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Topic Notes

@ Determinants: Its Properties and Area of a Triangle
& Minors and Cofactors

@ Applications of Determinants and Matrices



DETERMINANTS: ITS PROPERTIES AND
AREA OF A TRIANGLE

| ToPIC 1]
DETERMINANT

Now, we know that a system of algebraic equations
can be expressed in the form of matrices. In order
to determine whether this system of algebraic
equations has a unique solution or not, a number,
which is inferred from the equations is calculated. This
number is called a determinant. Determinants have
wide applications In the fields of engineering, science,
economics, social sciences, ete. In this chapter, we will
study till third order determinants.

Let A be any square matrix. We can associate a
unique expression or number (real or complex)with
this square matrix, called determinant of A. It is
dencted by det (A) or |A].

A Caution

= A is read as determinant of A’ and not ‘modulus of A’

= Only squore matrices have determinants. Non-
square matrices do not have determinants.

| TOoPIC2|
DETERMINANT OF A SQUARE MATRIX OF DIFFERENT ORDERS

Determinant of a Square Matrix of
Order 1

Let A = [a44] be a square matrix of order 1. Then we
define |A| = a1y

Determinant of a Square Matrix of
Order 2

a, a
let A= | " 12| be a square matrix of order 2.
@ 93

Then we define |A| as

a,, a
Al= | M 2| = ana; - aian
Al a1 9»
Example 1.1: Evaluate the following
determinants:
2 4
A | _1|
cosf -sind
®) sin® cos
2
x*-x+1 x-1
NCERT
© x+1 x+1 [ ]

2 4
Ans. (A) |_5 _1| =2(-1)-4(-5=-2+20=18

cos —sinB

=cos BecosO-(-sinB)sin®
sin@ cos® REvas ( )

(8)

=cos?0 +sinf=1

2 x4+l x-1

Xx+1 x+1

X

©

=0 -x+ DX+ D-x-Dx+1)
=(x+ )2 -x+1-x+1)
=(x+ 1) =-2x+2),0rx —x*+2

Example 1.2: A = : i. then show that
|2A] = 4]A|. [NCERT]
1 2] [2 4
Ans. Here, 24 = 2-4 2_ =[8 4]
2 4
So, |2A] = |B 4|
=(2)(4) - (4)(8)
=8-32=-24
And, 4|A] = 4[(1)(2) - (2)(4)]
= 4(2-8)
=-24
Thus, |2A] = 4|A|
2 3 |x 3
Example 1.3: If 4 5’- 2y 5’. then find the
value of x. [NCERT]
2 3 x 3
Ans. Given: ’4 5‘— 2% 5|.

2 (2)(5) = (3)(@) = 0(5) - (3)(20)
10-12 = 5x-6x

—
= x=2




Determinant of a Square Matrix of
Order 3

a a a

11 %2 %3
Let A = (91 9y T3
O3y 933 g3

order 3. Then we define |A| as

be a square matrix of

Gy Oy Gig

|Al=lay; Gy ap
Q31 T3z 933
4a. a a.. a
» aii{_1}1+1 022 23 +au(_1}1+1 a21 23
32 Faq 11 a3
4. a
1+3
+aﬂ(_1) a21 022
31 Ym
= 1‘-‘*’22 03| _ 2‘321 99|, 3“21 G
O3 i3 31 O3 O3 Q3

= a11(022033 - @23@32) - G132 (A12033 - G23931)

+a13(03103; - @270931)
A Caution

= The above expansion of |A] Is the expansion along the
first row. We can also find the expansion of JAf along any row
or column. The value of [A| remains the same.

3 -4 5

Example 1.4: Evaluate |1 1 -2 [NCERT]
2 3 1
3 -4 5
Ans. Expanding |1 1 -2| along first column, we
2 3 1
have
3 -4 5
L3 I
2 3 1
-4 5
+2 1 _,2|

=3(1+6)-1(-4-15)+ 2(8-5)
=21+19+6
= 46

;{ﬁ Important

= For any square matrix of order n, [A'] = JA].

= For any square matrix of order n, [kA[ = K*[A].

= for any square matrices A and B of the same order,
JAB| = [A[B].

= A square matrix A is said to be singular, if |[A] = 0.

| ToPIC 3 |
AREA OF A TRIANGLE USING DETERMINANTS

In earlier classes, we have studied that,
area (A) of a triangle with vertices (x1, u1),
(x2, y2) and (x3, y3) is given by

A= %|x1(yg—yg) + X3(Ya = Y1) + Xaly1 - y2)| ~()

Now we write the expression () in the form of a
determinant as
1 X1 W 1
A=clx Yy 1 - (if)
X3 Yy 1

A Caution

= Since area of a triangle is a positive guantity, we always
take the absolute value of the determinant in (ii).

Example 1.5: Find the area of a triangle whose

vertices are (2, 7), (1, 1) and (10, 8). [NCERT]

Ans. The area (4) of the triangle with given vertices
is given by

= M

1
A==
2

1
1
1 1

o
=~

Expanding along Rs, we have
A= -;- [2(1-8)-7(1-10) + 1(8 - 10}

% 14+ 63-2|

. | 47 |, cr4—7- §Q. units
2 2

Condition of Collinearity

Three points A(xy, Y1), Blxz y3) and Cix3, y3) are said
to be collinear, if they lie on the same straight line. In
other words, we can say that if the area of a triangle
formed by vertices A, B and C is zero, then points are
collinear. Therefore, if

X o4 1
Xy Y 1| =0,
X3 Y3 1

le, x1(yz2 = y3) + xa(ya - y1) + x3ly1 -~ y2) = 0,
Then, A(x1, Y1), Blxa, y2) and C{xs, y3) are collinear.
Example 1.6: Show that the points A{a, b + ¢),
B(b, ¢ + a) and C(c, a + b) are collinear. [NCERT]
Ans. The given three points A{a, b + ¢), B(b, c + a) and
Cle, a + b) will be collinear, if the value of the
a b+c 1
determinant |b c+a 1| iszero.
c a+b 1



a b+ec 1
LetA=|b c+a 1.
c a+b 1

Then, A=alc+a-a-b)-(b+c)b-¢)
+1(ba+ b?-ct-ca)
=a(c-b)-(b?-cY) + ba+b?-c?-ca
=0
Thus, the points A(g, b + ¢), B(b, ¢ + a) and
Clc. a + b) are collinear.

Equation of a Straight Line Passing
Through Two Given Points A(xi, yi)
and B(xz, y7) in a Plane

Let Af{x1, y1) and Bi{xs ys) be given two points. Let
P(x, y) be any general point on the line passing

through A and B, then the three points A, B and P
must be collinear, and hence

x y1
x; 4 1 =0
X3 Y 1

Thus, the equation of a line passing through two given
points A(xy, y;) and B{x,, y5) is given by
x g1
x; Y 1/=0
X3 Y 1

cfﬂ’ Important

~= The coordinates of the general point P(x, y) can be placed

in 2" or 3™ row, the equation of the line will remain the

same.

Example 1.7: Find the equation of a line joining

A(1, 2) and B(3, 6), using determinants. [NCERT]

Ans. Let P(x, y) be any general paint on the line
passing through A and B, then the three points
A, B and P must be collinear, and hence

x y 1

1 2 1|=0

3 812
=>x(2-6)-y(1-3)+1(6-6)=0
= —4x+2y=0

Thus, the equation of the line is y = 2x.

( OBIECTIVE Type Questions )

[ 1 mark ]

Multiple Choice Questions

1. Value of k, for which A = [: :k] is a singular

matrix, is:
(a) 4 (b) -4
(c) ¢4 (d) 0
[CBSE Term-1 SQP 2021]
Ans. (c) x4
As A s singular matrix
= [A]=0

>  2A'-32=0=k=:4
[CBSE Marking Scheme Term-1 SQP 2021]
Explanation: .- A is a singular matrix

|l =0

Kk 8
= 4 g =P
= 2k2-32=0
= kK’ =16
= k=1+4

6x B
2.If A= [ ; 2] is singular matrix, then the

value of x is:

(@) 3 (b) -2
(e 0 (d) 2
[Delhi Gov. 2022]
Ans. (d) 2
. 6x 8
Explanation: A = [ 3 2]
= |Al=12x-24=0
= x=2

3. Given that A is a non-singular matrix of
order 3 such that A? = 2A, then value of [2A]
is

(a) 4 (b) 8
(c) 64 (d) 16
[CBSE Term-1 SQP 2021]
Ans. (c) 64
Al=2A
= |A%] = |24
= [A?] = 23|A] as [kA| = k" |A] for @ matix
of order n

= gither |[A| =0 or |A| =8
But A is non-singular matrix
- |Al =82 =64
[CBSE Marking Scheme Term-1 SQP 2021]



Explanation: Ans. (b) O

A? = 2A Explanation: By definition of skew-symmetric
- |AZ] = |2A] matrix, AT = - A
= 1A?] = 2%)A = [AT] = |- Al
& IkAI = 7;ng F;;’Acll m;trix of order n — IAI =(- 1}3 lAI [... IATI = |A|]
= - =
= |A] =-1A|
= IAI(A-8) = 0 Al =0
= either |A| =0 or |A| =8 = Al =
But A is non-singular matrix = |A] =0
|Al =8 7 6 «x
Now, [2A] = 23)A| 8. @If one root of the equation [2 x 2/ =0
=Bx8 x 3 7
=04 is x = = 9, then the other two roots are:
x 3 4
2,6 b) 3, 6
4. @ The equation (1 2 1| =0 Is satisfied @ (b)
by: 1 4 1 (l:) 21 7 (d]' 3- 7
9. @If A is a 3 x 3 matrix such that |A| = 8, then
|3A] equals:
(ﬂ).‘l‘=1 (b}x=2 8 b) 24
(©) x=3 ) x=4 @ (®)
5 (¢) 72 (d) 216  [CBSE 2020]
ﬂ —_—
5. If for matrix A = {"2 o ]. |A%| = 125, then 10. If A is a non-singular square matrix of order
3 such that |A| = 3, then value of |2AT| is:
the value of « is: @ 3 ®) 6
(@) +3 (b) -3
© +1 @1 () 12 (d) 24
Ans. (a) +3 [Delhi Gov. 2022]
Explanation: We have, Ans, (d) 24
w Explanation:
=% =a2-4 g
=2 We know [KA| = K7|A|
We know |A"] = |A" Where n in order of matrix A
N |3 = a3 Here, n=3
|A% =125 [Given] |2AT] = 23 |AT|
1 _ rey3
= !ﬂ| - =Bl [+ |AT| = |A]
B =Bx3=24
= a’-4=5
= al=9 6 -3 1
-y a=+1 11.1f| 4 3 -1li=x+1y, then
1 sina 1 <0 3 !
6. @ Let A=|-sina 1 sina |, where (@) x=3, ys= 1 (b) x= i'y =3
“ =mnp 1 (©) x=0,y=3 () x=0,y=0
0=a =2n then: Ans. (d) x=0,y=0
(C) I AI € (2'4) (d} IA ' € [2i ld'] Elplﬂﬂﬂtiﬂn: Hera, | 4 A4 -1
[CBSE Term-1 SQP 2021] 20 3 i
7. If A Is a skew-symmetric matrix of order 3, -
then the value uflAl is: = Bf (—3 + 3] + 3!{4! + 20] + 1(12 - 60‘)
(0) 3 (b) O =-12+60i+12-60i=0

(¢) 9 (d) 27  [CBSE 2020] Thus, x=0,y =0



0 x-a x=-b
12, @ Iffix)=|x+a 0 x=c|ithen
x+b x+c O

(o) la) =0 (b) Ab)=0
(c) l0)=0 (d) A1) =0
[NCERT Exemplar]
13.1f T, To T, are the p, g*" and A" terms of an
T To T,
AP,then | P q r|=
1 1 1
(@p+qer (b) O
(c) -1 (d) 1
Ans. (b) O

Explanation: Let a be the first term and d be
the common difference of an A.P. Then,

Tp=a+(-1)d
Ta=a+(q-1)d
Tr=a+(r-1)d (i)
Expanding the given determinant along first
row, we have
T, Ta T,
p g r|=Tplg-nN-Tao-N+Tp-q)
1 414 1

={a+(p-1)dlg-r)
-{a+(g-1)dlp-r)
+{a+(r-1dip-q)
= (ag-ar-ap +ar+ ap - aq)
+{o-g-N-@-E-n
+(r-1)p-q)d
=0+{lpq-q+r-pn
-(pg-p+r-qr)
+(pr-p-qr+q}d
=(pq-q+r=-pr-pg-p-r+gqr
+pr-p+q-qrid
=0
1 x y+z
14. The value of the determinant [1 y z+ x
1 z x+y
is:
(a) x+y+z (b) O
(€ ~x-y)x-y) ) 1+x+y+z
Ans. (b) O
1 x
Explanation: Here, A= |1 y

y+z
Z+X
l 2 x+y

Expanding along Cy, we get
A=1[ylx+u)= (2+x)2]=1[x0c+ y) = (4 + 2)2]
+1[x(z+x) =y +2y]

15.

Ans.

i6.

Ans.

=xy+y?-22-xz-x-xy+yz+ 22 +xz
+x2-yt-y?
=0
The area of a triangle with vertices (-3, 0),

(3, 0) and (0, k) is 9 sq. units. The value of k is
(k> 0):

(a) 3 (b) 6
()9 (d)12
[Delhi Gow. 2022]
(a) 3
Explanation: We have, A =9 sg. units
i -1 01
0 k 1
11-3(0-kH-0+1(3-0/=9
2
= |6k = 18
= 6k=2118
— k=x3
But, k>0
k=3
Three points P (2x,x + 3), Q (0, x) and R (x + 3,

x + B) are collinear, then x Is:

(@) 0 (b) 2
(€3 d1
[CBSE Term-1 2021]
(d) 1
Explanation: For collinearity of three points
X oy 1
X» Y 1 =0
Xy Yy |
2x x+3 1
= 0 x 1 =0
x+3 x+46 1
UsingRy = R; =Ry, Ry = Ry =Ry
2x x+3 1
-2x -3 B8|=0
3-x 3

Expanding along Cy, we get
SUfx-(x+6))-0+(x+3)[(x+3)-x]=0
= 2x(-6) + (x+ 3)3=0

= -12x+3x+9=0
= -9%=-9
=

x=1.



17. While eating a slice of pizza with her
friends, Shefali noted that it is shaped like
a triangle. She questioned her friends about
computing the area of the pizza slice using
determinants, given the vertices of the slice.

If area of a triangle is 35 sq. units with
vertices (2, -6), (5, 4) and (k, 4), then k is:

(a) 12 (b) -2
(c) =12, -2 (d) 12,-2 [NCERT]
Ans. (d) 12, -2
Explanation: Area of the triangle with given
2 -6 1
vertices is 3 5 4 1
k 4 1

Expanding this determinant along 3™ row, we
have

% fk(- 6-4)- 4(2-5) + 18 + 30)},

ie,—-5k+ 25

Equating it to + 35, we have
-5k+25=435

— k=-2,12

(VERY SHORT ANSWER Type Questions (VSA) )

[ 1 mark]
tan® secd 2x x+3 15
18. @ Evoluate ' L =
caew o 24. @ if ‘2(“1) “1‘ |3 5+ then find
19.If P is a 4 x 4 matrix such that |P| # 0 and the value of x. [CBSE 2013]
|2P] = k|P|, find the value of k. )
Ans. We have |2P| = k|P| x sin@ cosB .
We know that, if A is a square matrix of order n, 25.If |-sing  -x 1 |=8, write the value
then |kA| = KA. cosf 1 x
: |2P] = 24F|
fx. CBSE 2016
= 2P| = kIP| R [ ]
= k=24 X sinf cos@

=16

20. @ IfAls a square matrix satisfuing A'A = |,
write the value of |A|. [CBSE 2019]

cos 20° sin20°
sin70° cos70°

21. @ Evgluate

1 -1 2 -1
22.@If‘A=[2 3]undB=[3 2],ﬁnd

the value of |AB|.

x 3 3 -
23.If 1 2 =|2 O,thenﬁndtheualueof‘x.
Ans. We have,
x 3 _ 3 -1
1 2 |2 o0
x-3=0+2
= 2x=5
=% x--s-
g

Ans. Given: |-sinf -x 1 |=8
cos@ 1 X

On expanding along C;, we get

x{(-x2=1)-sin @ (- x sin B - cos 0)
+cosB(-sinB+xcos0)=8

S-X-x+ :af(sin2 B + cos? 0)-sinBcos @

+cosBsinB=8

=>-x-x+x(1)=8

=>x=-8

2 x=-2ls only the real value of x.

26. @ Find the area of the triangle whose
vertices are A(4, 5), B(=1, 3) and (2, -1).

27. Find the equation of line joining points (3, 2)
and (-1, 4) by using determinant.



Ans. The equation of a line passing through points
(x1, Y1) and (x2, y3) is:

¥ g 1
X 4 1 =0
X3 Yy 1
Wehave, (x.y1)=(3,2)
and (x2.y2) = (-1,4)
x y 1
3 2 1] =0
-1 4 1

On expanding along Ry, we get
X(2-4)-y(3+1)+1(12+2) =0
= -2x-4y+14=0

= 2%+ 4y-14 =0

28. Find the maximum value of
1 1 1
1 1+sind 1 -
1 1 1+ cosf
1 1 1
Ans.letA=|1 1+sind 1
1 1 1+ cos8
On expanding along first row, we get
A 1+sin® 1 1 1
N ;] 1+ cos® 1 1+cosd
1 1+sin®
1
¥ ‘1 1
=[(1+sin®){1+cos@)-1]-[1+cosd-1]
+[1-1-sing]
=1+4+cos0+s5nB+sinBcosB-1
—cos 8-sin@

=sinfcosh

= 2 25in9::osB)=1sin29
2 2

We know that, moximum value of sin 20 s 1.
1 1

Ay = 5"1=_'

2

29. Find the value of &, if the paints, (A - 1, = 1),
(35 =1, 2) and (21 + 1, 2)) are collinear.
Ans. We have, given points are collinear.

A-1 -1 1
-1 2 1|=0
2 +1 2% 1

On expanding along C4, we get
1BA-1) (2A) -2 (2L + 1) - 1 [(A— 1) (2))
1A+ )+ 1 -1)2-(-1) (31 -1)]

=B -20-40-2)-(2A2-20 + 20 + 1)
+(2A-2+3-1)=0

42-0-6=0
, o F12 (-1)2 +4x4x6
B 2x4
_1+J1+96
8
_1+J97
8

30.If [] denotes the greatest integer Lless
than or equal to the real number under
consideration,and 1=x<2,0=y<land-1
= z < 0, find the value of the determinant.

[x]  [w+2 [2]
Ans. A = |[x] (u] [z]+2
(x1+2 [yl []

1 0+2 -1

=11 0 -1+2
1+2 0 -1
1 2 -1

=11 0 1
3 0 -1

On expanding along C;, we get
A=2(-1-3+0+0

=-8
2
31.IfA= [2 p] and [A3| = 125, then find the
value of p. [CBSE 20189]
Ans. We have, A= [p 2]
2 p
p 2
we=l ]
P
= pz— 4
Also, we have |A3| =125
= |A]® =125
On taking cube roots, we get
pi-4=5
= p*=9
= p=x3



32. If area of a triangle is 35 square units with 1
vertices (2, -6), (5, 4) and (k, 4), find the value =5 @+ o+3)-c]-@-4)
of k. la-D-al+1{la-2a-(a+3a}
Ans. We have, 1
area of triangle = 35 sq. units =32 eS¢ da-8-0g)
2 -6 1 7
g 4 1/=235 =3 %0
k 4 1 Az0
2 6 1 Also, A is independent of a.
iy 5 4 1| =+70 Hence, the given points neither form a straight
@ line nor froms a triangle.

34. Find the value of A, if area of triangle is
4 sq. units, whose vertices are A(-2, 0),
B(0, 4) and C(0, X).

Ans. Area of triangle having vertices A{-2, 0), B(0, 4)

On expanding along Cy, we get
2(4-4)-5(-6-4)+k(-6-4) =270
=5 0+50-10k=2+70

= I0E=b0 £ and C(0, A is
When we take positive sign,
10k = 50 + 70 o2 B2
- 10k = 120 | Bl Inala
- k=12 ¢ il
When we take negative sign, On expanding along Ry, we get
Ko =20 lio@-n+0+1(0) =24
= k=-2 2
Hence, values of k are 12 and -2. - 8420 =+8
33. Showthatthe points(a+ 5,a=-4}, (-2, a+ 3) Taking ~' sign,
and (g, a) do not lie on a straight line for any -84+2.=-8
value of a. [NCERT Exemplar] g M=0
Ans, Given, pointsare (0 + 5, 0-4),(a-2 a + 3) and A=0
(a.q). Taking "+' sign
If the points do not form a straight line, then -8+20=8
they will form a triangle. = 2. =16
g a+5 a-4 1 . 1=8
Area, A = 7 a-2 a+3 i Hence, values of » are 0 and 8.
a a

( SHORT ANSWER Type-I Questions (SA-1) )

[ 2 marks ]
35.IfA+ B+ C=0, then prove that: Expanding along R,
1  cosC cosB =1 (1 - cos? A) - cos C (cos C - cos A cos B)

cosC 1 cosAl=0 [NCERT Exemplar] + cos B (cos C. cos A - cos B)

cosB cosA 1 =sin?A-cos?C+cosAcosBcosC
+ cos A cos B cos C - cos?B
1 cosC cosB =sin?A-cos?B-cos?C+ 2 cosA cosBcosC
Ans. LHS =lcosC 1 cosA ==cos (A +B)cos (A-B)+cos C(2cos AcosB
cosB cosA 1 —-cos C)

[+ cos?B -sin? A = cos (A + B). cos (A - B))



=—cos (-C) cos (A -B) + cos C (2 cos A. cos
B-cos ()
[-A+B+C=0]
=—cos C (cos A cos B + sin A sin B)
+cos C(2cos A cos B—cos C)
[+ cos (-C) = cos C]
=cosC[-cosAcosB-sin AsinB + 2cos A

cos B-cos C]

=cos C [cos (A + B) - cos C]
=¢os C [cos (-C) — cos C]
=¢0s C [cos C—cos (]
=0=RHS.

Hence, proved.

& Caution

= Don't forget the formulae of expansion
trigonometry, studied in previous class.

in



MINORS AND COFACTORS _

| TOPIC 1]
MINOR

Miner of an element a; of a determinant is the
determinant obtained by deleting its & row and j"
column in which element g; lies. The minor of g is
denoted by M;.

Mustration: To find the minor of element (-2) in
2 §5 -1

the determinant A= |5 0 -2|, we need to delete
1 -1 (0}

2™ raw and 3™ column in which (-2) lies.

2|, or Mys = @1 - (1)) =7

ThUS. Mzs — i _1

Similarly, to find the minor of element (1) in the
2 5 -1
determinantA=|5 0 -2
1 -1 0

row and 1% column in which (1) lies.

* we need to delete 3™

5
Thus, Ma=

0 or Ma; = (5)(-2) - (0)(-1) =-10

2

| TOPIC 2 |
COFACTOR

Cofactor of an element ay, denoted by Ay, is defined
by

Ay= (1)1 My
where, Mj is the minor of a;;.

Ilustration: The cofactor of element (- 2) in the

2 5
determinanta= |5 0 -2| isgivenby
1 -1 0
Agz=(-1)* My,
" 2 5
e, A33——l1 _1 =-(-7)=7

Similarly, the cofactor of element (1) in the

2 5 -1
determinantA= |5 0 -2|,isgivenby
1 -1 0

Az =(-1)** My,
-1

ie, Az= 0 -2

|=-10

Important Results

(1) Let A;denote the cofactor of g;in A = [g;]. Then,
|Al = @11A11 + 912A12 + @13413 (Expanding along
first row)

= 071821 + @22h22 + G138 (Expanding qlong
second row)
= 031831 + @12837 + 433833 (Expanding along
third row)
= ay1811 + G31891 + G31A3; (Expanding along
first column)
= ay9A12 + 032827 + 037737 (Expanding along
second column)
= 013813 + Q33823 + d33A33 (Expanding along
third column)

(2) If elements of a row (or column) are multiplied
with cofactors of any other row (or column), then
their sum is zero.

2 -3 5§
ConsiderA=6 0 4/.
1 5 -7

Then, 011'%1 + Glezz +513A23

- 2 5
ol J-of 3
+off 3

= (2)(4) + (-3)(-19) + (5)(-13)
=84+ 57-65
=0



Example 2.1: Write minors and cofactors of the

and A =(-1)2*2Mqpp=2

10 4 £ 0
elementsof |3 5 -1 [NCERT] Mag = |0 11 =1-0=1;
01 2
Ans. We have and A =(-1)2" M =-1
5 -1 - 0 4
M=l o/ =10+1=15 Ma=|c _,| =0-20=-20;
and Agq = (-1)1* 1 My =11
Mn (3)-1 1; e and A3y =(-1)** M3 =-20
1-2= — + =D,
o 2
Maz = ; _i =-1-12=-13;
ondAjp=(-1)1*?M;;=-6
3 5
Mia= 01 =3-0=3; and Azm =(—1]3’2M32= 13
1413 10 ;
GhdA13={—1) Miz=3 M33= 3 g =5-0=5;
Ma; = 2 ; =0-4=-4
and Az =(-13*3Mg =5
ond Ayy = (-1)?* 1My = 4
1 4
Mag = 0 2 =2-0=2;
| ToPIC 3 |
ADJOINT OF A MATRIX
=[a. i d -b
Let A = [a;] be a square matrix and Ay be the cofactor i ke [ ]
of the element g Then the matrix [A] is called the Sha

cofactor matrix of the matrix A.
The transpose of the matrix [A] is called the adjoint
of the matrix A.
013 Giz O13
IHustration: Let A= |Gy;; Gy; 0g9 | Then,its
Q31 O3z 033

A A Ags
cofactor matrixis [A5; As; Asg | and is written as
An Axp Axn
cof A,
Agr Ay Ay
So, its adjoint matrix is Az Ay Ayl ond is
Az Ay Ay

written as adj A.

q‘_ﬂ’ Important

= |t j5 quite easy to write the adjoint matrix of @ 2 = 2

matrix.
a b
a=[2 dl

Let
Then, the ad] A is obtained by interchanging a and d, and by
changing signs of b and c.

Noteworthy Results

(1) AfadjA) = (adj AJA = |Al,

(2) ladj Al =]AI""?

(3) |A (adjA)| = |A]"

(4) |adj (adj )| = A"

(5) AfadjA)=|A]"~2A

(6) adj(kA)=k""1 (adj A)

(7) adj(A) = (adj A

(8) adj (AB) = (adj A){adj B)

Example 2.2: Find the adjoint of the matrix

1 -1 2
A=| 2 3 5]|. [NCERT]
-2 01
Ans. Let A; be the cofactor of the element g; in
1 -1 2
A=[gl=]| 2 3 5{.
-2 01
35
Then, Ay = (-1)t*? 0 1| =3




25 -1 2
= (-1)'*2 e — (_1)3+1 i
Ap=(-1) _9 1| 1z Ag = (-1) 3 5|-- 1%
Az = (_1y1+3 23_. A=_3+212__.
12 = (~1) = G‘—ﬁ. 32 = (-1) 5 5 L
-1 2 1 -1
Agy = (—1)2+1 0 1|=1: A3z = (—1)3+3 2 3 =5
253 1 2 .
Ay = (-1) =5; 3 -12 6 3 1 -11
-2 1 Thus,adjaA=| 1 5 2| =[-12 5 -1
§ 4 i3 A 5 62 5
_ {_132+3 o
| TOPIC 4 |
INVERSE OF A MATRIX
A square matrix A is invertible if it is non-singular, ie, .21 2
if |A] = 0. Ay = (-1)°*2 3 al==2
The inverse (A~ 1) of a non-singular matrix A is defined
" 1, . . L N [
as. A 1= m(ﬂd}A} AZB— (_1) 3 _2| __]1
gﬂ:]’lmportant Asy = =1 _; ; =-1;
= Since AA-T=| a
- .fM-If:I 1 2
> M A= -1+ _3|=3;
Thus, s
LIS, A= TA]
3+3|1 -1
; . A3z =(-1) |=2
Example 2.3: Find the inverse of the matrix 0 2
i1 -1 2
A= |0 2 -3|. [NCERT] 2 -9 -6 2 0 -1
3 -2 4 —adjA=| 0 -2 -1|=|-9 -2 3
-1 3 2 -6 -1 2
Ans. Here, |A|=1(8-6) + 1{0+9) + 2(0-6)
=2+9-12=-1=20 Now., A-].:L(udeJ
So, A is invertible, as A is non-singular. [A]
Let Ay be the cofactor of the element g; in } 2 0 -1
1 -1 2 =—|-9 -2 3
A=[ﬂ'ﬂ]= 0 2 -3 -—n"IEI"l, { 1) -8 1 2
3 -2 4
-2 0 1
2 -3
A}_]_:(_I)l"'l e 4 =2 o 9 2 -3
6 1 -2
0 -3
= p_ayle2 .
A=iEn™ g 4=R 37 6 8
BExample 2.4: Let A = and B =
25 79
A = (_1)11-3 0 2 =_6,
B 3 -2 : Verifyy that (AB)"! =B~ 1A"1, [NCERT]
-1 2 _|3 7]|6 &
Agy = (-1)?*1 ol =0 Ans. Here, AB = [2 5][7 9




T [12+35 16445
_[67 87
" |47 61

|AB| = 67 x 61 - 87 x 47

- [18-!- 49 24 +63}

= 4087 - 4089
=-2=20
So, AB is invertible, as AB is non-singular.
e 61 -87
Thus, (AB) " = ﬁ[_ 47 &7 {0

Further, |A|=3x5-2x7=15-14=120
So, A is invertible, as A is non-singular.

ol

5 -7
- [-2 3] @

Also, |B|=6x9-7x8=54-56=-220

So, B is invertible, as B is non-singular.
wgi.- 4 [ 9 -8] "

Thus, B *= 3 -7 ] (i)

From (i) and (i), we have

-t 1 [9 -85 -7
B8 (A *Tol-7 s_[-z 3]

1 [ 45+16 —63—24]

“Fol-35-12 49+18
_ 1 [ 61 -87
T (-2|-47 €7

Comparing it with (i), we get
(aB) ! =B~1A"1

(OBIECTIVE Type Questions )

[ 1 mark]

Multiple Choice Questions
1. Given that A = [a] is a square matrix of
order 3 x 3 and |A| = -7, then the value of
3
Z¢.1aizAr2, where Ay denotes the cofactor
of element ay [s:
(o) 7 b) -7
() O (d) 49
[CBSE Term-1 SQP 2021]
Ans. (b)) -7
Al =-7

3
L Z,.,"-:A,-fﬂm"‘u +0,4 +ay, A,
Al =-7
[CBSE Marking Scheme Term-1 SQP 2021]
Explanation:
3
Zi.lai!A-'ﬂ- =0;3A + 0y Ay + 0pAy,

= Determinant of matrix A
expanded along C

= Al

=-7

2. The cofactor of an element =5 in the

-1 2 3
determinant | 4 -7 -1|is:
-2 -5 6
(o) 11 (b) -12
(c) -11 (d) 12
Ans, (0) 11

Explanation: The cofactor of an element - 5 in
the given determinant is

; =-(1-12)=11

1 T+2
-1) 4 =1

3. @ Given that Als a square matrix of order 3
and |A| = = 4, then |ad] A| is equal to:
(a) -4 (b) 4
(c) -16 (d) 16
[CBSE Term-1 SQP 2021]

4. If A is an invertible matrix of order 2. Then,
det (A™Y) is equal to:

1
(a) det (A) (b) det (A)
(© 1 (d) 0
Ans. (b)

[NCERT]

S
det(A)



Explanation: A being an invertible matrix,

& AAL =]

= [AAY =1

or [AlAY =1

= det (A™Y) = 4
det (A)

10 ©
5. Forany 2 x 2 matrix, If A (ad] A) = [ R 10],

then |A] is equal to:

(o) 20 (b) 100
(e) 10 (d) 0
Ans. (c) 10

10 0
Explanation: Given, A (adj A)z[ 0 10]'

|A(adj A)| = 100

= |A]? = 100
{~+ |A (adj A)| = |A]", for a matrix A of order n}

= |A] =10

3 12
6. IfFA" 1= (0 1 2|,then|adjAl=
0 21
1 1

a) — b) —

(@) g ®) ==

(c) -9 (d) -81

[Delhi Govw. 2021]
Ans. (b) é

Explanation: We have,
A =3(1-4)+0
|[Expanding along ¢4]

=-9
Weknow, A= 1
A
1 _ 1
or, |A| = |A-1| == 3
Also, we know that
|adj. A| = |A|™
Where n is order of matrix A
= |A|3-1
2
1
I D
-w=(-3)
=3
81

a 0 0
7. @If A=|0 a 0/, then the value of |adj A]
00 a

(a) a? (b) &°®
(c) o® (d) a? [DIKSHA]
1 —tand 1 tand]? a-b
8- ¥ [tane 1 ][—mne 1 ] =[b a ]'
then:
(d] a=1, b=1

(b) a=cos 26, b=sin 20
(c) a=sin20,b=cos 28
(d] a=1,b=-1

Ans. (b) a = cos 20, b = sin 20
Explanation: Given;

- " 1

1 -—-tanf 1 tanf a-b
[tan® 1 || -tan® 1 | al
we have

1 —mr'néi-)‘c 1 1 -tan®
[tan@ 1 | 14tan?e[tan® 1

]

—2tanf ]

1-tan’e

2tanf 1-tan’@

_|a -b
b a
cos 20 _sin?ﬂ

7 2
= c0s20 ::95 4] cos“
sin26 cos28

cos’®  cos’e
_|a -b
b e
cos20 -—sin20 _|a -b
=1 ein20 cos20|"|b a

= a=cos 26, b = sin 26,

— cos? B[

1 2 -1
9. @fA=|-1 1 2|, then det[adj(ad] A)]
2 -1 1
is:
(a) 144 (b) 14
(c) 147 (d) 14

103

Determinants

7



10. If A is a singular matrix, then adj A is:
(a) non-singular (b) singular
(¢) summetric (d) not defined o 9

Ans. (b) singular B= [1 3]
Explanation: As A is a singular matrix, [A|=0
Further, we know that |adj A| = |A]" 1 15
s ladj A =0 £ 1Al = 0} Then, A+B=
Thus, adj A is a singular matrix.
= -1 3 -5
11. If A is any square matrix of order 3 x 3 =5 A+B)y!= [_ ] -0)

such that |adj A| = 256, then the sum of all
possible values of |A| is: Further,

(a) 256 (b) 16 " aFa gl b e =
() -16 (d) O [Delhi Gov. 2022] 5"1+A1=3[_1 0]+—{_ ]

Ans. (d) 0
Explanation: We know, -
|ladj Al = |A|™! .
Where, n Is arder of matrix A, 6

1 3
Explanation: For instance, if A = [2 0] and

3
2
3

D= W
1
=y
=

Here, n=3 From (i) and (i), we have

ladj Al = |A[2 (A+Byleplsal

T — (s 16)2
= l?}ll - 2511_ (&18) 15. If the value of a third order determinant
= =t is 12, then the value of the determinant
Required sum = 16 + (- 16) =0 formed by replacing each element by its
cofactor will be:
a h g (a) 12 (b) 144
12. @ifA= |h b f, then the cofactor Ay s () -12 (d) 13
g f c Ans. (b) 144
(a) he-fg (b) he + fg %1 %2 %3
(©) fg-he (d) - (he + fa) Spanaton ek~ (e wa )| beo
" Gy Q33 a3
13. IfA“ - A + 1 =0, then the inverse of A is . -
(a) A-2 ®) 1-A determinant of third order.
A We know that  |A'] = JAl
(c) d A ladj A| = |cof Al -0
Ans. (b) 1-A Further, ladj A| = jA|" -1 (D)
Explanation: Given AZ-A +1=0 From () and (i), we have
AL AZ- A +)) = A0 [cof Al = |A|™ = |A]2 = 122 = 144
AlAZ_AlA LAY I =0 16. @ If x, y and z are non-zero real numbers,
ALAA-1+AT=0 then the inverse of the matrix A =
= A-1+AT =0 [-A A=A =AY x 0 0
= A-1+A1=0 0y O
" 0 0 =z
or A =|-A
- g =
14, If A and B are invertible matrices, then which = &
of the following is not true? @|o y*?
(d) adj A = |Al.A™1 |0 0 z']
(®) [A7%| = (AD~? - .
(© (ABy '=p" 1Al X . 0
(d) (A+By'=p14sa2 ®|° v
Ans, () (A+B 1=p1sa1 | 0 0 z""_




x 0
© 2]o y
Mo o0 2z

(1 0 0]
(dl;:;;o 10

0 0 1]

2 5
& . A= . " e .
17. For matrix [_ 14 7] (adj A)' is equal to
-2 =5 7 5
b
® [11 -7] o [11 z}

7 11 7 -5
® [-5 2} @ [11 2}

[CBSE Term-1 SQP 2021]

7 -5
“djh[u 2]

) 7 11
= (adjdy=| 5 5
[CBSE Marking Scheme Term-1 SQP 2021]

Explanation: Cofactors of matrix A are:
A11=7,A12=11Ay =-5~An=2

- T
; 7 11
We know, adj. A = -_5 2}
- T
+
7 11
di. A" =
e 7 11
= [adj. A)' = (5 2

18.For A = [_: :] then 14A™ is given by :
%4 2 -1 4 -2
5 2 -1 2 -3 -1
@21, 4 @z,
[CBSE Term-1 SQP 2021]
Ans. (b) [: _62]
2 -2
Al =7, adj A= [1 3]

4 -2
=
14A _L s]

[CBSE Marking Scheme Term-1 SQP 2021]
Explanation: we have

a3 3]

|A| =6-(-1)=7
& AL exist.
- 2 A4
Sers=le 4
A'1=Ladj.A
[A]
A
711 3
1/2 =1
=1 _ =
So, 14A _14,:7[1 3}

-1; 3] 3]

( VERY SHORT ANSWER Type Questions (VSA) )

[1 mark]

19. Find the cofactors of all the elements of
1 -2
4 3|

Ans. Let

[CBSE 2020]

Cofactorof1is 3
Cofactorof -2is-4
Cofactor of 4is 2
Cofactorof 3is1



5 6 -3
20.f A= |-4% 3 2|, then write the
-4 -7 3
cofactor of the element gy, of its 2nd row.
[CBSE 2015)
5 6 -3
Ans. We have A=|—-4 3 2
—4 =7 3
6 -3
Now, cofactorsof ag; = (~1)**! _7 3|
=-1(18-21)
=3
21. @Find the minor and cofactor of element
1 2 4
- 7inthedeterminantA= |2 -8 3.
2 -7 4

22. @ In the interval E < x <1, find the value

2sinx 3
of x for which the matrix [ ]
1 2sinx
singular. [CBSE 2015]
23. If for any 2 x 2 square matrix A, A(ad] A)
8 0
= [ ]. then write the value of |A|.
0 B
[CBSE 2017])
Ans. We have, Aladj A) = 8 9
' v RGNy g
8
|A (adj A)| = | , a‘
= |Alladj () =64-0
= |AJA12- 1 = 64
= |A)? = 82
= |Al=+8

24. @|f A is a square matrix of order 3 such that
ladj A = 64, then find |A|. [CBSE 2013]

3 -2
25. @yf A = [1 4]n then find |adj (A)|.
i -2
26. Find the adjoint of a matrix A = [ ] '

3 4
3 4

The cofactors of elements of the determinant

are
Ay =+(4)=+4
App=-(3)=-3
Ay ==(-2)=2
A22=+{1)=1
Bis Al
Ay An
4 3] [4 2
12 1] |-3 1
2 3 = -1
27.If A = 5 2 , then write A” * in terms of
A [CBSE 2011]
Ans. We have
2 3
A=
5 —2]
(-2 -3
So, ad}A:__S 2]
2 13
and |A|= 5 -2|
==-4-15=-19
= 1
Al = —adj(A)
1A
1 -2 -3
- -19]-5 2
— 1 2 3
T 19|5 -2
:iA
19

28. Rishika and Anwesha were very bright and
sincere students and always did very well in
examinations. Soon after their second class
tests results in Mathematics and English
were annaunced, they wrote a matrix to
compare their performance in the two class
tests held in the two subjects.




Find the minors and cofactors of matrix
1 3
P:= |:2 _1].
Ans. Minors of matrix P are
Miz=-1,Mi2=2, Ma1 =3 Map=1

and cofactors of matrix P are
Ap= 1) My =+ (-1)=-1
Az= -1 2Mpp=-(2)=-2
A =(-1)2*1My=-(3)=-3
An=C1" 2 Myu=+1)=1

( SHORT ANSWER Type-I Questions (SA-I) )

[ 2 marks ]

29. Find the minors and cofactors of the
diagonal elements of the determinant

3 -1 3
4 2 2.
1 31
3 -1 3
Ans. letdet{(f)=14 2 2
1 3 1
The diagonal elements of the given

determinantare ay1 = 3,33 =2 and a3z = 1.

Thus, the minors of the diagonal elements of
the determinant A are

2 -2
M1 = 3 1|=2—E=—4
3 3
Mazq = 1 1’=3—3=0
3 -1
Miq = =6-(-4)=10
B, 2[ (-4)

The cofactors of the diagonal elements of the
determinant A are

Ciu=(-D'1*""Myy=+(-4)=-4
Cp=(-1?*2My3=+(0)=0
Cua=(-13"*Mp3=+(10)=10

30. Using cofactors of the elements of third row,

3 4 5
evaluateA= (-1 2 3|.
0 1 4
3 4 5§
Ans. We have, A=|=-1 2 3
0 1 4

Using cofactor of the elements of third row, we
have

A =a3,Cq; + 037035+ @33C55
4 5 3 5

=0, a[~1-1 3

-1 +4

3 4
-1 2

=0(12-10)-1(9+5) + 4(6 + 4)
=0-14+40=126

31. @Find the inverse of the matrix P =
[cos& sine]

—sinf cosé

32. @Uslng cofactors of elements of second
1 uw v+w
row,evaluate A= |1 v py+wl-

1 w u+v

4 -1
33. Find |ad] (adj A)), if A = [ ]

3 2
Py o
Ans. We have A= 3 2]
djA [ 2 1]
WA= -3 4
o [4 -17
=% adj (adj A) = 3 2
4 -1
=8+3=11
2 3 5
34. @ IFA = ¢ _o| besuch that A% = kA,
then find the value of k. [CBSE 2018]
35.Find the adjoint of a matrix A =
3 -1 2
4 2 1}
5 2 1



3 -1 2
Ans. We have A=14 2
5 2 1

Now cofactors of all elements of determinant

A are
2 3
By w20 5 4 =+(2-2)=0
4 1
A =17 ([=-(4-5)=1
4 2
A13=(—1)1*35 ,|=+(B8-10)=-2
<f 9
A21={—1)2+1 2 1|=—(—1—4)=5
3 2
Agy =(—1}?”5 . =+ (3-10)=-7
(|
A23=[-—1}“35 2l:—(6+5)=—11
=
A31=(“1)3+1 9 1=+("1'—4}=—5
Ay = (-1°*? 2 i| =-(3-8)=5
 J |
Agy = (-1 3 2‘=+(6+4]=10
- T
All Al? A13
Clde= A21 Azz A23
_A31 ASJ A33
[ I =27
~adA=| 5 _7 _11
-5 5 10
[0 5 =5]
=l 1 =7 .5
-2 -11 10

36. If B is a matrix of order 2 x 2, then prove that
(BB)— 1 = (B_ 1)3‘
®% ' =@
-B 1 B—l
- (B_ 1)2
- (BQJ— lB—l

Ans. We know,

= I:B_ I)ZB—I

- [:B_ 1)2 +1

=@’
Hence proved.

2 -3

37. Given A = [_4 7

], compute A~ ! and

show that 2A~1 =91 - A.

o2

[CBSE 2018]

Ans. We have,

2 -3
So, |A] = |_4 7|
=14-12
=2
So A1 exist
Now, adj (&) = [4 2]
adj (A)
Al-
Al
17 3
_5[4 2] -0
1.1 7 3
Hence, A " Is 2[4 2]

Now, we have to show that

281 =9|-A

=g10 2 -3
o 1| |-4 7
E
0

Taking RH.S.

_[9-2 3
4 9-7

_—?3
__42

=2A" 1= LHS[From eq. (7))

4 -1
38.@ If A = [3 2], then prove that |A™ |

= AL



(SHORT ANSWER Type-Il Questions (SA-I1))

[ 3 marks ]
39. Consider a non-singular matrix . . (.,
4 2 -
A=[ ] Verify that (A7)~ = (A= )T, Ans. We have A=| 2 1 -2
8 2 =g 1
[ 4 2 Now, cofactors of elements of determinant A
Ans. We have A= e 2] are
. 1 -2
= (—1}1t1 = 8= .
So, adj A = 2 2] Au=C0"", 1{ (1-4)=-3
|1 4
2 -2
1+2
4 2 A12=(_1) ‘=-(2+4)=—6
o 2 1
and A= | 2'
a2
=8+2=10 A=D1 l=(-4-2)=-6
- 1 ;
A= — adj(A) 5 .
[A] Ay =120 T =-(-2-4) =6
1[2 -2
10 =1 =3
1011 4 Asy ={=11242 , 4|=(1+4)=3
Now, RHS. = (A )T ,
Sl e
12 -2] Ay = (-1 g _gj=—R+4)=-6
“Tol1 4 -0
-2 -2
1 2 1] Ag =(-1P* D Cl=(4+2) =6
T 10[-2 4]
- T Agqy w12 =k =—(2+4)=-6
a4 2[4 2 -2
-1 2] " |2 2 -
[ 2 1 Agy = (-1)"*3 5 q|=-1+4)=3
adj (A7) =
-2 4 ) +
h4 4 A A Ap
and. |AT| = ,|=8+2=10 adjA=|A; Ay Ay
i (A Az Ax
- (ATy-1
So, LHS = (&) R
= ATl(adj(AT)} =l 6 3 -8
| 6 -6 3]
1] 2 1 = =
=E[—2 4] () =3 8 B
=|-6 3 -6
From (i) and (i), |-6 -6 3]
LHS. = RHS.
Hence, verified - Al = -; -i :;_
40. Find the adjoint of the matrix 2 _9 1
-1 -2 -2
A=l 2 1 -2| and hence show that =-1{1-4+2(2+4)-2(-4-2)
2 =2 4 =-1-3)+2(6) - 2(- §)
A(adj A) = |A] 1a. [CBSE 2015] =3+12+12=27



41.

42.

43.

Ans.

Now,
-1 -2 -2|[-3 6 6
AfdA)=| 2 1 -2||-6 3 -6
2 -2 1||-6 -6 3

[3+12+12 -6-6+12 -6+12-6
=-6-6+12 12+3+12 12-6-86
|-6+12-6 12-6-6 12+12+3

= 2713 = |All3
Hence, proved.

1 2
@IfA= [_ 1 3]1 then verifu the following

results
(A) ladj (adj A)| = |A|
(B) adj (A") = (adj A)".

@Suppose matrix P and Q are defined as

3 -2 8 3
p=[1 0] cmd‘.‘2=|:2 1]- Verify the
result adj (PQ) = adj (Q) adj (F).

Find matrix P of order 2 x 2 of the following
equation, by using Iinverse method

(B,

1 -2
Let a
: de[; 7o)
10
Then, Pi.';]=6|:1::| 1]=5| ()
1 -2
Now !QI=|1 4|
=4+2=6

Here |Q| = 0, so its inverse exist.
q 4 2
a J Q = _1 1

Ql= iudJ(QJ

{13

eO

On post multiplying Q! in eq. () on both sides,

we get

= PQQ! = (6)Q?
= PQQ™) =6(1Q7Y
= Pl =61Q!
= P=6Q
1[ 4 2
P—SXE[_I 1]
[ 42
Sl A
.2 3
44, ®IfA=| 0 -1 4/, thenfind (A1) 1
~2 2 3
[CBSE 2015]
4 5 2 1
45. Suppose A= [3 2] andB= [_1 4],then
verify that (AB)"! =B~ 1A" 1L,
, 4 5
Ans. Given matrices are A = |:3 2] and
2 1
B= E
|-+ 4]
4 577 2 1
Now, AB=h3 2][_1 3
_[8-5 4+20
“|6-2 3+8
(3 24
Ao, "4 11]
3 24
A8l =, 11‘
=33-96=-63
(AB}“=I ludj(AB)
_ [11 -24]
_63 ...{i]
i 4
=8-15=-7
2 1
and |B] = 1 4|
=8+1=9
A= 2 adj(a)
|A]

2
-7

E

-5
4

)



=R
B

14 -1

al1 2
4 1 2 -5

Now, o T
9x(-7)|1 2 -3 4

_ 1 8+3 -20—4
63|2-6 -5+8

1711 —24
T 63|-4 3

From egs. (i) and (i), we canclude that
(ABy l=B"1A"1
Hence praved.

and B l= — adj@®)

~(ii)

3 1
46. If matrix A = [7 5] such that A? + 8l = xA,

find the values of x. Also find A~ L.

Ans. We h A 2 2
ns. € nave =
17 5
Az_ra 173 1
__7 517 &
[ 9+7 345
‘h21+35 7+25
(16 8
__56 32

We have
AZ + Bl =xA -{0)
16 8 8 0 Ix X
“1s6 32|7lo 8|7 |7x 5x
N 24 8 _ 3x X
56 40| |7x 5x

On comparing element a4, both sides, we get
x=8
Put x = Bin Eq. (), we get
AZ 481 =84 (i)
On post multipying eq. (i) by A~L, we get
AZA 1 glat =gAAT?t

= A(AA hH+BA =8I [~ AR~ 1 =]
= Al+8A 1 =g
= Bal=-gl-A

“[o &7 s
ez os)

1 l 5 -1
=2 =gl 3

(LONG ANSWER Type Questions (LA) )

[4 & 5 marks ]

cosax —sina 0O

47.If A = | sina cosa 0}, find adj A and

0 0 1
verify that Afadj A) = (adj A)A = |A] Ia.

cosa -—-sina 0O

Ans. Given: A=|sine cosa O

0 0 1

Now, cofactors of determinant A are

A cosee O
=+ =Cos o
11 0 1
sina 0
Agp =— =—sino
12 0 1
sino coso
0 0

—sinax 0 }
cosae O
Ayy =+ 0 N aia
cosa —sina
Agy =— =
0 0
A —sine 0 0
=+ =
41 cose O
A cosa O 0
AL sina 0
cos & —sina 2 . 2
Agy =+ | =cos"a+sin“a=1
sina coso




1]

= adj (A)

[ cosa
= | —sina
0

Ay Ap Agy
A Ay Agy
[ A1z Agz Agg

sina 0
cosa O
0 1

cosa —sina O

Now, A{adj A) = | si

ccsza+sin2a+{]

noo cose O
0 0 1

cosae  sina O]
—sinee cosee O
0 0 1

cosasina—

5 0+0+0
sinacosa+0

=| sinacose— G20 0062040 04040
cosasine+0
0+0+0 0+0+0 0+0+1 |
1 00
=0 1 0 ~{i)
00 1
Also,
cosae sinee O || cosa —sinee O
adj (A)A = | —sina cosa O || sina cosa O
0 0 1 0 0 1
cos? a+sin? a+0 ;E&i‘;g';f; 0+0+0
= ;:;Z‘:;oifg sin a+cos? a+0 0+0+0
| 0+0+0 0+0+0 0+0+1
[1 0 0]
=lo 1 0 (i)
|0 0 1)
And,
cosaa —sine O
|[Al=|sine ecosex O
0 0 1
Expanding along Cs, we get
|A] = 1 (cos®a + sin’a)
1 0 0
and |Allk=1/0 1 0O
0 0 1
1 0 0
=|0 1 0 {iif)
001

From eqs. (), (i) and (ji)), we conclude that
Aladj A) = (adj A)A = |A] I3

Hence, verified

011
48. @Find A-1ifA = 1 0 1|and show that
110
2
Atz A 2'3' [NCERT Exemplar]
T 2 2
49.1fP=|2 1 2|, provethatP?-4P-51=0.
2 2 4
Hence, find A~ %
1 2 2]
Ans. We have,P=12 1 2
2 2 1]
[1 2 271 2 2
So, P=|2 1 2|2 1 2
2 2 1)[2 2 1

[1+4+4 2+2+4 2+4+2
=12+2+4 4+1+4 4+2+2
2+4+42 4+2+2 4+4+1

0 0
0 0
0 0

=0=RHS.
Hence proved.

Now, |P]=

I
B = N2
Il

=1(1-4)-2(2-4)+ 2(4 - 2)
=-3+4+4=5
Here |P| = 0, so its inverse exists.



Consider P2 - 4P -5l =0

1432 3
On pre-multiplying both sides by P1, we get i A I o e
P-1p2 —gp-lp-spli=plo IO
= (PPP-41-5P1=0 [ PP L= Ap=(-1) |, ,|=-(0-8)=8
= IP-41-5P1=0
1. lp_ K. maf™ Slow agen
= Prt= (P-4 22 =(-1) 11{ )
([1 2 2] [4 0 0 B, wfl P Olafin-0)u=d0
=% 2 1 2|-lo 4 0 a 12
(L2 2 1] [0 0 4 4
3+1
A, =(-1 =(0-12) = -12
=g & 3 S
=% 2 1-4 2 G
342
| 2 2 1-4 Ap =077 ,l=-(10-8)=-2
(-3 2 2
=g 2 -3 2 A33=(-1)3+32 g={15-01=15
| 2 2 -3
FAIl A?l ASI.H
1 1 1 g ﬂdj A= Alz Az: AJ:
50. @Show that for the matrixA= (1 2 -3 . A A Agy
2-1 3 ) )
A% - 6A2 4 5A + 111 = O. Hence, find AL, i e <
[CBSE 2019] =10 1 -2
1 -10 15
5 0 4 13 3 *
51.Given A = o -1 8 -12
ven 2 3 2(,B i 4 8 i 3
1 2 1 1 3 4 A = =—| 0 1 -2
1AL =11y 10 15
compute (AB)™,
5 0 4 1 -8B 12
Ans. Given, A=|2 3 2 =| 0 -1 2
t 2% -1 10 -15
5 0 4 By using property of inverse matrix,
SJAl=l2 3 2[=53-49-0+4(4-3) (AB) =g 1a-1
121 1331 -8 12
=-5+4=-1 =11 4 3 0o -1 2
Here |A] = 0, so A™! exists. 1 3 4||-1 10 -15
Now cofactors of elements of determinant A
Ave 1+0-3 -8-3+30 12+6-45
L8 m =1140-3 -8-4430 12+8-45
Ay =1 [ 1‘={3-4}=-1 1+0-4 -8-3+40 12+6-60
-2 19 -27
1+2|2 2
AL=(-1) A 1|=—(2-2}=0 ={-2 18 -25

-3 29 -42



APPLICATIONS OF DETERMINANTS

AND MATRICES

| ToPIC 1]
CONSISTENT/INCONSISTENT SYSTEM OF EQUATIONS

In this section, we shall discuss applications of
determinants and matrices for solving a system of
linear equations in two or three variables and for
checking the consistency of the system of linear
equations.

A system of linear equations is said to be consistent
if its solution (one or more) exits, while a system
of linear equations is said to be inconsistent, if its
solution does not exist.

A Caution

w Here, we shall restrict ourselves to the system of linear
equations having unique solutions only.

| ToPIC 2|

SOLUTION OF A SYSTEM OF LINEAR EQUATIONS, USING
INVERSE OF A MATRIX

Consider a system of linear equations
axX+by+cz=d;
GoX + boyy + €2z = dy
GaX + by + €32 = dy

This system of linear equations can be expressed by a
single matrix equation as

a b ¢llx d;

a b, qllyl=|d;
0, by ¢l 2 dq

or, AX=B
a b ¢ x dy
where, A= [a; by, ¢|, X=|y|andB= |d;
03 b3 C3 4 da

{Here, A is called the coeffcient matrix.}

Case l: If |A] # O, i.e, if A is a non-singular matrix, then
A1 exists.

From AX = B, we have
A~1(AX) = A 1B {Pre-multiplying by A~}

= (A 1A)X=A"1B
- IX=A"1B
= X=aA"18

Thus, the system AX = B has a unique solution given
by X =A"1B.

A Caution

w This matrix equation provides unique solution for the
given system of linear equations as inverse of a matrix is
unfgue. This method of solving system of linear equations is
known as Matrix Method,

Example 3.1: Solve the following system of linear
equations, using matrix method.
2x =3y +5z=11
3x+2y-4z=-5
X+y=2z=-3 [NCERT]
Ans. The given system of linear equations can be
expressed by o single matrix equation as

2 =3 5x 11
3 2 -4 y|l=|-5
1 1 =2|z |:-3
or, AX =8B
2 =3 5] X
where A = |3 2 -4|, X = |y| and
1 1 —2_ z
11
B=|-5].
-3
Here, |A| = 2(-4 + 4) + 3(-6 + 4) + 5(3 - 2)
=-1=0,
ie, A Is a non-singular matrix, and hence A~ !
exists.
From AX = B, we have
X=A"1B ()}
Caofactors of all elements of determinant A are:
Arp=(-1)"* My = ‘i _;|

=-4+4=0



5 =4
- 1y1+2 =M
Ap =(=1)"" M1y |1 _2
=6-4=2
32
- {_ 141+3 =
Als=(-1)"""M13 1 1|
=3-2=1
-3 5
- f_ 132+ 1 =
Agy = (-1)*" My | 1 _2|
=-6+5=-1
2 5
-_1\2+2 -
Az =(1)""Mpn=, _2‘
=-4-5=-9
2 -3
- 13243 i
Az =(-1)*""Mp |1 1|
=-3-2=-5
A =(_1)301M - = 5
31 a1 2 -4
=12-10=2
2 5
- 13342 S
Azy =(-1)"" "Maz |3 -
=84+15=123
2 =3
-{_133+3 o
Az =(-1)"""Mas 3 2‘
=4+9=13
0 -1 2
ThisgivesadjA=|2 -9 23|; and thus,
1 -5 13
0 -1 2 01
Al=_|2 -9 23|, or|-2 9 -23
1 -5 13 -1 5 -13

From (i), we have

or,

[0 1 -2]1
X=|-2 9 =23||-
-1 5 -¥3]=
[0 -5 +6
=|-22-45+69
-11-25+39
17
=2
3]
X [1]
yl=|2
z) 3]

Thus,x=1,y=2andz=3.

1
5
3

-2

Case II: If |A] = 0, ie, if A is a singular matrix, then A~1
does not exist.

In this case, we calculate (adj A)B.

(1) If (adj A)B = O, then solution does not exist and
given system of equations is inconsistent.

(2) If (adj A)B = O, then either no solution exist or
infinitely many solutions exist, and accordingly,
the given system of equations will be incansistent
or consistent, respectively.

Example 3.2: Examine the consistency of the

following system of linear equations.

(A) x+2y=2 {(B) x+3y=5
2x+3y=3 2x+6y=8 [NCERT]

Ans. (A) The given system of equations can be
written in matrix form as,

2 516

SERNG

Now, |A|=|; §| =3-4=-1=0

where,

Hence, given system of equations is
consistent.

(B) The given sustems of equations can be
written in matrix form as,

2 oJil-[s]

or AX =B
1 3 X 5
A= L X = ,B=
R S HERH
1 3
NGW,|A|=2 B|=6—6=0

So, we have to calculate (adj A)B.

2 1

So,(adj A)B = [_g ’i][g]
30 - 24 6
=[-10+a]=[-2]*0

Hence, the given sustem of equations is
inconsistent.

Nowi(adj A) = [_6 _3]



( OBIECTIVE Type Questions )

[ 1 mark ]

Multiple Choice Questions

1. The system of linear equations:
X+y+z=2;2x4+y-2=3;3x+2y+kz=4
has a unigue solution if
(@) k=0 (b)-1<k<1
(c) =2<k<2 (d) k=0

Ans. (@) k=0

Explanation: The system of equation will have

1: A 1
auniquesolutionifa=[2 1 -1[|=z0
3 2 &k

=1k+2)-1(2k+3)+1(4-3)=0
=k=0

2. @The system of linear equations:
X+y+z=5x+2y+32=9x+3y+ilz=m
has a unique solution if
(@ L5 m=13 (b)L=5
() A=5,m=13 (d) m=13

3. The matrix equation for the problem “The
sum of three numbers x, y and z is 6. If we
multiply z by 3 and add y to it, we get 11. By
adding x and z, we get 2y" is:

(1 1 1][x] [6]

@0 1 3)y|=|11

|1 1 0}z 2 |

1 1 3= 6]
® |0 1

w
<
n
[y
(=Y

1 1 1)[x] [6
© o 1 3|y[=|11
1 -2 1)z [2]
(1 1 1)[x] [6]
@0 1 3|yf=]|11
1 -2 1f{z]| |o]

1 1 1f«x
Ans.(d) |0 1 3|ly|=]|11
|1 =2 1j|z]

Explanation: The system of linear equations,
thus, formed is

X+y+2=6y+32=11x-2¢y+2=0

4. The system of linear equations

Sx+ky=5

3x+3y=5;
Will be consistent if
(a) k2=3 (b) k==5
(c) k=5 (d) k=5

[CBSE Term-1 2021)
Ans. (d) k=2-5

Explanation:

y A |5 K x 5
ere _..3 . X= Y B=|g

For consistent system, |A| =0

5 &

33::0

Al =

= 15-3k=0
= -3k=-15
= k=5

1-10 2 -2 -4
5. @f A=|2 3 4|aond B=|-4 2 -4
0 1 2 2 -1 5

then:

(@) Al=B (b) A= 6B

1
@) gi=_A

[CBSE Term-1 SQP 2021]

(0 B'=8B

6. The system of linear equationskx +y +z=1,
x+ky+z=1and x + y + kz = 1 has a unique
solution under which one of the following
conditions?

(@) k=zlandk=2
b)kzland k=-2
(€) kz-2and k=2
(d) None of these

Ans. (b) kz1andk=-2

Explanation: Given system of linear equations
can be written in matrix form as,

k11][x 1
1k1lyl=|1
11k|z 1

k11 1 X
ConsiderA= (1 k 1|, B=|1]andX= |y
11k 1 z



The condition for unique solution is |A| = 0
k11

1 k1|20
11k

On expanding along R,, we get
kk2-1)-1(k-1)+ 1(1-KH =0
= k{k - 13(k+ 1)-2(k-1)=0
=k-1)k+2)=0
=kzlandk=-2

7. The sustem of equations x + 2y = 2 and 2x +

3y=3is
(a) Consistent (b) Inconsistent
(c) Both (a) and (b) (d) None of these

Ans. (a) Consistent

Explanation: Given system of equations can
be written in matrix form as

BHHEH

1 2 2 X
Consider A = [2 3]. B= [3] and X = [y]

Then AX =B
1 2
Now, |ar5||=|2 3|
=3-4=-1=0

Hence, given system of equations is consistents.

8. The existence of the unigue solution of the

Ans.

following sustem of equations, depends on
X+y+z=A

Sx-y+pz=10

2x+3y-z=6
(a) ponly (b) % only
{c) Bothiand pn (d) Neither L nor
(a) p only

Explanation: Given system of equations can
be written in matrix form as

1 1 1 x A
5§ -1 puflyt=110
2 3 -1||l=z 6
I T 1
Here A=|5 -1
2 3 -4

For the existence of the unique solution, |A| =
0, so the existence of unique solution of given
system of equations depends on |A| only, ie,
onu only.

(CASE BASED Questions (CBQs) )

[ 4 & 5 marks ]

Read the following passages and answer the
questions that follow:

9. The management committee of a residential

colony decided to award some of its

members (say x) for honesty, some (say y)

for cooperation and helping others and some

others (say z) for supervising the workers to
keep the colony neat and clean.

() The sum of all awardees is 12.

(i) Three times the sum of awardees for
cooperation and supervision added to two
times the number of awardees for honesty
is 33,

() The sum of the number of awardees
for honesty and supervision is twice the
number of awardees for cooperation and
helping others.

(A) The group of equations for the
statements (I), (I} and (lll) respectively
are:

(@ x+y+z=12;3x+2(y+2)=33;x+z
= 29

b)) x+y+z=12;3x+ 2(y+2)=33;y+z
= 2x

() x+y+z=12; 3z 4+ 2x + y) = 33;
X+z=2y
(dx+y+z=12; 2x + 3(y + 2) = 33;
x+z=12y
(B) @The above group of equations in
matrix form AX = B, can be written as:

(a)

(b)

©

(d)

1 1
3 2
1 2

1
1
1

X (12
[ 33
Z | _0




(€ @|A| is equal to:

(a) 3 (b) 2
(c) 12 (d) - 14
(D) adj (A) is:
[4 .~ =%] % =240
@|4 0 -4/ (®)|-2 o0 2
|4 -3 5] [ 4 -1 -1
Z 3 -] F 5 -3
©| 10 3/]W@|]1 0 -1
-3 1 -1]  |-7 3 1

(E) @The number of awardees of each

category is

(0) x=3;y=5z=4
(b) x=3;y=4;z=5
() x=5;y=4;z=3
(d) x=4;y=5;z=3

Ans. (A)(d) x + y + 2 =12; 2x + 3(y + 2) = 33;

x+2z2=2y
9 -3 0
Ol 1 o -1
-7 3 1
Explanation: From part (B), we have
- i 4
A=12 3 3
1 -2 1

So, cofactors of all elements of determinant
of A are:

Ay = (-1
2 3
Ay = (-1t+? 1 | =1

2
Ay = (-1

—
I
()

Ay = (-1

,_.
il =il fecd

1 1
Ay = (=13 |=3

Agy = (*1]3+1

MR W
—

ASQ = (_—1}3+2

1 1
— f_+y3+3 =
Ay =(-1) 9 3| 1
9 -3 0
So,adj(d)=] 1 0 -1
-7 3 i

10. Manjit wants to donate a rectangular plot of
land for a school in his village. When he was
asked to give dimensions of the plot, he told
that if its length is decreased by 50 m and
breadth is increased by 50 m, then its area
will remain same, but if length is decreased by
10 m and breadth is decreased by 20 m, then
its area will decrease by 5300 m>.

x

(A) Farm the equations of given situatian in
matrix form.

(B) Using matrix method, find the area of
rectangular field.

Ans. (A) According to the question
(x—50) (y + 50) =xy
= xy+ 50x-50y—-2500 =xy
or x—y =50 A1)

Also (x-10) (y-20) =xy-5300
= xy—20x-10y + 200 =xy - 5300
=> -20x-10y =-5500

or 2x+y =550 (i)

Thus, sustem of equation (i) and (i) in
matrix fromis

1 1] [x] _[s0
2 1f|y] |550
(B) Fram part {(A), we hava
1 -1][x] _[s0
2 1)|y] |550
-1
x 1 -1| |50
SR R Y
1|1 1][s0
= 1+2|-2 1||550

1 [ 504550
=3 |-100+550




1 [600] [200
=3 |450] = [150

x =200,y =150
Area of fleld = xy
=200 x 150
= 30,000 m?

11. Three friends, Ravi, Sanjay and Ramesh went to
Delhl to visit Qutab-Minar. They are carrying a
number of visiting cards but they do not want
to reveal the actual number of it. They start
playing with each other in the garden nearby
the monument. Total number of visiting cards
they have is 18. Twice the number of visiting
cards Ramesh has when added to Ravi's
number of cards gives 21. On adding Sanjay's
and Ramesh's number of visiting cards to
thrice the Ravi's number of cards, they give 36.
Assume the number of cards Ravi, Sanjay and
Ramesh have are x, y and z respectively.

(A) Write the given information in matrix
formas AX = B.

(B) @ Find the number of visiting cards with
Ravi, Sanjay and Ramesh respectively.

Ans. (A) According to the question,

Xx+y+z=18 (i)
Also x+2z=21
or, x+0y+2z =21 w{il)
And 3x+y+2z =36 (i)

The suystem of equation (i), (i), and (jii) in
matrix form is:

1 1 1)|x 18

1 0 2||y|=|21

31 1||lz| |36
AX =B

12. A Class X!l teacher, after teaching the topic of
“matrices’, tries to assess the performance of
her students over this topic.

(A) For a square matrix A = [ay] of order 3,
adjoint of A is
(a) [Ay], where Ay denotes the cofactor of
ayin A
(b) [My], where My denotes the minor of
agin A

(c) [A)]", where A; denotes the cofactor
of ayin A
(d) [My]", where My denotes the minor of
ayin A
(8) @Let Ay denotes the cofactor of gy in
A = [ay]. Then, |A| is given by
(@) a11A11 + a12A21 + @13A31
(b) @11A13 + a32A23 + @33A33
(€) @21A13 + a22A23 + A23A33
(d) @31A31 + a32A32 + @33A33
(] @Let Ay and My respectively denote the
cofactor and minor of ay in A = [ay]. Then,
(a) Ag==-My (b) Ay = (- 1)'*/ My
() Ag=(-1)"IMy (d) Ay=(- 1)/ My
(D) For a square matrix A of order n, which
of the following is true?
() ladj A| = |A]""*
(b) ladj A| = |A]
(©) ladj A| = |A]"**
(d) |adj Al = |A**"
(E) @A square matrix A is singular, if
(a) |Al=0 (b) |A(adj A)| =0
(c) |IAl=0 (b) |A(adj A)] =0
Ans. (A) (¢ [AiJT, where A; denotes the cofactor of g
inA
(D) (@) Jadj Al = |A""*

13. A typist charges ¥ 145 for typing 10
English and 3 Hindi pages, while charges
for 3 English and 10 Hindl pages are T 180.
However, typist charged T 2 per page from a
poor student Shyam for 5 Hindi pages and
T 1 per page for 4 English pages.

Let the charges for typing one English and one
Hindi page be X x and T y respectively.
(A) The pair of linear equations formed with
the given situation is:
(a) 5x + 4y = 65;4x + 5y = 61
(b) 10x + 3y = 145; 3x + 10y = 180
(c) 3x + 10y = 145; 10x + 3y = 180
(d) 4x + 5y = 61; 5x + 4y = 65
(B) @The amount charged by the tupist
from Shyam, is:
(a) T3 (b) T4
(c) T10 (d) T14
(© @on converting the pair of Llinear
equations, formed in part (A), in the
matrix form AX = B, the matrix A is:

oY el

oty w[o)



(D) The values of x and y respectively are:

(a) 10,15 (b) 15, 10
() 9,5 (d) 5,9
(E) @How much less was charged from the
poor student?
(a) 91 (b) ¥ 62
(c) T101 (b) T84

Ans. (A) (b) 10x + 3y = 145; 3x + 10y = 180
(D) (&) 10, 15
Explanation: From part (C), we have,
AX =B
= X=A"1B

(10 3
lAl=| 3 19

=100-9=91

Fi0 <3
ﬂnd Gde= _3 10

So X=A1B

o
—adj A}B
L|A]

_ 1110 -3| (145
© 91/-3 10| 180

4 [ 1450-540}

=a -435+1800
1 910 _ 10

=ﬁ 1365| |15

x=10,y=15

14. On her birthday, Seema decided to donate
some meney to children of orphanage home. If
there are 8 children less, everyone will get ¥ 10
more. However, if there are 16 children more,
everyone will get ¥ 10 less. Let the number of
children be x and the amount distributed by
Seem a to each child be T y.

(A) @The total amount of money distributed
by Seema is
(a) T (x +y) (b) Ty-x)
() T(xxy) (b) T{x-y)
(B) The sustem of equations formed, from
the given conditions, are
(a) 5x -4y = 40 and By - 5x = 80
(b) 5x + 4y = 40 and By + 5x = 80
(c) 5x + 4y =40 and - By + 5x = B0
(d) 5x - 4y = 40 and 5x - 8y = 80

(C) The system of equations in matrix form
is:

o2 L)

[ 5 -4 x 40
®) -5 B_L}]=[SO:|

[-5 8
© |75 _afx yl=[40 0]

(d) : :i][x y]=[80 40]

(D) @The adjoint of the matrix [_i _;] is
8 4 5 -8
(a) [5 5] (b) [_5 4]

5 -4 5 8
© [_5 8] (d) [5 4]

(E) @The values of ¥’ and 'y’ respectively

are:
(0) x=32,y=35 (b) x=30,y=32
() x=35,y=32 (d)x=32,y=30

Ans. (B) (d) 5x - 4y = 40 and 5x - 8y = 80

Explanation: According to the question,
(x-8B)y+10)=xyand (x+ 18)(y— 10) = xy
or 10x-8y =80and 16y - 10x = 160

or 5x -4y =40 and By - 5x = 80

o] $ L[4

15. A trust having a fund of ¥ 30000 wish to
invest into two different types of bonds. The
first bond pays 5% interest per annum which
will be given to an orphanage and the second
bond pays 7% Interest per annum which will
be given to 'Cancer Aid Society' and NGO. The
trust obtain an annual total interest of T 1800.

(A) @What is the adjoint of the matrix
11
5 7|7

(B) If the amount invested in two bonds are

¥ x and T y, respectively then find the
values of x and y using matrix method.



Ans. (B) According to the question

X+ Yy =30000 ()]
And 5% of x + 7% of y = 1800
or 5x + 7y = 180000 ()

System of equation (i) and (i) in matrix

from is
1 1|[x] _[ 30000
5 7|ly| [180000

or x] _[1 177 30000
y| |5 7| |180000
S x]_1[ 7 -1][ 30000
y| 2|-5 1]|180000
_[15000
~ [ 15000

x =15000, y = 15000

(VERY SHORT ANSWER Type Questions (VSA))

[1mark]

2

i6. |If = | -3 |, determine the

(= B =
L=T = = ]
» O o
N T X

values of x, y and z.

1 0 Oox] [ 2
Ans. 0 1 0fyl|=|-3
0 0 1f{z] | O
x+0+0] [ 2]
= O+y+0|=|-3
0+0+z] | 0O
11 97
= =|-3
z] | 0Of

=x=2,y=-3andz=0.

17250 [3 4[] [2] forxomas
w5 2 J)-[ ]
=[G T
LlE o
ol

28 84

= Xx=—andy=- —
2"V

2
== x==—andy=-2
3 Y

o [} eeifol] =

AX = B, then find the values of x and y.

2 4
Ans. We have, A=[4 3]
|A]=6-16=-10=0
A= ﬁ adj (A)
~1[ 3 -4
T =10|-4 2
Now, AX =B [Given]
- X=A"B

x| 2
= g =4
Hence,x=2andy=1.

19. For what values of k, the system of linear
equations

x+y+z=2
2x+y-z=3
3x+2y+kz=4

has a unique solution? [CBSE 2016]

Ans. Given system of equations can be written in
matrix form as



11 2
2 1 -1fly|=|3 )
3 2 z| |4
11 1 2 x
letA=|2 1 -1|.B=|3|andX=|y
32 k 4 z

Then eq. () becomes
AX =B

The candition for unique solution is |A] = 0

1.4 4
Al=]2 1 -1{=0
32 &k

=1k+2)-1(2k+3)+1(4-3)=0
=k+2-2k-3+1=20
=-kz0 = k=0

Hence, for unique solution of the given system
of equations, k should be non-zero real number.

(SHORT ANSWER Type-I Questions (SA-1))

[ 2 marks ]

20. Show that the following system of equations
Is in consistent

6x + 4y =3
9x+6y=3

Ans. Given system of equations can be written in
matrix form as

Bl WEH
contr=[© <] 0[] anax =[]

Then it becomes

AX=B
6 4
Now A= g s|
=36-36=0
. [ 6 -4]3
and adj A} B =
(adj A) -9 E][B]
[ 18-12]_[ s
T |-27+18] |-11

Here, JA| = 0 and (adj A)B # 0, so the given
system of questions is inconsistent.

21. @Use matrix method to examine the
following suystem of equations for
consistency or inconsistency.

4x=2y=3, 6x=-3y=5

22. Solve the system of equations by matrix
method.

Sx+2y=3and3x+2y=5

Ans, Given system of equations can be written in
matrix form is
3
H

L
3 Zee[3emaxe[}]

Consider A

Then it becomes

AX =B
or, X=A"1B
5 2
Now, |A|=|3 2‘
=10-6=4
Here |A] = 0,s0 A™ exists.
1
Al = —— adj(a)
[A]
_ 1[ 2 -2
T 4|-3 5
Now, X=AB
_1f 2 -2]3
“4|-3 s5]s
_1[ 6-10]
~ 4|-9+25]
_1[-4
4] 16

- [

Hence,x=-1andy=4.



( SHORT ANSWER Type-Il Questions (SA-I) )

[ 3 marks ]

23. Solve the following system of equations by
using matrix method

S5x-7y-2=0 and 7x-5y-3=0
Ans. We have,
5x-7y=2and 7x-5y=3

Given system of equations can be written in
matrix form as

e WEH
Consider, A = [? ii] - [;] ondX= [;]

Then it becomes

AX =R
or X =A"1B
i . 5 =7
on A=l s
=-254+49=24

Here, |A] # 0, so A™! exists.
Now, cofactors of all elements of determinant

A are
A1 =+(-3)=-5
App=-(7)=-7,
Agy B (=T7) =l
and Apa=+(9)=5
. Ay Au] [—5 7]
ﬂdJ{A]={ =
- 1
A= ——adj(A)
|A]
_ 3-8 7
S 24|-7 5
Now, X=AB
1-5 772
"~ 24|-7 5|3
_1[-10+21
© 24| -14+15
1 [11
S 241

1
[X] 24
L
y 24
11 1
Hence, x = == andy = =

24. @Use matrix method to solve the following
system of equations

x-2y=4 and 3x-5y=7

25. @solve the following system of linear

equations
X=y+22=7
3x+4y=5z=-5
and 2x =y +3z=12 [CBSE 2012]

26. @ Using matrix method, solve the system
of equations 3x + 2y-22=3,x+ 2y + 32= 6,
&xX~y+2z=2, [NCERT Exemplar]

27. The monthly incomes of Aryan and Babban
are in the ratio 3 : 4 and their monthly
expenditures are in the ratio 5 : 7. If each
saves T 15,000 per month, then find their
monthly incomes using matrices.

Ans. Let the monthly income of Aryan be T 3x and
that of Babban be T 4x,

Also, let monthly expenditure of Aryan be T 5y
and that of Babban be T 7y.

According to given problem, we have
3x -5y =¥ 15000
4x -7y =T 15000
These equations can be written in matrix form

as
3 -5][x] _[15000
4 -7|ly| |15000

Consider, A = 3 =5 X = x.
4 -7 Yy

= 15090 then it becomes
=| 15000 | "
AX =B
3 -§&
E =-21 = -
New |Al |4 _7‘ +20=-1

Here |A] # 0, so A~ exists. Thus, by sustem of
linear equations, it has a unique solution and it
is givenby X=A"1B.

Now, adj(A}=[_7 S]

-4 3
Ao OditA) |7 -5
|Al |4 -3



Now, X=A1B= 7 -5][15000
4 -3(/15000

. x] _[30000
y| | 15000

=>x = 30000 and y = 15000

Hence, monthly income of Aryan
=3 x 30000

=% 80,000

and Monthly income of Babban
=4 x 30000 =% 1,20,000

(_LONG ANSWER Type Questions (LA) )

[ 4 & 5 marks |

1 2 0

28.IfA=|=-2 =1 =2 .ﬁﬂd A-I_

o -1 1
Using A}, solve the system of linear
equations x - 2y = 10, 2x -y -z=8,-2y + z=7.
[NCERT Exemplar]

1 2 o0
Ans. Wehave,A=|_9 _1 _3
0 -1 1

Al =1(-1-2)-2(-2-0) + 0
=-3+4
=120
5 A1 exist.
Now, cofactors of A are
An = () (-1-2)
=-3
12=(-D"*?(-2-0)
=2
Ay =(-1)**(2-0)
=2
Az = (-1)** (2-0)
-2
)**?2(1-0)
=1
Azz = (-1)**1(-1-0)
=1
a1 =) (-4+0)
=—4
Ap = (-1)*2(-2-0)
=2
Ay =(-1)*3 (-1 +4)
=3
= 12 9
ﬂdj.A =|-2 1 1
-4 2 3

Agz

-3 -2 4
=12 1 2
2 1 3
A1=|_i_]°djp'
-3 -2 4
«ila 1 2
o 1 3
-3 -2 -4
=5 Al=12 1 2
2 1 3
Now, the system of equations is:
x-2y =10
2x-y-z=8
y+z=7
which is of the form CX = D.
1 -2 0 X 10
where,C=|2 -1 -1|,X=|y|landD=| 8
0 -2 1 z 7
Here, C=AT
Now, X =D
=) cClox =c?p
= X =CD
= X =[AT'D
- ¥ [A—IJTD [+ tAT)ﬂl - (A—l)T]
[x] [-3 2 2] [10
= =(-21 1|8
[ Z] —4 2 3 7
[ x] -30+16+14
= yl =] -20+8+7
kd —40+16+21J

Hence,x=0,4=-52=-

A Caution

= Compare the given system of equations with the
given matrix, so it becomes easy to solve them.



Ans.

-4 4 4
29. Determine the product of | -7 1 3.
5 -3 -1
1 -1 1
and |1 -2 -2|, and then use this to
2 1 3
solve the system of equations
X=ywz=4,
x-2y-2z=9
and 4+y+3z=1 [CBSE 2017]
-4 4 4] 1 -1 1
LetA=(-7 1 3|andB=|1 -2 -2
5§ =3 =1] 2 1 3
Then,
(-4 4 471 -1 1
AB=|-7 1 3|1 -2 -2
5 -3 -1)2 1 3
[~4+4+8 4-8+4 -4-8+12
=|-7+1+86 7-2+3 -7-2+9
5-3-2 -5+6-1 5+6-3
(8 0 O 100
=/0 8 0|=8/0 10
|0 0 8 0 01
= AB =8|
On post-multipluing both sides by B~1, we get
ABB!=887!
Al=gB"!
1
Bl=CA
= 8
-4 4 4
AP
5 -3 -1

Now, we have to find the solution of given
system of equations.

Here, we write the given system of equations
in matrix form as

BX=C -0
L =1 1 X

where B = [1 -2 -2| X = |y| and
2 1 3 z

4
C=|g
1

On pre-multiplying Eq. () by B~ 1, we get
B~ lpx=8"1!C
IX=B"1C
= X=B1C
(-4 4

= X= —?

[y

41 4
319
-1

[

-28 +9 +3

1
[~16 +36 +4
20 =27 -1

>
1}
w -

>
1}

e s A N
|
'—l
(93]

X
yl=|-2
Z -1

On comparing the correspending elements, we

get
X= 3,y=—2,2=—1

2 2 -4 1-10

30, @GivenA=|-4 2 -4|,B=|2 3 4|,

2 -1 5 0 1 2

find BA and use this to solve the system
of equations x =y = 3, 2x + 3y + 4z = 17,

y+2z=7. [NCERT Exermpla r]
31. Using matrix method, solve the following

system of equation 2 + 3 + L = 4,

X Yy z
i—E+E= 1 E+g_2_0 =2, xuyz=0.
X y z X Yy z
[NCERT]

Ans. We have system of equations as

2,3,10 ,4 6.5 ,6.9 2_,

xyz'xy? X y z

Given equations written in matrix form as

2 3 10][1/x 4
4 -6 51fyl=]1
6 9 -20(|1/z 2
2 3 10 1/x
Consider A= |4 -6 5. X=|1/y
6 9 -20 1/z
4
andB=|1



Then it becomes

AX =B

2 3 10

Now |Al=14 -6 5
6 8 -20

= 2(120 - 45) - 3(- 80 - 30)
+ 10(36 + 36)
=150+ 330+ 720 =1200

Here |A| = 0, so AL exists. Thus by sustem of
equations it has a unique selution and it is X =
AlB,

Cofactors of elements of A are

A1 = 75 Aqz = 110, Aja = 72, Ayy = 150,
Azz = -100, Az = 0, Ay = 75, A3y = 30,
Az = -24.
(A1 A Ay
. Clde= A12 Azz A32
[ A1z Az Agg
[ 75 150 75
=110 -100 30
| 72 0 -24
We know,
1
Al= —(adjA)
[A]
[ 75 150 7514
=T100 110 -100 30|[1
| 72 0 -24)|2
. (6001 [1/2
240 |1/
l = 1 == x=2
x 2
¥ i
- = - =13
yrg—e
E = E = z7=5
z 5
1 2 3
32.@1f A=|3 2 -2, then find A™! and
2 -1 1

use it to solve the following systems of the
equations:

X+2y=3z=6
3x+2y-2z=3

Ix+2y-z=5 [CBSE 2020]

33.

Ans.

A shopkeeper has 3 varieties of pens 'A),
'B' and 'C'. Meena purchased 1 pen of each
variety for a total of T 21. Jeevan purchased
4 pens of 'A' variety, 3 pens of 'B' variety and
3 pens of 'C' variety for ¥ 60, while Shikha
purchased 6 pens of 'A' variety 2 pens of
'B' variety and 3 pens of 'C' variety for ¥ 70.
Using matrix method, find the cost of each
variety of pen. [CBSE 2016]

Let one pen of variety 'A' costs T x, one pen of
variety 'B' costs T y and one pen of variety 'C'
costs T z.

According to given problem
x+y+z=%21
4x+3y+2z=T60
and Bx+2y+32=70

The given system of equations can be written
in matric form:

i 13 21
4 3 2 =| 60
6 2 3 70

and

21
B=]60|,
70
Then, it becomes
AX =B
111
Now,|Al=14 3 2
6 2 3

=1(9-4)-1(12-12)+ 1(8-18)=-5
Here |A| # 0, so A™! exists. Thus, by system
of equations it has a unique solution and it is
given by X = A™'B.
Now, cofactors of a;; elements of A are
A11=5A12=0,A13=-10,Az1=-1 A =-3,
Ai=4, Ay =-1A3=2An=-1

-All Aﬂl A31

adjA=|Ay, Ay As

| A1z Azz Agg

[ 5 =1 -1

= 0-3 2

[-10 4 -1
A-1=|IT|{adJAJ



5 -1 -1 X 5
=1 0 -3 2 = y|=|8|=>x=5y=82=8
N_10 4 -1 z 8
Consider X = A"1B Hence, cost of 1 pen of variety 'A'is T 5
Ed [ 5 -1 -1][21 Cost of 1 pen of variety 'B'isT 8
= yl= 1 0 -2 2lleo Cost 1 pen of variety 'C'is T 8

-5
L2 |-10 4 -1}70 34, @An amount of T 5000 is put into three

reg r investments at the rate of interest of 6%, 7%
X -25 :
_ % and 8% per annum respectively. The total
= 9 =40 annual interest is ¥ 358. If the combined
el [ —40 income from the first two investments is

¥ 70 more than the Income from the third,
find the amount of each investment by
matrix method.




(VERY SHORT ANSWER Type Questions (VSA))

[ 1 mark]

3x 7
1. If 9

|87
4|7|6 4

, find the value of x.

Ans.

121 +i4 = 22- £2 2
1R+ /4 = =IO

7 [CBSE Topper 2014]

2. If for any 2 x 2 square matrix A, A(ad| A) = [g gl , then write the value of |A].

ans. || Alcgay= 141 T)

AfediA)= 9 07
f e LO e

_,l. i:l Fe o] rri_;q-
[o «] ~T° (] -
|t

[CBSE Topper 2017]

x

3. If A s a skew-symmatric matrix of order 3, then prove that det A = 0.

Ans. A G shaes ryrnrnabric

A '.-__,-—-ﬂ"r‘"f——_- o e e | __. _:____
. i_ fm-[-jlfa‘fl B o o
N PYIERS YR ST

i Al = : e
1] =6

Abbza—" B

n

[CBSE Topper 2016]

( SHORT ANSWER Type-Il Questions (SA-I) )

[3 marks]

4. Using properties of determinants, prove that

1 1 1+3x
1+3y 1 1
1 1+3z 1

=9 (3xyz + xy + Yz + zx)

Ans.

o LA _ﬂrb} - =
| (+3y | ] _
) T



EI_—' El?ta

|l o 1 H!ix.l_ _ .
_ g 11 _ _ i
5 3T ng ¢ ! — ——
'tmfj A Lommon jrom O L
A 1 '+'5h! ‘—_/"4_
¢ L =
| X It | —
| Ro— RL— R4 :
| 3]0 | -ide/ R .
B h____/ 0 3% e
~J:. tl’.bz. |

'1( l’it) + +5-:JL3 -t’mg)] —

+ 3L 4+ -Hmj-r Iy + ﬁm.‘x._]
@xb-r.-r_aﬂ‘?ﬁudfawj S

x+2 x+6 x—1
x+6 x—
x—1 x+2 x+6

j —

q ['_'hq R4 2y Yy xe) o [CBSE Topper 2018

5. Using the properties of determinants, solve the following for x.

1 x+2

=0

2647

AP PUF|

*eE A+ A+ L

n-l

142 A+

C| 1€ =2 € —E—1+E=Cx

D= r.!mr:nf 0

Toas

o 1
=3 -.ur“r

[CBSE Topper 2015]



( LONG ANSWER Type Questions (LA) )
[ 4 &5 marks |

6. Two schools A and B want to award their selected students on the values of sincerity, truthfulness
and helpfulness. The school A wants to award T x each, T y each and T z each for the three reswpective
values to 3, 2 and 1 students respectively with a total award money of ¥ 1,600. School B wants to
spend T 2,300 to award its 4, 1 and 3 students on the respective values (by giving the same award
meney to the three values as before). If the total amount of award for one prize on each value is
¥ 900, using matrices, find the award money for each value. Apart from these three values, suggest
one more value which should be considered for award.
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Fa) Fa 15)
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(b+e)? a? be
7. |(c+a)* b? ca
(a+b)* * ab
Ans.

=(a-b)(b-c)(c-a)(a+b+c)(a®+bi+c?)

TP A : l(b-w?) a b -
e W el ¢ DDl ved@aid)
jl.— —-—_{gil:).=r & ab | 74_ R
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