I.I N EAR Objectives
P ROG RAMMI N G After studying the material of this chapter, you should be

able to :

Understand the concept of constraints and their graphs.

Understand the definition of Linear Programming.
Understand various definitions viz.
Feasible Region, Feasible Solution; etc.

\ ? . Understand Corner Point Method and its application.
éh ) The mathematical experience of the e
| student is incomplete if he never

had the opportunity to solve a
problem invented by himself

2
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The subject namely Linear Programming had its birth during the Second World B 8 s At Glal
War (1939 — 45), ansing mainly out of the necessity to plan the war activities so @:ﬁﬁ}ﬁj@’ . @E ﬁﬂéﬁ@
that the damages on the enemy camps are large at minimum cost and loss. i

But 1n later years, the subject was found increasingly useful for economic PAGES
planning of the activities of the industrial and commercial organisations. * CONCEPTS 1-2,4-7, 14

The persons who developed - o ~ * ILLUSTRATIVE EXAMPLES
ild C'I'I['iL‘hL‘:L] thinﬂ;ul.}jccl are .lh:: ' 3, 7-11, 14-24

ussian athematician

L.. Kantorovich, the American e
Economists F.L. Hitchcock and e e
G.B. Dantzig. Kantorovich and Ex. 12(b) 12-14
Kooperman were awarded nobel Ex. 12(0 24-27

prize in ll}r: year 1??-‘1 n TP A | . ... ... * REVISION EXERCISE 38-42
Economics for their poineering &= ael e RS NS -— o HOTS

work in Linear Programming.
(Higher Order Thinking Skills)
21, 23, 26, 3840

In Linear Programming Problems (LPP) we are faced with the problem of

either a maximization or a minimization for getting an optimum schedule. In real

life, the LPP are so complicated that computers are required for solving them.  * NYTRA 511,16-17, 22-23
* NCERT-FILE
. SUB CHAPTER Question from NCERT Book

1 2 1 LONSuUralneg 28-36
B y |

Questions from NCERT Exemplar

37
* CHECK YOUR UNDERSTANDING
Let us consider an example in which we have a sum of ¥ 350 and we want to "
purchase items (I), costing ¥ 20 each, and items (II), costing ¥ 30 each. We can * CHAPTER SUMMARY 4243
make different choices and we have the following results : * MCQ 44
Items (I) Items (II)  Money Left * CHAPTER TEST-12 45
17 X X 10 [« 350 - 17 x 20 = 10]
X 11 < 20 [+ 350 - 1] x 30 = 20]
S 8 10 [-- 350- (5 x 20+ 8 x 30) = 10]
7 7 X [+ 350 - (7 x 20+ 7 x 30) = 0]
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Obviously, we cannot purchase 8 1items (I) and 7 items (II) because the total
cost will be = 8 x 20 + 7 x 30 =¥ 370, which 1s more than ¥ 350, which we can
not spend. (G 35

Let us denote that “x” be the number of 1items (I) and *y’ that of items (I1) to be
purchased.

REGION

Clearly ‘x” and *y’ can assume only positive integral values. Thus, the above G e
problem becomes : r
i ETE
Find positive integers x and y so that 20x + 30y < 350 i.e. 2x + 3y = 35. vy

The solution of the above problem 1s the set of pairs (x, y) sausfying 2x + 3y < 35.

Draw the st. line 2x + 3y = 35.

35 35
This meets x-axis (y = 0) at A (T.U) and y-axis (x =0) at B (0, ?) The region is as shown in the figure. The

solution of the above problem i1s the set of those points (x, y) whose co-ordinates are integers (can be zero) and lying in the
region OAB (shaded) including the st. line AB.

We discuss different cases :

When we purchase only items (I).

Here the solution will be on OA.

When we purchase only items (II).

Here the solution will be on OB.

In order to utilise the whole money, we can have : x=1,y=1l;x=7,y=7; x =10, y = 5; elc.

[ In each case 2x + 3y = 35]

Here the solution will be on the line segment [AB].

When we purchase minimum 2 items (I) and 3 items (II).

Thenx 2 2, y 2 3; 2x + 3y < 35.

The points (x, y) for which y is non-negative and x = 2

and for which x i1s non-negative and y 2 3,

which are as shown below :
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Fig.

The points (x, y) satisfying x 2 2, y 2 3, 2x + 3y < 35 lie in the shaded region as below :

YA )

The conditions x 2 2, y 2 3, 2x + 3y < 35 are called constraints because they restrict us tor the selection of x, y. Such
constraints, as used above, are called linear constraints because they are expressed as linear functions.
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(VNI EXAMPLES )
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Example 1. Draw the graph of the following LPP : ¥
S5x +2y<10,x20,y 2 0. (H.B. 2010)
Solution. Draw the line AB : 5x + 2y = 10 L)

which meets x-axis at A (2, 0) and y-axis at B (0, 5).
Also x = 0 15 yv-axis and y = 0 1s x-axis.

Hence, the graph of the given L.P.P. 1s as shown (shaded) :

X

Example 3. Find the linear constraints for which the
shaded area in the figure below is the solution set :

YA

> X

Example 2. Solve the system of linear inequations :

Xx+2y<10;2x+y < 8. (J. & K. B. 2010)

Solution. Draw the st. lines x + 2y = 10 and 2x + y = 8.

These lines meet at E (2, 4).

Hence, the solution of the given linear mequations 1s
shown as shaded in the following figure.

Solution.
From the above shaded portion, the linear constraints are :
2x+y22,x—-y<1l,x+2y<8,x20,y20.

EXERCISE 12 (a)

Fast Track Answer Type Questions = FTATQ g

1. (a) Draw the feasible region of inequation : 2. Find the solution set of the system of linear constraints :
x+y<4.x=20y=20. (Kashmir B. 2017) xX+y=<6:x=1andy<1 by graph.
(b) Draw the graph of the following LPP :
x+y=17;:xy=0. (H.B. 2010)

Short Answer Type Questions = SATQ =

Draw the diagrams of the solution sets of the 7. Verify that the solution set of the following constraints
following (3 - 6) linear constraints : Is emply :
3. x+2y<8, 3x+2y=<12; x,y = 0. Ix+4y2 12, x+2y<3,x20,y2 1.

(Kashmir B. 2017)
4. x+4y =60, x+3y <30, x,y = 0.

8. Venly that the solution set of the following constraints :

1s not empty and 1s unbounded :
S. Ix+2y<14, 3x+y<9, x,y20.
x—2y20,
6. x+y<5 dx+y=24 x+35y=25,

2X— pa — 2,
x<4 y<3. '




9. Find the linear constraints for which the shaded area in 10. Find the linear constraints for which the shaded area

the following figure is the solution set : as shown 1n the figure 1s a solution set.
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Answers
9. 2x+3y2 3, x-6y<3, -Tx+4y < 14, 10 —x+4y24, llx+ 10y <55, - l4x+7y2 35, x = (),
Ix+4y<18, x20,y=20. y = 0.

SUB CHAPTER

12.2

Linear Programming

Definition

=]

Linear programming is a tool, which is used in decision making in business for obtaining maximum

and minimum values of quantities subject to certain constraints.

B VP MATHEMATICAL FORMULATION

Let the hinear function Z be defined by (i) Z = ¢ x| + cpx5 + ...+ ¢,x, , where ¢’s are constants.
Let a; be (mn) constants and bj be a set of m constants such that :

(11) By € Gials & v # WX (S=020) bl
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and let (ui) x, 20,x, 20, ..., x, 2 0.
The problem of determining the values of x,. x5, ...... . X,. which maximizes (or minimizes) Z and satisfying above (i) 18
called General Linear Programming Problem (L.P.P.).
Note : In (ii), there may be any sign <, =, or 2.

BT EN SOME DEFINITIONS

Betore proceeding further, we deline some terms :

(a) Objective Function. The linear function Z = ax + by, where a, b are constants, which is to be maximized or minimized
1s called a linear objective function of LPP. (Tripura B. 2016; Kashmir B. 2016, 11; Jammu B. 2015)

The vanables x and y are called decision variables.

(b) Constraints. The linear inequalities or inequations or restrictions on the variables of a linear programming problem are
called constraints of LPP.

The conditions x = 0, y = 0 are called non-negative restrictions ol LPP.

(c) Optimisation Problem. A problem, in which it is required to maximize or minimize a linear function (say of two
variables x and y) subject to certain constraints, determined by a set of linear inequalities, 1s called the optimisation problem.



(d) Solution. The values of x, y, which satisfy the constraints of LPP is called the solution of the LPP.
(e) Feasible Solution. Any solution to LPP, which satisfies the non-negative restrictions of the problem, is called a feasible

solution to LPP. (Tripura B. 2016; Jammu B. 2015)
(f) Optimum Solution. Any feasible solution, which optimizes (minimizes or maximizes) the objective function of LPP 1s
called an optimum solution of the general LPP. (Jammu B. 2018; Kashmir B. 2016)

B FX W CONVEX SET (POLYGON)

In a problem of linear programming, the set of feasible solutions is a polygon in the positive quadrant (i.e., a closed figure
bounded by straight lines).

I we say that the set 1s a ‘convex set’, 1t means that 1f we take any two points 1n the set, the hine joining them also les in
the set. Thus, the set of feasible: solutions 18 a convex polygon.

N
/

(i) (if) (iii)
Fig.

In the above figures, (i) and (i7) are convex and (iif) 18 not convex. After determining the convex polygon, we select a point
or points 1n 1t which will make the objective function maximum or minimum. It may be noted with care that we do not have
to consider all the points inside the polygon because the objective function is linear. Thus, we consider the values of the
objective function at the vertices of the set of feasible solutions. The largest (smallest) of these values 1s the maximum
(minimum) value of the objective function.

D VI GRAPHICAL METHOD

Let us consider an example :

Example : A furniture dealer deals in only two items tables and chairs. He has I 50,000-00 to invest and a space to
store at most 60 pieces. A table costs him ¥ 2,500-00 and a chair X 500-00. He can sell a table at a profit of X 250-00
and a chair at a profit of ¥ 75-00. Assuming that he can sell all the items that he buys, how should he invest his money
in order that he may maximize his profit ? (Karnataka B. 2014)

Solution. We formulate the problem mathematically.
Max. possible investment = ¥ 50,000-00, Max. storage space = 60 pieces of furniture.

Cost Profit
Table : < 2.500-00 < 250-00
Char : < 500-00 < 75-00
Let “x” and "y’ be the number of tables and chairs respectively. Then we have the following constraints :
x= 0 sl 1) y 20 i D)
2500x + 500y £ 50000 i.e. S +y £ 100 =l 3)
and x+y< 60 ..(4)

Let Z be the profit, then Z = 250x + 75y )
We are 1o maximize ‘Z’ subject to constraints (1) — (4).
Let us graph the constraints given in (1) — (4).

4 4




The graph of this system (shaded region) consists of the points, which are common to all half-planes, determined by the
iequations (1) — (4).

Each point in this region is called a Feasible choice.

The region is called the Feasible region. Every point of this region 1s called the Feasible solution.

Thus we have :

(I) Feasible Region. The common region, which 1s determined by all the constraints including non-negative constraints
x, y 2 0 of a LPP 1s called feasible region (or solution region). In the above figure, OAED (shaded) 1s the feasible region of
the problem. (Karnataka B. 2017: Jammu B. 2015)

The region, other than feasible one, is called an Infeasible region.

(II) Feasible Solution. The points, which lie on the boundary and within the feasible region, represent the feasible solution
of the constraints.

In the above figure, every part in the boundary and within the feasible region OAED, represents the feasible solution of the
problem.

Any part outside the feasible solution is called Infeasible solution.

In the above fhigure, (25, 40) 1s an infeasible solution of the problem.

(IIT) Optimal (Feasible) Solution.

Any point in the feasible region, which gives the optimal value (maximum or minimum) of the objective function, 1s called
optimal solution.

In the above figure, every point in the feasible region OAED satisties all the constraints as given in (1) — (4).

These points are infinitely many.

To find the exact point, we use the following theorems (the proofs of which are beyond the scope of the book).

Theorem 1. Let R be the feasible region (convex polygon) for LPP and Z = ax + by, the objective function.

When Z has an optimal value (max. or min.) when x, y are subject to constraints, this optimal value will occur at a corner
point® (vertex).

Theorem II. Let R be the feasible region for LPP and

Z. = ax + by, the objective function.

If R 1s bounded®*, then the objective function Z has both maximum and minimum values on R and each occurs at a corner

point® (vertex).

. KEY POINT

When R 1s unbounded, max. (or min.) value of objective function may not exist. In case 1t exists, 1t occurs at a
corner point of R.

In the above example, the corner points (vertices) of the bounded feasible region are :
O (0, 0), A (20, 0), E (10, 50) and D (0, 60).
Thus we have :

Vertex of Corresponding value
Feasible Region of Z (in )

O :(0,0) 0

A (20, 0) 5000

E : (10, 50) 6250 (Maximum)
D : (0, 60) 4500

It is observed that maximum profit is I 6,250 when the dealer buys 10 tables and 50 chairs.

([PX 8 CORNER POINT METHOD

In order to solve a Linear Programming Problem we use Corner Point Method, which is as follows :

*Cormer pomnt of a feasible region, 1s a point 1n the region, which 1s the ntersection of the boundary hnes.
£ A feasible region 1s bounded 1if 1t can be enclosed within a circle, otherwise it 1s called unbounded.



Step I1l. (a) When the feasible region is bounded,

(b) When the feasible region is unbounded, then
(1) M 1s the maximum value of Z 1if the open half-plane determined by ax + by > M has no common point with the
feasible region; otherwise Z has no maximum value.
(i1) m 1s the minimum value of Z 1f the open half-plane determined by ax + by < m has no common point with the
feasible region: otherwise Z has no mimmmum value.

Frequently Asked Questions

Example 1. A small firm manufactures neclaces and
bracelets. The total number of neclaces and bracelets that
it can handle per day is at most 24. It takes one hour to
make a bracelet and half an hour to make a neclace. The
maximum number of hours available per day is 16. If the
profit on a neclace is ¥ 100 and that on a bracelet is I 300.
Formulate an LPP for finding how many of each should
be produced daily to maximize the profit ?

It is being given that at least one of each must be
produced. (C.B.S.E. 2017)

Solution. Let “x” neclaces and ‘y’ bracelets be
manufactured per day.

Then LPP problem 1s .

Maximize : Z=100x + 300 y

Subject to the constraints :

x+y =24,

1
(1) (x) + E}’Elfh

andx=landy=lie.x-1=20andy-1=0.

Example 2. Old hens can be bought for ¥ 2-00 each and
young ones at I 5.00 each. The old hens lay 3 eggs per
week and the young hens 5 eggs per week, each egg being
worth 30 paise. A hen costs T 1.00 per week to feed. A man
has only Y 80 to spend for hens. Formulate the problem for
maximum profit per week, assuming that he cannot house
more than 20 hens. (H.B. 2010)

Solution. Let “x” be the number of old hens and 'y’ the
number of young hens.

ie. 2x+y <32

130 .
Profit = (3x + S}T}E-(I+y)(1}
9x 3 | Sy—
:—x+—y—x—v _ X ¥4
10 2 ’ 2 10 10
. LPP problem 1s :
ISy—x

Maximize 7Z = subject to :

10
x=Z0,y20,x+y =< 20and 2x + 5y < 80.

then M and m are the maximum and minmimum values of Z.

CORNER POINT METHOD

Step I. Obtain the feasible region of LPP and determine its comer points (vertices).
Step Il. Evaluate the objective functuion Z = ax + by at each corner point (vertex).
Let M and m be the largest and smallest values at these points.

Example 3. Maximize Z = 5x + 3y

subject to the constraints :
IX+S5y<S15,5x+2y<10,x20,y 2 0.
(NCERT; HB. 2015, 14, 13; HEB. 2017, 13 §, 12 10 ;

Kerala B. 2013; Jammu B. 2012)

Solution. The system of constraints 1s :
3x+3y <15 (1)
Sx + 2y = 10 W
and x20,y=20 )
The shaded region in the following figure 1s the feasible

region determined by the system of constraints (1) — (3) :

Fig.

It 1s observed that the feasible region OCEB 1s bounded.
Thus we use Corner Point Method 1o determine the maximum
value of Z. where :

Z = 5x + 3y ..(4)

The co-ordmates of O, C., E and B are (0, 0). (2, 0),
(20 45

19°19 (Solving 3x + 5y = 15 and 5x + 2y = 10) and (0, 3)

respectively.



We evaluate Z at each comer point :

Corresponding Value of Z

Ll W)
=2, 0)

(20 45
E: 19 |

9

B : (0, 3)

Hence. Z

max

|

935

19

at the point (

0
10

235

19

9

20 45

(Maximum)

E‘E)'

Example 4. Graphically maximise Z = 9x + 10y subject to constraints :
x+2y220,x-2y20x+ys9x=20,y=0. (P.B. 2016)
Solution. The system of constraints is :

and

Ox + 2y
x—2y

X

IV IA IV IV

20

0

9

0,y =0

The shaded region 1n the following

(1)—(4).

..(1)
=d(2)
sl )
..(4)
figure 1s the feasible region determined by the system of constraints
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[t 1s observed that the teasible region EFG 1s bounded.
Thus we use Corner Point Method to determine the maximum value of Z, where Z = 9x + 10y il )

2 6l

The co-ordinates of E. F and G are (2, 1), (6. 3) and (37) respectively.

|Solving 9x + 2y = 20 and x — 2y = 0, we get E (2, 1), etc.|

We evaluate Z at each corner point :

628 2 6
Hence, Z . :T at the point (‘? ?) ;
Example S. Solve the following LPP graphically :
Maximise : Z =4x + y

Subject to following constraints :

x+y <350
Ix+y <9
x = 10
and x,y = (. (C.B.S.E. 2017)
Solution. The system of constraints is :
x+y =50 il
3x+y < 90 «xtl)
x = 10 s:403)
and x =20y=0 e(4)

The shaded region in the tfollowing figure 1s the feasible region determined by the system of constraints (1) — (4) :

| 90)

E (20, 30)
(10, |40)

X € > X

It is observed that the feasible region GCEF is bounded.
Thus we use Corner Point Method to determine the maximum value of Z, where Z = 4x + y ol Y)



The co-ordinates of G, C, E and F are (10, 0), (30, 0),
(20, 30)
(10, 40)

We evaluate Z at each corner point :

|Solving x + y = 5 and 3x + y = 90| and
|Solving x + y = 50 and x = 10| respectively

G : (10, 0) 40)

C: (30, 0)

E :(20.350)
F: (10, 40) 80
Hence, Z = 120 at the pont (30, 0).

Example 6. Minimize Z = 3x + 2y

subject to the constraints :

X+y283x+5y<15, x=20,y=0. (N.C.E.R.T)
Solution. The system of constraints 1s :
x+y=238 cwskcl)
3x+ 5y <15 A 2)
and x, 2 0 Sk 5)
(0,3) D
X000 C50) A(8,0) i

L &

Fig.
It 1s observed that there 1s no point, which satisfies all
(1) — (3) simultaneously.

Thus there 1s no feasible region.
Hence, there 1s no feasible solution.
Example 7. Maximise and Minimise :
Z=4x + 3y -7
subject to the constraints :
x+yslhx+y23xs8y=s9x,y=0.
(PB. 2018)

Solution. The given system of constraints is :

x+y=<10 ..(1)
X+y=3 wel(2)
Xx<8§ ol 3)
y<9 ..(4)

x, y=0 .(5)

120 (Maximum)
110

©.10 B\ 51 L
m,gT

The shaded region in the above figure is the feasible
region determined by the system of constraints (1) — (5).
[t 1s observed that the feasible region DCEFGH 1s bounded.
Thus we use Corner Point Method to determine the
maximum and minimum values of Z, where :

Z =4x + 3y -7 ...(6)

The co-ordinates of D, C, E, F, G and H are respectively
(0, 3), (3, 0), (8, 0), (8, 2),

|Solving x = 8 and x + y = 10|
(1,9)
(0, 9).

We evaluate Z at each corner point.

Cueresponling Veine of Z

2 (Minimum)
.ﬁ

-

25

|Solving y = 9 and x + y = 10|

and

31 (Maximum)
24
20

Hence,Z .. =3l at(8,2)and Z_. =2 at (0, 3).



Example 8. Determine graphically the minimum value
of the objective function :

= — 50x + 20y
subject to the constraints :
2x-y2-53x+y232x-3y<12,x,y20.
(N.C.E.R.T.)

Solution. The system of constraints 1s :

2x —y 2 -5 (1)
Ix+y=23 (2)

2x — 3y < 12 il )

and x,y=20 ..(4)

The shaded region in the following figure 1s the feasible
region determined by the system of constraints (1) — (4).

Fig.
It 1s observed that the feasible region 1s unbounded.
We evaluate Z = — 50x + 20y at the corner points :
A (1,0), B (6, 0), C (0, 5) and D (0, 3) :

From the table. we observe that — 300 1s the minimum
value of Z.

But the feasible region 1s unbounded.
s — 300 may or may not be the mimimum value of Z.
For this, we draw the graph of the inequality.
— 50x + 20y < — 300
e. —35x+ 2y < - 30.

Since the remaining half-plane has common points with
the feasible region,

Z = — 50x + 20y has no minimum value.

Example 9. Minimize and Maximize Z = 5x + 2y,
subject to the following constraints :
X=-2y <2, 3x+2y<12,-3x+2y <3, x=0,y = 0.
(A.I.LC.B.S.E. 2015)
Solution. The given system of constraints 1s :

x-2y =2 wil)
3x+2y < 12 A
—3x+2y <3 )
and x=0y =20 ..(4)
AY
P
(0,6)D 1%
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i ff G
B
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E (-1,0) H
-§ } } | — B
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X 4,0) X
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--(01_1} H‘i
\\;
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Fig.

The shaded region 1n the above figure 1s the feasible
region determined by the system of constraints (1) — (4). Tt 1s
observed that the feasible region OAHGF 1s bounded. Thus
we use Corner Point Method (o determine the maximum and
minimum value of Z, where

Z =5x+2y W
The co-ordinates of O. A. H. G and F are :

—— (7 3)(3 15) d(ﬂ}] —
(0, 0}, (2, O), 52 ) \5 ) an 5] respectively.

[Solving x — 2y = 2 and 3x + 2y = 12 for H and
—Ix+2v=3and 3x + 2v = 12 for G]

We evaluate Z at each cormer point :

Corresponding value of Z

0 (Minimum)
10

19 (Maximum)

 §

Hence, Zm = 19 at (l E) and me =0 at (0, 0).

4

24



Fast Track Answer Type Questions

1.

Sh

EXERCISE 12 (b)

Two tailors, A and B eam ¥ 300 and X 400 per day
respectively. A can stitch 6 shirts and 4 pairs of
trousers per day while B can stitch 10 shirts and
4 pairs of trousers per day. To find how many days
should each of them work and 1 1t 1s desired to
produce at least 60 shirts and 32 pairs of trousers at a
minimum labour cost, formulates this as an LPP.
(A.LLC.B.S.E. 2017)
A dietician wishes to mix two types of food in such a
way that the vitamin contents of the mixture contains
at least 8 units of vitamin A and 10 umts of vitamin C.
Food ‘T" contains 2 units/kg of vitamin A and 1 unit/kg
of vitamin C while Food °II' contains 1 umt/kg of
vitamin A and 2 units/kg of vitamin C. It costs ¥ 50
per kg to purchase Food ‘T" and ¥ 70 per kg to purchase
Food °ITI'. Formulate the problem for mimimum cost
of such a mixture. (H.B. 2010)

A firm can produce three types of cloth say "A’, "B’
and “C’. Three kinds of wool are required for it, say
red wool, green wool and blue wool. One unit length
of type "A’ cloth needs 2 yards of red wool and 3 yards
of blue wool, one unit length of type ‘B’ cloth
needs 3 yards of red wool, 2 yards of green wool
and 2 yards of blue wool, one unit length of type *C’
cloth needs 5 yards of green wool and 4 yards of blue
wool. The firm has only a stock of 8 yards of red
wool, 10 yards of green wool and 15 yards of blue
wool. Tt 1s assumed that the income obtained from
one unit of type ‘A’ cloth is ¥ 3, for type ‘B’ cloth is
< 5 and for type *C’ cloth is T 4. Formulate the problem
as a LPP so as to maximize the profit of the firm by
using the available materials.

ort Answer Type Questions

A | T !';_ "l'- "_" ~ 1 A
[ ! 4| B 1
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:_"‘- - _I: !1_ E__ .Lw-_

Ag
4. A furniture firm manufactures chairs and tables, cach
requiring the use of three machines "A’, ‘B" and "C".
Producing of one chair requires 2 hours on machine
"A’, | hour on machine *B" and | hour on machine *C".
Each table requires | hour each on machines A" and
‘B and 3 hours on machine *C". The profit realized
by selling one chair 1s I 30 while for a table 1s T 60.
The total time available per week on machine "A’ 1s
70 hours, on machine *B” 1s 40 hours and on machine
"C7 15 90 hours. Find the mathematical formulation so
as to find the number of chairs and tables that should
be made per week so as to maximize the profit.
S. (a) (i) Maximize Z = x + 2y subject to :
X+y23x20,y20 (Jammu B. 2014)
(if) Maximize Z = 2x + 3y subject to :
x+2y<6,x=24,y=20 (Jammu B. 2013)
(iit) Maximize Z = 4x + y subject (o :
x+y=<50;x,y=0 (Kashmir B. 2013)
(1v) Maximize Z = x + 2y subject to :
2+ V=E O VED (Kashmir B. 2015)
(v) Maximize Z = 5x + 3y subject o :
3x+5vy = 10.x,y=0 (Jammu B. 2017)
(vi) Maximize Z = 3y + Sx subject to :
Ix+55y =15, xy=20 (Jammu B. 2017)
(b) (i) Minimize Z = 3x + 2y subject to :
x+y=8,x,y=20. (Jammu B. 20I15W)
(ii) Minimize Z = 3x + 9y subject to :
x+3y<60,x<yandx, y=0.
(Jammu B. 2017)

Solve the following Linear Programming Problems graphically.
Maximize (6 — 16) :

X+y=<6,Ix+yz26,x—-y20x=0y=0.

(P.B. 2017)

(NNC.ER.T. : C.BS.E. 2017: HPB. 2016, 14, 11: Jammu B. 2016;
Uttarakhand B. 2015; H.B. 2014, 13 : PB. 2012 : Kashmur 2011)

(INNC.ER.T.: HEB. 2018, 17, 16, I4, I3 S; Jammu B. 2015 W, 15;

H.B. 2014; F.B. 2013, 12 ; Untarakhand B. 2013)
(P.B. 2011)
(Rajasthan B. 2012)
(PB. 2012)

(Jammu B. 2013)
(H.B. 2017, 11)
(ALC.B.S.E. 2017)

OBJECTIVE FUNCTION CONSTRAINTS
6. Z = 6x + 8y
T Z=4x+y x+y<50,3x+y<90,x20,y20.
8. Z=3x+2y x+2y<10,3x+y<15.x20,y20.
9. Z = 13x + 3y X+y<63x+2y<15x=0,y =2 0.
10. Z =3x+ 5y x+y22,x+3y23.x20,y20.
11. Z=4x+Ty x+2y<20,x+y<15,x20,y20.
12. Z=-3x+ 4y x+2y=<8,3x+2y=12,x=20,y = 0.
13. Z=06x+1ly 2 +y=< 104, x+2y <76, x,y = 0.
14. Z = 34x + 45y x+y=<300,2x+3y=70,x, y = 0.
15. Z="Tx+ 4y

2x+y=<10,x+2y=< 12, x=0,y = 0.

(P.B. 2015)



16.

17.
18.

19.

20.
21.

22.

23.

24.

25.

26.

27.

28.

29.

Long Answer Type Questions

(i) Z=20x+ 10y

(i) Z="Tx+ 10y
Minimize (17 - 25) :
OBJECTIVE FUNCTION

LZ=x+2y
Z = 200x + 500y

(C.B.S.E. 2017)
(A.LC.B.S.E. 2017)

x+2y <28 x+y s 4. x= 2 xy2Z1

dx+6y<240,6x+3y <240, x = 10, x =0,y = 0.

CONSTRAINTS
2x+y=23,x+2y26, x,y=0.
x+2y210,3x+4y<24, x=20,y=20.

(IN.C.E.R.T.; Kashmur B. 2017, I11; H.P.B. 2017;: H.B. 2016.)

(H.P.B. 2018)

Z=-3x+4y xX+2y<8,3x+2y<12, x20,y=0.
(N.C.E.R.T.; H.P.B. Model Paper 2018; H.B. 2018; Kerala B. 2018; H.P.B. 2018,
15, 12, 10S; PB. 2014 §; Jammu B. 2014, 12)
Z = 3x + Sy ¥l xey=22, x20,3y=20. (N.C.E.R.T.; H.B. 2015)
L =2x + 3y x20,y20, 1 <x+2y<10. (N.C.E.R.T.; HP.B. 2015,12)
Z=3x+9y x+3y=<60,x+y=210,x=<=y,x=0,y 2 0.
(H.B. 2017; H.P.B. 2015; Kerala B. 2014)
Z =5x+ 10y x+y=260,x+2y =120, x-2y=0.x,y = 0.
(C.B.S.E, 2017; Jammu B. 2017; Bihar B. 2014)
Z = 2x + Sy 2x+4y <8, 3x+y=<6,x+y<4,x=0,y=0. (C.B.S.E. 2015)
Z = 200x + 500y x+2y=210,3x+4y =24 x=0,x=0,y = 0. (Kashmir B. 2016)

Maximize, 1f possible :

(1) Z = 3x + 2y subject to the constraints :
x-y<lL,x+y23,x20,y20
(i1) Z = 3x + 4y subject to the constraints :
x-y<-1,-x+y<0,x20,y=>0.
Maximize :
Z = — x + 2y, subject to the constraints :
xZ23x+y2H,x+2y 26,20 (N.C.E.R.T))
Maximize :
Z = x + y, subject to the constraints :
X - y<-1,-x+y=20,x20,y=0. (N.C.E.R.T)

Venfy that the following problem has no feasible solution :
Maximize Z = 4x; + 2x,, subject to the constraints :
2%, 4By = 1 8ylkp Ky Z 12, %4, % 20

Minimize and Maximize (30-33) :

OBJECTIVE FUNCTION

30.

31.

32.
33.

34.

35.

(1)

(i1)

CONSTRAINTS

Z=3x+9 3y xxy= 10, x<sy,x20,3=0
(N.C.E.R.T.; Jammu B. 2018;: Assam B. 2017; Kashmir B. 2011)
Z =5x+ 10y x+2y<120, x+y260,x-2y20,x20,y>20.
(N.C.E.R.T.; PB. 2014; Kashmir B. 2013; H.PB. 2010 §)
Z = 15x + 30y x+y<8 x+y=28x-2y,x,y=20. (PB. 2018)
Z=x+12y x+2y2100,2x -y <0, 2x + y <200, x, y 2 0.

(N.C.E.R.T.; A.LC.B.S.E. 2017; Jammu B. 2015; Assam B. 2015; Karnataka B. 2014; Kashmir B. 2012 §)
Z=3x+2y x+3y=60,x+y=10, x=y,x,y=0 (Assam B. 2016)

Z = 800x + 1200y Ix+4y =80, x+3y=< 30, x =0,y = 0. (Assam B. 2018)

Consider the following LPP :

Maximize Z = 3x + 2y subject to the constraints :
x+2y=<10,3x+y=<15.x,y = 0.

(a) Draw the feasible region.

(b) Find the corner points of the feasible region.

(c) Find the maximum value of Z. (Kerala B. 2016)



. Answers |

1. Minimize Z = 300x + 400y subject to :
Ix+3y =30, x+y=8.x,y = 0.

2. Minimize Z = 50x + 70y subject to :
2x+y =28 x+2y=10,x=0,y = 0.

3. Maximize P = 3x + 5y + 4z subject to :
2x+ 3y <8, 2y+ 52 =< 10, 3x + 2y + 4z =< 15,
x20hyz20. 221

4. Maximize Z = 30x + 60y subject to :
2x+y=<T70,x+y=<40,x+ 3y <90, x,y = 0.

S. (a) (i) 10 at (0, 5) (i) 12 at (6, 0) (&) 200 at (50,0)
(zv) 12 at (10, 6) (v) 25 at (5. 0) (vi) 25 at (5, 0)
(b) (1) 16 at (0, 8) (&1) 180 and (15, 15).

6. 42 at (0, 6).

7. 120 at (30, 0). 8. I8 at (4, 3).
3 ]
9. 65 at (5. 0), 10. 7 at TN §
11. 75 at (10. 5). 12. 16 at (0, 4).
13. 440 at (44, 16). 14. 1190 at (35, 0).
& RatH) e pman
. 3 3" 3 " . “}a- L“.'[ . ...}

(11) 410 at (30, 20).
17. 6 on the line segment joining (0, 3) and (6, 6).

18. 2300 at (4. 3). 19. — 12 at (4. 0).
% i 3 o
20. 7 at 55 ) 21.5;.11 "5 -

22. 60 at (5, 5). 23. 400 at (40, 20).

24. 10 at (0, 2). 25. 2300 at (4. 3).
26. (i) Not finite (i1) No max. value.
27. = 29. No max. value.

30. Min = 60 at (5, 5); Max = 180 at all points of the line
segment joining the points (15, 15) and (0, 20).

31. Min = 300 at (60, 0); Max = 600 at all points of line
segment joming the points (120, 0) and (60, 30).

32. Min = 80 at (EE) Max = 240 at (0, 8).
3 9
33. Min = 100 at all points on the line segment joining the
points (0. 50) and (20, 40).
Max = 400 at (0, 200).
34. (i) Min = 20 at (0, 10); Max = 180 at (60, 0)
(i1) Min = 0 at (0, 0); Max = 216 at (24, 2).
35. (b)(0,0),(5,0), (4, 3) and (0, 5)
(c) I8 at (4. 3).

IR EAN TYPES OF LINEAR PROGRAMMING PROBLEMS (LPP)

We list below a few important linear programming problems :

(a) Diet Problems. Here we obtain the amount of different kinds of constituents and nutrients, which are to be included in
the diet in order to minimize the cost of the desired diet so that 1t contains certain mimnmimum amount of each constituent and

nutrent.

(b) Transportation Problems. Here we obtain a transportation schedule so as to find the cheapest way of transferring a
product from factories (plants) which are situated at different places to different markets.

(c) Manufacturing Problems. Here we obtain a number of units of different products, which are to be produced and sold
by a firm, when each product needs machine hours, fixed manpower, labour hour per unit of product, warehouse space per unit

of output; etc. so as to yield maximum profit.

Now we shall solve some of these types of linear programming problems (LPP).

Frequently Asked Questions

Example 1. A dealer in rural area wishes to
purchase a number of sewing machines. He has only
X 5,760-00 to invest and has a space for at most 20
items. An electronic sewing machine costs him < 360-00
and a manually operated sewing machine T 240-00. He
can sell electronic sewing machine at a profit of I 22-00
and a manually operated sewing machine at a profit of
X 18-00. Assuming that he can sell all the items that he

can buy, how should he invest his money in order to
maximize his profit. Make it a linear programming
problem and solve it graphically.

(C.B.S.E. 2014)

Solution. Let ‘x’ be the number of electronic operated
machines and ‘y’ that of manually operated machines be
purchased.



Then the LPP problem is as follows :

Maximize : Z = 22x + 18y

Subject to : x+y <20 iy
360x + 240y < 5760

i.e. 3x + 2y < 48 il 2)

and x 28y el )

The shaded region of the figure represents the feasible
region OCEB, which is bounded, where O is (0, 0), C is
(16, 0), B is (0, 20) and E is (8, 12).

[~ Solving x + y =20 and 3x + 2y = 48; x = 8, y = 12]

YA
D (0, 24)
(0,20) B
E (8, 12)
A (20, 0)
>X
X (0,000 C (16, 0)
% 3
wY'’ ti e{?
Y
®

Applying Corner Point Method, we have :

O:(0,0) 0

C: (16, 0) 3952

E: (8, 12) 392 (Maximum)
B : (0, 20) 360

Thus, Z 1s maximum at E (8, 12)
Hence, the dealer should invest in 8 electronic and 12
manually operated machines.

Example 2. If a man rides his motor cycle at
25 km/hr., he has to spend T 2 per km on petrol, if he
rides at a faster speed of 40 km/hr., the petrol cost increases

to X S per km. He has < 100 to spend on petrol and wishes
to find maximum distance he can travel within one hour.

Express this as a linear programming problem and then
solve it graphically.
(Meghalayva B. 2017; Type : Nagaland B. 2016)
Solution. Let the man travel “x’ km at 25 km/hr. and
‘v’ km at 40 km/hr.

Clearly x =0 (l)and y = 0 di2)
SHILL the total money 1s ¥ l[]{]
2x+ 3y = 100 il 3)
'imc,f., the total ttme 15 1 hour,
—+"— =< 1 e 8+ Sy = 200 .(4)

25 40

The objecuve funcuon or the distance D, in one hour 18 :
D =x+y ..(3)

Draw the lhnes :

x=0,y=0,2x + 5y = 100

and 8x + Sy = 200.

The feasible region (shown shaded) OCEB 1s bounded,

50 40
where O 1s (0, 0), C1s (25, 0), B 1s (0, 20) and E 15 EREY L
[ Solving 2x + 5y = 100 and 8x + 5y = 200;

50 40
* = 3 2 ]

Applying Corner Point Method, we have :

O : (UL 0)
C : (25, 0)

Hence. maximum distance travelled = 30 km.

Example 3. (Diet Problem) Every gram of wheat
provides (-1 g of protein and 0:25 g of carbohydrates.
The corresponding values for rice are 0-05 g and 05 g
respectively. Wheat costs I 4 per/kg and rice X 6 per/kg. The
minimum daily requirements of protein and carbohydrates
for an average child are 50 g and 200 g respectively. In
what quantities should wheat and rice be mixed in the
daily diet so as to provide the maximum daily requirements
of protein and carbohydrates at minimum cost ? Frame
an L.P.P. and solve it graphically.

Solution. Let quantity of wheat = x grams.

Quantity of rice = y grams.

Cost of wheat ¥ 4 per/kg and rice T 6 per/kg.

Theref; 7 A 2
naa = 1000 1000

The minimum daily requirement of protein = 50 gm and
wheat provides 0-1 gm and rnice 0-05 gm protein.

Therefore 0-1 x + 0-05 y = 50.

The mummum dailly requirements of carbohydrates = 200 gm.

Carbohydrates in wheat = 0-25 gm and in rice = 0-5 gm.



Theretore, 0-25x + 0-5y = 200.
Thus the linear programming problem 1s as follows :
4x

6y
1000

1000

Minimise : 7Z

subject to the constraints :
0-1x + 0-05y = 50
0-25x + 0-5y = 200
0.

IV

X, ¥

1200

1000 I£(0.1000)
\%0,1“{].053!:50

800
600 %
(0,400,
400 S
(400,200)
200 A

>
X' 0| 200 400 %}DBOO
vy

0.25x+0.5y=200

Fig.
The graph of the constraints can be easily obtained.
As x = 0 and y = 0, the graph has been drawn in the first
quadrant only.

The coordinates of A are (0, 1000). B are (400, 200) and
C are (800, 0).

The feasible region 1s not bounded.

Applying Corner Point Method, we have :

6
O+=—=X1000 =% 6

A (0, 1000) 1000

'4xum+6xEM)

B £1800,.200) 1000 1000

= X 2-80 (Minimum)

4%x800 6X0

- -
C : (800, 0) e

=X 320

Hence, minimum cost 1s I 2-80 when

x =400 g and y = 200 g.

Example 4. (Manufacturing Problem) A small firm
manufactures gold rings and chains. The total number of
rings and chains manufactured per day is atmost 24. It
takes one hour to make a ring and 30 minutes to make a
chain. The maximum number of hours available per day is

16. If the profit on a ring is T 300 and that on a chain is X
190, find the number of rings and chains that should be
manufactured per day, so as to earn the maximum profit.
Make it as an L.P.P. and solve it graphically.
(Meghalava B. 2018; C.B.S.E. 2010 ; P.B. 2010)

Solution. Let “x” and ‘y’ be the number of gold rings and
chains respectively.

We have :

x=0 ..(1) y=0 2)

x+y=<24 ..3) x+= <16 e(4)

o

The objective function, or the profit, Z 1s :
Z = 300x + 190y
We have to maximize Z subject to (1) — (4).
For solution set, we draw the lines :
= 0y=0x¥y=242x =32
The lines x + y = 24 and 2x + y = 32 meet at E (8, 16).

sei( )

D(0,32)

The shaded portion represents the feasible region, which
1s bounded.

Applying Corner Point Method, we have :

0 : (0, 0) 0

C: (16, 0) 4800

E : (8, 16)
B : (0, 24)

5440 (Maximum)
4560

Hence. the maximum profit 1s ¥ 5,440 and 1t 1s obtained
when 8 gold nngs and 16 chains are manufactured.

Example 5. A manufacturer produces two products

A and B. Both the products are processed on two
different machines. The available capacity of first
machine is 12 hours and that of second machine is 9
hours per day. Each unit of product A requires 3 hours
on both machines and each unit of product B requires
2 hours on first machine and 1 hour on second machine.
Each unit of product A is sold at ¥ 7 profit and that of
B at a profit of ¥ 4. Find the production level per day
for maximum profit graphically. (C.B.S.E. 2016)



Solution. Let the manufacturer produce ‘x’ units of

product A and ‘y’ units of product B.

Let the total profit, Z = 7x + 4y sl k)
Then LPP 1s:
Maximize Z = 7x + 4y subject to constraints:

3x+ 2y £ 12 sk a)

xX+y<s9 w3
and x20,y=20 ..(4)
Draw the st-lines 3x + 2y = 12, 3x + y = 9,
x=D, =90

XY

The corner points are O(0, 0), C(3, 0), B(0, 6) and
E(2, 3) [Solving 3x + y =9, 3x + 2y = 12]. The shaded
region represents the feasible region, which is bounded.

Applying Corner Point Method

ey

()
21

26 (Maximum)
24

For maximum profit, the manufacturer should manufacture
2 unit of product A and 3 units of product B.

Example 6. Two tailors A and B earn ¥ 150 and
X 200 per day respectively. A can stitch 6 shirts and
4 pants while B can stitch 10 shirts and 4 pants per day.
How many days shall each work if it is desired to
produce (at least) 60 shirts and 32 pants at a minimum
labour cost ? Make it an LPP and solve the problem

graphically. (7vype : Mizoram B. 2016; C.B.S.E. 2009 ()
Solution. Let the tailor A work for “x’ days and B for ‘y’
days.
We have : Shirts Pants
Tailor (A) 6 -1
Tailor (B) 10 4
Thus we have the following constraints :
x 200 (1)
y =0 .(2)
6x + 10y = 60
l.e. 3x + 3y = 30 ..(3)

4x + 4y = 32
l.e. xX+y =8 (4
The objective function, or the cost, Z 1s :
Z = 150x + 200y k)

For the solution set, we draw the hnes :
x=0,y=0,3x+5vy=30, x+ y=8.

The feasible region (shaded) 1s unbounded.
Let us evaluate Z at the comer points :
A (10, 0), D (0, 8) and E (5, 3).
[Solving x + y=8, 3x + 5y =30; x = 5, y = 3]
Applying Corner Point Method, we have :

A : (10, 0) 1500
1350
1600

E: (5,3
D : (0, 8)

(Minimum)

Hence, the tatlor A should work for 5 days and B for
3 days for the minimum cost of ¥ 1,350.

Example 7. (Allocation Problem) A farmer has a supply
of chemical fertilizer of type I which contains 10% nitrogen
and 6% phosphoric acid and type II fertilizer which
contains 5% nitrogen and 10% phosphoric acid. After
testing the soil condition of a field, it is found that at least
14 kg of nitrogen and 14 kg of phosphoric acid are required
for a good crop. The fertilizer type I costs T 2:00 per kg
and the type I1 ¥ 3-00 per kg. How many Kilograms of each
fertilizer should be used to meet the requirement and the
cost be minimum ?

Solution. Let ‘x” kg of Type I and ‘y’ kg of type II be
required.

Thus the problem 1is :

Minimize : Z = 2x + 3y subject 1o :

e.x 20, y=0, 2x +y = 280 and 3x + 5y = 700.



(0, 140) D

Fig.

The shaded portion represents the feasible region and 1s
unbounded.

The feasible region (shaded) 1s unbounded.
Let us evaluate Z at the comer points .

700
C T‘O . B (0. 280) and E (100, 80).

[Solving 2x + y = 280, 3x + 5y = 700; x = 100, y = 80]

Applying Corner Point Method, we have :

E : (100, 80)
B : (0, 280)

Hence, the least cost is T 440 and it is obtained when
100 kg of type I and 80 kg of type II arc used.

Example 8. A manufacturer makes two types of toys
A and B. Three machines are needed for this purpose and
the time (in minutes) required for each toy on the
machines is given below :

Types of Toys | Miachines

1 | o [
A 10
B 30

The machines I, II and III are available for a maximum
of 3 hours, 2 hours and 2 hours 30 minutes respectively.
The profit on each toy of type A is ¥ 50 and that of type

B is ¥ 60. Formulate the above problem as a LPP and
solve graphically to maximize profit.

(C.B.S.E. Sample Paper 2019)
Solution. Let “x” and ‘y’ be the number of toys of type A

and type B respectively.

We have : x = 0 1) 3yl )

20x + 10y = 180 A 3)

10x + 2y = 120 ..(4)

and  10x + 30y = 150 =)
The objective function, or the profit, Z is

Z = 30x + 60y ..(6)

We have to maximize Z subject to (1) — (3).
For solution set, we solve the lines :

x=0,y=0

20x + 10y = 180 Le. 2x +y=18 =)
10x + 20y = 120 Le.x+2y=12 (1)
and 10x + 30y = 150  ie. x+ 3y =15 ..(IIT)
YA
18-\ B (0,18)
12
D
8 (0,6)
(6.4)
(0,5) F
G (8,2)
E(15,0) X
5 l 1 >
(9,0) (12,0) 11
I

The comer points are O(0, 0), A(9, 0),

G(8, 2) [Solve 2x + vy = I8 and x + 2y = 12]
H(6, 3) |Solve x + 2y = 12 and x + 3y = 15]
and F(0O, 5).

The shaded region represents the feasible region, which 1s
bounded.
Applying Corner Point Method :

TR

450

520 (Maximum)
48()
300

Hence, maximum profit is ¥ 520 when 8 toys of type A
and 2 toys of type B are sold.



Example 9. (Manufacturing Problem). A
manufacturer considers that men and women workers
are equally efficient and so he pays them at the same rate.
He has 30 and 17 units of workers (male and female) and
capital respectively, which he uses to produce two types
of goods A and B. To produce one unit of A, 2 workers
and 3 units of capital are required while 3 workers and
1 unit of capital are required to produce one unit of B. If
A and B are priced at T 100 and ¥ 120 per unit respectively,
how should he use his resources to maximise the total
revenue ? Form the above as an LPP and solve
graphically. (A.L.C.B.SE. 2013)

Solution. Let “x7 units of goods A and *y’ units of goods
B be produced.

Then LPP 1s as below

Maximise : Z =100x+ 120y N §)
subjectto: 2x+ 3y =< 30 ..(2)
Ix+y =17 .(3)
and x=z0,y =0 ..(4)
AY
D (0,17)

(0,10) B
E (3,8)

Fig.
The shaded portion represents the feasible region OCEB,
which 1s bounded.

17
Its vertices are O(0, 0), C(?,ﬂ), B (0, 10)and E (3, 8).

[Solving 2x + 3y =30and 3x +y=17; x =3, y = 8]
Applying Corner Point Method, we have :

0
1700

3
1260 (Maximum)
B : (0, 10) 1200

Hence., the maximum total revenue 1s obtained when
3 units of goods A and 8 units of goods B be produced.

Lo am e
*
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Example 10. A cooperative society of farmers has
50 hectares of land to grow crops A and B. The profits
from crops A and B per hectare are estimated as T 10,500
and T 9,000 respectively. To control weeds, a liquid
pesticide has to be used for crops A and B at the rate of 20
litres and 10 litres per hectare, respectively. Further not
more than 800 litres of pesticide should be used in order
to protect fish and wildlife using a pond which collects
drainage from this land. Keeping in mind that the
protection of fish and other wildlife is more important
than earning profit, how much land should be allocated
to each crop so as to maximize the total profit ? Form an
LPP from the above and solve it graphically.

(C.B.S.E. 2013)

Solution. Let “x’ and *y’ hectares of land be allocated
to crops A and B respectively. Then the problem 1s :

Maximize : Z = 10,500x + 9,000y subject to :

x=0,y=0,x+y< 50, 20x + 10y < 800.

> X

Fig.
For solution set. we draw the lines :

x=0,y=0,x+ y=50and 20x + 10y = 800.

The lines x + y = 50 and 2 Ox + 10y = 800 1intersect at
E (30, 20)

The shaded portion represents the feasible region, which
1s bounded.
Applying Corner Point Method, we have :
0: (0, 0) 0
C : (40, 0) 4.20.000
4,95,000 (Maximum)

4.50,000

E : (30, 20)
B : (0, 50)

Hence, to earn maximum profit 30 and 20 hectares of
land should be allocated to crops A and B respectively.



Example 11. (Diet Problem) A diet for a sick person
must contain at least 4000 units of vitamins, 50 units of
minerals and 1400 units of calories. Two foods A and B are
available at a cost of T 5 and T 4 per unit respectively. One
unit of the food A contains 200 units of vitamins, 1 unit of
minerals and 40 units of calories, while one unit of the food
B contains 100 units of vitamins, 2 units of minerals and
40 units of calories. Find what combination of the foods
A and B should be used to have least cost, but it must satisfy
the requirements of the sick persons. Form the question as
LPP and solve it graphically.

Solution. Let ‘x” units of food A and ‘y’ units of food B

be used.
Then LPP problem 1s :
Minimize : Z = S5x+ 4y
subject to : 200x + 100y = 4000 i.e. 2x + y = 40,
x + 2y = 50,
40x + 40y = 1400 i.e. x + y = 35
and x 2 0byz= 0,
. -

The feasible region (shaded) 1s unbounded.
Let us evaluate Z at the comer points :
C (50, 0), G (20, 15),
| Point of Intersection of x + 2y = 50, x + y = 35]

H (5. 30)

| Point of Intersection of 2x + v = 40, x + y = 35]
and B (0, 40).
Applying Corner Point Method, we have :

Corner Point

L (0. 1)
G : (20, 15)
H : (5, 30)
B : (0, 40)

(Minimum)

Hence. least cost is T 145 when 5 units of food A and
30 units of food B are used.

Example 12. A factory manufactures two types of
screws A and B, each type requiring the use of two
machines, an automatic and a hand-operated. It takes

4 miniutes on the automatic and 6 minutes on the
hand-operated machines to manufacture a packet of
screws ‘A’ while it takes 6 minutes on the automatic and
3 minutes on the hand-operated machine to manufacture
a packet of screws ‘B’. Each machine is available for at
most 4 hours on any day. The manufacture can sell a
packet of screws ‘A’ at a profit of 70 paise and screws ‘B’
at a profit of Y 1. Assuming that he can sell all the screws
he manufactures, how many packets of each type should
the factory owner produce in a day in order to maximize
his profit ? Formulae the above LPP and solve it
graphically and find the maximum profit.(C 2.5/ 20/8)

Solution. Let the factory manufactures “x” of type "A’” and
v of type ‘B’.

Clearly' x 2 0  ..(l) and y =0 o .

Since the machines can operate for at the most 4 hours a

day.
‘ 4x + 6y < 240
l.e., 2x + 3y = 120
6x + 3y = 240 i)
l.e., 2x + y < 80 .(4)
The objective function or the profit, P, 1s :
P=07+x+y il )
We draw the lines :
=0, y=0,
2x + 3y = 120 and 2x + y = 80.

AY

D(0, 80)

B(0, 40)
P(30, 20)

X A
O

Fig.
The feasible region shown OCPB 1s bounded, where O 1s
(0, 0). C 1s (40, 0), B 1s (0, 40) and P 1s (30, 20).

[Solving 2x + vy = 80 and 2x + 3y = 120]
Applying Corner Point Method, we have :

Z=07x+y

0 :(0.0)
A : (40, 0)

P : (30, 20)
B : (0, 40)

Hence, in order to maximise profit 30 packages of
screw “A" and 20 packages of screw "B’ should be

manufacturered and maximum profit =X 41.



Example 13. A farmer has a supply of chemical
fertilizer of type A, which contains 10% nitrogen and 5%
phosphoric acid and type B, which contains 6% nitrogen
and 10% phosphoric acid. After testing the soil conditions
of the field, it was found that at least 14 kg of nitrogen

and 14 kg of phosphoric acid are required for producing

a good crop. The fertilizer of type A costs T 5 per kg and
type B costs T 3 per kg. How many kg of each type of the
fertilizer should be used to meet the requirement at
minimum cost ? Using LPP, solve the above problem

grﬂphifﬂ“}’- (Mizoram B. 2016)
Solution. Let ‘x’ kg of fertilizer A and ‘y’ kg of fertilizer
B be used.
The contents of the fertilizer are as below

S

A 10% 5% 3]
B 6% 10% T3

Minimum 14 kg 14 kg
Requirement

Now LPP problem 1s :

Minimize : C = 5x + 3y
106
subject to : 100 +Ev > 14 = 5x + 3y = 700
ix+£y} 14 = x + 2y = 280
100 100
and 6= Iy
Y 4

(0,140)D

C(280,0)

Fig.

Solution. We have the following data :

200

B

Minimum requirement

The feasible region (shaded) 1s unbounded.
Let us evaluate C at the comer points :

700)

C (280. 0). B((l 3

and E (80, 100).
[Solving x + 2y = 280 and 5x + 3y = 700; x = 80, y = 100)]
Applying Corner Point Method, we have :

EETE

C : (280. 0) 1400 _
E : (80, 100) 700
(Minimum)

"Tm] or at E (80, 100)

Thus cost 1s minimum at B({}.
and minimum cost is ¥ 700.

Since the region is unbounded, therefore, I 700 may or
may not be the minimum value of C.

For this, we draw the mequation 5x + 3y < 700.

3x + 3y = 700.

Open half plane has no corner point with the feasible
region.

Hence, minimum cost 1s < 700.

Example 14. An oil company requires 13,000, 20,000
and 15,000 barrels of high grade, medium grade and low
grade oil respectively. Refinery A produces 100, 300 and
200 barrels per day of high, medium and low grade oil
respectively, whereas refinery B produces 200, 400 and
100 barrels per day respectively. If A costs ¥ 400 per day
and B costs T 300 per day to operate, how many days
should each be run to minimise the cost of requirement ?

X 400
< 300



Let the refinenes run for “x” and "y days respectively to
minimise the cost of requirement.
Then LPP problem 1s :
Minimize : Z = 400x + 300y
subject to : 100x + 200y = 13.000
300x + 400y = 20,000
200x + 100y = 15,000

and x =2 Oand y = 0.

The feasible region (shaded) 1s unbounded.
Let us evaluate Z at the comer points :

170 110
A (130, 0), F (0, 150) and P TT
[Solving 100x + 200y = 13000 and
170 110
200x + }00}? = 15000, X = T’ y = T

Applying Corner Point Method, wc have :

7w

A : (130, 0) 52000

101000
3
45000

101000

(Minimum)

3’ 3
F: (0. 150)

(170 110
P:|—,—

Hence., the cost 1s minimum = % when the

o 170110 |
refineries run for i and 3 days respectively.

Example 15. A dietician wishes to mix two types of
foods in such a way that the vitamin contents of the mixture
contains at least 8 units of vitamin A and 10 units of vitamin
C. Food I contains 2 units/kg of vitamin A and 1 unit/kg of
vitamin C while food II contains 1 unit/kg of vitamin A and
2 units/kg of vitamin C. It costs ¥ S per kg to purchase
food I and 7 7 per kg to purchase food II. Determine the
minimum cost of such a mixture. Formulate the above as a
LPP and solve it graphically. (A.I.C.B.S.E. 2012)

Solution. Let “x” kg of food T and *y’ kg of food II be
mixed. We have the table:

Unit of

Cost

Thus LPP problem 1s as below :

Minimize : L=3x+ly ()
Subject o : 2x+y =8 +{2)

x+2y =10 i)
and Y4 x.y=0 .(4)

First of all, we locate the region represented by (2) — (4).
The shaded region, as shown above, 1s feasible region.

Applying Corner Point Method, we have :

50

38 (Minimum)
56

Hence, the minimum cost = § 38 when 2 kg of food 1
and 4 kg of food II are mixed.

Example 16. (Manufacturing Problem). A
manufacturer makes two types of machines. Deluxe sells
for ¥ 12,000 and Standard sells for T 8,000. It costs ¥ 9,000
to produce a deluxe and ¥ 6,000 to produce a standard.
In one week manufacturer can produce 40 to 60 deluxe
machines and 30 to 50 standard machines, but not more
than 90 machines. Formulate the problem as LPP to
maximize the profit. (J. & K. B. 2010)

Solution. Let “x” and ‘y’ be the number of Deluxe and
Standard machines respecuvely.

Maximize : Z = (12000 - 9000) x + (8000 — 6000) y

ie. Z = 3000x + 2000y

subject to the constraints :

|

x+y < 90 W 1)
40 <= x < 60 o
and 30 = y < 50 waikt)



A
(0,90)
F A
=50

L F E Y= L
(40,50)
40,30)C

y ( )
X =40

x’ ol X

Fig.

The feasible region (shaded) 1s bounded.
Applying Corner Point Method, we have :

C : (40, 30) 180000
240000 (Maximum)
220000

D : (60, 30)
F : (40, 50)

Hence, the maximum profit is X 2.40,000 when 60 Deluxe
machines and 30 Standard machines are made.

Example 17. A retired person wants to invest an
amount of I 50,000. His broker recommends investing
in two types of bonds ‘A’ and ‘B’ yielding 10% and
9% return respectively on the invested amount. He
decides to invest at least ¥ 20,000 in bond ‘A’ and at
least ¥ 10,000 in bond ‘B’. He also wants to invest at
least as much in bond A as in bond B. Solve this linear
programming problem graphically to maximize his
returns. (A.I.C.B.S.E. 2016)

Solution. Let the retired person invest ¥ x 1n bond A
and ¥ y in bond B.

AY
{ﬂ.m.ﬂ'ﬁ\‘ 2
(25,000, 25,000)
El | D y = 25,000
e >
EE o
:_.;;:*;;;:::::__ y = 10,000
| >
A B C (40,000, 10,000)
(25,000, 10,000)
5 > > X
4 [Eﬂml
r=20000 ¢
1 = 25000 (X + y= 50,000)
Then LPP 1s:
Mo Z 10x Oy "
aximise: L =+—+ =—= slibject to:
100 100 .
x + y = 50,000

20000 < x < 25000 and 10000 < y < 25000

The co-ordinates of A. B, C. D and E are (20,000,
10,000), (25,000, 10.000), (40,000, 10.000), (25.000,

25,000) and (20,000, 25,000) respectively.
We apply Corner Point Method.

Corresponding value of Z

A 1 (20,000, 10,000)
B : (25,000, 10,000)
C : (40,000, 10,000)
D : (25,000, 25.000)
E : (20,000, 25.000)

Hence, the retired person should invest < 40,000 1n
bond A and 10,000 1in bond B 1n order to maximize his
returns.

Example 18. (Transportation Problem) A catering
agency has two kitchens to prepare food at two places
A and B. From these places ‘Mid-day Meal’ is to be
supplied to three different schools situated at P, Q, R. The
monthly requirements of the schools are respectively 40,
40 and S0 food packets. A packet contains lunch for 1000
students. Preparing capacity of kitchen A and B are 60
and 70 packets per month respectively. The transportation

cost per packet for the kitchen to schools is given below :

(Maximum)

Transportation cost per packet (in )

How many packets from each kitchen should be
transported to school so that the cost of transportation is
minimum ? Also find the minimum cost.

(Mizoram B. 2018)
Solution. Let “x’ food packets and ‘y’ food packets be
transported from Kitchen A to schools P and Q respectively.
Then (60 — x — y) food packets will be transported to
school R.

Kitchen

A
4
/ ‘f‘l“
School School
P Q

®)
)

40 -

=
—
Mo



Thus we have :

I.€.

x =20, y=z0and 60 —x—-y =0
x=20,y=z0andx +y < 60
40-x=20,40-y=20,x+y-10=0.

Total transportation cost Z 1s given by :

L =5x+4y+440-x)+ 240 -y)
+5(x+y—-100+3 (60 -x-y)
— 3_1‘ -+ 4}' -+ 27{}

Thus the problem reduces to :

Z = 3x +4y + 270 oLy

Subject to : x=0,y=0 ek
x+y =< 60 skt

x = 40 .(4)

y < 40 ..(3)

and x+y =10 ...(6)

(0, 60)
B

1.

vY \ 4

The feasible region 1s as shown shaded in the above figure,
which 1s bounded.

Applying Corner Point Method, we have :

=3 (10) +4 (0) + 270 = 300

(Minimum)

3(40)+4@0) + 270 = 390
3(40) + 4 (20) + 270 = 470
3 (20) + 4 (40) + 270 = 490
3(0) + 4 (40)
3(0)+4((10) +270 =310

+ 270 = 430

Minimum cost is I 300 at the point T (10, 0).

" From Kitchen A : 10 packets, 0 packet and 50 packets
to Schools P, Q and R respectively.

From Kitchen B : 30 packets, 40 packets and 0 packet to
Schools P, Q and R respectively.

EXERCISE 12 (c)
Long Answer Type Questions

(1) One kind of cake requires 200 g of flour and 25 ¢
of fat and another kind of cake requires 100 g of flour
and 50 ¢ of fat. Find the maximum number of cakes
which can be made from 5 kg of flour and 1 kg of fat
assuming that there 1s no shortage of the other
ingredients used in making the cakes. Form a linear
programming problem and solve 1t graphically.
(NC.E.R.T. : PB. 2017: Jammu B. 2013)
(if) One kind of cake requires 300 ¢ of flour and 15 ¢
of fat, another kind of cake requires 150 g of flour
and 30 g of fat. Find the maximum number of cakes

which can be made from 7-5 kg of flour and 600 g of

fat, assuming that there 1s no shortage of the other
ingredients used i making the cakes. Make 1t as an
LPP and solve 1t graphcally. (A.LC.B.S.E. 2010)
Reshma wishes to mix two types of food P and Q 1n
such a way that the vitamin contents of the mixture
contain at least 8 units of vitamin A and 11 units of
vitamin B. Food P costs ¥ 60/kg and Food Q costs
X 80/kg. Food P contains 3 units/kg of Vitamin A
and 5 units/kg of Vitamin B while food Q contains
4 units/kg of Vitamin A and 2 units/kg of vitamin B.
Determine the minimum cost of the mixture.
(N.C.ER.T. ; Jammu B. 2013)
A factory makes tennis rackets and cnicket bats. A tennis
racket takes [-5 hours of machine time and 3 hours

(1)

(11)

of craftman’s time in 1ts making while a cricket bat
takes 3 hours of machine ime and | hour of craftman’s
time. In a day, the factory has the availability of not
more than 42 hours of machine ime and 24 hours of
craltsman’s ime.
What number of rackets and bats must be made 1f the
factory 1s to work at tull capacity ?
[f the profit on a racket and on a bat 1s ¥ 20 and ¥ 10
respectively, find the maximum profit of the factory
when 1t works at full capacity.

(H.B. 2014; C.B.S.E. 2011)
[f a young man dnives his car at 40 km per hour, he has
to spend I 5 per km on petrol; if he drives it at a
slower speed of 25 km per hour, the petrol cost
decreases to ¥ 2 per km. He has ¥ 100 to spend on
petrol and wishes to find the maximum distance he
can travel within one hour. Express this as a linear
programming problem and then solve it.

(Meghalaya B. 2015)

. A dealer deals in two 1items A and B. He has

X 15,000 to invest and a space to store at the most 80
pieces. Item A costs him < 300 and item B costs him
% 150. He can sell items A and B at profits of ¥ 40 and
< 25 respectively. Assuming that he can sell all that he
buys. formulate the above as a linecar programming
problem for maximum profit and solve 1t graphically.

(C.B.S.E. 2010 C)



6.

10.

A man manufactures two types of steel trunks. He
has two machines A and B. For completing the first
type of the trunk, 1t requires 3 hours on machine A and
1 hour on machine B, whereas the second type of the
trunk requires 3 hours on machine A and 2 hours on
machine B. Machine A can work for 18 hours and
B for 8 hours only per day. There is a profit of ¥ 30
on the first type of the trunk and ¥ 48 on the second
type of the trunk. How many trunks of each type should
be manufactured every day to earn maximum profit ?
Solve the problem graphically.

(Meghalaya B. 2017)
A factory manufactures two types of screws, A and B.
Each type of screw requires the use of two machines,
an automatic and a hand operated. It takes 4 minutes
on the automatic and 6 minutes on hand operated
machines to manufacture a package of screws A, while
1t takes 6 minutes on automatic and 3 minutes on the

hand operated machines to manufacture a package of

screws B. Each machine 1s available for at the most
4 hours on any day. The manufacturer can sell a
package of screws A at a profit of ¥ 7 and screws B at
a profit of ¥ 10. Assuming that he can sell all the screws
he manufactures, how many packages ol each type
should the factory owner produce in a day in order to
maximise his profit ? Determine the maximum profit.
(N.C.E.R.T)
A dealer wishes to purchase a number of fans and
sewing machines. He has only ¥ 5,760 to invest and
has space for at most 20 items. A fan costs him I 360
and a sewing machine T 24(0. He expects to gain X
22 on a fan and ¥ 18 on a sewing machine. Assuming
that he can sell all the 1items he can buy, how should he
invest the money n order to maximise the profit ?
Translate the problem as LPP and solve 1t graphically.
(Meghalava B. 2016,13 ; C.B.S.E. 2009 C;
ALC.BS.E. 2009 ()
A manuflacturer produces nuts and bolts for industnal
machinery. It takes 1 hour of work on machine A and
3 hours on machine B to produce a package of nuts
while 1t takes 3 hours on machine A and 1 hour on
machine B to produce a package ol bolts. He eamns a
profit of ¥ 17-50 per package of nuts and ¥ 7-00 per
package of bolts. How many packages of each should
be produced each day so as to maximise his profit, 1if
he operates his machine for at the most 12 hours a day ?
Form an LPP for the problem and solve 1t graphically.
(NC.E.R.T.; Kerala B. 2018; Nagaland B. 2015;
C.B.S.E. 2012 ; ALLC.B.S.E. 2009 C)
A shopkeeper manufactures gold nngs and chains. The
combined number of rings and chams manufactured
per day 1s at most :
(i) 16 (11) 24 (111) 24
It takes (1) one hour (i7) half an hour (:zii) one hour to

make a ring and (7) half an hour (if) one hour (#i7) half

an hour for a chain. The maximum number of hours
avatlable 1s (1) 12 (i1) 16 (1i1) 16.

It the profit on a ning 1s :
(1) ¥ 300 (it) T 100
and on a chain 1s :

(1) < 300

11.

12.

13.

14.

15.

(1) I 200 (1) ¥ 300 (iif) < 190.
How many of each should be manufactured daily, so
as to maximize profit ?
Form an LPP and solve 1t graphically. (P.B. 2010)
A man has T 1,500 for the purchase of Rice and Wheat.
A bag of rice and a bag of wheat costs ¥ 180 and X 120
respectively. He has storage capacity of 10 bags only.
He earns a profit of ¥ 11 and ¥ 9 per bag of Rice and
Wheat respectively. Formulate the problem as an LPP
to find the number of bags of cach type he should buy
to maximize the profit and solve 1t graphically.

(J. & K. B. 2011 ; A.L.C.B.S.E. 2009)

A cottage industry manufactures pedestal lamps and
wooden shades, each requiring the use of a grinding/cutting
machine and 3 hours on the sprayer to manulacture a
pedestal lamp. It takes 1 hour on the grinding/cutting
machine and 2 hours on the sprayer to manufacture a shade.
On any day, the sprayer 1s available for at the most 12 hours
and the gnnding/cutting machine for at the most 12 hours.
The profit from the sale of a lamp is ¥ 5 and that from a
shade 1s ¥ 3. Assuming that manufacturer can sell all the
lamps and shades that he produces, how should he schedule
his daily production in order to maximise his profit ?
(N.C.E.R.T)
A company manufactures two types of novelty souvenirs
made of plywood. Souvenirs of type A require S minutes
cach for cuting and 10 minutes each for assembling.
Souvenirs of type B require 8 minutes each for cutting
and 8 minutes each for assembling. There are 3 hours
20 minutes available for cutting and 4 hours for
assembling. The profit 1s ¥ 5 each for type A and ¥ 6 each
for type B souvenirs. How many souvenirs of each type
should the company manufacture in order to maximise
the profit ? (N.C.E.R.T")

A merchant plans to sell two types ol personal
computers—a desktop model and a portable model that
will cost ¥ 25,000 and T 40,000 respectively. He
estimates that the total monthly demand of computers
will not exceed 250 units. Determine the number of
units of each type of computers which the merchant
should stock to get maximum profit 1f he does not
want to invest more than I 70 lakhs and his profit on
the desktop model 1s ¥ 4,500 and on portable model
1s < 5.000. (N.C.E.R.T.; A.L.C.B.S.E. 2011)

A manufacturing company makes two models A and
B of a product. Each piece of Model A requires 9
labour hours for fabricating and 1 labour hour for
fimshing. Each piece of Model B requires 12 labour
hours for fabricating and 3 labour hours for finishing.
For fabncating and finishing, the maximum labour
hours available are 180 and 30 respectively. The
company makes a profit of € 8,000 and each piece of
Model A and ¥ 12,000 on each piece of Model B.
How many pieces of Model A and Model B should be
manufactured per week to realise a maximum profit ?
What 1s the maximum profit per week ? (N.C.E K. 1)



16.

17.

18.

19.

20.

21,

A manufacturing company makes two types of teaching
aids A and B of Mathematics for class XII. Each type
of Arequires 9 labour hours for fabricating and 1 labour
hour for fimshing. Each type of B requires 12 labour
hours for fabricating and 3 labour hours for finishing.
For fabricating and fimshing, the maximum labour
hours available per week are 180 and 30 respectively.

The company makes a profit of ¥ 80 on each piece of

type A and ¥ 120 on each piece of type B. How many
pieces of type A and type B should be manufactured
per week to get a maximum profit ? Make 1t as an LPP
and solve graphically. What 1s the maximum profit per

week 7 (A.LC.B.SLE. 2014)

Two tailors A and B are paid ¥ 225 and < 300 per day
respectively. A can stitch 9 shirts and 6 pants while B
can stitch 15 shirts and 6 pants per day. Form a linear
programming problem to minimize the labour cost to
produce at least 90 shirts and 48 pants. Solve the
problem graphically.

A Co-operative society of farmers has 50 hectares of
land to grow two crops X and Y. The profit from crops
X and Y per hectare are estimated as ¥ 10,500 and
< 9,000 respectively. To control weeds, a liquid
herbicide has to be used for crops X and Y at rates of
20 litres and 10 hitres per hectare. Further, no more
than 800 litres of herbicide should be used 1n order to
protect fish and wild hte using a pond which collects
draimage from this land. How much land should be
allocated to each crop so as to maximize the total profit
(N.C.E.R.T.; H.B. 2016)

A diet for a sick person must contain at least 4,000
units of vitamins, 50 umts of minerals and 1,400 of
calones. Two foods, X and Y, are available at a cost
of ¥ 4 and T 3 per unit respectively. One unit of X
contains 200 umts of vitamin, | unit of mineral and
40 calones, and one unit of food Y contains 100 units
of vitamin, 2 units of minerals and 40 calones. Find
what combination of foods X and Y should be used to
have the least cost, saustying the requirements. Make
its an LPP and solve 1t graphically ?

of the society ?

Food X contains 6 units of vitamin A per gm and
7 units of vitamin B per gm and costs X 2:00 per gm.
Food Y contains 8 units of Vitamin A per gm and
12 units of vitamin B per gm and costs ¥ 2-50 per gm.
The dailly minimum requirement of vitamin A and
vitamin B are 100 units and 120 units respectively.
Formulate the above as a linear programming problem
to minimize the cost.

(W. Bengal B. 2018 ; J. & K. B. 2010)
A diet 1s to contains at least 80 units of vitamin A and

100 units of minerals. Two foods F, and F, are
available. Food F, costs X 4 per unit food and F, costs

22.

23.

24.

< 6 per unit. One unit of food F; contains 3 units of
vitamin A and 4 units of minerals. One umt of food F,
contains 6 units of vitamin A and 3 units of minerals.
Formulate this as a linear programming problem. Find
the minimum cost for diet that consists of mixture of
these two toods and also meets the minimal nutntional
requirements.

(N.C.E.R.T.; H.B. 2015; C.B.S.E. 2009)
A dietucian wishes to mix two types of foods in such a
way that vitamin contents of the mixture contain at
least 8 units of vitamin A and 10 units of vitamin C.
Food ‘T" contains 2 units/kg of vitamin A and 1 umt/kg
of vitamin C. Food 11" contains 1 umt/kg of vitamin A
and 2 units/kg of vitamin C. It costs T 50 per/kg to
purchase Food ‘I" and X 70 per/kg to purchase Food
‘II'. Formulate this problem as a linear programming
problem to maximise the cost of such a mixture.
(N.C.E.R.T. ; H.B. 2016, 13)
There are two factories located one at place P and the
other at place Q. From these locations, a certain
commodity 1s to be dehivered to each of the three depots
situated at A, B and C. The weekly requirements of the
depots are respectively 5, 5 and 4 units of the

commodity while the production capacity of the
factories at P and Q are respectvely 8 and 6 units. The
cost of transportation per unit 1s given below :

How many units should be transported from each factory
to each depot in order that the transportable cost 1s
minimum. When will be the minimum transportation

(N.C.E.R.T.)

cost ?

A house-wite wishes to mix two kinds of foods X and
Y 1n such a way that the mixture contains at least 10
units of vitamin A, 12 units of vitamin B and 8 units
of vitamin C. The vitamin contents of one kg of foods
1s given below :

_ Vitamin A Vitamin'B  Vitamin:C

2 3

2 2

If one kg of food X costs ¥ 6 and one kg of food Y
costs T 10, find the least cost of the mixture which
will produce the diet. Solve the problem graphically,

after making 1t L.P.P. (C.B.S.E 2009 ()



10.

11.

12.

. (1)) Max. number of cakes = 30, 20 cakes of kind

one and 10 cakes of another kind.

Min. cost =X 160 at all points lying on the line segment

(8 l
joiming (Sﬂ] and (1 ;).

(i) 4 tenms rackets and 12 cricket bats
(i) Max. profit =T 200.
30 km.
A : 20 itesm ; B : 60 1tesm:;
Max. Profit =3 2.300.
4 trunks of type I, 2 trunks of type II.
30 packages of screws A and 20 packages of screws B.
Max. profit =< 410.
8 fans and 12 sewing machines.
3 packages each of nuts and bolts daily.
(i) 8 Gold rnngs and 8 chains ; Max. Profit =¥ 4,000
(ii) 16 Chains; Max. Profit =% 4,800
(iir) 8 Gold Rings and 16 Chains ;
Max. Profit = ¥ 5.440.
5 bags of nce and 5 bags of wheal:
Max. profit = ¥ 100.
4 Pedestal lamps and 4 wooden shades:
Max. profit = ¥ 32.

13.

14.

15.

16.

17.
18.

19.
20.

21.

22,

23.

8 souvenirs of type A and 20 souvenirs of type B: Max.
Profit =3 160.

200 units of desktop model and 50 units of portable
model ; Max. Profit = 11.50.000.

12 Pieces of model A and 6 pieces of Model B;
Max. profit =¥ 1,68,000.

12 pieces of Type A, 6 pieces of Type B;

Max. profit =¥ 1,680 per week.

A : 5 days; B : 3 days, Min. cost =X 2025.

30 hectares for crop X and 20 hectares of crop Y;
Max. Profit =% 4.95,000.

A : 5 units, B : 30 units.

Minimum cost = ¥ 31-25 when 12-5 gms of food Y is
used.

4
Min. cost = I 104 when 24 units of food F, and “3—’

units of food F, are mixed.

2 kg of Food ‘'I'" and 4 kg of Food °IT";
Min. cost = ¥ 380.

(. 5 and 3 from factory P

5, 0, 1 from factory Q

Min. cost =X 1550.

. Min. cost ¥ 52 for 2 kg of food X and 4 kg of food Y.

|
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Exercise 12.1

Solve the following Linear Programming Problems
graphically :
1. Maximise Z = 3x + 4y

subject to the constraints : x+y <4, x =0,y = 0.
Solution : The system of constraints is :

x+y<4 (1)
andx =0,y =20 il 2)
The shaded region 1n the following figure 1s the feasible
region determined by the system of constraints
(1) - (2):

A(4,0)

x'l
000

vy
Fig.

It 1s observed that the feasible region OAB 1s bounded.
Thus we use Corner Point Method (0 determine the
maximum value of Z, where :

Z =3x+4y ..(3)
The co-ordinates of O, A and B are (0, 0). (4, 0) and
(0, 4) respectively.
We evaluate Z at each corner point :

Corresponding value of Z

Hence. Z_ .. = 16 at the point (0, 4).

2. Minimise Z=-3x+ 4y

subjecttox+2y =8, 3x+2y= 12, x=0,y = 0.
[Solution. Refer Q. 19; Ex. 12(b)]

3. Maximise Z = 5x + 3y

subject to 3x+35y < 15,5x+2y = 10, x= 0,y = 0.
[Solution. Refer Ex. 3 Page 12/7]

4. Minimise Z = 3x + Sy

suchthatx+3y =3, x+y=2.x,y=0.
[Solution. Refer Q. 20; Ex. 12(b)]

. Maximise Z = 3x + 2y

subjecttox+2y = 10, 3x+y =< 15.x,y =2 Q.
[Solution. Refer Q. 8; Ex. 12(b)]

. Minimise Z = x + 2y

subjectto2x+y =3, x+2y=6.x,y = 0.
Show that the mmimum of Z occurs at more than two

points.
Solution : The system of constraints 1s :
2x +y 23 (1)
xX+2y26 i)
and x20,y20 ..(3)

The shaded region in the following figure 1s the feasible
region determined by the system of constraints
(1)-(3):

YA

X €

It 1s observed that the feasible region 1s unbounded.
Applying Corner Point Method, we cvaluate Z = x + 2y
at the corner points C (6, 0) and B (0, 3).

Hence, Z_. = 6 at all points (more than two points) on
the line segment [CB] joning the points C (6, ) and
B (0, 3).

7. Minimise and Maximise Z = 5x + 10y

subjecttox+2y = 120, x+y =60, x-2y = 0, x,y = 0.
[Solution. Refer Q. 31; Ex. 12(b)]



8. Minimise and Maximise Z = x + 2y
subjecttox + 2y 2 100, 2x -y = 0, 2Zx + y = 200,

x,y=0.

Solution : The system of constraints 1s :
x+ 2y =100 kL)
2x—-y=<0 .(2)
2x + y = 200 ik D)

and x,y=0 .(4)

The shaded region in the above figure 1s the feasible
region determined by the system of constraints (1)—(4).
It 1s observed that the feasible region ECDB 1s bounded.
Thus we use Corner Point Method (o determine the
maximum of Z, where :

. = x+ 2y (D)
The co-ordinates of E, C, D and B are
(20, 40)(on solving x + 2y = 100 and 2x — y = 0)
(50, 100)(on solving 2x + y = 200 and 2x —

(0, 200) and (0, 50) respectively.

y = ()

: (20, 40) 100 (Minimum)

2 (50, 100) 250

- (0, 200)
: (0, 50)

400 (Maximum)
100 (Minimum)

Hence, an = 400 at (0, 200)

and  Z . = 100 at all points on the line segment

joming the points B (0, 50) and E (20, 40).
9. Maximise Z = — x + 2y, subject to the constraints :
X =3, X%y x4y =06,y=0.

Solution : The system of constraints is :

x = 3 il 1)

X+y =5 )
X+ 2y =6 ik3)
and y = 0 .(4)

'@B ;+£D\
QTQ)F
(0,3)D \

E(4,1)

X O (5,0) A ~{_ X
(0,0)
vl 'x=3 X+y=5

The shaded region in  the above figure 1s the feasible
region determined by (1)~(4).

The corner points are C (6, 0), E(4, 1) and
Fi(3.2)

Applying Corner Point Method, we have :

. L. o T at B 2
[t appears that Z__ =1 at F (3. 2).

But the feasible region is unbounded, therefore, we draw
the graph of the mequation — x + 2y > |

Since the half-plane represented by — x + 2y > 1 has
points common with the feasible region,

& = ]

max
Hence, Z has no maximum value.
10. Maximise Z =x+,
subjecttox—-y<-1,-x+y=<0,x,y = 0.

Solution : The system of constraints is :

x—-y = -1 L)
-x+y =< 0 A2
x, y = 0 L(3)

Draw the Ines x—y=—-1land —x + y = (.
Clearly there 1s no feasible region.
[ There is no common region|

Hence. there 1s no maximum value of Z.



Exercise 1

5

e o e

1. Reshma wishes to mix two types of food P and Q 1n

such a way that the vitamin contents of the mixture
contain at least 8 units of vitamin A and 11 umits of
vitamin B. Food P costs ¥ 60/kg and Food Q costs
X 80/kg. Food P contains 3 units/kg of Vitamin A and
5 units/kg of Vitamin B while food Q contains
4 units/kg of Vitamin A and 2 units/kg of vitamin B.
Determine the minimum cost of the mixture.

Solution : Let Reshma mix ‘x™ kg of food P and 'y’ kg
of food Q.

Thus the LPP problem 1s as follows :

Minimize :
Z = 60x + 80y
Subject to :
Ix+4y = 8 13
x+2y = 11 X 2)
and xy =0 k)

The shaded portion represents region, which 1s
unbounded.

g
&

Y 4

Hence, Min. cost =3 160 at all points lying on the line

8 1
segment joining (E,O) and (2,5).

2. One kind of cake reqgires 200 ¢ of flour and 25 g of fat,

and another kind of cake requires 100 g of flour and
50 ¢ of fat. find the maximum number of cakes which
can be made from 5 kg of flour and 1 kg of fat assuming

(1)

(1)

that there 1s no shortage of the other ingredients used 1n
making the cakes.

[Solution. Refer Q. 1:; Ex. 12(¢)]

A factory makes tennis rackets and cricket bats. A tennis
racket takes 1-5 hours of machine time and 3 hours of
craltman’s time 1n 1ts making while a cricket bat takes
3 hours of machine time and 1 hour of craltman’s time.
In a day, the factory has the availability of not more than
42 hours of machine tme and 24 hours of crattsman’s
time.

What number of rackets and bats must be made 1f the
factory 1s to work at full capacity ?

If the profit on a racket and on a bat 1s ¥ 20 and ¥ 10
respectively, find the maximum profit of the factory when
it works at full capacity.

[Solution. Refer Q. 3: Ex. 12(¢)]

A manufacturer produces nuts and bolts. It takes 1 hour
of work on machine A and 3 hours on machine B to
produce a package of nuts. It takes 3 hours on machine
A and | hour on machine B to produce a package of
bolts. He earns a profit of ¥ 17-50 per package on nuts
and X 7.00 per package on bolts. How many packages
of each should be produced each day so as to maximise
his profit, if he operates his machines for at the most 12
hours a day ?

Solution : Let ‘x” and ‘y’ be the number of packages
of nuts and bolts respectively.

We have the following constraints :

x= 0 1)
y= 0 +(2)
x+3y=< 12 ~U3)
3x+y=< 12 .(4)

Now the profit, P = (17-5)x + 7y
We are to maximize P subject to constraints (1)—(4).

12)
Draw the line CD (3x + y = 12)

Draw the line AB (x + 3y

These meet at E(3, 3). (Solve !)
The shaded region 1n the figure represents the teasible
region, which 1s bounded.



Applying Corner Point Method, we have :

P = (75x + 7

0

70
73-5 (Maximum)
28

Hence, max. profit 1s ¥ 73-50 and it is obtained when
3 packages each of Nuts and Bolts are produced daily.
A factory manufactures two types of screws, A and B.
Each type of screw requires the use of two machines, an
automatic and a hand operated. It takes 4 minutes on the
automatic and 6 minutes on hand operated machines to
manufacture a package of screws A, while 1t takes
6 minutes on automatic and 3 minutes on the hand
operated machines to manufacture a package of screws
B. Each machine 1s available for at the most 4 hours on
any day. The manufacturer can sell a package of screws
A at a profit of ¥ 7 and screws B at a profit of X 10.
Assuming that he can sell all the screws he manufactures,
how many packages of each type should the factory
owner produce n a day 1in order to maximise his profit ?
Determine the maximum profit.

[Solution. Refer Q. 7; Ex. 12(¢)]

A cottage industry manufactures pedestal lamps and
wooden shades, each requiring the use of a grinding/
cutuing machine and a sprayer. It takes 2 hours on
erinding/cutting machine and 3 hours on the sprayer to
manufacture a pedestal lamp. It takes | hour on the
erinding/cutting machine and 2 hours on the sprayer to
manufacture a shade. On any day. the sprayer is available
lor at the most 20 hours and the grinding/cutting machine
for at the most 12 hours. The profit from the sale of a
lamp is ¥ 5 and that from a shade is ¥ 3. Assuming that
the manufacturer can sell all the lamps and shades that
he produces, how should he schedule his daily production
In order to maximise his profit ?

Solution : Let the manufacturer produce “x” Pedestal
lamps and ‘y" Wooden shades everyday. Then the LPP
problem 1s as follows :

Maximize : P = 5x+ 3y (1)
Subjectto: 2x+y =< 12 el

3x+ 2y < 20 k)
and x=20y=90 ..(4)

7.

9.

The shaded portion represents feasible region, which
1s bounded.

Applying Corner Point Method, we have :

32 (Maximum)
30

Hence, max. profit 1s ¥ 32 when 4 Pedestal lamps and
4 Wooden shades are manufactured.

A company manufactures two types of novelty souvenirs
made of plywood. Souvenirs of type A require 5 minutes
each for cutting and 10 minutes each for assembling.
Souvenirs of type B require 8 minutes each for cutting
and 8 minutes each for assembling. There are 3 hours
20 minutes available for cutting and 4 hours for
assembling. The profit is ¥ 5 each for type A and X 6
each for type B souvenirs. How many souvenirs of each
type should the company manufacture in order to
maximise the profit ?

[Solution : Refer Q. 13; Ex. 12(¢)]

A merchant plans to sell two types of personal computers
a desktop model and a portable model that will cost
< 25.000 and T 40,000 respectively. He estimates that
the total monthly demand of computers will not exceed
250 units. Determine the number of units of each type
of computers which the merchant should stock to get
maximum profit if he does not want to invest more than
X 70 lakhs and if his profit on the desktop model is
% 4,500 and on protable model 1s T 5.000.

[Solution. Refer Q. 14; Ex. 12(c)]

A diet 1s to contain at least 80 units of vitamin A and 100
units of minerals. Two foods F] and F2 are available.
Food F, costs X 4 per unit food and F, costs ¥ 6 per unit.
One unit of food F] contains 3 units of vitamin A and
4 units of minerals. One unit of food F, contains 6 units
of vitamin A and 3 units ol minerals. Formulate this as a
lincar programming problem. Find the minimum cost
for diet that consists of mixture of these two foods and

also meets the minimal nutntional requirements.
Solution : Let diet contain “x” units of food F, and *y’
units of food Fs.




Then the LPP problem is as below :

Minimize C = 4x + 6y

Subject to : 3x + 6y = 80 (1)
dx + 3y = 100 .«(2)

and x,y =0 .:.(3)

First of all, let us locate the region represented by

(1)}—(3).

We apply Corner Point Method, we have :

104 (Minimum)

Hence, minimum cost is ¥ 104 when 24 units of food
4
F, and E units of food F, are mixed.

10. There are two types of fertilisers F, and F,. F, consists
of 10% nitrogen and 6% phosphoric acid and F, consists
of 5% nitrogen and 10% phosphoric acid. After testing
the soil conditions. a farmer finds that she needs atleast
14 kg of nitrogen and 14 kg of phosphoric acid for her
crop. If F, costs X 6/kg and F, costs X 5/kg, determine
how much of each type of fertiliser should be used so
that nutrient requirements are met at a minimum cost.
What 1s the mimmimum cost ?

Solution : Let “x’ kg of fertilizer F; and °y" kg. of
fertilizer F, be required.
We have :

Fertilizer | Phosphoric |Quantity | Cost
Acid

F, 10% 6% x kg 26
F, 5% 10% y kg X5
TN .

Thus the LPP problem 1s as below :

Minimise : Z = 6x+ 5y (1)
subject to 10% of x + % of y = 14
10 5

Hrom—np 2 o
1000 = 14

1.€.

100

. .

i.e. E+% > 14
ie. 2x +y = 280 (2)
6% of x + 10% oty = 14
i.e. ix +£y = 14
100 100
€. 6x + 10y = 1400
le. 3x+ 5y = 700 il )
and xy =1 ..(4)

The feasible region 1s shown shaded in the following
figure :

(0,280)

0140 O

X+ O

» X

YIT

2x + y = 280 and 3x + 5y = 700 meet at E (100, 80).
Applying Corner Point Method, wc¢ have :

E : (100, 80)
B : (0, 280)

1000 (Minimum)
1400

Thus, Z . = 1000 at E (100, 80).
Hence, minimum cost is ¥ 1000 when 100 kg of F,
and 80 kg of F, are used.

11. The comner points of the feasible region determined by
the following system of linear inequalities :
2x+y < 10, x+ 3y = 15, x, y = 0 are (0, 0), (5, 0),
(3.4) and (0, 5). Let Z = px + gy, where p, g > 0.
Conditton on p and ¢ so that the maximum of Z occurs
at both (3, 4) and (0, 5) 18
(A)p=gq
(C)p = 3q

(B) p=2¢

(D) g=3p [Ans. (D)]



Miscellaneous Exercise on Chapter (12

1. Referto Q. 10 (a); Rev. Ex. How many packets of each
food should be used to maximise the amount of vitamin
A 1n the diet ? What 1s the maximum amount of vitamin
A 1n the diet ?

[Solution : Refer Q. 10(b); Rev. Ex.]

A farmer mixes two brands P and Q of cattle feed. Brand
P, costing X 250 per bag, contains 3 units of nutritional
element A. 2-5 units of element B and 2 units of element

Solution. Let “x” bags of brand P and ‘y’ bags of brand
We have :

Element A

C. Brand Q costing T 200 per bag contains 1-5 units of
nutritional element A, 11-25 units of element B, and
3 units of element C. The minimum requirements of
nutrients A, B and C are 18 umits, 45 units and 24 units
respectively. Determine the number of bags of each brand
which should be mixed in order to produce a mixture
having a mmimum cost per bag ? What 1s the mmmimum
cost of the mixture per bag ?

Q of cattle feed be mixed.

Element B

Element C

3 units

1-5 units

2-5 units 2 units

11-:25 units 3 units

18 units

Minimum Requirements

Then the LPP problem is as follows :

Minimise Z = 250x+200y skl

Subjectto: 3x+ 15y =2 18i1e 2x+y = 12 ...(2)

25 x+ 11125y = 14ie. 2x+9y = 36 ..(3)
2x+ 3y = 24

and xy 20 ..(4)

The shaded portion represents the region, which 1s
unbounded.

< C(18,0) >
X 9 x X
(0,0)
Yvw

2x + 3y
2x + 3y =

24 and 2x + 9y = 36 meet at P (9, 2).
29 and 2x + y = 12 meet at Q (3, 6)
Applying Corner Point Method, we have :

X

4500

2650
1950 (Minimum)
2400

Thus Zmin = 1950 at (3. 6)

45 unmits 24 units.

Hence, 3 bags of brand P and 6 bags of brand Q of
cattle feed
< 1950.

3. A dietician wishes to mix together two kinds of food X
and Y 1n such a way that the mixture contains at least 10
units of vitamin A, 12 units of vitamin B and 8 units of
vitamin C. The vitamin contents of one kg food is given
below :

are mixed for a minimum cost of

One kg of food X costs T 16 and one kg of food Y costs
< 20. Find the least cost of the mixture which will produce
the required diet ?

[Solution : Refer Q. 9: Rev. Ex.|

A manufacturer makes two types of toys A and B. Three
machines are needed for this purpose and the time (in
minutes) required for each toy on the machines 1s given
below :

Types of Toys

T | oo omr
A 12 18 6
B 6 0 9

Each machine 1s available for a maximum of 6 hours
per day. If the profit on each toy of type Ais X 7-50 and
that on each toy of type B is ¥ 5. show that 15 toys of
type A and 30 of type B should be manufactured in a
day to get maximum profit.
Solution : Let “x” toys of type A and “y’ toys of type B
be manufactured per day.




Thus LPP 1s as below

- 15
Maximize : L = ?x+5y
Subject to : 12x + 6y < 360
= 2x+y < 60 (1)
18x+ 0y = 360 = x <20 Ak Z)
6x+9y = 360 = 2x+ 3y = 120
..(3)
and xZ20y=0. ..(4)

The shaded portion i1s the feasible region, which 1s
bounded.

Applying Corner Point Method, we have :

O: (0, 0)
E : (20, 0)

F: (20, 20)
G : (15, 30)

D : (0, 40)

Hence, the max. profitis < 262.50 when 15 toys of type
A and 30 toys of type B are manufactured.

. An acroplane can carry a maximum of 200 passengers.

A profit of ¥ 1000 is made on each executive class ticket
and a profit of ¥ 600 is made on each economy class
ticket. The airline reserves at least 20 seats for executive
class. However, at least 4 tmes as many passengers
prefer to travel by economy class than by the executive
class. Determine how many tickets of each type must be
sold 1n order to maximise the profit for the airrline. What
1s the maximum profit

[Solution : Refer Q. 2: Rev. Ex. |

6. Two godowns A and B have grain capacity of 100 guintals and 50 guintals respectively. They supply to 3 ration shops. D. E
and F whose requirements are 60, 50 and 40 quintals respectively. The cost of transportation per quintal from the godowns

to the shops are given in the following table :

Transportation cost per quintal (in )

How should the supplies be transported in order that the transportation cost 1s mmmimum ? What 1s the mmimum cost 7
Solution : Let ‘x” quintals of grain be transported from Godown A to shop D, ‘y’ quintals to shop E.

Then (100 — (x + y)) quintals will be transported to shop F.

Thus we have the table :

100 —(x + y) 6x+1v+—{l{}{)—x+v

2

x+y-60 460-x)+250-y)+3(x+y-60)

Thus the LPP problem 1s as below :

-
—x+—=y+ 410
2 2

Il

Minimize : L

Subject to : 60—x =2 0 x =60 s (1)

50-y =2 0% y=<50 v (2)

00 -(x+y) =20« x+y=< 100 ()
xX+y-60 =0 x+y=060 .. (4)

and x, y =0 )



. An o1l company has two depots A and B with capacities

of 7000 L and 4000 L respectively. The company 1s to
supply o1l to three petrol pumps, D, E and F whose
requirments are 4500 L, 3000 L and 3500 Lrespectively.

) y =350 g The distances (1n km) between the depots and the petrol
(60,40) pumps 1s given 1n the following table :
| Distance in (km)
A (100,0)
° &
X' (U‘ U)O (G‘OJJ) C - X

Y
The shaded portion represents feasible region, which 1s
bounded
Applying Corner Point Method, we have :

Corresponding value of C

€260, ) 560
E : (60. 40) 620
F : (50, 50) 610
G : (10, 50) 510 (Minimum)

Hence minimum cost = ¥ 510 when

from godown A : 10 quintals of grain are sent to shop D,
50 quintals to shop E and 40 quintals to shop F and
[rom godown B : 50 quintals are sent to shop D.

Thus we have the table.

Assuming that the transportation cost of 10 litres ot o1l
is < | per km, how should the delivery be scheduled in
order that the transportation cost 1s minimum ? What 1s
the minimum cost ?

Solution : Let, from depot A,

x litres of o1l be transported to pump D

y hitres of o1l to pump E

and [7000 — (x + y)] litres of oil to pump F.

And, from depot B,

(4500 — x) hitres of o1l be transported to pump D

(3000 — y) litres of o1l to pump E

and [3500 — (7000 — (x + y))] = (x + y — 3500) hitres to
pump F.

Cost (in ) of
transportation

Tx , 6y 3(7000—x~y)

7000 — (x + y) TRET: T

3 4 2 (8% 3 "
T T 10(10 10 “]

x+ vy — 3500

4500 3000 3500

Thus LPP problem 1s as below

Y
3%
Minimize : C = —-f-l + 3950 )
10 10 4
x=4500
Subject to : 4500 —x = 0@ x < 4500 A1) |
3000 -y = 0 y < 3000 (2) (0. 3500) B i o
X+y-3500 =2 0 x+y=3500 ..(3) pLo
| - o000l
7000 - (x+y) = 0 x+y < 7000 () O (3500,0)A
and x,y =0 ..(5)
Y'w

The shaded portion represents feasible region, which 1s
bounded.




Applying Corner Point Method, we have :

A : (3500, 0) 9160
E : (4500, 0) 5300

F : (4500, 2500) 5500
G : (4000, 3000) 53450

H : (500, 3500) 4400
(Minimum)

Hence., minimum cost = T 4400 when
From depot A ; 500, 3000 and 3500 htres

and depot B ; 4000, 0. O litres
to pumps D, E and F respectively.

8. A fruit grower can use two types of fertlizer in his
garden, brand P and brand Q. The amounts (1in kg) of
nitrogen, phosphoric acid, potash, and chlorine in a bag
of each brand are given 1n the table. Tests indicate that
the garden needs at least 240 kg of phosphonic acid, at
least 270 Kg of potash and at most 310 kg of chlorine.
It the grower wants to minmise the amount of nitrogen
added to the garden, how many bags of each brand should
be used 7 What 1s the minimum amount of nitrogen added
in the garden ?

Nitrogen

Phosphoric acid
Potash
Chlornne

[Solution : Refer Q. 11(a); Rev. Ex.|

9. Refer to Question 8. If the grower wants 10 maximise
the amount of nitrogen added to the garden, how many
bags of each brand should be added ? What 1s the
maximum amount of nitrogen added ?

[Solution : Refer Q. 11(b); Rev. Ex.]

10. A toy company manufactures two types of dolls, A and
B. Market tests and available resources have indicated

that the combined production level should not exceed
1200 dolls per week and the demand for dolls of type B
1s at most hall of that for dolls of type A. Further, the
production level of dolls of type A can exceed three times
the production of dolls of other type by at most 600 units.
If the company makes profit of ¥ 12 and T 16 per doll
respectively on dolls A and B, how many of each should
be produced weekly 1n order to maximise the profit ?
Solution. Let “x* dolls of type A and *y’ dolls of type
B be manufactured.

Then LPP problem is as below :

Maximize P = 12x + 16y
Subjectto: x+y <1200 i( k)
X
y == Sx-2y=0 a2}
x <3y + 600 « x -3y <600 ..(3)
and x, y =0 . A4)

A (1200,0)

>y

D (0,-200)

Y!

The shaded portion 1s the feasible region, which is
bounded.
Applying Corner Point Method, we have :

C : (600, 0) 7200

F: (1050, 150) 1 5000

E : (800. 400) 16000 (Maximum)
O : (0, 0) (0

Hence maximum profit is I 16000 when 800 dolls of
type A and 400 dolls of type B are manufactured and
sold.



Questions From NCERT Exemplar

Example. Determine the minimum value of
Z = 3x + 2y (if any), if the feasible region for an LPP is
shown in the figure :
| AY
D (10,10)

Solution. The feasible region is unbounded.
. Minimum value of Z may or may not exist.
Applying Corner Point Method ., we have :

Value of Z

36

16
13 (Minimum)
20

We graph 3x + 2y < 13.
It 1s observed that the open half plane determined by

=70 A (12,0) mx 3x + 2y < I3 and R do not have a common point.
; : Hence, Minimum value of Z = 3.
vy Fig.
Exercise
1. Solve the following LPP graphically : 2. Maximum Z = 3x + 5y subject to the constraints :
Maximise Z = 2x + 3y, subject to : x+2y210,x+y=26,3x+y=8,x=0,y = 0.
x+y=4.x=0,y=0.
~ Answers |
1. Z . =12at(0,4).
2 Z_ . =26at(2, 4).



Revision Exercise

1. Find the maximum and minimum values of
f : 2x + y subject to the constraints :

X+3y26,x-3y<3 3x +4y £ 24,

-3Xx+2y<S6,5x+y25,x,y 2 0.

Solution. We have to maximise and minimise for 2x + y
subject to the constraints :

x+3y2 6 ..(1) x—3y=3 .. (2)
Ix+4y< 24 .(3) -3x+2y<6 .. (4)
MXx+y=Zz 5 ...(09) x20y=20 .. (6)

Consider a set of rectangular axes OXY 1n the plane.

Clearly any point satsfying x =2 0, y = 0 lies n first
quadrant.

Draw the graph of x + 3y = 6.

Forx=0,3y=6 =y =2.

Fory=1,x=6.

. the lime meets the x-axis at A (6, ) and y-axis at B (0, 2).

Draw the graph of x — 3y = 3.

Far x=0,=3p=3=

For y=1,%=3.

y== L.

. The line meets x-axis at C (3,0) and y-axis at C (0, - 1).
Draw the graph of 3x + 4y = 24.
Forx=(0 4y =24 = i
Fory=0,3x=24 = X =18
~. The line meets x-axis at E (8, 0) and y-axis at F (0, 6).
Draw the graph of — 3x + 2y = 6.
Forx=0.2x=06 = Y=
Fory=0,-3x=6 = ==
. The line meets x-axis at G (—2.0) and y-axis at H (0, 3).
Draw the graph of 5x + y = 5.
For x=1, y=17J.
rory=00,3%=3 = b — )
-. The line meets x-axis at [ (1. 0) and y-axis at J (0, 5).
Since feasible region is the region which satisfies all the
constraints, therefore, LMNPQ 1s the feasible region.

&

>V

g {D-—Up_.ﬂjb&# (3.0) 60)  (80)

The comer points are

(4 4 45 9 25
L{=,5| M|—,—]| N[—,
(3 ) (13 13) (14 14)-

[Solve !]

The shaded region in the figure 1s the feasible region
determined by the system of constraints (1) — (6).

[t 1s observed that feasible region NPQLM 1s bounded.
Thus we use Corner Point Method 10 determine the maximum

and mmmimum values Z = 2x + y A7)

We evaluate Z at each corner point

183 84 15
Hence, me — Sl | | and

3 *A13713
43 (9 25)
ij-n=ﬁut 12°14 )

2. An aeroplane can carry a maximum of 200 passengers.
A profit of ¥ 1000 is made on each executive class
ticket and a profit of ¥ 600 1s made on each economy
class ticket. The airhne reserves at least 20 seats for
exccutive class. However, at least 4 tmes as many
passengers prefer to travel by economy class than by
the executive class. Determine how many tickets of
cach type must be sold in order to maximise the profit
for the arrline. What 1s the maximum profit ? Make an
LPP and solve 1t graphically.

(N.C.E.R.T. ; Nagaland B. 2018)



3.

A manufacturer of patent medicines 1s preparing a
production plan on medicines, A and B. There are
sufficient raw materials available to make 20,000
bottles of A and 40,000 bottles of B, but there are only
45,000 bottles nto which either of the medicines can
be put. Further, 1t takes 3 hours to prepare enough
malterial to fill 1000 bottles of A, 1t takes 1 hour to
prepare enough matenal to fill 1000 bottles of B and
there are 66 hours available for this operation. The
profit is ¥ 8 per bottle for A and ¥ 7 per bottle for B.
How should the manufacturer schedule his production
in order to maximize his profit ? (Mizoram B. 2017
A medical company has factones at two places, A and
B. From these places, supply 1s made to each of 1ts
three agencies situated at P, Q and R. The monthly
requirements of the agencies are respectively 40, 40
and 50 packets of the medicines, while the production
capacity of the factories A and B, are 60 and 60
packets respectively. The transportation cost per
packet from the factories to the agencies are given
below :

Transportation cost per packet (in )

How many packets from each factory be transported
to each agency so that the cost of transportation 1s
minimum ? Also find the minimum cost.

Two godowns A and B have grain capacity of 100
quintals and 50 guintals respectively. They supply to
3 ration shops, D, E and F whose requirements are 60.
50 and 40 quintals respectively.
transportation per quintal from the godowns to the
shops are given in the following table :

How should the supplies be transported n order that the
transportation cost 1s mimmum 7 What 1s the minmimum
cost 7 V.C.E.R.T.)
An o1l company has two depots A and B with capacities
of 7000 L and 4000 L respectively. The company 1s to
supply o1l to three petrol pumps, D. E and F whose
requirements are 4500 L, 3000 L and 3500 L
respectively. The distances (1in km) between the depots

The cost of

and the petrol pumps are given in the following
table :

Distance in (km.)

-_

Assuming that the transportation cost of 10 litres of o1l
1s < | per km, how should the delivery be scheduled in
order that the transportation cost 1s minimum ? What

is the minimum cost ? (N.C.E.R.T.)

A soft drinks firm has two bottling plants, one located
at P and the other located at Q. Each plant produces
three different soft dnnks A, B and C. The capacities
of two plants in  number of bottles per day, are as
follows :

3000 1000

1000
2000 6000

A market survey indicates that during the month of
April, there will be a demand for 24,000 bottles of A,
16,000 bottles of B and 48.000 bottles of C. The cost
of running the two plants P and Q are respectively
X 6,000 and T 4,000 per day. Find graphically, the
number of days for which either of the two plants P

and Q should
minimise production cost while sull meeting the

1000

be run 1n the month of April so as to

market demand.

A toy company manufactures two types of dolls,
A and B. Market tests and available resources have
indicated that the combined production level should
not exceed 1200 dolls per week and the demand for
dolls of type B 1s at most half of that for dolls of type A.
Further, the production level of dolls of type A can
exceed three times the production of dolls of other
type by at
of T 12 and T 16 per doll respectively on dolls A and

most 600 units. If the company makes profit
B, how many of each should be produced weekly n

order to maximise the profit ? (N.C.E.R.T.)

A dietician wishes to mix together two Kinds of food X
and Y 1n such a way that the mixture contains at least
10 units of vitamin A, 12 units of vitamin B and

8 units of vitamin C. The vitamin contents of one kg
food 1s given ahead :
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X | 2 3

[—

¥ 2 ' 1

One kg of food X costs ¥ 16 and one kg of food Y
costs T 20. Find the least cost of the mixture which
(N.C.E.R.T.)

will produce the required diet ?
10. (a) (Diet Problem) A dictician has to develop a
special diet using two foods P and Q. Each packet

(containing 30 ¢) of food P contains 12 units of

calcium, 4 units of 1ron, 6 units of cholesterol and
6 units of vitamin A, while each packet of the same
quantity of food Q contains 3 units ol calcium,
20 units of 1ron, 4 umts of cholesterol and 3 units
ol vitamin A. The diet requires at least 240 umts of
calcium, at least 460 units of ron and at most 300
units of cholesterol. How many packets of each food

should be used to minimize the amount of vitamin

A 1n the diet 7 What 1s the maximum amount of

vitamin A 7 (N.C.E.R.T))

(b) Referto part (a), how many packets of each food should
be used to maximise the amount of vitamin A 1n the
dict 7 What 1s the maximum amount of vitamin A in
the diet ? (N.C.E.R.T.)

11. (a) A fruit grower can use two types of fertilizer in his
garden, brand P and brand Q. The amounts (in kg)
of nitrogen, phosphoric acid, potash, and chlorine in a
bag of each brand are given 1n the table. Tests indicate
that the garden needs at least 240 kg of phosphoric

acid, at least 270 kg of potash and at most 310 kg of

chlorine.
[t the grower wants to minimise the amount of nitrogen

added to the garden, how many bags of cach brand

should be used ? What 1s the minimum amount of

nitrogen added 1n the garden ? (N.C.E.R.T.)

kg per bag
e oo

Nitrogen

Phosphoric acid
Potash

Chlorne

(b) Refer to part (a). If the grower wants to maximise the
amount of mtrogen added to the garden, how many

bags of each brand should be added 7 What 1s the

maximum amount of nitrogen added ? (N.C.E.R.T.)

12. A factory owner purchases two types of machines A
and B for his factory. The requirements and limitations
for the machines are as follows :

Area oc- Labour force Paily output

for each in units

cupied by

the machine machine

Machine A 12 men

Machine B

1000 sq. m.

1200 sq. m. 8 men

He has an area of 9,000 sq. m. available and 72 skilled
men who can operate the machines. How many machines of
cach type should he buy to maximize the daily output ?

13. (Manufacturing Problem) A manufacturer has
three machines I, II and III installed in his factory.
Machines I and II are capable of being operated for at
most 12 hours whereas machine III must be operated for
at least 5 hours a day. She produces only two items M and

N each on the three machines are given in the following
table :

She makes a profit of X 600 and < 400 on items M and
N respectively. How many of each item should she produce

so as to maximise her profit assuming that she can sell all
the items that she produced ? What will be the maximum
profit ? (N.C.E.R.T.)

Solution. Let “x” and *y’ be the number of items M and N
respectively.

Then the profit = ¥ (600x + 400y)

Thus the problem 1s :

Maximize : Z = 100x + 400y subject to the constraints :

x+2y £ 12

2x+y < 12
- 5
X+ — =
X 4}’
and x =2 0.y=0.



Draw the graph of the given constraints.

Y
D (0, 12)
(0678 T

P (4, 4)

F
(0.4) E ‘
A(12,0) X

X’ 0 E NG (6. 0)
(5, 0) “9}‘::

12

Fig.
[t 1s observed that the feasible region CPBFE (shaded) 1s
bounded whose vertices are :
C(6,0),B(0,6),F0,4),E(5,0)and P (4, 4)
[Solving x + 2y = 12 and 2x + v = 12; x = 4, y = 4]
Applying Corner Point Method, wc have :

o

3600
4000

2400
1600
3000

Hence, the manufacturer should produce 4 units of each
item to get a maximum profit of ¥ 4000.

14. A manufacturer makes two types of toys, A and B,
cups. Three machines are needed for the manufacture and the
time 1in minutes required for each cup on the machines 1s
given below :

Machines

Each machine 1s available for a maximum of 6 hours
per day. If the profit on each toy of type A is X 7.50 and that
on each toy of type B 1s ¥ 5, show that 15 toys of type A and 30
of type B should be manuftactured 1n a day to get the
maximum profit. (N.C.E.R.T)

15. A farmer mixes two brands P and Q of cattle feed.
Brand P, costing ¥ 250 per bag, contains 3 units of nutritional
element A, 2-5 units of element B and 2 units of element C.
Brand Q costing ¥ 200 per bag contains 1-5 units of nutritional
element A, 11:25 units of element B, and 3 units of element
C. The minimum requirements of nutrients A, B and C are I8
units, 45 and 24 units respectively. Determine the number of
bags of each brand which should be mixed in order to produce
a mixture having a minimum cost per bag ? What 1s the
minimum cost of the mixture per bag ? (N.C.E.R.T.)

16. A packet of plain biscuits costs ¥ 6 and that of
chocolate biscuits costs ¥ 9. A house-wife has ¥ 72 and wants
o buy at least three packets of plain biscuits and at least four
of chocolate biscuits. How many of each type should she
buy so that she can have maximum number of packets ?
Make 1t as an LPP and solve 1t graphically.

(A.ILC.B.S.E. 2009 C)

17. A company produces two different products. One of

= : . ,
them needs — of an hour of assembly work per unit, 1 of
4 8

an hour is quality control work and 1.2 in raw matrials.

. | [ .
The other product requires — of an hour of assembly work
3

. | | |
— of an hour in quality control work and 0.9 in
3

raw materials. Given the current availability of staff in the

per unit,

company, each day there 1s at most a total of 90 hours
available for assembly and 80 hours for quality control. The
first product described has a market value (sale price) of X9
per unit. In addition, the maximum amount of daily sales
for the first product 1s estimated to be 200 units, without
there being a maximum hmit of daily sales for the second
product. Formulate and solve graphically the LPP and find

the maximum profit. (C.B.S.E. Sample Paper 2018)

2. 120 tckets of executive class and 80 tickets of economy
class; Max. Profit = ¥ 1,68,000.

3. A :20.000 bottles, B : 6,000 bottles:
Max. Profit = 3,25,500.

4. From A : 10 packets, 0 packet and 50 packet to P, Q
and R respectively.
From B : 50 packets, 40 packets and 0 packets to P, Q
and R respectuvely.

5. From A : 10,50, 40 umts; From B : 50, 0, O umts D. E
and F respectively; Min. cost = ¥ 510.

6. From A : 500, 3000 and 3500 litres

From B : 4000, 0, 0 htres to D, E and F respectively.
Min. cost =T 4.400.

7. 12 days

8. 800 dolls of type A and 400 dolls of type B;
Max. profit = 16.000.

9. Least cost =% 112 (2 kg of food X and 4 kg of food Y).



10. (a) 150 units
(b) 40 packets of food P and 15 packets of food Q:
Max. amount of vitamin = 285 units.
11. (a) 40 bags of brand P and 100 bags of brand Q.
Min. amount of nitrogen = 470 kg.
(b) 140 bags of brand P and 50 bags of brand Q.
Max. amount of nitrogen. = 595 kg.
12. 6 machines of type A and no machine of type B.

14. 15, 30; T 262-50.

15. 3 bags of brand P and 6 bags of brand Q:
Min. cost = T1950.

16. 6 Packets : Plain Biscuits
4 Packets : Chocolate Biscuits.

17. X3, 240.

&% CHECK YOUR UNDERSTANDING
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1. The graph of the inequation 2x + 3y = 6 does not lie in
the first quadrant. (True/False)
|Ans. False]

2. The graph of the inequation 3x + 2y > 6 does not lie in
the fourth quadrant. (True/False)
[Ans. False]

3. The objective function 1s maximum or minimum at a
point, which hes on the boundary of the feasible region.

(True/False)
[Ans. True]
4. Maximize Z = x + 2y subject to :
x+y =5 x =0,y =0.
[Ans. 10 at (0, 5)]

5. Maximize Z=4x+ysubjecttox+y <50, x,y = 0.
[Ans. 200 at (50, 0)]

6. What is optimum solution ?
|Ans. Refer Definition]

7. What is objective function ?
[Ans. Refer Definition]

8. Whalt is feasible region ?
|Ans. Refer Defimtion]

9. What is feasible solution ?

|Ans. Refer Definition]

What 1s optimal solution ?

|Ans. Refer Definition]

10.

' SUMMARY "~ LINEAR PROGRAMMING

Linear Programmings

y

LPP and its mathematical
formulation

x=0

Different types of linear
programming problems

X+y=<6

1. Definition : Linear programming is a tool which is used in
decision making in business for obtaining maximum and
minimum values of quantities subject to certain constraints.

2. MATHEMATICAL FORMULATION
Let the linear function Z be defined by :

........... . where c¢’s are

(i) Z = cjx; + Cyxp +
constants.

Let aj; be (mn) constants and bj be a set of m constants
such that :

{H}anxl +dapaXy + ... +a,x, (=, =, E)bl

ar|X) + dxxy +

llllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll




The problem of determining the values of xy, x5, ........

x,, which maximizes (or minimizes) Z and satisfying above

(i) 1s called General Linear Programming Problem (LPP).

Note : In (ii), there may be any sign <, =, or =.

3. SOME DEFINITIONS

(a) Objective Function. The lincar function Z = ax + by,
where a, b are constants, which 1s to be maximized or
minimized is called a linear objective function of LPP.

The varnables x and y are called decision variables.

(b) Constraints. The linear inequalities or inequations
or restrictions on the vanables of a linear programming problem
are called constraints of LPP.

The conditions x =0, y= 0 are called non-negative
restrictions of LPP.

(c) Optimization Problem. A problem, in which it is
required to maximize or mmmize a linear function (say of
two variables x and y) subject to certain constraints, determined
by a set of linear inequalities, 1s called the optimizations
problem.

(d) Solution. The values of x, y which satisfy the
constraints of LPP is called the solution of the LPP.

(e) Feasible Solution. Any solution of LPP, which
satisfies the non-negative restrictions of the problem, 1s called
a feasible solution to LPP.

() Optimum Solution. Any fcasible solution, which
optimizes (minimizes or maximizes) the objective function of
LPP is called an optimum solution of the general LPP.

2. (I) Feasible Region. The common region. which is
determined by all the constraints including non-negative
constraints x, y > 0 of a LPP 1s called feasible region (or
solution region.)

The region, other the feasible one, 1s called an infeasible
region.

(IT) Feasible Solution. The points, which lie on the
boundary and within the feasible region, represent the feasible
solution of the constraints.

Any part outside the feasible solution is called infeasible
solution.

(IIT) Optimal (Feasible) Solution.

Any point in the feasible region, which gives the optimal
value (maximum or minmimum) of the objective function, 1s
called optimal solution.

These points are infinitely many.

Theorem L. Let R be the feasible region (convex polygon)
for LPP and Z = ax +by, the objective function.

When Z has an optimal value (max. or min.) when x, y
are subject to constraints, this optimal value will occur at a

corner point (vertex).
Theorem II. Let R be the feasible region for LPP and
Z = ax + by, the objective function.

If R 1s bounded®, then the objectuive function Z has both
maximum and mmimmum values of R and each occurs at a comer
point ¥ (vertex).

. KEY POINT

When R 1s unbounded, max. (or min) value of

objective function may not exist. In case 1t exists, 1t occurs
at a corner point of R.

4. CORNER POINT METHOD

In order to solve a Linear Programming Problem we use
Corner Point Method which is as below :

Step 1. Obtain the feasible region of LPP. and determine
Its corner points (vertices).

Step II. Evaluate the objective function Z = ax + by at
each comer point (vertex).

Let M and m be the largest and smallest values at these
points.

Step I1I. (@) When the feasible region is bounded,

then M and m are the maximum and mimimum values
of Z.

(b) When the feasible region is unbounded, then

(1) M 1s the maximum value of Z if the open half-plane
determined by ax + by > M has no common point with the
feasible region; otherwise Z has no maximum value

(71) m 1s the minimum value of Z if the open half-plane
determined by ax + by < m has no common point with the
feasible region; otherwise Z has no mmmmum value.

*A feasible region 1s bounded if it can be enclosed within a circle, otherwise it 1s called unbounded.

**Corner point of a feasible region, 1s a point in the region, which 1s the intersection of the boundary lines.



% MULTIPLE CHOICE QUESTIONS

N . x+y <l;3x+y<4;x,y=201s:
’ For Board Examinations (A) 2 (B) 4
. . : S . : 5 3 2007 S
1. A hinear function, which 1s minimised or maximised 15 4 Egi iminl R T plt'gi .;If 4 B li,ff:; ;:*H o
called : ' AN e S e e T ©
(A) an objective function  (B) an optimal function :2: E_ ; 8}8} :g: {{; g}g) (H.B. 2007 S)
C) a feasible funct D) None of these. s Ry . . i e o ol
Bl s o U?};::””;:?; 018) 5. Any feasible solution which maximizes or minimizes
2 The maxi o the objective function is called :
. ¢ maximum value of Z = 3x + 4y subject to the (A) g regional feasible solution
onstraints : x+y <4, x=0,y=01is: o Ty .
:‘E'_;HU'“ e = AR fB \ 15} . (B) An optimal feasible solution
{C} 16 (D) Ig (PB. 2012) {C} An Uhjﬂﬁ[i\r'ﬂ feasible solution
3. The maximum value of Z = 2x + 3y subject to the (D) None of these. (J.& R. B. 2007)
constraints :
~ Answers |
1. (A) 2, (C) I {C) 4. (D) S. (B).
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CHAPTER TEST /12

1.5:?:\ e

Time Allowed : 1'2 Hours
Notes : /. All questions are compulsory.

2. Marks have been indicated against each question.
The graph of the mequation 3x + 2y > 6 does not lie 1n
the 4th quadrant. (True/False) (1)
Draw the graph of the following LPP :

Ix+y =17, x,y =20. (1)
Maximize Z = 4x + y subject Lo :

x+y =50, x,y=0. (2)
Maximize Z = 4x + y subject to constraints :

x+y <50, x+y<90,x=0,y =0. (2)
Minimize Z = — 3x + 4y subject to constraints :
x+2y<83x+2y<12,x=0,y = 0. 4)
If a man ndes his motor cycles at 25 km/hr., he has to
spend T 2 per km on petrol, if he rides at a faster speed
of 40 km/hr., the petrol cost increases to X 5 per km. He
has ¥ 100 to spend on petrol and wishes to find maxi-
mum distance he can travel within one hour. Express
this as a linear programming problem and then solve 1t

craphically. 4)

A manufacturer produces two products A and B. Both
the products are processed on two different machines.
The available capacity of the first machine 1s 12 hours
and that of second machine 18 9 hours. Each unit of
product A requires 3 hours on both machines and each
unit of product B requires 2 hours on first machine and
| hour on the second machine. Each unit of product A 1s
sold at a profit of ¥ 5 and B at a profit of ¥ 6. Find the
productive level for maximum profit graphically.  (4)

8.

10.

1. False. 2. 200 at (50, 0).
8. A : 5 Days: B : 3 Days ; Minimum cost =3 1,350.

3. 120 at (30,0).

_ Answers

| ———————————————————————————————————————————————————

Max. Marks : 34

Two tailors A and B earn ¥ 150 and ¥ 200 per day
respectively. A can stitch 6 shirts and 4 pants while B
can stitch 10 shirts and 4 pants per day. How many days
shall each work 1f 1t 1s desired to produce (at least) 60
shirts and 32 pants at a minimum labour cost 7 Make 1t
an LPP and solve the problem graphically. (4)
A cooperative society of farmers has 50 hectares of land
to grow crops A and B. The profits from crops A and B
per hectare are estimated as ¥ 10,500 and X 9,000 re-
spectively. To control weeds, a hiquid pesticide has to
be used for crops A and B at the rate of 20 litres and 10
htres per hectare, respectively. Further not more than
800 litres of pesticide should be used 1n order to protect
fish and wildlife using a pond which collects drainage
from this land. Keeping in mind that the protection of
fish and other wildlife 1s more important than eaming
profit, how much land should be allocated to each crop
SO as to maximize the total profit 7 Form an LPP from
the above and solve 1t graphically. Do you agree with
the message that the protection of wildhife 1s utmost nec-
essary o preserve the balance in environment ? (6)
A dietician wishes to mix two types of foods 1n such a
way that the vitamin contents of the mixture contains at
least 8 units of vitamin Aand 10 units of vitamin C. Food
[ contains 2 units/kg of vitamin A and 10 units of vita-
min C. Food I contain 2 units /kg of vitamin A and 1
umt/kg of vitamin C while food II contains 1 univ/kg of
vitamin A and 2 units/kg of vitamin C. It costs I 5 perkg
to purchase food I and ¥ 7 per kg to purchase food II.
Determine the minimum cost of such a mixture. Formu-
late the above as a LPP and solve 1t graphically.

Why are the people following dieticians these days ?(6)

%

-

S5.—12at(4,0). 6. 30 km. T.. €30,
9. Crop A = 30 hectares, Crop B = 20 hectares.

10. Minimum cost I 112 when 2 kg of food X and 4 kg of food Y are mixed.



