' Objectives

| 1 IL-:_-_ D ETERM ' N ANTS bA:iL T;uiy:ng the material of this chapter, you should

Understand the determinants and their expansions.
- Understand the properties and their applications.

Understand to find the area of a triangle by using
determinants.

Understand Minors and Co-factors.

Understand Adjoint and Inverse of a Matrix.

| G The moving power of mathematical Understand to solve linear equations by Matrix

method.

-} invention is not reasoning but
‘* fmrzgimzrfﬂn.

—A. Demorgan

N ' Chapter at Glance
Gratified Wilhelm Von Leibnitz originated Determinants and gave a -  PAGES
written notation for them. Arthur Cayley gave **Vertical line rotation™ in * CONCEPTS
the year 1841 A.D. Gabriel Cramer invented ‘Determinants’ independently. 1-3, 6-10, 22-23, 24, 26-27, 29-31,
Alexandre Theophile, Vandermonde, Pierre Simon Laplace, Joseph Maria 35-39, 49-50
Wronski and Augustri Louis Cauchy were prominent who made contributions * ILLUSTRATIVE EXAMPLES
to Determinant theory. 3-4, 10-17, 23-25, 23112485: 3516_3539'
In the previous chapter, we have studied about Matrices and Matrix + EXERCISES & ANSWERS
Algebra. Ex. 4(a) 4-5
Now we shall deal with Determinants, which are very much applicable Ex. 4(b) 17-22
in Engineering, Science, Economics, Social Science ; etc. g: :Eg %g
Ex. 4(e) 28-29
e Ex. 4(f 33-34
To each square matrix A = [u{-f-] of order n, there 1s associated a number g i}% gigg
(real or complex), which 1s called the determinant of square matrix A, where * Revision Exercise 75-78
a; = (4, /) th element in A. This can be thought as a function, which associates * HINTS TO SELECTED QUESTIONS
cach square matrix with a unique number (real or complex). g i}g’) gz
Symbolically : f: M — K Ex. a(o) 23
agiven by f (A) =k, where M 1s the set of matrices Ex. 4(d) 26
and K that of numbers (real or complex) Ex. 4(1) 35
and A€ Mand k € K. Ex. 4(g) 48
Symbolically : f(A)= |A| =detA=A=k Revﬁuﬂjgxercise gg

| A |or det A is read as determinant of A. * HOTS
| (Higher Order Thinking Skills)

—

f s
When A = @ v thendetA= A l= a b * 11, 14, 21-22, 25, 47, 61-62, 74-77
¢ dl ¢ d Nytra 3
KEY PO IN'i' * NCERT-FILE
; . Questions from NCERT Book 64-73
1. |A |is not modulus of A but is read as determinant of A. Questions from NCERT Exem;;{:_rﬁ
2. Only square matrices have determinants. * CHECK YOUR UNDERSTANDING
79
(a) Determinant of a matrix of order one. * CHAPTER SUMMARY 80-81
Let A = [a] be a matrix of order 1 x 1. * MCQ 82-85
Thendet A= |A] = _ * CHAPTER TEST-4 86
en det A= [A] = |a]=a, * EXCLUSIVELY FOR JEE (ADVANCED)
For Examples : (I) If A =[5], then detA=|5| =5. 87-90
UNIT TEST -2 91-92

(I) IfFA=[-5], thendet A= |-5|=-5.
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(b) Determinant of a matrix of order two.

(l cl __I . 1
Let A=|"1 121 be a matrix of order 2 x 2.
ay Ay |
dj| 112
Then det A=|A|=A=
{131 {122
= .&=(I”(i’zz—ﬂl:ﬂ3].
2 4
For Example : 1 5 =(2)(2)—-d)(-1)=4+4=8

(¢) Determinant of a matrix of order three.
Let A= [u*U-]_1 . 3 be a matrix of order 3 x 3.

ajp d12 43
TI’]L‘H ‘A'= H:I ﬂ:: ﬂ-23 i
d3] 432 d3j3

There are six ways of expanding a determinant of order 3 x 3, which corresponds to each of three rows (R, R, and R;)
and three columns (C,. C, and C;).

(/) Expansion along first Row (R,) :

Step I. Muluply first element ¢, of R, by (- )+ with the second order determinant, obtained by deleting elements
of first row (R ) and first column (C)) of |A] [+ a,, lies in R, and C,]

>y dny

—_—

l.e. {——l}[+lu”

(l 32 {133

Step II. Multiply second element @, of R by (- 1 )! +2 with the second order determinant, obtained by deleting elements
of first row (R ) and second column (C,) of |A| [ a5 liesin R, and C,]

{I:l (4'2_]

e. (- 1)""3“]_.,

.

{13[ {133

Step H11. Muluply third element @ ; of R by (-1 )! +3 with the second order determinant, obtained by deleting elements

of first row (R, ) and third column (C,) of |A| |- a3 liesin R, and C]
: a») d
1. €, {_I_}[-'-}{fl; 21 22 |
T |d31 432

Step IV. Expansion of det A = | A|is sum of all three terms. obtained in steps I — I11.

- g (> dHy . | 42 % (73 1 + 3 (» k)
Thus dﬂlA:|A| :{_]} aj T o +{—]} ) 2] 1+ (— ]} a3 21
azr» dzj3 T ld3y day 431 d32
=y Ayp Uy — A Ay3 A3y — A5 Uy A3y F A5 Uyy Ay + A3 Uy A3y — )3 ys Ay
(i1) — (111) Siumilarly, we can find expansions along second row (R,) and along third row (R). [Do vourself]
(iv) Expansion along first column (C,) :
>~ ) ay, a ay» d
{132 ﬂ_jl:{ - ﬂ_‘;: ff33 . ry Uy
=y Uqs U3y — Ay| Ayy gy — A5 Ay A3+ A 3 Ay 3y + A5 Aoy A3y — A3 A5y A3y
(v) — (vi) Similarly, we can find expansions along second column (C,) and along third column (C5). | Do vourself]

It 1s observed that expansion of determinant 1s same in each case.



% . KEY POINT

. For easier calculation, expand the determinant along that row (or column), which contains maximum number of
Z€ros.

2. Signs for expansion are shown in the following pattern :

+ — +
e .+- s
= 4
] -3 2
For Example : Evaluate : A= |4 =1 2
3 5 2
By definiion, A =1.| © Z|+3|* “l+2|? 7 [Espandisie by R
efinirion, - . i pa xpandin faY
> 5 9 3 2 35 pArdns oy 2

=(-2-10)0+3(8-6)+2 (20+3)=-12+ 6+ 46 =40.

B SARUS RULE

ary 412 493
Consider A=|a,, a>, ary

d3] d32 433

Write the three columns and repeat first and second columns.
Draw arrows as shown in the figure below.
Add the products on the downward moving arrows and subtract the products on the upward moving arrows.

a d d
o~ 811 312 13 1 12
RN W N N ~
s ",#’ 'ﬂ 'd-*
‘ﬁ “ ‘~ ',‘ ‘ﬁ. “
“’ "' "‘;a 'ﬂ ‘ﬁ;a .*‘f
a1 a22 523 A d22
o’ o o7 Y o’ s
# “ & S P “
’ S ~ .r %
& 28 S o s
;""' .." S ;‘xs s
2, #* L A 7 4 A
1
az2 d33 az1 d3?

Caution. Above method does not apply to determinants of order greater than 3.

s

105007 EXAMPLES )

.

MELr  HEAF T L PO L F—
Example 1. Evaluate : | . 750 06750 |- xample 2. 11 5 41 = 4|+ Iind the value of °x".
(AL.C.B.S.E. 2011) (A.L.LC.B.S.E. 2014)
Sol cos15°  sin 15° 3 7| |8 7
Solution. | . oluti = _
u Gn75°  cos 75° Solution. We have : 5 4 £ i

¢
1o
g
+
S
Il
)
r9
|
.
to

=2 [2x=-14-10

=¢08 (715" + 15%)y =¢cog H)® = 0. => 12x = - 24. Hence, x =- 2.

= cos 757 cos 15° —sin 75° sin 15°




2x 5 6 —2 _
Example 3. If = ., write the value
8 Xx 7 3
of *x’. (C.B.S.E. 2014)
2% D 6 -2
Solution. We have : g o =17 3
> 22 —-40 =18+ 14 = 2x2 — 40 = 32
=> 2x% = 72 — v2 = 36.
Hence, x =z 0.
Example 4. Write the value of X { i .
X — X

Solution.

X

x— |

(N.C.E.R.T. : Uttarakhand B. 2013)

x4+ 1
X

=)W -@=-Dx+1) =x2-@*-1)=1.

13 -5 4
Example 5. Expand | 7 6 1| by two methods.
1 2 3
13 =5 4
Solution. Method L. | 7 6 |
| 2 3
6 | 7 7
=35 3|{5} L3t 2

| Expanding by R / ]
=3(18=2)+521-1) +4(14 -6)
=48 + 100 + 32 = 180.

Method II. By Sarus Rule :

The value of the given determinant
=(3.63+(-5).1.1+4.7.2)
-(1.6.4+2.1.3+3.7.(-5))
=(34-3+56)- (24 +6-105)
= 105 + 75 = 180.

Example 6. Evaluate :

0 sin0t  —cos O
A=|=sina 0 sin [3
cosat —sinf3 0
(NVC.ER.T)
0 SINOL —cos O
Solution. A =| —sin 0 sin 3
coso. —sinf3 0
0 sin f3 _ —sina  sin g
= (0) | — SIna
—sinf3 0 cosc 0
— §in O 0
— Cos O .
cos0 —sinf}

|Expanding by R, ]
=0 —sino (0 -sin3 cos o) —cos o (sin o sin 3 —0)

= sin o sin 3 cos o — sin o sin B cos o = 0.

EXERCISE 4 (a)

Fast Track Answer Type Questions

3 2

. then the value of “x 1s.........
X

X 2
1. If
8

(Fill in the Blanks) (Jammu B. 2016)

6 2

2. If 118 6

I8 «x

» then “x7 1s equal to + 6.

(True/False) (Jammu B. 2012)

—

I

5
J.() IfA= 1 al find |2 A|.(Karnataka B. 2014)

—_—

(11) Let Abe a 3 x 3 determmant and | Al = 7. Find the

value of | 2A | (Assam B. 2017)

L 2
4. (1) If A = il then find the value of ‘&’ if
12A |=k |A]. ) ) (Jammu B. 2012)
Vil
() If A = Loy . then show that [2A |=4 |A].
- (N.C.E.R.T))
5. Evaluate the following determinants :
2 4 _9 3
(1) (N.C.E.R.T.) (i) = :
-2 4 9|
Ve 5
(111) m Jﬁ




(

2cos@ —=2sminb
(1v) .
sin @ cos bt
(v) cos® —-smno
sin 6 cos 0
i |
{111,'} X — X + l -]4 = 1 -
X+ 1 x+1

6. (a) Find the value of ‘x"i1f :

~ 12 31 ] x 3
(1) 4 5| |2x 5
2 4 2X
@ s 17| 6

4
X

(NV.C.E.R.1.)

(N.C.E.R.T.)

(N.C.E.R.T.)

(NNC.ER.T.: Jammu B. 2017;: Kashmir B. 2016)

3 b
X 1

iii) =| 4

3 2

1

(N.C.E.R.T.; Jaharkhand B. 2016; Kerala 2013)

(1v) } % — >
X | |4 —
2x 3| |16
M 15 2]7] 5
| x+1 ‘=1
(vr) =3 x+2|
-1 2 7
l:liifl) 4 8 = Y
r £ 3
(b) If l o = |
of ‘x’.
2 3| |x 3
LIy 5720 5

2] (Kashmir B. 2016)
3
5 [ *¥>0 (A.LCB.S.E. 2010)
4 -1
| 3 (C.B.S.E. 2013)
X
_4l (Jammu B. 2012)
4 . M
~ > write the positive value

(C.B.S.E. (F) 2011)

+ then the valueof ‘x 18 ...........

(Jammu B. 2014;: Kashmir B. 2012 : H.B. 2010)

| 3
8. If A= [4 J . then find [3A'].

Very Short Answer Type Questions

1.

4.
S.

6.

9. Evaluate the following determinants :

[3 =1 =2
10 0 =1
3 -5 0
(N.C.E.R.T))
|2 -1 -2
Gip [0 2 -1
3 -5 0
(N.C.E.R.T))
3 -4 5
—
(v) l ) -
2 3

(iv)

14 9 7
()13 5 7
5 45

(Jharkhand B. 2013)

0 1
-1 0

—=Z 3

-3

5

P

0
(N.C.E.R.T.)

(N.C.E.R.T.)

10. Evaluate the following determmants by two methods :

(1)

k. 2. True.

(1) 4.

(1) (11) 6
(vi) X —x 42

k =
8

3

(1ir) — (iv) 2

lo 2 o

(i1) 2

4 5 6
.3 (Jammu B. 2012 ; C.B.SE. 2010)

(Kerala B. 2017)

1 1 =2
I.IfA=|2 1 -3, find |A]. (N.C.E.R.T.)
5 4 -9
T f
12. ItA=| 1 2 1 | then show that:
o ] 2 |
|14A|= 64 |A]. (PB. 2011)
13. Prove that :
1t 21 3
20 3 4h= 4!. (Kerala B. 2015)
3! 4! 5!
X+ 1
14. If x+1 = (), find the value of x.
— 1 x4+

(o )

(1) —8 (i1) 56.

(v) |

(@) ()x=2 (i) x==+3 (i) x=422J2 (iv) =4

(W. Bengal B. 2018)

WMx=4(wi)x=2 (vil) x== Eﬁ

(b)) x=2
Lo X5 2,
8. -99
9. ()-12 (i1) 77
10. (1) —-52 (i) 8.
11. 0. 14, x=-2 -1

(111) 5 (iv) O (v)46.
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—" Hints to Selected Questions

11. A =

= = 0

= oo &

oo e 4=

- = o

H o0

XN = =

2 1 1
1 2 ]
1 1 2

The following properties of determinants are true for determinants of any order. However, we shall prove them for

determinants of order 3. These properties are used in order to simplify the determinant before expanding it.

Property 1. (Reflection Property) The value of the determinant remains unaltered by interchanging its rows and

columns.

Verification. Let A =

Expanding along first row, we get :

Let us interchange the rows and columns of A. Then :

A=

a)
by

C |

ﬂl
H:

ﬂ3

Y.
h-l

L'E

by
b:;_

b3

(l 3
b3
L'3
b-
= @i |
[.‘2

['I

€2

['3

b3

: |-H':|.

3

=d| (byc3 = b3y ) —ay (b3 —byc)) +az (bycy — byey)

Expanding along first column, we get :

=dy (b5y = Db3c5) — a5 (bycy — b))+ ay (bycsy -

From(l)and (2), A=A".

For Example : Consider A =

Expanding by first row,

Hence.

AJ’

Il

CH

L"]

N

—

2(-0-200+3(-42-4)+5(30-0)

ﬂ‘

=

—‘ﬂz

by
b,

{'l

(3

3 5

0 4

5 =7
4
)

+{I3

=7

—40 - 138 + 150 = - 28.

Interchanging rows and columns (R < C), we get :

2

2(-0-200+3(-42-4)+530-0)=-40- 138+ 150 =- 28.

l
th o 9

()
4

A",

6 |

0 5

4 -7
"l

I e

6
4

I
e

by
b,

+3

+35

L‘t
C'H

—_

6
I

6
()

0
5

l
D

(Jammu B. 2012)

(1)

wil2)

(N.C.E.R.T.)

| Expanding by C ]



.. KEY POINT

a 1. The interchange of the rows and columns does not change the value of the determinant. Whatever
1S true for rows, that is also true for columns.
N 2. If A1s a square matrix, then det A = det A, where A’ 1s the transpose of A.

Property II. (Switching Property) If two adjacent rows (or columns) of a determinant are interchanged, then the
sign of the determinant is changed.

a a» day
Verification. Let A=| b, by b3 (1)
['[ L'j ('3

Let us interchange first and second rows™. Then the new determimant 1s :

by by by
A"=la, a, aj (2)

g € C3
Expanding (1) along first row, we get :

A=ay(bycy—bycy) —ay (bjey - h3('l_] + day (D5 — by o) il 3)

Expanding (2) along second row, we get :

b'} h:.; bl b}

A'=— a) = + dH

—

| by b
= {1‘3 e

I.'.'l f."j

By 3

2 G C| 3
=—d, {J'?:{‘3 — h3t'3} + d, {b|£'3 — h3t‘|} ~ dy “JI{'?_ — hz-:'l}

=—la| (bycy —bycsy ) —ay (bycy = bycy) + ay (b5 = byey)]

= —A. |Using (3)]
2 -3 5

For Example : Consider 4=|6 0 - (N.C.E.R.T.)
/ 5 -7

Here A=-28. [See Ex. of Property [

Interchanging R, and R; (R, <5 R;), we get :

2 -3 >
A= 1 e T
6 0 4
S -7 | [ 5
= o al” —~.3) |6 A #D 6 0 |Expanding by R ]

=2R20+0)+3(4+42)+5(0-30)

=40+ 138 - 150 = 28.

Hence, A =-A.
Cor. If any row of a determinant is carried over n rows, then A', the resultant determinant = ( — )" A.
If n1seven, then A" = Aand if n1s odd, then A"= - A.
Property III. (Repetition Property) If two rows (or columns) of a determinant are identical, then its value is zero.
Verification. If the identical rows (or columns) of A are interchanged, then the value of the determinant remains unchanged.

A=A (1)
By Property 11, the interchange changes A to — A
8 A'=-A ik2)
From(l)and 2), A=-A =Z2A=0=A=0
Hence, the result.

*The arguments for other interchanges are similar.



13 2 3
For Example : Consider A = |2 2 3 (NNC.ELR.T) [Here R; & Ry are identical]
3 2 3
| ) a2 3]_,]2 3].42 2
Expanding along first row. A = . > 317213 3133 >

= 3(06-6)-206-9+3(4-06)
=0-2(-3)+3(-2)=6-6=0.
Hence, A= (.

Property IV. (Scalar Multiple Property) If each element of a row (or column) of a determinant is multiplied by a
scalar ‘k’, then its value gets multiplied by the scalar ‘k’.

ay by ¢
Verification. Let A=|a> b, o

—

(! 3 !}3 C 3

Let A" be the determinant obtained by multplying the elements of the first row by the scalar *k’. Then :

ka, kb, ke
A= > f}z &
ay b} C3

= ka | (byc5y = bycsy) = kb (ayc53 — aye,) + ke (asby — asbs) | Expanding by R, |
=k la; (bycy = bycy) = by (ay0q — a305) + ¢ (aybg — asybs)]
=k,

Similar 1s the result when all elements of any other row or column are multuphed by “&".

- KEY POINT

¢

In case of matrices, kA 1s the matrix obtained when each entry of A has been multiplied by ‘k’. Thus if A 1s square
matrix of order n, then |kA |=k" | A |ie. det (kA) = k" det A.

An Important Results. (1) Determinant of a skew-symmetric matrix of odd order is zero.
If A'is a skew-symmetric matrix, then A" = - A.

Now |A'| =|-A|==D"|A]

= - |Al. |- nis odd)
But |A"] = |A]. [Property I
Al =-]A] = 2|A|=0 = |A|=0.

Hence, the result.
(11) Determinant of a skew-svmmetric matrix of even order is a perfect square.

Cor. (Proportionality Property) /f hwo rows (or columns) of a determinant are proportional, then its value is zero.

ay k) s a ) (y
Verification. Let A=| by by by |=k]|b by by [Property 1V]
kb, kb,  kbj by by by
=k (0)
={], |Property 11|
102 18 36
For Example : Consider [ 3 4] (N.C.E.R.T.)
17 3 6




Here elements of R, and R, are proportional.

Hence, A = 0.
Property V. (Sum Property) If each element of a row (or column) of a determinant is expressed as the sum of two
or more terms, then the determinant can be expressed as the sum of two or more determinants.

Thus A=

Verification. Expanding determinant on the left along the first row. we get :

ﬂ] .3 (I]
bl
f.'l

Hz + (12
bj

C'n

“3 + (Iq

;_?3
I.'_‘J.

Hl
}}l
l‘.”l

( b
bz

Lo

{ 2
F}:,;

€3

-+

)
by

€l

o)
b-:

f‘g

o3
b 3
€3

A=(a;+0,) {£13{‘3 — b_qu} — (a5 + 0,) “JIEE — ’!]3{'1} + (ay + 03) H}]{'z - f}lf‘l]

102 18
17 3

a da
by b
S TS

h_‘;

('3

o
b
{']

5
hz

('~

O3

h_‘.;

{'3

Similar 1s the case with other rows and columns.

For Example : Consider A =

a i
a+2x b+2y c+2:
X v Z
a b c a b ¢
A=|la b cl+]2x 2y 2z
Xy 2 X ¥ 2
=0+0
=1.

b

+ 0y {hli"__-, - hzt'l}}

(N.C.E.R.1.)

| Property V]

|Using Properties 111 & 1V]

Property VI. (Invariance Property) If to any row (or column) of a determinant, a multiple of another row
(or column) is added, the value of the determinant remains the same.

Verification. Let A =

Suppose

Now

Hence,
o

ﬂ[
l'?|

f.'l

o B,
b:
€9

=A+ 0.

A'=A.

KEY POINT

{’1’3
[}‘3 i
["%
ﬂ: + k[';&
b5
C-E
as| | ke
!}3 +| b
{'3 {']

ay + kcy
by

ll’_'_;

(A" is obtained from A when k—times the third row is added to its first row]

;C (' ?
b’}

CH

k['}
b}

[‘3

Hl
b[

¢l

ﬂ'z
b,-_,

2

( 3
f}}

['3

+ k

I['l ['2
by b,
{'l l‘l':

['E
} 13

€3

[ " In second Det on RHS first and third rows are identical]

While altering the parallel lines (rows or columns), one line must be left unchanged.

Property VII. (Factor Property) If a determinant A vanishes when for *x’ is put ‘a’ in those elements of A, which

are polynomials in x, then (x — a) is a factor of A.

Verification. Since the elements of A are polynomials in x,

- 1ts expansion is also a polynomial in x.

[Given]



Let A =f(x).

Since ‘a’1is a zero of the polynomial f (),

" (x —a) must be a factor of f(x) | Factor Theorem|
i.e. (x —a) must be a factor of A.

Hence, the result.

NOTATIONS
We denote : =
(1) Rpsi R as first, second......rows
€13 £ DI — as first, second. .....columns

(111) "Ry — Ry = 2 Ry means “From the elements of first row, subtract twice those of second row™
(iv) = C; = C, + 2C, + 3C,7 means “To the elements of first column, add twice those of second column and thrice
those of the third column.”

a -y Ve 7
Frequently Asked Questions N

Example . IfAisa3 x I3 matrix and | 3A =k | A |,

then write the value of ‘k’. (A.I.C.B.S.E. 2016) 1 1 1+3x
Solution. We have : 13AI=k|A| 1+3y 1 1 [=9(3xyz+xy +yz+zx).
=> 3PIAl =kIAL 1 1+3z 1
Henee, .k =3=7]. (C.B.S.E. 2018)
Example 2. Let A be a square matrix of order 3 x 3. l l L

Write the value of |2A |, where |A |= 4.

e Solution. LHS = |1+3y 1 1
(A.L.C.B.S.E. 2012)

Solution. |2A| =27 |A| [+ Ais 3 x 3 matrix]
=8 |A|=8 (4) = 32. |1 o 3
Example 3. Find the maximum value of : 1+3y —3y -3y
1 1 1 | I 33 0
1 1+sind 1 [Operating C, » C,—-C,and C; » C; - C]
I 1 l+cosH -3y -3y N [
(C.B.S.E. 2016) =& - o |7 %
Solution. Operating R, - R, =R, and R, = R; - R,. |Expanding by R
weget : = 1.(0 + 9y2) + 3x (32 + 9yz + 3¥)
I l | =9(3xvz + xv + vz + zx) = RHS.
A =10 sinf 0 1 a a?
0 0 cosf Example5.IfA=|a a? 1 [=—4, then find the
2
= § fas —_— a 1 a
=1.(sinf cos 8 -0) i
| Expanding by C,]
e 3 4
5 a” —1 0 a—a
=sinf cosf = =sin26. 0 a—at ad-1l.
a—at a’-1 0
1 I
Hence, the maximum value of A = () =5 (C.B.S.E. Sample Paper 2018)
[ Max. value of sin 20 = 1| | ] a a
Example 4. Using properties of determinants, prove & wr 1 |
that : Solution. We have A =
a* | a




> A=l (@-D-a@*-a®)+a*a-a)=-4
> (@-1)-0-a*@-1)=-4
> (@-1)(l-a)=-4
=> (a’-1)¥%=4 (1)
a’ — | () a—a?
Now. (0 G—i? @ =1
a—a*t  a’—1 ()
l 0 —a
(@ -=1)'0 —-a 1
—d | ()
=@ - 1P [1.(~0=1)=0-a(0-a)]
=@ - 1Y (@ -1 = -1)
= (4)% = 16. [Using (1)]
Example 6. Prove that :
a+b b+c¢c c+a a b ¢
b+c¢c ¢+a a+b|=2|b ¢ a
c+a a+b b+c ¢ a b
a+b b+c c+a
Solution. LHS=|b+¢ c¢c+a a+b
c+a a+b b+c
2(a+b+c) b+c c+a
=|2(a+b<+c) c+a a+b
2(a+b+c¢) a+b b+c
[Operating C, = C; + C, + (5]
a+b+c b+c¢ c+a
=2la+b+c c+a a+b
a+b+c¢c a+b b+c
|1aking 2 common from C ]
a+b+c¢c —a -—=b
=2la+b+c -b -—-c
a+b+¢c —-c¢ -—ua

—.

[Operating C, - C,-C, & C; = C; -]

a b
b ¢
& (l

- b
—C
—a

|Operating C ] C (e C 5F C _q]

[1aking (1) common from C, and C ]

c —d
2la —=0>b
b —¢
-
2
2(—=1)" | a
b
¢ a b
2la b ¢
b ¢ a

e

RHS.

a €
b

(l

|Operating C; < C,]

|Operating C, <> (]

Example 7. Without expanding, prove that the
following determinants vanish :

(1)

(1)

a
b
C

abce

B (Hhi'}z

bzcz
czaz

aZhZ

be
ca

ab

b
c
a

3

.

ab“c
2 2

bc“a

i R
or'¢ i s o

be

abc

= abc

ca
ab

be
cd
ab

a+b
b+c

C+a

i T |
boE"
2 2

Solution. (7) | ¢~

3 i )
7 il 5 i

b+c¢

¢c+a

a+Db

bc
( cad

ab

abc

abc

abc

b+ c
C+ a

a+b

(H.B. 2011)

ab + ac
bc + ba

ac + bc

|[Multiplying R, by a, R, by b, R; by ¢

ab + ac
bc + ba
ac + bc

. / .
and taking —— outside|
abe

[Taking (abc) common from C; & C,]

ab + bc + ca
ab + bc + ca
ab + bec + ca

|Operating C; — C; + (]

be 1

=abc(ab+bc+ca)lca |

ab 1

|Taking (ab + bc + ca) common from C;)

= abc (ab + bc + ca) (0)

[ C5 & C; are identical ]

= (). which 1s true.



(71) Given determinant

f b X X X Yy X X
4 & dEE =| S5x 4x 2x|+]|4y 4x 2x Propersy V)
_|b ¢ btc 10x Sy 3x| [8y 8¢ 3x |
¢ a c+a
- I 1 1 | B
a+b b a+b -5 4 2l+xv]l4 4 2
= |btc ¢ b+tc |Operating C, — C,; + C,] 108 3 § 8 3
c+g a cta
I () 0 |
= 0. [+ C; & C;are identical) =x*| 5 -1 =2[+xy(0)
10 -2 -5
a —1 0
Example 8. If f(x) = | ax a —1f, ysing SRRy Ly BiEyRe ~Rpt TN
ax? ax a determinant & C;, C, are idential in 2nd determinant]|
properties of determinants, find the value of f(2x) —f(x). | 1 0 0
(C.B.S.E. 2015) =3 |p ~1 =2
a —1 0 . et
Solution. We have : fix)y=| 4t ¢ — | |Operating Ry = R, - 5R; & R; — R; - 2R,
ax> ax a
. 1 0 0
—-p 2o 1 2
L =10 0 0 I
—al x a -1 [Taking a common from C,]
) [Taking (-1) common from C, & C;]
X ax da N )
P LR B 3
| 0 0 = 1"(1) o 1 =x"(1—0)=x"= RHS.
=] X a+x —I| [Operating C,»C,+ C /|
. 5 } ) Example 10. Prove that :
5 R 5 i > a
T a+b+2c a b
=al(a + x) a+ (ax + x-
1 C b+c+2a b = 2(a+b+c)
=ala® + ax + ax + x*] = a(x* + 2ax + a°) ¢ a c+a+2b
= alx + a)*. (H.P.B. 2016; Kashmir B. 2015; C.B.S.E. 2014;
o s 4 H.B. 2013; J. & K.B. 2011)
. f2x) =a2x + a)-. Soliitiiii
. 2x) - fix) = a[(2x + a)* - (x + a)?
ﬂ f [ ) ( | a+b+c —-(a+b+c) 0
= a[(4x? + dax + a®) - (x* + 2ax + a?)] LHS = 0 a+b+e —(a+b+c)
C a c+a+2b

;
= a(3x- + 2ax) = ax(3x + 2a).

Example 9. Using the properties of determinants,

|Operating R, - R, — R, and R, — R, - R;|

] =1 0
X+y X X _ 2 _
prove that : | 5x +dy  dx  2x|= o3 =(a+b+c)" |0 1 |
10x + 8y 8x 3x ¢c a c+a+2b
| 7aking (a + b + ¢) common from R, and R, |
(A.LC.B.S.E. 2009)
1 0 ()
X+ ¥y XX 4
. ' =(a+b+c)" |0 I -1
Solution. LHS=| 5x+4y 4x 2x
' g G ¢ a+c¢ c+a+2b
X+oy odx ASx

[Operating C, = C, + C|]



l — , 2
=(a+b+c) (1) o 5 A 4
6 o lr.+ﬂ+-r—-.h — &:{1._:1)(:_}-} 1 R
[Expanding by R 0 z-2
=(a+ b+ ) [(c + a+ 2b) + (a + ¢)] 3
1+ x
- 32 (D ;. ¢ ' '
=(a+b+c) a+ 2b+ 2c¢) }.2 + Xy -+-,1'3 =)
=2@+b+c)a+b+o) (2= (E+x+y)
s, e, N
Example 11. If x, v, z are different and . o2 [+
7 9
1l y+x y* +xp+x°|=0
x x> 1+x° 0 I Z+ x+v
A=|y y* 1+y’|=0,show that: o
y 7 ) ' Taking (2 — x) common from R ]
. 2 -3 k . 3
z 7 1+ 1z
()1 +xyz=0 F: +2 i 13
3 9]
(N.C.E.R.T.; H.PB. 2013 ; Kashmir B. 2012) = |1 x+y xT+ay+y7 =0
0 l X4y 4.2
(i) xyz = - 1. (PB. 2018 ; Assam B. 2015)
: 2 3 T
X X . I+ x ; [Dividing by (x — v) (v — 2) (2 — x) because
: ' e A=y yv° 1+y |=0
Solution. Here vy Y XEVVED& TN
z Z 14T
) : +y X%+ v+ S 14y
2 ) xX+y x“+xv+y | x x
X \ | & — X : - = =)
T o -y 12—.11 ,“3_11 —0 ] b e e o ] X y-g
2 2 3 3
L=y < =) =) [Expanding by C|]
. — R a+y+2-(DHA+xH]=0
3 v
g 9. ., 9]
= A=|lyv-x (y—x)(yv+ux) = X[X°+XV+ X+ Y+ VA VI — X=Xy — V]
2=y (Z=¥)(2+Yy)
[+ ,1'3_1' +1x2z-1-x31=0
o Faas e we g i . oA 11=0
e = xlxy+yvz+zx]-lxyv+xz-1]=
+ X
5, g, 2 e WA A -
(v-x) (v +xv+ 1) [=0 = XV+xyz+x-xy-xz+1=0
I 5
(E~IE™ &+ YY) = | +xyz=00rxyz=-1, which is true.

Example 12. Prove that :

X _1’2 l+_1|:3 - i ; i
) +a -
=A=(yv=-x)(z=¥|1] v+x 1“‘+.1'1-‘+,1‘3 =()
i ’ ' -E : 5 1 1+b 1 zabc[]+l+l+l]
| z4+y " +vz+y 1 1 1+c a b c¢

[Taking (y—%) commonfrom bzandi@ ~y)romks| | o giin. BB 2017 Auem B. 3016: Nezeland B. 3016)

= A=(v—-x)(z-y) = abc + ab + bc + ca.

: . | + 2 (N.C.E.R.I. ; HP.B. 2017, 13; A lL.C.B.S.E. 2014;
X A A C.B.SE. 2012, 10 C)
- .
I v+ux y-+xy+ %° =0 -
A 5 | +a l l
O z-x 7+yz-xy—a Solution. A=| 1 1+b 1
] | |+ ¢

|Operating R; — R; — R,]



| | l
-+ ] —-— —
a a a
I I
= abc 5 —+ —
b b b
l l I
= - —+ |
C ¢ ¢

| laking a, b, ¢ common from Ist, 2nd, 3rd row
respectively|

l+1 -1 0
a
l
=abc| =— 1 =1
b
I
— 0 1
3
[Operating C, — C, - C,;, C; > C;3 -G,
. : .
| | 1 =
=abc| |—+]1 +()|"
abc (”-I- )|U | () l
- 1
= {l =
|Expanding by R |
(1 | 1 1)
= abc [—-+-1 {l+ﬂ}+(—+—]
-\ a b «¢) |
1 1 1 _
=abc(l1+=+—+~=) ...First Result
a b c

=abc + be + ca + ab = abe + ab + bc + ca.
econd Result

Example 13. Prove that :

1 1 1
a> b2 2| =@m-c)(c—a)(@—b) e +ca+ab).
a> b ¢
| | |
5 ) 2
Solution. LHS =1|a~ b~ ¢~
u% b3 [1
i 0 0
"3 . . ) 3 )
=la~ b —-a~ ¢ =b"
3 3 3 3 3
a b —a e —D

|Operating C, - C,-C,; & C3 — C; - (5]
| 0 | 0
a- (b—-—a)(b+ a) (c=b)(c+b)
a (b-a) (b +ba+a”) (c=b)(c" +cb+b")

1 0 0

1
=(b=a)(e—b)|a” a+b b+ ¢

) § | 7 3
n"; a~ +ab+b- b +bc+c”

| Taking (b — a) common from C > & (- b) from C j.]

| a+b b+ ¢
=(a-=-b)(b-=0¢)(]) 3 9 3 3
a- +ab+b- b™ +bhc+c”

| Expanding by R, |
=(a—b)(b-r)

a+b C—=d

a* + ab + b? (be + c” )— (ab + a )

[Operating C, — C, - (]

= (a—0){b—==)

a+b C—d

a* +ab + b? (c—a)la+b+c)

a+b i

=(a-=-b)y(b-=c)(c-a)| » 2
a- +ab+b- a+b+c

| Taking (¢ — a) common from C,]
=(a-b)y(b-c¢c)(ec—a)|[ta+ b)(a+ b+ ¢)
— (1) (a* + ab + b%)]
=(a—->b)(b-c)(c—a)l|a*+ab + ca+ ab + b*
+ bc — a® — ab — b?]
=(a—-b)y(b—-c)(c—a)(bc+ ca+ ab)=RHS.

Example 14. Prove that :

az +1 ab ac
ab b? +1 bc
ac bc¢ e +1
aZ+1 b? ¢?
| a* p*+1 ¢ |r1saZebiecd
S S

(N.C.E.R. 1. ; W. Bengal B. 2016; C.B.S.E. 2014 ;
Kashmir B. 2013 : Assam R. 2001 3)

.
a" 4] ab ac
9
Solution. First Term=| a0 b~ +1 bc
:
ac bc c” + 1



Solution.

|
a+— b C 2 2 p
yo— X X—Yy XY — 2
a ; j
| 2 2 .
=abc| a b+ — ¢ kw |Sx=y Ky=g =X
b
l w—z2 yi—x* =y’
( b C+— i A e == &
i
( 2 2 2 % 2 } 2 2
. , . =X+ ¥V 7T —Xy—Y—2x) ZX—VY Xy—2
| luking a common from R, b from R, & ¢ from R;] . o . .
= |={Xx"k ¥ r” —ay—=yr—zx} —Ii- W—x
2 2 2 s - S 2 2
a~ + 1 b @ ={X"E ¥ L =Ay—=YW—IX) YI=X" =y
g 7 3
=l a b= +1 - |
5 " , |Operating C;, » C, + C, + (]
a” b~ ¢ +1
2 >
| zZx—v xy—z
y '3 ¥ ' 1 R 7 2 g, 2 2
[Multiplying C, by a, C, by b & C; by ] =Py ay—yr—zo |l xv=z yz—x
KA 3, Y .,
= Second Term | yz—x zx—
g, 7 i 7 g
l+a~+b" +c¢~ b~ ¢ 5
N1+ag2+p2 +c2 p2 4+ . [Taking — (x* + v2 + 22 — xy — yz — 2x) common
5 ) 5 5 ) rom C
l+a +b“+c¢c~ b~ c¢“+1 J /]
2 2 2 . R
=—(X“+y +2°—xy—yz—2zx)

|Operating C > C gk Cg + Cj']

0 (x=y)x+y+2) (v=2}x+y+27)

% 3 O (x—2)x+y+2) (y—x)(x+y+2)
'? [‘ ¥ ¥
=(1+a’ +b> +c?) b + 1 - | e pallF.
2 2
b ¢ +1 |Operating Ry - R, — R; and R, — R, — R;]

 a—
—

“? B 9 9.
(X“+y"+z°—xv—yz—-2z2x) (x+ y + 2)°

[Taking (1 + a® + b* + ¢?) common from C ]

. . 0O x—y V—Z
] ! i \ e
5 a5 e 0 x—z y—oX
=(l+a“+b-+c)|0 1 0 . i
() 0 l I _\: —X" A — _‘}:b

|Operating R, > R, — R, & R; -5 R; - R,]
=(l +a*+bh*+ (‘2) (1) (1 -0) | Expanding by C‘,]
=1+a* + b* + ¢ = Third Term.

Hence, the result.

Example 15. Prove that :

yz—xz zx—yz xy—zz

r 2‘ P o 2‘ P 2 . » . =

ZX—Y" Xy—z~ yz—X" | isdivisible by (x +y + 2),
x}'—zz yz—xz zx—yl

and hence find the quotient. (C.B.S.E. 2016)

[Taking (x + y + z) common from R, and R,|

3

(x+y+ 20+ y + Y — 3xyz)

lo X—y

Y —2

0 x-: y— X
2 2

. yr—=x" x=y

2

— (x4 v+ 203+ 3+ 22 - 3xvz) [(x = )y - )

—(x = 20y - 2]
(X + ¥+ 2 + 3 + 27 = 3oy — x2 — v+ xy

k
- XV + X2+ 2y —2°)

' 2 2 I
(X+y+2) 0+ + 27 =30 (2 + 3+ 27—y

- VI = ZX).

Hence. A 1s divisible by (x + v + ) and quotent 1s :

g § b
{_,':3 + _1'3 + 23— Ixyz)(x= + y=< + ¢ — xy — yz — 2x).



Example 16. Using properties of determinants, prove

that :

ba

Cd

Solution. LHS =

= abc

Il

5 e -
a b c —

2 BRI
a~-b-c

a’b®c? (1)

ab ac
— b? be | = 4a2b3c2.
¢ch - cz
(NC.E.R.T: C.B.S.E. 2011: H.P.B. 2010)

- (1 b
a =—Db
( b

ab ac
2
ba -B bc
.
ca ch —=¢°
£
&
-

[Taking a, b and ¢ common from R,, R, and R,

-

respectively]

|Taking a, b and ¢ common from C,, C, and Cy

-
e

-

i

-

respectively]

|Operating C j*C;i+Ci& Cy »C,;,—Cy]

2
0

— )

e

) [Expanding by R;|

= a*b*c? (4 + 0) = 4a*b*c* = RHS.

Example 17. Using the properties of determinants,

solve the following for *x’ :

Solution. We have :

-x+2 X+ 6

x+6 x-—1
x—=1 x+2

x+2 x+6
x+6 x-—1
x—1 x+2

x—1
x+2 0.
X+6

(A.LLC.B.S.E. 2015)

x—1
x+2
x+6

3x+7 3x+7 3x+7
. . -
N x+6 x=1 x+2 _0
x=1 x+2 x+6
|Operating R, = R, + R, + K]
| | 1
= Bx+7)|x+6 x—1 x+2| =0
—1 x+ 2 X+ 'ﬁl
[Taking (3x + 7) common from R ]
1 0 0o
= B+ x+06 =7 3 _ 0
x—] 3 4
|Operating C, »C,-C,and C, » C, - C,]
= Bx+7D(1)[-28-9] =0 =2-37Cx+7)=0
-7
= 3x+7=0. Hence, x = BN
Example 18. Using properties of determinants, prove
that:
2
(X+y) ZX Zy
ZX (z + 3:_)2 Xy =2xyz (X +y + z)3.
2
zZy Xy (z +x)
(A.I.C.B.S.E. 2016)
)
(x+y) 2 2y
3y * 2
Solution. A = | zx (z+ V) Xy
2
2y Xy (z+x)
.:(.11‘+_'4f)2 27 22y
l _ |
= —| o’ 1(:+}‘)j ¥’y
XVZ 5 - 7
2y° Xy° y(z+x)
|Operating R, — ZR;, R, — xR,
R; = yR; and dividing by xyz]
(.1:+_'.-')’2 .:2 ;2
_ XVZ _1_3 (: + :V)j .I‘E
XyZ _ 5
}*3 _1-'2 (z4x)

[Taking z, x, y common from C,, C,, C; respectively]



S TP . .
(A +j;. )z (x+) 1?‘ Tty vy 0 0
= o (z+v) —x~ 0 " o2
_1*1 0 (: 3 .1:)2 _ }12 X Yz T
= (x + Yig :)2 - '
; V-
[OperatingC; —= €, —~C,ana €C; —5€.—C;] = — T+
| = = = 2 Y
(x+ }-*)2 g—{aty) z=(x¥y) i ] J ]
2 Operating C > C> +—C, and C, > C; +—C
=(x+y+2)F X (z+vy)—x 0 _ / 552 S E 2 v Id
»,;2 0 (z4x)—y =(x+y+ 2)? (2e)[(y + 2Nz + x) = xv]

[Taking (x + y + z) common from C, and C;] Ldpmaing & &yl

9 2
=(x+v+2)7 2xy) (vz+xv+ 27+ 2 — xy]

2xy —~2Y — X
o) o T w32 % " -2 "
=(x+y+2 |  y+z—x 0 =+ y+2)° (2xy) (yz +2°+ 2x)
g
v 0 2 X — 9 = (0 +y+2)7 (202 (V42 +0) =202+ y + 2)°,

which 1s true.

[Operating R;=>R []- R, - R;]

EXERCISE 4 (b)

Fast Track Answer Type Questions

1. (/) Let 1t be a square matrix of order 3 x 3, then

2 a abc
|k Al =k |A]. (True/False) (Kashmir B. 2013) iy |2 b bea HLB. 2014. 12. 10)
(i) If any two rows (or columns) of a determinant are 2 ¢ cab
identical, the value of the determinant is one.  (True/False) Y+y v4: X
(Jammu B. 2013) » :
Giiy | % ‘ (H.B. 2012)
2. If A'is a skew symmetric matrix of order 3, then prove ] 1 I
that det A = 0. (C.B.S.E. 2017; A.I.C.B.S.E. 2017)
‘ 102 18 36
3. Answer in one word : ; 2 1
| (b) (1) ‘
31 6 17 3 6
5 2 10 (H.B. 2014) (Jammu B. 2017; C.B.S.E. (F) 2012)
7 4 14 zZ 3
. e 4 6 2 T e T P N
4. (i) If Ais a square matrix of order 3 and |3A [=k |A]. () L3 o (Cliorniivns .. 5043)
then write the value of ‘&’ (C.B.S.E. 2010)
2 3 5
1) If A is a sque trix with | A | = 8, then find th
(if) 1S a square matrix wi en m? e - 261 592 127 chiiadions . i
» ' B . -'r . i A . .
value of | AA" . (Karnataka B. 2017) 0 30 50
S. Use properties of determinants to evaluate :
a-b b-c c-a by
- T B ma, b, nc
(a) (1) b—c¢ c¢c—a a-b 6. Show that 2 2 '2
c—a a-b b-c mdy by ney
b a
(N.C.E.R.T. ; Meghalaya B. 2018, 15; Jammu B. % E "
2017 =—mn |2 %2 % (J. & K.B. 2010)
4 . 3 bj (3
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7. (@) Show that x = 1 15 a root of the equation :

x+1 A g I 1

o . -
A x+1 4 (). (Bihar B. 2014)
-3 4x-7 6

(b) It p, g, r are m A.P., write the value of :

Very Short Answer Type Questions

8. Without expanding the determinant, show that the

&= 410 ab ac
determinant ab ;;: 310 be 18
ac be e? 410
divisible by 100. (W. Bengal B. 2017)

Without actual expansion, prove that the following
(9 - 10) determinants vanish :

2 T 65
9. H|l3 8 7T5]. (N.C.E.R.T.)
5 9 g6
a b C
(1) a—b b—c c—a (H.B. 2011)
b ¢ a
X da x+a
(tit) [ v b v+b (N.C.E.R.T. : H.B. 2014)
i - 240
a nz — be
(1v) b b': — &0 (Rashmur B. 2011)
¢ L‘z —ab
O a -b
(v)|l—-a 0 —cl. (NNC.E.R.T.)
b ¢ ()
x+y y+2I I+x
10. () Z ¥ !
l |

(N.C.E.R.T. ; H.B. 2014)

1 bec a(b+c)
(i1) | ca b(c+a)l.
1 ab cla+b)

(N.C.E.R.T. ; H.B. 2012)

(¢) Prove that

r+1 x
r+2 x
x+3 x

+Z x+p
+3 x+gq| (Tripura B. 2016)
+4 x+r

( b C

a+2x b+2y c+2z|=0.

X y Z
(Kerala B. 2018)

: JC A i

e

Without expanding the determinants (11-13), show

that :

I
11. [—+E+_+ l] 1s a factor of :

L |
a (
| +a |
| 1+ b
| l

I

L (PB. 2010)
14 ¢

12. (x+ v+ 7)1sa factor of :

X —V-—2
2y
2,-..
2
(l o
g
13.1b b~
2
C &

14. Evaluate :

g5 2K
y—2—X 2y
27 ZI—X—)
) 3
bc 1 « a
) 3
cal=|1 b~ b
2 3
ab 1 ¢ C
(N.C.E.R.T. : H.B. 2015)
0 SINGC —COSUL
—sin« 0 sin 3
cosa —sinf 0

(H.B. 2017)

15. Without expanding the determinant at any stage,

show that

.1’2 +x x+1 xr—2
2.'-:2 +3x—1 3x 3Ivr—3|=Ax+B,

5
v+ 20+4+3 2xr—1 2x—1

where A and B are determinants of order 3 not
involving x. (Assam B. 2017)



Short Answer Type Questions

16. Evaluate the following :

(1)

(i)

(111)

(1v)

(V)

|b+c

a a
b C+ d b
C ¢ a+b
(Uttarakhand B. 2013 : A.I.C.B.SE. 2012)
X+ A X X
X X+ A X (N.C.E.R.T.)
X X X+ A
a b+c
¢ a+b
X v X+y
¥ xX+y X (N.C.E.R.T.)
X+y ¥ )
l X V
1l x+y y (NC.E.R.T.: H.B. 2010)
l 3 X4y

Prove the following (17-31) :

NN N

2014)

2012)

b+c c¢c+a a+b a b
17.(a) (i) |g+r r+p p+ql|=2]lp ¢
y+2Z Z+x x+Yy X oy
(A.1.C.B.S.E.
b+c g+r y+: a p x
(i|lc+a r+p z+x|=2|b q y]|.
a+b p+qg x+y ¢ T T
(N.C.E.R.T.; C.B.S.E.
x+4  2x 2% "
b)) 2x x+4 2x |=Bx+4)4—-x)°
2x 2 x+4|

(1)

(i1)

x+4
¢

X

L_‘_s-'+k

-“

v

X
x+4

X

}r
v+Kk

}."

X
X
x+4

y
v
v+k

=16(3x+4)

= k*(3v+k)

(H.B.

(N.C.E.R.T. ; HFP.B. 2017, 15, 12 ; C.B.S.E. 2011)

2011)

(N.C.E.R.T.; HFB. 2017, 15, 12 ; C.B.5S.E. (F) 2011)

(1v)

X
y
Xty

y
Xy

X

X+ vy

A

y

= 2( + y%)

(H.P.B. 2016)

(V)

18. (1)

log, x

log. x

log, v log, 2
l Ing} Py
log. v l
2
a
5
b
2
-

(W. Bengal B. 2017)

=(ua—>b)(b—c)(c—a)

(N.C.E.R.T. ; W. Bengal B. 2018; H.P.B. 2016, 14, 10;
Negaland B. 2015; Uttarakhand B. 2015 ; H.B. 2013, 10;

a
(i) |'a-¥E
a—b

(1i1)

19. (1)

(11)

20. (i)

(11)

bc
(111) | ca

ab

bc

b—c¢

b

b+ a ¢

c+ b
C—d

J. & K.B. 2011)

=(a+ b+ ¢) (u: + b? + [‘2)

(C.B.S.E. Sample Paper 2019)

Cl =a-b)yb-c)(c—a)la+ b+ ).

— {_‘[ = }) (}1' s

b

cd

a

a bc
b ca
c ab

(NNC.E.R.T.: HPB. 2013 : Kashmir B.

a |
b 1
¢ 1

(H.B. 2016, 15 ; Kerala B.

1

ab

(Meghalva B. 2016, 13 ; H.B.

=(a—b)b—c)a—c).

—

(Kashmir B. 2016)

=Qa+ 1) (1 -a)

(H.B. 2010)

) (2—x) (x + ¥+ 2).

-

2015)

cl=(a=b)(b—=c)(c—a)

2012)

=(a—>b)(b—-c)(c—a)

2012)

(H.B. 2011)
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a b c a af be ' s B m P
i . / i, - v -
21. la= b~ ¢ |=|b b~ ca
9 2 2 s 2 3
bc ca ab ¢ ¢ ab 24. (i) Ty ZTI=|ly ¥y oy
B
=(ab + bc + ca) (a-b) (b-c) (¢ — a). v’ _1‘3 7> Tz 2 %
(N.C.E.R.T. ; H.B. 2014 ; P.B. 2012)
=xyz(x—=v)(v=-2)(z—x)
a~ a b+c (P.B. 2015 ; C.B.S.E. 2011, 10 C)
22. (i) b° b c+a %
, X x° vz
¢ ¢ a+b \
2 o) .
il I vl=(x—v)(v—2)(z—x).
=—(a+b+c)(a-b)(b-c)(c-alJammu B. 2013) Uy ) - (X=X ) )
| 2
a b C & Z X}
2 J 2 2
(i1) d : £ (XY + vI + Zv).
b+e e+a a+bh
N . K, , ‘ 7 W :
—@+b+)(a=b)(b-=0c)(c—a) (N.C.ER.T, lmnmmfxirﬂfﬂ!_?. ;m;r:}r;r; Bf}r’;if; L;):)l; (;-i ;
(Tripura B. 2016; W. Bengal B. 2016; C.B.S.E. 2010 C) T T R SR AWl
| 2 X+ v+ 2z X y
¥ & y+z )5, 5 24 v 4z v
(fii) |y Y  zFx|=(—IUT—=INX—INXT)YT+T) z X x+2y+2
< < Xty =2 (x+v+12)°
(Assam B. 2018) (NNC.E.R.T. ; Jammu B. 2013 ; J. & K.B. 2011;
. H.P.B. 2010)
o o P+y ! p r
(iv) | B Bl vy+ol|=]| & ﬁ: r |b+c c+a a+b
2 26. |c+a a+b b+c
& O+
1 B peEy e e p a+b b+c c+a
=B-ny-m@-Pe+B+y) =2(a+bh +c)ab + be + ca—-a* - b* - c2).
& al ” ¢ i 7 . . '
| (N.C.E.R.I. ;: Assam B. 2016: H.B. 2014) (C.B.S.E. 2009 C)
b+c¢c a—b a
“le+a b—c b| _ . & =k 3 A x+y x+2y
v) : . 8~ | x4 2y X x4y .
g+ rc—d 27. (i) = ) Sl =9y (x+y)
(J. & K.B. 2011) s B !
o] v v /] A v 1 }
249 a4l (C.B.S.E. 2017; A LLC.B.S.E. 2013)
23. (i) | 2a+l a+2 | =(a- l}3 | b+ ¢ a a
3 3 | ;
(i) b ¢+ a b = HEBE
(A.I.LC.B.S.E. 2017) ¢ % a+b
b2 + - ab ca (N.C.E.R.T.; HPB. 2018, 14; Karnataka B. 2014)
s 2 2 : . el
(if) ab " +a b =4a"bh~c 50 ﬂg hj
b 4+ b* . )
L t - (1if) | a” b~ 2ab) = ~ {ﬂ3 + b)-.
(PB. 2010 S) b*  2ab  a
) i
l+a” b 4y - 2b (W. Bengal B. 2017)
(111) 2ab l—a +b 2a
2b - 2a [—&* B | x x*—yz
7
= (1 +a* + by Loy oy —axf A
(N.C.E.R.T. ; Mizogram B. 2018; Jammu B. 2013 ; 28. | o 22 =0, oSN
Rajasthan B. 2013 ; Kashmir B. 2012) 2% =




2 3
¥ & |+ px

) 3

20 |V ¥ |+ py°
2 3

z  Z | + p:

= (1 +pxyz) (x —¥) (v — 2) (£ —x), where ‘p’is any scalar.
(N.C.E.R.T.; Assam B. 2017; A.LLC.B.S.E. 2010)

x+yv+z -z

oy
30). —Z ¥ yz -
— ¥ - X X+ V+Z
=2+ V)(V+2)(z+ x). (PB. 2011)
2y Neg=—=X 2y
31. 2z 27 Z=X—y
X— Yy —z 2x X
=(x+y+2)° (C.B.S.E. 2014)
32. Using properties of determinants, prove that :
a—b—c 2a 2a
(i) 2b b—c—a 2b =:{q +b+c)
2c 2€ c—a—>b

(N.C.E.R.T.; Nagaland B. 2018; H.P.B. 2015 ; P.B.
2014: Bihar B. 2014: H.B. 2013;: Jammu B. 2013 :
Jharkhand B. 2013 ; Kashmir B. 2012 ; C.B.S.E. (F) 2011)

Long Answer Type Questions

35. Using properties of determinants, show that :

l+a | l
1 1+b 1
I I IS %

36. Prove that :

a b ¢

I 1 1
- Hbi'(l-l-—'i'—-l-—)-

(Jammu B. 2018)

2
d

bf_‘,

, |=2abc(a+ b+ )’
(a+b)-

(N.C.E.R.T. ;Mizoram B. 2017)

(b + {')2 uz
2 7
(i) b (c+a)
r: ¢
(b + {*}?‘ ab
(ii) ab (a—+ c.‘}:
ac bc

ca
bc =i (a+b+c).
(a+ b )2

(N.C.E.R.T., Jammu B. 2017; C.B.S.E. 2010)

|
Ly=z)” XY
2
xyV (42}
(111) :
Xz VI

1
VZ =Z2xyvzi(x+v+2).

(Kashmir B. 2017)

37.

(1)

(111)

3a —-a+b —-a+c
- |=b+a 3b -b+c
(11)
—c+a —-c+b 3¢

=3(a+b+c)

(ab + bc + ca).

(Mizoram B. 2016 ; A.L.C.B.S.E. 2011)

33. Solve for x, the equations :

of *9".

a+x a—-Xx dad-—2Xx
(i) |la—x a+x a-x(=0 (ALC.B.S.E. 2011)
a—x a—x a+x
x—2 2x—3 3x-—4
(i | x—4 2x-9 3x-16]|=0,
v—8 2x-27 3x—64
(A.I.C.B.S.E. 2011)
X sinf@  cos 6@
34. Prove that| —sin® —x 1 1s imdependent
cos @ | X
(N.C.E.R.T)
It a, b, ¢ are positive and unequal. show that the
value of the determinant :
a b«
A=|? ¢ @afjs negative.
¢ a b

(N.C.E.R.T.; A.LC.B.SE. 2010)

38. Prove that :

I0x+8yv 8x 3x

( a—+b a+b+c
20 3a+2b da+3b+2c |=d
Ja 6a+3b 10a+6b+ 3¢
(N.C.E.R.T. ; Jharkhand B. 2016; P.B. 2014 §;
Jammu B. 2012)
I 1+ p I+ p+g
(i) |2 3+2p 443p+2g| =1 (H.B. 2013)
3 6+3p 10+0p+3g
X+y X X
Sx+4y 4x 2x|=x'. (A.LC.B.S.E. 2014)



39. Prove that : =bh-c)(c—a)a-b)(a+ b + ) (a* + b* + ).

- B +be >+ be (J & K.B. 2010)
I ~FE i f (ab+bc+ ca }3* 41. If p, g, r are not in G.P. and
a’+ab b +ab —ab 1 e L 2
P P
(W. Bengal B. 2018) 1 . . "
— {I o i r
40. Prove that : g q
| . a+q qga+r 0
at  a* - (b- (‘)2 bc f B
; 2 ! 2 _ ( G )?.- 2 )
}_} }_’ o " « then prove that pa< + 2ga + r = 0.
¢~ ¢ —=(a=b)" ab (W. Bengal B. 2016)
' N
_ Answers |
1. (1) False. (1) False. 3. 0. 4. (1) k=27; (i) 64. 14. 0 16. (i) 4dabc (i) A2 Gx + ) (i) O
S. (All parts) O. 7.(b) 0.

(iv) -2 (= + _1-3} (V) xy.
33. ()0, 0, 3a (i) 4.

Hints to Selected Questions ———

. (a) (i) Operate C, » C, + C, + C;
abc 1

21. Operate C, > C,-C, & C,»C,-C,.

2

a a 22. (iii) Operate C; > Cy + C, and take (@ + 8 +7y)
(i) 2 b bcal _ (2) (abc) 1 b common fr{irm Csps
2 ¢ cabl ] @ 23. (i) Operate R, = R, - R, and R, = R; - R,

=2abc () =40
10. () Operate R; - R, + R,.
12. Operate R, = R, + R, + R,
16. (if) Operate C, » C, + G, + C,,.
18. (i) Operate R, = R, - R, & R, = R,-R,.
19. (i) Operate R, > R, - R, & R,—» R, —R,.
20. (i) Operate C, »C,-C, & C,»C,-C,.

B Y8 PRODUCT OF DETERMINANTS

(iii) Operate R, = R, + b R, and take (1 + a* + b?%)
common from Rl.

36. (i) Operate C; —» C, - C5: C, = C, - C; and then
operate R; - Ry - R, = R,.
l g ] g
37. Asusual, A = —E(_H + b+c)[(a—-b)* + (b—¢)*
+ (¢ — a)?]. This is negative. [“a+b+c>0]
38. (i) Operate R, > R, -R, & R; -5 R; - R, : etc.

Two determinants ; say A, and A, are conformable for the product A, A, when these are determinants of square matrices
of the same order.

Moreover, A, A, 1s the same as A, A,
By Row-column Multiplication Rule :

ﬂl
ﬂz

Let ﬁ|

asy

Then ﬂll ﬂ: =

This rule 1s same as that of two matrices.

by
b,

—

b 3

”E
(13
L’I3

€|
€2

3

bt
hz

b3

and A, =
[.'l l:ﬂl
2 || &2
C3 [13

o

11

Y2

13
Wy + 00ty P +0Bs oy ay oY Y3

=| a20; + b0y + 203 asPBy + 5Py + By arY | + b Ys +aY3 |-
a0y +by0ls + 30y asy + 03P + B3 azy| + by + c3Ys

But the value of the determinant does not change if we interchange rows and columns.



Thus we may also follow the rule of row-by row or column-by column.

ﬂlal +b|3| +£'|Y| a)
L’h_[ll +fil:.-3l +£':Yl )

Thus .ffi[ ﬁg —
ﬂ30’.| '+‘h;r.))l +['3Y|

oy + by
0y + b3

a0, + b33,

I — -

+ 72
+ 0272
t 6372

STRATIVE

Example 1. Find the product of the determinants :

1 2 1 1 -1 0
-1 0 0x]0 1 2.
1 0 1 2 -1 1
12 1 1 - ()
Solution. [—1 0 0]x]|0 2
1o 1| [2 -1 1
+0+4+2 —-14+2—-1 0+4+1 3 0
=|-14+0+0 1+0+0 04+0+0] =|-1 1
L0402 - DHD-1 0405 3 -2
Example 2. Express the determinant :
1 cos(B—a) cos(y—o)
cos (a0 —P) 1 cos (Y —P)
cos(ax—7vy) cos(B—7) 1

as the product of two determinants and hence prove that

the determinant vanishes.

| cos (B — o)
Solution. | cos (0t — ) 1
cos(0L—7vy) cos(B—1v)

1. Prove that :

cos (Y —a)
cos (Y —PB)
I

HI[I3 +h]
HE[I:.; +h2
ﬂ3£13 +b131 + f}ﬂ{x

B3 +01Y3
B3 + 273

-

1

e ——

|

EXAMP

LES )

2 g
COS~ O + sin”~ O
cos oL cos |3 + sin o sin 3
COSOLCOSY + sin oL sin 'y

cos B cos o + sin P sin o
¥ . B
cos” B+ sin” B

cos B cos Y + sin 3 sin ¥

cos P cos o+ sin 3 sin o

y. enia)
COS O+s1mn &
cos oL cos 3 + sin o sin 3
COS 0L COS Y + sin O sin Y

cos” B+ sin” B

cosPB cosy +sinsiny

Ccos oL
cos [3
Cos Y

=(0)(0) =

EXERCISE 4 (¢)

Fast Track Answer Type Questions

apxy +byyy  apxr +byys apxy + by
arxy +brvy  drxy; +bryvs  arx3+byyy [=0.
azx) +byyy  azxs +byyr  azxy +byys
2. Prove that :
212 ViZog + Y221 Y133 + Y3l
Yidr F Yol 2v925 YaZa + ¥3Zs | =0
Y123 + Y331 Y233 + Y32 2y323

A=

sin O
sin [3

sin Y

0.

COS Y COS O + Sin ¥ sin O
cos Y cos B+ sin ¥ sin B
i
cos® Y +sin® y

-

Olfcosor smmo 0
Ol cosp sinf3 0
Olfcosy siny 0

A i bl | AT : l

3. Express the determinant :

COS (EII e
A=]cos (0> —
COS [[13 =

3,)
3,)
3))

COS [(Il — BE )

cos (0, —35)

COS (O3 — BE )

COSOLCOS Y +sin oL sin Y
cos 3 cosy + sin 3 sin y
, )
coOs Y48 Y

CDS[U.I —B:._r,]'
CDH{(IE —B_‘;}
Cﬂf’if_ﬂ,j —B:.;_}

as the product of two determinants and hence prove that

0

4. If < fr. m,n . >.r= 1. 2. 3 are direction-cosines of

three mutually perpendicular lines, then prove that :

—= Hints to Selected Questions

a b O] x|

bz () XA V

1. Given det. =| a,

=(0) (0) = 0.

a; by Oflx3 y3 O

[
Ly
5

!?il
HI?_
”i‘3

H]
H2 = i l.
”3

4. Find A%, where A is given determinant.

b, B, ¥
Also Iy +mi +ny =1:elc. and I]L, + MM, + Ny, = 0:

elc.




I AREA OF A TRIANGLE

In the previous class we learnt that the area of a triangle whose vertices are (x. v|). (X5, ¥5), (X3, ¥3) 18 given by :

; [xi(¥2 —¥3)— ¥ (ko —x3)+ X33 —x3¥5 |

—

Xy
o | | ] I Yy
This 1s clearly the expansion of the determimmant —|[ x5, v
X3 V3

Thus the area of the tnangle whose vertices are (x,. y,), (x5. ¥5). (x5, y3) 1s given by :

1 X1 ¥1 1
A=— xz FZ 1].
2lx3 y3 1

Since the area is always a positive quantity, therefore, we take the absolute value of the above determinant for the area.

. KEY POINT

(1) We always take absolute value of the determinant for area because area is a positive quantity.
(2) When area 1s given, then take positive and negative values for calculation.
(3) When three points are collinear, then the area of the triangle formed by them will be zero.

Example 1. Find the area of the triangle with vertices :
(3,8),(-4,2),(5,1). (N.C.E.R.T.)
Solution. A, the area of the triangle

Example 3. A triangle has its three sides equal to
a, b and c. If the co-ordinates of its vertices are A (x, ¥,),
B (X,, ¥,) and C (x5, y3), show that :

2
l 3 8 X1 Yi 2
=—|-4 2 X Y2 2
2l 5 Xy y3 2

=(a+b+c)(b+c-a)(c+a-b)(a+b-=c¢).

|
=—[(1) (=4 —=10)= (1) (3= 40) + (1) (6 + 32)]

2 Solution. If A be the area of triangle ABC, then :
| Expanding along C,]
| [ ) | X| Vi | X Vi |
== (=14 +37+38]=—(61) = 30-5 sq. unis. A=—|wg ¥ 1| =4A=|m g |
" = = X3 y3 1 X3 ¥3 ]

Example 2. By using determinants, find the value of

‘y’ for which the points (1, 3), (2, 5) and (3, y) are collinear. oy 2 W 2 2
(J & K.B. 2011) = 4A=[x, ¥ 2| 21647 =|x; v, 2
Sqluliﬂn. The given pﬂintg are collinear 1; _1-'_; ) X3 1; ’
| I 3 I 201
Y S =00 =Y Also A i
L Ea g 3 SO —‘/ﬁ{ﬁ—ﬂ'}{_.\— 3 (8= &)
1
3 ] where .';=:{u + b+ ).
= 2 0] =0 )
y=3 b .‘I—H=:{ﬂ+h+{‘)—ﬂ=:{b+{'—ﬂ}.
|Operating Ky, 2 K, — R; & R; = R; — R,] - -
I o | l
= (1 }| : - 5 = () |Expanding by C ] Similarly s—pb= = (c+a—Db)
-.I‘ll.II - = ~
= (yv=-5-2=0. |
Hence, y= . and s—¢ S (a +b—rc).

F
.3




Now AZ=s(s—a)(s—b)(s—c).

s 0 O
A —?(ﬂ+h+().:(h+{.—ﬂ)

= , e

.if{'+ﬂ—b} .l{ﬂ+b—(‘)
p) 5

e

=> 6A°=(a@+b+c)(b+c—a)
(c+a-b)(a+b-c)..(2)

X M 2 .
From (1)and (2), [ X» ¥y, 2
A3 _\'3 2

=(a+b+c)b+c—-a)c+a-=Db)(a+ b-rc),
which is true.

EXERCISE 4 (d)

Very Short Answer Type Questions

1. Using determinants, find the area of the triangle with
vertices :
(1) (1. 0). (6. 0), (4, 3)
(N.C.E.R.T.; HPB. 2013 S ; Jammu B. 2012)
(i) (1,-1),(2,4), (- 3,95). (H.B. 2018, 12)

2. Find the area of the triangle with vertices at the points
given in each of the following. Are the following points
collinear ?

(i) (0, 0). (6,0). (4.3) (N.C.E.R.T. ; H.PB. 2013 S)

Short Answer Type Questions

5. If the area of triangle is 35 sq. units with vertices
(2. -6), (5, 4) and (k. 4). Find the values of k.
(Jammu B. 2013 : Kashmir B. 2011)
6. (1) Find the values of ‘A" 1f area of the triangle 1s 4
square units and vertices are (— 2, 0), (0, 4), (0, k).
(N.C.E.R.T. ; Kashmir B. 2017, 13; H.B. 2013; Jammu B. 2013)
(i1) Find the value of i, 1f area of triangle 1s 4 sq. units
and vertices are (k, 0), (4, 0) and (0, 2), using determinant.

(Karnataka B. 2017)
7. Determine the value of ‘x’ for which the area of the
triangle formed by joining the points (x, 4). (0. 8) and

(~1. 3) will be 4= square units. (J & K.B. 2011)

o

8. Find the equation of the line joining the following
points, using determinants :

(/) (1.2) and (3, 6) (Karnataka B.2014)

(f1) (3, 1) and (9, 3). (N.C.E.R.T.)

9. Find the equation of the line joining A (1. 3) and

(71) (2, 7). (1, 1), (10, 8) (MC.ER.T.; Kashmir B. 2017)
() (-2, -3).(3,2), (-1, —8).
(NV.C.E.R.T. ; HF.B. 2013 §)

3. Using determinants, show that the following points are
collinear :

(1)) (11,7),(5,5 and (-1, 3)

(i) (—=2,5),(=6, —=Tyand (-5, —4).

4. If the points (3. - 2), (x, 2), (8, 8) are collinear, find ‘x’,
using determinants.

10. Prove that the area of the tnangle whose vertices are :

7 2 2
(ﬂfi‘ ; Eﬂfl):(mj ; Eurl) : (m; ja!;)

is a® (1) — 1,) (t, — ;) (i, — ;).  (J & K.B. 2010)
11. Show that the pomts A(a, b+ ¢).B(b, ¢ + a),C(c,a + b)
are collinear.
(N.C.E.R.T.; Jammu B. 2018; Kerala B. 2013; KashimirB. 2011)
12. If the points (a,, b)), (a5, by) and (a, — a5, b| - b,) are
collinear, then show that a, b,= a5 b,.
13. If (x, v) 1s any point on the line joining (a. 0) and

(0. b). show that = + 2= =1 .
a b

14. An equilateral triangle has each side equal to a. If
the co-ordinates of its vertices are (x,. yv;), (x,, y,) and
(X4, V1), show that :

B (0. 0). using determinants and find k" if D (k, 0) 1s a point oy 2 ,
such that area of AABD 1s 3 square units. 'r: 1_'} 5l o 3a
(N.C.E.R.T.) i Vs 4
Answers

1. (i) 7-5 sq. units (1) 13 sq. units. 13

2. (i) 9 sq. units ; No (1) 23-5 sq. units ; No 7.x=1, ——.

(fif) 15 sq. units ;. No.

4. x=5. S () y=2x (i1) x = 3y.

5. k=-2,12. 6. (1i)-(i1) k=0, 8. 9.v=3x;kx2.




—" Hints to Selected Questions ———————@-©- - - —

8. (i) Let (x, v) be any point on the line joining (1, 2) and 13. The points (x, v), (a. 0) and (0. b) are collinear.
(3, 6). | _
2 4
& bl 7Y . | — J} " o 3a

Th_en the points (x, }}.' (1,2) and (3, 6) are collinear 14. Here A = e ity il ETR

x 3 X Yy '
==-ll 2 11=0=11 2 1]=0; etc.

9
3 6 1 3 6

B Al MINORS AND CO-FACTORS

Now we shall learn to write the expansion of determinant in compact form by using mmors and co-factors.

We define the minor and co—factor of the element djjs which appears in the ith row and jth column of the determinant.
The minor of the element a;; is a determinant, which is obtained by supressing the ith row and jth column.

Thus the minor of an element a; of a determinant of order n 1s a determinant of order (n — 1) and 1s denoted as MU'
The co—factor of the element a G in a determinant is its minpr }-t*frh proper sign.

The co-factor A;; of an element a;; is defined as Aij =(-D'*J MU'

'/
KEY POINT

Minor of an element of a determinant of order n 18 a determinant of order n — 1.

let us verify for the determinant A=|a,;, a>; daHy

ayp  djp 43
Explanation : Let A=|a>; a» ar
{131 H".;g {133

) (1~ (1A . ~n ﬂ'}‘{
M, =Mmorota, = =~ il P A, =Co-tactorota; =( - [J e et
37 433 43} H33
. (A A 1+2 | d» (lH
Sll’!lllﬂl‘ly. we have : M]E = 2l 23 y Al: =( - l) 21 23 .
(3] (33 a3 33
dr|  dp) Jd+31d21 dp
MH: ‘Alf’r:(_”
= ﬂ3] H’;: ﬂjl ﬂ}:

And so on.
Now, we easily define the value of the determinant A of order n.

n n

_ i+ _

A=, (=D ay; My = D, a; Ay,
J=1 =1

The above expression 1s obtained by expanding the determinant along the ith row.

If we expand the determmant along jth column, we get :

n n
A=, (=D ay; My =D, ay Ay,

i=1 i=1
The value of the determinant does not depend on along which row or column it 1s expanded. We do not prove it here, but

a) 412 4ap3

B3t 932 933
Expanding by first row :

(H (7 (n (I
:ﬁ=ﬂ‘1[ 21 e +£!|q 21 =

(> (b
{'13: {133

€31 33 “31 “3

Expanding by first column :

d

trr dn3 I
H:-

ng ”13

I

k

&:ﬂll +”31

-

{I:;z {133 ﬂ?,-z H_‘;_‘.;

- |

73

-—

r

= H” ”22 {?33 = H” 1’.?32 “23 = ﬂ2| le {133 +ﬂ'2| [T32 ﬂl_’r 4= H.,” Hll ”23 _“.“ sz Hl."*'



Clearly the two expressions of A are equal.
Thus ultimately we have : A=a A +a;, A, +a;3 Ay

=y Ay +lsry Ayy + dyy Asyg | Expansion by second row|
= dyp Ay T3y Agy + a3y Ay | Expansion by third row]
=dy Ay Ay Fay Ay | Expansion by first column]
=y A5+ yy Ayy + a5 Agsy | Expansion by second column]|
=d3 A3+ dr3 Ayy + a3 Agy. | Expansion by third column]

Cor. The sum of the product of elements of any row (column) with co—factors of the corresponding elements of some

other row ((TJ‘!HHH” IS Zero.

_ 341 ﬂl"]___ ﬂ|3
Since Ay = (=1 =(“I2”‘21 _“3"-'”11)-
‘ dyy O3 ' S
( d
342111 13 __ .
A1.} — (_I} —_(ﬂ“ﬂ23_ﬂzlfi]})—(_ﬂllﬂlj""ﬂzlﬂl})
= ayp a3
a e
3439 92
ﬁ‘.{.{ = (—1) =(ﬂ“ﬂ22 _“21“12)
Gt 4

so that u“AM + f112A32+ HHAH =dpld ayy— ayap3) + dpy (—dy ayy +ay apy) +dyg(aasn— daydps)
=y yslny = A Uyl 3 — Ay Uy Uyy + Ay A 3y + dyy Ay dyy — A 35S

Hence, ap AM +d) ABZ +d AJ:’: ={] v et

1ctoaTnI: B2 Dl rc
SIS EXAMPLES |
P e o g i , EEE—— ~
5 3 8§ Solution. By definition,
Example . IfA=|2 0 1], write: M;; = Minorofa; =3 S
1 2 3 Ay = Co-factorof ajy = (= DM = (= 1)7 3=3
(i) the minor of the element a,; (C.B.5.E. 2012) Mz = Miorora ;=4 o :
(ii) the co-factor of the element as,. (C.B.S.E. 2012) A, = Cofactorotap, =(=1)"""Mj,=(=1)"4=-4
| s 2 M,, = Mmorofa, =-2
Solution. (i) Moy =1, 5 A5, = Co-factor of a5, = (- 1)2+] M,,
ST < 11 (B 10 < T =17 (=2)=(-1(-2)=2
B - i - M,, = Mmorof a,, =1
(i) Aua = (< 1)} +2 j 8 | A5, = Co-factor of a5, = (- e M5, = (- D3 (1) = 1.
32 ;- 2 | | Example 4. If A = [uij] is a matrix of order 2 x 2, such
= (-1) ,.-,“5} (1) - (2) (8)] that |Al = — 15 and ¢ represents co-factor of a, then find
=(-1)" (5 - 16) a,c, +a,c,. (C.B.S.E. Sample Paper 2018)
=(-1)(11)=11 i )
. : : a i
Example 2. Find the minor of the element E in the Solutlon Bitaves: A = W 121
Ay, Gy,
1 2 3 - T
determinant A=|4 5 6. (N.C.E.R.T)) Al =— 15
7 8 | 9 ay,  ap,
1 2 3 = a, a| =1
Solution. We have : A=[4 5 |6]]. - dy| Ay — yy 1y =~ 15 (1)
78 9 Now (y) Coy T ry Cyy =dy (= aH) + dyy Ay,
Minor of 6 = Minor of a3 =d, Ay — Gy A5 =— 15.
1 2 | [Using (1)]
= = ()(8)— (7)(2) _ .
7 8 Example 5. If AU is the co-factor of the element a; of
=8-14=-6. 12 -3 5
Example 3. Find the minors and co-factors of all ; ;
el I ek b L the determinant |6 0 4|, then write the value of
. ; -2 ' PR R 1 5 -7
elements of the determinant : (N.C.E.R.T)) . |
PR 4 3 : Pz ss (A.I.C.B.S.E. 2013)




4/28

2 —3 5
Solution. In the determinant |6 0 4 |, a3, =35.
1 5§ =7
L2 s
And A ,. co-factor of @y, = (=1)7*7 .
= (-1)" [(2) (4) - (6) (5)]
=(-1) (8 -30)=(-1) (-22) =22.
Hence, a5, Ay, =(5)(22) = 110.

Example 6. Find the minors and co-factors of the
elements a,,, a,, and a5, of the determinant :

a1 42 a3
dy1 4 43
d3; 43z 433

(NV.C.E.R.1.)

Solution. By definition,

(l~~ ﬂj;

M, =
1 azy s

—dp) d33 —djz3 Az

Ap=(-D"*M| =M, =ay, ay3-ayq a4, ;

iy c
M'}l = 12 13 =d|y d3yz3 —d|3 dyy
T |3 93 ) -

8
Ay =(= 17" My =-M,,
=—(a); a33 = a3 dz))

(A (
and MHZ 12 13 =d|» Ary — a3 d»
' dzy  dn3 S -

Az = (=D IMy =My =ay a3 - ay3.ay,.

Fast Track Answer Type Questions

| a

L. (i) 1m=|l b

» then mimor of ‘b’ 1s ......... .
(Jammu B. 2012)

a ¢
b 18 .
(Kashmir B. 2011)

(ii) Minor of ‘d’ in determinant

2. Co-factor of ‘b’ In 1S vonen, .

b d
(Kashmir B. 2016)

2
Y

3 IfA= 0
(I~~. (C.B.S.E. 2012)
3

2 4]

. write the minor of the element

h b —
ey
D0 —

4. Find all the co—factors of (N.C.E.R.T.)

5. Write the mimors and co-factors of elements of the
following determinants :

2 -4

0 : (V.C.E.R.1.)

(1) |

6. (i) Write the co-factor of *7" in the determinant

4 5 6
> 6 (Assam B. 2015)
13 15 17
L. 2. 3
(11) Write co-factor of 3 in -1 16
4 3 2

(Kashmir B. 2017)

5 =1 4
(iii) In the determinant | 2 3 —=5].find the co-
-1 =2 6
factors of the elements =5, 3 and 6. (N.C.E.R.T.)

Very Short Answer Type Questions . VSAT!

7. Find the mimor and co—factor of each element of the
first column of the following determinants :

1 O 0 0O 2 6 a bc
i) 10 1 Ol gy |1 5 0] Gginh |1 b ca

0 0 |1 3 7 1 c ap
Hence or otherwise evaluate them. (N.C.E.R.T.)

8. Write the minor and co-factor of each element of the
following determinants and also evaluate the determinant in
each case :

I 3 =2 1 0 4
:‘}|3 ]{: (i) |4 =5 6fGin|3 5 -1
] 3 5 2 0 1 2
(N.C.E.R.T)
9. Using co-lactors of elements of third column. evaluate
Il x ¥z
A=l v gx|. (NNC.E.R.T.; Kashmir B. 2017)
1 z axy

10. Write down the co-factors of the elements of the first
row of the following determinant and hence evaluate the
determinant :



b & =3 2 -3 53
e -1 0] (J& K.B. 2010) 6 0 4
¥ =s R 15 -7
11. Find minors and co-factors of the elements of the )
determinant : and verify that a;;A;| + a;5A3, + a;3A4; = 0.
(N.C.E.R.T)
_ Answers |
1. (1) 1 (i) a 2. —c. 3. -7. A =-40, A, =10, A= 35
4. 4 2:-3, 1. Ay =-16,A,,=8, Aﬂ_d,
5. “} ’%0 4 104ﬂ AF”-S A';‘]:""]’J' A’%']I_—-—l? 8
. (1) {n}— {m} .34 17.
M 4 M = M1 = |
7. (i) 1.0,051,0,0: 1 ME' 701\; - H’*M
(ii) 5,—40,-30:5, 40, =30 ; =50 s = 327 337
(iil) a (b* - ¢2), b (a* - ¢2), ¢ (a* - b?) ; Ap=1LA,=-6,A;=3
a(b?=c?).,—=b(a*-c?), c(a®-b?); Ay =4, ﬁ‘"” =2, Ap=~1
a* (¢ —b)+b* (a—-c)+c(b-a). Az =- 20, Ap=13,A33=5] 23.
All_% AI”‘“” Aﬂl_m' A:2=5'-15 Agy =1 > a5 .
(tr) M =-40,M; =-10, M5 =35 Mgy =)—X A= =X~y I+ I —VD
Mﬂlzlﬁ‘MfﬁE:&ME}:- 10. Al =_5“"’!”"__10‘ A]1_0_15
SOLUTION OF SYSTEMS OF LINEAR EQUATIONS
(a) To solve, by determinants, the system of equations :
ax + by =c;, a,x + by =c,.
The given equations are : ax + by =c (1)
and a>x + b,y = ¢, )
b, (1) = b, (2) gives : (a\by — asby) x = by = bycy
brcp — by
= k= ,
ayby — a,b,
5 (1) - a, (2) gives : {'ﬂlbl - ﬂlbz} V = A5C) — a4C5
- g s ﬂ']{_': _HE{'I

”l bz — H: b]

Writing 1n determinants, we can express the above as .

C| le a €|

¢y by a»
X = V=

ay b a; b

a» by a» b,

" KEY POINT
/‘

The denominator in the values of x and y 1s the determinant of coefficients.

The numerators of x and y are the determinants obtained by replacing the coefficients of x and y respectively by the
\cc}nstant terms.




(b) To solve, by determinants, the system of equations :
ax +.h"? + clz'= d;, a,Xx + b,y + ¢,z = d,, a;X + by + ¢z = d;.
The given equations are :

ax+by+cz=d, (1)
(>X + by + ;2 = d, il 2)
and u;x + by + 37 = dy +(3)
a, by
Let D= |@ b, ¢
a; by
ax b
Then D = |42~ by
ayx by
Multiplying C, by v and C; by z and adding to C, (C, = C,+ vy G, + 2 C3). we get :

ax+by+cz b dy b ¢
J'D = H:_:‘_l'. + bz}‘ o (‘:: bﬁ ['2 - d: hz L"E - DI {SH}E}IU-'!'-E”H “’}. I(JJ & [_‘__1')]
ﬂ::.-l + h:;'_\’ ~+ I.r:;: hq {'3 ﬂ?j‘ b_-,; ('3
DI where D # 0
x = — . where .
D |
Similar] =0, iy = e, ibne T
Similarly y = and 7 = ——, where
) Y= D D
ap dyp ¢ ay by d
and D,=|% % | p=|a b, d
ﬂ'} dﬂ f'j ﬂ3 h] “(3

Key Points are similar to those of part (a).

In the same way, we can solve a system of n linear equations in 7 unknowns. Below we state the theorem for general case and the
theorem is known as Cramer’s Rule after the name of the Swiss Mathematician Gabriel Cramer (1704-1752).

(¢) Cramer’s Rule :

To solve, by determinants, a system of n linear equations in n unknowns :

IS T /S SR NS—— +a, X, = hl
ﬂ:]ll + HEI.IZ T + HEHI’” —_ h:
a1 X) Tl 5 Xy bosieamse +d,,X, = b”.

ﬂ] | ﬂl: ..... “lﬂ'

ﬂ': | H-EE ..... H-: n

Let | | [

Ayl dyo e Upn

Let Dj be the determinant obtained from D after replacing the jth column by :

— —

b,

b

b

n

'Dl
Then X, = F , Xy =



Y

% . KEY POINT

( (1) In the above theorem. if
bl=b"}= ......... =i_] =[).,

then D; = 0 and if D # 0, then the system has only trivial solution

X| = X9 = e =X, = (.

(2) Cramer’s Rule does not apply if D = 0.
(3) In the case of system of three equations in three unknowns, we have :

D, D, D
¥ =y s TR SR

Here if D = 0 but D; # 0 (for some i), then the system has no solution.
Same thing holds good in general case also.
(4) It D=0, and D; = 0 for all i, then the system has either infinite number of solutions or no solution.
() It by = b, = by =0, then system of equations 1s called system of Homogeneous Linear Equations.
If D # 0, the system has only trivial solution i.e. x =y =7= 0.
If D = 0, the system has infinite number of solutions.

fl Definition

(i) Consistent Equations. A system of equations is said to be consistent if its solution exists.

(if) Inconsistent Equations. A system of equations is said to be inconsistent if its solution does not exist.

.

ILLUSTRATI\ gﬂ EXAMPLES |

Example 1. For what value of ‘k’, the system of linear B}’ Cramer s R”""
equations : | 3 =2
X+y+z=2,2x+y-z=3and 3x + 2y + kz =4 D, =g =3
has a unique solution. (A.L.C.B.S.E. 2016) YYD T T3 =->
Solution. For unique solution. | —3
LA _—15-6 _ =21 .
2 1 =1 #0 T Q42 T 7 o
3 2k -
| | 3 J |
| 0 0 D, ] = —g=.5
> 2 =1 =2 =0 — T |3 =2 =942
3 —1 kE—2 | 3
|Operating C, = C, - C,and C; = C; - (5]
- ] 14
— ] =il = —7 = &
(1) # -
= ol B = 8 Hence, x = 3 and y = 2
&, sl Ty =1 Example 3. Verify whether the system of equations :
- _ Bk IXx-y-22=2,2y-z2=-1,3x-5y=3
Hence. k # 0. Is consistent or inconsistent.
Example 2. Using Cramer’s Rule, solve the following Solution. The given equations are 3x — “; 22=2 .. '_]}
linear equations : 2y-z=-1..02)
3x-2y=5,x-3y=-23. and | 3Jx=5v=3 ..3)
Solution. The given equations are : 3 | =2
3Jx-2y =35 w1 Hlirs D = 0 e =1
and x—3y=-3 o 3 =3 0
. . 3 —2 045 __ =30-5+1.0+3)-2(-0-06)
e = =-94+2=-7=20.
Ak P =35 = —-15+3+12=0




2 -1 =2
p, = |-1 2 -I
3 =5 0

=20-5)+1-0+3)-2(5-6)
= -10+3+2=-5=#0.
Since D =0and D; # 0 fori =1,
~.the system of equations has no solution.
Hence, the system of equations 1s inconsistent.
Example 4. Solve :

X+y+z=1L2x+2y+22=2,3x+3y+ 3z =4.
Solution. The given equations are x + v+ z=1 _...(1)

2x+ 2y +22=2 ..(2)
and Ix+3y+3z=4 ..(3)
1 1 1
Here D=|2 2 2| =0.
F I D
. Cramer's rule does not apply.
I 1 1
But D, =% % ?|=0
4 3 3

Simularly D, = D3 =0.

e

. The system has either infinite number of solutions or
no solution.

Let z=k From(l),x+y=1-k (1)
From (3), 3x + 3y =4 -3k ..(3)
1 1
NU“’ D — 2 ,." :(}
11—k 1
Dy = [4-3k 3

= 3-3k-4+3k=-1==0.
. The system of equations given by (1)" and (3)" has no
solution.
Hence, the given system of equations has no solution.
Example 5. Using Cramer’s Rule, solve the following
system of equations :
IX-4y+52=-6
XxX+y-2z=-1
2x +3y+z=35.
Solution. The given system of equations 1s :
3x -4y +52=-06 sk 1)
x+y-—2z=-1 ..(2)
and 2x+3y+z=195 A3

and

Now

and

)

I

"

N

-4
1
3

Hence, :
Example 6. Solve :

-6
—]
3

&

X

X

[l — 2 tn

Il

I
-y
9 n

 E—

I

l

C

W
Wl = w

o

tn

| g J—
(Y]

3(1+6)+4(1+4H+5(3-2)
3(NH+405)+5(1)
21 +20+5=46 # 0

—6(l+6)+4-=1+10)+5(-3-95)
-6(7)+49)+5(-8)
42 + 36 40 = 46;

3(-1+10)+6(1+dH+505+2)

39)+6((5)+5(7)
27 + 30+ 35=92;

JO+3)+4005+2)-6(3-2)

3B)+4(7)-06(1)
24 + 28 — 6 = 46.

— 46 92
— =_l,y=— =2

46 16 g
—L,y=2anad 7= L

46
46 ~

By Cramer's Rule,

2x-y+z2=4,x+3y+22=12, 3x + 2y + 3z = 16.

—& —& 5
il =B
Dy | 5 3
A R I -
1 1 =2
3 3 |

Solution. The given equations are :
2x-y+2z= 4
x+3y+2z=12

and 3x +2y+ 3z =16

Here

Fd fd
b b

>
Il
W o— 1

(1)
2]

oY)



=209-49H)+13-6)+1((2-9)
=10-3-7=0,
" Cramer’s rule does not apply.

4 -1 1
Now D= |12 22
16 2 3

49-4H+1036-32)+1(24-438)
=20+4-24=0.
D, =0.

. The system has either infinite number of solutions or no
solution.

Similarly D,

bt

Lét = &
From (1), 2x—y =4 -k soreld )
From (2), x+ 3y = 12 - 2k sk 2]
3 =i
Here D= l 3 =6+1=7=#=0,
4—k -1
Also Dy=l12-2¢ 3
= (12 = 3k) + (12 — 2k) = 24 — 5k
24—«
and 5= | | 100
= (24 — 4k) — (4 — k) = 20 - 3k.
—— D, 24-5k
© By Cramers rule, x = = = .
D, 20-3k
- 7 ¢

Putting these 1n (3), we get :
LHS = 3x + 2y + 32

| 24 — 20 —
_ 3(“475k)+2(‘"073k]+3k

%[72—15k+40—6k+21k]

N
7[112] — 16 = RHS.

Since (3) 1s sausfied,

24 — 5k 20 — 3k

X = T Y= T 2= k
give the solution for all k.
Hence, the given system has infinite number of solutions.
Example 7. Solve the following system of homogeneous

equations :

X+y-22=0,2x+y-32=0,5x + 4y -9z = 0.
Solution. The given system of equations 1s :

x+y-2z=0 ki)
2x+vyv—-3z2=0 .(2)
and 5x +4y-9z=0 05
[1 3 ~2
Here p=|% 1 =3
> 4 -9
=1 (-9+12)-1(-18 +1)5)
-2(8-95)
=3+3-6=0.
" The given system has infinite number of solutions.
Let z=k From (1), x + y=2k ALY
From (2). 2x +y =3k 2]
L A
Now D=]5 i =1-2=-1%#0
2k 1
AIHU Dl —_ 3k l =_k—3k=—k
I 2k
and Dy =15 34 =3k-4k=-k
By C . 1ol D, k "
. By Cramer s rule, x = Thar B
D, —k
and =y = e =K

Putting these 1n (3), we get :

LHS = 5k + 4k — 9k = 0 = RHS.

Thus (3)1s sausfied by x =k, y =k z =
which give the solution for all values of k.

EXERCISE 4 (f)
Very Short Answer Type Questions  VSATQ

With the help of determinants, solve the following
(1 - 2) systems of equations :

l. 3 x+ay=4;2x+ay=2,a#\0.

Zo:  (P)
(i) 2x—-y=—-2:3x+4y+8=0
(iti) 3x+y=19; 3x -y =23.

2xx+3y=9:3x-2y=17

3. Classify the following system of equations as consistent
or inconsistent. If consistent, solve them :

(i) x+y=-1,2x-3y=8
(1) 3x-2y=4,6x -4y = 10

(i) x+ 2y =3 ; 3x+0y= 13.



4. Use Cramer’s rule to show that the following systems
ol equations have mfinite number of solutions :

(i) x+y+3z2=6;x—-3y-3z=-4;
Sx — 3y + 3z =
(1)) 2x-3y-z=0,x+3y-2z=0,x-3y=0.
S. Solve the following system of equations, using
Cramer’s rule :

X+y+32=6,x-3y-3z=-4,5x -3y + 3z = 8.
6. Show that the following systems of equations are

inconsistent :
(1) Ix+y=3
-6x-2y=9

Short Answer Type Questions

Solve the following (9 — 10) systems of equations by
Cramer’s Rule :

9. () x+3y=4; yv+3z=7.4x+2=6
(W. Bengal B. 2017)
(i) x+y+z=-1;x+2y+3z=-4;
x+3y+4z=-6.(J & K.B. 2011)
Ix—-4y+5z=6:x+y-2z+1=0;
2x+3y+2z=0

10. (i)

(i) b+c)(y+z2)—-ax=b-c
(c+a)(z+x)—by=c—-a
@+ b)(x+y)—-cz=a-b.
11. Classify the following system of equations as consistent
or inconsistent. If consistent, then solve them :
(i) x—y+3z=06:x+3y—3z=-4;
Sx+3y+3z=14
(if) x—y+3z2=6.x+3y—3z=-4,;
x+3y+3z=10
(i1f)) 2x+ 3y —2=9;3x -3y +2z=17;
2x —4y + 3z = 1.

7.

8.

12.

13.

14.

15.

~ Answers |

)

. x=2,y=—, a#0.
a
2. B) x=3.y=1
) 1610
(11) x = _ﬁ" y = _ﬁ
(tit) x=7T,y=-2.
3. () Consistent ;x=1,y=-2

(i1) Inconsistent
(z11) Consistent ; infinitely many solutions.
No solution.

i) f)=-x*+x (iHf(x)=x*+nx.

A e
s
I
|

10. (i) x=

11.

12.

13.

14.
15.

(i) 2x—y=35
dx -2y =1.

Find a quadratic function defined by the equation :
fx)=ax*+bx+c
f (@) f(1)=0,f2)=-2and f(3)=-6
) fO)=f(=1)=0and f(1) = 2.
Find the value of ‘A°, for which the given system of
equations :
Ax+y+z=0,-x+Ay+7=0,—-x-y+4z=0
will have a non-zero solution.

‘ . B A L
- /M B : .
L - ¢ i -1 y

=
E

Solve the following system of homogeneous linear
equations :
(i) 2x+3y+4z=0:x+y+z=0:2x—y+3z=0
(i) x+y—-2=0x-2y+7z=0;3x+6y—-5z=0.
Find the value of 4 for which the homogeneous system
ol equations :
2x+3y—-272=0;2x-y+3z=0; Tx +Ay—-2z=0
has non-trivial solution. Find the solution.
Find the cost of sugar and wheat per kg., if the cost of
7 kg. of sugar and 3 kg. of wheat 1s ¥ 240 and cost of
7 kg. of wheat and 3 kg. of sugar is ¥ 160.
(Use determinants).
Represent the following problem by a system of
equatons :
X 240 1s the cost of 5 kg. sugar, 5 kg. of wheat and
2 kg. of nce. The cost of 4 kg. nice. 2 kg. sugar and 5 kg.
wheat is T 190. The cost of 3 kg. wheat, 2 kg. rice and
4 kg. sugar 1s ¥ 1907, Use determinants to find the
cost of each per kg.

1 -

, b—c c—a a—b
() x=— =— I=- :
a+b+c a+b+c a+b+c
(i) Inconsistent
(11) Consistent, infinitely many solutions :
7— 3k KD "
X = 7 « ¥ = 7 A —
(zz1) Consistent :
79 4 17
R g e w5 g
(i) x=y=2=0
(1) x=k, y=2k 7z =73k
57
A= T0 wxee— Ik y=10k 2= 8k
Sugar : ¥ 30 per kg. ;: Wheat : ¥ 10 per kg.

Sugar : T 30 per kg. ; Wheat : ¥ 10 per kg. :
Rice T 20 per kg.



— " Hints to Selected Questions

8. The given system has non-zero solution if D = 0. dx + 3y + 27 =240, 2x + Sy + 4z = 190

15. If X x, X y and X z be the cost of sugar, wheat and rice and 4x + 3y + 2z = 190.

respectively, then :

I ¥ ADJOINT AND INVERSE OF A MATRIX

In Chapter 3, we studied about the inverse of a matrix. Now we shall discuss the condition for the existence of inverse of
a matrix, which 1s similar to the concept of the inverse of a number.

For Example : When ab = 1, then b = v =q”!

a

On similar hnes, 1f we recall the definition of a matrix :

If B is the inverse of a matnx A, then AB=BA =1,

where A, B are square matrices of the same order.

For the existence of A~!, | A |# 0 (will be shown later on)

First of all, we define the adjoint of a matnx before finding 1ts inverse.

Y T8 ADJOINT OF A MATRIX

. where a. b are numbers and a # ().

411 412 913 A;p Ap A
Let A be a square matrix | 21 922 923 | Then the matrix formed by the co—factors in|A|is | A3y Az Ass [. which
%31 933 453 A3 Azn Az
1s called the Co—factor Matrix of A. : =
A Al Az
Its transpose i.e. Az A2z A3 called the Adjoint of A.
A3 Az Asz
Hence, the adjoint of a matrix A is defined to be the transpose of the matrix [Ar'j] and is denoted by adj A (or Adj A).
e i
For Example : Take A = :
_C d...
Here A, =d. A, = - c, Ay =-b, Ay =a
| " d -c] [ d -b
oad). A= o =“—c al

OBSERVATION

The adjoint of a square matrix of order 2 can be obtained by interchanging the diagonal elements and changing the signs
of non—diagonal elements.

Theorem. For any given square marix A, A. (adj A) = [A/l = (adj A) . A, where I is the identity matrix of order n.

i 42 93
Verification : Let A = any ajy dan
431 ©32 M35l
A A Al TA Ay Ay
Then adj. A=[Ajy Ap Ap| =|Ap Axp Ajxp
A3 A Axn| [Az An Asz
Since sum of products of elements of a row (or a column) with corresponding co-factors is equal to |A |and zero,
otherwise, . e ;
ay app ag (| Ay Ay Agy
Ald). A)=| ay; ayp ay || Ay Ay Ay
| @31 Gy a3 || Ajz A Agg




an Ay tapAp taizA;z a Ay tapp Ay tapzAxyy ap Az tappAzp +azAig
a) Ay tapAp taxyAy axAg tanAy tapyAyy ay Az +ayAzp +axAss

a3 A tapAp tazA;z a3 Ag tay Ay tazzAgy a3 Az tapnAgy tazAgg

1Al 0 0 1 0 0]

= 0 1Al O [=AI|l0 1 0O0|=IAIL

0 0 1Al g o 1
Similarly, (adj. A) A= |A|I

Hence, A (adj. A)= |A |I=(adj. A) A. which is verified.

-!!! INVERTIBLE MATRIX AND INVERSE OF A MATRIX

(=}l Definition

Any n—rowed square matrix A is said to be invertible if there exists an n—rowed matrix B such that \
AB=BA=1I,
\_ where I is the unit matrix of order n. ,)

Bisalsocalled the inverse or reciprocal of A.

Inverse of Ais generally denoted by A~
Note. A non—square matrix does not possess an inverse.

. KEY POINT

( IfA~! is the inverse of A, then A is the inverse of A, )

Theorem 1. Inverse of a square matrix, if it exists, is unique.

Proof. Let A be any n—rowed square invertible matrix.
Let B and C be two inverses of A.

Then AB = BA = In ..(1) [ -+ B istheinverse of A]
and AC=CA=1 (2) | -+ C is the inverse of A]
From (1), we have :
AB=1 .
Pre-muluplying by C, we have :
C(AB)=CI =C )
From (2), we have :
CA=I1.
Post-multiplying by B, we have :
(CA)B=1 B=B ..(4)

Since C (AB)=(CA) B.
. from (3) and (4), we have : C = B.
Hence, the inverse of A 1s unique.
Theorem I1. The necessary and sufficient condition for a square matrix A to be invertible is that [A [+ 0.
Proof.
The condition is necessary.
Given : A is invertible.
To prove : |A|= 0.
Since A 1s invertible, |Given|
. there exists another matrix B such that AB=BA =1 .
Taking determinants, we have :



|AB|= |BA |= |1, |=1

— Al |Bl=1# 0.
But|A|and|B |are scalars,

. if|A].|B|#0, then|A|# 0,|B]|#0.
Hence, |A|#0.

The condition is sufficient.

Given :|A|# 0.

To prove : A is invertible.

1
LetB= Al (adj. A).
adj. A 3
Then AB=A (&) ZIAI'lAl'l":l" sl
il di. A |A : ]
: — | —adi L — R 8 e — - ~
Also BA = Al ) = 1A (adj. A)A = N IAl.LL =1 {2

(I)and (2) > AB=BA=1.
Hence, A 1s invertible.

YR TH SINGULAR AND NON-SINGULAR MATRICES

Definition

A square matrix A is said to be singular if | A | = 0 and non—singularif [A [#0.

Inview of thisdef., above Th. Il can also be restated as :
The necessary and sufficient condition for a square matrix Ato be invertible is that it is non—singular.

']'}

I 2 2
For Examples : (I) Matrix A = [3 6] is singular because |A |= 1 6lT 6-6=0.
| |1 2
(I Matrix A= | 3 4 [ is non-singular because |A |= 1 4|7 4-6=-2=0.

Theorem. If A and B be two non—singular matrices of the same order n, prove that :

(i) Reversal law. (AB)™! = B! A~! (Kashmir B. 2015) (ii) (A% = (A=)k, where ‘k’ is any positive integer
i) (A*) ! = A7y

Proof. (i) We know that|AB|=|A| |B| i)

But as A and B are non—singular,

|A|#0and|B|=0.

. From (1), | AB|#0.

Thus the matrix AB 1s invertible.

Let us define a matrix C such that C = B~ AL

Then C(AB)=(B'A")(AB)=B'(A'A)B=B'I B=B'B=1.

Also  (AB)C=(AB) (BTAH)=ABBHA T =AI A'=AAT =T

Thus C(AB)=(AB)C=1,

= C (= B! A7) is the inverse of AB.

Hence, (AB)~! = B-1 A-1.




Cor. (ABC)™!' =C'B'AL.if A, B, C are non—singular.

(it) The above result (i) can be generalised as :

T @ =l = e
(B By o B2 ™ s R~ T Al I

Putting Al=A,=....=A =A, we gel:
(AA ... AT =AT1TA-1 _ kumes.
Hence, (A% = (A,
(iti) We have : AA ' =A7 A=L
(AR =R Ky= T [Taking transposes)
= B A = ANy =1

= (A"ly is the inverse of A”.

Hence, (A =(A7ly,

Cor. 1. If A is invertible symmetric matrix, then A~ is also symmetric.

Since A 1s symmetric, therefore, A’ = A (1)
Since A 1s invertible, therefore, A’ 1s also invertible.

Now (Aly=@A)'=a"1 (Using (1)]
Hence, A~! is symmetric.

Cor. 2. Every skew—symmetric matrix of odd order is singular.

Let A be a skew—symmetric matrix of order n, where n 1s odd.

A'=—A.
Now == A" — |—A|:|A’
=3 I=Al=[Al = (D" [Al=]A]
= -|A|=|A] [ n is odd]
— 2|A]=0 — |A|=0.

Hence, A 1s singular.

. KEY POINT

(DAH 1 =A

% V1 MORE THEOREMS

Theorem 1. If A and B are non-singular matrices of same order, then AB and BA are also non-singular matrices of the same

order.
Theorem II. |[AB|= |A||B
Theorem I11. Let A, B, C be three square matrices of the same order n and A be non—singular.
(1) If AB = AC, then B = C. (Left Cancellation Law)
(it) If BA = CA, then B = C. (Right Cancellation Law)
Proof. Since A is non-singular, therefore, AT exists.
(i) AB=AC = A1 (AB)=A"1(AC)
= (A TA)B=(A1A)C [Associative Law]
= 1B=1C = B=C
(i) Similar to part (i).

, where A and B are square matrices of same order.



R

Theorem IV. If A is invertible square matrix, then (adj. A)" = (adj. A”).
Proof. Let A be an invertible square matrix of order n.

Then |A|#0.

And |IAl1=|A|#0

= A’ 1s non-singular = A’ 1s invertible.

Since A.(adj.A)=|A|L . . (A (adj. A))" = (|A]L)’
= (adj.A)Y. A" =|A|d,) = (adj.A).A’ =|A|l, A e 1=,
Also (adj. A"). A’ =|A"|.1, = (adj.A").A" =] A]I, 2y A=) Al

From (1) and (2),

(adj. A) A’ =(ad). A).A"’

= (adj. A)" = (adj. A). [By Right Cancellation Law because A’ is invertible]
Cor. If A is symmetric matrix, then (adj. A) is also symmetric.

Since A 1s symmetric, therefore, A" = A L)
. (adj. A)’ = (adj. A") = (adj. A)’ =(adj. A) [Using (1)]

= (ad). A) 1s symmetric.
Theorem V. If A is an invertible square matrix of order n, then ladj. Al=1A |""'_“r ,

Proof. Since A is invertible, therefore, |A |# 0.

Now A. (ad). A) = ' A I -

= |A . (adj. A) |=[| A). T, |

= [A ] ]adi. Al=] A" o AL L =1 A |1, 1 = [ Al
Hence, ladj. A |= |a "

KEY POINT

If A is an invertible square matrix of order 3, then Jadj. A |= [A /. )

Theorem V1. If A is an invertible square matrix of order n, then adj. (adj. A) = | A 1 4

Proof. We know that B (adj. B) = IBII,,, where B is a square matrix of order n.
Taking B = adj. A, we get :

(adj. A) [adj. (adj. A)] = |adj. A |I,= (adj. A) [ad]. (adj. A)] = 1A " T [Theorem V'
= Al(adj. A) [adj. (adj. A)] = | A |"-1A (AT, =A
= |A|I, [adj. (adj. A)] = |A T A - A(adj. A) = JA [1,]
= |A |[adj. (adj. A)] =} A|" A,
Hence, adj. (adj. A) =| A [*2A.

. A EAN A
Frequently Asked Questions ~ FAQs
Example 1. If A is a 3 x 3 invertible matrix, then what = | AL =1 AR
will be the value of k if I
det (A1) = (det A)X. (C.B.S.E. 2017) We know that A7 = m= LAY

Solution. Here det (A™!) = (det A)*
Hence, k=1




Example 2. If for any 2 x 2 square matrix A,
8 0

o 8/’ then write the value of | A |.

A (adjA) =

(ALC.B.S.E. 2017)
Solution. We know that A.(adj A)=1A11

0
= 0 8 = &} 1
8'1 0
= 0 1 = |Al 1
Hence Al = &

2 35
Example 3. Write A ~1 for A = [ 1 3].

(C.B.S.E. 20H)

2 5
Solution. Given : A = [ [ 3 ]

2 s
| Qg | 3 =5

B adj A _l R
Hence. A =" =i 5

Example 4. For what value of ‘x’, the matrix

S-x x+1
2 4 is singular ? (C.B.S.E. 2011)
5- + 1
Solution. The matrix [ 5 e 4 ] 1S singular
3—-x X%+l
| 2 4 | =Y

2> 45-x)-2x+1)=0

220 -4x-2x-2=0

= 18 —6x = 0

= 6x = I8.

Hence, k= 3

Example 5. If A and B are invertible matrices of

order 3,1 Al =2 and I(AB)] = -%, find | B l.

(C.B.S.E. Sample Paper 2019)

1
Solution. We have : |Al=2 and | (AB)!] = —E.

O
Nowi [((ABY 1) = L s — =
6 |ABI 6
1 l 1 |
= = o =P - -
|AIIBI 6 2IBl 6
Hence, |B| = 3
1 2 3
Example 6. IfA=|% 2 2|, find adj. A.
3 3 4
L 2 3
5
Solution. Here |A|=|" 32
3 3 4
|3 2
Now A“:Cu—fﬂ{:lnrufl: 3 4 =12—6=05
12 2
Am:Ct}—l'uL:ltrrufZ:— 3 4 =R —@)== 2
2 3
A3 = Co-lactor of 3 = 33 =6—-Y=—3
AM=C11~l'1~.tclurui'2=— 3 =. 8 —P=1] *
[i 3
AzzzCu—['uclur(}f3= 3 4 =iy
|1 2
AB——-C{}—i'aiuturtle:— 1 3 = F@) =3,
| 2
A3] = Co-factor of 3 = =4—-9=—5
3

AH = Co—tfactorof 3 =— 2

1 2
A33=Cu—fuulur of 4 = 7 3

& =2

. Co-factormatnix=| 1 -5
-5 4

F 5. —2 3

Hence, adj. A = 1 =5 3
=8 4 =1

J=—2-6)=4:

T
.
3L
-1
" 0
_ -2 =5 4
30 3




Example 7. Given A =

show that 2A~1 = 9] — A.

Solution. (i) We have : A

A1 exists and A~

(ii) LHS = 2A"!

| A

22X

2

Hence, LHS = RHS.

Example 8. For the matrix A = | 1

that :

, compute A~! and

(C.B.S.E. 2018)

7-

- 5§ _a
|-_4 ?-.
2 =3

-4 7

=2) (N -(=4) (- 3)
=14-12=2 0.

ro| —

0O 9

(9—2 043

= ~
2

0+4 9-7

1 1
P

2 -1

A3 —6A% + 5A + 11 1= 0. Hence, find A-1.
(H.B. 2016; Jammu B. 2015 W)

=

1

I l

Solution. We have : A= 1 2 =31
12 -1 3
B 4 dyd @
A2 =AA=|1 2 =3l|l1 2
2 -1 32 -1

14142 142=1 1=-3+3] [ 4
=1142—-6 1+4+3 1-6-9]|=]|-3

12—1+6 2-2-3 2+3+49| | 7

-3
3

, Show

l
—14].
14 |

And AY=A%A=

44242
—-34+8—28
| 7-3+28

—3+16+14

*1 3

4 2
=% &
T =3

4+4—1

7-6-14

3 S

10
)

10

1=E24+5+0

—-23+18+5+0 27-48+10+11

—
-

= (), which i1s true.

i 7
_|[=23 27
32 -13
B 7
w | =08 27
32 -13
8—24+4+5+11
(32-42+1040
0 0 0
0 0 0
0 0

Now A3 —6A% +5A + 11T =0.
Multiplying by A~!, we get :
(ATTAAZ-6(A T AA+5(A 1A+ 11ATTD =0
IA2-6IA +5I+11A1=0
11A™! =—A%246A-51

—14

G~ 4D

=¥5

4 l

-2

14][2 -1

4—-6+3

7+9+4+42

§ —14

+11

-12 -6
—48
18

51 [11 0O
0 11

15 10 0

o
0
Wl

|—6+5+0]
—69+84—15+4+0

—I13+18=5+0 58—84+15+11]




| 4 3 i 5 1 1] [1 O O] 0 |1
A _ - =—(0-1)=1.
==|-3 8 —=14|+6l1 2 -=3|-5|10 1 0O 23 1
7 -3 14| |2 -1 3] o001 -
] o . ) A, = |=1-2=-1
-4 =2 —-11[6 6 6] [-5 0 o 1
=1 3 =8 14i+l6 12 =18|+|l 0 =5 © b
ok — i S - - = l==0-0=0;
|-7 3 =14 |I 6 18 | 0 0 -5 Ay =l ( )
 —446-5 -2+46+0 —146+0 G 4
= 34630 —=8%12=5 [4—=18+0 Ay =l l={)—0=().
—7+1240 3-6+0 —14+18-—5|
Ex I T i Al A A
= 9 —1 —4{. adj. A=Az Ap A
5 =3 -1 LA31 Az Az
=3/11 4/11  5/11 ] _ o _
Hence, A~ 9/11 1/11 —4/11 . B9 > 7= 7
ence, = — — :
_[-2 -2 1|=| 1 -2 o]
- 5/11 =3/11 —1/11] -1t 0 o |-1 1 o
Example 9. Find the inverse of the matrix :
- - 2 =2 -]
0 1 2 adji. A 1
011 Hence., A7l = = 1 =2 0
A = . (Kerala B. 2015) Al =1
10 2 -1 1 0
Solution. Here " 9T
o1 2 _ =1 2 o
A =k 1 1 1 -1 0
1 0 2 )
1 -2 3
=(l}(l—2}=(l}{—l}=—l¢ﬂ Examplelﬂ.IfA= 0 T 4,ﬁnd(At)-l.
= A~ exists. -_2 2 l_
1 1 (C.B.S.E. 2015)
Now A = = == 2
s 1 0 2 Solution. We have :
[ 1 =2 3]
il 0—1 0 -1 4
-2 2 1}
lo 1 g =2
Ay = {)_U—hl_“l' B =A'"=|-2 -1 2
| ' @
9,
B el Tl 0 =2
2 0 2 Now B =|-2 -1 2
- 3 4 1
0 2
Ay =] S=0—2=-2; =(1)(-1-8)-0-2(-8+3)
B = = 9410=1%0
= B! exists.




=1 2 1.3 —=4+9] [-] 5]
Now B, = =_1-8=-9; = |7 = .
ow 1 4 1 [l+4 -2-—]2] 5 -14
-2 2
Py = 3 1 -1 5
-2 =1
Bi; =| 3 4=_3+3=_5- - (AB)~!exists and is given by :
0 -2 ]
By =74 ¢|=-(0+8)=-8: (AB)™' =757 - adj. (AB) A1)
=2 ,
B,, = =1+6=7: | ~14 =5 -14 -5
P Butadj. (AB)=| _s _7| =| =5 —1|-
B, =-— = (4-0)=—4
N 3 Z‘ | [ [<14 =35 |
0 =2 .. From ( I )i {AB]-I — _ﬁ . 5 | +{2]
B;, = sli—2==2;
-1 2
| 2 3 _
By =—| , |=-2-4=2: Further, |A|=|] _4|=-8-3=-11%0
1 0 .
B = =] +0=-1. ] =2
_ 9 %z i oy = . A7! and B! both exist and are given by :
adj. B =|By; By By =[-8 7 -4
By By By | |-2 2 —1) - 1 [—4 -1 — i3 I
_ _ ~<0 -3 2] T 1
—9 -8 -2
=l 8 7 2 L1 [-4 -3 NEE]
[_5 -4 -1 = A =37 | -1 > | and B =_1 1
-9 —8 =2 3 Z| [-4 -~
diB_1| o o BlAt=——| 7 [-1 ;]
B =75l ) - s
|-5 -4 —1]
i 12 = | [=1d =5
(-9 =8 =2 =55 Bl —Ba3| =T | -8 1]
g )
=| 8 / N From (2) and (3). (AB)"' =B~ 1 A1,
-5 —4 -1
l' - which vernifies the result.
-9 —8 =2] i
Hence(A')y'=B'=| 8 7 2 1. Example 12. If A=(1 4 3|,
5 of =] 13 4
verifyA.(adj.A)=| A| Iand findA~L. (V.C.ERT)
2 3 1 -2 | | 3 3
Example 11.IfA= 1 _4(,B=|_1 3 |» verify
Solution. We have : |Al=|1 4 3
that (AB)"'=B- 1AL, 1 3 4
, 3 | _» =1.(16-9)-3(4-3)+3(3-4)
Sﬂl“ﬁﬂ'ﬂ.AB: ] _4 _1 3 =7—3—3=1¢0
= A-l exists.




Now All— i i|=16—9=?;
1 3
A12=—|1 4|=-(4-3;=—1
Apz = : j'—3—4:—1

Similarly Ay; ==3,Ap =1, A5 =0

All AIZ Al.’i
adi. A= [A21 A A
Az A3y Agzz]
% = =T F P =& <8
-3 0 1] [-1 0o 1
1 3 3| 9 -3 -3
(i) Aad). A)=[1 4 3]||-1 l 0
1 3 4|]|-1 o0 1
7-3-3 -3+3+40
=|7-4-3 —3+4+0
7 -3—4
1 0 0 I & 0
=l 1 Oi=c13j1g 1 0O
0 0 1 0 0 1
dj. A 1- A
—1 adj.
7 ATl=——=—|-1 1 0
(i) Al 1
-1 0 I
| F 3 =3
=|—1 l 0|
i 6 i
Example 13. Compute (AB)™! :
i 1. 2 1 2 0]
A=10 2 -3 ,B_l= 0 3 -1]|.
by % & 10 2

Solution. We know that :

(AB)! =B-! A-!
1 1
Now |A| = v B
3 -2

—-3+3+0' —3+0+4

~3+0+3]
—3+0+3

(Do it)

=|AIlL

N

=1 (8-6)+3(-3-4)
=221 =_ 1920

— Al exists.

Now A”=:_2

>
b2
o

Il

[

>
>
]
|

I
|
o0

SN
Il

Il

19

- From(1).(AB)!

19

Il

b9

=—(0+9)=-9:




I

o W

Example 14. Find A1, if A=

Also show that A-! =

Solution. (i) Here | A| =

-2 8 7

19 19 19
g 2 3

19 19 19

=

R —

0
1
1

L

A% =30

lo 1 1
1 @ 1

=00-D)-=10=-D+1(1-0)
=0+ 1+1=2%#0
— AT exists.

NUWAnz
A=

A=

0

I
1

I

0
1

0

=0-1=-1:

=1-0=1.

={) =] == °

=1 —-0=1;

1 1 0

=—0-1)=1;

=—(0-1)=1;

=—(0-1)=1.

-1/2

1/2

1/2

(1) A2 = AA =

0% T
0+0+1
0+1+0

=D
1/2

172

1/2
=1/2
1/2

0
l
1

1/2
1/2
-1/2
1/2

From (1) and (2), A~} =

1
0
1

I
0

e s

0+0+1
1+0+1
140+0

1/2
1/2
172

1110
I
1

O+140]
1+0+4+0

l+l+0_

A? —31]

. which is true.

w4 1)

~(2)



EXERCISE 4 (g)

Fast Track Answer Type Questions

1. (a) If A and B are invertible matrices of same order,
then (AB)"' =B-1A-l.  (True/False) (Kashmir B. 2017)

(b) A square matrix A has inverse if and only 11 A1s..........

(Fill in the blank) ( Jammu 5. 201 5)

2. If A'is a square matrix of order 3 such that|adj A|
=225, find|A’|.

3. (a) For what value of ‘x’, 1s the following matrix

2z 3
(i11) | | (N.C.E.R.T. ; Assam B. 2018)
1 =1 2]
| 2 335 (N.C.E.R.T.; H.B. 2010)
~2 0 1
3 I
S. (@IftA=1, _ 3. then find|adj. A|.

(C.B.S.E. 2010 C)

(b) If A 1s a square matrix of order 3 such that IAl = 35,
find IA. adj. Al
(c) Wnite the inverse of the matrix :

(Assam B. 2016)

singular ?
3-2x x+1
(1) 4 4 (Meghalaya B. 2015)
5-x x+1
(i) 2 a F (Meghalaya B. 2016)

2= X .3
(b) For what value of ‘x’, the matrix | _ 5 l

l.

(Assam B. 2016)

4. Find the adjoint of the following matrices :

2 -1 [§ 2

(A.LC.B.SVE. 2010) (N.C.E.R.T. : Jammu B, 2012)

not invertible ?

Very Short Answer Type Questions

7. (a) Verify A (adj. A) = (adj. A)A=|A| I:

' 2 3 .
(1) [_4 —6] (1)

(b) Venly that A(adj A) =1 when :

o 9

(N.C.E.R.T.)

1 -1
30 -
10

(s

cos@® —sinf 0

A=|sin@ cos@ 0 (H.B. 2011)
[ O 0 | |

8. Find the inverse of each of the following matrices :
- &

(1) 3 9 (N.C.E.R.T))

w2 =3 s 2t
(ii) [4 3|- (N.C.ER.T)
E o
9. (i) IfA=| i 2.1v't‘,rifyA3—4A+ 31 =0, where
1 0] 0 0]
I = 0 1_ and O = _{] 0-. Hence find A

( W. Bengal B. 2016)

' cosf sin @
@ _ sin@ cos@
cos® —sinf
(i1) i casd |: (Karnataka B. 2013)

6. (a) If A is non-singular matrix such that A2+ A — I =
O, what is A= ? (Assam B. 2015)

(b) If A1s an invertible matnx of order 3 and Al =7,

then find | adj Al (A.L.C.B.S.E. 2010)

o 3 |

{”) Ii A - | | l 2
Hence, find A 1 (N.C.E.R.T. ; Rajasthan B. 2013)
e g
(111) Consider the matrnix A = 4 5|

]~ show that A% — 5A + 71 = O.

(@) Show that A2 —7A - 21 = O.
(b) Hence. find A~ (Kerala B. 2014)
SR
10.IfA= 5 _n ~write A~ in terms of A.

(A.I.C.B.S.E. 2011)
11. Verify (AB)~! = B~! A~! for the matrices A and B,

where :
7 3] 1 =7
(1) A:[] _4 and B = -1 3
(N.C.E.R.T. ; Kashnur B. 2016; Rajasthan B. 2013)
3 (6 8
(it) A= ’ 5 and B = 7 9

(NC.E.R.T.: HB. 2013;: Jammu B. 2012)
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(1) A= and B= z (Jharkhand B. 2013) 13. (a) For the mainx A= T 21 . find the numbers ‘a” and
- - b" such that A2 + @ A + b 1= O. Hence, find A~
2 39 (N.C.E.R.T))
(iv) A= 6 5 and B = K 6J- (Nagaland B. 2013) y ol
S (b) If A = [_4 7 | compute A~! and show that
12. (a) Show that the matrix A = |, , { satisfies the | 2A-1 L A_91=0. (J. & K.B. 2011
equation A2 —4A + 1 =0 and hence, find A™'.  (H.B. 2012) 14. Find the inverse of the matrix =3 Zﬁ-
2 =1 5 ~3
(b) If A= 4 3] then show that A% - 5A + 712 =k Hence, find the matrix P satisfying the matrix equation :
hence find A7 .7 ( W. Bengal B. 2017) P-_ 3 921 1 o
(o) ITA= -1 2/ show that A% — 5A + 71 = O. Hence, | 8 =3 ) z 1)
find A~1. ] J (N.C.E.R.T.; Assam B. 2016) (C.B.S.E. Sample Paper 2018)

Short Answer Type Questions

] ]

15. Find the inverse of each of the following : =

3 -1 2 =2
L —=F 2 15 6 =5 I 3 0
0 A 20. If A_l = . B and B = . :
(1) - (N.C.E.R.T) g = 9 0 -3 ]
3 =2 A find (AB). (N.C.ER.T.; C.B.S.E.(F) 2012)
1l 2 3 R
(i1) 0O 2 4 (N.C.E.R.T.)
0 0 5 21. I[A = -2 3 1 4 'eﬁ["li'}‘ {hﬂ[ :
— . | § i 5
2 b3 (i) (adj. A)™! = adj. (A7)
(iii) 4. =l 'Y (N.C.E.R.T)) @) (A )1 =A. (N.C.E.R.T\)
= 2 1 22. Verify : A(adj. A) = (adj. A)A=IAlT when :
[l B & [ 1 =2 2]
av) |3 3 0] (NC.ER.T) (i) A= Z 3 3 (Jammu B. 2015)
5 2 =1 -2 0 1
C ] 2 1 -1 2]
16.1(P = -1 3 0 Fod P‘I_Vcrify dat PP =1 () A=13 0o -2 (Jammu B. 2018, 14)
B -z 0 1 0 3
5 0 4] [1 2 3] 2 b &
. 2 3 2| oo 1 4 3 3 -7
17. GivenA= B= .Compute (AB)™. (iii) A= 3 —2 4 (Meghalaya B. 2013)
321 |sa -3 1 =2
12 2 "l Z 3
BA=* ! “| oot - -0 * 5 0. -
. = » prove that A® —a4A — ol = U an (iv) = (Nagaland B. 2018)
5 8 i 2 4 3
hence, obtain A~ (A.I.C.B.S.E. 2015; Assam B. 2017) ) ) _ .
o " d
)
] 2‘ : 23. Find the inverse of the matrix A= | ¢ l+bc and
= o y— e - i | ﬂ B
19. If A= . a af verify that : Feoxoo At
A3 6A2 + 9A — 41 = O anid hence, find A~ aA- =@ +bc+D[_gA.
(Assam B. 2017: N.C.E.R.T. B. 2017)




' 4 3
.~ Answers |
1. (a) True (b) Invertible. 2. + 15. TP FeoATm =
A (@Hx=10x=3 B)yx=17. 14 [5 ;][l I]'
30 g -3 [ 4 =3 ) ]
. ) |_y L|GD|_3 |G| _; -2 0 1
- - . ; 150 | 9 2 -3
[ 3 it -4 6 1 -2
iv) |-12 5 -—1]. ) _
cos@® —sinf (i1) 0 172 =2/5
5.(@-11MI25 D |0 wocp |- 0o 0 1/5
B ~ cos@ sin@’ 3 =543 I
lui__SiHQ cosd | iin| 473 —23/3 -4
— ' s
6.(@)A+1 (b)49. ~1f3 13 2]
2/13 =5/13 3/14 1/7 ' 8 @]
% 0 13113 —1/13 “”[—W ”7]' |1 W3 0]
" - 3 2/3 -1
113 —2/3 R L -
- —2/3 I Wlur an} 2 20 -29 —3/5 215 215
(iii) (b) N -3 29 —42 - 2/5  2/5 -3/5]
. " 3/4 1/4 —1/47
10. A :EA' 19 | 174 3/4 1/4
. s T8 i —1/4 1/4 3/4
ety 2] Walr 2] B3 3l EEX:
AR, > it
13.@a=-4b=1:|_, 4| | 1. & 3

—" Hints to Selected Questions ————————————@-©- - - —

i |- acane = n-1 ; . .
2. Use|adj A| =|A] . g —7 -3
3. _(a) (i) The given matrix is singular 10. adj A = = = =5 2 |
3—2x x+1 . . ) .
if 2.:: ’x4 =0 if4(3-20)-2(x+1)=0 1 [<2 =81 1[2 8] 3
o: ] — = — =—MA
“RTS 9l-5 2] 1915 -2] 197
if 10x=10 =1, , |
9.()A2-4A+31=0 = A?-4A=-3I [1+be _ | [ltbe _
= AA-4A=-31 = AAAI-4AA1=_3]A"} 23. Here ad). A= . T ey (. R
= A(AA1) —4AA = (- 3]) IA"] - R )
_4l=(- -1 - [1+b 1 [1+b i
= Al - 41 (3II)IA y i A I ¢ AP
- o - .. R — — Loy a — a
= A 41_3A | Al | —¢ g | | ~—£ a |
1 ” .
::rA"=—§(A—4I). 1 l+bc —ab
= aA =__HE az-:t‘:tu.




B R K} LINEAR EQUATIONS (SOLUTION OF EQUATIONS BY FINDING INVERSE)

(a) Consider the following system of linear equations :

Let A be non-singular matrix i.e. |A| #0.
Multiplying (1) by A~!, we get A1 (AX)=A"'B

and B =

= (ATA)X=A'B = IX=A"'B =X=A1B.

Hence,

Note. T

X1

X2

| %n |

i%; Definition

------

iiiiii

!!!!!!

llllll

!!!!!!

IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII

, called the co-efficient matrix.

1e above method is applicable provided |A| # 0 i.e. when the system has a unique solution.

I

-

Criterion of Consistency.
We state (without proof) for the consistency or inconsistency of a system of linear equations given by AX = B, where A 18
a square matrix.
(D If
(IT) It
(1T It
(b) Consider the following system of Homogeneous* Linear Equations :

These can be written as AX =0, where A =

x =y =z =0 always satisfy the given equations.

*A linear equation is said to be homogeneous if the constant term is zero.

A| # 0. then the system is consistent and has a unique solution.
A| =0 and (adj. A) B = O, then the system is consistent and has infinitely many solutions.

(i) Consistent Equations. A system of equations is said to be consistent if its solution exists.

(ii) Inconsistent Equations. A system of equations is said to be inconsistent if its solution does not

exist.

(iif) Dependent Equations. If a system of linear equations has an infinite number of solutions, then the

equations are said to be dependent.

A| =0 and (adj. A) B # O, then the system is inconsistent.

ayx+by+cz=0
a x+by y+cy z=0

a3 x+byy+cy3z=0.

by ¢
by ¢
by ¢35

and X =




Hence, the system 1s always consistent and the solution x = y = z = 0 1s called the trivial solution.

Here we want to examine whether the system has non-trivial solutions.
Suppose A is non-singular. Then A~! exists. Here A (AX)=0 =2 IX=0= X =0.
Hence, if A is non-singular, the system has only trivial solution.

For non—trivial solution, |A| = 0.
Thus we have the following theorem :

Theorem. A system of n homogeneous linear equations in n unknowns has non—trivial solutions if and only if the

coefficient matrix is singular.
Proof is beyond the scope of the present volume.

Note. In view of the criteria of consistency, mentioned carlier, we have the following regarding AX = O, where A is a square

matrix.
(i) If |A| # 0. the system has only trivial solution.

(ii) If |A| = 0, the system has infinitely many solutions.

. KEY POINT

( If |A| =0, then (adj. A)B=0as B = 0.

)

Frequently Asked Questions

Example 1. Use matrix method to show that the system
of equations x + 2y =9, 2x + 4y = 7 is inconsistent.

Solution. The given system of equations 1s :
x+2y=9 (1)
and x+4y=7 ki)

These equations can be expressed in the matrix form as :

NGRS

3 =y 3 E = e

R

p 2 X 9
where A= X = and B = :
2 4 By ¥
| 1 2
Now |Al= r 4 = —d =)

- A1s singular.
Either the given system has no solution or an infinite

number of solutions.

Now A1 =4 A =-2.A5=-2,Ay, = 1.

il

| Rez ] F d =5} g =]
GAZIAL Apl T2 1] T2 )
21 22 | i 3 o |

* 4 =2][9]

adjAB=|

36-14]_[ 22
‘[—13+7}‘[—11}io'

Hence, the given system has no solution. and 1s,

therefore. inconsistent.

= FAQs =

Example 2. Solve the following system of equations by
matrix method :

IJx-4y=5andd4x+2y=3.

Solution. The given system of equations is :
3x—4y=5 ikl

and 4x+2y=3 wil )

These equations can be expressed in the matrix form as :

AX =B 430

3 -4 X S
where A= 4 0 A= y and B = :

Now |A] = =6+16=22%0.

4 2
. A1s non-singular and as such the given system of

equations has a unique solution.

From(3), AX =B

=2 ATAX)=AB=2(ATA)X=A"'B

= [X=A"B.



- “ - i -
R . An Az A
22 =% 3|3 noadjA = | Az A Ap
Az A Ay
C10+127 1 [ 22] g %
22 |-20+9] 22 |11 | -5 0 10
W - . 5 =10 -l
X l - )
o i _ 15 0 =10
I - 10 10 S
Hence,x=1and y= -y i i
= . [ o =5 g
. G _ A T s 0 =10
Example 3. Using matrices, solve the following system S A = 1Al "~ 95 10 0 5
of equations : | ) )
4x + 3y + 22 =60, x + 2y + 3z = 45, 6x + 2y + 3z = 70. (0 I
(A.I.C.B.S.E. 2011) =el & W0 =2
- 3
| Solution. The given system of equations can be written From (). AX = B = ;\_]{A}E} _ A—ll =
asAX =B 1)
= (AIA) X=AT"B=>IX=AB.
(4 3 2] . 50 oo -1 a]feo
: = 2 = c = ; — =
where A l 3 I,,X y |and B=|45 v — A-lp— : 3 0 o) 45
6 2 3] Lz 70 "l=2 2 1]l70]
; P — N i 'j -
e ([ 0-45+70 [ 25
| . 2 - g 180 +0 — 140 o g’ 40
Now Al = = £ — 12 | |
Bl=1c 5 , | —120+90 + 70 | | 40
| [ 2] Ea
=4(6-6)-33-18)+2((22-12) . o
= 0+45-20=25# 0. 2 | il ™
A is non-singular and as such A ~! exists. chr:;. =5 },h: Bdund -
Z 3 Example 4. Solve the following system of equations by
Now Ay = | 3| =0-0=0 matrix method, wherex#0,y#0,z#0:
L3 2 3 3 1 1 1 3 1 2
Alp = T|g 3|=‘313’='5: = i (g = e = ) =
| X y 1z X Yy Z X Yy z
Az = | (1) E =2-12=-10. Solution. The given system of equations 1s :
NER Z_3.3
As =_ 5 3 = = (J—A)y== 5§ £ ¥ Z=IU (1)
4 2, :
_ — — 0 T .
A,y = |6 3| =12-12=0; LI T S
: X }s z
4 3
Az = Ty g| mE~IR=D 3 1 2
and ==l 3 .(3)
3 2 X y z
Agy = |g g| =H¥~R=3 - '
= These equations can be written as AX =B 4,
4 2
Azp = 7| 3| =-012-2)=-10 I i 1/ x] 107
4 3 where A=|! 1 1{x=|1/y[,B=[10].
A3 = |y 5| =8-3=5 3~ 2 1/z 13




Now A“: : ; = pl=3
_] 2
1 %
AI?_:_ 3 3 :_{2—3}21
I |
-3 3
Ag]:“" “F 2 =—{—B¥I)=3 ]
|2 3
By = | =0
2 =3
A?__j:_ ;. SO =—(-2+9)=-17.
-3 3
Az = 1 1 =-3-3=-60;
2 3
Ap=-1 1|=-@2-3)=1
2 =3
Ag3= 1 1 =2+3=)
A A A -3 1
ad). A= AZI AEZ A23 - 3 -5
A3 Ay Ayl 76
| 3 3 =6
I
[~ —] 2]
" 3 3 =6
A_Izﬂ-l. =L 1 =5 I .

From(4). AX=B=2>A1AX)=A"B
S(ATAX=ATB=X=A"B

| T 4 —6| 1o
‘ 1 =5 1][10

- X=A"B="95
|~ = 3} A3
3 30+30-78 ") 18] [2]
= — 10=50+13|=— =27 |=|3|.
-9 -9
| —40-70+65 |-45]| |5]
1/ x| 2
1/yl=|3
RYE 4 i,
N 1 B
= ;‘zl")j:?and-—ﬁ
AT S
CNcc, .1'—2 }—Bdn .u—s

Example 5. Using elementary transformations, find
the inverse of the matrix :

— =

4
1
2

o =

>
Il
- N QO

and use it to solve the following system of
equations :

8x +4y + 3z =19
2Xx +y+z=5
X+ 2y + 2z =1.
(C.B.SLE. 2016)
Solution. (I) We know that AA™ = |

8 4 3 1 0 0
— 21 Il & =10 1D
1 2 2 0 0 1
Y 9 3 0 0 1
— 2 A | A_l = 0O 1 0
B 3 3 1 0 0
|Applying R, <> R;]
¥ 2 )] il @ 1
= 0 -3 ~3|A =10 | —2
0 -12 -13 10 -8

|Applying R, — R, — 2R, and R; <> R; - 8R,|



A—I

|Applying R; — — R; + 4R,]

I 2 2

= 0 —3 -G
0o 0 1
(1 2 @ | 2
= [0 1 O|A" =| 1
L) — 1

-8
—-13/3
4

|Applying R, — (- 1/3) R, — R; and R; — R, -

2R,
1 @ O
= 10 1 0|A™
8 % 1
0
Hence. Al = l

~

=l 1
— |

293 —173]
1348 213].
4 0

|Applying R; — R, — 2R,|

243
= T

4

—A43]
2131,
0

(II) The given system of equations can be written as

y| and B =

Z

sl

Al (AX) = Al B

IX=A1B
X = A-l B.
1o
5
--7-
-1 I
= y|I=12].
._Z_- ._l_.

AX =B
'8 4 3 ]
whiere. A=|2 1 1]. X =
| 2 2
From (1), AX =B —"
= ATAX=A1B =
=
-0 2/3 —=1/3]
5 1 —13/3 243
—1 4 0
10 7
] 0+ —-
o] 3 3
65 14
= |ly|=|19-——+—
3 3
52 30900
Henee, x = |, y=2amd z = L

Example 6. If A = |

F-

-

-t N

-3
2
1

5
-4

_2“

s

. find A 1.

Using A ~1, solve the following system of equations :
2x-3y+5z=11,3x +2y-4z=-5,x +y-2z=-3.
(Assam B. 2017; Meghalaya B. 2014 ; Kashmir B. 2011)

Solution. (I)|A| =

2-4+4H+3(-6+4)+5(3-2)
20)+3(=2)+5(1)
=04+ 3==1 #(.

" A 1s non-singular and as such A -1 exists.

Now A“

ad) A

Il

Il

2 -4
3 —4
—_ I _2 :—(—6"'4}:21
13 2
1 1|=3-2=
=3 5 |
o I i =—(ﬁ—5}=—l
[2 5
t | =48 =9
2 =3
-3 5
y —al=12-10=2;
2 5
- 3 i =—(—8-15)=23
2 =3
1 | =449=13.
Al Ap Aps
Ay Ay Ans
Azl Az Azz
g 2 1T |8 =1 2]
-] =9 =5|=}12 —9 23
2 23 13| L1 =5 13]
adj A {8 % =
2l s—l2 -8 =
Wl =g -5 ]




0 1 =2
= -2 9 -23 1)
-1 5 -13_

(II) The given system of equations 1s :
2x -3y + 5z=11
Ix+2y—-4z=-95

x+y—2z=-3.

These equations can be written as AX = B,

5 =3 5 o
where A = 3 2 -4\ X=1Y
| | 1 =2 ] & |
ST
and B=|"°].
- - 3 -
Since A is non-singular, [ |A| # 0]

~. the given system has a unique solution given by
X=A"1B [AX =B > A/(AX) = A~'B
= (A TA)X =A'B=>IX=A"B=> X =AB]

% T 1]

ie. |Y| =|—2 9 =23(| =3 [Using (1)]
oz | -1 5 -13]]-3
I 0-5+61 [ 1]

_| —22-45+69 | _| 2
—11-25+39 | |3
Hence, k= L.y=2and z=23,

2 3  10]

Example 7. If A = |4 -6 5|, find A-L,
6 9 -26|

Using A !, solve the system of equations :

2,3,10

X y 2z

4 6

X y+z =9

-£+2—ﬂ *‘RCE 2017 217
X'y z =-4. (C.B.S.E. 2017;: Jammu B. 2017)

Solution. The given system of equatons is :

.i"
&£ ¥ <

4 6,35

_-'_+- e

% Tyl Eb (2)

Now

Agy =

L adj A =

Il

Ay

Ls
I

ke
|

>
2
Il

>
to
t-J

|

>
w2
Il

6,9 20
.
Xy z = 4 ailJ)
These equations can be written as AX = B sal);
; 310 1% T 5"
where A =|4 -6 5, X=|[l/y|landB=| 5].
|6 9 =20 11/z] |-4 |
3 10
Now Al =|4 -6 5
6 9 -2

2(120 — 45) — 3 (- 80 - 30) + 10

(36 + 36)

150 + 330+ 720 = 1200 # 0.

. A is non-singular and as such A~ exists.

& 5
- 190 — 4% = 75
9 —20
d B
¢ _og| =—-80-30)=110;
i =6
—364+36="72.
6 9
3 10|
- = —(—60—90) = 150:
9 —20
12 10
= —40—60=—100:
6 —20
> 3
= —(18—18)=0.
6 9
310
54 € =15 ,
—6 5 '
210
= Tl = A ="10:
4 5
3
=—12—12=-24
—&
1o 721 [75 150 75
~100 ol =110 -100 30].
30 -24| | 72 0 -24|




- -

o 75 150 75 ] P
A-l = “lil =ﬁ 110 —-100 30| L0 3
=> v 5y 3 =] 9 I skl
72 0 —24]
i 2 -3 4 . ¥ —3 =2

From@4), A T(AX)=A'B=> (A 1TA)X=A"!B
The given system ol equations 1s :

= X=k'B = X=A"B.
s S x+3z2=9
75 150 75| 2
I -x+2y-2z =4
X = 110 —100 30| 5 -
1200 2x -3y +47 =3
| 72 0 -24|f-4] 2x -3y +4z =-3.
The system of equations can be written as AX = B ...(2),
150+750—300 600 | - - . o S
—_1220-500-120 |=——|-400 .= g .
N 1200["“ ;4 7T 1200 _ﬂ | whereA=|-1 2 =2|[X=|y|landB=| 4]
144 4+ 0496 24()
- : |2 -3 4] |z =3
Fffml o Wi From (2),AX =B = A-1 (AX)=A"!B
1y =|-1/3 > (ATA)X=A"B > IX=A"'B » X=A"IB.
=17z | /5.
| x| [-2 9 6] 9]
" l:% l:‘gﬂ"d 1.1 vl = o 2 1 4|[Using (1)
£ s . lz) |1 -3 -2|-3]
Hence, x =2, y=-3and z=5
Example 8. Use product 38496121 ol
- 1 2_ -+2 1— — U+3_3 — 5 ;
|
0o 2 -3|| 9 3 | 9-12+6 | 3]
3 -2 4] 6 =2 Henee, x =0, y=3 and z=3.

Example 9. Solve, using matrices :
2x-y+3z2=5:3x+2y-2=7
anddx+5y-5z=9.

to solve the system of equations :
X-32=9,-x+2y-22=4,2x - 3y + 4z = - 3.

(C.B.S.E. 2017)
Solution. The given system of equations can be written

[1 =1 2][-2 0o 1 as :
Solution. Here |0 2 -=-3|| 9 2 -3 Py oy A W o
e LA AX=B,where:A=|> * ~1| x=|Y|B=
[ _2-9+12 0-242 1+43-4 o s L
_|-0+18—18 0+4-3 0-6+6 5 % B
|-6-18+24 0-4+4 3+6-8 .
Now lAl=|3 2 -1
10 0 4 -3
=10 1 0|=I 0O -1 0
10 0 1 =|% B B
14 5 10
i T il .
[Operating C, - C,+2C, & C; — C, + 3C,]
= 0 2 -3 =|9 2 -3 =(1)(70-70)=0
P S L6 1 -2 = Ais singular




= Either the given system has no solution or an infinite
number of solutions.

12 =1
Now A =|s _c|=-10+5=-5
|8 =i
B =—|a .| =~ 13+4)= k]
|13 2
Ap=|, §|=15-8=7
5 3
12 3
Ap=|4 _s|=-10-12=-22
12 -1
Ap=—|q4 s|=-(10+4H=-14
<f 8
Ay=| , _|=1-6=-5
2, 4
g o)
Aqy = 3 9 =44+3=7
Ay A Ap| [-5 d
adiA=|A2 An Ay|_|10 -22 -14
A3; Az Ayl [-5 11 g
[ =8 O 5
13 - a1l
| P =l T
-5 10 =5]1°
- (adi.A)B=| 11 -22 1i
7 -14  7]|o
(—25+70-45] [0
_| 35-154+93| _10]_,
| 35-98+63| |0

= the system 1s consistent and has an infinite number of

solutions.
Now 2x—y=35-32 (1)

and 3x+2y=T7+2 ..(2)
Multiplying (1) by 2, 4x-2y=10-62 x3)

17 5
Adding (2)and (3). 7x=17-5z = x=The—->z.

?

Putting i 1}-—34 o 5_3

ting ; Ty 4 —Yy=J3—3aZ
utting in ( - y

P 10 1. 11

Y7 77717
. %1 17 Sk 1+“k "
T _E_ : "l — — :_— — ::
or any K, let x s 3 .

These also sausty 4x + 5y —-5z=9.

Example 10. Solve the following systems of linear
homogeneous equations :

(1)2x+y-3z=0,x+3y+z=0 and 3x-2y+z=0
(ii)3x + 2y +72=0,4x-3y-2z=0and 5x + 9y + 23z =0.

Solution. (i) The given system of linear homogeneous
cquations can be written as :

AX =0, where :

s =3 L1 0
Az=l1 8  ilLx=)®| wmdo= Y}
ERe |2 0
2 1 =3
Now | A |= ] 3 1
3 <2

=23+2)-1.(1-3)-3(-2-9)
=10+2+33=45# 0.
Thus the given system has no non-trivial solution.
Hence, the system has only trivial solution viz.
x=y=z=I[).
(i1) The given system of linear homogeneous equations
can be written as :

AX =0,
3 2 7 (x| 0

where A=[|4 -3 =2|.X=1|>Y|andO=]0]|.
|3 9 23| 2] 0]
3 2 7

Now [A|= [+ —3 —2
5 9 23

=3(-69+18)-2(92+ 10)+7 (36 + 15)
= — 153204 +357 =0.

Thus the given system has non-trivial solutions.
Actually 1t has infinitely many solutions.



X _ iy _ 74
—4421 2846 =—9-8

From first two equations,

LA F kB ¥ B L
T 33 ~4F " °F 2 —1 Gl

Hence, x =k, y=2kand z =—k ; k being any real number.

Example 11. The sum of three numbers is - 1. If we
multiply second number by 2, third number by 3 and add them,
we get 5. If we subtract the third number from the sum of
first and second numbers, we get — 1. Represent it by a
system of equations. Find the numbers, using inverse of a

matrix. (H.B. 2012)
Solution. Let first, second and third numbers be x, y and z
respectively.
By the question, x+y+z=-1 kL)
2y+3z =5 W )
x+y-z=-1 sl 3)
These equations can be written AX =B (4),
x0T 0 x| [-1
where A=|0 2 JLX=|¥»,B=| 5]
4 1 —d] £ i)
| l
Now [Al=|0 2 3
1 1 -1

=(1)(-2-3)-(1)(-0-3)+(1)(0-2)
=—3+3-2=—4%(.

-. A is non-singular and as such A~! exists.

12 3
N['}WA“:|1 —1 =-2-3=-3;

o 3
JE— — (=)= 3=
Ag = |1 -I| (=0=23)=3
lo 2
Agq = =0-2=-2.
13 |1

Aﬂ=—h J=—m—m=—3.
1 1
Ay Ap Ap| [-5 0 3
SadlA=1Ay Ap Ap| = 2 2
Az; A3y Az | 1 -3
(=5 2
_ 3 =2
-2 0
| -85 2 1
_1 ad). A I
7 A — = — 3 =2 =3]1.
| Al -4
-2 0 2
From (4),AX=B=2>A1AX)=A"'B
= (A'A)X=AB=>IX=A"1B.
| [ —5 2 1] [
X=A"RB="_| 3 =2 -3
%l @ 3
\ [ 5% 10—1] 1_ 14
=— | =3-104+3|=——|-10|=
=2l zew-2 *| @
"%l =Tl 2]
yl=| 5/2].
Z ()
7 5
Thus .1‘——5., y—E, z=0
1 3 |
Hence, the reqd. numbers are — = and 0.

Example 12. The monthly incomes of Aryan and
Babban are in the ratio 3 : 4 and their monthly
expenditures are in the ratio 5 : 7. If each saves
X 15,000 per month, find their monthly incomes,

using matrix method.

(C.B.SWE. 2016)

Solution. Let I 3x and I 4x be the monthly income

of Aryan and Babban respectively.

Let ¥ 5y and ¥ 7y be the monthly expenditure of Aryan

and Babban respectively.

By the question, 3x — 5y = 15000
and 4x — Ty = 15000

These equations can be written as AX = B

el )
w(2)

kD)



(3 =5 e 15000
where A = S = and B = .
|4 7] | ¥ 15000 |
3 -5
Now | Al = =-21 + 20 =-1 # 0.
4 -7
. A is non-singular and as such A=l exists.
| -7 -4 [ =7 5
Now ad) A = E 3 =1_4 3l
adjA 1 [-7 5] [7 -5
A-l = = e— = ’
Al = _1|-4 3|7 |4 =3

From (3), A~! (AX)= A-! B
= (ATA)X=A1B
= IX=ATB = X=A"1B

% (7 =5] [15000°
|4 =3] [15000
x]  [105000- 75000
~ |y| T | 60000- 45000
(%] _ [P0090]  _ saec
~ |y| T L1s000 |7 T
Hence,monthly income of Aryan = 3(30,000)
= < 90.000
and monthly income of Babban = 4(30,000)
= < 1,20.000.

Example 13. A typist charges T 145 for typing
10 English and 3 Hindi pages, while charges for

typing 3 English and 10 Hindi pages are T 180. Using
matrices, find the charges of typing one English and
one Hindi page separately. However, typist charged
only X 2 per page from a poor student Shyam for 5
Hindi pages. How much less was charged from this
poor boy ? (A.I.C.B.S.E. 2016)

Solution. Let ¥ x and T y be the charges for | page
of English and Hindi respectively.

By the question, 10x + 3y = 145 )
and 3x + 10y = 180 (2)
These can be written as AX = B k3
(10 3] 1 (145
where A = = and B = .
310 By 180

1o 3

Now |A| = L 1ol =100-9=91=0

“. A is non-singular and as such A™' exists.

r

10 =3] [10 -3

Now ad) A = 3 10 = 3 10l
Ad — adi. A _ 1] 10 -3
|A|  91]-3 10

From (3). A (AX) = A'B
= (ATAIK = AB = X = AR,

¥ o ) 10 =3[ 145
~91|-3 10180
1 1450-5407 1 [ 910]
91| —435+1800| 91[1365]
x| [107
'y [15]

Thus x = 10 and y = 15.

Hence, the charges are ¥ 10 and X 15 per page of
English and Hindi respectively.

(ii) From Shyam he charges I 2 per Hindi page.

». Lessicharges = 13 5= % 65

Example 14. Two schools A and B decided to award

prizes to their students for three values honesty (x),
punctuality (y) and obedience (z). School A decided to award
a total of ¥ 11,000 for the three values to 5, 4 and 3 students
respectively while school B decided to award ¥ 10,700 for

the three values to 4, 3 and 5 students respectively. If all
the three prizes together amount to ¥ 2,700, then :

(/) Represent the above situation by a matrix equation
and form linear equations, using matrix multiplication.

(zi) Is it possible to solve the system of equations so
obtained, using matrix multiplication ?

Solution. (i) Here x, y, z refer to honesty. punctuality
and obedience respectively.

By the question,

5 4 3\ #) 11000 )
4 3 S|y _]10700
1 1 1Nz, 2700

11000
107001 .
2700,

5x+4y+3z)
= |4x+3y+52
Xtr+y+z




Then Sx+4y+3z = 11000 \
4x + 3‘F+5}‘ = 10700 Ko s F =—(14+2)=-3;
| 2] ~9 1
and x+y+z = 2700.
(5 4 §) W
\1r 11,
5 4 3 1
|A| _ 4 3 S j\13:u | —2 :-(_2-1}:3_
11 1
=53-5-44-5+3(4-3) '] |
=5(=2)—4(-D+3(1) 4= g g/ =20
=—10+4+3=-3#0.
A ~! exists = equations have a unique solution. b
Yes, it 1s possible to solve the system of equations, App= " s =={3—=2)=—1
using matrix multphcation. |
Example 15. The management committee of a 1 1
residential colony decided to award some of its members Ap=|y, 4=372=]
(say x) for honesty, some (say y) for helping others and some
others (say z) for supervising the workers to keep the colony ) K
neat and clean. The sum of all the awardees is 12. Three Ay Ap Ap
times the sum of the awardees for cooperation and adiA =|Au An Axn
supervision added to two times the number of awardees for ' By Kuy A
honesty is 33. If the sum of the number of awardees for ] )
honesty and supervision is twice the number of awardees . - .
for helping others. Using matrix method, find the number of 9 1 =7 9 -3 0
awardees of each category. (A.I.C.B.S.E. 2013) - 1= Q 3= 1 4 =i}
Solution. Let x, y and z refer to honesty, co-operation 0 =1 1] =7 3 1]
and supervision respectively.
xX+y+z=12 A1) _ 9 —3 0
i Vg i : N ; i o dde 1
3y+2)+2x=33 ie 2x+3y+3z=33 .(2) A-l = =—| 1 0 -1}
and x+z=2y ie. x-2y +z=0 (3) AL 3 7 3 [
These can be written as AX =B A(4), i i
] _ L From(4),AX=B=2>A"1(AX)=A"'B
A X biEd > (A'A)X=A"'B=IX=A"'B.
where :A = 2 3 3L &=y and B=133]. i o —
[ -2 1 - 9 —3 0 12
- - - e 0 I
: X =AB==| I 0 -=1]|33].
,
1 1 = 3 L
Now |A| = & 33 ) . e -
b =2 1 : 108—99+0 l 9
e . i -_— i 19
=()B+6)—(1)(2-3)+(1)(~4-3) 5| AR =g ds
=94+1-7=3=0. —84+99+0 | £5)
" Aj1s non-singular and as such A1 exists.
3 3 2 31
Now Ap=|_5 SE= y| =|4].
| 3 3 2 EX
AIZ:_ =_(2_3)=l
L Thusx=3,y=4and z=3.
. Hence, the number of awardees are 3, 4 and 5 in three
' S =—4-3=-7. Py
137 |11 =2 calegories.




EXERCISE 4 (h)

Very Short Answer Type Questions

1. Classifty the following systems of equations as
consistent or inconsistent :
(Hx+2y=2 (i) 2x—y=5 (i)x+3y=3
2x+3y=13 x+y=4 2x + 6y = 8.
(N.C.E.R.T.; H.F.B. 2014)
Solve the following equations (2 — 3), using inverse of a
matrix :
2. 1) 2x=w ==2
Jx+4y=3
(1) Sx+2y=3
3x+2y=5
(N.C.E.R.T. ; Uttarakhand B. 2013)

(N.C.E.R.T))

Short Answer Type Questions

4. Classify the following system of equations as
consistent or inconsistent :

(1) x+ y+z =1 (1i) Ix—y-2z=2
2x+3y+2z =2 2y —z=—1
ax + ay + 2az =4 3x—5y=3
(iti)  Sx—-y+4z =5
2x+ 3y+ 5z =2
S5x-2y+67 =-1 (V.C.E.R.T")

(tv) Sx-6y+4z =15
Tx+4y-3z =19
2x+y+ 627 =46. (Kerala B. 2013)
5. Using matrices, solve the following system of
cquations for x, yvand z :
(x+y—-2z=3
2x+ 3y +z=10
Ix—-y—-Tz=
(i) x—y+z=4
2x+y-3z=0
X+y+z=2
(i) x+2y+2z=7
x+3z=11
2x-3y=1
(iv) x+2y+2z=38
2x+y—-z=1
X—y+2z=2
(v) 2x-3y+5z=11
Ix+2y—-4z=-95
xX+y—-2z=-3
(H.P.B. 2016; Nagaland B. 2016; H.B. 2015, 13; C.B.S.E. 2009)
(i) x+y+2z=3:x-2y+32=2;2x-y+z=2
(N.C.E.R.T. )
vi)x+y+z=3.:y+3z=4:x-2y+2z=0
(PB. 2017)
(vili) x+y—-z=-1; 3x+y-2z=3x—-y—-z=-1
(Mizoram B. 2017; P.B. 2013)

(A.LC.B.S.E. 2012)

(H.P.B. 2017; P.B. 2015)

(A.L.C.B.S.E. 2011)

(Kerala B. 2015)

VSATQ

(iii) 2x+3y =4
dx+35y =6

(lv) 2x+35y =1

(Kerala B. 2014)

Ix+2y =7 (N.C.E.R.T")
(v) Sx+2y =4

1x+3y=5H (N.C.E.R.T))
(vi) 4x-3y =3

3x-5y =7. (N.C.E.R.T))

J. x+y=5;y+z=3;z+x=4. (PB. 2010)

. SATO

(ix) 2x+3y+3z=5.x-2y+z=—-4:3x—-y-2z=3
(NCEERT ;HB. 2018, 17, 14; Kashmir B. 2017; H.FB.
2016, 10; Jammu B. 2013)

x)3x-2y+3z=8;2x+y-z=1;4x-3y+2z=4
(N.C.E.R.T.; HFPB. 2017, 15, 12 §; Kashmir 2015, 11)

(x1) 2x+y+2= I:x-2y~z=-§*;3y-5 z2=09.

(N.C.E.R.T. ; H.F.B. Model Paper 2018,
H.B. 2017; H.F.B. 2015, 13, 12)

6. Solve the following equations, using inverse of a
matrix :
(i) x—y+2z=7
Ix+4y-35z=-95
2x—y+3z=12

(N.C.E.R.T.; HF.B. 2018, 14, 13s, 13, 12, 11; H.B. 2017; P.B.
2014; H.B. 2013; Jammu B. 2013 ; C.B.S.E. 2012)
(1) x-2y+3z=-5
3x+y+z=8
2x—-y+2z=1 (P.B. 2018)
(iii) x+2y=35
y+2z=8
Z+2x=95
(iv) x-y+z=4
2x+y-3z=0
x+y+z=2
(N.C.E.R.T; P.B. 2015 ; Karnataka B. 2014; H.P.B. 2013 S,
11, 10; Jammu B. 2013 ; H.B. 2011)

(v) x-y+z=4

(P.B. 2011)

2x+y-3z=0

Xx+yv+z=2
(H.P.B. 2018, 17, 14. 11; Kerala B. 2017)



(vi)

x+2y-3z=-4
2x+3y4+22z=2

3x—-3y-4z=11

(H.B. 2018; Mizoram B. 2016; A.I.C.B.S.E. 2011, 10)

(vii)

(viii)

(£x)

(x)

(x1)

(xi1)

(x1ii)

(x1v)

(xv)

(xvi)

2x—3y+ 5z
3x+2y-4z

=

=16
=—4
X+y-2z=-3

(Meghalaya B. 2018; P. B. 2013)

2x+y+z=1
2x—4y—-2z=3
Jy—-5z=9
2x+3y+3z=5
x—-2y+z=-4
x—-y—-2z=3

(H.B. 2016)

(H.FEB. 2013 S ; A LC.B.S.E. 2012)

Ix+4v+7z=4
2x—y+3z2=-3
xX+2y-3z=
S8x+4y+3z=18
2x+y+2z=15

X+2y+27=95

(H.B.

xX+y+z =6
y+ 3z =11
x-2y+z=0
Sx—-y+z=4
Ix+2y—35z =2
x+3y-2z=35
xX+2y+z =7
x+ 3z =11
2x—3y=11.
Ix—-2y+ 3z =8
X+y-z =

4x -3y + 2z =4.
x—y+z =
2x—2y+3z =7

x+y—-z=-1

(A.LC.B.S.E. 2012)

2014 ; ALC.B.S.E. 2009 C)

(H.B. 2018)

2016)

(Maghalaya B.

(W. Bengal B. 2016)

(Assam B. 2018)

(Nagaland B. 2018)

7. Solve the following system of equations :

3 10

() STt —"=4

x ¥y Z

(N.C.E.R.T.; Jammu B. 2016;: Kashmir B. 2013;

H.FP.B. 2013 ; C.B.S.E. 2011)

) 1 1+2
() y 2 =i
3 4 5§
+ - :—S
X Yy Z
2 1 3
= _ > (PB. 2014 S)
X ¥ #
1 1 2
(i) Tt =4
X y z
2 1 3
+ - :{]
Xy z
1 1 1
—+—+—=2:x,y.2#0. (H.B. 2015)
x ¥ 2
% =3 §
8.1A=| % ~*| findA,
1 1 =2

Using A~1, solve the system of linear equations :
(N2x-3y+52=16,3x+2y-4z=—4,x+y-27z=-3
(N.C.E.R.T. ;A.ILLC.B.S.E. 2017; H.P.B. 2010 S)
(i) 2x-3y+5z=11,3x+2y-4z=-5,x+y-27=-3.
(C.B.S.E. 2018; A.LC.B.S.E. 2017)

3 2
9.{ﬂ)lfA: 4 —"1
| 7 3

I

2|, then find A" and hence
—3

solve the following system of equations :

3Ix+4y+7z=14,2x-y+3z=4,x+2y-3z=0.

3 1 2
by IfA=[3 2 =3
2 0 -1

(C.B.S.E. Sample Paper 2018)

: find A™,

Hence, solve the system of equations :
Ix+3y+2z=1,x+2y=4,2x-3y—-z=35.

—

10. (i) Given that A =
[ % 2
and B=|—-4 2
I 2 -1

b

—4]
—4

(C.B.S.E. Sample Paper 2019)
I -1 0
2 3 4
0 I 2]

-Find AB.

S

Use this to solve that following system of equations :
x-y=3,2x+3y+4z=17,y+2z=1.

(i) Given that A =

and

(Assam B. 2013)

-4 4 4
- 1 3
5 -3 -1
-y 1)

—~2 =2/|. Find AB.
I 3




Use this to solve the following system of equations :
X—-y+2=4,x-2y-2z=9,2x+y+3z=1.

(C.B.S.E. 2010 C)
11. (i) Determine the product :

—4 + 4111 -1 1

and use 1t

to solve the system ol equations :
X—y+72=4,x-2y-22=9,2x+y+3z= 1.
(A.I.C.B.S.E. 2017)

1 =1 21[-2 o 1’
(if) Use product | 0 2 =3 9 2 =3]1o
3 =2 4l 6 1 =2

solve the system of equations :
x—y+2z=1,2y-3z=1,3x-2y+4z=2.
(Kerala B. 2018; C.B.S.E. (F) 2011)

12. Solve the following systems of homogeneous
equations :

(1) 2x+3y-z =0

x—y—-2z =0

3x+y+3z =0

(i1) 3x+y-2z =0
xX+y+z=0
x—-2y+2z=0

(111) x+y-22=0
2x+y—-3z =0
dSx+4y-9z =0
(iv) x+y—-z =0
x—-2y+z =0
3x+6y-5z =0.

13. A school wants to award its students for the values
of Honesty, Regularity and Hardwork with a total cash award
of T 6,000. Three times the award money for Hard work added
to that given for honesty amounts to I 11,000. The awarc
money given for Honesty and Hard work together 1s double
the one given for Regularity. Represent the above situation
algebraically and find the award money for each value, using
matrix method. (C.B.S.E. 2013)

. Answers |

14. Two schools A and B want to award their selected
students on the values of sincerity, truthfulness and
helpfulness. The school A wants to award #x each, #Fy
each and ¥ z each for the three respective values to 3, 2
and 1 students respectively with a total award money of
Z 1.600. School B wants to spend & 2,300 to award 1ts 4, |
and 3 students on the respective values (by giving the
same award money to the three values as before). If the
total amount of award for one prize on each value 1s E 900,
using matrices, find the award money for each value.

(A.L.C.B.SE. 2014)

15. Two schools P and Q want to award their selected
students on the values of Discipline, Politeness and
Punctuality. The school P wants to award #x cach, #y
cach and # z each for the three respective values to 1ts 3, 2
and | students with a total award money ol # 1,000. School
Q wants to spend # 1.500 to award its 4, 1 and 3 students
on the respective values (by giving the same award money
for the three values as before). If the total amount of awards
for one prize on each value 18 # 600, using matrices, find

the award money for each value. (C.B.S.E. 2014)

16. (i)The sum of three numbers 1s 6. If we multiply third
number by 3 and add second number to it, we get 1 1. By adding
first and third numbers, we get double of the second number.
Represent it algebraically and find the numbers, using matrix
method. (NV.C.E.R.I1.; H.B. 2012)

(i1) The sum of three numbers 1s 6. Twice the third number
when added to the first number gives 7. On adding the sum of
the second and the third numbers to thrice the first number, we
get 12, Find the numbers by using matrix method.

(Meghalaya B. 2015)

17. The cost of 4 kg onion ; 3 kg wheat and 2 kg rice
is ¥ 60. The cost of 2 kg onion, 4 kg wheat and 6 kg rice is
< 90. The cost of 6 kg onion, 2 kg wheat and 3 kg rice is T 70.
Find cost of each item per kg by matnx method.

(N.C.E.R.T. ; H.B. 2012)

%
o

- —————

1. (i) — (ii) Consistent (i1i) Inconsistent.

2. (1) xz—i*v=£
11 11
(i) x=-1, y=4
(ii)) x=-1, y=2
(tv) x=3, y=-1
(v) x=2, y=-3

| —6 =19
3 A=y =—o
(i) TICARET

3 mdy= = |
4. (1) Consistent when a # 0 : Inconsistent when a = ()

(11) Inconsistent (1) — (iv) Consistent.



() *=LlHy=27r=3 T} x=2,y=3,2=5
(v x=1,y=2,z=3 3 'y
(vi) x=1,y=1,z=1 () =g §= b= 3
(vit) x=1l,y=1,z=1 . . .
5 11 —11 11
(viii) I=._‘_}‘=LZ=2 (111) x = 'E*}}:T., b E
(x) x=1,y=2,z=-1
() x=1y3=22=3 [ 0 1 =2]
o =2 -2
1 3 8. (i) - 3 ;
(xi) x:l,y:E,z:—E. L =1 3 =13
6. () x=2, y=1,z=3 x=2,y=1,z=3.
(i) x=3,y=1,2=~2 (i) x=1, y=2,z2=3.
(ti) x=1,y=2,2=3 9. @)x=1.y=1,z=1
i) x=gy=—1,%=1 (b)x=2,y=1,z=4.
(v) x=2,y=-1,z= 10. ) AB=6I;x=2,y=—1,z=4
(vi) x=3,y=-2.z=1 (ii)AB=81 ;x= 3, y=-2,z=—1.
(). ¥=24,3=12=3 11. () 8l3; x=3,y=-2,z=—1
1 3 (i) x=0,y=5,z=3.
l'll' :1!‘ ’:_*E:__ " "
R o Y= 2 12. (1)) - (i) x=y=2=0
(ix) x=1.y=2.z2=—1 (1i1) x=y=2z=k, for any real k
(M) =1 a=7 g=-] (v)x=k,y=2k, z=3 kfor any real k.
xi) x=1.y=1,z=2 13. Honesty : € 500, Regularity : ¥ 2,000, Hard work :
| | Z 3,500.
i) x=1l.3=2,2=3
14. % 200, ¥ 300 and T 400.
(i) x=l.y=2 z2=1
: 15.% 100, 200 and T 300.
(xiv) x=23=12=3
16.(¢) 1,2,3. (i) 3, 1, 2.
(xv) x=1,y=27=3 (1) (11)
. 17. Onion : T 5, Wheat : ¥ 8, Rice : T 8.
(xvi) x=1l,y==1,z=1.

— " Hints to Selected Questions ———————————@-0- - - —

.. | & 3 0.06x + 0.08y + 0.09 z = 4800
10. i) AB=61 = A _—.EB. - 6x + 8y + 9z = 48000C
Ox — 0.08y + 0.09z = 600 = Ox — 8y + 9z = 60000.

. | . N, )
Now X = A=!]17 _1lal7 : . 17. Le[.lhe price of 1 kg onion =% x, of 1 kg wheat =%y
7 6 5 and of 1 kg rice =% z.
- - Then 4x + 3y +2z=60
14. Here system of equations is : 2x + 4y + 62 =90

x+y+z = 65000 and 6x+2y+3z=70:etc.
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NCERT-FILE

(For each unsolved question, refer : “Solution of Modern’s abc of Mathematics”)

Exercise 4.1

Evaluate the determinants in Exercises 1 and 2.

38 3
2 4 I3A1=[0 3 6
1. _s5 —1| 0 0 12
Solution : ; = Z2f{—=1 5) (4 -—3 2 0
olution: | o _=2(D-(=5)(4) 710 12
=-2+20=18. [Expanding by C,]
| . ' =3(36 -0)=108 A 2)
cosf —sin6 2 _ —
20 (. o o D F—a¥y 2~ From (1) and (2). |3 A|=27 | A, which is true.
b e s xt] 5. Evaluate the determinants
[Solution : Refer Q. 5 (v)-(vi); Ex. 4(a)] - -
i ] 3 -1 =2 3 -4 5
| 2 : s
3.16A= |, | thenshow that|2A1=41Al LA e gy |1 L =&
- A 3 —=§ O % 3
[Solution : Refer Q. 4 (ii); Ex. 4(a)] ' 01 2 | 5 1 -
1 & T (i) [-1 0 =3 (iv) 10 2 -=1|.
4.1fA=|0 1 2|, thenshow that|3AI1=271Al -2 3 0 3 -5 0
Ll ] [Solution : Refer Q. 9 ; Ex. 4(a)]
s 8 3] (1 1 =2]
Solution : We have : A=|0 1 2}, 6. IfFA=12 1 =3 find Al
0 9 @ 5 4 —9
0 1 [Solution : Refer Q. 11 : Ex. 4(a)]
IAlI=[0 1 2 7. Find values of “x™,1f :
0 0 4 ' '
12 4 1R2x 4 12 3 [x 3
1 2 (1) = (11) = :
=(1) 0 4 |Expanding by C,] 5 | 6 x 4 5 |2x 5
Solution : Refer Q. 6 )-(ii): Ex. 4
= (1) (4—0)=4. [ ll on : Refer Q. 6 (a) (1)-(i1); Ex. 4(a)]
3 N AN — X 2 6 2
2T A= 2T~ 1N =LL) 8. If = , then “x’ 1s equal to :
_ : I8 x| |[I8 6
3 80 3
Now 3A=|0 3 6/. (A)6 (B)x6 (O)-6 (D)O.
0 0 12] [Ans. (B)]
Exercise 4.2
Using the property of determinants and without | |
expanding in Exercises 1 to 5, prove that : 2 7 65 1| bc alb+c)
' . B 8 75=0. 4. =().
© e R e 3 . 4. |1 ca b(c+a)=0
1. |y b y+b|=0_ 2. |b=¢c c—a a-b|=0. N o sy
2 ¢ +c c—a a—b b-—c [Solution : Refer Solution : Refer
[Solution : Refer [Solution : Refer Q.9 (0): Ex. 4(D)] Q. 10 (in); Ex. 4(b)]
Q. 9 (#ii); Ex. 4(b)] Q. 5 (a) (i); Ex. 4(b)]




.b+c

gt+r y+z a p X 1 1 ]
3 cta r+p z+x|=2b q vy | Solution: | @ b C
a+b p+qg x+y c r 2 a ¥ @
[Solution : Refer Q. 17 (ii); Ex. 4(b)]
By using properties of determinants, in Exercises l 0 0
6 to 14, show that : | a b—a c—D
. 1.3 3 3 3 ;3
0 a —b a b” —a c"—b
6 78 O =q=9. [Operating C, »C,~ C,and C, » C,— C,]
b ¢ 0 i ) "
[Solution : Refer Q. 9 (v); Ex. 4(b)] l 0 0
—a* ab ac _|a (b—a) (c—Db)
3 _ 2 2 _ 2 2
2 | ba i =4a2b2c2_ a (b—a)(b"+ba+a”) (c—b)(c"+cb+b")
P,
ca cb —c” =(b-a) (c - b)
_— ab ac
" 9 I 0 0
Solution : LHS =| pg _—bp bc . | |
2
S @ @ +ab+b® b +bc+c?
—a b C =(a-b)(b-c)
=abc| a -—b C
a b -—c ] |
[Taking a, b and ¢ common from R;, R, and R, a’ +ab+b>  b* +bc+c’
respectively]
- 1 l [Expanding by R]
= a*b*c?| 1 -1 1 =(a—b) (b—c) [(b*+ bc + 2)— (a® + ab + bY)]
l L =1 =(a-b)(b-c)[(c*—a*)+ b (c—a)]

Taki b and Cy Cy and €
[Taking a, b and ¢ common from C,, C, and C; —(@a=-b)(b-c)c—a)(a+b+ o),

respectively|
0 0 l which 1s true.
= a*b*c?|2 =2 I
0 2 —1 x x° ¥z
|Operating C; - C, + C; & C, » C, - (5] 9. |y yz ol =(x—y)Ny—2)(z—x)(xy+ yz+ zx).
Y. ¢
2522 5 1™ < : 2 Z Xy
— d e () Expanding by R
0 2 |[Expanding by R,)| [Solution : Refer Q. 24 (ii); Ex. 4(b)]
= a’b*c? (4 + 0) = 4a’b*c? = RHS.
| x+4 2x 2%
| a a 10. (i) | 2x  x+4  2x [=Gx+4)d—x)2.
8. )|l b b*=(a-b)b-c)c—a). 2x  2x x+4
r o 2 [Solution : Refer Q. 17 (b) (i); Ex. 4(b)]
[Solution : Refer Q. 18 (i); Ex. 4(b)] ytk y y
T Y| vy y+k y [=K*Gy+k).
'+ k
iiyla b c|=(a=b)b—c)c—a)a+b+c). d 2 !
L b o [Solution : Refer Q. 17 (b) (iii); Ex. 4(b)]




a—b—c 2a 2a
m. @l 2 b-c-a 2 |=(a+b+c).
2c 2 c—a—b
Solution :
Operating "R, = R, + R, + R;", we get :
- a+b+c a+b+c a+b+c
P 2b b—c—a 2b
2o 2c c—a—>b
1 1 1
=(a+ b+ ) b b—c—a 2b
2c 2c c—a—>b

|Taking (a + b + ¢) common from R‘,]

Operating “C, » C, - C, and C; » C; - C, 7, we get :

1 0 0
2c 0 —(a+b+c)
| —(a+b+c) 0
Z{H+b+£‘} 0 _(ﬂ_l_b_l_c,)

| Expanding by R ]
=(a+b+c)x(a+b+c)

=(a + b + ¢)°, which is true.

xt+y+2z X y
G|z y+z+2x y |=2x+y+2)°.
2 X T x¥iy

[Solution : Refer Q. 25; Ex. 4(b)]

12. _1:2 1 == x3 )2 . (Kerala B. 2016)

X xz 1
1 X _1_2
.r2 | X
Solution :
X .x2 |

|+I+:l.‘2 X 34:2
I+;v:+x2 l X

1+.1’+.1‘2 x2 ]

[Operating C, - C, + C, + C}]

13.

X x?
— (1 +x+x9) L
x> ]
[Taking (1 + x + x°) common from C,|
I X Jn:2

2

—(l+x+x) |0 1=x x—x

0 x*—-1 1-x

[Operating R, »R,-R, & R; > R; - R,]

1—x x—xz
=(l+x+x9) | »
x° -1

l—x%
|Expanding by C,]

I 7 §

- 2 2
=(l+x+x°) (] —x) T ]

[Taking (I — x) common from C, & C,]
=(1-x)2 (L +x+x3) (1 +x+ 12
=(1 =x)? (1 + x+ x%)*
= (1 — x*)%, which is true.

L 4g” ~b” 2ab —2b
2ab 1—a® +b? 2a  |=0+d®+b%).
2b ~Ba  I—ar =
[Solution : Refer Q. 23 (iii) Ex. 4(b)]
1.2
a” +1 ab ac
4. | ab  B2+1  be |=1+a® +b2+c2.
ca ch r:2+l
ﬂ2+l ab ac
2
Solution : LHS = | ab b” +1 bc
ac bc c2+l
1
a+— b C
a
|
=abc| a b+— c
b
]
a b c+—
C

|
8
(3
q-.l
(3%
-+
i
(38

|Multiplying C, by a, C, by b & C; by |



2

2
2

1+a2+b2+c
2 2

l+a“ +b° +c

1+a% +b% +c

=(1+a%+b% +c?)

bZ 2

C
b2+l c2
b2 c? +1

[Operating C; — C,; + C2 + C3]
] b? c?
1 b +1 ¢?
1 b* 2+

[Taking (1 + a’ + b? + c?) common from C ]

=(14+a2 +b% +¢c2)

| .JF:r"2 cz
0 1 0
0O O 1

[Operating R, > R, —R; & R; — R, - R;]

o7 |

=(l+a*+b*+A)(1)(1-0) [Expanding by C,]
= 1 +a% + b* + ¢ = RHS.

Choose the correct answer in Exercises 15 and 16.
15. Let A be a square matrix of order 3 x 3, then | kA |15
equal to :

(A) KAl (B) KIAl (OKIAl  (D)3KAL
[Ans. (C)]

16. Which of the following 1s correct ?

(A) Determinant 1s a square matrix

(B) Determinant is a number associated to a matrix

(C) Determinant 1s a number associated to a square matrix

(D) None of these. [Ans. (C)]

Exercise 4.3

1. Find area of the tmangle with vertices at the points
agiven 1n each of the following :

(D) (1,0),(6,0), 4, 3) i) (2,7),(1, 1), (10, 8)

(i) (—2,-3),(3, 2),

(— 1, - 8).

[Solution : Refer Q. 1 (i), Q. 2 (i7) and (iii); Ex. 4(d)]

2. Show that points :

Ala,b+c).B (b, c+a)Cl(c a+ b)are collinear,
[Solution : Refer Q. 11; Ex. 4(d)]

3. Find values of *k" if arca of the tnangle 1s 4 sq. units

and vertices are :

(i) (k,0), (4.0), (0, 2).

Solution : We have : —

Expanding by R, —i—{k)

Write Minors and
following determinants :

B =4
1. (i) 0 3 (1)

& 8
4 0 1|==x4

20 2 1
0 1 14 o
5 l+-—-(l)|0 5 |=x4

K I
—(0-=2 —(8—=0)=+:¢

— —k+4=+4.

Hence, k=0,8.

(it) (—2,0),(0,4), (0, k).
[Solution : Refer Q. 6 (i); Ex. 4(d)]

4. (i) Find equation of line joining (1, 2) and (3, 6), using
determinants.

[Solution : Refer Q. 8(i); Ex. 4(d)]

(i1) Find equation of line joining (3, 1) and (9, 3), using
determinants.

[Solution : Refer Q. 8(ii); Ex. 4(d)]

S. If arca of tmangle 1s 35 sq. units with vertices (2, — 6),
(5.4) and (k, 4). Then *k"1s ¢

(A)l12 (B) -2 (O)-12,-2 (D) 12, - 2.
[Ans. (D)]

Exercise 4.4

Cofactors of the elements of

a cC

b d|

[Solution : Refer Q. 5; Ex. 4(e)]

h o o
2.0 10 1 0
g @ 1

[Solution : Refer
Q. 7(i): Ex. 4(e)]

Il o 4
div 3 5 =1l
01 2

[Solution : Refer
Q. 8(ui); Ex. 4(e)]

3. Using Cofactors of elements of second row, evaluate

5 3 8
A=12 0 1]
] 2 3
Solution : (/) Here ”21=1 dyy =0 and Ayy =
3 8
M,, = 3 =9_16=-7":

5 8

M:E — l 3 215—8:?
3 3

MZ?’ — l 2 :10—3:7




1P Mey =1 3{D=T
2+ 3 — -

a) 4z Qg3
S.1fA=|921 a2 az3| and Aij 1s Cofactors of aij. then
dy) dazp dasj

= W] ida Ayt aigig,
= Q)N+ (D) +()(T)
= 14+0-7=7.

4. Using Cofactors of elements of third column, evaluate :

value of A 1s given by :
(Ayay Ay +ap Ay +ap A

(B) a A“ +a, A:,_] +a, A

33

3
(C)ay A+ Gy Ay +ayy Ay

L & R (Dya; A +a, Ay +ay Ay
A=l ¥y =zl [Ans. (D)]
| -

[Solution : Refer Q. 9: Ex. 4(e)]
Exercise 4.5

Find adjoint of each of the matrices in Exercises 1 y 1

and 2: ! 0 O
i _ 1 0 cosa sma
f —=1 2 6 e oo |
1 2 1 I’ SIN —COS fI_
7 ERE | |
‘ -2 0 1] 1 0 0
[Solution : Refer [Solution : Refer Solution : LetA= |0 cosa  sina|.
Q. 4(ii); Ex. 4(g)] Q. 4(iv); Ex. 4(g)] |0 sina —cosa|
Verify A (adj A) = (adj A) A=1A11 in Exercises 3 and |
s — IAlI= |0 cosa sina
2 3] 0 sina -—cos«
3. [_4 _6 2 4- 3 0 2 . " 51
g 1 0 3_! =(1)(—~cosca—-sinca)=—1 # ().

" A is non-singular = A exists.
[Solutions : (3-4) : Refer Q. 7(a); Ex. 4(g)]
Find the inverse of each of the matrices (if it exists)
given in Exercises Sto 11 :

COS ! S1N ¢

Now A =(- ]yt~

SsIN —COS

iy | A B =(+ 1) (- cos’a —sin*a)
ion : (5-6) : Refer Q. 8; Ex. ¢ |0 sina
[Solution : (5-6) Refer Q. 8; Ex 4{3}] A” = (— ])!*2 =(-10)=0":
. . . 0 —cosa
] 2 3
7. |19 2 4|, 0 cose |
0 0 5 Au=!—1}‘”0 e =(+ 1) (0)=0.
1 6 6 i 5 0
= W F A, =12 | = (=1)(0)=0:
] 3 0 9. | 4 -1 0} - sina —Ccosd
5> 2 -1 -7 2 1 -
) ) i i | 1 0
: ) A, =(-1)"* =(+1)(-cosa)=—-cosa ;
1 -1 2 - 0 —cosa
10. |0 2 -=3]|. _
1 0
3 -2 4 A,, = (1) _ =(=1)(sima)=—sina
- 0 sina

[Solutions : (7-10) : Refer Q. 15: Ex. 4(g)]




A

312{_”3“

A1=(—1)3+2

— 3+3
A, =(=D*

adj A =

Al

1 0
0 sina

|1

0 cos

(—1 0
0 —cosa

0 —-sina

=i 0
0 —cosa

| 0 —sina

1
= (adj A)
Al

-1

1 0
0 cosa

o
12. LetA= |,

and B =

5

Verify that (AB)™' =B~ A~!.
[Solution : Refer Q. 11(ii); Ex. 4(g)]

13. Let A=

3 1
- 1

Hence, find A~
[Solution : Refer Q. 12(c); Ex. 4(g)]

14. For the matrnix A =

‘b’ such that A% + aA + bl = O.

0 —cosa

0 —sina

Sin a
0 sina —cosa

0
—sIna

cosa |

0

—sina |.

cos |

0

0

[Solution : Refer Q. 13(a); Ex. 4(g)]

15. For the matrix A =

1 1

L 2
2 =1

1
— 3
3

— 81N

cos |

0
. =¥ 1)y =0;

COSda SIn

=(-1)(sina)=-sina ;

01 =(+1)(cosa)=cosa.
a

0

, show that A= 5A + 71 = O.

» find the numbers ‘@ and

Show that A3 — 6A% + 5A + 11 1= 0. Hence. find A™! .

Solution. We have :

Il

1 1 1
A=11 2 -3\
2 -1 3

AT=A A
1 1 20T 1 I
1 2 —311 2 -3
2 -1 3|2 -1 3
141492 1421 1=8+8
1+2—-6 1+4+3 1—-6-9
| 2148 E—2&—~3 Z+3+8|
4 2 il
—~=3 8 =14|.
7 -3 14|

A3=A2A =
4 2 1] s
-3 8 -14 2 -3
7 -3 14}|2 -1 3
[ 44242 4+4-1 4-6+3 |
-3+8-28 —-3+16+14 —-3-24-42
' 7-3+28 7-6-14 7+9+42
8 7 1]
—-23 27 —69
32 -13 58|

Now A3 —6A2+5A + 111

8 7
-23 27
| 32 183
-8 7
-23 AR |
32 -13

1
-69
08

—69
58

4 2
—-6| -3 8
7 -3
s I
+5|1 2
2 -1
(—24 —12
+| 18 -48
—42 18
5 5
+ 5 10
10 -5

-15

1
—14
14 |
i 1 0 O]
~-3|+1110 T O
3] |0 0 1]
—6_
84
—84 |
51 111 O 0O
+l0 11 0
151 jo O 11




[ 8=244+5+11 7-1245+0
=|—-23+18+5+0 27—-48+10+11
132-42+10+0 -13+18-5+0
1-6+5+40
—69+84—-15+0
58 —84 +15+11

0
0

0 0]
O 0] =0, which is true.
0O O

0
Now AP —6A2+5A +111=0.

Multiplying by A~', we get :
(ATA)A-6(ATA)A+5(A'A) +11(ATDH=0
=>JA2-6TA+51+11 A'=0

= 1 1A' =— A2+ 6A - 5I

— E = 3 E

4 2 1 1 1 1
=—l=—ag & —l4dl+bll Z —J
7 -3 14 2 —1 B

P ]

-5(0 1 0

0 0 1
—4 —2 =1 e & '8
=l 3 -8 14(+] 6 12 -18
-7 3 -14| |12 -6 18

-5 0 0]

| @ =5 0O

0 0 -5

—4+46-5 -246+0 —1+6+0 |
= 3+6+0 —-8+12-5 14-18+0
—7+124+0 3-6+40 —14+18-5

-3 4 o
= 9 -1 —-4|.
FEEE
4 A 5
11 11 11
9 -1 -4
Hence, A = .
14 AL 34
b -3 -1
i 1 3
| 2 =3 I
- e I
wiwEa=l"" -
|3 =& %

Verify that A> — 6A% + 9A — 41 = O and hence, find AL .

[Solution : Refer Q. 19; Ex. 4(g)]

17. Let A be a non-singular square matrix of order 3 x 3.
Then ladj Al 1s equal to :

(A)IAl (B) IAP (O)IAP (D)31Al.  [Ans. (B)]
18. If A is an invertible matrix of order 2, then det (A1)
1s equal to :
B) “der(A)

(A) det (A) (C)1 (D)O. [Ans. (B)]

Exercise 4.6

Examine the consistency of the system of equations
in Exercise 1to 6:

. x+2y=2 2. 2x—y=3 3 x+3y=3
2x + 3y = 3. x+y=4. 2x + 6y = 8.

[Solutions : (1-3) : Refer Q. 1: Ex. 4(h)]

4. x+y+z=1

Il
I

2x + 3y + 22

6. Sx—y—-4z=5
2x+ 3y + 5z=2
Sx —2y+6z=-1.
[Solutions : (4-6) : Refer Q. 4: Ex. 4(h)]
Solve system of linear equations, using matrix method,
in Exercises 7 to 14 :
7. 5x+2y=4 8. 2x-y=-29.4x-3y=7
11X +3y=23. 3x +4y = 3. X — = .

10.5x+ 2y =3

3x+ 2y =3.
[Solution : (7-10) : Refer Q. 2: Ex. 4(h)]
1l.2x +y+z=

19 | W

X i
3y—-5z=09.

[Solution : Refer Q. 5(xi); Ex. 4(h)]
12.x-y+z=4

2x+y—3z=0

_2};_'.-':

xX+y+2=2.
[Solution : Refer Q. 6(iv); Ex. 4(h)]
13.2x + 3y + 3z=5
x-2y+z=-4
Ix—-y-2z=23.
[Solution : Refer Q. S(ix); Ex. 4(h)]
14. x—-y+2z=7
Ix+4y-5z= -3
2x— y+ 3z=12.
[Solution : Refer Q. 6(1); Ex. 4(h)]



2 -3 5
15.16A=13 2 —4| GadA-l
11 =2

Using A~ solve the system of equatic

ms .

Ix+2y-4z=-5
X+y-—2z=-3.
[Solution : Refer Q. 8(ii); Ex. 4(h)]
16.The cost of 4 kg onton, 3 kg wheat and 2 kg rice 1s

< 60. The cost of 2 kg onion, 4 kg wheat and 6 kg rice 1s T 90).
The cost of 6 kg onion, 2 kg wheat and 3 kg rice is ¥ 70. Find
cost of each item per kg by matrix method.

[Solution : Refer Q. 17; Ex. 4(h)]

Miscellaneous Exercise on Chapter | 4

2x —3y+ 5z=11
: & sinf@  cos6
1. Prove that the determinant |[—sinf® —x I | 18
cos 6 1 ¥

independent of 6.
[Solution : Refer Q. 34; Ex. 4(b)]

2. Without expanding the determinant, prove that

bbz ca

[Solution : Refer Q. 13; Ex. 4(b)]

3. Evaluate | —sinf cos f3

sinacosf sinasin

[Solution : Refer Q. 11; Rev. Ex.]

a a* bel 1 &* o

Il
o
)
u-u
o

C cz abl |l u::2 £‘3

cosacosfl cosasinff —sina

0

COS I

4. If a, b and ¢ are real numbers, and

.b+c ct+a a+b
A=|cta a+b b+c|=0,
a+b b+c c+a

show thatetthera+b+c=0o0ra=5h=c

.b+c c+a a+b

Solution :|c+a a+b b+c
a+b b+c c+a

.Ha+b+ﬁ c+a a+b
20a+b+c) a+b b+c
20a+b+c) b+c c+a

0

|Operating C; = C; + C, + (3|

c+a a+b
=>2(a+b+c) atb b+tc
b+c c+a

=0

|Taking 2 (a + b + ¢) common from C,]|

| c+a a+b
>2@+b+o) |V b7c c—al_
0 c—a a-—b»>b

|Operating R, > R, - R; & R; = R; — R,|

R b—¢ ¢—
=>2(a+b+c)(]) 2 oo

C a
—d b =1
|Expanding by C,|

>2@+b+c)[(b-c)@a-b)-(c-a)|=0

=>2(a@+b+c)ab-b*—ca+bc-c*-a*+2a) =0

=>_-2@(@+b+c)@+b*+c*—ab-bc-ca)=0

> —(a+ b+ 0)[2d* + 2b* + 2¢* — 2ab — 2bc — 2ca] = ()

> _(a+ b+ c) @+ b?-2ab) + (b* + ¢ - 2bc)
+ (e + a* - 2ca)] =0

> _—(a+b+o)|fa-b+b-c)+(c-a)? =0

= either a+ b +c=0

or[la=b* +b-c)+(c-a)? =0

ltee.a-b=0,b-c=0,c-a=90

iea=b b=cc=a

Le.a= D =6

which i1s true.

x+a X X

S. Solve the equation | x x+a x |=0,a#0,

X X X+a
xX+a X X
Solution : We have : X x+a X =0
X X X+a
3x+a X X
=>|3x+a x+a ¢ =:[)
3x+a X xX+a

[Operating C;, - C, + C, + C;]



= (3x + a)

= (3x+a)

| x X
1 x+a X =)
| X x+a
[Taking (3x + a) common from C,]
] x X
0O a 0] =0
0O 0 a

Operating R,

>R,-R, & R; > R; - R,

()
= (3x + a) (1) g | =0 (Expanding by C))
= [3x+u}{a2—ﬂ} o |
= 3x+a = 0. [+ a® # 0]
- a
nee. X = ——
CHCC 3
az bc ac+c2
6. Prove that ﬂ2+ﬂb bz ac =4a2b2c2.
ab b* +bc 2
a? be ac + c?
Solution : |¢% + ab b> ac
ab b2 +be c2
a c a+c
—abe l2t0 D a
b b+c c

|Taking a, b, c common from C,, C,, C, respectively]

=abc

=2abc

= 2abc

2¢a +¢)

2(a+b)
2(b+c)

a+c
a+b

a+c
a+b
b+ c

b+c b+c c

C a+c
b a
b+c c

[Operating C, - C,+ C, + C]

¢c a+c
b a

|Taking 2 common from C,|

—-a 0
—-a -b
0 -b

|Operating C;, »C,—-C,and C; - Cy;-C|]

=2a’b*c

a+c 1 0

a+b 1 1
b+c 0 1

| Taking (- a) common from C, and (— b) common from (5]

= 2a°b*c [(-

D(=b-c)+(1)(a+c—a-b)]
|Expanding by C;]

:_ﬂzbzf[b+{‘+ﬂ+£‘-ﬂ—b]

= 2a%b%c (2¢) = 4 a?b?c2. which is true.

3 -1 1
7, fals 72 & =D
| 5 -2 2|
1 2 7]
andB=[-1 3 0/, find(AB)"!.
| & =3 i

[Solution : Refer Q. 20; Ex. 4(g)]

8. LetA=

(i) [adj AT = adj (A" (i) (A1)

—%

1 =2 1
> 1
1 5

. Verity that :

|

[Solution : Refer Q. 21; Ex. 4(g)]

9. Evaluate

X y xX+y

y Xy X

X+y X y

[Solution : Refer Q. 16(iv); Ex. 4(b)]

10.Evaluate

1 b ; y
Il x+y vy
1 x x+y

[Solution : Refer Q. 16(v); Ex. 4(b)]
Using properties of determinants in Exercises 11 to

15, prove that :
a o ﬁ+y|
2
+a
1. P ‘82 T = (B-y)y—a)a-B)(a+f+y).
y y° atf
[Solution : Refer Q. 22(iv); Ex. 4(b)]
x x° l+,r1ur:3
12.{y y* 14 py’|=(1+pxyz)(x—y)(y—2)(z—x).
z 7 l+,'.:=z3
[Solution : Refer Q. 29; Ex. 4(b)]
3a —a+b —a+c
13. —-b+a 3b —b+c
—c+a c+b £

=3(a+b+c)(ab+bc+ca).



3a —a+b —a+c
-b+a 3b —-b+c
—c+a -—-c+b 3¢

Solution :

Ia+b+c —a+b —-a+c
a+b+c 3b -b+c
a+b+c —c+b 3¢

|Operating C;, —> C, + C, + (5]

I1 —a+b —a+c
] 3b -b+c

=(a+b+c)
1 —c+b 3c
-1 —-a+b —-a+c
0 —c+a 2c+a

|Operating R, —> R, — R,
and Ry —> Ry —R|]
=(a+b+c)[(2b+a)(2c+a)—-(a—-b)(a--c)]
=(a+ b+ c)[4bc + 2ab + 2ca + a* — a* + ac
+ ab — bc]
=(a+b+c)|3bc + 3ca + 3ab]

=3 (a+ b +c)(ab + bc + ca), which is true.

ll 1+ p I+ g%y
14.12 3+2p 4+3p+2¢q|=1.
J 6+3p 10+6p+3g

Solution : Operating R, = R, - 2R, and R; = R; - 3R .
we gel :

.1 1+p 1+p+q
A=|0 1 2+p
0O 3 T+3p

I 2+p
=D|3 743p

[Expanding by C,]
=(7+3p)-(6+3p)=7-6=1.

sina  cosa cos(a+0)
15.]sinf8 cosfB cos(f+0)|=0.
siny  cosy cos(y+0)

lsina cosa cos(a + 0)
Solution : (sin f cosf cos(f+0)
siny cosy cos(y+09)

sina cosa O
sinff cosf O
siny cosy O
|Operating C; — C5 + sin dC| — cos d C,]

= 0.

16.Solve the system of the following equations :

2 3 10
+—+—=4

x ¥ z

4 6 5

O . W,

X Yy g

6 9 20

—_—_—

X y L

[Solution : Refer Q. 7(i); Ex. 4(h)]
Choose the correct answer in Exercises 17 to 19 :
17.1f a, b, ¢ are in A.P.. then the determinant

-x+2 x+3 x+2a
x+3 x+4 x+2b|is;
x+4 x+5 x+2c

A0 B 1 (€)x (D)2
[Ans. (A)]
18.11 x, y, z are non-zero real numbers, then the inverse
x 0 0
of matrix A=10 y 0]1s :
9 4 z
[ -1 [ -1 |
X 0 0 X 0 0
Ay 0yt oo B)xzl 0 y b 0
0 0 z_l_ L0 0 :5_1_
]'x 0 0 1'100'
tClEU}'O (D) —ZUIU
00 z o o1
|Ans. (A)]

= =

1 sin & 1
19.I1ct A= | —siné 1 sinf |.

-1 —sin@ |

where 0 < @ < 2. Then :

(A) Det (A)=0
(C) Det (A) € (2, 4)

(B) Det (A) € (2, »)
(D) Det (A) € [2. 4].
[Ans. (D)]



Questions From NCERT Exemplar

1 x x L 3 3 Solution. Let
Example 1.IfA= (1 Y y* |, A =|¥z2 ZX Xy|,
1 z z° X Y 12 | | ]

A =| I+smA 1+ sin B 1+sin C
then prove that A + A, = 0.

j {dp )

. . . . . -
sin A +sin°A  sin B +sin’B  sin C + sin*C

Solution. A, = |7* < ] l l

x y z _ .
—|l+sin A l1+smB 1+sinC
1 yz x
| — {:u::.:A —cos’B  —cos°C
= = [Inter-changing rows and columns|
1 xy z [Operating R; > R; —R,]
2 ' 1 0 0
x Xyr X
A S PR ~ |l+sinA  sinB-sinA  sinC—sin B
e 7 XYz ZZ —cos’A  cos’A—cos® B cos’B—cos’C
Multiplying R, by x, R, by y and}‘?j by z and [Operating C, » C,-C, & C; »C;-C,]
, taking —— outside | = (1) (sin B —sin A) (cos’B — ¢c0s°C)
x 1 =x Xy< b 3 -
- —(cos“A = cos“B) (sin C — sin B)
- ) ,
==y 1 Yy ; |Expanding by R, ]
* : Taking xvz common from C _ _ _ _ <
X% e Zz | 5% Ir 3] = (sin B =sin A) (1 — sin°B = 1 + sin’C)
— (1 —sin*A = 1 + sin?B) (sin C — sin B)
I & & — (sin B — sin A) (sin2 C — sinZB)
" i L o
==l yz [Operating C, < C,) | | | —(h]_n(‘—:-,m B) (sin“B — sin“A)
5 =(sin B —sin A) (sin C —sin B)
— Iz z (sinC+smB-sinB-smnA)
Heice K & A-=0 = (sin B —sin A) (sin C —sin B) (sin C — sin A).
1 =

NowA=0= sinB —sinA=1()

Example 2. Without expanding, show that : or sSinC-smB=0orsinC-smA=0

cosec’d cot’6 1 > A=BorB=CorC=A
ot cosec’d ~1l=0 = Trnangle ABC 1s 1sosceles.
A = 42 40 2 Example 4. Show that if the determinant :
Solution. Operating C, = C, - C, — C,, we get : 3 —2 sin30 1
' A=|-7 8 co0s26/=0,thensin@=0o0r —.
cosec0—cot? 60— 1 cot” 6 1 2
) ) , —-11 14 2
A |cot 6 —cosec’@+1 cosec”@ -1
42 —40-2 40 2
' . 3 =2 sin 38
0 cot“é6 | . o -9
a — T Solution : We have : | e =
=10 cosec“6 1| =0. AT 18 g
0 40 2
Example 3. In a triangle ABC, if . S
xample 3. In a triangle Jf : _
S 8 |5 0 essdPddsindl| =0
1 1 1 10 0 2+7sin36
1+sin A 1+sin B 1+sinC |=0, [Operating R, >R, + 4R, and R; >R, + 7R ]
sin A +sin’A sin B +sin’B  sin C + sin*C = 2[5(2+7sin36)—10(cos26 +4sin36)] =0

then prove that AABC is an isosceles triangle. |Expanding by C,]



= [0[(2+ 7 sin 360) — (2 cos 20 + 8 sin 36)] =0 = sin@ (4sin“@ +4sinf —3)=0
=>2+7sin360-2cos20— 8sin30=0 = sinf (2sinf —1)(2sinf +3)=0
=2 _2cos208 - sin30 =0 : . ]
=2 sinf@=0orsinf® = —, whichist
22 (1—72 sin?6 ) — (3 sin 8 — 4 sin’g) = 0 R By -
= 4 sin’@ — 3sin 6 + 4 sin’d =0 [ S,n,g:__ iv-not true
Exercise
X p q Ix 2 3
1. Showthat A= [P X 4| =(x—p)(x*+px—2g%). 3. fx=—41sarootof A= |1 x 1/=0, then find the
q 9 X 3 & 2

0 b—a c—a
other two roots.

2. 1fA= 470 0 =B ihen show that A is equal
0 S 4. Show that the points (a +5, a—4),(a-1, a+ 3) and

(a, a) do not lie on a straight line for any value of a.

a—c b-—c
O ZeT0.

Y
b

Answers )

3. 1 and 3

Revision Exercise

2 l a* a’—-(b-c)* bec
1. For the matrix A = 7 5| find "x" and "y’ so that I 2
_ b= b~ —(c—a)” «ca

- 3
A% + xI = yA. Hence find A~1. 2 2—(a=-b)? ab
2. Without expanding, show that the following
determinants vanish : =(a-b)(b-c)(c—a)(a+b+c)a*+b*+c%
L .ca2..2 .2 3.3
| cos(B—0o) cos(y—o) (0 +Z 2" ) 2”b2 .
?, o _
. |cos(o—P) l cos(Y—B) 6. . i e =)
(1) 2:‘13 2b3
cos(ot—7y) cos(B-7) |
b b b b 2¢”
2bic cy> +byc cx + by
1€1 162 +bycy b3 +bcy 5 .3 b ol 432 42
G bli.‘2 +b2£‘1 Ebzfz b2E3+b3£‘2 ' —C(H2 +b2 —Ez)l
blﬂ'3 +b3£'| b2C3 +b3(1'2 2b3£'3
Prove the following (3 - 8) : i
| B ( ) | bc+ad b*c* +a*d?
arbine  maza - mmo 3 7.|1 ca+bd c*a* +b%d?
3.| nc—c +c+na nb— =n(a+b+c). v szz_l_fzdz
nc—c na-—a c+a+nb

={a-b)(a—-c)(a—d)(b—c) (b—d) (c—dqd).

| (a+D(a+2) a+2 1

| a% + B> 8. l(a+2)(a+3) a+3 1|=-2,
C . ¢ (a+3)(a+4) a+4 1
b? +c2
4. a . a = 4abc. e, *c, “'C3
b b c* +a’ 9. Evaluate:| *Cy YC, YC;|. (N.C.E.R.T.)
b ::Cl zcz EC3




10. Prove that :

a+bx c+dx p+gx a ¢ p
A=|lax+b cx+d px+gq =(1-x*)|b d g |
u V w HW v w
(N.C.E.R.T.)
cosocosP cosasinf —sino
11. Evaluate : | —sinf3 cos 3 0
sinctcosB sinosinpB  coso

(N.C.E.R.T.)
12.1f a, b, c are different, then the determinant :
| 1 1 1

(x—a)> (x—b)* (x—c)>
(x=b)(x—c) (x—c)(x—a) (x—a)(x-D)

| ]
vanishes when x = 3 (a+b+c).

2 2 2 w2 X 2
x“ —a x“=b" x"—-c

13.1f (x-—a}3 (I—b)3 (x—c)3 =0, and a, b, c are
(x+a)> (x+b)® (x+¢)°

1
all distinct, then prove that x =0, £ \/E(E ab).

14. If a, b, ¢ are in A.P., find the value of :
2y+4 S5y+7 8y+a
3y+S 6y+8 9y+b|

4dy+6 Ty+9 10y +c
(NC.ER.T.: Jammu B. 2017)

Solution. Operating R, - R, + R; - 2R,, we get :

0 0 0
4y+6 T79y+9 10y+c

|>"a, b, carein A.P. = 2b = a + c]
15.10 ax? + 2 hxy + by” +2 gx+2 i+ ¢
=(Ix+my+n)(l’x+m’ y+n’), then prove that :

h g
fl-o
C

a
h
8

b
f

6 Hasbro=tandg| € 2% 9 |- then
b

show that :

3
x=0o0rx= J(?J(ﬂz +b* +CZ).

17.If A + B + C = x, find the value of :

sin(A+B+C) sinB cosC

—sin B 0 tan A _

cos (A +B) —tan A 0

Solution. Here given det.

| 0 sinB cosC

—sin B 0 tan A
cos(A+B) —tan A 0

[ sin(A+ B+ C)=sinn=10]

0 smB cosC
—sin B 0 tan A

—cosC —tan A 0 ,

[+ cos (A+ B)=cos (m—-C) =-cos C]

which vanishes as 1t 1s skew—symmetric matrix and of an
odd order.

18. Prove that :
x == I+ px3
y: 1+ py’
zz | + p23

=1+ pxyz) (x—y)(y—2) (z— x),
where p 1s a scalar.

3 —3 &
7

19.1fA=|% = 4|, then A3=A-!. What is adj. A ?
0 -1 1
. o
# S

20.10A=|2 > 4| show that A* = . Hence find A",
0 =4 1
- o tan x

2. IfTA = — tan x 1| show that :

1 COS 2x —Sin 2x
AATY=

sin 2x cos2x |-

22. A= £l verify that :

(adj. Ay~ = (adj. A7).
23. Prove that :
(Had). I =1 (if) ad). O =0

(iif) In_l =1,.



24. Let D = diag. [dy, d5, d3], where none of dy, d5, dj
1s O : prove that :

D' =diag. [d;~},d>7 ), d53 7]

COs (L

25. et F(ar) = | SN @

and G(B) =

0

- cos P
0

—sinot 0
coso 0

0 sinP]

—sinB 0 cosP]

0 1

—

L0 | Show that

[F(0).G(B) ' =G (- B) . F(— o).

26. Obtain the inverses of the matrices

1 0 0
g 1 0
0 g 1,
l+pg p O
g l+pg p|
| 0 q 1
1
27. Use product 0
3

and

. And. hence find the 1inverse of the matrix

solve the equations :
X-y+2z=1,2y-32=1,3x -2y +4z = 2.

-1 2lI-2 0o 1

2, =3l ® 2 =B &

-2 4| 6 1 -2
(N.C.E.R.T.)

Solution. (i) Consider the product :

I =1 2] [~2
0 2 -3 9
3 ~2 41 6

=|-0+18—18
—6—18+24

L =1 2
Hence, 0 2 -3
3 -2 4|

(i1) Given equations can be written as :

— =

I
9
-

-
e
4=
I
o
-
I
=)
..|..
o)
Il
-

Il
N O 19

i3
1
2

B = (A 'A)X=A'B

= X=A!B

A 3 6
C |is divisible by k.
2

x| [-2 0 1|1
= |(yl=| 9 2 -3|}|1
Zz] [ & 4 =Z]l2
-2+0+2| [0
=| 9+2-6 |=|5].
| GaEl=d | |.3)
Hence, x=0,y=2,.2=3
P b c
28.Iffa#p,b#q,c#rand |a q c|=0,then find
a b r
r
the value of P 4 1 + A
P—-a q-b r-c
p b c
Solution. [a g c¢|[=0
a b r
p—a b-gqg 0
=] O g-b c—-r|=0
a b r

=}

[Operating R; > R; —R,, R, > R, — Rj]
= (p—a) (g—b)r+ (p—a)(r—-c)b+a(qg->b)(r—c)

|[Expanding by C,]

r b a
r—¢ g-b p—a
[Dividing by (p —a) (g — b) (r —c)]
r b—-q+q a-p+
— + 9 q-i— il =0 (Note this step)
F—ig q—b p—a
oo B P e By
r—c q—b p—a
Hence, —2—+ 44+ T =
p—a g=b r—e

29. Let the three-digit numbers A28, 3B9 and 62C,
where A, B and C are integers between 0 and 9, be
divisible by fixed integer k. Show that the determinant

8 9
2 B

Solution. Since A28, 3B9 and 62C are divisible by &,

A28 =100A + 20+ 8=1[k ..(1)
3B9 =300+ 10B + 9 = mk < 2)
and 62C =600+ 20 + C = nk T o)

where [, m, n € L.

Now A=

A 3
8 9
2 B

6
C
2




A

3 6

100A +28 309+10B 620+ C

2 B 2
|Operating R, — R, + 100R; + 10R;]
A 3 6
=|lk mk nk :
s B 3 [Using (1), (2) and (3)]
A 3 6
=k| !l m n|, whichis divisible by k.
2 B 2

30. Let a > 0, d > 0. Find the value of the
determinant :

l 1 1
a a(a+d) (a+d)(a+2d)
1 1 1
a+d (@+d@+2d) (@+2d)@+3d)]|
1 1 1
a+2d (a+2d)(a+3d) (a+3d)(a+4d)
l l
a ala+d)
Solution. A= l :
a+d (a+d)(a+ 2d)
1 l
a+ 2d {a+2d}_{a+3d}

1

(a+d)(a+2d)
1

(a+2d)(a+ 3d)
l

1

a(a+d)? (a+2d) (a+3d)° (a+4d)

| (a+d)(a+2d)
(a+2d)(a+ 3d)
(a+3d) (a+4d)

a+ 2d a
a+3d a+d
a+4d a+ 2d

l

a(a+d)? (a+2d)° (a+3d)? (a+4d)

(a+d)(a+2d)
(a+2d) (a+ 3d)
(a+3d)(a+4d)

2d
2d
2d

a
a+d
a+2d

[Operating C, — C, — C;]

1

 akaddi® ta 3852 tas 82 (oA

| (a+d)(a+2d)
2d (a+ 2d)
2d (a + 3d)

2d
0
0

a

d
d

|Operating R, - R, - R; & R; — R; - R,]

1

G E+ DL a2 a4 33 tasady

(— 2d) [2d? (a + 2d) — 2d? (a + 3d)]

—2d

[Expanding by C,]

a(a+d)? (a+2d)° (a+3d)* (a+4d)

4d*?

[—2d)°

ﬂ{ﬂ+d}2 {_ﬂ+2d}3 {_H+3d_}2 (a +4d]-

 Answers |

(a+3d)(a+4d)
o ( 5/8 -1/8
1. x=8.v=8: A "= :
‘ -7/8 3/8
|
9.nyzlx—y)(y—z)(z—x).
11. 1.
T3 -1 4 | L4 B
19. | -2 3 ], 20. (-2 3 4]
| —.2 3 = -3 3 =3

1 o-p PPl T o0 o
o5, |0 ! P77 Oang
_0 0 lJ g =g 1
1 —p # |
-q  pg+l  —p°q-p
_q2 -pq” —q p2q2+pq+u



—" Hints to Selected Questions

1LLA2+xI=yA

= A VAZ $x A7 =3 AT1A
= (ATA)A+xA T =yA A
= IA+xA 1=yl

— A+x A" =yl

4 yI-A
=:>A]=y 1

X
cosot smo 0
2. (i) Given det. = cosp sinf 0
cosy smy 0

coso cosP  cosy
sin0t  sinf3 siny
0 0 I

by ¢ Ol|leg 3 3
i) Givendet. = |22 €2 0|1 by b3
b} C3 0 0 0 0

|

4. Multiply R, R, and R, by ¢, a and b respectively and

dividing by abc.

S. Oparate Cy = C, —C,, then take (- 1) common from

C, and then operate Cy) ->C, +C +2C;5.

6. O]IR:I'H.[E Rl —>R] —R2 & Rz —}Rz —R3.
7. OPEIH[E Rz —iRZ_R?, & R3 —‘}R3-*R2.
19. adj. A = IAI A~

d 0 0

24.D=|0 d, O | FindD™

0 0 d;

25. Prove that F()F (- o) =14

GP).G-P =1,

= [F(o)]™ = F(-): [GP)]™ = G(-B).

Now [F(a)GB)]™ =[G [F(a)]™

=G (-PB)F (- o).

26. If A and B are given matrices, then (AB)™! is required.

4% CHECK YOUR UNDERSTANDING

| 2
Let A= i @ As12A1=41A17
Ans. Yes.
x 2| |3 2
If - =lo ¢ v then the valoeof “x” 18 ..ccviiian
(Fill in the blank)
Ans. x =+ 4.

(Jammu B. 2016)
Answer 1n one word :

7 4 21

Ans. 0.

If any two rows (or columns) of a determinant are

identical, then the value of the determinant 1s zero.
(True/False)

Ans. True.

10.

l+a l 1

1 1 1
Is ( T —1] afactorof | 1 1+b 1 |?
a b c
1 1 1+c
Ans. No.
I[f Ais an invertible square matnx of order 4, then | adj
Al=..... (Fill in blank)
Ans. | AP,
If A1s an invertible square matrix of order n, then adj
(adjA)=1AI"" LA (True/False) Ans. False.
Yy
Find the inverse of A = _— (Kerala B. 2016)
1[-2 6
Ans. ? .
=] 2

If A1s a square matrix satisfying A” =1, then what is the
verse of A ?

Ans. A.
w 22

[s the matnx 1 singular ?
=
|7 i

Ans. Yes.



oot DETERMINANTS

Evaluation of
determinant

Properties of
determinant

$

DETERMINANTS

a, m-by-n matrix
m N columns [ changes
rows
Area of triangle i 11 a2 813... Minors and cofactors
Rl | 321 322 333...
a
; d31 932 d33...
9 ; : ;

Adjoint and inverse

of a matrix

Solution of a linear

equation using matrix

DEFINITIONS AND IMPORTANT RESULTS

. DETERMINANT OF A SQUARE MATRIX

a dl a da
@ith=" "™ dends = """ ¥
ay) ax; az) 4an
= d)) dzy —aj dz.
ay djpp 43
(i) If A = azy az a3 |
a3y dazy dszz.
-y ary dap;
then del. =d
lay as;
az) daxj a1 4ax
— Gy ta3
[d31 433 az; dasp

= 4a))|axasz3 —a)|aspaz; — ajpadz|asz +apaz ass
+ 313421432 — 413431422 -
2. MINOR AND CO-FACTOR
(/) The minor of an element @;j 1s a determinant, which
1s obtained by supressing the ith row and jth column. The minor

of an element @j; is denoted by Mj;.

(i) The co~factor of an element is its minor with proper

sign. The co—factor of an element @jj is denoted by Aij.

3. PROPERTIES

(I) Reflection Property. The value of the determinant
remains unaltered by interchanging its rows and columns.

(IT) Switching Property. If two adjacent rows (or
columns) of a determinant are interchanged, then the sign of
the determinant 1s changed.

(IIT) Repetition Property. If two rows (or columns) of a
determinant are 1dentical, then 1ts value 1s zero.

(IV) Scalar Multiple Property. If cach clement of a row
(or column) of a determinant i1s multiplied by a constant ‘k’,
then 1ts value gets muluphed by the scalar *k’.

(V) Sum Property. If cach element of a row (or column)
of a determinant 1s expressed as the sum of two or more terms,
then the determinant can be expressed as the sum of two or
more determinants.

(VI) Invariance Property. I to any row (or column) of
a determinant, a multiple of another row or column 1s added,
the value of the determinant remains the same.

(VII) Factor Property. If a determinant A vanishes when
for x 1s put @ 1n those elements of A, which are polynomials in
x, then (x —a) 1s a lactor of A.



4. AREA OF ATRIANGLE

Area of a trniangle whose vertices are

(X1, 1), (x2,¥2).(x3,¥3) 1s given by

| L3 S |
A=—|x
5| *2 Y2
X3 V3
When the area of the triangle 1s zero, then the points are
collinear.
5. CRAMER’S RULE
To solve the equations :
dii X Fillinks e .tax, = bl
Ay Xy +AxpXy + oeeeee +ay,X, =D,
- e R/ T S +a, x = bﬂ.
Gi3. 2 An
ayy 4y Arn
Let D= o e e
p1 Au2 Apn

e i

Ny

D, D D

Then x| = F..Iz =F. ........ Xn =F". where D # 0.
(DIfby=by=........ =b, =0, then D,=0and D # 0, then

the system has only trivial solution.

(z1) It D =0but D, =0 (for at least one 1), then the system
has no solution.

(i)  D=0.D, =D, = ... = (), then the system has
infinite number of solutions or no solution.
6. ADJOINT OF A MATRIX

%1 %3 95
d a d 2
Let A = 21 22 23|, then ad). A =
| 9yy B3y gy
A A A

11 21 31

Al2 22 32

Al3 A23 A33

>
>

. where capital letters are co—factors of

corresponding small letters.
7. INVERSE OF A MATRIX
Invertible Matrix. Any n—rowed square matrix A is said
1o be invertible 1f there exists an n—rowed matrnix B such that
AB=BA=1.
B is called the inverse of A and is denoted as AL

Theorems.
(1) Inverse of every square matrix, if 1t exists, 1s unique.

o Bl e or | sr BT . | %7 T
(if) A is inveruble iff IAl #0 (iii) A =m* if 1Al #0.
Properties :

() (AB) =B~ A1) (A) T =AY

ity (A¥) T =(A~")k. where k is any positive integer.
8. SINGULAR AND NON-SINGULAR MATRICES
A square matrix 1s said to be singular 1if Al = () and non—
singular if Al # 0.
9. SOLUTIONS OF EQUATIONS BY MATRIX METHOD
To solve the equations :
aj Xy +apx, +...... +ay,x

an Xy +ﬂ2212 g . +ﬂ2nxn = bz

llllllllllllllllllllllllllllllllllllllllllllllllllllllllll

ﬂll le .......... ﬂln Il
{Iz] ﬂzz .......... ﬂzn Iz
where A = —— .
_ﬂml L T T T amnﬂ h.l'nu

(I) If |A] # 0, then the system is consistent and has a
unique solution.

(I) If |A] = 0 and (adj. A) B = O, then the system is
consistent and has infinitely many solutions.

(ITH If |A| = 0 and (adj. A) B # O, then the system is
inconsistent and has no solution.

10. SOLUTION OF HOMOGENEOUS EQUATIONS
To solve the equations :
ayx+byy+cyiz=0
arx+byy+c,z=0
azx+by3y+c3z2=0.

= - — —

ﬂl bl Cl X
Here AX = O. where A = | 42 by ¢ andA=|7].
as b3 C3 £

= b =

(I) If [A] #0, then system has only trivial solution.
(ID) If | A | =0, the system has infinitely many solutions.



’ For Board Examinations

If Aisamatnx of order 3 x 3 and | Al = 10. then

lad)j Alis :
(A) 0 (B) 10
(C) 100 (D) 1000. (P.B. 2018)

If A is an invertible matrix of order 2. then det (A1)
1$ equal to :

|
(A) det (A) (B) det(A)
| (D) 0. (H.P.B. 2018)
12 3=x L
I = (), then value of x 15 :
] 4
(A) 3 (B) -3
(C) S (D) —5. (H.B. 2018)
|x 121 [6 18 .-
§ = . then value of x1s :
3 x| |2 6
(A) =4 (B) £6
(C) =8 (D) None of these.
(H.B. 2018)

Let A be a non-singular square matrix of order 3 x 3.
Then |l adj Alis:

(A) 1AP (B) 1Al

(C) 31A] (D) 1A (H.B. 2017)
It A and B are invertible matnices of the same order,
then (AB)’ is equal to :

(A) A'B’ (B) B'A’
(C) —A'B’ (D) -B'A’. (Jammu B. 2017)
If determinant A 1s of order 2 x 2 and | A | = 3, then
the value of | 2A | 1s:
(A) 6 (B) 12
(C) -6 (D) None of these.
(Kerala B. 2016)
3—2x x+I1
[f matric A = ? 4 | 1s singular, then x 1s
equal to :
(A) 0 (B) 1
(C)-1 (D)-2. (Mizoram B. 2016)

' RCQ Pocket

(Single Correct Answer Type)
(JEE-Main and Advanced)
Let A be a square matrix all of whose entries are
integers. Then which of the following 1s true ?
(A) If det A =+ 1, then A~! need not exist
(B) If det A = + 1, then A~! exists but all entries are
not necesserily ntegers.
(C) If det A # + I, then A~}
are non-integers
(D) If det A = + 1, then A~} exists and all its entries
are integers. (A.LE.E.E. 2008)

exists and all 1its entnes

10.

11.

12.

13.

14.

15.

&% MULTIPLE CHOICE QUESTIONS

eta, b.cbesuchthat b(a+c¢) # 0. 1If :
| a a-+ a—1
—b b+ b—1
¢c c¢c—1 c+1
a+1 b+ 1 c—1
+ a—1 b—1 c+1]=0,
{—l)n+2.{l (—l}"+lb (_l)nc
then the value of n 1s :
(A) zero

(B) any even integer

(C) any odd integer

(D) any integer. (ALE.EE. 2009)
Let w # 1 be a cube root of unity and S be the set of
all non-singular matrices of the form :

= -

| a b
w l e 1.

0 lJ

where each of @, b and ¢ 1s either 1 or 2. Then the
number of distinct matrices 1n the set S 1s :

(A) 2 (B) 6

(C) 4 (D) 8. (I.1.T. 2011)
Let M and N be two 3 x 3 non-singular skew-
symmetric matrices such that MN = NM. Let PT denote
the transpose of P, then M2N2 (MTN) -1 (MN -H)T is

equal to :

(A) M? (B): ~N?

(C) — M? (D) MN. (LL1.T. 2011)
The number of values of kK for which the hinear
equations :

dx +ky+2z=0

kx+4y+2z=0

2x+2y+z=

possesses a non-zero solution 1s

(A) 3 (B) 2

(L) 1 (D) zero. (A.LE.E.E. 2011)

The number of values of ‘k’, for which the system of
equations :

(k+ 1)x + 8y =4k

kx+(k+3)y=3k-1

has no solution 1s :

(A) 1 (B) 2
(C) 3 (D) 1nfinite.
(J.E.E. (Main) 2013)

|1 i 3]

ifP=|! 3 3| isthe adjoint of a 3 x 3 matrix A
2 4 4

and | A | =4, then & 15 equal to :

(A) 11 (B) 5

(C) 0 (D) 4. (J.E.E. (Main) 2013)



16. Ifa, f # 0and fix) =a” + " and (A)-1 (B) 1
| - (C)-z (D)z. (J.E.E. (Main) 2017)
3 I+ () 1+ f(2
A /) 20. It S is the set of distinct values of *b" for which the
I+ £ () 1+ /(2 1+f0) following system of linear equations :
1+ f(2) 1+ f(3) 1+ f(4) x+y+z=l,x+ay+z=1l,ax+by+z=1
) 2 P RERIEL has no solution, then S 1s :
=8 {.l —~BF0E -Ar S —RY e KT e (A)a finmte set containing two or more elements
L (B) a singleton
(A) af (B) 1 (C) an empty set
(C) — | (D) aB. (J.E.E. (Main) 2014) (D) an infinite set. (J.E.E. (Main) 2017)
17. The set of all values of *A” for which the system of lin- [ 2 =3] * 1 _
ear equations : 21. IftA= »- i then adj. (3A°+ 12A) is equal to :
2x, — 2x, + X, =Ax, - .
111-3I2+ET3='312 L o[ 72 -6
—— =+ . —
i v lgpes N 63 72 -84 51
has a non-trivial solution : . J . .
{_A} 1S unj.:rnply sel C 9y g4 "s1 63
(B) 1s a singleton (C) (D) _
(C) contains 2 elements | —63 ST 84 72
(D) contains more than 2 elements. (J.E.E. (Main) 2017)
(J.E.E. (Main) 2015)
18. The system of linear equations : x—4 2 2x
x+Ay-z=0 2x x—4 2x [=(A+Bx)(x—A)*,
I —v—7=0 22. If
e W=y 5= 2x 2x x—4
xX+y-4Az=0
has a non-trivial solution for : then the ordered pair (A, B) 1s equal to :
(A) Exactly one value of A (A)(-4,-5) (B) (- 4, 3)
(B) Exactly two values of 4 (C) (-4, 5) (D) (4, 5).
(C) Exactly three values of 4 (J.E.E. (Main) 2018)
(D) Infimtely many values of A. (J.E.E. (Main) 2016) 23. 1II the system of linear equations :
19. Let w be a complex number such that 2w + | = z, x+ky+3z=0
3x+ky—2z=0
thrLz-d—S. D5 § BB )
| 1 I XZ
it —w2=1 2l=3 g i i 1o has a non-zero solution (x, v, z), then yz 1s equal to :
I o’ m (A)- 10 (B) 10
(C) - 30 (D) 30.
r 5 (J.E.E. (Main) 2018)
__Answers |
1. (C) 2. (A) 3. (D) 4. (B) 5. (D) 6. (B) 7. (B) 8. (B) 9. (D)
10. (C) 11. (A) 12. (C) 13. (B) 14. (A) 15. (A) 16. (B) 17. (C) 18. (C)
19. (C) 20. (B) 21. (D) 22, (O) 23. (B).
® @
—IL Hints/Solutions @000 —
> RCQ Pocket el b
I a—1 b—1 c+1
9. (D)Since Eaiu:h entry DI':‘\ 1S an in{eger, 1+ by g =)
co-factor of each entry is also an integer. i ) ¢
Hence, each entry of the adjoint is an integer.
? = g atl a—1I
! _
AlsodetA=+ 1 and A™' = (adj A). - |~b b+1 b-1
(det A) -
_ ‘ _ ¢c ¢c—1 c+1
Hence, all entries of A~ are integers.
1 & mxd z- a+l b+1 c—1
- ! +=D"a—=1 b—=1 c+I1
e e—1 e+l B —b C




11.

=
=
=
—
=

a a+l a-—1
o -b b+1 b-—1
c c—1 c+I1
a+1l a-—1 a
+C=D"|b+1 b—1 =b| =0
c—1 c+1 C
[Interchanging rows and columns in Iind det.|
a a+l a-1
- -b b+1 b-—1
c c—1 c+1
a a+l a-—1
+=D"{—-b b+1 b-—1 =)
e = c+1
a a+l a-—
> (14 1m| 72 2FD B g (1)
¢c c—1 c+]
a a+1 a-—1 Il & 2 e
wa_b b+l b—1| _ =) e =
c c—=1 c+l c -2 c+
|Operating C, - C, — C}]
a+c 0 a+c
_ —b+4+c 0 b+c
C -2 c+1
|Operating R; > R, + R; & R, > R, + R;]
a+¢ ad+c
=@ _pse e [Expanding by C,]
=2[a+c)(b+c)-(a+c)(c-Db)]
=2 [ab + ac + bc + ¢* — ac + ab — ¢* + bc]
=2 [2ab + 2bc] = 4b (a + ¢) # 0.

[By hypothesis)

From (1), Given=(l + (- 1Y) D=0

S

| + (= )" = 0, [.. D # 0]

which 18 true when n 1s any odd integer.
(A) For non-singular matrices,

1

w

wZ

a b

| -
# ()

w 1

(] —wc) —a (w —mzc}+b[m2—m2} #= ()
l —wce -
| —(a+c¢)w + acw?*# 0

aw + acw?*# 0

a+c#—1and ac# | [~ Otherwise | + w + w* = 0]

a=w or w

2 . 2
or c=w or w-.

3
b can take any value w and w~.

Butc # w2

[ Otherwise determinant vanishes|

Also a # w2

a=w.b=w

2 or w, ¢ =w.

Number of such matrices = 2.

12.

13.

14.

13.

16.

17.

(C) Since M and N are skew-symmetric,
MT=_M and NT=-T

Now M2 N2 (MTN)-1 (MN-1)T

= M2 N2 (- MN)-T (MN-I)T

=M2 N2 (N - M) h) (N-HHT . MT)
=M2N2 - M)! L (-N)! (-M)

=M (MN) (MN)™! (-M) = - M?.

(B) The system possesses non-zero solution

la &k 2
x|k 4 T g
» 2

if 4{@-D)=kik-2)42 (2k—8)
if 8—k2+2k+4k—-16 =0

if k*-6k+8=0

if (k—-2)(k-4)=0if k=2 or 4
if k=2.

=0

k¥l _ 8 " 4k
k  k+3 3k-1

Taking first two, (k+ 1) (k+ 3) = 8k

> k+4k+3=8k >k -4k+3=0

=2 (k-1 (k-3)=0= k=1, 3.

But for k=1, (1) 1s not satisfied.

Hence, k= 3.

(A)Here ladjAl=1AP-T=1AF=42=16

2 |1.(12-12)-a(d4-6)+3(4-6)=16

2> 20-6=16 = 2a=22.

Hence, o =11.

(A) For no solution.

3 14+ f() 1+ £(Q2)
(B) [I+f(1) 1+ f(2) 1+ f(3)
14+ £(2) 1+ f(3) 1+ f(4)
3 l+a+pf 1+a*+ B>
= 1+a+p 1+ +p* 1+3+p°
1+H2+ﬁ2 1+.~::t3+_5'3 1+r14+ﬁ4

I
K
=
=
~
~d

1 g B

2

0 0
8-1
g —1 B—1

=fla-1)@*-1)-(@*-1) B - DJ?
=(a- 12 B-1*a-p)>
Heiice, k= |-
(C) The given equations are :
(2-4)x; —2x, + x3=0
X -B+A)x,+2x3=0
and—x; + 2x, — Ax3= 0.

a—1

<513
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18.

U U U 44

19,

20.

21.

. . 2 —3—4 2
For non-trivial soluton. =0

—~1 2 —A

R-ACL+A2 - +2 (-2 +2)+1.(4-3-1)=0

6A+24°-8-342-3+44-44+4+4-3-1=0

A2 —A24+50-3=0

A+A2-54+3=0

A-1DUA2+22-3)=0>A-1DA-1DA+3)=0

A-12@A+3)=0 = A=1,1,-3.

Hence, {A} = {1, - 3}. which contains 2 elements.

(C) The system AX = O has non-trivial solution
ifdet A=0

| A -1
ie. if |[A =1 —=11=0
I | — 4

(DA+D-A(-A2+ D+ (DA +1)=0
A+14+A2-1-41-1=0

A-A=0
A(A2-1)=0
=0, 1,1,

Hence, A=-1,0, 1.

(C) Here 2w + 1 = Z,

0= A1

1 1 1
Now|l—-0® -1 o?
1 mz W
3 0 0
|1 0’ =1 ?
1 «:u2 w
[Operating R; = R; + R, + R;]
=3[-w (w? + 1) — w3
=3[-w’—w-w]=3[-1-2w]
=—-3(1 + 2w)=- 32
Thus I =— 32
Hence, k =-=z
] 1 1
(B) D=]1 a 1]=0
a b 1
= a =
X+y+27=

and x+by+2z =0.
The planes are parallel = b= 1.

Hence, S 1s a singleton.
S
(D) Here A = —4 |
2 =3] 2 -3
A =
-4 1)[—4 I

22.

23.

[ 4+12 —6-3 16 -9
—8—4  1241] [-12 13
| 24 —36|
and 1ZA = .
—48 12.
- 72 =63
3A2+ 12A = 2 .
-84 51
(51 &3
Hence. adj (3A% + 12A) = .
' 84 72
x—4 2x 2x
)| 2x x=4 2x| =(A+Bx) (x-A)?
2x 2x x—4

ISx=& 3x 9%
= [5x—4 x—4 2x
5x—4 2x x—4

— (A +Bx) (x —A)?

|Operating C, = C; + C, + (]

] 2x 2x

> (5x—4)|1 x—4 2x | =(A+Bx)(x—A)’
I 2x x—4
|Taking (5x — 4) common from C }]
I 2x 2x
> 5x=4)0 —x—=4 0 | =(A+Bx) (x-A)?
0 0 -x—4

|Operating R, > R,-R; & R; > R; - R,]|
= (5% —4) (x + 4% = (A + Bx) (x —A)%
Comparing, A=—-4 and B =5.
Hence, (A, B) = (-4, 5).
(B) The given system has non-zero solution

11 &k 3
S
>3k —2l_
5 4 =3
=21 . (—3k+8)-k(-9+4)+ 3(12-2k)=0

>44 —4k=0 =>k=11.
Letz=4
Then, x+ 1ly=-34
3x+ 11y =24,
| 54 A
Solving, x=—-,y= —73 and z =4.

il ==




CHAPTER TEST {4 |

Time Allowed : 1 Hour

Max. Marks : 34

Notes : 1. All questions are compulsory.
2. Marks have been indicated against each question.
X X 3 4 _ o
1. If = , write the positive value of ‘x’. (1)
L = 1 2
2. If Ais a square matnx of order 3 and I3Al = k |Al, then write the value of “k’. (1)
3. If Ais a square matrix of order 3 such that ladjy Al = 225, find IA’l. (2)
a+b+2c a b
4. Prove that c b+c+2a b =2(a+b+c) (2)
C a c+a+2b
a’+1 ab ac
5. Provethat | @b b%+1 be | =1+a*+b*+ % (4)
ac be c?+1
6. Using co-factors of third column, evaluate :
X ¥z
A= y z2v- (4)
g ey . . _ . .
7. Find the value of “k" if the area of the triangle is 4 square units and vertices are (-2, 0), (0, 4), (0, k). (4)
P g
8. Find the inverse of the matrix A= 14+bc | and show that :
c
L
aA™! =(a*+bc+ 1)1 - aA. (4)
9. Prove that
a a+b a+b+c
2a 3a+2b 4da+3b+2c| =4 (6)
3a 6a+3b 10a+6b+3c
-3 D
10. tA=|> % . findAl.
] 1 -2
Using A7, solve the system of linear equations :
2x-3y+5z=16,3x+2y-4z=4, x+y-2z=-13. (6)
-~ 5-‘1
_Answers |
v =2 2. k=21. ¥ 1.
A =xy3—zzx-xz}'+zx2 +yz2 —}‘Ez.
1. k=0.8 10. x=2,y=lz2=3



