Session 4

Use of Complex Numbers in Binomial Theorem, Multinomial
Theorem, Use of Differentiation, Use of Integration, Binomial
Inside Binomial, Sum of the Series

Use of Complex Numbers
in Binomial Theorem

Ifoe R,neNandi=\/—>l, then
(cosO +isin®)" ="C, (cosB)" ° (isinh)°
+"C; (cosB)" ! (isin0)’
+"C, (cos0)" 2 (isinB)® + "C, (cosH)"
(isin®) * +...
or cosn®+isinn®=cos" @ +i-"C, (cos8)" " sin@
—"C, (cosB)" " ?sin®0 —i- "C; (cosB)” sin’ O +..
On comparing real and imaginary parts, we get

cosnB =cos" 0 — "C, (cos0)" *sin’ O

- "C, (cos0)" *sin*0—...

andsinn® = "C; (cos0)" ' sin® — "C5 (cosB)" "’ sin> O

+"Cs (cosB)" 7 sin’ O —...

Example 51.If (1+ x)" = Co + C;x+ Cy x 2
+Csx°+C, x*+..., find the values of
() Co—Cy+Cy—Cq+ ...
(i) C;=C3+Cs5=Cy + ...
(i) Co+ C3+ Cg + ...
Sol.w(1+x)'=Co+Cix+Cyx*+Cyx” +Cyx*
+Csx° + ..
Putting x =i, where i = /- 1, then
(1+i)'=Co+Ci+Cyi* +Cy i’ +Cyi* +Cs5 i’ +...
=(Cy=Cy+Cy—..)+i(C;=C3+C5—...) ..()
ut]T”
%)

n
Y . T
=2"%| cos — + i sin —
4 4

nm . hm ..
=22 (cos — +isin ) ...(ii)
4 4

Also, (1 + i) = {\E(

From Eqgs. (i) and (ii), we get
(Coy—Cy+Cy—..)+i(C;—C3+C5 —...)

nm nm
=2""% cos| — |+i-2"?sin| —
4 4
On comparing real and imaginary parts, we get

Co—Cy+Cy—..=2"% cos (n::) [part (i)]

C,—Cs+Cs—..=2"%5in (T) [part (ii)]

Wehave, (1+ x)" =Cy+ Cix + Cyx *+Cy x> +Cyx*
+Csx° +Cex® +...

Putting x = 1, @ ®* (cube roots of unity) and adding, we get

3(Co+Cy3+Co+..)=2"+(1+ )" + (1 +w?)"

=2" + (-0 +(—0)" =2" + (= 1)" (™" + ")
4min 2 Tin
=2"+(-1)"je ® +e 3

; i
=2"+(-1)"-e™ -2 cos (r;)

1 _ n._ n. ﬂ
=2"+(-1)"-(-1) 2cos(3)

=2" +(-1)*" -2 cos M\ _ o 4 2cos| ™2
3 3
1
s Co+Cs+Cy+ ...=3{2" +2 cos (":)}

Example 52. Find the value of
MCo+ "Cy+ ""Cq+..+ "1Cy,.
Sol..c 4-0=8-4=..=4

1/4 .,
% are1,—1,i,—i, we have

*. Four roots of unity (1)
(1+x)"="Co+ "Cpx + " Cyx® + M Cyx’ + ..

Putting x = 1,— 1, i, — i and then adding, we get

4("Cy+ MCy + M Cs + ) =2 0+ 1+ D) + (1 - 1)

=2" 4 (2i)°" + (- 2i)*"



=24n +22n (_ 1)n +22n (_ 1)n
=24n +(_1)n.22n+1
L MCy+ MC, + MOy =2 T ()2
Remark
F(1+x)" =Cy+ Gx + Cx%+ Cx >+ ...+ C,x ", then
N C+G+G+ G+ ..,:%{2”’1 + 2”/2cos(2—n)}
M G+G+G+ G+ ...=%{2m_1 + 2””5”1(21)}
(i) Co+ G+ Co + ... =13{2”‘1cos(%j+ 3”/2cos(nn)}
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Multinomial Theorem

If n is a positive integer and x{, x5, x3,..., X € C, then
n!

(00 (0 D(ots 1) . (o )

(xl +x2 +X3 ++xk)n =Z

3

oy Oy o k
X1 Xy "X3 L Xp O

where, 011,05, 05,..., 0 are all non-negative integers
such thato; +o, +0g +...+0, =n.

Remark
The coefficient of x,* - x,

7 x % “*in the expansion of

nl
o 1) (o 1) (o)) ... (o 1)

ce Xg

(O + Xo + X3+ o+ x)" isz(

In Particular

n!

@ @)

(i) (a+b+c)" =2 a® bP ¢¥ such that

o+PB+y=n
(i) (@a+b+c+d) =2 n! a® bP ¢ b
@) BHHEY

such thata +p+y+d=n

Example 53. Find the coefficient of a* b> c* d in
the expansion of (a—b+c —d)".
Sol. The coefficient of a*b’c®d in the expansion of

!
(a—b+c—d)" is(-1)* 100 _ 12600

41312!11!
[powers of b and d are 3 and 1 S(=1)3(-1) ]

Example 54. Find the coefficient of a*b“c ° in the
expansion of (bc + ca+ab)®.

Sol. In this case, write a’b’c’ = (ab)* (bc)” (ca)® say

+ +
a3b4cs=a2+x-bx y.cy z

= z+x=3,x+ty=4

y+z=5
On adding all, we get 2 (x + y + z) = 12
x+y+z=6
Then, x=1y=32z=2
Therefore, the coefficient of a’b*c” in the expansion of

(be + ca + ab)® or the coefficient of (ab)' (bc)® (ca)? in the

6
expansion of (bc +ca + ab)® is 13127 i.e. 60.

Aliter
Coefficient of a*b*c ° in the expansion of (bc + ca + ab)®
= Coefficient of a*b*c ° in the

6
expansion of (abc)° (1 + 1 + lj
a b ¢

3 2 1
= Coefficient of (1) (Zl)j (1) in the expansion of

a c
6
1 1 1). 6!
—+—-+—|is =60
a b ¢ 31211!

Number of Distinct or Dissimilar
Terms in the Multinomial Expansion

Statement The number of distinct or dissimilar terms in

the multinomial expansion of (x  +x, + x5 +...+ x ;)"

is n+k—lck_1'

Proof We have, (x; +x, + x5 +...4+x;)"

z n! Oy Oy O3 Ok

— X 1 X 2 X 3 ves Xk
(0 Doy (oes ). (ag )

where, a1, 05,005, ..., 0, are non-negative integers such

that

Oy +0y +03 +...+0; =n (1)
Here, the number of terms in the expansion of
(x; +x5+x5 +...4+x;,)"

= The number of non-negative integral solutions of the Eq. (i)
n+k-1
= Cr-1

Example 55. Find the total number of distinct or
dissimilar terms in the expansion of
(x+y+z+w)", neN.
Sol. The total number of distinct or dissimilar terms in the
expansion of (x + y +z + w)" is
(n+3)(n+2)(n+1)
- 1-2-3

_n+4-1 _n+3
- C4—1_ C3

:(n+1)(n+2)(n+3)
6




I. Aliter
We know that, (x +y +z+w)" ={(x + )+ (z + w)}"
=(x+y)" +"Ci(x+y) N (z+w)
+'C, (x+y) Pz W)+ "C, (2 W)
.. Number of terms in RHS
=(n+1)+n 24+(n—-1)-3+..+1-(n+1)

Z (n=r+1)(r+1)

=

Z (n+1)+nr-r? —(n+1)2 1+n2r— Z r?

= r=0 r=20 r=0
_ _ 'n(n+l)_n(n+1)(2n+l)
=(n+1)-(n+1)+n A

=(n+1)(n+2)(n+3)
6

II. Aliter

n!
(x+y+z+w)"=z x™M oyt zM M

nytnyngtng!
where, ny, n,, n 3,n, are non-negative integers subject to the
condition n, +n, + ny+n, =n
Hence, number of the distinct terms

= Coefficient of x" in (x® + x '+ x % + ..+ x")*

+1\*
Coefficient of x " in [l—x]
1-x
= Coefficient of x" in(1— x"*H)* (1 —x)~*
= Coefficient of x" in (1 — x)™* [ x
(n+3)(n+2)(n+1)
6

n+1>xn]

_n+3 _n+3 _
= C, = Cy=

Greatest Coefficient in
Multinomial Expansion

The greatest coefficient in the expansion of
n!

(@) " ((g+1))”

(x; +x5+x5+...+x)" is

the quotient and r is the remainder when n is divided by k i.e.

k)ﬁ(q

r
Example 56. Find the greatest coefficient in the
expansion of (a+b+c+d)”

Sol.Here,n =15and k = 4 [ a, b, c,d are four terms]

4)15(3
12
3
qg=3andr =3
!
Hence, greatest coefficient = 11;3
(3!) (4"

, where q is

Coefficient of x”
Multinomial Expansion

If nis a positive integer and a 1,a 5, 4a s,...,
. . . 2

coefficient of x” in the expansion of (a; +a, x +as x

k—l) n

ay € C, then

+...tapx ,1s

n! o o2 O3 ol
a, ' a, as ° ..ag

(0 ) (o ) (005 1) . (og )

where, a;,005,04,...,0 are non-negative integers such
thato, +0, +03 +...40; =n
and Oy +203 +30, +...+(k—D o, =r

Example 57. Find the coefﬁuent of x” in the
expansion of (1+ 3x —2x>)'.

Sol. Coefficient of x” in the expansion of (1+3x —2x°)"

- p '
=2 ,B, L0 6F (-2
where, ot +3 +y =10andp + 3y =7
The possible values of o, B and vy are given below

a § Y
3 7 0
5 4 1
7 1 2
.. Coefficient of x’
(1) (-2 + :

3'7'0’

7,1,2,0 3 (-2

= 262440 — 204120 + 4320 = 62640

Use of Differentiation

This method applied only when the numericals occur as
the product of the binomial coefficients, if

(1+x)"=Cy+Cyx +Cox* +Cyx” +...4+C, x"

Solution Process

(i) If last term of the series leaving the plus or minus
sign is m, then divide m by n. If q is the quotient and

r is the remainder.
ie. m=nq+r or nym(q
ng

,

Then, replace x by x ¢ in the given series and

multiplying both sides of the expression by x .



(ii) After this, differentiate both sides w.r.t. x and put
x =1lor —1ori(i=+/-1), etc. According to the given
series.

(iii) If product of two numericals (or square of numericals)
or three numericals (or cube of numericals), then
differentiate twice or thrice.

Example 58. If
(14 X)"=Co+Cix+Cyx* +..+C,x", prove that
Ci+2C,+3C5+..4nC, =n-2""".

Sol. Here, last term of C; +2C, +3C5 + ... + nC, is nC,, i.e., n

and last term with positive sign.
Then,n=n-14+0 or n)n(1

o=

Here,q=1andr =0
Then, the given series is
1+ x)'=Co+Cix+Cyx* +Cox’+..+C,x"
Differentiating both sides w.r.t. x , we get
n(1+x" " '=0+C,+2C,x+3Csx %+ .. +nC,x" !
Putting x = 1, we get
n2" '=C+2C,+3C5+...+nC,

or C,+2C,+3C3+...4+4nC,=n-2"""!
1. Aliter
C1+ZCZ+3C3+...+nC,,
=n+2-n("_l)+3-n(n_112)(3n_2)+...+n-1

=n{1+(n—1)+(n_l)(n_2)+.‘.+1}
1-2

Let n —1= N, then
LHS:(1+N){1+N+N(iVZ_1)+.‘.+1}
=1+ N1+ NC, + Ve, + ..+ Neyd
=(1+N)2V =n-2""'=RHS
II. Aliter

LHS=C,+2C, +3Cs +..+nC, = 2 r-"C,

r=1

=n("C,+"IC,+"TIC, + .+ e, ]

=n-2" =RHS

Example 59. If (1+ x)" =Co + C; x+ C,x °
+...+C,x " prove that
Co+2C+3Cy+..+(n+1C, =(n+2)2""".

Sol. Here, last term of Cy +2C; +3C, +...+(n +1)C, is
(n+1)C, ie, (n+1)and last term with positive sign.

and n+l=n-1+1
or nyn+1(1
-n
1

Here,q =1andr =1 -
The given series is
(1+x)'=Co+Crx+Cyx*+..+Cy x"
Now, replacing x by x ! and multiplying both sides by x, we
get
x(A+x)'=Cox+Cix*+Cyx*+..4C, x" !
Differentiating both sides w.r.t. x, we get
xn(1+xV T+ 0+ x)"1=Co +2C,x +3C, x*°
+o+(n+1)Crx”
Putting x = 1, we get
n@) '+2"=Cy +2C,+3C, +...+(n+1)C,
or  Cy+2C,+3C, +..+(n+1)C, =(n+2)2" !
I. Aliter
LHS =Cy+2C; +3C, +..+(n+1)C,
=Co+(14+1)C;+(1+2)Cy+...+(1+n)C,
=(Cy+Ci+Cy+..+Cy)+(C;+2Cy +...+nC))
[use example 58]
=2"+n-2"'=(n+2)2" " '=RHS
II. Aliter
LHS =Cy +2C,+3C, +..+(n+1)C,

n+1 n+1

=2 r'"C,_lzz (r=1+1)-"C, 4
r=1

r=1
n+1

=2 (r-1)-"C,_,+"C,_,
r=1

n+1 n+1

=2n"C_,+ 2 "C,_
r—2 r—1
r=1

r=1
|: "C, = n .n—lcr_2:|
r—1

=n(0+"7'Co+"IC,+ " TIC, + .+ TG, L)

+("Cy+"Ci+"Cy+...+"C))

=n-2""'+2"=(n+2)-2""'=RHS



Example 60. If (1+x)" =Cy + C;x+C, x 2
+...+C, x", prove that
Co+3C;+5C,+...+42n+1)C, =(n+1)2".

Sol. Here, last term of Cy +3C; +5C, +...+(2n+ 1) C, is
(2n +1)C, i.e, (2n + 1) and last term with positive sign.

Then, 2n+l=n-2+1
or n)2n +1(2
—-2n
1

Here, g =2andr =1
The given series is
(1+x)'=Co+Cix+Cyx?+..+Cpx"
Now, replacing x by x°, we get
Q+x2)" =Co+Cx 2 +Cyx* +..+C x "
On multiplying both sides by x', we get
x(1+x*) =Cox +Cx> +Cox® +..+C,x 2" "1
On differentiating both sides w.r.t. x, we get
xn(I+x? t2x+ 1+ x2)"1=Cy +3C; x 2 +5C, x*
+.+@n+1)C,x"
Putting x = 1, we get
n2""1242"=Co +3C; +5C, +...+(2n +1)C,
or Co+3C;+5C, +...+(2n+1)C,, =(n+1)2"
I. Aliter
LHS=Cy,+3C,+5C, +...+(2n+1)C,
=Co+(1+2)C;+(1+4)Cy +...+(1+2n)C,
=(Cy+Ci+Cy+...+C)+2(C;+2C, +...+nC,)
=2"+2n-2" " '=2"4n-2"
=(n+1)2" =RHS
II. Aliter
LHS=Cy,+3C,+5C, +..+(2n+1)C,

[from Tllusration 58]

n n n
=2 (2r+1)"C,=2 2r-"C,+Z"C,
r=20

r=0 r=20

n n
=22 r"C,+ 2 "C,

r=20 r=0

n n

n o, n -

=22 r-Lonie 4 2 e, [ "C,o==.n lc,l}

r=20 r r=0 r

n n
=om X e+ > "C,
r=20 r=20
=2n(0+"7'Co+"7IC " TIC, + .+ TIC, L))
+("Cy+"Ci+"Cy+..+"C),)

=2n-2""'4+2"=(n+1)-2" =RHS

Example 61.1f (1+ x)" =Co + C;x+ Cyx 2
+..4+C,x", prove that+3%.C5+..+n*-C,
12-C,+2%-Co=n(n+1)-2" 2.

Sol. Here, last term of 1> -C; + 2% -C, +3%-C3 +...+n*-C, is

n?.C, ie., n®. Linear factors of n® are n and n; [start
always with greater factor] and last term with positive

sign.

and n=n-14+40 or n)n(1
-n
_0

Here,q=1andr =0
Then, the given series is
(1+ %) =Cy + Cyx + Cox? + Cax> + ..+ Cpx"
On differentiating both sides w.r.t. x, we get
nx(1+x)" " '=C,+2C, x +3C;x %+ .. +nCyx" "' ()
and in last term, numerical is n C, i.e., n and power of
1+ x)isn—1
Then,n=(n—-1)-1+1 or n—1)n (1
n-1
-+

1
Here,g =1landr =1
Now, multiplying both sides by x in Eq. (i), then
nx(1+x)" '=Cx+2C, x? +3C3 x> +..+nC,x"

Differentiating on both sides w.r.t. x, we get

nix-(n=1)(1+x) 2+0+x)""1)
=C1+2%°Cox+3 Cax?+.+n*Cyx"!

Putting x =1, we get

n{l-(n—-1)-2" 2 +2" N =1*.C, +2°-C, +3°-C,4

+..+n*-C,

or1?-C;+2°Cy+3%-Cy+..+n*-C,=n(n+1)2" "2

Aliter

LHS=1%-C, +2*-C, +3* - Cs+..+n*-C,

n
= Zrz."C,= > 2.2
r=1 r

n
=nz_:1r-"_1C,,1:n z_‘41{(r—1)+1}-”_1C,,1
=n 2 (r-1-""'C,_,+n > e,

r=1 r=1

n n
=n2 (n=1)-""%C,_, +n > e,
r=1 r=1



n n
=n(n-1) > "TE2C. ., +n > el
r=1 r=1

=n(n-1)0+""2Co+""%C,+""%C,
o+, ) +n(TC, + TG
+" e, L+, L)

=n(n-1-2""%+n-2""'=n(n+1)2" "2 =RHS

Example 62. If (1+x)" =Co+Cy x+C, x 2
+..+C,x", prove that (1-2) C, + (2-3)
Cs+...4{(n=1)-n}C, =n(n-1)2""2.
Sol. Here, last term of
(1-2)C, +(23)Cs +...+{(n—-1)-n}C, 1s(n — 1)nC,
ie.(n—-1)n

[start with greater factor here greater factor is n] and last
term with positive sign, thenn =n-1+0

or n)n(1
-n
0

Here,q=1andr =0
The given series is
A+ x)'=Co+Cix +Cyx?+Cyx’+..+C,x"
Differentiating on both sides w.r.t. x , we get
n(1+xY ' =04+C +2C,x +3Cx* + .. +nCyx" !
Again, differentiating on both sides w.r.t. x, we get
n(n=1)1+x)""? =0+0+(1-2) C, +(2:3) C3x
+o+{n-1)-n}Cpx" "2
Putting x = 1, we get
n(n—1)(1+1)""2=(1-2)Cy +(2:3) Cy
+..+{n-1)n}-C,
or(1:2)Cy +(2:3)Cy + .. +{(n—-1)n}-C,=n(n-1)2""*
I. Aliter
LHS =(1-2)C, +(2:3)C5 + (3-4)C,
+..+{n-1)n}-C,

. n(n—-1) ) n(n-1)(n-2)
=)= =@ 1-2:3
+(3.4)n(n—1)(n—2)(n—3)

1-2-3-4
+..+(n-1)n-1

=n(n—1){1+("_2)+(n_2)(n_3)+...+1}
1 12

Now, in bracket, let n — 2 = N, then

=n(n—1){1+N+N(N_1)+...+1}
1 21

=n(n-1){NC, +NC, +...+NCy}
=n(n-12"=n(m-1)2""% =RHS
II. Aliter
LHS=(1-2)C, +(2:3)C5 + ...+ {(n —1)-n} C,

En] (r=1)-r-"C,

r=2

i (r—l)-r~£~ n-l

n-—2

r—2

n

=(n—-1)n Zznfzcr_z

i
=(n=-Dn(" " Co+" T C,+ " T EC, .+ "TEC, L)

=(n-1)n-2""? =RHS

Example 63. If
(1+X)"=Co+ Cix+Cyx 2+ C3 x> +..+C, x ", prove
that Co —2C, +3C, —4Cs+..+(=1)" (n+1)C, =0.
Sol. Numerical value of last term of
Cy—2C;+3C, —4C3+..+(-1)"(n+1)C, is
(n+1)C, ie, (n+1),then
n+l=n-1+1 or n)n+1(1
-n
1

Here,g =1andr =1
The given series is
1+ x)'=Co+Cix+Cyx* +Cyx’ +..+Cyx"
On multiplying both sides by x, we get
x(1+x) =Cox+Cx* +Cox®+Cyxt+..+C, x" !
On differentiating both sides w.r.t. x, we get
xon(1+x T+ 1+ x)"1=Cy+2Cx +3C,x°
+4C3x° +..+(n+1)Cyx”
Putting x = — 1, we get
0=Cy—2C;+3C, —4C3+..+(-1)"(n+1)C,
or  Cy—-2C;+3C,-4C3+...+(-1)"(n+1)C, =0
I. Aliter
LHS=C, -2C;+3C, —4C5 + ...+ (-1)" (n+ 1) C,
=Cop = (Cy +Cy) +(Cy +2C,) = (C5 +3C3)
+..+(-1D)"{C, +nC,}
={Cy—C;+Cy —Cs+...+(-1)" C,}
+{-C;+2C, =3C3+..+(-1)"nC,}
3 2.n(n—l)_371(11—1)(n—2)
=(1-1)"+ 1-2 1-2-3
+..+(-1)"n




:0+n{—1+(n—1)—("_11);”_2)+...+(— 1)"} In bracket, putn — 1 = N, then

LHS=n{1—Z¥+N(f\Iz—l)_m+(_1)N}
:O—n{l—(n_1)+(’1_11)(2’1_2)_m+(_1)n—1} .

=n{NCy = NC + VO, — .+ (= )N Ny}
Let in bracket, put n —1 = N, we get =n(1-1)"=0=RHS

LHS=0—n{1—N+N(iVZ_1)—...+(—1)N} L Aliter
LHS=C, -2C, +3C5 —...+(-1""'-nC,
=0-n{Nc,-Nc,+Nc, — ..+ (=) Ve n
=2 (-1 lrene,

r=1

=0-n(1-1)V=0-0=0 =RHS

II. Alit n
1ter i — 2(_1)r—1.n.n—lcr71 |—..,ncvr=E.n—lc~ril—|
LHS=C, —2C, +3C, —4Cs + .. + (= 1) (n + 1) C, = | , |
=2 (-1 (r+1)"C,= X (-1 [r-"C, +"C,] =n 2 (-1 TG
r=0 r=0 r=
n " =n(1-1)""'=0=RHS
= Z (_1)r [n 'nilcr—1+ncr] I: ncrz'nlcr—l:l
r=0
" Example 65. If (1+x)" =Co+Cix+Cyx 2
=n ;0(—1)’-"‘1c,,1+ ;0(—1)’-"@ +C3x > +..+C,x ", prove that
n n C0_3C1+5C2_...+(_1)n (2n+1)Cn =0.
_ _qy-1.,n-1 _ 1y .n
- ”EO( D) Cr ‘1+,§0( DA Sol. The numerical value of last term of
=—n(1-1""1+(1 -1 =0+0=0=RHS Cy—3C;+5C, —...+(-1)"(2n+1)C, is(2n + 1) C,,
X ie. (2n+1)
n
Example 64. |f(1+X) =Co+C1X+C2X and n+1=2-n+1 or 7’!)271"1'1(2
+C3X > +...4+C, x", prove that —2n
C,-2C,+3C;—..+(-1)"""nC, =0. 1

H =2andr =1
Sol. Numerical value of last term of ere.q anar

_— . . The given series is
C,-2Cy,+3C5;—..+(-1)""nC,isnC, ie., n, then

(1+x)'=Cy+Cix +Cox?+Cyx> +..+C,x" now,

and n=n-1+0 or min( replacing x by x?, then we get
—nT A+ x5 =Cyo+Cx? +Cox*+..+C, x"
Here, g =1andr =0 On multiplying both sides by x , we get
The given series is (14 x*)' = Cox + Cix° + Cox” +. 4+ Cpx™ !
A+ x)'=Co+Cx +Cox?+Cyx>+..+Cpx" On differentiating both sides w.r.t. x , we get
On differentiating both sides w.r.t. x, we get xon(1+x? T2x+(1+x%) 1=Cy +3Cx*°

1

n(1+x)"'=0+C, +2C, x +3Csx+..+nC,x""~ +5C,xt+. +@n+1)Cyx ™"

Putting x =—1,we get Putting x = i in both sides, we get
0=C,—2C, +3C; —...+(-=1)"'ncC, 0+0=C, —=3C, +5C, —...+(2n + 1) (=1)" C,

or C,—2C,+3C;—..+(-1""ncC,=0 or Cy—3C,+5C, —...+(-1)'"2n+1)C, =0

L. Aliter I. Aliter

LHS=C, —2C, +3C;5 —...+(-1)" "' n-C, LHS =C, —3C, +5C, —...+(-1)" 2n + 1) C,

- -z-”(’;;l) +3”(”‘11;(:‘2)_,__+(_1)n—1.n.1 —Cy—(142)C,+(1+4)Cy — ..+ (<1 (1 +20) C,
' - =(Cy = Cy+Cy =4 (= 1) C,) = 2(Cy —2C

[ (a-) (D=2 o (Co=C1+ Gy (= 1" Cp)—2(C "

=njl T 1o et (1) +o.+(=1)"""n-C,)



=(1-1"-2-0 [from Example 64]
=0=RHS
II. Aliter

LHS=C, -3C;+5C, —..+(-1)" 2n + 1) C,

) il(_l)r @r+17C = Zl(‘l)r [2r-"C, +"C,]

=22 070, + 2 (-1 "G,
r=1 r=1

=2n(1-1""'"+(1-1)"=0+0=0=RHS

Use of Integration

This method is applied only when the numericals occur as
the denominator of the binomial coefficient.

Solution Process

f(1+x)"=Cy+Cix +Cyx*+Cyx > +...+4C, x ",
then integrate both sides between the suitable limits
which gives the required series.
1. If the sum contains C,, Cy, Cy, ..., C, are all positive
signs, then integrate between limits 0 to 1.

2. If the sum contains alternate signs (i.e., +, —), then
integrate between limits —1 to 0.

3. If the sum contains odd coefficients (i.e.,
Cy,Cy,Cy,...), then integrate between -1 to +1.

4. If the sum contains even coefficients (i.e.,
C,,Cs,Cs,.. ), then subtracting (2) from (1) and then
dividing by 2.

5. If in denominator of binomial coefficient product of
two numericals, then integrate two times first times
taken limits between 0 to x and second times take
suitable limits.

Example 66. If (1+x)" =C, + Cix
+Cy X ..+ C, x", prove that
C1 Cz Cn 2n+1 -1

Cot+—+—+...+ =
2 3 n+1

n+1

Sol.w(1+x)'=Cy+Cix +Cox?+..+Cyx" ..(1)

Integrating both sides of Eq. (i) within limits 0 to 1, then we get

J.; (1+x)" dsz.;(CO +Cx+Cox? 4. +Cox")dx

|:(1+x)n+l:|l
n+1
0

= =|Cpx+ 21X +C2x3 Cpx""
3 n+1
2" c, C C
= =Cop+ L+ 2 2
n+1 2 n+1
c, C C VAR |
or Co+—L+ 2+ .+ =
3 n+1 n+1
I. Aliter
C C C
LHS=Cy + =+ -2 + ..+ —"—
2 3 n+1

-1 1
nonn-)

1:2 1:2:3 n+1

1 +1 +1 -1
Lyt ¥ nlnzl)
n+1 . 1-2:3

Putn +1 = N, then

+N(N_l)+N<N_1)<N_2)+...+1}
2! 3!

LHS=1{N
N

1
=N[NC1 + Ve, + Ve, + ..+ Ney)

1 2N_1 2n+1_
=—[a+1)N -1]= =2 ____=RHS
N N n+1
II. Aliter
c, C c v C
LHS=Cy+ L4+ 24 41 = 2 =&
2 3 n+l r=o0r+1

B i ncr B i n+lcr+l l:”n+lcr+l= ncri|

_r:0(r+1)_r:0 (n+1) n+1 r+1
— 1 3 n+1C
(n+1)r=o0 T
1
=( 1)(n+lcl+ n+1C2+ n+1c3
n+
o+ "l )
1 2n+1_1
= ("' -1)==— - =RHS
n+1 n+1

Example 67. If (1+x)" =Co+Cx +C, x *
+C3 X +..+C,x", prove that

c, C C 1
Co——+ 22— +(-1"L=—
2 3 n+1 n+1
Sol. v (1+x)'=Cy+Cix +Cox4+..+Cyx" ()

Integrating on both sides of Eq. (i) within limits — 1 to 0,
then we get

J._Ol(l + x)" dx = _[_OI(CO +Cx+Cyx? 4. +Cyx")dx



n+1 n+1
= 1 — 0_&_'_& +(_1)n+2 Cn
n+1 2 n+1
= ! =C0—Q+&—...+(—l)nic"
n+1 2 3 n+1
[(_ 1)n+2 =(_ 1)n (_ 1)2 =(_ 1)n]
Hence’ CO - Q + 2 - ...+t (—l)n 7Cn = 71
2 3 n+l n+1
I. Aliter
LHS = C, B (1) G
2 n+l1
=1—E+M—...+(—l)"7l - !
2 123 n+1 (n+1)
[(n+1)_(n+1)n+(n+1)n(n—1)_m+(_l)n}
1-2 1-2-3

Put n+1= N, we get
v NON-D  NON-1) (N-2) ]
=ﬁ 1-2 1-2-3
— (=N

1 _
=E[Ncl—ch+Nc3—...+<-1)N 3

N
= - %[—NC1+ Ne, = Nes + .+ (=) cy]

1
- E[Nco -Ne,+ Ne, - N,

N
+..+ (DY oy =Nyl

“Lia-yY Ne= —Ltp-1y=L
N =D G]= - 0-1]= 1

= ! =RHS
n+1
II. Aliter
¢, C C v (-1)-C
LHS=Cy — -1+ =2 -+ (-1 = Z( V-G
3 n+l r=0 r+1
i (_1)r ncr
r=0 r+1
_ 3 "G [ e, |
r=0 (n+1) L n+1 r+1
1 n

1
(rl-#lc1 _ n+lC2 + n+1c3_m+(_ l)n.n+1cn+l)

C(n+1)
=( il){n#—lco_(n+1C0_n+1cl_|_n-%—lcz_n+1C3
n
oD e, )
-1 i-a-yty=—r p-o=— - =rus
(n+1) (n+1) n+1

Example 68. If (1+x)" =Co+Cix+Cy x*
+C3 x> +...+C,x", prove that
C C C 2"
TO+?2+?4+"'ZE'
Sol..c (1+x)"=Cy+Cix+Cyx?+Cyx’
+Cxt .+ Cx" (D)

Integrating on both sides of Eq. (i) within limits — 1to 1,
then we get

-Ij1 (1+x) dx:fil(co +Cx+Cox?+Cyx’ +Cyx*

+.+ Cpx")dx
=£1(C0 +C,x 2 +C,x s ...)dx+fl(C1x +Cy x> +.)dx
=2I;(Co +Cyx? +Cyx "+ ) dx +0

[by property of definite integral]

[since, second integral contains odd function]

1 1
A oy Cax’  Cax®
n+l | ’ 3 5 .

2n+l C C
= :2(C0+2+4+...j
3 5

n
or C0+&+g+...= 2
3 5

I. Aliter
LHS=C, +g+g+...
3 5
+n(n—1) N n(n—1)(n-2)(n—-23) N
1-2-3 1-2-3-4-5
1 n+1+(n+1)n(n—1)
(n+1)| 1 1-2:3
+ (n+1)n(n—-1)(n—-2)(n-3) +}
1-2:3-4.5

=1

- (" + e, + MO + )

_n+1

_ 1
_(n+l)

2n+1—1 2n
n+1 n+1

[sum of even binomial coefficients of (1 + x)* 7]




II. Aliter LHS = T + =+ —+..

CaselIfnisoddsayn=2m+1,V me W, then

m 2m+1 m 2m+ 2
C C
LHS= 2 — 2 - >~
r=0 2r+1 r=0 (2m+1)
- 2m+1C2r= zm+2o
2r +1 2m +1
=L.22m+271: 2n =RHS
2m+1) n+1
["n=2m+1]

Casell If nis even say n =2m,V m € N, then

m 2m m 2m+1
C C
LHS = 2 2r _ 2 2r +1
r=0 2r+1 r=0 (2m+1)
. 2m+lczr+1_ chzr
2m +1 2r +1
22m+1—1 2n
== =RHS [ n=2m]
2m+1 n+1

Example 69. If (1+x)" =Co+Cyx+Cy x 4+ C3x°

2" -1
+..+C,x", prove that&+g+g+...: .
2 4 6 n+1

Sol. We know that, from Examples (66) and (67)

C C c C C 2n+1_1
Cotdypzyls ba O 2 =0 )
2 3 4 5 6 n+1
1
and CO—&+&—&+Q—&+...= (ll)
2 3 4 5 6 n+1

On subtracting Eq. (ii) from Eq. (i), we get

(cl C; Cs j 22
2l —+—+—=2>+.. | =—
2 4 6 n+1

On dividing each sides by 2, we get
n —
G, Co G, 2

2 4 6 n+1
L Aliter LHS = &1+ €3 4 &5
2 4 6
_n, nn-Dm=-2)
1-2 1-2:3-4
+n(n—1)(n—2)(n—3)(n—4)+m
1-2:3-4-5-6
1 (n+1)n+(n+1)n(n—1)(n—2)
n+1 1-2 1.2.3-4

+(n+1)n(n—1)(n—2)(n—3)(n—4)+“1

1-2-3-4-5-6

Putn +1= N, then

LHS:l{N(N_1)+ MN- DN 9N -9
N Y 4!
N N(N—1)(N—2)(1\67’—3)(N_4)(N_5) +}

1
=N[NC2+NC4+NC6+...]

1
= ﬁ[(NCo + Ve, + Ve, + Ve, +.) - Ney

1 _ 2" -1
=—[2N"'-1]= =RHS
N n+1
II. Aliter
LHS :Q{.&.{_&_}.
4 6
Casellfnisoddsayn=2m+1,V me W,then
LHS: i 2m+1C2r+1= m 2m+2C2r+2
r=0  2r+2 r=0 (2m+2)
[_“ 2m+2C2r+2: 2m+lc2r-¢—l—|
[ 2m +2 2r +2 J
1 2m+2 2m+2 2m+2
= C, + Cy+.. + Cym
@m+2) 2 4 2m+2)
1 _ 2" —
— . 22m+2 1_2m+1co): ['.'2m+1:n]
(2m+2) n+1
=RHS

CaselIl If nis even say n =2m,V m € N, then

m-1 2m m-1 2m+1
C (&
2r+1 2r+2
LHS= X = _

r=0 (2r +2) r=0  (2m+1)
2 2
. m+1c2r+2 — mCZr+1
2m +1 2r +2
1 m-—1
N Z 2m+1C2r+2
2m+1) r=o0
— 1 (2m+1C2+ 2m+lC4+2m+1C6
2m+1)
+o+2mre, )
— 1 . 22m+171_ 2m+lC0)
2m+1)
2" -1
= =RHS [vn=2m]
n+1

Example 70. If (1+x)" =Cq+ Cix
+Cy X ..+ C,x", prove that
3°C, 3%Cy 3, 4" -1
+ +..+ = .
3 4 n+1 n+1

3Co+3° %+



Sol.: (1+x)"'=Co+Cix+Cox?4+Csx’+..+Cox" ..(i)
Integrating on both sides of Eq. (i) within limits 0 to 3, we get

fj(l+ x)'dx = Jj(CO +Cx+Cyx 24 Cy x+. 4 Cp x " )dx

3
1+ n+1 C 2
:{( %) } =|:C0x+ sz
0

C,x® Cyx*
! + 53

+
n+1 3 4
3
L Gux"
n+1
gntl_q 32¢, 3%°C 3'C 3tie
=>——=3C,+—1+—2 +=— 4+ .+ n
n+1 2 3 4 n+1
Hence,
32c, 3°C 3tC 3tle, 4ntlog
3C)+ 2+ 2 += T+ + B =
3 4 n+1 n+1
1. Aliter
32¢c, 3°C 3iC KNS
LHS=3C, + — 1+ —2 4= 3 4 4+ —n
3 4 n+1
=3.1+32-n+33~n(n—1)+34~n(n—1)(n—2)
2 1-2-3 1-2-3-4 -
o+
n+1
32 (n+1 P m+1 -1
= 3-(n+1)+ (n )n+ (n+1) n(n=1)
(n+1) 1-2 1-2-3

4 p— —

L3+l n(n-1)(n 2)+m+3n+1
1-2:3:-4

Putn + 1= N, then

1

LHS=N{3N+32N(N_1)+33N(N—l)(N—2)

2! 3!

+34N(N—1)(4]\’f—2)(N—3)+'”+3N}

= % [NC, (3)+ VC, (3) + NCy 3 +...+ Ney BV ]

= %[ Ney + 80, (3) + Ny (3) + Ve, (3)°

.+ Ny 0N =N,

1 4N 1 4"t g
=—{1+3)VN -1}= = = RHS
N N n+1
II. Aliter
LHS=3CO+325+3'3CZ+34€3 e
2 3 4 n+1

B i 3r+1 nC B n 3r+1.n+lcr+1
r=0 (r+1) r=0 (n+1)
|— nJrlcr_'_1 nc—|

n

1
:(n+1)r§'on+lcf“'3r+1
:( 11)(n+1cl_3+ n+1C2.32+n+1C3_33
n+
oo+ "C, 30
1
— 1+3n+1_n+1C
(n+l)[( ) o]
4n+1_1
=—=RHS
n+1

Example 71.If (1+ x)"= Co + Cyx + Cox *+...+ Cp X",

show that zCO +£C1 + —qcz +...+&
1-2 2-3 3.4 (n+1)(n+2)
3" _on-5
(n+1)(n+2)
Sol. Given,
A+ x)'=Co+Cix+Cyx* +Cyx> +..+Cyx"
()

Integrating both sides of Eq. (i) within limits 0 to x , we get
on(l + x)" dx =J.Ox( Co+Cix+Cox? 4. +Cyx")dx

X
1+ n+1
_[a+x
n+1
0

_ c0x+C1x2+C2x3+ c, x"*!
3 n+1
0
14+ 1 2 oy C. x"t!
a+x'" -t =Cox+C1x T e
(n+1) 2 3 n+1
...(if)
Again, integrating both sides of Eq. (ii) within limits 0 to 2,
we get
2(1 + n+1_1
[ERMEIYN
°  (n+1)

2 2 3 n+1
=j C0x+C1x c X Gix dx
0 2 3 n+1

4
sz

3-4

2
2 3
_xﬂ :{Cox +C1x +
1-2 2:3
0
2
. Cn xn+2 —|
(n+1)(n+2)J0

n+ 2 2 3 4
SRR N AR N G AR AR N
(n+1) |n+2 n+2[ 12 23 ' 3.4

1 [(l+x)"+2

(n+1) n+2

2n+2c
(n+1)(n+2)



22 23 24 2n+2c
Hence, —Cy+ —Cy+ —Cy 4. ———1
1-2 2-3 3-4 (n+1)(n+2)
3P on-s
(n+1)(n+2)
1. Aliter
2 3 4 n+ 2
tHS= 2 oo+ 2o+ Loy b v 2 G
1-2 2:3 3-4 (n+1)(n+2)
2? 2 24 -1 AR
=7(1)+7_n+7n(n )+...+
1-2 2:3 3.4 1-2 (n+1)(n+2)
_ 1 (n+2)(n+ 1)22 4 (n+2)(n+ 1)n23
(n+1)(n+2) 1-2 1-2-3
+(n+2)(n+1)n(n—1)24+m+2n+z
1-2-3-4

Putn + 2 = N, then we get
_ 1 N(N—1)22+N(N—1)(N—2)23
N(N -1)

1-2 1-2-3
+N(N_1)(N_2)(N_3)24+...+2N}
1-2:3-4
_ 1N 2, N 3, N 4
_N(N—l){ Co (2 +7C5(2)” + 7Cy (2)
+..+ Ny @N]
_ 1 N N N 2 | N 3
_7N(N—l){ Co+ 7Ci(2)+ "Co(2)° + 7C5(2)
+ Ve, @ v+ Ve @Y -Ne, - Ny (2)]
_ 1 N _4_
_N(N_l){(1+2) 1-2N}

3P -1-2(0n+2) 3 -2n-5_
C (m+2)(n+1) (n+1)(n+2)

II. Aliter
92 93 gt gn+2, o
LHS= 2 Co+ 2 Cr 4 = Cpt ot —>n
1-2 2-3 3-4 (n+1)(n+2)
_"il 2r+1 B
- -1
r=1r(r+1)
="i12r+l.n+zcr+l |—“ n+2cr+l ~ ncr_l

1
r=1 (n+1)(n+2) [ (n+1)(n+2)_r(r+1)J

n+1

=; 2 n+2cr+l.2r+l
(n+1)(n+2)r=1
— 1 [n+2C2_22+n+2C3.23
(n+1)(n+2)
Fo+"TEC, 2"
1

— n+2 _n+2 _
_(n+l)(n+2)[(1+2) Co

o2
n+2 _ _
& 2n —5)

= RHS
(n+1)(n+2)

When Each Term in Summation Contains
the Product of Two Binomial Coefficients
or Square of Binomial Coefficients

Solution Process

1. If difference of the lower suffixes of binomial
coefficients in each term is same.

ie. "Cy"Cy+"Cy-"C3+"Cy-"Cy ..

Here, 2—-0 =3-1=4-2 =....=2

CaselIf each term of series is positive, then
(1+x)"=Cy+Cyx+Cyx*+...4Cy x " (1)

Interchanging 1 and x, we get
(x+1D)"=Cyx"+Cyx "'+ Cyx " 4.+ C, ..(ii)

Then, multiplying Egs. (i) and (ii) and equate the

coefficients of suitable power of x on both sides.

Replacing x by 1 in Eq. (i), then we get
x

n
1+l =C0+&+&+...+&
x x x2 xn

...(iii)
Then, multiplying Egs. (i) and (iii) and equate the
coefficients of suitable power of x on both sides.

Example 72. If (1+x)" =Co + Cix+ Cox*
+C3x> +..+ C,x", prove that
CoC, +CiCr g +CyCrn+..+C, . C,
B 2n!
(n=r)!(n+r)!"
Sol. Here, differences of lower suffixes of binomial coefficients
in each term is r.
ie, r—-0=r+1-1=r+2-2=..=n—-(n—-r)=r
Given,
A+x)" =Co+Cx+Cox 2+ .. +Cp_,x" "4+ +C,x"

()

Now,
(x+1)' =Cox" +Cyx" "4+ Cyx" P+ +Cx" T
+C x" TN C L, x T T L+ C, (i)
On multiplying Egs. (i) and (ii), we get
A+x)" =(Co+Cx +Coyx >+ ..+ Cp_, x" "+ ...
+C, xMX(Cox™ +Cyx" 1
+C,x" TP 4 Cx"TTHC g x T

FCoyax" TR L+ C,) (i)



Now, coefficient of x" " on LHS of Eq. (iii) = " C, _,
2n!
=(n—r)!(n+r)!
and coefficient of x" =" on RHS of Eq. (iii)
=CyCp + C,Cpoy +CyCyrg 4t Cp_, C,
But Eq. (iii) is an identity, therefore coefficient of x" ™" in
RHS = coefficient of x" ™" in LHS.
=CyC, +CC i1 +CyChig +a v Cy, C,
2n!

(n—=r)(n+r)!

Aliter
Given,

14+x)" =Co+Cix+Cox?4+..4C, x" +C, pqx" !

FC o x PP 4+ C,,x T+ +Cx™ ()

n
1 C C C C C
Now,(1+) =Co+ 4+ L4+ L4 2
x X x x" x7 x"
- C .
Fot—T 4+ (i)
x" T x"

On multiplying Egs. (i) and (ii), we get

(1+x)2n 2 r r+1
" =(Cy+Cix+Cyx“+..+C,x"+C, 11 x
n
X
+C o x TP C, X"+ +Cyx ")
X(C LG, G, .G G G
(U 2 r r+1 r+2
X X X X pe

C,_ C
ot D R (i)
xn r xn

. 1 .
Now, coefficient of —in RHS
x

=(C0Cr +C1Cr+1+C2Cr+2 +"'+Cn7rcn)

1 _
... Coefficient of—r in LHS = Coefficient of x" ™" in
x

2n!
(1+x)2n= zncnfrz

(n=r)t(n+r)!

1
But Eq. (iii) is an identity, therefore coefficient of — in
x

RHS = coefficient of % in LHS.
x

= CCo+CCray+CyCryyt ot Cy,Cy
_ 2n!
(n=r)(n+r)!
CorollaryIForr =0,
2n!

(n!)?

2 2 2 2
Co"+C +Cy " +..+C, =

CorollaryII For r =1,

2n!
CoCi+CCy+CyCy 4. 4Cp Cp=———
0~1 1~2 2%3 n-1%n (n—l)'(n+1)'
Corollary IIl For r =2,
!
CoCy+CCs+CyCyt ot Cyy Cy =1
(n=2)!'(n+2)!
Example 73. If (1+x)" =Cq+ Cix
+Cy X 2 +...4+C, x", prove that
2n! 1-3-5..(2n-1)
Col+C 2 +C0 = = 2",
n'n! n!
Sol. Given, (1+x)"=Cy+Cix +Cyx 4.+ C, x" ()

Now, (x +1)" =Cox" + Cix" 1+ Cox" "2 + ..+ C, ..(i)
On multiplying Egs. (i) and (ii), we get
(14 x)" =(Cy +Cix + Cyx 4.+ Cp x ™)
X(Cox"+ Cx" P+ Cox" " 4.+ C,) ...(i)
Now, coefficient of x " in RHS

2 2 2 2
=Cl+ct+C +..+C,

And coefficient of x" in LHS = " C,, = -
n'n!

_1-2:3-4:5..(2n—-1)2n _1-3-5..(2n—1)2" n!

n'n! n'n!

But Eq. (iii) is an identity, therefore coefficient of x" in RHS
= coefficient of x" in LHS.

2n!
= 2+ 02+ 40, =2
n'n!
_13:5..Cn-1)
n!
Aliter
Given, (1+x)"'=Cy+C;x+Cyx’+ ..+ C,x" ..(Q)
n
1
Now, (1 + ) =Cy + G + C—j+ + C—Z ..(ii)
x X x x

On multiplying Egs. (i) and (ii), we get
(1+ x)*"

xn

=(Co+Cix+Cox?+..+Cpx™)
X (CO + G + &+... + C”)...(iii)
x  x° x"
Now, constant term in RHS = C5 + CZ + C3 + ...+ C;
(1 +x)™

X

= Coefficient of x" in (1 + x)*" = ?"C, =

Constant term in LHS = Constant term in

2n!
n'n!

_n!2'[1:35..(2n -1)] _ 2" [1-3-5...(2n —1)]

n'n! n!



But Eq. (iii) is an identity, therefore the constant term in
RHS = constant term in LHS.

2n!  {1-3-5..(2n -1
SCl+C + G+ .+ Gl = 1 (2n =1} 5
n'n! n!

Case Il If terms of the series alternately positive and
negative, then
(1-x)"=Cy—Cix+Cox? = +(=D"C,x" ..()
..(if)

and(x +1)" =Cox" +C, x " '+ Cyx " 4.4 C,

Then, multiplying Egs. (i) and (ii) and equate the
coefficient of suitable power of x on both sides.
Or
Replacing x by 1 in Eq. (i), we get
x

n
-1 =CO—Q+&—...+(—1)"&
x x x2 xn

...(iif)

Then, multiplying Egs. (i) and (iii) and equate the
coefficient of suitable power of x on both sides.

Example 74. Prove that
C"Co)?=(*"C) (" C) =+ (P ) 2= (=) 2,
ZnCO _ chl X+ 2nC2 52

— (=1, X

2 2 2 2 2 2
"Co— “"Cix+ “"Cy x" — ..+ “"Cy, x"

..(0)

2 an |, 2 2n-1, 2 2n -2
"Co x“" + "Cyx" T+ 2C, x°"

o+ 2Cy , (i)

Sol. Since, (1 — x)*" =

or (1-x)*" =

and (x+1)*" =

On multiplying Egs. (i) and (ii), we get
(x2 = 1" =(®"Cy = 2"Cy x + 2"Cy x% — ..+ PCy, x2"

X (B1C, x4 B0, X2 g 20, x2mE gy e
Now, coefficient of x*" in RHS (i)
=(2"Co)" = ("C)P + (P1Cy)t — (P Cyp)°

Now, LHS can also be written as (1 — x %)% ".
. General term in LHS, T,,,=2"C, (-x %)

Putting r = n, we get T,,,=(-1)"-*"C, x*"

= Coefficient of x*" in LHS = (- 1)" - *"C,

But Eq. (iii) is an identity, therefore coefficient of x*" in

RHS = coefficient of x2" in LHS

= (2"Cy) = (2" + (PCy)E = 4 (P1Cy )
==,

Aliter

Since, (1+ x)?" = 2"Cy + *"Cyx + 2"C,x*

o+ 2C,,x P ()

2n 2n 2n
1 C C Con .
and (1 - J =2"C, - L 22 -t 2: ...(ii)

X

On multiplying Eqs. (i) and (ii), we get

(x2 _1)2n 2n 2n 2n 2 2n 2n
Tz( CO + C1x+ sz +..+ CZ,,X )
X

2n 2n 2n
C C C
X(2MCy — —Ly —2 ) (i)

0 2 2n
X X pe

Now, constant term in RHS
=("Co) = ("C)° + (M Cy) =+ (" Can )

(X2 _ l)Zn

2
x n

Constant term in LHS = Constant term in

= Coefficient of x2" in (x? — 1)*"
= Coefficient of x*" in (1 — x?)*"
= zncn (_ l)n = (_ l)n : ann

But Eq. (iii) is an identity, therefore the constant term in
RHS = constant term in LHS.

=(21C) = (P"Cy)P H(Cy)t — o+ (P1Cy,)°
=(_ l)n : 2ncn

Example 75. If (1+ x)" =Cq + C;x

+Cyx 2 +...4+Cyx", prove that

Col=Cl2+Cl - +(=)"-Cl=0o0r

n!

(n/2)!(n/2)!
Also, evaluate Co2+ C,> +C,% — ..+ (=1)"-C,% forn
=10and n=1

Sol. Since, (1—x)" =Cy = Cyx + Cox? = +(=1)" C,x" ..(3)

(-1)"/2. , according as nis odd or even.

and  (x+1)" =Cox"+C;x" '+ Cyx" "2 4.+ C,..(i])
On multiplying Egs. (i) and (ii), we get

(1=-x*) ={Co —Cix +Cyx? —.+(-1)" C, x"}

X(Cox"+Cix" T+ Cyx" "% 4.4 C,) ..(iil)
Now, coefficient of x" in RHS
=Cl-Cl+CE-. +(-1)C

General term in LHS = T, ,,= "C,(-=x 2)"'="C, (-1) x?"
Putting 2r =n, we get r =n/2

Twray+1="Cpsz (1) 2x"

. Coefficient of x" in LHS = "C,, ,, (- 1)"'?

=(- 1)”/2 niv
(n/2)!(n/2)!
0, if nis odd
= /2 n! |: (Odd)!= :|
— n . . . 2
(-1) 7(n/2)!(n/2)!,1fn1seven



But Eq. (iii) is an identity, therefore coefficient of x" in RHS

= coefficient of x" in LHS.
= Ci-CE+Ci-. +(-1)"C?
0 ,if n is odd
= !
(- 1)? L, if nis even
(n/2)!(n/2)!

Now, for n = 10,
10!
515!

Co-Cl+Ci— . +ChH=(-1)"" =—252

[ 10is even]

and fromn =11,

Ci-Cl+Ci-..-Ci=0 [+ 11is odd]
Aliter
Since, (1+x)"'=Cy+Cix+Cyx?+..+Cyx" ..(i)
Replacing x by — l, then we get
x
(1—1] A Y = N
x X x x

On multiplying Egs. (i) and (ii), we get
(x* 1)

xﬂ

=(Co+Cix+Cyx? + .. +Cpx")x
[Co_mci_
x x

Now, constant term in RHS

=Cy—CE+CE— . +(-1)"CE

(1) Cj (i)
X

..Constant term in LHS

(x* = 1)

xn

= Constant term in

= Coefficient of x" in (x * —1)"

= Coefficient of x" in "C,, ;5 (x*)" = ®/2) (= 1)*/
=(=1)"2"Cypy

n!
(n/2)!(n/2)!
0, if nis odd

n!
(n/2)'(n/2)!’

=(_ l)n/Z .

= if nis even

But Eq. (iii) is an identity, therefore the constant term in
RHS = constant term in LHS.

= Ci-Cl+Ci-.. +(-1)'C?
0, if n is odd

n!
(n/2)'(n/2)!’

=) if nis even

2. If sum of the lower suffixes of binomial
coefficients in each term is same.

ie., CoCp +CyCp_y +CyCpy +...4 C,Cy

Here, 0+n=1+(n—-1)=2+(n-2)=...=n+0=n
Case 1 If each term of series is positive, then
(1+x)"=Cy+Cyx+Cyx 2 +..+C, x " (1)

and (1+x)"=Co+C;x+Cyx 2 +..4+C,x" ..(id)
Then, multiplying Egs. (i) and (ii) and equate the
coefficient of suitable power of x on both sides.

Example 76. Prove that
me.="c,+"C,,"C,+"C,,"Cy +..4+"C,
if r<m,r<nandm,n,r are positive integers.

Sol. Here, sum of lower suffixes of binomial coefficients in
each term is r.
ie. r=r—-1+1=r-2+2=...=r=r
Since,
1+ x)" ="Co+"Cyx+... +"C, _,x" "2+ ™C, _ x" 7!
+"Crx" + .+ "Cpx ™. (1)
r

and(1+ x)" ="Cy +"C;x + "Cyx* + ...+ "C, x

..+ "Cp x" (i)
On multiplying Egs. (i) and (ii), we get

A+ x)"T" =("Cy+ "Crx + .. +™C, _yx" TE+C, i x" 7!
+ 10X 44 "Crx™) X ("Cy + "Cyx + "Cyx?
.o+ "Cox" H .+ "Cux™) (i)
Now, coefficient of x " in RHS
="C, - "Co+"C,_1-"Cy 4" C,_, - "Cy+...+ "Cy-"C,
="C,+™C,_,-"Cy 4" C,_,-"Cy+..+"C,
Coefficient of x " in LHS="*"C,

But Eq. (iii) is an identity, therefore coefficient of x" in LHS
= coefficient of x” in RHS.

= ", ="C, +"C, - "CL+"Ch_ - "Cy .+ C,
Case I1 If terms of the series alternately positive and
negative, then
(1-x)"=Cy =Cyx +Cox? —...+(=1)" C,x"...()
and(1+x)" =Cy +C; x +Cy x* +...+C, x" ...(ii)
Then, multiplying Egs. (i) and (ii) and equate the
coefficient of suitable power of x on both sides.
Example 77. If (1+ x)" =Cy + C; x
+Cy X2 +...+C, x", prove that
CoCh—CiChy+CyCphy—..4(=1)"C,Cy=0o0r
n!

_1)/2 :
= (n/2)!(n/2)!

,according as n is odd or even.



Sol. Given, (1+ x)" =Cy + Cix + Cyx? +.. 4+ C, _,x" 2

+C, X"+ C, X" ()
and (1-x)"=Cy—Cyx +Cyx? = +(=1)" C, x" ..(ii)
On multiplying Egs. (i) and (ii), we get

(1=x*)' =(Co+Cix +Cyx? 4. +C_px" 2

+C,_ x" T4 Cx")X(Cy = Cix + Cyx % =
e+ (1) Cpx™) L..(1id)
Now, coefficient of x " in RHS
=CyCh = CyCpoy+CyCpy =+ (= 1)'C,Co
Now, general term in LHS,
T, ="C, (= x*Y =(=1) -"C, x*"
Putting 2r = n, we get
r=n/2

Now, Ty/per=(-1)""2-"Cpppx"

. Coefficient of x" in LHS = (-1)"'% . " C, ,
— (_ 1)n/2 . n!

(n/2)!(n/2)!

0 if nis odd
n!

(n/2)'(n/2)!’

(=R if nis even

But Eq. (iii) is an identity, therefore the coefficient of x" in
RHS = coefficient of x" in LHS.

= CyCp = C,Cp_ 1 +CyCp_y — e+ (= 1'C,Cy
0, if n is odd

n!

m s if n is even

V=12
3. If each term is the product of two binomial
coefficient divided or multiplied by an integer,
then integrating or differentiating by preceeding
method. Then, multiplying two series and
equate the coefficient of suitable power of x on
both sides.

Example 78. If (1+x)" =Co+ C;x+C, x*

+C3x > +...+C, x", prove that
(2n-=-1)!

((n=1H*

Sol. Given, (1+ x)" =Cy +Cix + Cox > + Cy x> +..+C, x"

CE+2C3+3C2+..+nCk =

Differentiating both sides w.r.t. x, we get
n(1+x)" '=0+C, +2C, x +3Csx% +..+nC, x"
Sn(l+x) '=C +2C,x+3C,;x % +..+nC, x" 71 (J)

(x+1)" =Cox"+Cx" '+ Cox" 2 4 Cyx" 3
+..+C, ..(>i0)

and

On multiplying Egs. (i) and (ii), then we get
n(1+x)" 1= (C,+2C,x +3C,x* +..+nC, x" )
X(Cox"+Cix" M+ Cyx" "2+ Cax" P 4.4+ C,) ...(i)
Now, coefficient of x" ~! on RHS
=CE+2CE+3CE+...+nC?
and coefficient of x” ~' on LHS
(2n -1)!
(n—=1)!n!
_ (@n-1!  _ (2n-1)!
(n-1!(n-1)"! {(n-1)1H"

But Eq. (iii) is an identity, therefore the coefficient of x" ~
in RHS = coefficient of x" ' in LHS.

2n -1
=n." Cn_lzn

1

_ (2n —1)!
{(n-1)4

= " +20,°+3C" +...+nC,’

Example 79. If (1+x)" =Co + Cy x+ Cox*+..4+C, X",
ct C3 o 2n+1)!
prove that Co? + -+ —2 + .+ — = en+1}
23 n+1 {(n+1)1}*

Sol. Given, (1+ x)"=Cy + Cyx + Cyx*+...+ C, x"

Integrating both sides w.r.t. x within limits 0 to x, then we
get
J.Ox(l + x)" dx = J.:( Co+Cix+Cyx®+..+C,x")dx

n+1 __ 2 3 n+1
A+ -1_ Cox + Cox” [ Cox” | L Gx ()
(1+n) 3 n+1
and (x +1)" =Cox" +Cyx" "+ Cyx" " E 4.+ C,  ..(id)
Multiplying Eqs. (i) and (ii), we get
S R R T8
(n+1)
2 3 n+1
=|Cox + Cix” | Cox” | Cnx
2 3 n+1
X(Cox" +Cix" 1+ Cyx" "2 +..+C,) ...(iid)

Now, coefficient of x” ~' in RHS of Eq. (iii)
2 2 2
=c,’ JO G O
2 3 n+1

and coefficient of x" * ' in LHS of Eq. (iii)

1 n+
=(n+1) {2 1Cn+1_0}
1 (@n+1)!
T(n+1) (nt1)int
2n+1)! _ @2n+1)!

T+ {n+ )



But Eq. (iii) is an identity, therefore coefficient of x™ ! in

RHS of Eq. (iii) = coefficient of x" * ' in LHS of Eq. (ii).
Cr
n+1

ct ¢} _ (2n+1)!

{(n+1)

+ + ...+

= Ci+

Binomial Inside Binomial

The upper suffices of binomial coefficients are different
but lower suffices are same.

n

Example 80. Evaluate 2 "*'C,.
r=0

Sol. 2 "*'C, = "C, + "t'C, + "TEC, +..+ P'C,

r=0

= Coefficient of x" in

[(l+x)n +(1+x)n+1+(1+x)n+2 +...+...+(1+x)2n]
i n+1 _

= Coefficient of x" in (1+x)" [(1+x) 1]
(1+x)-1

= Coefficient of x" "1 in[(1+ x)*" 1 = (1 + x)"]

= Zn+1cn+1_0 — 2n+1C

[Co(1+x)"=C, 1+ x)" " +C, 1+ x)" 72
—C 1+ )" P+ L+ (-1 C (14 x)]
= Coefficient of x" in
A+ x) [Coll+x)" =C,A+x)" "+C, 1+ x)" "2
—Cy(1+ %) + .+ (-1 C,-1]
= Coefficient of x" in (1+ x)" [((1+ x)—1)"]
= Coefficient of x" in (1 + x)" - x"d

= Constant term in (1 + x)" = 1=RHS

Sum of the Series

Casel Wheni and j are independent.

In this summation, three types of terms occur, when
i<ji=jandi> ],

Corollary 1 Z Z "C; "C;

Example 81.1f (1+x)" = Cqo + Cyx o
+Cy X ..+ C,x", prove that =(2")2 =2%
Co-"Ch=Ci-72Cy+Cy- 70— =2"
oo e " Example 83. If (1+ x)" =Cg + Cyx
SOl LHS =C, - Gy =€, Gy + G- TGy = +Cy x?+..+C, x ", find the values of the following.
n n
= Coefficient of x" in (i) Z Z (C; +C
2n 2n -2 2n -4 i=0j=0
[Co(1+x)" =C; (1+x) +Cy(1+ x) -]
n
= Coefficient of x" in (ii) Z Z ,+]
[Co(1+x)°]" =G [+ %17+ Co [(1+ 2] 72 -] 0
= Coefficient of x" in [[ (1 + x)? — 1]'] Sol. (i) Z Z (Ci+Cj)= ZO ZO C; + ZO ZO o}
i=0j= =0j=
= Coefficient of x” in (2x + x*)" w [ n 0 [ n
= Constant term in (2 + x)" =2" = RHS = EO (E:O C,-J + 2:0 []go CJJ
Example 82. If (1+ x)" =Co + Cx+ C, X* L i
!’ (I+x)7=Co+Cix+Cy =Y @)+ X (@)=(n+1)-2 +(n+1)-2"
+C3x° +...+ C, x", prove that j=0 i=0
— no__ n +1
Co- 2'Cp=Cy- 27'Cy +Cy M172C, = Cy- 273C, + ..+ =2+ )2 =(n+1)2
(=1)"Cp-"Cp =1 (i) X X (i+j)C,C; = > ch,c + 2 Z;cc
i=0j=0 i=0j=0 i=0j=0
Sol.LHS =C,- *"C, - C,-**7'C, + C,- " 7*C, - C,- " *C, ' ! !

+.+(-1VC, "C,

= Coefficient of x" in



=i iC, (2" + ﬁojcj(z")
P

3

n n
=2" 2 i C,+2 Z]"
i=0 j=0

n

1c1—1+2n Z‘4JE j-1
J

j=0

M=

2?’!

i

i

n
i

]
=

n

n
=n-2" 2 "lC_ +n-2" > "o
i=o j=0

=pn-2"2" 1 4p.2m2n !
=n-2-2""1=pn.2"

Case Il Wheni and j are dependent.

In this summation, when i < j is equal to the sum of the
terms when i > j, if a; and a ; are symmetrical. So, in this
case

M:

gala 22 aa+22aa

i=0j 0<i<j<n
+ I3 4,
0<j<i<n
=2 22 a,—aj+22aiaj
0<i<j<n i=j

= XX ga,=""!

0<i<j<n 2

When a; and a; are not symmetrical, we find the sum by
listing all the terms.

Corollary I

-

n
2 ncian _Zz nci’ "
i=j

22 "cyney; ==t
0<i<j<n ! / 2
n
2 Z nCoy?
_ i=0( z) _ 22n_2ncn =22n—1_ !
2 2 2(n!)*

Example 84. If (1+ x)" =Cqy + C;x
+Cy X 2 +...4+C, x ", find the values of the following.

i) 22 (i) X2 jC
0<i<j<n 0<i<j<n

(i) 22 ¢, C; vy 22 ¢
i*j 0<i<j<n

v X2 (G *C))

0<i<j<n

(vi) ZZ (i+j)C

0<i<j<n

(vi) 22

J
0<i<j<n
[_Z ic,]—ZZci
Sol. (i) ZZ Ci=n . =

n n
(n+1) 2 C, - 2 C
— i=0 i=0

:n.zn_l
2
n—1
(ii) 22 jC = Z"c
0<i<j<n
{r+1)+(r+2)+(r +3)+...+n}
n—-1
=3 e (n-r)(n+r+1)
_r=0 ’ 2
lnfl ,
=52 C,(n"=r"+n-r)
-1 lnfl n—1
=—(n*+n) > "C, -~ X "C, -~ >t "C,
= r=20 r=20

=§(n2+n)(2” —1)—%-n-(2"_1—1)

—é-n[(n—l)(z"*z—1)+z"*1—1]

=n(3n+1)-2" "3

Remark
Here, j and G are not symmetrical.

(iii) Here,i# jie,i> jori<j
But C; and C; are symmetrical.

22cci=2 XX GG

i#j 0<i<j<n
n _ 2nC
=2 (2] [from corollary I]

2 2
=2 _c,

vy XX CCj= XX CC;+2XXCC,

0<i<j<n 0<i<j<n i=j

= é (2™ - *C,)+ *C, [from corollary I]

=;(n ZHC)

v) XX (CtC)’=

0<i<j<n

22 (Cl+Ci+2C,C))

0<i<j<n

= XX (Cct+chHr2 XX G

0<i<j<n 0<i<j<n

22 (Ct+chy

0<i<j<n



(C}+CY-2 > c?
0 i=0

2

n

+ 2 Cctl-2.7C,
j=0

2

M=
H‘M:

_i=0

:(i

((n+1)C +c)y-22C,

M=

I \
o

" M:

2

(n+1)2C + 2, 21 2-2C,

i=0

2
_(n+1)-7"C, +¥"Cy - (n+1)-2-2"C,
2

2
=n-“"C,

ZZ (Ciicj)z:n.zncni(ZZVl_chn)

0<i<j<n

[from corollary 1]

22 (i+))CC

0<i<j<n

=(n7F1)¥"C, £ 2"

Remark
22 (G+CG)=n2"

0<i<j<n

i) XX (i+))C;C;

0<i<j<n

Let P= X2 (i+)C C; ()
0<i<j<n
Replacing i by n — i and j by n — j in Eq. (i), then we
get
P= zz (n—i+n—j)Cn,iCn,j

0<i<j<n
[ sum of binomial expansion does not
change if we replace r byn — r]

P= X2 (@n-i-j)CC;

0<i<j<n
[~"C, ="C,_,] ...(11)
On adding Eqgs. (i) and (ii), we get
2P=2n X2 (G,

0<i<j<n

or P=n XX C; Cy (Zn_chn)

0<i<j<n

[from corollary I]
i) 22 (i-))C;Cj= XX (i"C)(j-"C))

0<i<j<n 0<i<j<n

=n? XX "o, "7lc;.

0<i<j<n

2(n- 2n -2
znz 2 (n-1 _ 2n Cn—l
2

=n2 (22n—3_1.2n—zcn_1j

:l [from corollary I]

2



10.

11.

12.

13.

14.

Exercise for Session 4

The coefficient of a* b® c%d® in the expansion of (abc + abd + acd + bed ) is

10!
(|) 10 (b)4!8!9!9!

If (1+2x + 3x2)'0 =ay + ax + ay X2 + ... + a0 x2°, then a, equals
(a) 210 (b) 20 () 10

(c) 2520

If(1+ x + x2+ x3)° =ag + ax + axx 2 + ...+ a5 x '°, then ay equals

(a) 99 (b) 100 (c) 101
Coefficient of x5 in (1+ x + x3 + x*)"is

5 5 5
(@) X "Co,"Cy  (b) X "Cs ©) % "Cy

n
The number of terms in the expansion of(x2 +1+ 12) ,neNis
X

(a) n+2C2 (b) n+3c\2 (C) 2n+1C2n

If(1+ x)'% =ag + aix + ap x%+..+ a0 x'%, then (ag —a, + a; —ag +ag —as)> + (a1 —as + as —as + ag)? is equal to

(a) 2° (b) 3° (c) 20

If(1+ x )" =Cq + Cx + Co x 2+ C3x 3 +...+4 C, x ".n being even the value of
Co+Co+C)+ Co+C+Co)+ ..+ Cy+C+Cy + ...+ C,_q)is equal to

(@) n-2" (b) n- 27" (c)n-2""2
Thevalueof&—&+&—&+...+(—‘I)"Lis

1.3 2.3 33 43 (n+1)-3
(a) 3 (b) n+1 1

n+1 3
50) (50 50) (50 50) (50 n n) .
The value of + +...+ , where "C, = ,is
0 1 1 2 49150 r
100 100
b
<a>(50] <>[51j
If C, stands for*C,,then Cy C; — C4 C3 + C; C, — C3 C; + C4 Cy is equal to
(a) G (b) G, (c) Cs

n
The sum 20 (r + 1)("C,)? is equal to
r=

(a) O+ D=1 (o) 1+ D@+ 1)! © 2@+ 1)
nl'(n-1)! nl(n-1)! nl(n+1)!
n r-1
r§1 (pZO "C, 'C, 2”] is equal to
(a) 4" -3" + 1 (b) 4" -3" -1 (c) 4"-3"+2
10 10 100
( ;0 100,]( ZO(— )" zm’"] is equal to
(a) 1 (b) 2° (c) 2

Thevalue of X222 2is equal to

O<i<j<k<l<n

(@ 2+ 1)°3 (b) 2-"* g,

(d) None of these

(d) None of these

(d) 110

3
d) X "Cs_, - "Cs,

r=0

(d) 3n +'|C\3,7

(d) 310
(d) n-27-3
(d) None of these

50)2
(d) [25}

(d) G

n+2)(2n-1)!
nl(n+1)!

(d) 4" -3



Answers

Exercise for Session 4
1. (¢) 2. (b) 3.(c) 4. (a) 5.(a) 6. (c)
7.(b)  8.(c) 9. (b) 10. (b)  11.(a)  12.(d)
13.(a) 14.(b)
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