Differential

Skydiving is a method of transiting from a high point in the atmosphere to
the surface of the Earth with the aid of gravity. This involves the control of
speed during the descent using a parachute(s). Once the sky diver jumps

from an airplane, the net force experienced by the diver can be calculated

using differential equations. The adventure sports equipments are designed
to support many such parameters.
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BASIC CONCEPTS RELATED TO
DIFFERENTIAL EQUATIONS

| ToPIC 1]
DIFFERENTIAL EQUATION

In chapter 5, we have learnt how to differentiate
a given function £ with respect to an independent
variable x, ie, how to find F(x) for a given function fat
each x in its domain of definition. Further, in chapter
7, we discussed how to find the integral of a given
function, i.e, how to find a function fwhose derivative
is the given function g, which may be formulated as
follows:

For a given function g, find a function f such that

d
& = gi), wherey = i) ()
dx
An equation of the form (i) is known as a differential
equation.

These equations arise in a variety of applications, may
it be in Physics, Chemistry, Biology, Anthropology,
Geology, Economics, ete. Hence, an indepth study
of differential equations has assumed a great
importance in all modern scientific investigations.

In this chapter, we will study some basic concepts
related to differentiol equations, general and
particular solutions of differential equations, and
some methods to solve differential equations.

An equation involving only one independent variable
(say x), one dependent variable (say y) and derivatives
of the dependent variable with respect to the
independent variable is called an ordinary differential
equation.

;ﬂ’ Important

= |n this chapter, we shall confine eurselves to ordinary
differential equations. Of course, there are differential
equations involving derivatives with respect to more than one
indepenent variables, called partial differential equations.

Some examples of ordinary differential equations are
given below:
dy

1) xZLesy-3
(1) X ™

dy _
(2) e xlogx +7

2 2
3 g_gﬁa(gg.] +12y = sinx
X

Following naotations for derivatives are commonly
used in the study of differential equations:
d“'y s

oY=y

dy _ .94
dx '

Order of a Differential Equation

Order of a differential equation is defined as the
order of the highest order derivative of the dependent
variable with the respect to the independent variable,
involved Iin the differential equation. For example,

(1) % = xlogx is a differential equation of order 1.
%

2
(2) %—g+2y=sinx is a differential equation of
X

order 2.

2
&) 2
3) .ﬂ;. + (d—g] = e* + 2 Is a differential equation
dx dx

of order 3.

Degree of a Differential Equation

The highest power (positive integral index) of the
highest order derivative involved in a differential
equation, given that it is a palynomial egquation
in derivatives, is called the degree of a differential
equation.

For example,

2
dy (dy] _ x
1) The differential ton —5+|—5 | =" +2
(1) The differential equation e [dxl
is of degree 1, as the highest power of the highest

DG
order derivative Y is 1.

dx?
2
d* d ,
(2) The differential equation [a%] + E‘% = x?sinx

is of degree 2, as the highest power of the highest

3
order derivative dd—g is 2.
x



(3) The differential equation -ni!i+sin[-d£]= 0 is
dx dx

not a polynomial equation in :—y and hence its
x

degree is not defined.

:fﬂ' Important

= To define the degree of a differential equation, the key
point is that the differential equation must be a polynomial.
= The order and degree of a differential equation are
olways positive integers.

= While determining the degree of a differential equation,
first make derivatives of all order free from radicals and
fractions.

Illustration: The degree of the differential equation

fd’y {dy
3 =
e | b is determined as shown below;

4
i} . ‘fdx can be expressed as o (dx]

So, the order of the differential equation is 2 and its
degree is 4.

Example 1.1: Find the order and degree (if defined)
of the following differential equations:

d'y  (d%
A + —=|=0
W &* ‘"‘[dxa

dy
B) =4+5y=0
()!+9‘

d’y ’ dy
©) [E’H] +cos[a]=0

2
(D) d_g = cos 3x +sin3x
dx [NCERT]

Ans. (A) The differential equation

dx dx?
its degree is not defined as it is not a
polynomial equation in derivatives.

dd ) d]
-—49 + sm[ J ]= 0 is of order 4, but

(B) The differential equation ‘-;-'—1’- +5y =0 isof
X

order 1 and degree 1.

d’y
(C) The differentiaol equation (‘dx—z

+ COS[% ] =0 is of order 2, but its degree

is not defined as it is not a polynomial
equation in derivatives.

2
(D) The differential equation % = cos 3x +
X

sin 3x is of order 2 and degree 1.

Example 1.2: Find the order and degree (if defined)
of the following differential equations:

dy x?
A 3 = g 21+ x)?

diy dy i
o Se[+(#]]

14

ayY [, (2]
dy _dy . (dy
(D) o +2dx+y—log(dx]

Ans. (A) The given differential equation is of order 1
and degree 2.Since the differential equation

2
can be expressed as (;—z] = y(li B
(B) The given differential equation s

of order 2 and degree 3, since the
differential equation can be expressed as

3 2 5
oy [[_]]
dx? dx
(C) The given differential equation s

of order 2 and degree 8, since the
differential equation can be expressed as

8 3
.dz_y =|2+ (9‘2]2
ax? - dx
(D) The given differential equation is of order 2
but degree is not defined, as the equation

cannot be expressed as a polynomial
equation in derivatives.

A Caution

= To find the degree of differential equation containing
radicals or fractions, first free it from radicals and fractions
by simplifying, and then check its degree.



( OBJECTIVE Type Questions )

[ 1 mark ]

Multiple Choice Questions

1. The order and degree of the differential
equation

2 1 P2
2] -|2-(2]
1+[ =24 ==
dx? dx -

respectively are!

(0) 2,3 b) 1,2
(c) 2,4 (d) 2,2
Ans. (c) 2.4

Explanation: The given differential equation
can be simplified as

Q_

The highest order derivative is ';;,'__2 whose

arder s 2.

And, the degree of the highest order derivative
in the equation is 4.

2. @lf‘p and g are the order and degree of the
differential equation

s 2
yz[ﬂ] +3x4@-+x2y: = sin x

dx? dx
then:
(@) p<q b p=qg
() 2p=q dp>q

3. The order and degree of the differential

) L
d’y +(£]* + x5 =0, respectively,

equation pro i

are:

(@) 2and 4 (b)2and 2
(©2and3 (d)3and 3

Ans. (d) 2and 4

Explanation: We have,
3 1/4
4y +(E’£-_f_) +x% =0

dx* \ dx
d'.-:')m s 4 dy
—=| =-|x
= [dx dx
4
dy ws 47y
= — = |- —
dx [ (x T
d diy'
d’y
Here, the highest order derivative is i
whose g der is 2.
d’y
Also, the highest power af 7 will be 4.

. Order = 2, Degree = 4

Caution

w Order of differential equation s the order of highest
order derivative eccurring in the differential equation.

4, @The degree of the differential equation

2
i!+E:g- = x sin [:::J Is:

dx?
(@)1 (b) 2
(c)3 (d) not defined

5. The order and degree, of the differential

dy ., dy dy
tion —5 +2—= = log| —=
equation ) + ot ag( dx]
respectively, is:
(a) 2,1
(c) 2,0
Ans. (d) 2, not defined

Explanation: The order of highest order

dzy
derivative is =5 whose order s 2.
dx

(b) 1,2
(d) 2, not defined

Gilven differential equation is not a poalunomial
equation in its derivative. So, its degree is not
defined.

(VERY SHORT ANSWER Type Questions (VSA) )

[ 1 mark]

6. What Is the degree of the given differential
equation:



Ans. For the given differential equation, the highest
2

order derivative |s ‘g. with maximum degree 1.

Hence, the degree of differential equation is 1.

7. Find the order and degree of the differential

d 3/2 4
equation | 1 + L )
? [ (dx ] ] dx?

ay ¥ o
Ans. Given, equation is [1 +(_5_". ] ] =
dx cx

On squaring both sides, we ger..

(2] J’

Here, highest order derivative is -&——2 whose

highest power is 2.
So, order = 2, degree = 2

8. Shown below is a differential equation:

sln d—!.y]2 d 4
ys= € dx? +[_H]

dx

Find the order and the degree of the given
differential equation.

Ans. The highest order derivative in the given

3
differential equation is -d—"j

dx

So, the order of the given differential equation is
3,

Since, the differentiol equation is not a
pelynomial equation, so its degree Is not defined.

9. Write the sum of order and degree of
differential equation

dy diy
1+ -7 CBSE 2015
(2 -7(L4] roscaon

Ans. Given, differential equation is
3
dy 4 dzy
1+ = | =7
( dx ] (E’f
2

Here, highest order derivative is d—g- whose
i

o

highest power is 3.
So, order = 2 and degree = 3
»~ Sum of order and degreeis 2 + 3ie, 5.

10. @Find the orderand degree of the differential
equation y = px + \Ja’p"' +b? ,wherep = %

[DIKSHA]

(SHORT ANSWER Type-| Questions (SA-1))

[ 2 marks ]

11. Write the sum of the order and the degree
of the following differential equation:

L
dx | dx !
Ans. Order = 2, Degree =1, Sum =3

[CBSE Marking Scheme Term-2 SQP 2022]
Explanation: Given, differential equation is:

aldy]es
dx | dx
dzy
or —L g
dx?
Order of D.E. = 2
Degree of DE =1
Requiredsum=2+1=3

@ Concept Applied:

= The order of a differential equation is defined as the
highest order derviative it contains and the degree
of a differential equation Is defined as the power to
which highest order derivative is raised.

[CBSE Term-2 SQP 2022]

12. Write the sum of the order and degree of the

differential equation —{ dy } 0.
d dx

[CBSE 2015]

dy
" 0
Ans. Given, equation is = e {( ] }

dx
= 3{"-”} 9 =0
dx?

Clearly, the highest order derivative occuring in
2
the differential equation is d—g .
dx

So, its order is 2. Also, it is a polynomial equation
2

in derivative and highest power raised to j—g is
x

1, scits degreeis 1.

Hence, the sum of the order and degree of the

given differential equationis 2 +1 =3



SOLUTIONS OF FIRST ORDER, FIRST
DEGREE DIFFERENTIAL EQUATIONS

| TOPIC 1|

GENERAL AND PARTICULAR SOLUTIONS OF
DIFFERENTIAL EQUATIONS

The general solution of a differential equation is
a relotion between dependent and independent
variables having n arbitrary constants.

A Caution

=+ The general solution of a differential equation contains
as many orbitrary constants as the order of the differential
equation.

The solution obtained from the general solution

by giving some particular values to these arbitrary
constants Is called particular solution,

Thus, the solution which contains arbitrary constants,
is called a general solution of the differential equation,
whereas, the solution free from arbitrary constants,
le, after particular values to the arbitrary constants, is
called particular solutian of the differential equation.

Illustration: y = A cos x + B sin x, where A and B

are arbitrary {ie, unknown) constants, is the general

2
solution of the differential equation j—g +y=0; and
x

y = 2 cos x - 3 sin x is the particular solution of the

dzy
differential equation o 0.

Method to check whether the function provided is a
solution of given differential equation or not

Step 1: Take the given function, say y = f{x) [Here,
y is dependent variable and x is independent variable]

Step 2: Differentiate the function y = f{x) with respect
to the independent variable ie, x as many as times as
the order of the given differential equation.

dy djy
Step 3: Substitute th L fy =, te. |
ep ubstitute e\..ruuesr.:'yGht ?ecn

the LH.S. of given differential equation.

If LH.S. = R.H.S, then the given function is a solution of
the differential equation, otherwise not.

Example 2.1: Verify that the given function
(explicit or implicit) is a solution of the
corresponding differential equations:

@ y=Virxh Y oryy = 2y
x 1+x

(B) y-cosy=x;(ysiny+cosy+xy' =y

(€ x+y=tan" y; ¥’y +y?+1=0 [NCERT]
Ans. (A) Here, the given solution is
U= 1+ :n'2 -
Differentiating both sides of () wrt x, we
get,
EE‘_;. _ 1 2x
dx  2y1+x?

Substituting the values of géi and y in the
x

differential equation, we get,

1 2x _  x
2\».'r1+,~4:2 \I’1+x2

V1 + x? X

1+x% V1 + %2

LHS. =

RHS. =

ie, LHS =RHS

Hence, the given function is a solution of the
given differrential equation.

(B) Here, the given solution is

y-cosys=x ()]
Differentiating both sides of (i) wrt. x, we
get
dy ., dy
== = =1
- + siny S
dy 1
= dx 1l+siny
ay

Substituting the values of T and x in the
x

differential equation, we get




1L
1+siny

LHS. = [usiny + cosy + (y — cosy)]

g Ya-+aa)
1+ siny N

=RHS.

Hence, the given function is a solution of the
given differential equation.

(C) Here, the given solution is

x+y=tanly -0
Differentiating both sides of () wrt x, we
get

. L 5
dx 1+y?dx

= d_y=—1+yI2

dx y?

Substituting the value of % in the

differential equation, we get,

2
LHS. = yz[—lzzy ]+ y? +1

=0 =RHS.

Hence, the given function is a solution of the
given differential equation.

| ToPIC 2|
DIFFERENTIAL EQUATIONS WITH VARIABLES SEPARABLE

A first order, first degree differential equation is of the
form

dy _
& =Fiy) -0

It is said to be in Variable Separable form, if the
function F can be expressed as the product of the
function of x and the function of y.

Solving Differential Equations of the

Form d_y = f{x)
dx

We have, ﬁ =flx)
dx

= dy = fx)dx
Integrating both sides, we have

de = jf(x}dx+c

ie, y=g(x)+C,
where g{x) = j f(x)dx and Cis a constant.

Example 2.2: Find the general solution of the
following differential equations:

A i‘i - 1-cosx

de 14+cosx

dy e*—e”
(B) dx = ex + e—x [NCER—I-]
Ans. (&) .di - 1-cosx

de 1+cosx

2sin2 X
dy _ 2
5 — =
dx  9ces2X
2
-+ 1—cos?0 = 2sin‘8
1+cos?B = 2cos?B
= tan?2X
2
= dy = mnz% - dx

Integrating both sides, we get,

Ia‘y = J'tunzgdx+c
or J'dg =J(sec2%—1]dx+c

ie, y=2tan%—x+c. which is the

required solution of the given differential
equation.

dy e*—e’*
®) dx e t+e”
e —e ¥
duy=|——— |dx
= 4 [e”r +e"}

Integrating bath sides, we have,

e —e”
= || ————Hdx+C
J-d‘u J[e"+e‘" ]d
ie,y=log (" + &™) + C, which is the required
solution of the given differential equation.



Solving Differential Equations of the

Form d— = f(y)
dx
We have, Y -y
dy
= F_(Uj = ¢x

Integrating both sides, we have

Jf(y) - de+c1

which gives the required solution.

Example 2.3: Find the general solution of the
following differential equations:

(A) j—g=\ﬂ4—92,—2<y<2

d
® Zry=1y=1

dy _
e = J4-y? ,-2<cy<2

= dy = dx

V4 - g,r2

Integrating both sides, we have

f\/==- de+C

ie, sin‘1%=x+C. ory = 2 sin (x + C),

[NCERT]

Ans. (A)

which is the required solution of the given
differential equation.

d
(B) Y iy=1yel
ty=lye

2l

=1-y

d
1-

w

dx

=

c

Integrating both sides, we have
Fer

jdx+C

le,~log|l-yl =x+C
or ~log|l-y|l =x+logC,

or x=-log C(1-y)
or e*=C(l-y)
1 -x
=y ==8
or 1-y C

or y=l—Ee"'

le,y=1+Ae™™, where A = —é

which is the required solution of the given
differential equation.

Solving Differential Equations of the

Form ? = PQ, where P is a Function
X

of x only and Q is a Function of y only

We have, E‘l-;- =PQ

= %i =Pdx

Integrating both sides, we have
dy _
| 5 " [Pdx+C

which gives the required solution.

Example 2.4: Find the general solution of the
Following differential equations:

(A) ——-‘(1+X )1+ y?)

(B) ylogydx=-xdy=0 [NCERT]
Ans. (A) == =(1+x)(1+y)
= %ﬁ' = (1 +x?) dx

Integrating both sides, we get,
I —f I 1+ x’] dx
3

-1 X
= tan " ys= x+—3~+C

which is the required solution of the given
differential equation.

(B) ylogydx-xdy=0

= ylogydx =xdy
- oy _ dx
ylogy  x
Integrating both sides, we have
j S J de +C
ylogy x
=5 log (logy) =logx +log C
= log (log y) = log (xC)
= logy =Cxory=e™

which is the required solution of the given
differential equation,



| TOPIC3 |
EQUATIONS REDUCIBLE TO VARIABLES SEPARABLE FORM

Equation of the form .3% = fax + by +¢) can be = %[z = %lagﬂz + 1}] =x+C
reduced to the form in which variables are separable. 1 1
(How?) = E(x+y)—zlog(2x+29+lj=x+c
Putting ax + by + ¢ = z, and then differentiating it wrt.
— P?uvz Y Ha = "9 This solution may further be simplified as
= d 2(y -x) = log(2x + 2y + 1) + D, where D= 4C
Zeg+bZ which is the required solution.
dx dx
. —1{dy
(8) mnlp—]=x+y
or dy _ 1 E_a dx
dx bl\dx oy
Thus, given D.E. becomes = = oea lag -0
1(dz = d dz
B(E‘a]'ﬂﬂ Putx+y=zsothut1+d—i=a
e, & s fl2) ». Equation () bacomes
dx dz
—=1=sinz
dz dx
or e SR
Bl or §£=5inz+1
d
which can now be integrated. =
1
Example 2.5: Find the general solution of the = (sinz+1}jz =dx
following differential equations:
(A) d_y=L'—'M' ::[( 1_ ]X(l_sfnz]]dz=dx
dx X+y 1+sinz 1-sinz
1-sinz
-1(d ———— |dz = dx
(B) sin 1[—y]=x+y [1—5in22,
dx
1-sinz
+ 1 — dz =
Ans. (A) O 2EBT S (i) or ( cos“z ) ox
dx X+y
i EQ_ ) E Integr;ltinq ba:h sides, we have
y= dx  dx j( —s;nz dZ=de+C
cos“z
.. Equation (i) becomes "
d_z.u1 z+1. ::-I(sec zZ-tanzsecz)dz =jdx+C
dx & = (tanz-secz) =x+C
” dz _z+1+1 or tan(x+y)-sec(x+y)=x+C
dx  z which is the required solution.
= j_l o 22+1 Particular Solution of Differential
2 Equations or Initial Value Problems
or 1(1 o }:iz = dx We already know that solution satisfying certain
2 2z +1 values of independent and dependent variables is

called a particular solution and the probem in which
a particular solution is required is an Initial value

1 1
=1- dz= problem.
jz( k+Jz fax+C

Integrating both sides, we have




Example 2.6: Solve the differential equation:
P +xex+l) % =2xz+x;y= 1whenx=0
X

[NCERT]
Ans.(xz+x2+x+1)ﬁ=2x2+x
dx
= d_9=2"'2$
dx x4 x? x4l
2% 4x
(x+ 1)(x2 +1)
2x2 + x A  Bx+C
— T o = ——t——
(x+1)(x" +1) X+1+x2+1
2% + x A(x2+1)+(Bx +C)(x+1)
(x +1)(x2+1) (x+1)(x?+1)
= 2x2+x=x2(A+B)+x{B+C}+A+C

Comparing coefficients of x% x and constant
terms, we get

A+B=2
B+C=1
A+C=0
Solving these equations, we get
AwlBadondC el
2 2 2
2 3.1
2xc + x 1 1 7% 3
ey Tl +
(x+D(x"+1) 2 x+1 x2+1

1 3 % 3 1
x+1 2 x241 2 x249

1
==

Using partial fractions above, we have
dy 1 " 3x-1
dx  2Ax+1) 2x?+1)

11 .3 x 11
= d += = d
Y= (2x+1 2 x? +1 2x2+1]x

Integrating both sides, we have

3 2x 11
dx +C
ey J(2x+1 4xTi1 247 +1]”+

= y=%log|x+1|+%lcg(x2+1}

—ltan‘1x+C
2

Given that y =1 whenx=0.

&= -;—I.ngl 0+1] +%l.ag HOY+1] —%tan'1(0}+ C

= 1=0+0-0+C,le,C=1
Hence, the particular solution of the given DE. is

y=%log(x+1)+ log(x? +1)—%tc|n x+1

This solution may further be simplified as

Y= llc:-g(x + 1)2 + %log[xz + 1}3 - %tun'I x+1

ory= Elog[{x+1}2(x +1}3]—5mn x+1

| TOPIC 4 |
HOMOGENEOUS DIFFERENTIAL EQUATIONS

Conslider the following functions in x and y:
Falx, u) = y? + xy;

Faba ) =y + Jx? +y?;

2

F3(x y) = h;‘ ;

Fafx,y) =sinx + cos u;
Fs (x, u) = 4x2y + 2xy1.
Fg (x, 4) = 6x + 7y°

If we replace x and y by Ax and Ay respectively in the
above functions for any non-zero constant A, we get

F1 0, Ay) = (y)? + (00 ()
=22(y? + xy) = A?Fy (x. )

Fa (A AY) = (Ay) + J(Ax)? + (Ay)?

= (hy)+ i.-‘ﬂxz + g.,r2
= }.I[y+ 1}x2 + yzl

=2'F2(x,y)

(x)? - (Ay)?

F3 O )= S )

A=)
T A2(2xy)
i, 2
s 0
l[ 27y ] r F(xy)

F4 (Ax, Ay) = sin (Ax) + cos (Ay)
#2MFs (x, ). foranyne N



Fs (ux, Ay) = 4009%0) + 2020 ()?
=23 (4% + 2y
=75 (x, y)
Fg (0 Ay) = 600) + 7(Ay)?
A" Fylx,y) foranune N
Here, we observe that the functions Fy, F5, F3 and Fs
can be written in the form F(ux, Ay) = A"F(x, y). but F4
and Fg cannot be written in this form.
This leads to the following definition :

A function F(x, ) is said to be a homogeneous function
of degree n if

F{Ax, hy) = A"F(x, 4), for any non-zero constant A.

Thus, the above functions Fy, Fy, F3 and Fs are
homogeneous functions of degree 2, 1, 0 and 3
respectively. Functions F; and Fg are called non-
homaogeneous functions.

&ﬂ’ Important

= A differential equation of the form ? = F(x,y) Is said
X
to be homogeneous if F(x, y) is @ homogeneous function of

degree zero.

Working Procedure to  Solve
Homogeneous Differential Equations
Step 1: Write the given differential equation

dy dy _ (Y

—= = F(x,y) in the fi —==g|=|

— (x,y) inthe farm e g[x]

Step 2: Make a substitution y = vx so thot we get
Yo yrxly

dx dx

Step 3: Substitute these values in gg- = g{%) and

etv+xﬂ- (v)
g dx_g '

Step 4: Simplify it and get ng = g(v) —v.
%
dv dx
Step 5: Reduce the above in the form e
glv)-v x
Step 6: Integrate bath sides and get
dv dx
J- =|—+C
gv)—v X

Step 7: After integration, replace v by Y ond get the
X

required solution,

Exumfle 2.7: Solve the differential equation:
(- y)dx + 2xy dy = 0. [NCERT]

Ans. The given DE.is (x? - y?) dx + 2xy dy = 0, which
can be written as

3o
&y X 0
dx 2xy
y? - x?
Let Fix.y) = 2xy
(Ay)? - (x)?
FutAy) =
Then: TR D
i 22(y% - x?)
A2(2xy)
2 aofLl=
2xy
= A%F(x.y)
So, the given differential equation s
homogeneous.

dy dv
Puty=wvxsothat ==v+ x—
Y dx A dx

With these substitutions, equation (i) reduces to

'||"+J¢ﬂ - ‘_‘{W)z_xz

dx 2x(vx)
= V+Xg-t = V-1
dx 2v
2
= LA e P
dx v
2
= xér. = i ik
dx v
= 221.f dv =_£
ve+1 x

On integrating both sides, we have

2v d
'[v?+1 dvz_'[?x

= log(v?+1)=-log|x +legC
=log [(v? + 1)x] =log C,
or x(V¥+1)=C

Replacing v by E. we get
x

2
x[(g] +1]=C ory? +x*=Cx

x

which is the required solution of the given
differential equation,

Example 2.8: Show that the following differential
equation is homogeneous and solve it.

ﬂv— i 2 -
xdx y+xsm[xJ 0 [NCERT)



Ans. The given differential equation can be written

as

d_!.,‘ = E—sin g
dx x X

()

Lt Fory)=Y_ sin(ﬁ].
X X

Then, FOx,Ay) = %-sin(%]

=Y —sin(g] = 1% F(x, y)
x x

Therefore, F{x, y) is a homogeneous function of
degree zero. So, the given differential equation
is a homogeneous differential equation.

Put y = vx

so that, d_y =y +xﬂ
dx dx
With these substitutions, equation (i) reduces to
dv ;
V+X— =v=-sinv
dx
dv .
= X— =-sinv
dx
= cosec vdv= _gx
X

On integrating both sides, we have

j cosecvdv = —J gf+c
= log |cosec v-cot v =~log |x] + log C
= log[{cosecv-cotv)x]=logC
= x{cosecv—cotv) =C,
or x(1-cosv)=Csinv
Replacing v by %. we get

x(l— cos E]= Csind
X X

which is the required solution of the given
differential equation.

Example 2.9: Show that the following differential
equation is homogeneous and solve it.

x x
(1 +eY)dx + 99[1 - i]dy =0. [NCERT]

Ans. The given differential equation can be written

as
xy[ X _
dx e ” 1
dy = " 14elV -0

er!y[ Xid |
Let Fix, y) = y__J,

14¢*/Y

ey _ g

Ay
Then, F(x,iy) =
8 14 MM

exfy[£_1|
= g )= 2%(x, y)

1+ely

Therefore, F(x, y) is a hamogeneous function of
degree zero. So, the given differential equation
is a homogeneous differential equation.

Put x = vy so that ﬁ =v+ yﬂ
dy dy
With these substitutions, equation (i) reduces to
'.»'+g,rE - ev-1)
dy 1+¢"
dv _ e'(yv-1)
= y— = =
dy ~ 14ev "
dv  _g'—vy
= y— =
dy  1+e¥
v d
=% Lee dv = .-
e +v Y

On integrating both sides, we have

1+e" , _  rdy
Jle“’+vdv = jy +C

= logle¥+v|=-log|y|l+logC
= log(le, + vly] =log C

= yle*+v|=C

Replacing v by in we get

ylex!v + X =,

orye™ +x=C

which s the required solution of the given
differential equation.

Example 2.10: Show that the following
differential equation is homogeneous and solve it.

[xsinz(g]— y}dx +xdy=0; y= E whenx =1
x

[NCERT]
Ans. The given differential equation can be written
as
dy _Y_ sir—?[ﬁ] N0
dx x X
Let Fix, ) = 2. sinz(g J
x X



Then, FoxAy) = 24— sin?[ M
Ax Ax

=Y_ 5in2(£]
X X
= R2F(x. y)
Therefore, F(x, y) is a homogeneaus function of
degree zero. So, the given differential equation
is a homogeneous differential equation.

d dv
Put y = vx so that ﬁ- V+XE
With these substitutions, equation (i) reduces to
v+x% =v-siniy
=5 x% =-sin?v
dx

= cosec’vdy=-—
X

On integrating both sides, we have

J cosecvdv = - J-—-+C

= -cotv=-log|x|+C

Replacing v by Y, we get
X
log| x| —cot(%} =C (i)

Given that y = % when x = 1.

3 loglll—cot( 14] C

= 0-1=C
= C=-1
Putting this value of Cin (i), we get

leg| x |—cot[g]+1 =0
x

or cot( ] log |ex| [~ loge=1]

which is the required solution of the given
differential equation.

| TOPICS |
FIRST ORDER LINEAR DIFFERENTIAL EQUATIONS

A differential equation in which dependent variable
and its derivatives are of degree one, is called a linear
differential equation.

For example,

d%y . dy
1 +2=-y=0
) phig v

equation.
dy
de

is a Llinear differential

2
(2) —x[?] =0 is not a linear differential
X

eqguation, as degree of zy is two.

Further, a linear differential equation of order one
is called a first order linear differential equation,
provided dependent variable and its derivative do not
occur as a product.

Thus, a differential equation is said to be linear
differential equation of first order, if it can be put in
either of the forms:

(1) Z—y+Py =Q, where P and Q are constants or
x

functions of x only.

dx
(2) @"‘PX =Q. where P and Q are constants or

functions of y only,

Some examples of these types of linear differential
equations of first order are:

(1) Er-é‘i+g._: = sin x

dx
dy 1

@ Ha4zy=¢
dx X

dx
(3) d—y+x =Cos Y

de 1
@ g% =

Working Procedure to Solve First Order

Linear Differential Equations

Step 1: Express the given differential equation in the
form

dy
dx

Step 2: I|dentifu P and Q.

+Py =Q )

Step 3: Determine the integrating factor (L.F): e[ -

Step 4: Write the general solution of the given
differential equation as:

(F)y= [[0.F)Q)dx+C



OR

Step 1: Express the glven differential equation in the
form

5'-“-+Px=Q 0
dy

Step 2: Identify P and Q.

Step 3: Determine the integrating factor (LF) = ej Poy

Step 4: Write the general solution of the given differe-
ntial equation as:

(F)x= [[(F)Q)dy+C

Example 2.11: Find the general solution of the
following differential equations:

(A) xlogx%% +y = %Iogx

(B) (1 +x%)dy + 2xy dx = cot x dx [NCERT]
Ans. (A) The given differential equation can be

rewritten as
dy , _1 2
— + =
dx xlogx y )
[Dividing bath side by x log x]
It is clearly a first order linear differential
equation, with P = , and Q= l,
xlogx X
each is a function of x only.
Here, lF. = eI o
1
- ej' - xd.t

=] el‘:‘gﬂng x) = lch

Thus, the required general solution is

2
ylogx = _[ L—, ’ (logx}]dx +C

= (-%}{logx) "J(H%]'%d’(‘l‘ (4

o _2logx 2 .
x X
= ylogx:—?ﬁi—%+c

(B) The given differential eguation can be

rewritten as
dy 4 2x _ cotx
dx 1+ x2 1+ x2

[Dividing both sides by (1 + x?)dx]
It is clearly a first order linear differential

X cot x
e andQ= ——

each Is a function of x onluy.

equation, with P = 2 T
1+ 1+x

Here, LF. = eIM'

2x
= E! 14x2

= poa(l+x?) - 1 4 42

Thus, the required general solution is:

2_ ([ cotx 2
Y +xY)= j[mf {1+ x }]dx+C

= Jcctx+C

=log|sinx]+C
= y=1+x) loglsinx|+C(1+x3)?!

Example 2.12: Find the general solution of the
following differential equations:

dy _
A (x+y)===1
(B) vdx +(x~-y?)dy=0 [NCERT]

Ans. (A) (x+y]%§ =1

dx
= x+y=a‘§
L
= dy =Yy

It is clearly a first order linear differential
equation, with P=-1,and Q =y, each is a
constant or function of y.

Here, IE. = el PO

= o) FVY _ -y
Thus, the required general solution is:
xe™¥ = _[ ye Ydy+C
=-ye ¥ +Ie‘ydy+C

=-yeY-e¥+C

=-(y+1)e¥+C
= xe¥=-(y+1e?+C
or x=-(y+1)+Ce¥
(B) ydx + (x~y?)dy =0
=4 y dx = (y? - x)dy
Dividing both sides by y dy, we get
= d_X = y—i
dy Y
d_x.plx =y
dy y

It is clearly o first order linear differential

equation, with P = 5 and Q = y, each is a

function of u.



fpay I3
Here, IF=g =gV =el°9'=f=y

Thus, the required general solution is:

Xy = Iy.ydy+c
3
=L.c
3
2
C
= X= y?+;

Example 2.13: Find the particular solution of the
following differential equations:

(A) % + 2ytanx = sinx;y = 0 whenx =

wiA

(B) (1+x’)3—y+2xy= 1y =0whenx =1
x

14+ x?2

[NCERT]

Ans. (A) The given differential equation Is clearly a
first order linear differential equation, with

P =2 tan x, and Q = sin x, each is a function

of x anly.

Here, |IF = e-ipdx
- e!?tunxdx
= e? log (sec x)
= elng sec? x
= gec’ x

Thus, the required general solution is:
ysec’x = _[ sinx.(sec? x)dx + C
= _[ secxtanx dx + C

=gecx+C
= ysec’x=secx+C -0)

Given that y = 0 when x =

WA

4 n
s 0sec’l = seel 4 C

= 0=2+C
= ==32
Hence, the particular solution is:
ysec’x=secx-2,0ry = cos X -2 cos’x.
(B) The given differential equation can be
written as
dy, 2x_, . ( 1 ]2
dx 1+ x? 1+x2
[Dividing both sides by (1 + x%)]
It is clearly a first order linear differential
2x
1+x?

and

equation, with P=

Q= ( 7 +1x2 ]2 each is a function of x only.

Here, IF. = ej i

f%dx
=g l+x

2
= elng(lﬂ- )

=1+x2
Thus, the required general solution Is:

y(1+x) = I(

2
: 2] (14 x%)dx +C
+ X

:J' ! 5dx +C
1+x

=tan"'x+C
= y(l+x) =tan" 1x+C -(0)
Given thaty = O when x = 1.
0(1+1) =tan" ' (D)+C

4
=5 0=—=+C
4
s
= C=—=
4

Hence, the particular solution is:

y(1+x%) = tan“lx-E

COBJ ECTIVE Type Questions )

[ 1 mark ]

Multiple Choice Questions

1. The number of arbitrary constants in the
particular solution of a differential equation
of second order is (are):

(@) 0 (b) 1
(e) 2 (d) 3 [CBSE 2020)
Ans. (o) 0

Explanation: Particular solution of a differential
equation of any order, does not have any
arbitrary constant.

2. The number of arbitrary constants in the
general solution of differential equation of
fourth order is:

(@) 0 (b) 2

()3 (d) 4 [DIKSHA)



Ans. (d) 4
Explanation: The number of arbitrary constants
in general solution of a differential equation of
n* order is n.
3. The general solution of the differential

., d
equation &Y - ex+y g
x

(0) ¥+e¥=c
(©) e*+e¥=c

Ans. (g) ef+e¥=¢

(b) e¥+e¥=c

(dye*+e"Y=c

Explanation: %=e““ is equivalent to

I
Lo e*e¥, or eYdy=¢e"dx
dx

Integrating both sides, we have
Ie'y dy = _[ e"dx+c'

= —g¥=¢"+c'

= e+e¥=c wherec=-¢

4. The Integrating factor of the differential
equation

d
(1—y1)3§+yx=ay(—1<y<n

Ist
1 1
b
@ == Wi
1 1
Y (d) e

1
Ans. (d
=0 -7

Explanation: The given differential equation can
be rewritten as

d_X+ Y > N = ay =
dg 1-y 1-y
Clearly, p= Y Q= ay
1- y2 1- yz
fidy
Integrating factor = e -y
o gleet=d)
log =2
=g [ ;1-5‘2 ] = i
1-¢4?

5. The solution of the differential equation

2x d_y - Yy = 3 represents:
dx
(a) acircle (b) an ellipse

(c) astraight line

Ans. (d) aparabola
Explanation: We have,

(d) a parabola

dy
2x—=-y =3
xdx Y
dy
= 2x—= =13
xdx +y
0 G4 _0x
= 3+y x

On integrating both sides, we get
2log(y+3)=logx+logc
= log (y + 3)? = log ex
or U+3)? =cx
6. @A homogeneous differential equation
X
y
making the substitution:
(a) y=wx (b) v=yx
() x=wy (d) x=v
7. The integrating factor of the differential

dy
of the form o =h can be solved by

equation (x + 3y2) gg- =y is:
x

(@ y () -y
1 1
© y (d) y [CBSE 2020]
1
Ans. 2
ns. (c) =

Explanation: Given, (x + Syz) %51 =Yy
X

N X+ 3y2 _dx
Y dy
X dx
- —+3y = —
y dy
dx x
Lok I S
=5 dy y y
This is a linear differential equation with
1
p e - 3
y C]
dy



8. @The integrating factor of the differential

equation x-g% -y =2x?Is:
(a) e * (b) &*
1
© = (d) x
x
9. The general solution of the differential
equation jicx Xy =0 is:
(@) xy=c (b) x= t:y2
(@ y=ex (d) y = cx’
Ans. (c) y=cx

Explanation: The given differential equation can

be reduced to a4 = &
y X

On integrating both sides, we get

[ [
y X
= logy =logx+loge
= logy = log ex
= Yy =cx

10. Solution of differential equation
Xx dy - y dx = 0 represents:
(@) a rectangular hyperbola.
(b) parabola whose vertex is at origin.

(c) straight line passing through origin.

(d) a circle whose centre is at origin.

[NCERT Exemplar]

Ans. (c) straight line passing through origin.
Explanation: We have,

xdy-ydx=0
= xdy =y dx
= & .9
Y X

Integrating both sides, we get
logy =logx+logc
= Y =cx

Which is a straight line passing through origin.

A Caution

= Compare the gliven equation with the standard

equations to get the answer.

11. @The general solution of the differential

equation L xy is:

-1

(Q)y=ce? b y= ce%'

©u= (x+c)e?  (@dy= (c-x)e7
[NCERT Exemplar]

di
12. The differential equation ng-y= xz, has

the general solution:
(o) y-x> = 2ex (b) 2y-x°=ex
(c)y=xz+cx (d}y=x2-cx
[DIKSHA]
Ans. (cy= X2+ ex
Explanation: Given, differential equation is:

dy 2
e 2o

— y_y _,

dx x

Here, P = _—1|:|ndQ=x
x

od
IF= o7 mgtogns 1
X
1 1
— = |xx—dx+c
y}(x I Xx
= 2 =X+0C
x
= y=x2+ex

13. The general solution of the differential
equation (¢* + 1) ydy = (y + 1) e*dx is:
(a) (y + 1) = k{e* + 1)
b)y+l=e"+14+k
(c) y =log {k(y + 1)(e" + 1)}

e*+1
d)y=1 k
@ g on [222),
[NCERT Exemplar]
Ans. () y = log fk(y + 1) (" + 1)}
Explanation:
Given, (e*+ 1) ydy =(y+ 1)edx
— dy _ e'(1+y)
dx (e*+1)y
Y e
——dy = d
o 1+y 4 1+e* X
Y dy = e’
= J[iﬂ!) / -I-1+e’dx

1+y-1 _r e
= el



= [ldy- Il oy dy = I1+e

= y-logll+y) =log(l+e&"+logk
= y=log (1 +e)k(l +y)]
or, y = log (k{1 + &)1 + y))

A Caution

= Separate the variables for solving the differential
equation.

14. @The general solution of a differential
equation of the tupe :—;- +Px =Q, is:

@ vel™? = fQ, " ®)dy +c

[P dx

(b) y-e“’*"” = [(Q, ¢/*
() x.efp‘ Y - j(Q1 efpid“}dy +c

Jdx + ¢

(d) x.ejpl & J‘(Q1 ejpld*]dx +c

15. The solution of the differential equation
cosxsinydx+sinxcosydy=0Is:

() SII"IX

smy
(c)sinx+siny=c

(b)sinxsiny=c

(d)cosxcosy=c
[NCERT Exemplar]
Ans. (b)sinxsiny=c¢
Explanation:
Glven,cosxsinydx + sinxcosydy=0
= cos X sin y dx =—sin x cos y dy

cosxdx =_C05yd

=

sin x siny
On integrating both sides, we get
=5 logsinx =-logsiny + log ¢
= log(sinxsiny) =loge
= sinxsiny=c¢

A Caution

= Separate the variables, and then integrate to get the
answaer.
16. The solution of the differential equation
dy eY

+———i
dx

(@) e¥=1+ex
() e¥=1-cx
Ans. (c) e ¥=1-¢x
Explanation: The given D.E. can be written as

(b) e¥=14+ex
(d) e+ 1=cx

w— ;(Ey“l)

/-1 x

-y
— £ d = dx
1-¢7¥ X

Integrating both sides, we get
log{l-e ¥ =logx+logc
= l-e¥=exore¥=1-ox
17. The integrating factor of the differential
equation
(1+y)dx-(tan"'y-x)dy=0
is:

{(a) tcm‘ 1y (b) et 1y
1
© g @

-1
Ans. (b) et ¥
Explanation: The given D.E. can be written as
dx 1 _ tan™* y

—+ X =
dy  1+y? 1+y?

1
1 2 dy ta =1
Integrating factor= € **¥ =" Y

18. Which of the following differential
equations has ¥y = x as the particular

solution?

(a) %—xzz—i+xy=x
(b)j—}u’gf-uyq
(© :—:%—ng%+xy=o

d’y  ady
(d) Ez—i-x E+xy=0

2
Ans, (c) j—xg-—x“'%+xy=0

Explanation: On differentiating the given
equation y = x, we have
4 .
dx
On differentiating once again, we have
2
9Y .0
ax?
2
Equation 3—){% - 32% + xy =0 in option (c) is
the only equation which is satisfied by these
d’y

values of —= dy and —=-
dx dx?
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20.

(CASE BASED Questions (CBQs) )

[ 4 & 5 marks]

Read the following passages and answer the
questions that follow:

A Veterinary doctor was examining a sick cat
brought by a pet lover. When it was brought to
the hospital, it was already dead. The pet lover
wanted to find its time of death. He took the
temperature of the cat at 11.30 pm which was
94.6°F He tock the temperature again after
one hour; the temperature was lower than
the first observation. It was 93.4°F. The room
in which the cat was put is always at 70°F
The normal temperature of the cat is taken as
98.6°F when it was alive. The doctor estimated
the time of death using Newton's law of
cooling which is governed by the differential

equation: ;rﬂ.x (T -70), where 70° is the
t

room termperature and T is the temperature of

an ohject at time t.

Substituting the two different observations of T
and t made, in the solution of the differential

equation % = k(T — 70) where k is a constant

of proportion, time of death is calculated.

(A) State the degree of the above given
differential equation.

(2)] @ Write the solution of the differential

equation % = k(T —-70) given that
t=0whenT=72.
. (A) Given differential equation is
dT
— = k(T -70
dt ( )
Here, highest order derivative is ﬂ whaose
dr

power is one,

Se, the degree of given differentiatal
equation is 1.

The order of a differential equation is the
order of the highest derivative occurring
in the differential equation. The degree of
a differential equation whose terms are
polynomials in the derivatives is defined as the
highest power (positive integrol index) of the
highest order derivative in it.
(A) @f p and q be the order and degree of
the differential equation

250
y![:—g-) +3x$+ x2y? = sinx
x

then,

(@ p<q (b)p=qg

(©) 2p=¢q (dp>qg
(B) If m and n be the degree and order of
the differential equation (1 + yiljlﬂ =3
m+ n

then, is equal to:
m-n

(a) 2 (b) 5

(c) 4 (d 3

(© @The degree of the differential equation

3/4 2
dy Y, ()| -4y ..
[1+(dx] +5]n[dx ]] = is:

dx:

(@) 1 (b) 3
(c) 4 (d) Not defined
(D) The product of the order and degree of
the differential equation
dy ] _(dyY _ e
&t ) Lae) =Y
is
{a) 2 (b) 3
(c) 4 (d 5

(E) @The order of the differential equation,
whose general solution of y = A cos x
+ B sin x + Ce*, A, B and C are arbitrary
constants, is:

(a) 2 (b) 3
() 4 (d 1
Ans. (B) (b) 5

Explanation: We have,
A+, )P =y,
= (+y,) =y,
. Order (n) = 2, Degree (m)=3
m+n _5

So, =
m-n 1

©) (c) 4
Explanation: Here,
Order = 2, Degree = 2.
So, product is 4.
21. Consider the differential
3_i + Py = Q, where P and Q are functions of

equation

x (or constants),



Here, |F. = eJFd" and solution of the DE s

given by
y(F) = [Q.0F) dx+c

Now consider the differentiol equation:

gg—+g=3x.
dx  x

Based on this, answer the following
questions:

(A) @What is the value of LF.?

(B) Solve the given differential equation.

Ans. (B) Solution of the given differential equation is
given by

yx = J'x.Bx dx+c¢

=>yx—£+c
’ 3

2. €
=y=x+=
X

(VERY SHORT ANSWER Type Questions (VSA) )

[1mark]

22, @How many arbitrary constants will be
there in the general solution of a diferential
equation of order three?

23. Write the integrating factor of the following
differential equation:

1+ yz) + (2xy - coty)%g- =0,

[CBSE 2015]

Ans. The given differential equation can be rewritten
as

1+ yz)j—; +(2xy —coty) =0

=_q'_{+ 2y . x = SOty
dy 1+ y? 1+¢2

2
IF= ol P = ejﬁf‘d”

=.El°g|1*£"2|
=14+ y2
24. Write the solution of the differential
equation:
dy -
=27V CBSE 2015
dx [CBSE 2015]
Ans. Given, Ey. =724
dx
dy 1
= dx Y
= 2“ dy =rdx
Integrating both sides, we get
= [2¥dy = [ax+c

24

— =Xx+4C
log2

= Y=xlog2+c
where ¢' = clog 2.
25. @solve the differential equation:

g!=,i4-y’(-2<y<z)
X

26. Solve the differential equation:
dy x

Ans. Given, differential equation is

dy X
— 30
dx  x?+1
dy X
—] -— =
dx x“+1

On separating the variables, we get

X
= di =—:—dx
: x“+1
On integrating both sides, we get
X

= J dy =Ix’+1dx

1, 2x

= = d

= y 2J12+1 X

1 2
= y=5log|x +1|+¢

which is the required solution.

27. Find the integrating factor of the differential

equation s L = 1, [CBSE 2015]
Jx  Ix Jay



~2Jx
e Yy dx _
Ans. Given, [ s 7 i =1
-2x
=5 s —.ii_ =.g£
Vo Wx dx
" d_y i N e-z-&'
dx  x Jx
-2x
P= —;—-'d = =
P Vx

28. Solve the differential equation -g-!i +1 ="
Ix

[NCERT Exemplar]
Ans. Given, differential equation is
ay +1 ="ty ()]
dx
Let X+y=t
On differentiating w.rt. x, we get
dy _ dt ;
14—= = — -
" dx  dx M
.. Equation (i) becomes
dt ¢
—_—=a
dx
= e 'dt =dx
On integrating both sides, we get
-et=x+c
-1
= eT =xX+C
= =L exee
elfg

-1=(x+c)e**¥
x+c)ef*t¥4+1=0

A Caution

= Do the necessary substitution, wherever needed.

=
=

29. Find the solution of %= =

[NCERT Exemplar]
Ans. Given, dy _ y-x
dx
= i o
dx 2°
= S B

2>

On integrating both sides, we get
[29dy = [27% dx

= -2 = = +C
log2 ~ log2
= -27Y4+2%=clog 2
= 27%-2Y =k wherek=clog 2

Hence, the required solutionis 27*-2¥ =k

30. @Find the solution of 3—9 +y=e"*
x

31. For what value of 'n' is the following a
homaogeneous differential equation?

dy x:! = yl"l
e = W [CBSE SQP 2020]

Ans. In homogeneous differential eguation, the
degree of terms are same. So, the value of 'n'
must be 3.

32. @if sin x is an integrating factor of the
differential equation %"‘1+Py =Q, then
x

write the value of P, [Delhi Gov. 2022]

33. What is the value of the constant of
integration in the particular solution of the
given differential equation?

dy 2x

=— iff(-2)=3. i A
& -2) [Delhi Gov. 2022]

Ans. Given, equation is
ydy = 2xdx
On integrating both sides, we get

J‘yg dy = 2dex

3 2

— y—:?L.q.c
3 2
3

= y—=12+c
3

It is given that f- 2) = 3.
@Y « -2l+c
3
= S=4+c
= ¢=5
‘Hesnce, the value of constant of integration ie, ¢
1S 2.

34, @Find  the

d_y+ ytanx = secx.
dx

general solution of



( SHORT ANSWER Type-| Questions (SA-I) )

[ 2 marks ]

35. Verify that the function x + y =tan"* y is a
solution of the differential equation

yly'+yt+1=0.
Ans. Given, function is
x+y=tan ly ()
Since, order of differential equation s 1.
So, on differentating eguation (j) w.rt. x, we get

1-|-d_y= 1 ﬂ‘{

dx 1+yjdx
dy 2y _ Ay
1+-2 1 = =L
= [ +dx]( ¥ dx
= 1+£-L-"-+y’+y2d—y=-dﬁ
dx dx dx
= y2ﬁ+y2+1=0,

dx

which is the given differential equation.

Hence, x + y = tan™ ! y is a solution of the given
differential equation.

36. @Verify that the function Yy = a? - x?,

xe(-a,a) is a solution of differential
equation x + y% =0(y = 0),
x

37. Solve the following differential equation:

:x_H +y =cosx -sinx, [CBSE 2019

Ans. The given equation is a linear differential
equation.

On comparing it with %g— + Py = Q, we get
P=1,Q=cosx-sinx
IFw F.'j P.dx A EI ldx ="

The solution of the given differential equation is
ye's Ie" (cosx —sinx)dx + ¢

= ye*=ecosx+c
= y=cosx+ce ™

38. Solve the differential equation
cos(% ] =alae R) [CBSE 2018]

Ans. Given, differential equation is
cos( ﬂ ] =qa
dx

The given equation can be rewritten as
dy =1
—= =cos " (a
Y (a)
= dy = cos™ ! adx
Now, on integrating both sides, we get
[dy = [cos™ adx

= y=xcos la+e

which is the required solution.

39, If -g-)-yr- = e and y = 0 when x = 5, find the value

of xwheny=3. [NCERT Exemplar]
Ans. Given: G} =e W

dx

dy
= pe =dx
= [e? dy = [dx

2

=5 %i =X+C M)

Itis given that whenx=5,y=0.
0

e
LS. -
5 +c
= 1 =5+¢
2
1 -9
=_—-5= —
= c 7 2
.. Equation (i) becomes
e
2
Or e =2x-9
When y = 3, then
ef=2¢-9
= Sa e’ +9
2

e'+9.

Hence, the required value of x is

40. @Find the general solution of %vmy =™

[NCERT Exemplar]



41. Find the general solution of the following
differential equation:
dy _xyu+y
dx xy+x

Ans. The given eguation is
dy _ y(x + 1)

dx  x(y+1)
+1
- U_dy=x+1dx
Y x

1
- (et
y X
On integrating both sides, we get
1 1
1+—|dy = [[ 1+ = |dx
fferafo-143)

= y+logy=x+logx+logc

- veessle(])

2. @solve the differential equation

log ["y ]: 3x+4y.  [CBSE 2017]

43. Solve the differential equation -39--!- 2xy = y.
X

[NCERT Exemplar]
Ans. Given, differential equation is

dy .
= Y=y

= %+2xg—y =0

= EE+(2Jr—1}gr =0

dx
Which is a linear differential equation of the
tupe ﬂ#’y =Q

dx

=(2x-1)and Q=0
IF = elPdx o J2x-1dx

22}
= e[_z—-:] = e':"
.. The complete solution Is:

YIF = f{Q. IF)dx + ¢
=f0.e"* dx+c

where,

:,-!
= y.e

2
= ye** =0+c¢

P

= y=ce

44. Find the general solution of the following
differential equation:

cosx(l+cosy)dx-siny(1+sinx)dy=0

Ans. The given equation is
cos x(1 + cosy) dx -siny (1 +sinx) dy =
= cosX(1+cosy)dx=siny(l +sinx)dy
cosx . _ _Siny
1+sinx 1+cosy

Now, integrating both sides, we get

J cosx J' _ siny dy
(1+ srnx) (1+ cosy)

= log(1+sinx)=-log(l +cosy)+logc

[ :—xu + sinx) = cosx, Ed;{l +cosy) = —siny]

= 1+sinx =
1+ cosy

= (1 + sin x) (1 + cos y) = c is the required
solution.
45. Solve the following differential equation:

%::- = x3cosec y given that y(0) = 0.

[CBSE SQP 2020]
Ans. Here,

Y _ 3 cosec y
dx

dy
cosecy

= =x3 dx

On integrating both sides, we get
J sinydy = I x3dx

4

X
= -cosy=_
3 +c
Putx=0,y=0
04
Then, -c050=—+¢
4
- -1=c
= c=-1
x*
Then, -cosy=—-1
4
4
X
= cosy=1——
sy y

which is the particular solution of the given
differential equation.

46. @Show that the differential equation
Yy _ Y
xcas[ . ]E = ycns( 5 ]+ x Is homogeneous.



(SHORT ANSWER Type-Il Questions (SA-II) )

[ 3 marks]

47. Find the general solution of differential
equation given below:

., 3
dx  x(1+ x?)
Ans. Given differential equation Is
dy _ 1

= dx  x(1+x2)
1
dhp———
= S Ry

Integrating both sides, we get

Jay = J—— e

X{1+X2} ._(i}
1
Let ——a A, Bx3C i)
x(1+x%)  x 142
= 1=A(1 +x9 +(Bx + O)x
= 1=(A+Bx2+Cx+A

On comparing coefficients of x% x and constant
terms both sides, we get

A+B=0,C=0A=1

= A=1B=-1C=0
1 1 X .
— = i)
x{x+x) X 1+x
From (i), (i) and (jii), we get
1 X
dy = || —- dx
jy J[X 1+x2]
1 2
= y=logx—ilag[1+x)+c
1 x?
or, y=—|.c-g[ ]+C
2 14 x*

48. Find the particular solution of the differential
equation ng- =y - xtan[% } given that

y= 345 atx =1 [CBSE 2020]
, dy y
Ans. Given, —= = Yy—xt =
n IVEen x T y=x cm(x ]
= 4y, E_mn[a]
dx X X

Which Is a homogeneous differential equation.
Now, put y = vx

dv
V+x— =v-tanv
dx
dv —dx
= - —
tanv X
= cc:-tvdv+d—x =0
x

Now, on integrating both sides, we get

log|sinv] + logx=logc

= xsinv=c
= ‘:r':-'.ir'.g =c
x

Whenx=1, y = -E.

1.sin(

= c

c

&l
—
I

1
V2

I

. 1
5 g
So,xm[x] V2

solution,

49, Solve the following differential equation:

x j—y +y-—x+xycotx =0 [CBSE 2012,
X

Ans. Given, xd—y+y—x+xycotx =0
x

dy
— + . =
= Xx—=+(l+xcotx)y = x

g_g+{1+xcotx}y =1

dx X

This is Linear DE. of the form gf% +Py=Q

where, P= m%tx,q =1
Now, IE. = el Px

(el
=+cotx
=g\ X

- E[ag x+logsinx
= ech(stnx:l

=xsinx

is the required particular

11]

-(0



. The solution of equation () is

yxsinx= j 1xsinxdx +c

= yxsinx=x(-cosx)+ jl.casxdx+c

= Xxysinx=-xcosx+sinx+c

50. If y(x) is a solution of [ﬂ) £= —0s X
1+y dx

and y(0) = 1, then find the value ofy[%).

[NCERT Exemplar]
Ans. Given: (2+sinx) d—yz—msx
1+y ) dx
s dy :_[ cus.x de
1+y 2 +sinx

On integrating both sides, we get

Ld§=*j COSX e

1+y 2+sinx

= log(1+y)=-log (2 +sinx)+logc
= log(l+y)(2+sinx)=logc
2> 1+yY)(2+sinx)=c
= =—° 1 -0

2+sinx
Itis given that y(0) = 1.

(T
2+0

=2 L= 4
Putting € = 4 in equation (i), we get

. 4
Y= S renx
. 4
(%) 1
2+sin—
G
3 3

A Caution

= Separate the variables x and y by separating the
variable technique.

51. @shown below is a differential equation
where the value of y is 0 when x = 3.

dy .y T
dx x leagx

Find the value of y when x = 5.

52. Find the general solution of the following

differential equation:
xgi"-= y—xsin[-g-]
[CBSE Term-2 SQP 2022]

Ans. We have the differential equation:

x%:y—xsin[%]

OI". ﬂ: g_sin[g]
d¢ x X
The equation is a homogeneous differential
equation.
Putting y=wx
=3 dy —v+xdv
dx  dx

The given differential equation becomes

dv .
V+X— =v-sinv
dx

dv dx

= S e
sinv x

dx

= cosecvdv= ——
X

Integrating both sides, we get
log|cosecv—cotv] =—log |[x] + log K K> 0
(Here, log K is an arbitrary constant)

= log [(cosec v—cot V) x] =lag K

= |(cosec v—cot v} x] =K

= (cosec v—cot V) x = +K

= [msecg—-catg]x = C, which is the
X x

required general solution of the given
differential equation.

[CBSE Marking Scheme Term-2 SQP 2022]
Explanation: Given, differential equation is:

xd_y = =X sin[g]
x

dx
The given equation is a homogeneous
differential equation.
y=w
dy dv
dx = V+ XE

x 1..r+xdll'ir i

— | =w—xsinv
dx
dv .

= V+ x— = v-sinv
dx

dv 5
= Xx— = -sinv
dx



dv dx
sinv X

= cosec vdv = —ﬁ

on integrating both sides

=

dx
fcosecv dv = [-=—
X

= log|cosecv-cotv| = -logx+loge
= log (cosecv-cot V) + logx=log c

= x(cosecv-cotv) =¢
Y Y
x| cosec = —cot= | _
=y [ X x]-c

Is the required general solution.

53. Find the general solution of the differential

equation (1 + y?) +(x-e*"'¥) % =0.

[NCERT Exemplar]

Ans. Given, differential equation is

1+y?) +(x-e""Y) j—y= 0
= (1+yY =—(x-e""v) g!i

= 1wy — dx = eV x
dy

won™ty

- Lo, O il
dy 1+y?
dx X ety
% =

Eﬂ-lﬂ,‘r2 T 14y

It is a linear differential equation of the tupe

j—:+Px Q.
1 ey
W:"IEFE, P= W and Q = 1—+yT

IF = eIP_dr = e]]:!;!d" = emn"y
.. The, general solution is:

xIF = J(QIF)dy + ¢

mn "] m ud
oy = w +C
= x. e I1+y Y
Put tanly =t
1
——dy =dt
= 1+y’ Y

i
= xe™ ™ =Je2de+c

at

? e
= xe®™ = ——4¢

2
= 2xe™V = gV 4 2
= erun"u = e:-r.nn"u_'_k
where, k= 2¢c.

54. Find the particular solution of the following

differential equation, given that y = 0 when

n
X= —:
4
dy, yeotx = — 2
dx 1 +sinx
[CBSE Term-2 SQP 2022]

Ans. Thedifferential equationis alinear differential

equation.
IF = eltotxdx _ Jogsinx _ i
The general solution is given by
sinx
1+ sinx
sinx+1-1
14sinx

B 2j[ 1+smx)

— 2
1+ L
cos[2 X]-
1

= ysinx= Ej dx
2cos? }

= ysinx= Qj 1—%5&1:2[2—5] dx

inx= 2| x+tan r.X +C
=> ysinx= 3 32
n

Given that y = 0, when x = —

ysinx= j?.

= ysinx=2f

= ysinx= ij 1- dx

.h-ln
mlx

Hence, 0= 2[ +tan-g-] +C
= c= ——-—2tan1—t-
2

Hence, the particular solution is

K X n n
= COSec x| LeipPlaigd | SR Yo %
Y |:2{,1r+t¢:m[4 5 ]} [2+2mn8 ]l

[CBSE Marking Scheme Term-2 SQP 2022]



Explanation: Given, differential equation

dy
ax TY X = T dnx
The given differential equation is of the form
39 +P(x) = QW)
2
Here, P(x) = cot x, Q(x) =
ere (x) = cot x, Q(x) Tesinn
Then, \F.= [Pdx = ol cotx.dx
" elogsinx =sinx
Then, general solution is given by:
y.IF. = [QEIF. dx
= yxsinx = ,[2 sinx
1+sinx
sinx+1-1
= sinx= 2[—————d
Y I 1+ sinx *
= ysinx = 2‘['-1— 2 dx
[ 1+sinx
" 1
= ysinx = 2I 1-—————|dx
1 x.
+¢:<:ns[2 x]_
; 1
=% ysinx = 2I 1-———|dx
2cos?[Z-Z
4 2 |
= ysinx = 2I 1-156.'1:2 E_ XM ax
2 |4 2)
= sinx = 2-x+tun I +c
’ _ 372
n
Here, y =0, when x = v
0=2|Z+tan|E-L|[+¢
3 "(4 B
= 0=2 ~+tang-]+c
=5 C= —E—:!t —
5~ 2tan

1
8

ysinx = {x+tan L
4 2

8

|

T
— —42tan—
5 an

oot

n n
—[[5+'2tun§]]
@ Concept Applied:

w The function fix, y) in a homogenious differential
equation is a homogeneous function such that
fidx, Ay) = A" fix, y) for any non-zero constant A

55. @Find the particular solution of the
differential equation

:—x+x coty = 2y + y? cot y, y = 0, given that
Y

x=0,wheny= [DIKSHA]

nln

56. At any point (x, y) of a curve, the slope of the
tangent is twice the slope of the line segment
Joining the point of contact to the point
(-4, -3). Find the equation of the curve given
that it passes through (-2, 1).

Ans, It is given that (x y) is the point of contact of
tangent to the curve.
The slope of the line segment joining the points
(x2. y2) = (x. y) and (xy, y;) = (- 4, - 3) is given as
y (-3)

-(-4)
dy _ofy+3
dx x+4

% {2 Y.
y+3 | x+4

On integrating both sides we get,

y+3

Slope of tangent =
¥ 8 X+4

Now, given that

=

dy 2

j9+3 =Ix+4dx
= log(y+3)=2log(x+4)+logc

y+3)

lo =

= 9{x+4]1 lege

y+3
= (x+472 = -0

Since, the curve passes through the point (- 2, 1)
therefore, we have

{1+3)
E:'“_‘ui =c=>c=1



On putting C = 1 in equation (j), we get

y+3
= (x+47? =
= (_.‘4l+3=(x~¢-44}2

which is the required equation of curve.

57. @solve the differential equation
(1+x)(1+yHdx+(L+y)(1+xdy=0

58. Find the particular solution of the differential
equation  e*\f1 — y?dx + g4::'5,' =0, given
x

that y = 1, when x = 0, [CBSE 2014]

Ans. Given, differential equation is

e 1—yzdx+gdy=0
X

= e* 1 - 2dx = Zay
X

Now, separating the variables, we get
J1-¢?

On integrating both sides, we get

jxe‘dx =J-J%z-dy

= xe' dx =

Put 1-y? =tin RHS

Then,- 2y dy=dtor-ydy= %

A xJe" dx~J[%(x}je‘dx:|dx = Iﬁ dt
=  xe —je”dx = %[ZJE]

= xe"-e’=v’£+c

=5 xe’—e’:ﬁ+c
Itis given that y = 1 whenx =0.

0-e"= 1 1+¢c
= c=-1

xef - = 1-y? -1

= J1-y? =efx-1+1

which is the required particular solution of the
given differential equatian.

( LONG ANSWER Type Questions (LA) )

[ 4 & 5 marks]

59. Salve: y + i-(xy) =x (sin x + log x)

[NCERT Exemplar]
Ans. Given:

y+ %(xy) = x{sin x + log x)

dy -
— = lo
y+xdx+y x(sin x + log x)

dy ;

—_ 2 = I_
xdx+ y = x(sin x + log x)
dy 2y _ _

—t— = lo
dx+x sinx +log x

This is a linear differential equation of the type

dy
—Z+Py=0.
dx+y0.

where, P= L] and Q =sinx + log x
X
IE = ofPdx_ eE“’" = gllogx

== elngr’ =X2

So, the general solution is:

ylF = [(QIFydx+c
= yx2 = [(sin x + log x)x? dx + ¢
=[x? sinxdx + x log x dx + ¢
(i)
Now,
[x? sin x dx = x? (~cos x) + | 2x cos x dx
[Using integration by parts]

=’ cos x + 2xsinx - [2 sinxdx
=-x* cos x + 2x sin x + 2 cos x i)

3 3
and [x? log x dx = log x.% - _[%.%dx

3
=log x. %~ %Ixz dx

3 %}
=logx. 3;—— % %— (i)

Substitute the values of (i) and (iif) in (i), we get

yx? =-x? cos x + 2x sin x + 2cos x
3 3

X X
+ —logx- —+¢
3 9



2sinx +2C05X

x?

= Y =-Ccos X+

X X g
+ = logx-—+cx
3 9

A Caution

s Separately solve the integrals invelved, as they have
lengthy calculation.

60. Solve the following differential equation

oore{t o)

—2x sin[ % ]]dx [CBSE 2015]

Ans. Given,
[g - xcos(g ]]dy + [_ucos( g ]
x x
—?.xsfn[g]]dx =0
x
ch’sin[i ]—yms[g ]
dy Y X
= o = y
y— xcos(-;
2sin| X -gcos[-‘ﬂ]
dy yl x X 0
= e A
e .- cos( g ]
x x
Given equation is a homogeneous equation.
Put y=wx
= d_y = v+ xgi
dx dx

.. Equation () becomes
dv _ 2sinv—vcosv

V+x—
dx V —Ccosv
dv 2sinv —vcosv
= e = "7y
dx vV — cosv

dv _ 2sinv —v?

dx v —cosv
vV —cosv
AL AP
2sinv—v X

On integrating both sides, we get
- J-_}_{Zc?sv—Q:}dv - jﬁ
2 2sinv—v X

= —-;—log(:!sinv—v'z) =logx+loge

= logx + %log(:!sinv -v?) =-loge

= logx? +log (2sinv-v)=-2logc

- etz )] -uo(3)

— 2xzsin-r"‘£—1.jl2 = [lz] = c'(say)
X c

which is the required solution.
61. Solve the following differential equation:
(1+xH) dy+2xydex=cotxdx,x=0
[CBSE 2012, 11)
Ans. Given, differentiol equation is

(1 + x%)dy + 2xy dx = cot x dx
Dividing both sides by (1 + x?) dx, we get
dy  2x cot x
—=+ = i
di 1%’ 14 0
which is a linear equation of the form
du
—=+Py =
S TR
Here, P = 2x g cotx2
1+x 1+x

l+x

[ Pox j_zifdx
=g

Now, IF= e
= elgl+x%) _ 1 4 42

Then, the solution of the linear differential
equation is given by

yxIF= [(QxIF)dx +c

cotx

) 1459 = [(1+x?) dx + ¢
y( ) J- 1552

=  y{l+x)= Icotx dx+c

= y(1 +x)=log |sinx| + c

log | sinx
= - 9 I I+ £

1+x2 1+x2

which is the required solution,

62. @Find the particular solution of the
differential equation x? dy + y(x + y)dx = 0,
giventhaty = 1 whenx=1.

63. @Find the general solution of

%-39 = sin 2x. [NCERT Exemplar]



(VERY SHORT ANSWER Type Questions (VSA) )

[ 1 mark]

1. Find the order and the degree of the differential equuﬂanx’iy— {1+(§g) }

Ans. T - — —

-~ L ‘1 g =:t|_ :ﬁ}j____i
i} :.__ ____ORDER =D ',_e--"—‘ =
| N, ______D_EC]REE'_' L - —— - [CBSE Topper 2019]




