Limits

REMEMBER

Before beginning this chapter, you should be able to:

e State the term function

e Apply basic operations on functions

KEY IDEAS

After completing this chapter, you would be able to:

Identify limit of a function

Understand meaning of symbols used in limits

Study evaluation of limits by different methods

Obtain limits of a function using a formula



INTRODUCTION

Limit of a Function
Let y = f(x) be a function of x and let ‘a’ be any real number.

We first understand what a ‘limit’ is. A limit is the value, a function approaches, as the
independent variable of the function (usually ‘x’) gets nearer and nearer to a particular value. In
other words, when x is very close to a certain number, say a, what is f{x) very close to? It may be
equal to f{a) but may be different. It may exist even when f(a) is not defined.

Meaning of ‘x — o’

Let x be a variable and ‘a’ be a constant. If x assumes values nearer and nearer to ‘a’, then we say
that ‘x tends to a’ or ‘x approaches a” and is written as ‘x — a’. By x — 4, we mean that x # a and
x may approach ‘@’ from left or right, which is explained in the example given below.

What is the limit of the function f{x) = x> as x approaches 3? The expression ‘the limit as x

approaches to 3’ 1is written as: lim. Let us check out some values of lim, as x increases and gets
x—3 x—3

closer to 3, without ever exactly getting three.
When x = 2.9, flx) = 8.4100
When x = 2.99, flx) = 8.9401
When x = 2.999, f(x) = 8.9940
When x = 2.9999, flx) = 8.9994

As x increases and approaches 3, f(x) gets closer and closer to 9 and since x tends to 3 from the

left this 1s called the ‘left-hand limit’ and is written as lim .
x—3"

Now, let us see what happens when x is greater than 3.

When x = 3.1, flx) =9.6100 3
. (Left hand limit)
When x = 3.01, f{x) =9.0601 X ——
When x = 3.001, f{x) =9.0060 3 . o
(Right hand limit)
When x = 3.0001, f{x) =9.0006 —x

As x decreases and approaches 3, f(x) still approaches 9. This is called the ‘right-hand limit’ and

is written as lim .
x—3"

As lim f(x) lim f(x)=9, we write that lim x> =9.
x—3" x—3" x—3

Meaning of the Symbol: lim f(x)=1

xX—a

Let f(x) be a function of x where x takes values closer and closer to ‘@’ (# a), and let f{x) assume
values nearer and nearer to /.

We say, f(x) tends to the limit /" as x tends to ‘a’.

The following are some simple algebraic rules of limits.
1. limk f(x)=klim f(x)
X—a X—a

2. Hml f(x) £ g(x)] = lim f(x) £ lim. ¢(x)

X—>a



3. Iim[ f(x)- g(x)] = lim f(x)- lﬁim g(x)

X—a

fx) lim f(x)

4, lim L Zxod”

- (where lim g(x) #0)
o0 g(x)  lim g(x) x4

Notes

1. If the left hand limit of a function is not equal to the right hand limit of the function,
then the limit does not exist.

2. A limit equal to infinity does not imply that the limit does not exist.

Example: The limit of a chord of a circle passing through a fixed point Q and a variable point P
as P approaches Q is the tangent to the circle at P.

If PQ is chord of a circle, when P approaches Q along the circle, then the chord becomes the
tangent to the circle at P.
Problems: While evaluating the limits we use the following methods.

1. Method of substitution

2. Method of factorization

3. Method of rationalization

4. Using the formula lim {x — } =na"!

x—a|l x—a

Method of Substitution

In this method we directly substitute the value of x in the given function to obtain the limit value.

Examples:

1. lim[x? +5x + 6] = (2)% + 5(2) + 6 = 20.
x—2

2. lim

x—3

{xz+4x+1}_(3)2+4(3)+1_g_11

x+5 345 8 4

2 2
x= =9 3 -9
,then f(3)=

x=3 3-3
stituting x = 3, the function assumes a form whose value can'’t be determined this form is called
an indeterminate form.

Indeterminate Form If f(x)= =%, which is not defined. By sub-

Method of Factorization

e L6

4(x)
and g(x).

assumes an indeterminate form when x = 4, then there exists a common factor for f (x)

We remove the common factors, and use the substitution method to find the limit.



2 —5x+
Evaluate lim w .
2| x2 =3x+2

SOLUTION

When x =2, w = 9 an indeterminate form.
4—-6+2

Now, x2 — 5x + 6 = (x — 3)(x — 2)

=3x+2=(x-1)(x-2)
lim x> =5x+6 ~ lim (x = 3)(x—2)
=2 %2 =3x+2 | 2| (x—1)(x —2)

. x—3 2-3
Iim =|——|=-1.
=2 x—1 2-1

Method of Rationalization

e

g(x)
we rationalize f(x), ¢(x) and cancel the common factor, then use the substitution method to find
the limit.

Evaluate lim {;} .

assumes an indeterminate form when x = a and f{x) or g(x) are irrational functions, then

=0 T=1-x

SOLUTION

: _ 0 0 _ .
When x = 0, the given function assumes the form ———— = o an indeterminate form.

1-+41-0
Since g(x), the denominator is an irrational form, we multiply the numerator and denominator
with the rationalizing factor of g(x).

lim =lim al X(1+ 1—x)

x—>0|:1_\/Ei| x—)O(l_m) (1_,.@)
x(1+m)

=lim ———=
x>0 1—-1+x

— lim x(1+\/1—x)
_x—>0 X

=lim(1+V1-x)=1+1=2.

x—0




Evaluate lim m .

x—3 x—3

SOLUTION
(3-v6+3) 0

When x =3, 33 = o’ an indeterminate form. As f{x) is irrational, we multiply the

numerator and denominator with the rationalizing factor of f(x).

lim(3_M) i (G-vVorx) (3rvorx)

i y i 9= (6+)
23 x=3 w3 x=3  (3+ot+x) =3x-3)(3+V6+x)
. 3—x . -1 -1
= lim = lim =
3 (x-3)(3+V6+x) (B3+vo+x) (3+6+3)
_ 1
T (3+3) 6

EXAMPLE 9.4

Evaluate lim dtx VAo
=039+ x —\9—x

SOLUTION
Ja-4 0

When x =0, ——= = —, an indeterminate form.
NCENCEN

Here f(x) and g(x) both are irrational functions. We multiply both the numerator and the
denominator with their rationalizing factors.

lim\/4+x—\/4—xX\/4+x+\/4—xxx/9+x—\/9—x
x—>0\/9+x—\/9—x \/9+x+\/9—x \/4+x+\/4—x
hm(4+x)—(4—x)x\/9+x+\/9—x_hmZ_xX\/9+x+\/9—x
=20 (9+x)—(9—x) Vd+x+V4—x 02x JAd+x+4-x
_hm\/9+x+\/9—x_\/§+\/§_2\@_g
S0Jhtx+Jh—x Ja+d4 24 2

Using the Formula

n n

.| x"—a _ . .

1. lim = na""! (where ‘n’is a any rational number).
X—>a X —da



Proof:

Case I: n is a positive integer.

X" — "

. a .
Iim|— |=1lim
x—>al x—a x—a X —a

(x — a)(x"’1 +x" 2+ x" 3@ -+ a"’l)

=Hm[x"" +x"2a+x"3a® +-- +a"]
X—>a

=a"1+a"2 a+a"> a® +---+a"(n terms)

=a" M+ a4 e+ 0" (0 terms) = n - a" T

Case 2: n is negative integer.
Let n=—m (m is positive integer)

X" —g" T g
lim| —— |=lim
x—a|l X —a x—a X —a
1 1 aﬂ/l _ xm
- m m m m
. m m . m m . —(x™ —a . x" —a .
=lim X 4 — ljm X4 :hm¥:—hm x lim
x—>a X —da x—a X —d x—a (x — g)x’”am x—a X —a x—a xMa™
—— H’l*l 1 . 3 141 5 5 1
= —ma — (" m1s positive interget using case (1))
a
amfl
=—m — _mam—l—Zm — (_m)a—m—l
aZm

n n
.| x"—a _
= lim|———|=na""". (. n=-m)
x=a|l X —a

Cuse 3: # is a rational number.

Let n=2 where p, q are integers and g # 0.

. —da . —da .
Im|— |=lm| — |=1lm
x—>a X —a x—>a X —da x—>a X —da

1 1
Let x4 = y then x = y? and a? = b then a = b1.
x—a = o> = y->b

1 1

TV — (q1)P P _pr
fim | & @D |22
x—a x—a x—a yq — b4
P —pp P —pp
Y l; lim ¥ i -
— x—b — -
= lim ¥ =2 ) oy — (* p, q are integers)
x—b yl — b yi—=b1  q-b1




Hence when n 1s rational number,

n n
. X —da _
lim =na""".
x—al X —a

. x" —a" m
Note lim [ } =—a"™".

x—=a| x" —a"

4 _
Evaluate lim {x—256:|
x—>4 x—4

SOLUTION

=4x 441 =4x 43 =256.

EXAMPLE 9.6
5 _
Evaluate lim [X—m}
x—3 X2 -9
SOLUTION

. x> =243 . x> =3
Im|——|=1lm
x—3 xz -9 x—3 x2 — 32

22552 fim| T S e | 2230 21
2 x—a| x" —a" n 2 2

EXAMPLE 9.7

If lim |:x -2 } =32, then find the value of n.

x=2| x—=2

SOLUTION

lim{x -2 }zn'2”1
x—2 x =2

32=np-2m1
4x8=pn-2n1
4x23=p. 21

4 x 241 =y x 2nt




Limits as x Tends to Infinity

1
We know, when x tends to infinity — tends to 0. While evaluating limits at infinity put x = —.
Y

x
EXAMPLE 9.8
Evaluate lim 2x+3.
x>0 x—5
SOLUTION
1
Put x=—; ifx 00,y =0
Yy
2x+3 g+3 2+3 2+0
lim X = limy =lim * Y _ * =2.
x>0 x—5 yaOl_S yaOl—Sy 1-0
Y

EXAMPLE 9.9

3x2 +4x+5
Evaluate lim u.
xoo  4xZ 47

SOLUTION

1
Put x =—, whenx =00,y =0

Y

332 +4x +5 3'%+4'1+5
lim al 5 a =lim Y Y
x> 4x=+7 y—0 4‘i+7
E

i 3+4y+5y> 3+0+0 3
= m = = —
o0 4+ 7y? 4+700) 4




TEST YOUR CONCEPTS

1. When the number of sides of a polygon tends to

17. Evaluate: limM.

infinity, it approaches ____ . x—3 x—3
2. The scientists who put calculus in mathematical .| x"=a"
18. Evaluate: lim .
form are and . xoa| M — g™
3. The radius of circle tends to zero then it approaches NN
a . 19. im ———— =
x5 x—5
4. helps in finding the areas of the curves. )
20, 1F lim | 22305 then the value of b
: . = =2, n valu
5. Evaluate chl_)mz(Zx—Z). w0 x2 4+ 4x+3
6. The limiting position of a secant is . s .
: H 3 2 _ P
7 Tim a4 x4 P2 e b g = ' 21. What is the value of }Clgql(x +1)(x" —2x +4):
xX—>a
. 3
8. limlog(dx —11)=____, 22. Evaluate: lim| *—2" |
x—3 =3 x—=3

9. A circle is inscribed in a polygon. As the number
of sides increases, the difference in areas of circle . x2+x+6
23. Evaluate: lim | ———— |.

and polygon . ’ ) |
2
10 lim S - 24. Evaluate: lim 1
. . Ev : e
00X 0| 5l 45
11. lim ”(":l)z . LR
x—>0 4 _ 4
- . " 25. Evaluate: lim x4
Xx—>a X —d
12. lim — = .
ey o a7 4128 (7))
26. Evaluate: lim ——.
13. L Y -1 a2 Z
. lim——= .
! \/; 1 27. Evaluate: lim w . o
g x| x2 =5x+3 S
14. lim (where n is an odd natural number) -
x>-a x+a 28. Evaluate: lim /25— x2. (T2)
= . x—5 Bl
1
15. lim [Ed] - ) 29. In finding lim f(x), we replace x by — then the =
xo0 X - xX—>a n
limit becomes G
. 2
16. }Cl_rg’ 9—x- = 0. tim Tx—3 B
Cabegx—10 T —d
. h
Short Answer Type Questions (@)
1|x|+7 > -2 >,
31. Evaluate: lim L 33. Evaluate: limx—43. o
X0 8|x|—9 x>3 x—3 m
o | 2x2=9x+10 x5 +3xt —4xd —3x2 +2x +1 N
32. Evaluate: llm| ————|. . Eval Bt .
x%2|:5x2 —5x—10:| 4 valuate xl_I)Iolo 2x% +4x2 —9x + 16 L//




(7]
p 4
O
-
(7]
L
=
o
LA
=
-
O
<
(-4
o.

14 _ 14 —
35. Evaluate: hm%, 41. Evaluate: lim Nxta-~Nsa \/Z'
roaxo—a x—>a xX—a
36. Evaluate: ljmx—_2 L
’ a2y 422 42. Evaluate: ,}f}o ;E .
37. Evaluate: lim ot X~V =X kg3t
L x—% J10+x =J10—x 43. 1f xli)rr_l3 i3 =405, where k is an odd natural
Jarxtx2aad -1 number then, k=
38. Evaluate: lim . .
0 x 44, fim X2
n n x—4 x—4 —_—
39. tim =1L - e
e 45. Tim 28 xl ()2 ogl()x ) _
4 _n3 2 x—3 og(2x +
40. Evaluate: 1im|:x 257 X +2x}'
x—1 x—1
Essay Type Questions
2 1+3+5+7+...
46. Evaluate: lim nd+4+9+16+-+n ) 49. lim 34547 nterms

x>0 n* + 8n?

2 .o
47. Evaluate: lim 2 (A+2+3+4+ +n).
X—>0 1’!4 + 41’[2

R Vx+1—+/5x-3
48. lim _

oA 2x+3—Jae+1

CONCEPT APPLICATION
Level 1

50.

n—>02+44+64+8+...n terms

. 2 2
lim + -
-3 x—3 x?—T7x+12

1. Evaluate: lim(4x? +3) =

x—3
(a) 36 (b) 39
(c) 40 (d) None of these
5 lim 2x +4 _
x—=m0 x —2
(a) 1 (b) 0
(©) 2 (d)6
3. bm X220
x—>5" x =5
(a) 1 (b) —1
(©) 0 (d) Cannot be determined
2
4. Evaluate limw.
x—1 2x —1
(@) 1 (b) 10

(c) 20 ()5

. Evaluate: lim @
=20 \x +5-5

@1 (b) 2
(c) 4 (d) oo
o B3k B dx

T s
@5 (b) 3
()2 d) 4
lim (x—=1)(2x-1) _

xo0 (x —4)(x —7)

@0 (b) 1

() 2 d -1
5 1

lim 256 _

x—=2 x—2



32 128
1 1
c) ——— d) ——
© 256 @ 64
9 x2 +2x -8 _
Cx22x2 =3x -2
1 6
a) — b) —
() : (b) -
3 1
z d) ——
(©) 5 (d) .
10. lim 16 —x2 isa/an
x—4"
(a) complex number.
(b) real number.
(c) natural number.
(d) integer.
11. hmlog(2x+1)=
x=0 5x +4
(a) —2log2 (b) log4
(c) —log(%) (d) —3log2
. Nx+3+x+6
12. lim
=3 Nx+1-2
(a) 1 (b) 7
(c) 14 (d) None of these
3 fi VX 20 —V3x 410
x—5 5—x
2 2
a) —— b) —
(2) - (b) -
1 -1
c) — d) —
(©) - (d) s
2 _ —
14 fim 22D
x—>=3 :)Cz +2x-3
() 1 (b) 2
(c) =3 (d) —4
15. fim XZEFTD)
x—>o (x 4+ 2)(5x + 1)
@ - (0) 25
5

1
(© 5 (d) s

16.

17.

18.

19.

20.

21.

22.

Evaluate, lim f(x);g(Z)’ where f(x) = x?— 4x.

X2 X —

(@ —1 (b) 2

(©0 (d) 4
2x—7x +3

Evaluate lim ———.
9 3x —113/x +6

3 5
@)Z @)g
5 3
(©) ; (d) ;
lim =b =
x=>b x—b
(@) — (b) %
() 5 \/_ (d) None of these
lim
x1—>3 Vx+6 —\/2x+
(@) =5 (b) =6
(©)9 (d) 6
b x+2

x>=2 \/2x+ —V2-x
@ 5 ®)

(©1 ()

WA~ ]

log x? + log(xlzj +log?2

Evaluate lim

x—1 log(x® + 3)
3
a) — 1
(@) 5 (b)
1
— d) 2
©) 5 (d)
N
lim 243 5
x—3 x—3
5 5
Q) —— .
@ 729 ® 243
— d) N f th
(c) ” (d) None of these

v
Z
o)
-
w
LLJ
=
o
LA
v
-
(§)
<
(24
o




(7]
p 4
O
-
(7]
L
=
o
LA
=
-
O
<
(-4
o.

23. lim o3 =
x>0 (2x + 3)
(@) 0 (b) 1
1
— d) 2
(© 5 (d)
3
24. Evaluate: limd 27
i—>3 d-3
(@) 3 (b) 9
(c) 27 (d) None of these

25. lim V9 —x2 isa/an

x>+ k>
27. For some real number k, the value of lim

can be ok xtk
(a) 50 (b) 60
(c) 70 (d) 80

28. Evaluate lirrif(x)—:{(l), where fx) = x* — 2x.
(@) =1 (b) 0
(o)1 (d) 2

1 1

- 5 g5
X3 29. Evaluate lim —
(a) natural number. x—a ‘?4 ‘?4
x5 —a
(b) real number. '
—a _
(c) imaginary number. () e (b) =
(d) integer. 1 .
3x—8x +4 © (d) —
26. Evaluate im —————. 4a 4
x4 5x —9afx =2 L
o 1 . 4 30. lim6x +71c +12x+1=
a) — — X0
5 11 N o
3 (@)1 (b) 2
c) — d) 5
(©) 0 (d) (©3 (d) 6
3,2 _ _
31. Evaluate lim 25— ~13% 76, 34, fim (XD
x>-2  3x%2+x-10 x>0 (27x% +1)
5 17 4 8
) =2 b -2 ) = b) —
() - (b) - (@) > (b) >
2 6
15 10 o) = 4 =
(©) T} (d) BEY © 27 (@) 27
o oxP—6x?+11x -6
log x> —log(t)+log3 35. }lej 2 _5e1d =
32. Evaluate lim x3 5 :
x—>—1 X
log| — a) = -=
og(_gj @ 3 (b) -3
(a 1 b) 0 5 -2
) ®) © 2 W =
(c) —1 (d) Does not exist 3
5_ 5
33. Lm { 3x }_ 36. If lim>——2 = 5, then find the sum of the
° PR [ _ - x—>a X —a
- XX =6+ 2% possible real values of a.
(a) —1 (b) 1 @) 0 () 2
(© 0 (d) e (©) 3 (d) Cannot be determined




X

@) 12 (b) 20

37. 1 =
0 Brx—Vx (c) 40 (d 10
246+104+14+...2n terms
_ 42. 1 =
(@) \/5 () \/_3 xl—rgo 24+44+6+8+...nterms
() 243 d) -243 (a) 4 (b) 16
S e ()8 (@10
ol 1=x 43. Evaluate: lim l[ ! + bta }
1 1 xo—ax|x4+a x2—bx+ax—ab
(a) - (b) - 1 1
6 8 05 S
(©) L d L 1
10 12 ©) (d)
a(a+b) a(a—b)
39 i Vitx+x2+x3 -1 _
’ x—rf(l) x B . \/Zx—3—\/3x—8
44. lim =
(a) 1 (b) 2 35 \2x =1 =3x -6
1 1
(©) = (d) — V7 3
2 4 @ —/ b) —=
3 2.7
Yx+16 -2
40. im ———— = © i\ﬁ @ 3
x—0 X 3 \/7
1
@ — ) ~ 7
16 45. If lim =7, then find the number of
1 1 x—=a X —da
(c) 3—2 (d) % possible real values of a.
2 e+ DO+ (o + 20010 @0 &1
41. lim (c) 2 (d) Cannot be determined
x—>0 x10 41
2
46. lim Iras 94;?{ Al (a) 4 (b) 8
1 1 ©6 (@3
@ — (b)) — 292032 L ,2
12 24 49. Evaluate: lim (B427 437+ 4n) .
1 1 x—0n?(1+3+5+7+-++n terms)
(c) g (d) E () 0 (b) 1
P Yxt32-2 B () o0 (d) Does not exist
R x V6 +x —\6—x
50. Evaluate: lim .
(a)i (b)i x>0 4/8 + x — /8 — x
16 45
1 1 \/— —5\/5
_ = a) V3 b) ——
©) < ) m () (b) 3
3 _H2 2
o T Vi =207 +2x =3 -1 o 3 @ 3

x—2 x =2

3 3

(7]
Z
o
=
(7]
I 1]
=
(¢
Ll
O )
=
O )
<
(4
.
Vi




51. Evaluate: éiir(l) cot@ — cosecH. () 0 b) - 5
@0 (©) 2 !
5
(c) 4 (d) None of these (© 4 (d) o
100 100 4 ... 100
50 lim(x+1) +(x+2)"" 44 (x +50) ) )
x>0 B R | 57. lim(x —a) - =
2
= . x—a x—a x°—(a+b)x+ab
a) 100 b) 1 a—b-1
() (b) @) (b) 0
(c) 21 (d) 50 a=b
— a+b
53. lim 12X 7015 . ()1 (d)
-3 2x—6 a=b
(a) 1 (b) -1
58. lim ! = .
(© 0 (d) e w2 | 5x =2
5
P 40P
54. If lim ~ 2 =80 (where p is an odd number), @0 (b) e
x—>-2 X+
then p can be . (o)1 (d) Does not exist
2
@3 (b) 5 59. lim o is
(©) 7 9 x>0 \[2554 +13x3 + 1402 +17x + 6
3 b 1
55. If lim =3, then find the number of pos- (a1 (b) -
x—=m X —m 5
sible values of m. 5
(c) — (d) None of these
(2) 0 (b) 2 14
5
() 1 @3 60. lim 1o
\/ \/ x=>-1 x+1
56. lim\/5x+1_\/7x_5 - . (@)1 (b) -5
x—3 —
PNVTx 4 Sx 10 ()5 (d) None of these

(7]
p 4
o
-
(7]
L
=
o
LA
=
-
O
<
(-4
o.




TEST YOUR CONCEPTS

1. circle 17. Limit does not exist
2. Newton and Leibnitz 18, ML g
m
3. point
) ) 19 b
4. integration 25
5.2 20. 6
6. tangent 21.
7. nd" 22. 27
8. 0 23. oo
24. 0
9. decreases. s
1 b
25. —-a 4
10. 8 16
11.1 26. 448
12. 0 27. =6
13 i 28. Limit does not exist
> 29. lim f l
14. n(—a)™! 1,7
15. -1
7
16. does not exist 30. g
Short Answer Type Questions
31. 2 38. l
8 2
-1 39. 1
32. — _
15 40. 21
33. 405 41. (7))
1 2\/5 >
3 42. 2 "
35. =221, 43. -1 4
36. 4 44. Cannot be determined (a4
37. V2 45. 10g7(£) L
11 ;
Essay Type Questions ‘2
1
4. 3 48. 10 <
1 49. 1
47. — A
2 50. 0




7
-
L
-4
(-
L
3
%)
Z
<

CONCEPT APPLICATION

1.0 2. () 3. () 4.b) 5. 6@ 7.0 8. (d 9. () 10. (b)
11. (@)  12. (d) 13. () 14.®) 15. (d) 16. (¢) 17. () 18. () 19. (b)  20. (d)
21. () 22. (@) 23.(d) 24. () 25. () 26. () 27.(d) 28. () 29. () 30.(d)
31. () 32.() 33.(b) 34.(b) 35 (d) 36. @) 37.() 38 (b) 39. () 40. (0
41. (d)  42. ()  43. () 44. (d)  45. (o)

46. 1) 47. () 48.(d) 49. () 50. (d 51. @) 52.(d) 53. () 54. (b) 55. (b)
56. (b) 57. () 58. (b)) 59.(a)  60. (c)



CONCEPT APPLICATION

1.

e s e

10.
11.
12.
13.

14.
15.
16.

17.

31.

32.

Substitute x = 3 in the given function.

n n

and cancel the common factor then substitute x
=-2.

Put x = —1 in the given limit.

. X —a _
18. Use the formula, lim =n-a" 1
. Divide both numerator and denominator by x x4 X —a
) 1 19. Rationalize the denominator and remove the
then use if x — o then — — 0. P> bsti _
x common factor. Now substitute x = 3.
—5|=x— 20. Rationalize the denominator and cancel the com-
When x >5,|x—5|=x—5.
) ) ) ) mon factor and then substitute x = —2.
Substitute x = 1 in the given expression.
. 21. Put x =1 in the given limit.
Substitute x = 20. &
x" —a"
Substitute x = 0. 22. Use the formula, lim ——— by converting the
x—=a X —da
Divide both numerator and denominator by x2. given limit into the form.
. 1
Now substitute, ; =0. 23. Divide both the numerator and the denominator
1
X" =g . by x and apply the concept hat, as x — o0, — — 0.
. Use the formula, lim =na""". x
x—a X —a
. . . xi’l — al’l
Factorise the numerator and den.ommator and | 54 Use the formula, lim R
remove common factor. Now substitute x = 2. x—a X —a
Apply the concept of left hand limit. 25. Apply the concept of left hand limit.
Substitute x = 0. 26. Factorize the numerator and denominator and can-
Rutionalize the d ) cel the common factor which is in both numerator
atonalize the denominator. and denominator then substitute x = 4.
Rationalize the numerator and cancel common Coxt—g" .
. _ 27. Use the formula, lim =na""".
factor. Then substitute, x = 5. X1 X — g
Factorize the numerator and denominator and | 28. Calculate f{1) substitute flx) and f(1), factorise
cancel the common factor and then substitute numerator, then cancel the common factor and
x=-3. substitute x = 1.
m __ m
Divide both the numerator and the denominator | 29. Use the formula, lim LT
1 x—=a x" —a"  n
by x% Then substitute, X =0. 30. (i) The highest power of x is to be taken common
Substitute then factorize numerator f(x), then from numerator and denominator.
cancel the common factor in both the numerator .. 11 11
i s (i) Put —, —...=0asx > o0o— — 0.
and the denominator, then substitute x = 2. x K2 x K2
Factorize numerator and denominator, eliminate
the common factor then substitute x = 9.
Factorize the numerator and the denominator | 33. Numerator and denominator are of the same degree.

of the

Coefficient of x in numerator

Limiting value given function

Coefficient of x in denominator

p 4
(o)
-
<
p 4
<
= |
o.
X
LLJ
a
Z
<
(7]
-
E
-

Ao
&)
I'\




p 4
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Z
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<
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-
=
-

34.

35.

36.

37.
38.

39.

40.

46.

47.

48.

49.

50.
51.

Divide both the numerator and the denominator
by x? and then use when

1
——=0.
x

X —>oo =

Factorize the numerator and the denominator, and
cancel the common factor, then substitute x = 1.

mo_ gm
(1) im ——— =ma
x—a X —da

(ii) Equating ma"! with 5 obtain the value of a.
(ii1) Add all the possible real values of a.

Rationalize the denominator and cancel common
factor and then substitute x = 0.

Rationalize the numerator and cancel the com-
mon factor and then substitute x = 1.

Rationalize the numerator and cancel the com-
mon factor x, then substitute x = 0.

n n

—a

n—1

X
Use the formula, lim =na

41.

42.

43.

44.

45.

Take common the highest power of x and cancel

. ) 1 1
it, then substitute — =0 as x — o0, — — 0.
X x

Find the sum of 2n terms in numerator and sum
of n terms in denominator and take common
the highest power of n in both the numerator
the and then substitute

and denominator

1 1
—=0asn— oo, ——0.
n n

Simplify and then factorise the numerator. Cancel
the common factor and then substitute x = —a.

Rationalize the numerator and denominator and
cancel the common factor and then substitute
x=05.

m m

(1) Use the formula, lim X o9 e

x—a n" —a" n
(i1) 7a® = 7.

(ii1) Now, find the number of possible real values

x—=a X —da Of a.
Write formula for sum of the squares of first n 020 -1
+1)2n+1 =
natural numbers, 1.e., M sinO@(cos + 1)
6 . :
—sinf —sin 6

Divide the numerator and the denominator by #°.

1 1
Then substitute —=0asn — oo, — = 0.
n n

n n
—a -
=na""L.

X
Use the formula, lim
x—a X —d

(1) Rationalize the numerator and find its factors

(ii) Cancel the common factor of numerator
and denominator and substitute the value
of limit.

Substitute the formulae for sum of the squares of 1
natural numbers and sum of # natural number and
sum of n odd natural numbers and simplify.

Rationalize both numerator and denominator.

lim cot® — cosecO
0—0

= o0 — oo, i.e., undetermined form.

cot@— cosec O

_ cosf 1

_cosf -1

sin @

sin@ sin@

- sinO@(cos@ + 1) - cosO +1

=1

m = = =
0->0cos@+1 cosO+1 1+1

lim cot @ — cosecO
6—0

—sin 0 —sin0 -0

(o0 + D10 4 (20 +2)100 4ot 4 (20 +50)10

52. lim
x> R o RAdE SRTTR R |
100 100 100
x1oo[(1+1j +(1+2] +---+(1+50) J
X X X
i 1 11
e R I B T s
x ( x 99 xlOO

_1+1+---+1(50 terms)

53.

50.
1
Jim 12261
x—=3 2x—6
—(2x —
= tim 27O for x <3 25— 6 < 0) = —1.
x—3" (2x—6)



Py op —b—1
al =80 lim(x — )| — 0T
x>=2 x+2 x—>a (x —a)(x—b)
P (=D)P ) x—b—-1) a—-b—-1
= lim " _s0 hm(x—a)( j= :
ko2 x —(=2) x—>a x—b a—>b
= p(=2)r" =5(=2)" p=>5 . 1
' llrr5|5 2]
3.3 x| 9X
S lim " =3 ’
xom x—m As [5x—=21]20
= 3m?>=3 = m’=1 = m=+%1
. lIim is exist
.. There are two values for m. x_)§|5x_2

L s +1-47x=5 0 o 1 1

m =
x37x +4 —5x+10 0

That is, undetermined form.
Multiply both the numerator and the denominator 52

Iim =
RERSTI

59. lim
with (V5x +1+7x—5)(7x + 4 + 5x + 10) % 25t 1 13x° + 14x2 + 17x + 6
2
. 5 +1—(7x =5 (N7x +4 +5x +10) | _ 1y S

33 (7x+4—5x —10)(V5x +1 ++7x —5)

X—>00
xz\/25 + 13(1) + 14(2) + 17(13) + 6(14]
X X X X
1

. (=2x +6)(N7x + 4 +/5x +10)

= 2x—6)(V5x+1++7x-5) Asxmee 20
zhm—(\/7x+4+\/5x+10) = lim 52 - -
S s P ey o Jmmmﬁ{lj OED
(V25 + 25):—10:—_5_ 5 ; ) ) ) 3
(Vie+vi6) 8 4 “Tma0 5 -
5
: alci—rg(x_a)[xia_xz—(ajb)x-i-abj o0- 331319;:11

m —x5 — (17 =5
x=>-1 x—(=1)

(-1)> =5(-1)* =5.

=lim(x —a) L _ !
X x—a (x—a)(x—0b)

p 4
o)
-
<
p 4
<
=
o
X
LA
(o]
4
<
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