions is not the product of their derivatives, the
derivative of the quotient of two functions is not the quotient of their derivatives.

OLVED XAMPLES  E

Example 20 Find the derivative of y = 
2

2

x 1
x 1



Solution : We apply the Quotient Rule with u = x2 – 1 and v = x2 + 1 :

dy
dx

 = 
2 2

2 2

(x 1).2x (x 1).2x
(x 1)

  
  2

d u v(du / dx) u(dv / dx)
dx v v

   
 

       = 
3 3

2 2

2x 2x 2x 2x
(x 1)

  


  = 2 2

4x
(x 1)

.



 RULE NO. 7 : DERIVATIVE OF SINE FUNCTION

xcos)x(sin
dx
d



OLVED XAMPLES  E
Example 21 (a) y = x3 – sin x

Solution: dx
dy

 = 2 d
3x (sin x)

dx
 Difference Rule

        = 3x2 – cos x
(b) y = x3 sin x

Solution: dx
dy

 = x3
dx
d

(sin x) + 3x2 sin x Product Rule

       = x3 cos x + 3x2 sin x

(c) y = 
x

xsin

Solution: dx
dy

 = 2x

1.xsin)x(sin
dx
d.x 

Quotient Rule

       = 2x
xsinxcosx 

.
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

 RULE NO. 8 : DERIVATIVE OF COSINE FUNCTION

xsin)x(cos
dx
d



OLVED XAMPLES  E
Example 22 (a) y = x2 + cos x

Solution: dx
dy

 = dx
d

(x2) + dx
d

(cosx) Sum Rule

       = 2x – sin x
(b) y = sinx cosx

Solution: dx
dy

 = sinx dx
d

(cosx) + cosx dx
d

(sinx) Product Rule

       = sinx (– sinx) + cosx (cosx)
       = cos2 x – sin2 x



 RULE NO. 9 : DERIVATIVES OF OTHER TRIGONOMETRIC FUNCTIONS

Because sin x and cos x are differentiable functions of x , the related functions

• tan x =  xcos
 xsin

 ; • sec x =  xcos
1

• cot x =  xsin
 xcos

; • cosec x =  xsin
1

are differentiable at every value of x at which they are defined. There derivatives. Calculated from the Quotient
Rule, are given by the following formulas.

• dx
d

(tan x) = sec2 x • dx
d

(sec x) = sec x tan x

• dx
d

 (cot x) = – cosec2 x • dx
d

(cosec x) = – cosec x cot x

OLVED XAMPLES  E
Example 23 Find dy/dx if y = tan x .

Solution :
dx
d (tan x) = 

dx
d

 







 xcos
 xsin

 = 
xcos

 x)(cos 
dx
d x sin – )x(sin

dx
dxcos

2

= 
xcos

  x)(–sin x sin x – cos x cos
2

= 
xcos

xsinxcos
2

22 
= 

xcos
1

2  = sec2 x
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Example  24 (a) dx
d

(x2 – cot x) = 2x – dx
d

(cot x) = 2x + cosec2 x

(b) dx
d 








x sin
2

 = dx
d

 (2cosec x) = 2 dx
d

 (cosec x)

= 2 (–cosec x cot x)  =  – 2 cosec x cot x


 RULE NO. 10 : DERIVATIVE OF LOGARITHMIC FUNCTIONS AND EXPONENTIAL FUNCTIONS

 
x
1xlog

dx
d

e     xx ee
dx
d



OLVED XAMPLES  E
Example 25. y = ex . loge (x)

Solution:  xe
dx
d

dx
dy

  . log (x) +. dx
d

 [loge (x)] ex  dx
dy

 = ex . loge (x) + 
x
ex



 RULE NO. 11 : CHAIN RULE OR “OUTSIDE INSIDE” RULE

 
dy dy du
dx du dx
It sometimes helps to think about the Chain Rule the following way. If y = f(g(x)).

dy
f '[g(x)].g'(x).

dx


In words : To find dy/dx, differentiate the “outside” function f and leave the “inside” g(x) alone ; then multiply by
the derivative of the inside.
We now know how to differentiate sin x and x2 – 4, but how do we differentiate a composite like sin (x2 – 4)?
The answer is, with the Chain Rule, which says that the derivative of the composite of two differentiable
functions is the product of their derivatives evaluated at appropriate points.The Chain Rule is probably the
most widely used differentiation rule in mathematics. This section describes the rule and how to use it. We
begin with examples.

OLVED XAMPLES  E
Example 26. The function y = 6x – 10 = 2(3x – 5) is the composite of the functions y = 2u and u = 3x – 5. How are

the derivative of these three functions related ?

Solution: We have 
dy dy du

6, 2, 3.
dx du dx

  

Since 6 = 2,3,
dy dy du
dx du dx

 

Is it an accident that 
dy dy du

?
dx du dx

 

If we think of the derivative as a rate of change, out intuition allows up to see that this relationship is
reasonable.For y = f(u) and u = g(x), if y changes twice as fast as u and u changes three times as
fast as x, then we expect y to change six times as fast as x.
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Example 27. We sometimes have to use the Chain Rule two or more times to find a derivatives. Here is an

example. Find the derivative of g(t) = tan (5 – sin 2t)

Solution: g’(t) = 
d
dt

 (tan (5 – sin 2t)

= sec2 (5 – sin 2t). 
d
dt

 (5 –  sin 2t)

Derivative of tan u with u = 5 – sin 2t
Derivative of 5 – sin u with u = 2t

= sec2 (5 – sin 2t). (0 – (cos 2t).
d
dt

(2t)

= sec2 (5 – sin 2t).(–cos 2t).2
= –2 (cos 2t) sec2 (5 – sin 2t)

Example 28. (a) d
dx

(1 – x ) =2 1/4  1
4

(1 – x ) (–2x)2 –3/4  

Function defined 
on [–1,1]
–x

2(1–x )2 3/4= 

derivative defined
only on (–1,1)

u = 1 – x  and n = 1/42

(b)  d d
sin2x cos2x 2x cos2x.2 2cos2x

dx dx
  

(c)  d
Asin t

dx
    =    d

A cos t t
dt

       = A cos (t + ).. = A A  cos (t + ).



 RULE NO. 12 : POWER CHAIN RULE
If u(x) is a differentiable function and where n is a Real number,then un is differentiable and

n n 1d du
u nu , n R

dx dx
  

OLVED XAMPLES  E

Example 29. If y = sin x  then 
dy
dx

 is :

Solution: 






















x2
1).x.(cos

xsin2

1
dx
dy

 = 
cos

sin

x

x x4

Example 30. Find the value of  nd
Ax B

dx


Solution: Here u = Ax + B, = 
du

A
dx

    n n 1d
Ax B n Ax B .A

dx
  
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

 RULE NO. 13 : RADIAN VS. DEGREE

dx
d

sin(x°) = dx
d

sin 






 
180

x
 = 180


 cos 






 
180

x
 = 180


 cos(x°) .

 
DOUBLE DIFFERENTIATION
If f is differentiable function, then its derivative f ’ is also a function, so f ’ may have a derivative of its own,
denoted by (f ’ )’ = f ’’ . This new function f ’’ is called the second derivative of f because it is the derivative of the
derivative of f . Using Leibniz notation, we write the second derivative of y = f (x) as

2

2

dx
yd

dx
dy

dx
d









Another notation is f ’’  (x) = D2 f (x) = D2f(x)

INTERPRETATION OF DOUBLE DERIVATIVE
We can interpret f ’’ (x) as the slope of the curve y = f ’(x) at the point (x, f ’(x)). In other words, it is the rate
of change of the slope of the original curve y = f (x) .
In general, we can interpret a second derivative as a rate of change of a rate of change. The most familiar
example of this is acceleration, which we define as follows.
If s = s(t) is the position function of an object that moves in a straight line, we known that its first derivative
represents the velocity v(t) of the object as a function of time :

v (t) = s’ (t) = dt
ds

The instantaneous rate of change of velocity with respect to time is called the acceleration a(t) of the object.
Thus, the acceleration function is the derivative of the velocity function and is therefore the second derivative
of the position function :

a (t) = v  ’ (t) = s’’ (t)

or in Leibniz notation, a = dt
dv

= 2

2

dt
sd

OLVED XAMPLES  E
Example 31 : If f (x) = x cos x , find f ’’ (x).
Solution : Using the Product Rule, we have

f ’ (x) = x dx
d

 (cos x) + cos x dx
d

(x)

        = – x sin x + cos x
To find f ’’ (x) we differentiate f ’ (x) :

f ’’ (x) = dx
d

(–x sin x + cos x)

         = – x 
dx
d

 (sin x) + sin x dx
d

(– x) + dx
d

(cos x)

          = – x cos x – sin x – sin x   = – x cos x – 2 sin x
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Example 32: The position of a particle is given by the equation

s = f (t) = t3 – 6t2 + 9t
where t is measured in seconds and s in meters.
Find the acceleration at time t. What is the acceleration after 4 s ?

Solution: The velocity function is the derivative of the position function :
s = f (t) = t3 – 6t2 + 9t

 v(t) = dt
ds

= 3 t2 – 12 t + 9

The acceleration is the derivative of the velocity function :

a (t) = 2

2

dt
sd

= dt
dv

= 6t – 12

 a(4) = 6(4) – 12 = 12 m/s2

 
APPLICATION OF DERIVATIVES

DIFFERENTIATION AS A RATE OF CHANGE

dx
dy

is rate of change of ‘y’ with respect to ‘x’ :

For examples :

(i) v = dt
dx

 this means velocity ‘v’ is rate of change of displacement ‘x’ with respect to time ‘t’

(ii) a = dt
dv

 this means acceleration ‘a’ is rate of change of velocity ‘v’ with respect to time ‘t’ .

(iii) F = dt
dp

 this means force ‘F’ is rate of change of momentum ‘p’ with respect to time ‘t’ .

(iv)  = dt
dL

 this means torque ‘ ’ is rate of change of angular momentum ‘L’ with respect to time ‘t’

(v) Power = dt
dW

 this means power ‘P’ is rate of change of work ‘W’ with respect to time ‘t’

(vi)  = dt
dq

 this means current ‘’ is rate of flow of charge ‘q’ with respect to time ‘t’

OLVED XAMPLES  E

Example 33. The area A of a circle is related to its diameter by the equation  A = 
4


D2.

How fast is the area changing with respect to the diameter when the diameter is 10 m?
Solution : The (instantaneous) rate of change of the area with respect to the diameter is

dD
dA

 = D2
4


 = 
2
D

When D = 10 m, the area is changing at rate (/2) 10 = 5 m2/m. This means that a small change D
m in the diameter would result in a change of about 5 D m2 in the area of the circle.
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Example 34. Experimental and theoretical investigations revealed that the

distance a body released from rest falls in time t is proportional to
the square of the amount of time it has fallen. We express this by
saying that

s = 
2
1

gt2 ,

0
5
10
15
20
25
30
35
40
45

s (meters)
t = 0

t (seconds)

t = 2

t = 3

A ball bearing falling from rest

where s is distance and g is the acceleration due to Earth’s
gravity. This equation holds in a vacuum, where there is no air
resistance, but it closely models the fall of dense, heavy objects in
air. Figure shows the free fall of a heavy ball bearing released from
rest at time t = 0 sec.
(a) How many meters does the ball fall in the first 2 sec?
(b) What is its velocity, speed, and acceleration then?

Solution : (a) The free–fall equation is s = 4.9 t2.
During the first 2 sec. the ball falls
s(2) = 4.9(2)2 = 19.6 m,

(b) At any time t, velocity is derivative of displacement :

v(t) = s’(t) = dt
d

(4.9t2) = 9.8 t.

At t = 2, the velocity is v(2) = 19.6 m/sec
in the downward (increasing s) direction. The speed at t = 2 is

speed = |v(2)| = 19.6 m/sec. a = 2

2

dt
sd

 = 9.8 m/s2

 
MAXIMA  AND MINIMA
Suppose a quantity y depends on another quantity x in a manner
shown in the figure. It becomes maximum at x1 and minimum at
x2. At these points the tangent to the curve is parallel to the xaxis
and hence its slope is tan  = 0. Thus, at a maximum or a minimum,

slope = dx
dy

 = 0. x1 x2

x

y

MAXIMA
Just before the maximum the slope is positive, at the maximum it is zero and just after the maximum it is

negative. Thus, dx
dy

 decreases at a maximum and hence the rate of change of dx
dy

 is negative at a maximum

i.e. dx
d









dx
dy

 < 0 at  maximum. The quantity dx
d









dx
dy

 is the rate of change of the slope. It is written as 2

2

dx
yd

.

Conditions for maxima are:  (a) dx
dy

 = 0   (b) 2

2

dx
yd

  < 0
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X

Y

Y’

X’

ƒ’(
x)

>0
ƒ’(x)<0

Incre
asin

g Decreasing

O

For maxima, as x increases the
slope decreases

c

MINIMA
Similarly, at a minimum the slope changes from negative to positive. Hence with the increases of x. the slope

is increasing that means the rate of change of slope with respect to x is positive hence dx
d









dx
dy

 > 0.

Conditions for minima are: (a) dx
dy

 = 0 (b) 2

2

dx
yd

  > 0

Quite often it is known from the physical situation whether the quantity is a maximum or a minimum. The test

on 2

2

dx
yd

 may then be omitted.

X

Y

Y’

X’

ƒ’(x
)>0ƒ’(x)<0

Incre
asin

gDecreasing

O
c

For minima, as x increases the
slope increases

OLVED XAMPLES  E
Example 35. Find minimum value of y = 1 + x2 – 2x

Solution: dx
dy

 = 2x – 2

for minima 0
dx
dy



2x – 2 = 0
x = 1

2
dx

yd
2

2


0
dx

yd
2

2


at x = 1 there is minima
for minimum value of y
yminimum = 1 + 1 – 2 = 0
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 Example 36. Particle’s position as a function of time is given as x = 5t2 – 9t + 3. Find out the maximum value of

position co-ordinate ? Also, plot the graph.

Solution : x = 5t2 – 9t + 3

dx
10t 9 0

dt
     t = 9/10 = 0.9

Check, whether maxima or minima exists, 
2

2

d x
10 0

dt
 

  there exists a minima at t = 0.9

Now, Check for the limiting values.

When t = 0 ; x = 3

t =  ; x = 

So, the maximum position co-ordinate does not exist.

Graph :

(0,3)

–1.05

x

0.9
t

Putting t = 0.9 in the equation x = 5(0.9)2 – 9(0.9) + 3 = –1.05

Note : If the coefficient of t2 is positive, the curve will open upside.

Example 37. Does the curve  y = x4 – 2x2 + 2 have any horizontal tangents ? If so, where ?

Solution. 1. Calculate dy/dx :  4 2 3dy d
x 2x 2 4x 4x

dx dx
    

2. Solve the equation : 3dy
0 for x : 4x 4x 0

dx
  

4x(x2 – 1) = 0 ; x = 0,1,–1

The  curve y = x4 – 2x2 + 2 has horizontal tangents at x = 0,1 and –1.The corresponding points on the
curve are (0,2), (1,1) and (–1,1). See figure

y = x  – 2x  + 24 2

y 

(0,2)

(–1,1) (1,1)
1

–1 10
x
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Example 38. A hot air balloon rising straight up from a level field is tracked by a range finder 500 ft from the lift-off
point. At the moment the range finder’s elevation angle is /4, the angle is increasing at the rate of
0.14 rad/min. How fast is the balloon rising at the moment ?

Solution : We answer the question in six steps.

y dy
dt = ?

when  =  
4500 feet

Rangefinder

when  =  
4

d
dt = 0.14 rad/min

Balloon



     • Step 1 : Draw a picture and name the variables and constants (Figure). The variables in the picture are

 = the angle the range finder makes with the ground (radians).

y = the angle the range finder makes with the ground (radians)

We let t represent time and assume   and y to be differentiable functions of t.

The one constant in the picture is the distance from the range finder to the lift-off point (500 ft)

There is no need to give it a special symbol s.

     • Step 2 : Write down the additional numerical information, 
d

0.14 rad / min
dt

  when  = /4.

     • Step 3 : Write down what we are aksed to find.We want dy/dt when  = /4.

     • Step 4 : Write an equation that relates the variables y and y
tan , or y 500 tan

500
     .

     • Step 5 : Differentiate with respect to t using the Chain Rule. The result tells how dy/dt (whice we want) is
 related to d/dt (which we know).

2dy d
500 sec

dt dt


 

     • Step 6 : Evaluate with  = /4 and d/dt = 0.14 to find dy/dt.

       
2dy

500 2 0.14 1000 0.14 140 sec 2
dt 4

     
 

At the moment in question, the balloon is rising at the rate of 140 ft/min.
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Example 39. A police cruiser, approaching a right-angled intersection from the north, is chasing a speeding car

that has turned the corner and is now moving straight east. When the Cruiser is 0.6 mi north of the
intersection and the car is 0.8 ml to the east, the police determine with radar that the distance
between them and the car is increasing at 20 mph. If the cruiser is moving at 60 mph at the instant
of measurement, what is the speed of the car ?

Solution: We carry out the steps of the basic strategy.

Situation when
x = 0.8, y = 0.6

ds
dt

= 20
dy
dt= –60

dx
dt = ?

y

0
xcar

ca
r

• Step 1 : Picture and variable.We picture the car and cruiser in the coordinate plane, using the positive x-axis
as the eastbound highway and the positive y-axis as the northbound highway (figure).

We let t represent time and set x = position of car time t.

y = position or cruiser at time t, s = distance between car cruiser at time t.

We assume x,y and s to be differentiable function of t.

x = 0.8 ml, y = 0.6 ml,
dy ds

60mph, 20mph
dt dt

  

(dy/dt is negative because y is decreasing).

Example 40. Water pours out at the rate of Q from a tap, into a cylindrical vessel of radius r. The rate at which the
height of water level rises when the height is h, is

(A) 
Q
rh (B) 

 2
Q
r

(C) 
 2
Q

2 r
(D) 

 2
Q
r h

Answer: (B)

Solution:  Volume :      2 2dV dhV r h r
dt dt

 But 
dV Q
dt

 so 
 2

dh Q
dt r
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 
4. INTEGRATION

In mathematics, for each mathematical operation, there has been defined an inverse operation.
For example- Inverse operation of addition is subtruction, inverse operation of multiplication is division and
inverse operation of square is square root. Similarly there is a inverse operation for differentiation which is
known as integration.

ANTIDERIVATIVES OR INDEFINITE INTEGRALS
Definitions :
A function F(x) is an antiderivative of a function f(x) if F´(x) = f(x) for all x in the  domain of f. The set of all
antiderivatives of f is the indefinite integral of f with respect to x, denoted by

The symbol  is an integral sign. The function f is the integrand of the integral and x is the variable of

integration.

For example f(x) = x3 then f(x) = 3x2

So the integral of 3x2 is x3

Similarly if f(x) = x3  + 4 then f(x) = 3x2

So the integral of 3x2 is x3 + 4
there for general integral of 3x2 is x3 + c where c is a constant
One antiderivative F of a function f, the other antiderivatives of f differ from F by a constant. We indicate this
in integral notation in the following way :

  .C)x(Fdx)x(f .............(i)

The constant C is the constant of integration or arbitrary constant, Equation (1) is read, “The indefinite integral
of f with respect to x is F(x) + C.” When we find F(x)+ C, we say that we have integrated f and evaluated the
integral.

OLVED XAMPLES  E

Example 41. Evaluate  2x dx.

Solution : Cxdxx2 2 
an antiderivative of 2x

the arbitrary constant

The formula x2 + C generates all the antiderivatives of the function 2x. The function x2 + 1, x2 – , and

x2 + 2  are all antiderivatives of the function 2x, as you can check by differentiation.

Many of the indefinite integrals needed in scientific work are found by reversing derivative formulas.
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 
INTEGRAL FORMULAS

Indefinite Integral Reversed derivative formula

1. C
1n

xdxx
1n

n 





 , n  –1, n rational 














1n
x

dx
d 1n

 = xn

dx  = Cxdx1   (special case) )x(
dx
d

 = 1

2. C
A

)BAxcos(dx)BAxsin( 


 dx
d 








k
kxcos

 = sin kx

3. C
k
kxsindxkxcos  








k
kxsin

dx
d

 = cos kx

4.   2sec xdx tan x C 2d tan x sec x
dx



5. 2cosec xdx cot x C  
2d ( cot x) cosec x

dx
 

6. sec x tan xdx sec x C 
d sec x sec x tan x

dx


7. cosecxcot xdx cosec x C  
d ( cosecx) cosecxcot x

dx
 

8.
1 1 n(ax b) C

(ax b) 2
  

 

OLVED XAMPLES  E
Example 42. Examples based on above formulas :

(a) C
6
xdxx

6
5  Formula 1 with n = 5

(b)  dx
x

1
 = Cx2Cx2dxx 2/12/1   Formula 1 with n = –1/2

(c) C
2

x2cosdxx2sin 


 Formula 2 with k = 2

(d)  dx
2
xcos  = C

2/1
x)2/1sin(xdx

2
1cos   = C

2
xsin2  Formula 3 with k = 1/2

Example 43. Right :  x cosx dx = x sin x + cos x + C

Reason : The derivative of the right-hand side is the integrand:

Check : dx
d

(x sin x + cos x + C) = x cos x + sin x – sin x + 0 = x cos x.

Wrong :  x cosx dx = x sin x + C
Reason : The derivative of the right-hand side is not the integrand:

Check :  dx
d

(x sin x + C) = x cos x + sin x + 0   x cos x.
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 
RULES FOR INTEGRATION

 RULE NO. 1 : CONSTANT MULTIPLE RULE
A function is an antiderivative of a constant multiple kf of a function f if  and only if it is k times an antiderivative
of f.

kdx)x(fk   dx)x(f ;  where k is a constant.

OLVED XAMPLES  E

Example 44. C
3
x5dxx5

3
2 

Example 45.  dx
x
7
2  = C

1
x7dxx7

1
2 


 = C

x
7




Example 46. dt
t

t
   =  dtt 2/1  = Ct

3
2C

2/3
t 2/3

2/3


 

 RULE NO. 2 : SUM AND DIFFERENCE RULE

A function is an antiderivative of a sum or difference f  g if and only if it is the sum or difference of an
antiderivative of f an antiderivative of g.

  dx)x(gdx)x(fdx)]x(g)x(f[

OLVED XAMPLES  E
Example 47. Term–by–term integration

Evaluate :  (x2 – 2x + 5) dx.

Solution: If we recognize that (x3 /3) – x2 + 5x  is an antiderivative of x2 – 2x + 5, we can evaluate the integral as

If we do not recognize the antiderivative right away, we can generate it term by term with the sum and
difference Rule:

  dx)5x2x( 2  =  dxx2 –  xdx2  +  dx5  = 
3
x3

 + C1 – x2 + C2 + 5x + C3.

This formula is more complicated than it needs to be. If we combine C1,C2 and C3 into a single
constant C = C1 + C2 + C3, the formula simplifies to

3
x3

 – x2 + 5x + C

and still gives all the antiderivatives there are. For this reason we recommend that you go right to the
final form even if you elect to integrate term by term. Write

  dx)5x2x( 2 =  dxx2 –  xdx2  +  dx5  = 
3
x3

 – x2 + 5x + C.

Find the simplest antiderivative you can for each part add the constant at the end.
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Example 48. Find a body velocity from its acceleration and initial velocity. The acceleration of gravity near the

surface of the earth is 9.8 m/sec2. This means that the velocity v of a body falling freely in a vacuum

changes at the rate of  dt
dv

 = 9.8 m/sec2. If the body is dropped from rest, what will its velocity be t

seconds after it is released?
Solution: In mathematical terms, we want to solve the initial value problem that consists of

The differential condition : dt
dv

= 9.8

The initial condition:  v = 0 when t = 0 ( abbreviated as v (0) = 0 )
We first solve the differential equation by integrating both sides with respect to t:

dt
dv

 = 9.8 The differential equation

 dt
dt
dv

 =  dt8.9 Integrate with respect to t.

v + C1 = 9.8t + C2 Integrals evaluated
v = 9.8t + C. Constants combined as one

This last equation tells us that the body’s velocity t seconds into the fall is 9.8t + C m/sec.
For value of C : What value? We find out from the initial condition :

v = 9.8t + C
0 = 9.8(0) + C v( 0) = 0
C = 0.

Conclusion : The body’s velocity t seconds into the fall is
v = 9.8t + 0 = 9.8t m/sec.

The indefinite integral F(x) + C of the function f(x) gives the general solution y = F(x) + C of the
differential equation dy/dx = f(x). The general solution gives all the solutions of the equation ( there
are infinitely many, one for each value of C). We solve the differential equation by finding its general
solution. We then solve the initial value problem by finding the particular solution that satisfies the
initial condition y(xo) = yo ( y has the value yo when x = xo.).

 

 RULE NO. 3 : RULE OF SUBSTITUTION

f(g(x)).g'(x)dx f(u)du  1. Substitute u = g(x), du = g’(x) dx.

= F(u) + C 2. Evaluate by finding an antiderivative F(u) of f(u). (any one will do.)
= F(g(x)) + C 3. Replace u by g(x).

OLVED XAMPLES  E

Example 49. Evaluate 2
3x dx

1 9x
Solution. In this case it looks like the substitution should be

u = 1 + 9x2

Here is the differential for this substitution.

du = 18x dx  3xdx = 
1
6 du

The integral is then,

2
3x 1 1 1dx du ln | u | c

6 u 61 9x
  

 
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Example 50. Evaluate 2 1/21 y 2ydy u du   . Let u = 1 + y2, du = 2y dy..

(1/2) 1u
(1/ 2) 1





Integrate, using rule no. 3 with n = 1/2.

3/22 u C
3

  Simpler form

2 3/22 (1 y ) C
3

   Replace u by 1 + y2.

Example 51. Evaluate 2 1 tan( )sec ( )e d  
Solution. In this case it looks like we should use the following as our substituttion.

u = 1 + tan ()
Because we need to make sure that all the ’s are replaced with u’s we need to compute the
differential so we can eliminate the d as well as the remaining ’s in the integrand.

du = sec2() d
Recall that, in most cases, we will also need to do a little manipulation of the differenctial prior to
doing the substitution. In this case we don’t need to do that.
Doing the substitution and evaluating the integral gives,

2 1 tan( ) u usec ( )e d e du e c      
Finally, don’t forget to go back to the original variable

2 1 tan( ) 1 tan( )sec ( )e d e c      

Example 52. 2
2
1 d sec

cos 2
 

   2 d sec 2 = 
1

cos2

2 1sec u
cos 2


 Let u = 2, du = 2d, d = (1/2)du.

 21 sec u du
2

 

1 tanu C
2

  Integrate, using eq. (4).

1 tan2 C
2

   Replace u by 2.

Check : 2d 1 1 d 1 dtan2 C (tan2 ) 0 sec 2 2
d 2 2 d 2 d

                  
 Chain Rule

2
2

1 1sec 2 2
2 cos 2

  


.
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 
DEFINITE INTEGRATION OR INTEGRATION WITH LIMITS

  )a(g)b(g)x(gdx)x(f b
a

b

a



  where g(x) is the antiderivative of f(x) i.e. g´(x) = f(x)

OLVED XAMPLES  E

Example 53.
4

1
3dx

  =  4 4

11
3 dx 3 x


   = 3[4 – (–1)] = (3) (5) = 15

 /2 /2

00
sinxdx cosx

 
   = )0cos(

2
cos 







   = –0 + 1 = 1

 
APPLICATION OF DEFINITE INTEGRAL:
CALCULATION OF AREA OF A CURVE
From graph shown in figure if we divide whole area in infinitely small strips
of dx width.
We take a strip at x position of dx width.
Small area of this strip dA = f(x) dx

So, the total area between the curve and x–axis = sum of area of all strips = 
b

a

dx)x(f

Let f(x)   0 be continuous on [a,b]. The area of the region between the graph of f and the x-axis is

A = 
b

a
dx)x(f

AVERAGE OF A VARYING QUANTITY

If y = f(x) then average value of this function from x = x1 to x = x2 

2 2

1 1

2 2

1 1

x x

x x
x x

x x

ydx f(x)dx
y y

dx dx
   

 

 
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OLVED XAMPLES  E
Example 54. Find area under the curve of y = x from x = 0 to x = a

Solution: 
a

0

ydx  = 
2

a
2

x 2a

0

2


Example 55. Kinetic energy of a particle executing S.H.M. is 2 2 21K m (a x )
2

    calculate average value of

kinetic energy from x = 0 to x = a

Solution:

aa 2 2 2
0 2 20

a

0

1m (a x )dxKdx 12K m a
a 3dx

 
   




Example 56. The average value of altermating current I = I0 sin t in time interval 0,  
  

.

(A) 02I
 (B) 2I0 (C) 04I

 (D) 0I


Solution:

/

/
0 0

av 0
00

Idt
I (–cos t)

I I sin tdt
0

 

     
         



 0 0 0I I 2I

. [cos cos0] [ 1 1]
       
   

 
5. VECTOR

Precise description of laws of physics and physical phenomena requires expressing them in form of
mathematical equations. In doing so we encounter several physical quantities, some of them have only
magnitude and other have direction in addition to magnitude. Quantities of the former kind are referred as
scalars and the latter as vectors and mathematical operations with vectors are collectively known as vector
analysis.
For example mass = 4 kg
Magnitude of mass = 4 kg
and unit of mass = kg
Example of scalar quantities : mass, speed, distance etc.

Scalar quantities can be added, subtracted and multiplied by simple laws of algebra.

DEFINITION OF VECTOR
If a physical quantity in addition to magnitude -
(a) has a specified direction.

(b) It should obey commutative law of additions ABBA



(c) obeys the law of parallelogram of addition, then and then only it is said to be a vector. If any of the above
conditions is not satisfied the physical quantity cannot be a vector.

 If a physical quantity is a vector it has a direction, but the converse may or may not be true, i.e. if a physical
quantity has a direction, it may or may not a be vector. e.g. time, pressure, surface tension or current etc.
have directions but are not vectors because they do not obey parallelogram law of addition.

The magnitude of a vector ( A


) is the absolute value of a vector and is indicated by | A


| or  A.A.
Example of vector quantity :  Displacement, velocity, acceleration, force etc.
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Representation of vector :
Geometrically, the vector is represented by a line with an arrow indicating the direction of vector  as

Len
gth

(m
ag

nitu
de)

Tail

Head

Mathematically, vector is represented by A


Sometimes it is represented by bold letter A .

IMPORTANT POINTS :
 Parallel shifting & Rotation of Vectors

If a vector is displaced parallel to itself it does not change (see Figure)

C

A B

      A = B   = C
Transition of a vector
parallel to itself

Antiparallel vectors when two vectors are in opposite direction they are said to be antiparallel vectors.
If a vector is rotated through an angle other than multiple of 2 (or 360º)  it changes (see Figure).

If the frame of reference is translated or rotated the vector does not change (though its components may
change). (see Figure).

 Equality of vectors :
Two vectors are called equal if their magnitudes and directions are same,
and they represent values of same physical quantity.

 Angle Between two Vectors
Angle between two vectors means smaller of the two angles between the vectors when they are placed tail
to tail by displacing either of the vectors parallel to itself (i.e. 0    ).
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UNIT VECTOR
A unit vector is a vector of magnitude of 1, with no units. Its only purpose is to point, i.e. to describe a direction
in space.

A unit vector in direction of vector A


is represented as Â

& Â = 
|A|

A


       

or A


can be expressed in terms of a unit vector in its direction i.e. A


= Â|A|


Unit Vectors along three coordinates axes:–

unit vector along x-axis is î

unit vector along y-axis is ĵ

unit vector along z-axis is k̂

OLVED XAMPLES  E
Example 57. Three vectors A


, B


, C


 are shown in the figure. Find angle between (i)  A


and B


, (ii) B


 and C


, (iii) A


and C


.

Solution: To find the angle between two vectors we connect the tails of the

two vectors. We can shift B


 such that tails of A


, B


 and C


 are
connected as shown in figure.        

Now we can easily observe that angle between A


 and B


 is 60º,

B


 and C


is 15º and between A


 and C


 is 75º.

Example 58. A unit vector along East is defined as ĵ . A force of 103 dynes acts west wards. Represent the force in

terms of ĵ .

Solution. F


 = – 103 ĵ  dynes

 
MULTIPLICATION OF A VECTOR BY A SCALAR
If a vector A


 is multiplied with a positive number , it gives a vector B


 (= A


) whose magnitude is changed

by the factor  but the direction is the same as that of A


. Multiplying a vector A


 by a negative number 

gives a vector B


 whose direction is opposite to the direction of  A


 and whose magnitude is  times A


.



JEE (Adv.)-Physics Mathematical Tools

OLVED XAMPLES  E

Example 59. A physical quantity (m = 3kg) is multiplied by a vector v


 such that P mv
 

. Find the magnitude

and direction of P


 if

(i) v


 = 3m/s East wards

(ii) v


 = –4m/s North wards

Solution. (i) P mv
 

 = 3 × 3 ms–1 East wards  = 9 kg ms–1  East wards

(ii) P mv
 

 = 3 × (–4) ms–1  North wards
        = – 12 kg ms–1  North wards   = 12 kg ms–1  South wards

 
ADDITION OF VECTORS

Addition of vectors is done by parallelogram law or the triangle law :
(a) Parallelogram law of addition of vectors :

  Arrange vectors such that their tails coincide.
  Consider them as sides of paralleogram.
  Draw diagonal from point where tails coincide.
This diagonal represents the sum of two vectors, with its tails at point of coincidence of the two
vectors.

R =  cosAB2BA 22

The direction of resultant vector R


from A


 is given by

tan  = 
PN
MN

 = QNPQ
MN
 = 




cosBA
sinB














 

cosBA
sinBtan 1

(b) Triangle law of addition of vectors : To add two vectors A


 and B


shift any of the two vectors

parallel to itself until the tail of B


 is at the head of A


. The sum A


 + B


 is a vector R


 drawn from

the tail of A


 to the head of B


, i.e., A


 + B


 = R


. As the figure formed is a triangle, this method is
called ‘ triangle method’ of addition of vectors.
If the ‘triangle method’ is extended to add any number of vectors in one operation as shown . Then
the figure formed is a polygon and hence the name Polygon Law of addition of vectors is given to
such type of addition.
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IMPORTANT POINTS  :

 To a vector only a vector of same type can be added that represents the same physical quantity and the
resultant is a vector of the same type.

 As   R = [A2 + B2 + 2AB cos]1/2   so  R  will  be  maximum when, cos  = max = 1, i.e.,  = 0º, i.e. vectors
are like or parallel and Rmax = A + B.

 The resultant will be minimum if, cos  = min = -1, i.e.,  = 180º , i.e. vectors are antiparallel and
Rmin =  A  B.

 If the vectors A and B are orthogonal, i.e.,  = 90º,  R = 22 BA 

 As previously mentioned that the resultant of two vectors can have any value from (A ~ B) to (A + B) depending
on the angle between them and the magnitude of resultant decreases as  increases 0º to 180º

 Minimum number of unequal coplanar vectors whose sum can be zero is three.

 The resultant of three non-coplanar vectors can never be zero, or minimum number of non coplanar vectors
whose sum can be zero is four.

A vector opposite in direction but equal in magnitude to another vector A


 is known as negative vector of  A


.

It is written as A


. Addition of a vector and its negative vector results a vector of zero magnitude, which is

known as a null vector. A null vector is denoted by arrowed zero  0


.

The idea of negative vector explains operation of subtraction as addition of negative vector. Accordingly to

subtract a vector from another consider vectors A


 and B


 shown in the figure.  To subtract B


 from A


, the

negative vector – B


 is added to A


 according to the triangle law as shown in figure-II.

 
A B

 

 A

BBA –

OLVED XAMPLES  E
Example 60. Find the resultant of two forces each having magnitude F0, and angle between them is .

Solution. 2
ttansulReF   = 2

0F  + 2
0F  + 2 2

0F  cos 

    = 2 2
0F  ( 1 + cos )

    = 2 2
0F  (1 + 2 cos2 

2


 – 1)

    = 2 2
0F  × 2 cos2 

2


  Fresultant     = 2F0 cos 
2

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Example 61. Two vectors 

P  and 


Q  are added, the magnitude of resultant is 15 units. If 


Q  is reversed and added

to  

P  resultant has a magnitude 113  units. The resultant of 


P  and a vector perpendicular to 


P

and equal in magnitude to 


Q  has a magnitude

(A) 13 units (B) 17 units (C) 19 units (D) 20 units

Solution: P2 + Q2 + 2PQcos = 225 ...(i)

P2 + Q2 – 2PQcos = 113 ...(ii)
By adding (i) & (ii) 2(P2 +Q2) = 338       

R=15
Q

P
Q113

P

P2 + Q2 = 169 2 2 13P Q  

Example 62. If the sum of two unit vectors is also a unit vector. Find the magnitude of their difference?

Solution: Let Â  and B̂  are the given unit vectors and R̂  is their resultant then

| R̂ | = | Â  + B̂ |

1 =  cos|B̂||Â|2)B̂()Â( 22

1 = 1 + 1 + 2 cos   cos  = –
2
1

| A
  – B

 | =  cos|B̂||Â|2)B̂()Â( 22  = )
2
1(11211   = 3

 
RESOLUTION OF VECTORS

If a


 and b


 be any two nonzero vectors in a plane with different directions and A


be another vector in the

same plane. A


 can be expressed as a sum of two vectors - one obtained by multiplying a


 by a real number

and the other obtained by multiplying b


 by another real number .

A


 =  a


 +  b


  (where   and  are real numbers)

We say that A


 has been resolved into two component vectors namely

a


  and b




 a


 and  b


 along  a


 and b


 respectively.. Hence one can resolve a given vector into two component vectors
along a set of two vectors  all the three lie in the same plane.
Resolution along  rectangular component :
It is convenient to resolve a general vector along axes of a rectangular
coordinate system using vectors of unit magnitude, which we call as unit

vectors. k̂,ĵ,î  are unit vector along x,y and z-axis as shown in figure below:
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Resolution in two Dimension :

Consider a vector A


 that lies in xy plane as shown in figure,

A


 = 1A


 + 2A


1A


 =  îAx ,  2A


 = ĵAy

 A


 = îAx  + ĵAy

The quantities Ax and Ay are called x- and y- components of the vector A


.

Ax is itself not a vector but îAx  is a vector and so is ĵAy .

Ax = A cos   and  Ay = A sin 

Its clear from above equation that a component of a vector can be positive, negative or zero depending on the

value of .  A vector A


 can be specified in a plane by two ways :
(a) its magnitude A and the direction  it makes with the x-axis;  or

(b) its components Ax and Ay. A = 2
y

2
x AA   ,   = tan1  

x

y

A
A

Note : If A = Ax  Ay = 0 and if  A = Ay   Ax = 0  i.e.
components of a vector perpendicular to itself is always zero.
The rectangular components of each vector and those of the
sum C


 = A
  + B

  are shown in figure. We saw that

C


 = A
  + B

  is equivalent to both
Cx = Ax + Bx

and Cy = Ay + By        

Resolution in three dimensions. A vector A


 in components along
x-, y- and z-axis can be written as :

OP


 = OB


 + BP


  = OC


 + BC


 + BP


 A


 = ZA


 + xA


 + yA


 =  xA


 + yA


 + ZA


= kAjAiA zyx




A = 2
z

2
y

2
x AAA       

O

C B

P

Ax = A cos ,  Ay = A cos ,  Az = A cos 

where cos , cos  and cos  are termed as Direction Cosines of a given vector A


.
cos2  + cos2  + cos2  = 1
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OLVED XAMPLES  E
Example 63. A mass of 4 kg lies on an inclined plane as shown in figure. Resolve its weight along and perpendicular

to the plane. (g=10m/s2)

60o

4kg

Solution:  Component along the plane

40cos60o40sin60o

40 N

60o
= 40 sin 60o = 20 3  N

component perpendicular to the plane
= 40 cos 60o  = 20 N

Example 64. A vector makes an angle of 60º with the horizontal. If horizontal
component of the vector is 250. Find magnitude of vector and its
vertical component? 60º

Solution: Let vector is  A


60º
Asin60º

Acos60º

Ax = A cos600  = 250  = 
A
2

 A = 500

Ay = A sin600  = 500 × 
3

2
 = 250 3

Example 65. A


 = î  + 2 ĵ  – 3 k̂ , when a vector B


 is added to A


, we get a unit vector along y-axis. Find the value

of B


? Also find its magnitude

Solution: A


 + B


 = ĵ

B


 = ĵ  – A


 = ĵ  – ( î  + 2 ĵ  – 3 k̂ ) = ˆ ˆ ˆi j 3k  

 |B


| = 2 2 2(1) (1) 3 11  

Example 66. In the above question find a unit vector along B


 ?

Solution: B̂  = 
B
B


 = 
ˆ ˆ ˆi j 3k

11

  

Example 67. Vector A


, B


 and C


 have magnitude 5, 5 2  and 5 respectively, direction of A


, B


 and C


 are

towards east, North-East and North respectively. If î  and ĵ  are unit vectors along East and North

respectively. Express the sum A


 + B


 + C


 in terms of î  , ĵ  . Also Find magnitude and direction of

the resultant.
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Solution: A


 = 5 î C


 = 5 ĵ

B


 = 5 2  cos 45 î  + 5 2  sin 45 ĵ = 5 î  + 5 ĵ

A

C

B

East

North

A


 + B


 + C


= 5 î  + 5 î  + 5 ĵ  + 5 ĵ = 10 î  + 10 ĵ

| A


 + B


 + C


| = 22 )10()10(   = 210

tan  = 10
10

 = 1   = 45º from East

Example 68. You walk 3 Km west and then 4 Km headed 60° north of east. Find your resultant displacement

(a) graphically and

(b) using vector components.

Solution: Picture the Problem : The triangle formed by the three vectors is
not a right triangle, so the magnitudes of the vectors are not
related by the Pythagoras theorem. We find the resultant
graphically by drawing each of the displacements to scale and

measuring the resultant displacement.        

    (a) If we draw the first displacement vector 3 cm long and the second
one 4 cm long, we find the resultant vector to be about 3.5 cm
long. Thus the magnitude of the resultant displacement is 3.5 Km.
The angle  made between the resultant displacement and the
west direction can then be measured with a protractor. It is about
75°.

    (b) 1. Let A
  be the first displacement and choose the x-axis to be in the easterly direction.

Compute Ax and Ay , Ax = – 3 , Ay = 0

2. Similarly, compute the components of the second displacement B


 , Bx = 4cos 60° = 2,

By = 4 sin 60° = 32

3. The components of the resultant displacement C


 = A
  + B

  are found by addition,

C


 = î)23(–  + ĵ)32( = – î  + ĵ32

4. The Pythagorean theorem gives the magnitude of C


.

C =  22 321   = 13 = 3.6

5. The ratio of Cy to Cx gives the tangent of the angle  between C


 and the x axis.

tan  = 
1
32


  = – 74°
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Remark : Since the displacement (which is a vector) was asked for, the answer must include either
the magnitude and direction, or both components. in (b) we could have stopped at step 3 because
the x and y components completely define the displacement vector. We converted to the magnitude
and direction to compare with the answer to part (a). Note that in step 5 of (b), a calculator gives the
angle as –74°. But the calculator can’t distinguish whether the x or y components is negative. We
noted on the figure that the resultant displacement makes an angle of about 75° with the negative x
axis and an angle of about 105° with the positive x axis. This agrees with the results in (a) within the
accuracy of our measurement.

Example 69. For shown situation, what will be the magnitude of minimum force in newton that can be applied in
any  direction so that the resultant force is along east direction?

Solution : Let force be F so resultant is in east direction
ˆ ˆ ˆ ˆ ˆ4i 3j (5cos37º i 5sin37º j) F ki    



ˆ ˆ ˆ ˆ ˆ ˆ ˆ4i 3j 4i 3j F 8i 6 j F ki        
 

     2 2

min
ˆ ˆF k 8 i 6 j k 8 6 F 6N         



 
MULTIPLICATION OF VECTORS
THE SCALAR PRODUCT

The scalar product or dot product of any two vectors A


 and B


, denoted as A


. B


(read A


dot B


) is defined as the product of their magnitude with cosine of angle

between them. Thus,   A


. B


  = AB cos   {here  is the angle between the vectors}

PROPERTIES :
• It is always a scalar which is positive if angle between the vectors is acute (i.e. < 90º) and negative

if angle between them is obtuse (i.e. 90º <   180º)

• It is commutative, i.e., A


. B


= B


. A


• It is distributive, i.e. A


. ( B


 + C


) = A


. B


 + A


. C


• As by definition A


. B


  = AB cos  The angle between the vectors   = cos1 







AB

B.A


• A


. B


  = A (B cos ) =  B (A cos )
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Geometrically, B cos  is the projection of B


 onto A


 and A cos  is the projection of A


 onto B


as shown. So A


. B


 is the product of the magnitude of A


  and the component of B


 along A


 and
vice versa.

Component of B


 along A


 =  B cos= 
A

B.A


 = Â . B


Component of A


 along  B


=  A cos= 
B

B.A


 = A


. B̂

• Scalar product of  two vectors will be maximum when cos  = max = 1, i.e.,  = 0º,

i.e., vectors are parallel    ( A


. B


)max = ABAB

• If the scalar product of two nonzero vectors vanishes then the vectors are perpendicular.

• The scalar product of a vector by itself is termed as self dot product and is given by

( A


)2  = A


. A


 = AA cos = AAcos0º = AA2   A = A.A


• In case of unit vector n̂ ,

n̂ . n̂  = 1 x 1 x cos 0º = 1     n̂ . n̂  = î . î  =  ĵ . ĵ  = k̂ . k̂  = 1

• In case of orthogonal unit vectors î , ĵ  and k̂ ;   î . ĵ  =  ĵ . k̂  = k̂ . î  = 0

• A


. B


 = ( î Ax + ĵ Ay + k̂ Az) . ( î Bx + ĵ By + k̂ Bz) = [AxBx + AAyBy + AAzBz]

OLVED XAMPLES  E
Example 70. If  ˆ ˆ ˆA 4i nj 2k  


and ˆ ˆ ˆB 2i 3 j k,   


 then find the value of n so that A A B.

Solution: Dot product of two mutually perpendicular vectors is zero A B 0 
 

.

   ˆ ˆ ˆ ˆˆ ˆ4i nj 2k . 2i 3j k 0       (4 2) (n 3) (2 1) 0 3n = – 6 n = – 2

Examplr 71. aand b


 are unit vectors and angle between them is 
k


. If a 2b and 5a 4b 
   are perpendicular to -

each other then find the integer value of k.

Solution:    a 2b . 5a 4b 0  
  

  2 25a 10a.b 8b 4ab 3 6a.b 0      
    

3 1
abcos cos k 3

6 2 3


          

Example 72. Find angle between A


 = 3 î   + 4 ĵ  and B


 = 12 î  + 5 ĵ  ?

Solution. We have cos  = 
AB

BA



 = 
2222 51243

)ĵ5î12()ĵ4î3(





 cos  = 135
2036




 = 65
56

 = cos–1 65
56
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 

VECTOR PRODUCT

The vector product or cross product of any two vectors A


 and B


, denoted as A


  B


 (read A


cross B


) is

defined as : A


  B


 = AB sin  n̂ .

Here  is the angle between the vectors and the direction n̂  is given by the right-hand-thumb rule.

Right-Hand-Thumb Rule:

To find the direction of n̂ , draw the two vectors BandA


 with both the tails coinciding . Now place your

stretched right palm perpendicular to the plane of BandA


 in such a way that the fingers are along the

vector A


 and when the fingers are closed they go towards B


. The direction of the thumb gives the direction

of n̂ .

V = A × B = (AB sin ). n V = A × B 

PROPERTIES :
• Vector product of two vectors is always a vector perpendicular to the plane containing the two vectors

i.e. orthogonal to both the vectors BandA


, though the vectors BandA


may or may not be

orthogonal.

• Vector product of two vectors is not commutative i.e.   BA


   AB


 .

But BA


  = AB


  = AB sin 

• The vector product is distributive when the order of the vectors is strictly maintained i.e.

)CB(A


  = BA


  + CA


 .

• The magnitude of vector product of two vectors will be maximum when sin = max = 1, i.e,,  = 90º

BA|BA| max 


i.e., magnitude of vector product is maximum if the vectors are orthogonal.
• The magnitude of  vector product of two non–zero vectors will be minimum when |sin| = minimum =

0, i.e.,

 = 0º or 180º and 0|BA| min


 i.e., if the vector product of two non–zero vectors vanishes, the

vectors are collinear.
Note : When  = 0º then vectors may be called as like vector or parallel vectors and when  = 180º then vectors may

be called as unlike vectors or antiparallel vectors.
• The self cross product i.e. product of a vector by itself vanishes i.e. is a null vector.
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Note : Null vector or zero vector : A vector of zero magnitude is called zero vector. The direction of a zero vector is in

determinate (unspecified).

AA


  = AA sin 0º n̂  = 0


.

• In case of unit vector n̂ ,      n̂   n̂  = 0


      k̂k̂ĵĵîî   = 0


• In case of orthogonal unit vectors k̂andĵ,î
in accordance with right-hand-thumb-rule,

k̂ĵî         îk̂ĵ         ĵîk̂ 

• In terms of components,

BA


  = 

zyx

zyx

BBB
AAA
k̂ĵî

 = 
yx

yx

zx

zx

zy

zy

BB
AA

k̂
BB
AA

ĵ
BB
AA

î 

BA


  = )BABA(k̂)BABA(ĵ)BABA(î xyyxzxxzyzzy 

• The magnitude of area of the parallelogram formed by the adjacent sides of vectors A


 and B


 equal

to |BA|


 .

OLVED XAMPLES  E
Example 73. A


 is Eastwards and B


 is downwards. Find the direction of A


 × B


?

Solution. Applying right hand thumb rule we find that A


 × B


 is along North.

Example 74. If A


 · B


= | A


 × B


| , find angle between A


 and B


Solution. A


 · B


= | A


 × B


|      AB cos  = AB sin       tan an  = 1    = 45º

Example 75. Two vectors A


 and B


 are inclined to each other at an angle . Find a unit vector which is perpendicular

to both A


 and B


Solution. A


 × B


 = AB sin  n̂

 n̂  = 



sinAB

BA


   here n̂  is perpendicular to both A


 and B


 .

Example 76. If ˆ ˆ ˆ ˆˆ ˆA i 2 j 3k,B i j 4k      
 

 and ˆ ˆ ˆC 3i 3 j 12k,  


 then find the angle between the vectors

   A B C and A B  
   

 in degrees.

Solution. ˆ ˆP A B C 3i 5k and Q A B      
     

ˆ ˆ ˆi j k
ˆ ˆ ˆ1 2 3 5i 7 j 3k

1 1 4

   


Angle between P & Q


 is given by is given by 
P Q 15 15

cos 0 90º
PQ PQ
 

      

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ISCELLANEOUS OLVED XAMPLEM  S  E
Problem 1. Find the value of

(a)  sin ( ) (b)  cos ( ) (c)  tan ( )

(d) cos (
2


  ) (e)  sin (
2


 + ) (f) cos (
2


 + )

(g)  sin (  ) (h) cos (  ) (i)  sin (
2

3
  )

(j) cos (
2

3
 ) (k)  sin (

2
3

 + ) (l) cos (
2

3
 + )

(m)  tan (
2


 ) (n) cot (
2


 )

Answers : (a) – sin  (b) cos  (c) – tan  (d) sin  (e) cos 
(f) – sin  (g) sin  (h) – cos  (i) – cos  (j) – sin 
(k) – cos  (l) sin  (m) cot  (n) tan 

Problem 2. (i) For what value of m the vector A


= 2 î   + 3 ĵ  – 6 k̂   is perpendicular to B


 = 3 î  – m ĵ  + 6 k̂

(ii) Find the components of vector A


= 2 î   + 3 ĵ  along the direction of î   + ĵ ?

Answers : (i) m = –10 (ii) 2
5

.

Problem 3. (i) A


 is North–East and B


 is down wards, find the direction of A


 × B


.

(ii) Find B


 × A


 if A


 = 3 î   – 2 ĵ  + 6 k̂  and B


 = î   – ĵ  + k̂ .

Answers : (i) North - West. (ii) –4 î   – 3 ĵ  + k̂



PART - I : FUNCTION & DIFFERENTIATION
SECTION (A) : FUNCTION AND TRIGONOMETRY
A-1. If f(x) = 3x + 4

Find  f(f(2))

A-2. f(x) = tan x + cot x

Find f(/4)

OBJECTIVE TYPE QUESTIONS
A-3. tan75° is equilvalent to :

(A) )32(  (B) (2 3) (C) 








 
2

35
(D) 









 
2

35

A-4. cos2 is equivalent to  :

(A) 






 
2

cos1
(B) 







 
2

2cos1
(C) 







 
2

2cos1
(D) 







 
2

12cos

A-5. f(x) = ln x5  and g (x)  =  ln x

Which of the following statement is / are true -

(A) f(x) = g(x) (B) 5f(x) = g(x) (C) f(x) = 5g(x) (D) f(x) = (g(x))5

A-6. If x
1
 = 10 sin  and x

2
 = 10cos then

(A) (x
1
 + x

2
)

max
 = 10 2 (B) x

1
 + x

2
 = 10 2  sin( + 45°)

(C) x
1
+ x

2
 = 10 sin( (D) 

1

2

x
tan

x
 

A-7.  is angle between side PQ and QR of triangle, shown in the figure then   is given by  :

(A) cos = 
3

2
(B) 

3

5
sin 

 
6m 6m 

8m P Q 

R 

(C) 
2

5
tan  (D) 

3

2
tan 

A-8. –tan  is equivelent to :

(A) cot 






 

2

(B) cot 






 

2

(C) tan ( –) (D) cot ()

SECTION (B): DIFFERENTIATION OF ELEMENTRY FUNCTIONS
Find the derivative of given functions w.r.t. corresponding independent variable.

B-1. y = 2x2 + x + 10

B-2. y = tan x + cot x



Find the first derivative & second derivative of given functions w.r.t. corresponding independent variable.

B-3. y =  5ex +nx

B-4. y = cos x + sin x

SECTION (C): DIFFERENTIATION BY PRODUCT RULE
Find derivative of given functions w.r.t. the independent variable x.

C-1. y = cos x sin x

C-2. y = ex nx

SECTION (D): DIFFERENTIATION BY QUOTIENT RULE
Find derivative of given functions w.r.t. the independent variable.

D-1. y = 
2x 5

x 2




D-2. y = (secx – tanx) (secx + tanx)

D-3. y = 
x

nx

SECTION (E) : DIFFERENTIATION BY CHAIN RULE

Find 
dx

dy
 as a function of x

E-1. y = sin 3 x

E-2. y = (4 – 3x)9

E-3. y = 2 sin (kx + ) where k and  are constants

SECTION (F) : DIFFERENTIATION OF IMPLICIT FUNCTIONS

Find 
dx

dy

F-1. x2y + xy2 = 12

F-2. (2x + 2y)2 = 4

SECTION (G) : DIFFERENTIATION AS A RATE MEASUREMENT

G-1. Suppose that the radius r and volume V = 
4

3
r3 of a sphere are differentiable functions of t. Write an equation

that relates 
dV

dt
 to 

dt

dr
.

G-2. Suppose that the radius  R and area A = R2 of a circle are differentiable functions of t.Write an equation that

relates dA/dt to dR/dt.



SECTION (H) : MAXIMA & MINIMA
H-1. Find the values of function 2x3 – 15 x2 + 36 x + 11 at the points of maximum and minimum

H-2. Particle's position as a function of time is given by y = – t2 + 4t + 4 find the maximum value of position co-

ordinate of particle.

SECTION (): MISCELLANEOUS

-1. y = 6u – 9 , u = (1/2) x4, then find 
dx

dy

 -2. y = 2u3 , u = 8x – 1, then find 
dx

dy

-3. y = sinu , u = 
x

3
, then find 

dy

dx

PART - II : INTEGRATION
SECTION (A) : INTEGRATION OF ELEMENTRY FUNCTIONS

Find integrals of given functions

A-1.
1

x
+ x

A-2. 3x2 – 2x + 1

A-3. sec2 x

A-4. csc2 x

A-5. sec x tan x

A-6.
x3

1

SECTION (B) : INTEGRATION BY SUBSTITUTION METHOD

Integrate by using the substitution suggested in bracket.

B-1. sec2xtan2x  dx, (use , u = 2x)

B-2.  )x2sin( x 2
dx, (use , u = 2x2 )

Integrate by using a suitable substitution

B-3. sin(8x 5) dx

B-4.   2)x2(

3
dx



SECTION (C) : DEFINITE INTEGRATION

C-1.




1

1

 d

C-2.  
1

0

x dxe

C-3.

5

2

dr

SECTION (D) : CALCULATION OF AREA
Find the area of the region between the given curve and the x–axis on the interval [0, a]

D-1. y =2x+5

D-2. y = 3x

Find the area of the region between the given curve and the x–axis on the interval 0,
2

 
  

.

D-3. y = cos2x

D-4. y = cos x

OBJECTIVE QUESTIONS:

D-5.  = 



  
2

0

cos( ).d  where  is a constant. Then value of  :

(A) may be positive (B) may be negative

(C) may be zero (D) Always zero for any value of 

PART - III : VECTOR
SECTION (A) : DEFINITION OF VECTOR & ANGLE BETWEEN VECTORS
A-1. The forces, each of magnitude to 10 N, are acting as shown in the Figure. Find the angle between forces?

10N

10N

30°

A-2. Vectors P


, Q


 and R


are shown in figure. Find angle between

P

Q

R

60º

30º

45º

(i) P



 and Q



, (ii) P



 and R


, (iii) Q



 and  R


.



SECTION (B) : ADDITION OF VECTORS
B-1. A student walks 40 m East, then 30 m South and then 40 m West. Find the displacement from the starting

point?

B-2. Two forces P


 and Q


 are acting on an object. Another forces R


 is also acting on this object (this forces is not

parallel to the plane containing P


 & Q


). Then resultant  P Q R 
 

 of these three vectors

(A) can be zero (B) cannot be zero

(C) lies in the plane of P


 & Q



(D) lies in the plane of P


 & P


 + Q



B-3. The vector sum of two vectors of magnitude 10 N and 6 N can be

(A) 2 N (B) 8 N (C) 18 N (D) 20 N.

B-4. A set of vectors taken in a given order gives a closed polygon. Then the resultant of these vectors is a

(A) scalar quantity (B) pseudo vector (C) unit vector (D) null vector.

B-5. The vector sum of two force F
1
 and F

2
 is minimum when the angle  between their positive directions, is

(A) 
4


(B) 

3


(C) 

2


(D) .

B-6. The vector sum of two vectors A


 and B


 is maximum, then the angle  between two vectors is -

(A) 0º (B) 30° (C) 45° (D) 60°

B-7. Given : R


 =  P


 + Q


. Also, the magnitude of  P


, Q


 and R


 are 3, 4 and 5 units respectively. The angle

between P


 and Q


 is

(A) 0º (B) 
4


(C) 

2


(D) .

B-8. The sum and difference of two perpendicular vectors of equal lengths are

(A) of equal lengths and have an acute angle between them

(B) of equal length and have an obtuse angle between them

(C) also perpendicular to each other and are of different lengths

(D) also perpendicular to each other and are of equal lengths.

SECTION (C) : RESOLUTION OF VECTORS

C-1. Find the magnitude of 3 î  + 4 ĵ  + 5 k̂  ?

C-2. If P



 = 5 î  + 5 ĵ  then find P

 C-3. One of the rectangular components of a force of 40 N is 20 N. Find other rectangular component?

C-4. The rectangular components of a vector are (1, 1). The corresponding rectangular components of another

vector are (3, 3 3 ). Find the angle between the two vectors

C-5. The x and y components of a velocity are 2 m/s and – 3 m/s. The velocity is

(A) 2 î  – 3 ĵ (B) 2 î  + 3 ĵ (C) –2 î  – 3 ĵ (D) 3 î  + 2 ĵ

C-6. The vector joining the points P (1, 1, –1) and Q (2, –3, 4)  and pointing from P to Q is -

(A) – î  + 4 ĵ   – 5 k̂ (B) î  + 4 ĵ   + 5 k̂ (C) î  – 4 ĵ  + 5 k̂ (D) – î  – 4 ĵ   – 5 k̂ .



SECTION - (D) : PRODUCTS OF VECTORS

D-1. If A


= 3 î  + 4 ĵ  and B


= 2 î  + 3 ĵ  –5 k̂  find

(a) A


. B


(b) A


× B


D-2. Three non zero vectors 
  

A B C, &  satisfy the relation  
 

A B.  0  & 
 

A C.  0  . Then 


A  can be parallel

to :

(A)  


B (B)  


C (C)  
 

B C. (D)  
 

B x C

D-3. If  | A


| = 4, |B


| = 3  and  = 60° in the figure,


A

B

Find

(a) A


. B


(b) | A


× B


|

D-4. The magnitude of scalar product of two vectors is 6 and that of vector product is 6 3  . The angle

between them is :

(A)  30º (B)  60º (C)  120º (D)  150º

PART - I : FUNCTION & DIFFERENTIATION

1. If f(x) = 
x

x 1
 then find f {f(x)}

2. y = f(x) = 
3x 2

2x 3




 . Find f(y)

3. For a triangle shown in the figure, side CA is 10 m, angle  A and angle  C are equal then :

90°

(A) side  a = side c = 10m (B) side a  side c

(C) side a = side c = m
3

310
(D) side a = side c = m

2

10



4. Which of following are false

(A) sin37° + cos37° = sin53° + cos53° (B) sin37° – cos37° = cos53° – sin53°

(C) tan37° + 1 = tan 53° – 1 (D) tan37° × tan53° = 1

5. If R2 = P2 + Q2 + 2PQ cos , if  |P| = |Q| then value of R is equivalent to :

(A) 2Pcos (B) Pcos
2


(C) 2Pcos

2


(D) 2Qcos

2



Find the first derivative and second derivative of given functions w.r.t. the independent variable x.

6. y = nx3 + cos x

7. y = 6
x  + tan x

Find derivative of given functions w.r.t. the corresponding independent variable.

8. y = 
1

x
x

  
 

 ( x +
x

1
 + 1)

9. r = (1 + cosec ) cos 

Find derivative of given functions w.r.t. the respective independent variable .

10. y = 
sin  x

1 sin x

11.
2

nx

x 1


12. cos2 (x2 + 1)

13. q = 2rr2  , find 
dr

dq

14. x2 + y2 = 2 xy + 4

15. A sheet of area 40 m2 in used to make an open tank with a square base, then find the dimensions of the base

such that volume of this tank is maximum.

16. Find two positive numbers x & y such that x + y = 80 and xy is maximum -

17. The radius r and height h of a circular cylinder are related to the cylinder’s volume V by the formula V = r2h.

(a) If height is increasing at a rate of 5 m/s while radius is constant, Find rate of increase of volume of

cylinder.

(b) If radius is increasing at a rate of 5 m/s while height is constant, Find rate of increase of volume of

cylinder.

(c) If height is increasing at a rate of 5 m/s and radius is increasing at a rate of 5 m/s, Find rate of

increase of volume of cylinder.



PART - II : INTEGRATION
Find integrals of given functions.

1. 4 2
x (x x )
  dx

2.   )xcot1( 2
 dx

3. sin x(cosecx cot x)dx
Integrate by using the substitution suggested in bracket

4. 4 2 2 3
12(x 4x 1) (x 2x)   dx (use , u = x4 + 4x2 +1)

5.
dy

5y 8

(a) Using u = 5y + 8 (b) Using u = 5y 8

(a) u = 5y + 8 (b) u = 5y 8

Integrate by using suitable substitution.

6. 3x 2 dx

7. sin cos
2 2

    
   
     d

8. 3

6sin x

(2 cosx)  dx

9.
2

0



 2 d

10.

4 7

0

 x3 dx

11.
1

0

dx

2x 3

Use a definite integral to find the area of the region between the given curve and the x–axis on the interval

[0,b],

12. y = 4x3



PART - III : VECTOR
SUBJECTIVE QUESTIONS

1. The maximum and minimum magnitudes of the resultant of two forces are 35 N and 5 N respectively. Find

the magnitude of resultant force when act orthogonally to each other.

2. The angle  between two vectors P


 and Q


 is 90º  where  P = 4 units and Q = 3 units. If the resultant R


makes an angle  with  P


 then find the value of  ‘’ ?

3. Find the resultant of the three vectors OA , OB  and OC  each of magnitude r as shown in figure?

4. Three ants P, Q and R are pulling a grain with forces of magnitude 6N, 3 3N   and 3 2N  as shown in the

figure. Find the magnitude of resultant force (in N) acting on the grain.

R

P
30°

45°3 3N

y

Q

6N

x

3 2N

5. If A


 = 3 î  + 4 ĵ  and B


= î  + ĵ  + 2 k̂  then find out unit vector along BA




OBJECTIVE QUESTIONS
Single choice type
6. A vector remains same if

(A) it is displaced parallel to itself

(B) it is rotated through an arbitrary angle

(C) it is cross-multiplied by a unit vector

(D) it is multiplied by an arbitrary scalar.

7. If the angle between two vectors increases, the magnitude of their resultant

(A) decreases

(B) increases

(C) remains unchanged

(D) first decreases and then increases

8. If P Q


 = P Q


, then the angle between P


and Q


 is

(A) 0º (B) 60º (C) 90º (D) 120º.



9. A man is walking on a straight road due north with a uniform speed of 40 km h–1 when it turns left through 90º.

If the speed remains unchanged after turning, the change in the velocity of the man in the turning process is

(A) zero (B) 40 2  km h–1 S-W direction

(C) 40 2  km h–1 N-W direction (D) 40 km h–1 due west.

10. Given : cba


  = 0. Out of the three vectors a, b


 and c


 two are equal in magnitude. The magnitude of the

third vector is 2  times that of either of the two having equal magnitude. The angles between the vectors are:

(A) 90º, 135º,. 135º (B) 30º, 60º, 90º (C) 45º, 45º, 90º (D) 45º, 60º, 90º

11. Vector P


 is of length 4 cm and is 30º above the x-axis in the first quadrant. Vector Q


 is of length 4 cm and

30º below the x-axis in the fourth quadrant. The sum P


 + Q


 is a vector of magnitude -

(A) 4 3  along + y-axis (B) 4 3  along + x-axis

(C) 2 along – x axis (D) 4 along – x axis

12. A vector A


 points vertically upward & B


 points towards west, then the vector product A B
 

  is

(A) along west (B) along east (C) zero (D) along south

More than one choice type
13. Which of the following is a false statement?

(A) A vector is remains same if it is rotated through an arbitrary angle

(B) A vector cannot be divided by another vector

(C) Since addition of vectors is commutative therefore vector subtraction is also commutative.

(D) The resultant of two equal forces of magnitude F acting at a point is F if the angle between the two forces

is 120º.

14. In the Figure which of the ways indicated for combining the x and y components of vector a are proper to

determine that vector?

(A)  (B)   (C) (D) 

15. Which of the arrangement of axes in Fig. can be labelled “right-handed coordinate system”? As usual, each

axis label indicates the positive side of the axis.

(A) (B) 

(C) (D) 



PART - I : MATCH THE COLUMN
1. Column-I show vector diagram relating three vectors b,a


 and c


. Match the vector equation in

column-II, with vector diagram in column-I :
Column-I Column-II

(A)

a

bc
(P) 0)cb(a 



(B)

a

c
b (Q) acb





(C)
a b

c

(R) cba




(D)

b

c
a (S) cba




2. Show a vector a


 at angle  as shown in the figure column-II. Show its unit vector representation.

Column–I Column–II

(A) 

a

x

y

(P) ĵcosaîsinaa 


(B)



a

x

y

(Q) ĵsinaîcosaa 


(C)


a

x

y

(R) ĵcosaîsinaa 


(D)


a

x

y

(S) ĵsinaîcosaa 

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PART - II : COMPREHENSIONS
COMPREHENSION -1:

Two forces 
1F


= î + ĵ  N and 
2F



= 4 ĵ  + 3 k̂   N are acting on a particle.

1. The resultant force acting on particle is :

(A) k̂4ĵ5î2  (B) k̂4ĵ5î2  (C) k̂2ĵ3î  (D) ˆ ˆ ˆi 5j 3k 

2. The angle between 
1F


 & 
2F



 is :

(A)  = cos–1 








52

3
(B)  = cos–1 









25

3
(C)  = cos–1 











53

2
(D)  = cos–1 

2 2

5

 
  
 

3. The component of force 
1F


 along force 
2F



 is :

(A)  
6

5
(B) 

4

5
(C) 

5

6
(D) 

2

5

COMPREHENSION -2:
A car is moving along positive x-axis. Its position varies as x = t3 – 3t2 + 12t + 30, where x is in meters and t

is in seconds.

4. Initial velocity of the car is.

(A) 1 m/s (B) 3 m/s (C) 12 m/s (D) 20 m/s

5. Initial acceleration of the car is

(A) Zero (B) 1 m/s2 (C) – 3m/s2 (D)  – 6 m/s2

6. Velocity of the car when its acceleration zero is

(A) 1 m/s (B) 3 m/s (C) 6 m/s (D) 9 m/s

PART - III : ASSERTION / REASON
1. Statement-1 : If the rectangular components of a force are 4N and 3N, then the magnitude of the force is 5N.

Statement-2  : If 1|B||A| 


 then 1|B.A|BA| 22 


| .

(A) Statement-1 is True, Statement-2 is True; Statement-2 is a correct explanation for Statement-1.

(B) Statement-1 is True, Statement-2 is True; Statement-2 is NOT a correct explanation for Statement-1

(C) Statement-1 is True, Statement-2 is False

(D) Statement-1 is False, Statement-2 is True

2. Statement-1 : A vector is a quantity that has both magnitude and direction and obeys the triangle law of

addition.

Statement-2 : The magnitude of the resultant vector of two given vectors can never be less than the magnitude

of any of the given vector.

(A) Statement-1 is True, Statement-2 is True; Statement-2 is a correct explanation for Statement-1.

(B) Statement-1 is True, Statement-2 is True; Statement-2 is NOT a correct explanation for Statement-1

(C) Statement-1 is True, Statement-2 is False

(D) Statement-1 is False, Statement-2 is True

3. Statement-1 : The minimum number of non-zero vectors of unequal magnitude required to produce zero

resultant is three.

Statement-2 :  Three vectors of unequal magnitude which can be represented by the three sides of a triangle

taken in order, produce zero resultant.

(A) Statement-1 is True, Statement-2 is True; Statement-2 is a correct explanation for Statement-1.

(B) Statement-1 is True, Statement-2 is True; Statement-2 is NOT a correct explanation for Statement-1

(C) Statement-1 is True, Statement-2 is False

(D) Statement-1 is False, Statement-2 is True



4. Statement-1 : The angle between the two vectors  ˆ ˆ3i 4 j  and  ˆ5k  is 
2


 radian.

Statement-2 :  Angle between two vectors  ˆ ˆ3i 4j  and  ˆ5k  is given by  = 










AB

B.A
cos 1



 .

(A) Statement-1 is True, Statement-2 is True; Statement-2 is a correct explanation for Statement-1.

(B) Statement-1 is True, Statement-2 is True; Statement-2 is NOT a correct explanation for Statement-1

(C) Statement-1 is True, Statement-2 is False

(D) Statement-1 is False, Statement-2 is True

PART - IV : TRUE / FALSE
1. State True or False

(i) f ' (x) = f (x)  for some function f .

(ii) f ' (x) = – f (x)  for some function f.

(iii) If A


& B


 are two vectors then | A B | | B A |  
  

(iv) If the scalar product of two non-zero vectors vanishes, the vectors are perpendicular.

(v) If  A


& B


are two vectors then A


× B


= B


× A


PART - V : FILL IN THE BLANKS
Fill in the blanks

1. If A


 = ˆ ˆ6i 8j  and B


 = ˆ ˆi 3j  , then the vector having the same magnitude as A


 and parallel to B


is

................

2. If A


+B


+ C


 = 0


 , then A


.(B


× C


) = ........................

3. If A B
 

then A


.B


 = ..................

4. Sum of two opposite vector to each other is a ................... vector.

5. If A


is .................... to B


, then A


× B


= 0

6. The vector A


=3 î  + 4 ĵ , where î  and ĵ  are unit vectors along x-axis and y-axis respectively, makes an

angle of .................. degree with x-axis.



Exercise # 1
PART - I

SECTION (A):
A-1. 34 A-2. 2 A-3. (B)

A-4. (B) A-5. (C) A-6. (A, B, D)

A-7. (A, B, C) A-8. (A, C, D)

SECTION (B):
B-1. 4x + 1 B-2. sec2 x – cosec2 x

B-3.
dx

dy
= 

x

1
 + 5ex  , 2

2

dx

yd
  = – 2x

1
 + 5ex

B-4.
dx

dy
= –sin x + cos x , 2

2

dx

yd
  =  – cos x  – sin x

SECTION (C):

C-1. cos2x C-2. ex nx + 
x

ex

SECTION (D):

D-1. 2

9

(x 2)


 D-2.  0    D-3.     

2x

1
 – 

2x

nx

SECTION (E):
E-1. 3 cos 3x E-2. – 27(4 – 3x)8

E-3. 2k cos(kx + )

SECTION (F):

F-1.
xy2x

yxy2
2

2




F-2.  –1

SECTION - (G)

G-1. 4r2

dt

dr
G-2.  2R 

dR

dt
 .

SECTION (H):
H-1. y

max
 = 39; y

min
 = 38 H-2. x

max
 = 8

SECTION ():
-1. 12 x3.  -2. 48 (8x – 1)2

-3.
1 x

cos
3 3

PART - II
SECTION (A):

A-1. nx + 
2

x

2
+ C A-2. x3 – x2 + x  + c

A-3. tan x + c A-4. – cot x + c

A-5. sec x + c A-6. nx
3

1
 + c

SECTION (B):

B-1.
2

1
sec 2x + C      B-2.    – 

4

1
 cos (2x2) + C

B-3. – 
cos(8x 5)

8


 + C   B-4.    

x2

3


 + C

SECTION (C):
C-1. 2 C-2.  e – 1 C-3. 3

SECTION (D) :
D-1. a2 + 5 a units

D-2. Using n subintervals of length x = 
n

b
 and right–

endpoint values :  Area = 

a

2

0

3
3x dx = a

2
  unitss

D-3.  / 4   units D-4. 1  units

D-5. (D)

PART - III
SECTION (A):
A-1. 150º

A-2. (i) 105º , (ii) 150º , (iii) 105º.

SECTION (B):
B-1. 30 m South B-2. (B) B-3. (B)

B-4. (D) B-5. (D) B-6. (A)

B-7. (C) B-8. (D)

SECTION (C):

C-1. 5 2 C-2.
ˆ ˆi j

2



C-3. 20 3 N C-4. 15º C-5. (A)

C-6. (C)



SECTION (D):

D-1. (a) 18 ;   (b) – 20 î  + 15 ĵ  + k̂

D-2. (D) D-3. (a) 6;  (b) 6 3   D-4. (C)

Exercise # 2
PART - I

1. x 2. x 3. (D)

4. (C) 5. (C, D)

6.
dx

dy
 = 

3

x
– sin x , 2

2

dx

yd
 = 

2

3

x


– cos x

7.
dx

dy
 = 

5

6x

6



+ sec2 x,

2

2

dx

yd
 = 

5

36

 11

6x



+ 2tan x sec2 x

8. 1+ 2x + 
3x

2
 + 

2x

1 9.   –sin  – cosec2

10. 2

cosx

(1 sin x)        11.   
   2

2 2

1
x 1 n x 2x

x

(x 1)

 





12. –4x cos (x2 + 1) sin (x2 + 1)

13. 2rr2

r1




14. 1

15.
3

40
 m 16. x = 40  &  y = 40

17. (a) 
dt

dV
 = r2 

dt

dh
= 5r2

(b) 
dt

dV
 = 2hr 

dt

dr
 = 10rh

(c) 
dt

dV
 = r2 

dt

dh
 + 2hr

dt

dr
 = 5r2 + 10rh

PART - II

1. – 
x

1
 – 2x2

1
 + C 2.    2x + cot x + C

3. x + sin x + c 4.    (x4 + 4x2 +1)3 + C

5.  
2

5y 8 C
5

6.    
2

9
(3 x– 2) 3/2 + C

7. – 
1

2
 cos – + C 8.    2

3

(2 cosx)  + C

9.
28

3


10.    7

4
11. 1 5

n
2 3


12. Using n subintervals of length x = 
n

b
 and right–

end point values : Area = 
b

0

4x3 dx = b4

PART - III

1. 25 2. 37º . 3. r(1 + 2 )

4. 3 5.
45

k̂2ĵ5î4 

6. (A) 7. (A) 8. (D)

9. (B) 10. (A) 11. (B)

12. (D) 13. (A, C)

14. (C, D) 15. (A, B, C)

EXERCISE # 3
PART - I

1. A- (R), B- (S), C- (P), D- (Q)

2. A - (S), B- (P), C- (Q), D- (R)

PART - II
1. (D) 2. (D) 3. (B)

4. (C) 5. (D) 6. (D)

PART - III
1. (B) 2. (C) 3. (A)

4. (A)

PART - IV
1. (i) T (ii)  T (iii) T (iv) T (v) F

PART - V
1. ˆ ˆ5 i 5 3 j 2. Zero

3. zero 4.     Negative, Positive or Zero

5. Parallel. 6. 53º  



PART - I : DIFFERENTIATION
Find the derivative of functions using quotient rule.

1. g(x) = 

2x 4

x 2




2. y = 
1 cos ecx

1 cos ecx





3. y = 
cos x

1 sin x
4. y = sin x3

5. y = 5 cos - 4 x.

Find the derivatives of the functions
6. Suppose u and v are differentiable functions of x and that

u (1) = 2, u’(1) = 0 v (1) = 5   v’ (1) = – 1.

Find the values of the following derivatives at x = 1.

(a) 
dx

d
(uv) (b) 

dx

d
 








v

u
(c) 

dx

d 







u

v
(d) 

dx

d
 (7v – 2u).  ]

7. r = – (sec + tan) - 1 8. r = (cosec + cot) - 1

PART - II : INTEGRATION
Find an antiderivative for each function. Do as many as you can mentally.Check your answer by
differentiation.

1. –  csc 
2

x
 cot 

2

x
2. (1 +2 cos x)2

Evaluating Integrals (Check your answers by differentiation).

3.
1

x
x

  
   dx 4.   )x1(x2 3

 dx

5.   )xsec2xtanxsec4( 2
 dx 6.   )xcotxcscx(csc

2

1 2
 dx

7.   )xcscx2(sin 2
 dx 8.   )x3sin3x2cos2( dx

9.  

sincsc

csc
 d

Evaluate Integrals by substitution method.

10.   4s5

1
 ds 11.   2y37y3  dy

12.  2

x
sec

2

x
tan 27

 dx 13.
5

3
2 1

18

r
r 










  dr



14.  zsec

ztanzsec
 dz 15.  







 1
t

1
cos

t

1
2 dt

Find the definite integrals of following Functions

16.
10

0

 (x – 4) dx 17.
1

1
 x dx

PART - III : VECTOR
1. A vector of magnitude 10 m in the direction 37° south of west has its initial point at (5 m, 2 m). If positive x–

axis represents the east and positive y–axis the north, the coordinates of its terminal point are

(A) (–3 m, –4 m) (B) (3 m, 4 m) (C) (–4 m, 6 m) (D) (–4 m,–6 m)

2. A plumber steps down 1 m out of his truck and walks 50 m east and then 25 m south, and then takes an

elevator to the basement of the building 9 m below street level.  If the east, the north and the upward direction

are represented by the positive x, y and z–axes, which one of the following represents displacement (meters)

of the plumber?

(A) ˆˆ ˆ50 25 9i j k  (B) ˆˆ ˆ50 25 9i j k  (C) ˆˆ ˆ50 25 10i j k  (D) ˆˆ ˆ50 25 10i j k 

3. A body moves in anticlockwise direction on a circular path in the x-y plane. The radius of the circular path is

5 m and its centre is at the origin. In a certain interval of time, displacement of the body is observed to be 6

m in the positive y-direction. Which of the following is true?

(A) Its initial position vector is ˆ5i m. (B) Its initial position vector is ˆ ˆ( 3 4 )i j  m.

(C) Its final position vector is  ˆ ˆ4 3i j m. (D) Its final position vector is ˆ6 j  m.

4. A boy A is standing 20Ö3 m away in a direction 30° north of east from his friend B. Another boy C standing

somewhere east of B can reach A, if he walks in a direction 60° north of east. In a Cartesian coordinate

system with its x–axis towards the east, the position of C with respect to A is

(A)  ˆ ˆ20 10i j    m (B)  ˆ ˆ10 10 3i j   m

(C)  ˆ ˆ10 10 3i j  m (D) It depends on where we chose the origin.

5. Consider three vectors ˆ ˆ ˆA i j 2k  


, ˆ ˆ ˆB i j k  


 and ˆ ˆ ˆC 2i 3j 4k  


. A vector X


 of the form

A B 
 

 (a and b are numbers) is perpendicular to C


. The ratio of a and b is

(A) 1 : 1 (B) 2 : 1 (C) –1 : 1 (D) 3 : 1

6.  x-component of a vector A


 is twice of its y-component and 2  times of its z-component. Find out the

angle made by the vector from y-axis.

(A) 
1 2

cos
7

  
 
 

(B)
1 1

cos
7

  
 
 

(C) 
1 1

cos
6

  
 
 

(D) 
1 2

cos
6

  
 
 

7. Four  forces of magnitudes P, 2P, 3P and 4P act along the four sides of a square ABCD in cyclic order.

Use the vector method to find the resultant force .

8. The resultant of two vectors u and v is perpendicular to the vector u and its magnitude is equal to half of

the magnitude of vector v. Find the angle between u and v.



9. Two vectors 


A  & 


B  have the same magnitude . Under what circumstances does the vector 


A  + 


B  have

the same magnitude as 


A  or 


B  . When does the vector difference 


A   


B  have this magnitude.

10. If five consecutive sides of a regular hexagon represent five unit vectors acting in the same sense, find their

resultant vector. (taking first side on x-axis)

11. Find the vector equation of a line which is parallel to a given vector 

A  and passes through a given point P

having position vector 


0r .

12. The vector 

A  varies with time as 


A  = k̂tĵtsin–ît 2 . Find the derivative of the vector at t = 1.

PART - I

1. g’ (x) = 1 2. 2

2 cosec x cot x

(1 cosec x)


 3.

1

1 sin x
4. 3 x2 (cos x3) 5. 20sin x cos–5 x

6. (a) –2; (b) 
25

2
; (c) –

2

1
 ; (d) –7 7.



tansec

sec
8.



eccoscot

eccos

PART - II

1. 2 csc 






 
2

x
 + C 2. 3x + sin 2x + 4 sin x + C 3.

3

22x

3
 + 2x1 / 2 + C

4. x2 +
x

2
 + C 5. 4 sec x – 2 tan x + C 6. – 

2

1
cot x + 

2

1
 csc x + C

7. –
2

1
cos 2x + cot x + C 8. sin 2x + cos 3x + C 9. tan  + C

10.
5

2
(5s + 4) 1/2 + C 11. – 

3

1
(7 – 3y2) 3/2 + C 12.

4

1
 tan 8 

2

x
 + C

13.
6

3

1
18

r










 + C 14. 2 z sec  + C 15. – sin 







 1
t

1
 + C

16. Area = 10 square units 17. Area = 1square units

PART - III
1. (A) 2. (C) 3. (C) 4. (B)

5. (A) 6. (B) 7. 2 2  P 8. 1500

9. 60° 10.


3A  = )ĵ3î(–
2

1
 11.  ânrr 0 



12. k̂2ĵî 


