
nth Root of Unity
Let x be the nth root of unity, then
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(c) If a is an imaginary nth root of unity, then other roots

are given by a a a a2 3 4, , , ... , .n
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These roots are located at the vertices of a regular
plane polygon of n sides inscribed in a unit circle
having centre at origin, one vertex being on positive
real axis.

(e) x x x x xn n- = - - - - -1 1 2 1( ) ( ) ( ) ... ( )a a a .
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Important Benefits
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y Example 63. If 1 2 1, , , ... ,w w wn - are n, nth roots of

unity, find the value of ( ) ( ) ... ( )9 9 92 1- - - -w w wn .

Sol. Let x n= ( ) /1 1 Þ xn - =1 0
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and ab = + + + +( ) ( )a a a a a a2 4 3 5 6
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y Example 67. If n ³ 3 and 1 1 2 3 1, , , , ... ,a a a a n - are

the n n, th roots of unity, then find the value of
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Sol. Let x n= ( ) /1 1

\ x n = 1 or x n - =1 0

\ 1 01 2 3 1+ + + + + =-a a a a... n

or a a a a1 2 3 1 1+ + + + = --... n

On squaring both sides, we get

a a a a a a a a1
2

2
2

3
2 2

1 1 2 1 32+ + + + + +-... (n

+ + + + +- -... ...a a a a a a1 1 2 3 2 1n n

+ + =- -... )a an n2 1 1

or 12
1

2
2

2
3

2
1

2+ + + + + -( ) ( ) ( ) ... ( )a a a an

+ = +
£ < £ -

2 1 1
1 1

2S S
i j n

i ja a

0 2 2
1 1

+ =
£ < £ -

S S
i j n

i ja a

[here, p is not a multiple of n]

\ S S
1 1

1
£ < £ -

=
i j n

i ja a

Aliter

Q x x x x xn
n- = - - - - -1 1 1 2 1( ) ( ) ( ) ... ( )a a a

On comparing the coefficient of x n - 2 both sides, we get

0
0 1

1 2 1= + + + +
£ < £ -

-S S
i j n

i j na a a a a...

0 1
1 1

= -
£ < £ -

S S
i j n

i ja a

[ ... ]Q1 01 2 1+ + + + =-a a an

\ S S
1 1

1
£ < £ -

=
i j n

i ja a

Vector Representation of
Complex Numbers
If P is the point ( , )x y on the argand plane corresponding
to the complex number z x iy= + , where x y R, Î and

i = - 1.

Then, OP i j

¾®
= +x y$ $ Þ OP

¾®
= + =( )x y z2 2

and arg ( )z = direction of the vector OP

¾®
= =-tan ( / )1 y x q

Therefore, complex number z can also be represented by OP

¾®
.

P x y( , )

y

xO
X

θ
M

Y



Geometrical Representation
of Algebraic Operation on
Complex Numbers

(a) Sum
Let the complex numbers z x iy x y1 1 1 1 1= + = ( , ) and
z x iy x y2 2 2 2 2= + = ( , ) be represented by the points P and
Q on the argand plane.

Complete the parallelogram OPRQ. Then, the mid-points
of PQ and OR are the same. The mid-point of

PQ
x x y y= + +æ

èç
ö
ø÷

1 2 1 2

2 2
, .

Hence, R x x y y= + +( , )1 2 1 2

Therefore, complex number z can also be represented by

OR

¾®
= + + +( ) ( )x x i y y1 2 1 2 = + + +( ) ( )x iy x iy1 1 2 2

= +z z1 2 = +( , ) ( , )x y x y1 1 2 2

In vector notation, we have

z z1 2+ = +
¾® ¾®
OP OQ = +

¾® ¾®
OP PR =

¾®
OR

(b) Difference
We first represent - z 2 by ¢Q , so that QQ ¢ is bisected at O.
Complete the parallelogram OPRQ ¢. Then, the point R

represents the difference z z1 2- .

We see that ORPQ is a parallelogram, so that OR QP

¾® ¾®
=

We have in vectorial notation,

z z1 2- = -
¾® ¾®
OP OQ = +

¾® ¾®
OP QO

= +
¾® ¾®
OP PR =
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QP

(c) Product
Let z r i r e i

1 1 1 1 1= + =(cos sin )q q q1

\ z r1 1= and arg ( )z 1 1= q

and z r i r e i
2 2 2 2 2

2= + =(cos sin )q q q

\ z r2 2= and arg ( )z 2 2= q
Then, z z r r i i1 2 1 2 1 1 2 2= + +(cos sin ) (cos sin )q q q q

= + + +r r i1 2 1 2 1 2{cos ( ) sin ( )}q q q q
\ z z r r1 2 1 2= and arg ( )z z1 2 1 2= +q q

Let P and Q represent the complex numbers z 1 and z 2 ,
respectively.

\ OP r OQ r= =1 2,

Ð =POX q1 and Ð =QOX q2

Take a point A on the real axis OX , such that OA = 1 unit .
Complete the ÐOPA

Now, taking OQ as the base, construct a DOQR similar to

DOPA , so that
OR

OQ

OP

OA
=

i.e. OR OP OQ r r= × = 1 2 [since, OA = 1 unit]

and Ð = Ð + Ð = +ROX ROQ QOX q q1 2

Hence, R is the point representing product of complex
numbers z 1 and z 2 .

Remark
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p q p q
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Hence, multiplication of z with i, then vector for z rotates a
right angle in the positive sense.

2. Thus, to multiply a vector by ( )- 1 is to turn it through two
right angles.

3. Thus, to multiply a vector by (cos sin )q q+ i is to turn it
through the angle q in the positive sense.

(d) Division
Let z r i r e i

1 1 1 1 1
1= + =(cos sin )q q q

\ z r1 1= and arg ( )z 1 1= q
and z r i r e i

2 2 2 2 2
2= + =(cos sin )q q q
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\ | |z r2 2= and arg ( )z 2 2= q

Then,
z

z

r

r

i

i

1

2

1

2

1 1

2 2

= × +
+

(cos sin )

(cos sin )

q q
q q

[ , ]z r2 20 0¹ ¹

z

z

r

r
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2

1

2
1 2 1 2= - + -[cos ( ) sin( )q q q q ]

\ z

z

r

r

z

z
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1

2

1

2
1 2= æ

è
ç

ö
ø
÷ = -, arg q q

Let P and Q represent the complex numbers z 1 and z 2 ,
respectively.

\ OP r OQ r= =1 2, , Ð =POX q1 and Ð =QOX q2

Let OS be new position of OP , take a point A on the real
axis OX , such that OA = 1 unit and through A draw a line
making with OA an angle equal to the ÐOQP and meeting
OS in R.

Then, R represented by ( / )z z1 2 .

Now, in similar DOPQ and DOAR.

OR

OA

OP

OQ
= Þ OR

r

r
= 1

2

since OA = 1 and Ð = Ð - Ð = -AOR POR POX q q2 1

Hence, the vectorial angle of R is - -( )q q2 1 i.e., q q1 2- .

Remark
If q1 and q2 are the principal values of z1 and z2 , then q q1 2+ and
q q1 2- are not necessarily the principal value of arg ( )z z1 2 and
arg ( / ).z z1 2

Rotation Theorem (Coni Method)
Let z z1 2, and z 3 be the affixes of three points A B, and C

respectively taken on argand plane.

Then, we have AC

¾®
= -z z3 1 and AB

¾®
= -z z2 1

and let arg arg ( )AC

¾®
= - =z z3 1 q

and arg arg ( )AB
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For any complex number z, we have
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Remark
1. Here, only principal values of the arguments are considered.

2. arg ,
z z
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1 2

3 4

-
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÷ = q if AB coincides with CD, then
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z z
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is real. It follows that

if
z z
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1 2
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is real, then the points A B C D, , , are collinear.

3. If AB is perpendicular to CD, then
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,1 2

3 4 2

-
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so
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is purely imaginary.

4. It follows that, if z z k z z1 2 3 4- = ± -( ), where k is purely

imaginary number, then AB and CD are perpendicular to

each other.
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y Example 68. Complex numbers z z1 2, and

z 3are the vertices A B C, , respectively of an isosceles

right angled triangle with right angle at C. Show
that ( ) ( ) ( )z z z z z z1 2

2
1 3 3 22- = - - .

Sol. Since, Ð = °ACB 90 and AC BC= , then by Coni method

z z

z z

AC

BC
e i1 3

2 3

2-
-

= p/ = i

Þ z z i z z1 3 2 3- = -( )

On squaring both sides, we get

( ) ( )z z z z1 3
2

2 3
2- = - -

Þ z z z z z z z z1
2

3
2

1 3 2
2

3
2

2 32 2+ - = - + -( )

Þ z z z z z z z z z z z1
2

2
2

1 2 1 3 1 2 3
2

2 32 2+ - = - - +( )

Therefore, ( ) ( ) ( )z z z z z z1 2
2

1 3 3 22- = - -

Aliter CA CB BA= =
1

2

Q Ð =BAC ( )p / 4

\
z z

z z

BA

CA
e i2 1

3 1

4-
-

= ( )p /

or
z z

z z
e i1 2

1 3

42
-
-

= ( )p/ …(i)

and Ð =CBA (p / 4)

\
z z

z z

CB

AB
e i3 2

1 2

-
-

= ( p/ 4) or
z z

z z
e i3 2

1 2

1

2

-
-

= ( p/ 4) …(ii)

On dividing Eq. (i) by Eq. (ii), we get

( ) ( ) ( )z z z z z z1 2
2

1 3 3 22- = - -

y Example 69. Complex numbers z 1 , z 2 , z 3 are the

vertices of A , B , C respectively of an equilateral
triangle. Show that

z z z z z z z z z1
2

2
2

3
2

1 2 2 3 3 1+ + = + + .

Sol. Let AB BC CA a= = =

Q Ð =ABC
p
3

From Coni method,
z z

z z

a

a
e i1 2

3 2

3-
-

= p / …(i)

and Ð =BAC
p
3

From Coni method,
z z

z z

a

a
e i3 1

2 1

3-
-

= p / …(ii)

From Eqs. (i) and (ii), we get
z z

z z

z z

z z

1 2

3 2

3 1

2 1

-
-

=
-
-

Þ ( )( ) ( )( )z z z z z z z z1 2 2 1 3 1 3 2- - = - -
Þ z z z z z z z z z1

2
2
2

3
2

1 2 2 3 3 1+ + = + +

Remark
Triangle with vertices z z z1 2 3, , , then

(i) ( ) ( ) ( )z z z z z z1 2
2

2 3
2

3 1
2 0- + - + - =

(ii) ( ) ( )( )z z z z z z1 2
2

2 3 3 1- = - -

(iii) ( )( )z z z z1 2 2 3 0- - =å (iv)
1

0
1 2( )z z-

=å

Complex Number as a Rotating Arrow
in the Argand Plane
Let z r i re i= + =(cos sin )q q q …(i)

be a complex number representing a point P in the argand
plane.

Then, OP z r= = and Ð =POX q
Now, consider complex number z ze i

1 = f

or z re e rei i i
1 = × = +q f q f( ) [from Eq. (i)]

Clearly, the complex number z 1 represents a point Q in the
argand plane, when OQ r= and Ð = +QOX q f

Clearly, multiplication of z with e if rotates the vector OP

¾®

through angle f in anti-clockwise sense. Similarly,

multiplication of z with e i- f will rotate the vector OP
¾®

in
clockwise sense.

A z( )1

B z( )2 C z( )3

π/3

a a

a

π/3π/3

Q ze( )if

P z( )

XX′

Y

Y′

r

r
φ

θ
O

B z( )2

A z( )1 C z( )3

π/4

π/4

B z( )2

A z( )1 C z( )3

π/4

π/4



Remark
1. If z z1 2, and z3 are the affixes of the

three points A B, and C, such that
AC AB= and Ð =CAB q. Therefore,

AB AC
¾® ¾®

= - = -z z z z2 1 3 1, .

Then, AC
¾®

will be obtained by rotating

AB
¾®

through an angle q in anti-

clockwise sense and therefore,

AC AB
¾® ¾®

= e i q

or ( ) ( )z z z z e i
3 1 2 1- = - q or

z z

z z
e i3 1

2 1

-

-
= q

2. If A, B and C are three points in argand plane, such that
AC AB= and Ð =CAB q, then use the rotation about Ato find
e iq , but if AC AB¹ , then use Coni method.

y Example 70. Let z 1 and z 2 be roots of the equation

z pz q2 0+ + = , where the coefficients p and q may be

complex numbers. Let A and B represent z 1 and z 2 in
the complex plane. If Ð = ¹AOB a 0 and OA OB= ,
where O is the origin, prove that p q2 24 2= cos ( / )a .

Sol. Clearly, OB
¾®

is obtained by rotating OA
¾®

through angle a .

\ OB OA
¾® ¾®

= e i a

Þ z z e i
2 1= a

Þ
z

z
e i2

1

= a …(i)

or
z

z
e i2

1

1 1+ = +( )a

Þ
( )

cos ( / )/z z

z
e i1 2

1

2 2 2
+

= ×a a

On squaring both sides, we get

( )
( cos / )

z z

z
e i1 2

2

1
2

24 2
+

= ×a a

Þ
( )

( cos / )
z z

z

z

z

1 2
2

1
2

2

1

24 2
+

= × a [from Eq. (i)]

( ) cos ( / )z z z z1 2
2

1 2
24 2+ = a

( ) cos ( / )- =p q2 24 2a

Qz z z pz q

z z p z z

1 2
2

1 2 1 2

0and are the roots of

and

+ + =
\ + = - = q

é

ë
ê

ù

û
ú

or p q2 24 2= cos ( / )a

Shifting the Origin in Case
of Complex Numbers
Let O be the origin and P be a point with affix z 0 . Let a
point Q has affix z with respect to the coordinate system
passing through O. When origin is shifted to the point P

( )z 0 , then the new affix Z of the point Q with respect to
new origin P is given by Z z z= - 0 .

i.e., to shift the origin at z 0 , we should replace z by Z z+ 0 .

y Example 71. If z z1 2, and z 3 are the vertices of an

equilateral triangle with z 0 as its circumcentre, then

changing origin to z 0 , show that Z Z Z1
2

2
2

3
2 0+ + = ,

where Z Z Z1 2 3, , are new complex numbers of the

vertices.

Sol. In an equilateral triangle, the circumcentre and the
centroid are the same point.

So, z
z z z

0
1 2 3

3
=

+ +

\ z z z z1 2 3 03+ + = …(i)

To shift the origin at z0 , we have to replace z z z1 2 3, , and z0

by Z z Z z Z z1 0 2 0 3 0+ + +, , and 0 0+ z .

Then, Eq. (i) becomes

( ) ( ) ( ) ( )Z z Z z Z z z1 0 2 0 3 0 03 0+ + + + + = +
Þ Z Z Z1 2 3 0+ + =
On squaring, we get

Z Z Z Z Z Z Z Z Z1
2

2
2

3
2

1 2 2 3 3 12 0+ + + + + =( ) …(ii)

But triangle with vertices Z Z1 2, and Z 3 is equilateral, then

Z Z Z Z Z Z Z Z Z1
2

2
2

3
2

1 2 2 3 3 1+ + = + + …(iii)

From Eqs. (ii) and (iii), we get

3 01
2

2
2

3
2

( )Z Z Z+ + =

Therefore, Z Z Z1
2

2
2

3
2

0+ + =

Inverse Points
(a) Inverse points with respect to a line Two points P

and Q are said to be the inverse points with respect to
the line RS. If Q is the image of P in RS, i.e., if the line
RS is the right bisector of PQ.

B z( )2

A z( )1

O

α

x
O

y
Y

Q

P z( )0

M

X

C z( )3

B z( )2

A z( )1

θ



y Example 72. Show that z z1 2, are the inverse points

with respect to the line z a a z b+ = , if z a a z b1 2+ = .

Sol. Let RS be the line represented by the equation,

z a a z b+ = …(i)

Let P and Q are the inverse points with respect to the line RS.
The point Q is the reflection (inverse) of the point P in the
line RS, if the line RS is the right bisector of PQ. Take any
point z in the line RS, then lines joining z to P and z to Q are
equal.

i.e., z z z z- = -1 2 or z z z z- = -1

2

2

2

i.e., ( ) ( ) ( ) ( )z z z z z z z z- - = - -1 1 2 2

Þ z z z z z z z z z z( ) ( ) ( )2 1 2 1 1 1 2 2 0- + - + - = …(ii)

Hence, Eqs. (i) and (ii) are identical, therefore, comparing
coefficients, we get

a

z z

a

z z

b

z z z z2 1 2 1 1 1 2 2-
=

-
=

-
-

So that,
z a

z z z

az

z z z

1

1 2 1

2

2 2 1( ) ( )-
=

-

=
-
-

=
+ -b

z z z z

z a az b

1 1 2 2

1 2

0

[by ratio and proportion rule]

z a az b1 2 0+ - = or z a az b1 2+ =

(b) Inverse points with respect to a circle If C is the
centre of the  circle and P Q, are the inverse points
with respect to the circle, then three points C P Q, , are

collinear and also CP CQ r× = 2 , where r is the

radius of the circle.

y Example 73. Show that inverse of a point a with
respect to the circle z c R- = (a and c are complex

numbers, centre c and radius R) is the point c
R

a c
+

-

2

.

Sol. Let a¢ be the inverse point of a with respect to the circle
z c R- = , then by definition,

The points c a a, , ¢ are collinear.

We have, arg ( ) arg( )a c a c¢ - = -
= - -arg ( )a c [ arg arg ]Q z z

- = -

Þ arg ( ) arg ( )a c a c¢ - + - = 0

Þ arg {( ) ( )}a c a c¢ - - = 0

\ ( ) ( )a c a c¢ - - is purely real and positive.

By definition, a c a c R¢ - - = 2 [ ]QCP CQ r× = 2

Þ a c a c R¢ - - = 2 [ | | | | ]Q z z=

Þ ( ) ( )a c a c R¢ - - = 2

Þ ( ) ( )a c a c R¢ - - = 2

[Q( )( )a c a c¢ - - is purely real and positive]

Þ a c
R

a c
¢ - =

-

2

Þ a c
R

a c
¢ = +

-

2

Dot and Cross Product
Let z x iy x y1 1 1 1 1= + º ( , ) and z x iy x y2 2 2 2 2= + º ( , ),

where x y x y R1 1 2 2, , , Î and i = - 1, be two complex

numbers.
If Ð =POQ q, then from Coni method,

z

z

z

z
e i2

1

2

1

0

0

-
-

= q

Þ z z

z z

z

z
e i2 1

1 1

2

1

= q

Þ z z

z

z

z
e i2 1

1
2

2

1

= q

z z z z e i
2 1 1 2= | | | | q

z z z z i2 1 1 2= +(cos sin )q q
Þ Re ( ) cosz z z z2 1 1 2= q …(i)

and Im ( ) sinz z z z2 1 1 2= q …(ii)
The dot product z 1 and z 2 is defined by,

z z z z1 2 1 2× = cosq
= = +Re ( )z z x x y y1 2 1 2 1 2 [from Eq. (i)]

P z1

Q z2

A z( )
R S

C P
Q

c
a

a′
| – | =z c R

Q z( )2

P z( )1

O

θ

P

SR

Q



and cross product of z 1 and z 2 is defined by

z z z z1 2 1 2´ = sinq
= = -Im ( )z z x y x y1 2 1 2 2 1 [from Eq. (ii)]

Hence, z z x x y y z z1 2 1 2 1 2 1 2× = + = Re ( )
and z z x y x y z z1 2 1 2 2 1 1 2´ = - = Im ( )

Results for Dot and Cross
Products of Complex Number

1. If z1 and z2 are perpendicular, then z z1 2 0× =
2. If z1 and z2 are parallel, then z z1 2 0´ =
3. Projection of z1 on z z z z2 1 2 2= ×( ) /

4. Projection of z2 on z1 = ×( ) /z z z1 2 1

5. Area of triangle, if two sides represented by z1 and z2 is
1

2
1 2z z´ .

6. Area of a parallelogram having sides z1 and z2 is z z1 2´ .

7. Area of parallelogram, if diagonals represented by z1 and z2 is
1

2
1 2z z´ .

y Example 74. If z i z i1 22 5 3= + = -, , where i = -1, find

(i) z z1 2× (ii) z z1 2´
(iii) z z2 1× (iv) z z2 1´
(v) acute angle between z 1 and z 2 .

(vi ) projection of z 1on z 2 .

Sol. (i) z z x x y y1 2 1 2 1 2 2 3 5 1 1× = + = + - =( ) ( ) ( ) ( )

(ii) z z x y x y1 2 1 2 2 1 2 1 3 5 17´ = - = - - = -( ) ( ) ( ) ( )

(iii) z z x x y y2 1 1 2 1 2 2 3 5 1 1× = + = + - =( ) ( ) ( ) ( )

(iv) z z x y x y2 1 2 1 1 2 3 5 2 1 17´ = - = - - =( ) ( ) ( ) ( )

(v) Let angle between z1 and z2 be q, then

z z z z1 2 1 2× = cosq
Þ 1 4 25 9 1= + +( ) ( ) cosq

\ cosq =
1

290
\ q = æ

èç
ö
ø÷

-cos 1 1

290

(vi) Projection of z1 on z2 =
×z z

z

1 2

2

=
+

1

9 1( )
=

1

10

Use of Complex Numbers in
Coordinate Geometry
(a) Distance Formula
The distance between two points P ( )z 1 and Q z( )2 is given by

PQ z z= -2 1 = -affix of affix ofQ P

Remark
1. The distance of a point z from origin, z z- =0

2. Three points A( ), ( )z B z1 2 and C z( )3 are collinear, then
AB BC AC+ =

i.e. z z z z z z1 2 2 3 1 3- + - = - .

y Example 75. Show that the points representing the
complex numbers ( ), ( )3 2 2+ -i i and - 7i, where
i = - 1, are collinear.

Sol. Let z i z i1 23 2 2= + = -, and z i3 7= - .

Then, z z i z z i1 2 2 31 3 10 2 6- = + = - = +,

= =40 2 10

and z z i1 3 3 9 90 3 10- = + = =

\ z z z z z z1 2 2 3 1 3- + - = -

Hence, the points ( ), ( )3 2 2 7+ - -i i iand are collinear.

(b) Equation of the
Perpendicular Bisector

If P ( )z 1 and Q z( )2 are two fixed points and R z( ) is
moving point, such that it is always at equal distance from
P z( )1 and Q z( )2 .

i.e. PR QR=
or z z z z- = -1 2

or z z z z z z z z z z( ) ( )1 2 1 2 1 1 2 2- + - = -

or z z z z z z z z( ) ( )1 2 1 2 1
2

2
2

- + - = -

Hence, z lies on the perpendicular bisectors of z 1 and z 2 .

y Example 76. Find the perpendicular bisector of 3 4+ i

and - +5 6i, where i = - 1.

Sol. Let z i1 3 4= + and z i2 5 6= - +

If z is moving point, such that it is always equal distance
from z1 and z2 .

i.e. z z z z- = -1 2

or z z z z z z z z( ) ( )1 2 1 2 1
2

2
2- + - = -

Þ z i i z i i(( ) ( )) (( ) ( ))3 4 5 6 3 4 5 6- - - - + + - - + = -25 61

Hence, ( ) ( )8 2 8 2 36 0+ + - + =i z i z

which is required perpendicular bisector.

Q z( )2

P z( )1

C z( )3

A z( )1

B z( )2

R z( )

P z( )1

Q z( )2



(c) Section Formula
If R z( ) divides the joining of P z( )1 and Q z( )2 in the ratio
m m m m1 2 1 2 0: ( , )> .

(i) If R z( ) divides the segment PQ internally in the ratio

ofm m1 2: , then z
m z m z

m m
= +

+
1 2 2 1

1 2

(ii) If R z( ) divides the segment PQ externally in the ratio

ofm m1 2: , then z
m z m z

m m
= -

-
1 2 2 1

1 2

Remark

1. If R z( ) is the mid-point of PQ, then affix of R is
z z1 2

2

+
.

2. If z z1 2, and z3 are affixes of the vertices of a triangle, then

affix of its centroid is
z z z1 2 3

3

+ +
.

3. In acute angle triangle, orthocentre ( )O , nine point centre ( )N ,

centroid ( )G and circumcentre ( )C are collinear and
OG

GC
= 2

1
,

ON

NG
= 1

1
.

4. If z z z1 2 3, , and z4 are the affixes of the vertices of a
parallelogram taken in order, then z z z z1 3 2 4+ = + .

y Example 77. If z z1 2, and z 3are the affixes of the

vertices of a triangle having its circumcentre at the
origin. If z is the affix of its orthocentre, prove that
z z z z1 2 3 0+ + - = .

Sol. We know that orthocentre O, centroid G and circumcentre

C of a triangle are collinear, such that G divides OC in the

ratio 2 1: . Since, affix of G is
z z z1 2 3

3

+ +
and C is the

origin. Therefore, by section formula, we get

Þ
z z z z1 2 3

3

+ +
=

× + ×
+

2 0 1

2 1

Þ z z z z1 2 3+ + =
Therefore, z z z z1 2 3 0+ + - =

y Example 78.Let z z1 2, and z 3 be three complex

numbers and a b c R, , Î , such that a b c+ + = 0 and
az bz cz1 2 3 0+ + = , then show that z z1 2, and z 3 are
collinear.

Sol. Given, a b c+ + = 0 …(i)

and az bz cz1 2 3 0+ + = …(ii)

Þ az bz a b z1 2 3 0+ - + =( ) [from Eq. (i)]

or z
az bz

a b
3

1 2=
+
+

It follows that z 3 divides the line segment joining z1 and z2

internally in the ratio b a: . (If a b, are of same sign and
opposite sign, then externally.)

Hence, z z1 2, and z 3 are collinear.

(d) Area of Triangle
If z z1 2, and z 3 are the affixes of the vertices of a triangle,

then its area = 1

4

1

1

1

1 1

2 2

3 3

| |

z z

z z

z z

Remark

The area of the triangle with vertices z, wz and z z+ w is
3

4

2
z ,

where w is the cube root of unity.

y Example 79. Show that the area of the triangle on
the argand plane formed by the complex numbers z , iz

and z iz+ is
1

2
z

2
, where i = - 1.

Sol. Required area =
+ +

1

4

1

1

1

| |

z z

iz iz

z iz z iz

=
+ +

1

4

1

1

1

| |

z z

iz iz

z iz z iz

R z( )

P z( )1

m2
m1

Q z( )2

C

O

G2

1

A z( )1

C z( )3B z( )2

Q z( )2

P z( )1

R z( )

( )m2

( )m1



= -
+ -

1

4

1

1

1

| |

z z

iz iz

z iz z iz

On applying R R R R3 3 1 2® - +( ), we get

Area = -
-

1

4

1

1

0 0 1

| |

z z

iz iz = - - -
1

4
1( ) ( )izz izz

=
1

4
2izz =

1

2
i zz =

1

2

2
z

Aliter

We have, iz z i= +(cos( ) sin( ))p / p /2 2 = ze i( )p / 2 iz is the

vector obtained by rotating vector z in anti-clockwise
direction through ( )p /2 . Therefore, OA AB^ ,

Now, area of DOAB = ´
1

2
OA AB =

1

2
z iz

=
1

2
z i z =

1

2

2
z

(e) Equation of a Straight Line
(i) Parametric form
Equation of the straight line joining the points having
affixes z 1 and z 2 is

z tz t z= + -1 21( ) , where t RÎ ~ { }0

Proof

Q z tz t z= + -1 21( ) = + -
+ -

tz t z

t t

1 21

1

( )

( )

Hence, z divides the line joining z 1 and z 2 in the ratio
1 - t t: . Thus, the points z z z1 2, , are collinear.

(ii) Non-parametric form
Equation of the straight line joining the points having
affixes z 1 and z 2 is

z z

z z

z z

1

1

1

01 1

2 2

=

or z z z z z z z z z z( ) ( )1 2 1 2 1 2 1 2 0- - - + - =

Proof Equation of the straight line joining points having
affixes z 1 and z 2 is

z tz t z= + -1 21( ) , where t RÎ ~ { }0

Þ z z t z z- = -2 1 2( ) …(i)

and z z t z z- = -2 1 2( )

or z z t z z- = -2 1 2( ) …(ii)

From Eqs. (i) and (ii), we get

z z

z z

z z

z z

-
-

= -
-

2

2

1 2

1 2

Þ z z

z z

z z

z z

-
-

= -
-

2

1 2

2

1 2

Þ
z z z z

z z z z

z z

- -
- - =

2 2

1 2 1 2

2 2

0

0

1

0

Now, applying R R R1 1 3® + and R R R2 2 3® + , we get

z z

z z

z z

1

1

1

01 1

2 2

=

or z z z z z z z z z z( ) ( )1 2 1 2 1 2 1 2 0- - - + - =
Aliter

Let P z( ) be an arbitrary point on the line, which pass
through A z( )1 and B z( )2 .

\ Ð =BAP 0 or p

\ arg or
z z

z z

-
-

æ
è
ç

ö
ø
÷ =1

2 1

0 p [by rotation theorem]

Þ z z

z z

-
-

1

2 1

is purely real.

\ z z

z z

z z

z z

-
-

æ
è
ç

ö
ø
÷ =

-

-

æ

è
ç

ö

ø
÷1

2 1

1

2 1

Þ z z

z z

z z

z z

-
-

= -
-

1

2 1

1

2 1

z z z z z z z z z z( ) ( )1 2 1 2 1 2 1 2 0- - - + - =

or

z z

z z

z z

1

1

1

01 1

2 2

=

Remark

If z z1 2, and z 3 are collinear,

z z

z z

z z

1 1

2 2

3 3

1

1

1

0=

or z z z1 2 3 0( )- =å .

Real axis
O

Imaginary axis

B

A

z iz+

z

π/2

iz

X

Y

A z( )1

B z( )2

P z( )



(iii) General form The general equation of a straight
line is of the form a z a z b+ + = 0, where a is a
complex number and b is a real number.

Sol. The equation of a straight line passing through points
having affixes z1 and z2 is given by

z z z z z z z z z z( ) ( )1 2 1 2 1 2 1 2 0- - - + - = …(i)

On multiplying Eq. (i) by i (where, i = -1), we get

zi z z z i z z i z z z z( ) ( ) ( )1 2 1 2 1 2 1 2 0- - - + - =
Þ z i z z z i z z{ ( )} { ( )}- - + -1 2 1 2 + - =i z z z z( )1 2 1 2 0

Þ z i z z z i z z{ ( )} { ( )}- - + - -1 2 1 2 + ={ ( Im ( ))}i i z z2 01 2

Þ z i z z z i z z{ ( )} { ( )}- - + - -1 2 1 2 + - ={ ( Im ( )}2 01 2z z

Þ z a z a b+ + = 0,

where, a i z z= - -( ),1 2 b z z= - 2 1 2Im( )

Hence, the general equation of a straight line is of the form
a z a z b+ + = 0,

where a is complex number and b is a real number.

(iv) Slope of the line a z a z b+ + = 0

Let A z( )1 and B z( )2 be two points on the line
a z a z b+ + = 0, then

a z a z b1 1 0+ + =
and a z a z b2 2 0+ + =
\ a z z a z z( ) ( )1 2 1 2 0- + - =

Þ z z

z z

a

a

1 2

1 2

-

-
= - [Remember]

Complex slope of AB
a

a
= - = - coefficient of

coefficient of

z

z

Thus, the complex slope of the line a z a z b+ + = 0 is

- a

a
.

Remark
The real slope of the line a z az b+ + = 0 is

- Re ( )

Im( )

a

a
, i.e. - Re )

Im )

(coefficient of

(coefficient of

z

z
.

Important Theorem
If a1 and a2 are the complex slopes of two lines on the
argand plane, then prove that the lines are

(i) perpendicular, if a a1 2 0+ = .

(ii) parallel, if a a1 2= .

Proof Let z 1 and z 2 be the affixes of two points on one
line with complex slope a1 and z 3 and z 4 be the affixes of
two points another line with complex slope a2 . Then,

a1
1 2

1 2

= -
-

z z

z z
and a2

3 4

3 4

=
-

-

z z

z z
…(i)

(i) If the lines are perpendicular, then

( ) ( )z z

z z

z z

z z
e i1 2

1 2

3 4

3 4

2-
-

= -
-

p /

Þ ( ) ( )z z

z z

z z

z z
e i1 2

2

1 2
2

3 4
2

3 4
2

-

-
= -

-

p

Þ ( )

( ) ( )

( )

( ) ( )

z z

z z z z

z z

z z z z
e i1 2

2

1 2 1 2

3 4
2

3 4 3 4

-
- -

= -
- -

p

Þ ( )

( )

( )

( )
( )

z z

z z

z z

z z

1 2

1 2

3 4

3 4

1
-
-

= -
-

-

Þ a a1 2= - [from Eq. (i)]

\ a a1 2 0+ =
(ii) If the lines are parallel, then

z z

z z

z z

z z
e1 2

1 2

3 4

3 4

0-
-

= -
-

Þ ( ) ( )z z

z z

z z

z z

1 2
2

1 2
2

3 4
2

3 4
2

-

-
= -

-

Þ ( )

( ) ( )

( )

( ) ( )

z z

z z z z

z z

z z z z

1 2
2

1 2 1 2

3 4
2

3 4 3 4

-
- -

= -
- -

Þ ( )

( )

( )

( )

z z

z z

z z

z z

1 2

1 2

3 4

3 4

-
-

= -
-

Þ a a1 2=

Remark
1. The equation of a line parallel to the line a z az b+ + = 0 is

a z az+ + l = 0, where l ÎR.

2. The equation of a line perpendicular to the line
a z a z b+ + = 0 is a z a z i- + =l 0

where, l ÎR and i = - 1
.

(v) Length of perpendicular from a given point on a
given line

The length of perpendicular from a point P z( )1 to the
line

a z a z b+ + = 0 is given by
az a z b

a

1 1

2

+ +
.

( )z3

( )z2

( )z4

( )z1



Proof Let PM be perpendicular from P on the line
a z a z b+ + = 0 and let the affix of M be z 2 , then

PM z z= -1 2

a z a z b+ + = 0

and M z( )2 lies on a z a z b+ + = 0, then

a z a z b2 2 0+ + = …(i)

Since, PM perpendicular to the line ( ).a z a z b+ + = 0

Therefore,
z z

z z

a

a

1 2

1 2

0
-
-

+ -æ
èç

ö
ø÷

=

Þ a z a z a z a z1 2 1 2 0- - + =
Þ a z a z b a z a z a z b1 1 1 2 22+ + = + - +

= - + +2 1 2 2a z az az b( )

= - -2 1 2 2a z a z a z [ ]Qa z b a z2 2+ = -
= -2 1 2a z z( )

or a z a z b a z z1 1 1 22+ + = -

= -2 1 2a z z [ | | | | ]Q z z=
= 2 a PM

\ PM
a z a z b

a
=

+ +1 1

2

y Example 80. Show that the point ¢a is the reflection
of the point a in the line z b z b c+ + = 0, if
a b ab c¢ + + = 0.

Sol. Since, a¢ is the reflection of point a through the line.

So, the mid-point of PQ

i.e.,
a a+ ¢

2
lies on zb zb c+ + = 0

or b
a a

b
a a

c
+ ¢æ

èç
ö
ø÷

+
+ ¢æ

è
ç

ö

ø
÷ + =

2 2
0

Þ b a a b a a c( ) ( )+ ¢ + + ¢ + =2 0 …(i)

Since, PQ AB^ . Therefore,

Complex slope of PQ + Complex slope of AB = 0

Þ
a a

a a

b

b

- ¢
- ¢

+ -æ
èç

ö
ø÷

= 0

Þ b a a b a a( ) ( )- ¢ - - ¢ = 0 ...(ii)

On subtracting Eq. (ii) from Eq. (i), we get

a b ab c¢ + + = 0

Aliter

Equation of perpendicular bisector of PQ is

z a a z a a a a aa( ) ( )¢ - + ¢ - - ¢ ¢ + = 0 …(i)

and given line zb z b c+ + = 0 …(ii)

Since, Eqs. (i) and (ii) are identical, we have

¢ -
=

¢ -a a

b

a a

b
=

- ¢ ¢
=

aa a a

c
k [say]

Q ¢ - = ¢ - =a a b k a a bk,

and aa a a ck- ¢ ¢ =

Now, a b ab a
a a

k
a

a a

k
¢ + = ¢ ¢ -æ

èç
ö
ø÷

+
¢ -æ

èç
ö
ø÷

ì
í
î

ü
ý
þ

= ¢ ¢ -
1

k
a a a a{ } = -

1

k
ck( ) = - c

Hence, a b ab c¢ + + = 0

(f) Circle
The equation of a circle whose centre is at point affix z 0

and radius r , is z z r- =0 .

Remark
1. If the centre of the circle is at origin and radius r, then its

equation is z r= .

2. z z- 0 < r represents interior of a circle z z- 0 = r and
z z- 0 > r represent exterior of the circle z z- 0 = r.

3. r z z R< - <0 , this region is known as annulus.

(i) General Equation of a Circle
The general equation of the circle is

z z a z a z b+ + + = 0,

where a is a complex number and b RÎ , having centre at ( )-a

and radius = -a b
2

.

Proof The equation of circle having centre at z 0 and
radius r is

z z r- =0

B A z( )

P a

Q a'

r
P z( )

C z( )0

P z( )1

M z( )2



Þ z z r- =0
2 2

Þ ( ) ( )z z z z r- - =0 0
2

Þ zz zz z z z z r- - + =0 0 0 0
2

Þ zz z z z z z r+ - + - + - =( ) ( )0 0 0
2 2 0

Þ zz az az b+ + + = 0

where, a z= - 0 and b z r= -0
2 2

Þ zz a z a z b+ + + = 0

where, b RÎ represents a circle having centre at ( )- a and

radius = -z b0
2

= -| |a b2 .

Remark
Rule to find the centre and radius of a circle whose equation is
given

1. Make the coefficient of z z equal to 1 and right hand side
equal to zero.

2. The centre of circle will be = -( )a = -( coefficient of z ).

3. Radius = -(| | )a 2 constant term

y Example 81. Find the centre and radius of the circle
2 3 3 7 0z z i z i z+ - + + - =( ) ( ) , where i = -1.

Sol. The given equation can be written as

zz
i

z
i

z+
+æ

è
ç

ö

ø
÷ +

+æ
èç

ö
ø÷

- =
3

2

3

2

7

2
0

So, it represent a circle with centre at -
+æ

èç
ö
ø÷

3

2

i
and radius

= -
+æ

èç
ö
ø÷

+
æ

è
ç
ç

ö

ø
÷
÷

3

2

7

2

2
i

= + +æ
èç

ö
ø÷

9

4

1

4

7

2
= 6

(ii) Equation of Circle Through Three
Non-Collinear Points

Let A z B z C z( ), ( ), ( )1 2 3 be three points on the circle and
P z( ) be any point on the circle, then

Ð = ÐACB APB

Using Coni method,

in DACB,
z z

z z

BC

CA
e i2 3

1 3

-
-

= q …(i)

in DAPB,
z z

z z

BP

AP
e i2

1

-
-

= q …(ii)

From Eqs. (i) and (ii), we get

( ) ( )

( ) ( )

z z z z

z z z z

- -
- -

=1 2 3

2 1 3

Real …(iii)

Remark

If four points z z z z1 2 3 4, , , are concyclic, then
( ) ( )

( ) ( )

z z z z

z z z z

4 1 2 3

4 2 1 3

- -
- -

=

real [replacing z by z4 in Eq. (iii)]

or arg
( ) ( )

( ) ( )

z z z z

z z z z

2 3 4 1

1 3 4 2

- -

- -

é

ë
ê
ê

ù

û
ú
ú

= p, 0.

(iii) Equation of Circle in Diametric Form
If end points of diameter represented by A z( )1 and B z( )2

and P z( ) is any point on circle.

\ Ð = °APB 90

\ Complex slope of PA + Complex slope of PB = 0

Þ z z

z z

z z

z z

-
-

æ
è
ç

ö
ø
÷ + -

-
æ
è
ç

ö
ø
÷ =1

1

2

2

0

Hence, ( ) ( ) ( ) ( )z z z z z z z z- - + - - =1 2 2 1 0

which is required equation of circle in diametric form.

(iv) Other Forms of Circle
(a) Equation of all circles which are orthogonal to

z z r- =1 1 and z z r- =2 2 .

Let the circle be z r- =a cut given circles
orthogonally.

\ r r z2
1

2
1

2
+ = -a …(i)

and r r z2
2

2
2

2
+ = -a …(ii)

On solving,

r r z z z z2
2

1
2

1 2 1 2- = - + -a a( ) ( ) + -z z2
2

1
2

and let a = +a ib , i = - 1, a b R, Î

(b) Apollonius circle
z z

z z
k

-
-

= ¹1

2

1

It is the circle with join of z 3 and z 4 as a diameter,

where z
z kz

k
z

z kz

k
3

1 2
4

1 2

1 1
= +

+
= -

-
,

for k = 1, the circle reduces to the straight line which
is perpendicular bisector of the line segment from z 1

to z 2 .

P z( )

C z( )3

B z( )2

A z( )1

θ

θ

B z( )2

P z( )

A z( )1
Diameter

90°



(c) Circular arc arg
z z

z z

-
-

æ
è
ç

ö
ø
÷ =1

2

a

This is an arc of a circle in which the chord joining z 1

and z 2 subtends angle a at any point on the arc.

If a p= ±
2

, then locus of zis a circle with the join of

z 1 and z 2 as diameter. If a = 0 or p, then locus is a
straight line through the points z 1 and z 2 .

(d) The equation z z z z k- + - =1
2

2
2

, will represent a

circle, if k z z³ -1

2
1 2

2
.

y Example 82.Find all circles which are orthogonal
to z = 1 and z - =1 4 .

Sol. Let z k- =a …(i)

(where, a = +a ib and a b k R, , Î and i = - 1) be a circle

which cuts the circles

z = 1 …(ii)

and z - =1 4 …(iii)

Orthogonally, then using the property that the sum of
squares of their radii is equal to square of distance between
centres. Thus, the circle (i) will cut the circles (ii) and (iii)
orthogonally, if

k 2 2
1 0+ = - =a aa

and k 2 2
16 1 1 1+ = - = - -a a a( ) ( )

= - + +aa a a( ) 1

\ 1 15 0- + - =( )a a Þ a a+ = -14

\ 2 14a = - Þ a = - 7

Þ a = +a ib = - +7 ib

Also, k 2 2
1= -a = - + -( )7 12 2b = +b2 48

Þ k b= +( )2 48

Therefore, required family of circles is given by

z ib b+ - = +7 48 2( ).

(g) Equation of Parabola
Now, for parabola

SP PM=

z a
z z a

- =
+ + 2

2

or z z a z z z z- + = +4
1

2

2 2( ) { ( ) }

where, a RÎ (focus), directrix is z z a+ + =2 0.

(h) Equation of Ellipse
For ellipse

SP S P a+ ¢ = 2

Þ z z z z a- + - =1 2 2

where, 2 1 2a z z> - [since, eccentricity < 1]

Then, point z describes an ellipse having foci at z 1 and z 2

and a RÎ + .

(i) Equation of Hyperbola
For hyperbola

SP S P a- ¢ = 2 Þ z z z z a- - - =1 2 2

where, 2 1 2a z z< - [since, eccentricity > 1]

Then, point z describes a hyperbola having foci at z 1 and

z 2 and a RÎ + .

Examples on Geometry
y Example 83. Let z i z i1 210 6 4 6= + = +, , where

i = - 1. If z is a complex number, such that the
argument of ( )/ ( )z z z z- -1 2 is p /4, then prove that
z i- - =7 9 3 2.

Sol. Q arg
z z

z z

-
-

æ
è
ç

ö
ø
÷ =1

2 4

p

S a( + .0)iAN

M

z
a

+
+

2
=

0
z

( )O

Imaginary axis

Real axis

P z( )

P z( )

S z′( )2 S z( )1

Imaginary axis

Real axis
C

P z( )

S z( )1S z′( )2 C

Imaginary axis

Real axis



It is clear that z z z, ,1 2 are non-collinear points. Always a
circle passes through z z, 1 and z2 . Let z0 be the centre of the
circle.

On applying rotation theorem in DBOC ,

z z

z z

OC

OB
e i1 0

2 0

2-
-

= ( )p / = i [ ]QOC OB=

Þ ( ) ( )z z i z z1 0 2 0- = -
Þ 10 6 4 60 0+ - = + -i z i i z( )

Þ 16 2 1 0+ = -i i z( )

or z
i

i

i

i
0

16 2

1

1

1
=

+
-

×
+
+

( )

( )

( )

( )

=
+ + +16 16 2 2

2

2i i i

=
+

= +
14 18

2
7 9

i
i

and radius, r OC z z= = -0 1 = + - -7 9 10 6i i

= - +3 3i

= +( )9 9 = 3 2

Hence, required equation is

z z r- =0

Þ z i- - =7 9 3 2

y Example 84.If z i- + £2 2, where i = - 1, then

find the greatest and least value of z .

Sol. Q Radius = 2 units

i.e., AC CB= = 2 units

\ Least value of z = OA = -OC AC = -5 2

and greatest value of z = OB = +OC CB = +5 2

Hence, greatest value of z is 5 2+ and least value of z

is 5 2- .

y Example 85. In the argand plane, the vector
z i= -4 3 , where i = - 1, is turned in the clockwise

sense through 180° and stretched three times. Then,
find the complex number represented by the new
vector.

Sol. Q z i= -4 3 Þ z = + - =( ) ( )4 3 52 2

Let z1 be the new vector obtained by rotating z in the
clockwise sense through 180°, therefore

z z e z i ii
1 4 3 4 3= = - = - - = - +- p ( ) .

The unit vector in the direction of z1 is - +
4

5

3

5
i.

Therefore, required vector = - +æ
èç

ö
ø÷

3
4

5

3

5
z i

= - +æ
èç

ö
ø÷

= - +15
4

5

3

5
12 9i i

Aliter

Here, z i1 4 3= - +
Hence,3 12 91z i= - +

y Example 86.ABCD is a rhombus. Its diagonals AC
and BD intersect at the point M and satisfy BD AC= 2 .
If the points D and M represents the complex numbers
1+ i and 2 - i, where i = - 1, respectively, find A.

Sol. Let A zº

Q BD AC= 2 or DM AM= 2

Now, in DDMA,

Applying Coni method, we have

z i

i i

AM

DM
e i- -

+ - -
=

( )

( ) ( )

2

1 2

2p / =
1

2
i

Þ z i
i

i- + = - +2
2

1 2( ) = - -
i

2
1 or z i= -1

3

2

\ A iº -1
3

2
or 3

2
-

i

[if positions of A Cand interchange]

A

B

C(2, –1)

X

Y

2

2

O

O

z1

z

–4
4

Real axis

3

–3

Imaginary axis

π/2
rr

O z( )0

C z( )1

A z( )

( )z B2

π/4

C B

A z( )
D(1 + )i

(2 – )i
M

π/2



If z
b

z
a± = , then the greatest and least values of | |z

are
a a b+ +( | | )2 4

2
and

- + +a a b( | | )2 4

2
,

respectively.

Proof z
b

z
z

b

z
± ³ -

Þ a z
b

z
³ -

| |

| |

or - £ - £a z
b

z
a

| |

| |

Now, z
b

z
a- £

| |

| |

Þ | | | | | |z a z b2 0- - £

\
a a b

z
a a b- +

£ £
+ +( | | )

| |
( | | )2 24

2

4

2

or 0
4

2

2

£ £
+ +

| |
( | | )

z
a a b

…(i)

and | |
| |

| |
z

b

z
a- ³ - Þ | | | | | |z a z b2 0+ - ³

\ | |
( | | )

z
a a b

³
- + +2 4

2
…(ii)

From Eqs. (i) and (ii), we get

- + +
£ £

+ +a a b
z

a a b( | | )
| |

( | | )2 24

2

4

2

Hence, the greatest value of | |z is
a a b+ +( | | )2 4

2

and the least value of | |z is
- + +a a b( | | )2 4

2
.

Corollary For b = 1, z
z

a± =
1

Then,
- + +

£ £
+ +a a

z
a a( ) ( )2 24

2

4

2

y Example 87. Find the maximum and minimum

values of z satisfying z
z

+ =
1

2.

Sol. Here, b = 1 and a = 2

\ Maximum and minimum values of z are
2 4 4

2

+ +( )

and
- + +2 4 4

2

( )
i.e., 1 2+ and - +1 2, respectively.

y Example 88. If z
z

+ =
4

2, find the maximum and

minimum values of z .

Sol. Here, b = 4 and a = 2.

\ Maximum and minimum values of z are

2 4 16

2

+ +( )
and

- + +2 4 16

2

( )

i.e. 1 5+ and - +1 5, respectively.

y Example 89. If z ³ 3, then determine the least

value of z
z

+
1

.

Sol. Q z
z

z
z

+ ³ -
1 1

= -z
z

1
…(i)

Q z
z

³ Þ £3
1 1

3
or - ³ -

1 1

3z

\ z
z

- ³ -
1

3
1

3
=

8

3
Þ z

z
- ³

1 8

3

or z
z

- ³
1 8

3
…(ii)

From Eqs. (i) and (ii), we get

z
z

+ ³
1 8

3

\ Least value of z
z

+
1

is
8

3
.



1 If z z z1 2 3, , and z4 are the roots of the equation z4 = 1, the value of S
=i

iz
1

4
3

is

(a) 0 (b) 1 (c) i i, = - 1 (d) 1 1+ = -i i,

2 If z z z zn1 2 3, , , ... , are n, nth roots of unity, then for k n= 1, 2, 3, ... ,

(a) z k zk k= + 1 (b) z k zk k+ =1

(c) z z zk k k+ -= +1 1 (d) z zk k= + 1

3 If 1 1 2 3 1, , , , ... ,a a a an - are n, nth roots of unity, then ( ) ( ) ( ) ... ( )1 1 1 11 2 3 1- - - - -a a a an equals to

(a) 0 (b) 1 (c) n (d) n2

4 The value of
k

k
i

k

=
å æ

èç
ö
ø÷

- æ
èç

ö
ø÷

æ
èç

ö
ø÷

1

6 2

7

2

7
sin cos ,

p p
where i = - 1, is

(a) - 1 (b) 0 (c) - i (d) i

5 If a ¹ 1is any nth root of unity, then S = + + +1 3 5 2a a ... upto n terms is equal to

(a)
2

1

n

- a
(b) -

-
2

1

n

a
(c)

n

1- a
(d) -

-
n

1 a

6 If a and b are real numbers between 0 and 1, such that the points z a i1 = + ,z bi2 1= + and z3 0= form an

equilateral triangle, then

(a) a b= = +2 3 (b) a b= = -2 3

(c) a b= - = +2 3 2 3, (d) None of these

7 If z = 2, the points representing the complex numbers - +1 5z will lie on

(a) a circle (b) a straight line (c) a parabola (d) an ellipse

8 If z z- - =2 3 2/ represents a circle, then its radius is equal to

(a) 1 (b)
1

3
(c)

3

4
(d)

2

3

9 If centre of a regular hexagon is at origin and one of the vertex on argand diagram is 1 2+ i , where i = - 1, its

perimeter is

(a) 2 5 (b) 6 2 (c) 4 5 (d) 6 5

10 If z is a complex number in the argand plane, the equation z z- + + =2 2 8 represents

(a) a parabola (b) an ellipse (c) a hyperbola (d) a circle

11 If z i z i- - + + - =2 3 2 6 4, where i = - 1, then locus of P z( ) is

(a) an ellipse (b) f
(c) line segment of points 2 3+ i and - +2 6i (d) None of these

12 Locus of the point z satisfying the equation iz z- + - =1 1 2, is  (where, i = - 1)

(a) a straight line (b) a circle (c) an ellipse (d) a pair of straight lines

13 If z, iz and z iz+ are the vertices of a triangle whose area is 2 units, the value of z is

(a) 1 (b) 2 (c) 4 (d) 8

14 If z
z

- =
4

2, the greatest value of z is

(a) 5 1- (b) 3 1+ (c) 5 1+ (d) 3 1-
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Answers

Exercise for Session 4

1. (a) 2. (d) 3. (c) 4. (d) 5. (b) 6. (b)

7. (a) 8. (d) 9. (d) 10. (b) 11. (b) 12. (a)

13. (b) 14. (c)
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