Session 4

Solutions of Linear Simultaneous Equations Using
Matrix Method

SplUtionS Of Linear . . Pre-multiplying Eq. (ii) by A™", we get
Simultaneous Equations Using ATHAX)=AT B O (AT )X =A7'E
Matrix Method 0 X=A"'B "

_(adjA)B

Let us consider a system of n linear equations in n unknowns 0 X=A"'B=
say X, X, X3, .., X, given as below ‘ ‘

ay Xy tap xy tags xg o tayx, =by O
+ag Xy +ag Xy +o g%, =hy T f Equation
Gg1 Xy Ty Xy Tlpy X3 T Tlgn Xy =03 1 ypeS 0 qua Ions
3 Xy Fag X, Tag x5+ *ay,x, =by E () (1) When system of equations is non-homogeneous
O (i) If| A | #0, then the system of equations is
U consistent and has a unique solution given by
App X1ty Xy Taps X3 +..%a,, x, _bng X=A_1B'
Ifb, =b, =b, =... =b, =0, then the system of Eq.(i) is (ii) If‘ A ":0 a.n(.i (ade? [B #0, then the syster.n of
called a system of homogeneous linear equations and if equations is inconsistent and has no solution.
atleast one of b, b,, b,, .., b, is non-zero, then it is called (i) If‘ A ‘ =0 and (adjA) [B = O, then the system of
a system of non-homogeneous linear equation. We write equations is consistent and has an infinite
the above system of Eq. (i) in the matrix form as number of solutions.
%’11 A i3 - Gy BDH E (b, g (2) When system of equations is homogeneous
(a1 G422 Gz - o D%‘z 0 %’2 0 (i) If| A|#0, then the system of equations has only
(hy, Gy Qg3 ... Gy Ok,0 [by0 trivial solution and it has one solution.
B BEF E_ g g (ii) If ‘ A ‘ =0, then the system of equations has
0 .m.0 0.0 non-trivial solution and it has infinite solutions.
O 1 O O (iii) If number of equations < number of unknowns,
a, a e a
. R Ax g" H HJ" - @) then it has non-trivial solution.
= (i
Ly, a;; ap a,, U Note
N Non-homogeneous linear equations can also be solved by
[for G2 Gz .- donpg Cramer's rule, this method has been discussed in the chapter on
(hy Qg Gy ... Qg0 determinants.
where A=[ ]
0 0 Example 45. Solve the system of equations
O... . 0O X+2y+3z=12x+3y+2z=2and 3x+ 3y +4z =1
%l L a, a, a % with the help of matrix inversion.
n n n nn
Sol. We h
O, O b, O o e have,
0 0 %} 0 x+2y+3z =1,2x +3y +2z =2and 3x +3y + 4z =1
020 2 The given system of equations in the matrix form are
x= S@ Band B= Ebg E written as below.
0 0 00 a 2 300 0Oo
0.0 0..0 23 23307 o0
0 0 57 0 3 4
.0 n0 E| 628 8-



AX =B

O X=A"'B
a 2 30 O agd
_ 0, 0400 — ga
where A —% 3 ZD, X = %DandB = %D
B 3 4 &0 g0

| A|=1(12 - 6) —2(8 —6) +3(6 —9)
=6-4-9=-7 %0
o A™

Let C be the matrix of cofactors of elements in ‘ A ‘ .

1 . .
exists and has unique solution.

Now, cofactors along R, =6, =2, —3
cofactors along R, =1, = 5,3

and cofactors along R, = —5,4, —1
06 -2 =30
_0 _ O
a C—DI 5 SD
B5 4 -1\
0 adjA=CT
06 -2 =30 06 1 -50
420 _ o_o, _ O
O adJA—Dl 5 3|:| D2 5 4|:|
5 4 -1 B3 3 -1\
di A e 1 =50
1_adjA _ 1[0 0
O At=292- 2H, 5 g
‘A‘ 7 0 a
B3 3 -18
o6 1 50
o, - -0
7 7 7
Oz 5 40
“g97 7 7g
SERNEINNY
g7 7 7 8
From Eq. (i), X = A™'B
06 1 50 030
0 27 7 78gop H70
092 5 40nn_OsO
07 7 70 0’0
B8 g3 3 1pdE g2p
87 7 78 878
3 8 2. . .
Hence,x:—;,y:fandz:—;ls the required solution.

Example 46. Solve the system of equations
X+y+z=6x+2y+3z=14 and x+4y +7z =30
with the help of matrix method.
Sol. We have, x+y +z =6,
x +2y +3z =14
and x+4y +7z =30

The given system of equations in the matrix form are
written as below :

100 60
o0 o- g,0
355(5‘ 545
7086 308
AX =B (D)
a 1 10 xad e dd
— 0y =00 -g,0
where, A = a 2 3D’ X —%DandB = B4D
B 478 &0 Bog
|A]=1(14 =12) =1(7 =3) +1(4 -2)=2-4 +2=0
0 The equation either has no solution or an infinite
number of solutions. To decide about this, we proceed to
find
(adj A) B.

Let C be the matrix of cofactors of elements in ‘ A ‘

1 B
BN =

Now, cofactors along R, =2, — 4,2
cofactors along R, = —3,6, =3

and cofactors along R, =1, —2,1

0oz -4 20
L _ 0
0 C—D3 6 3|:|
A1 -2 1R
oz -3 10
. _ AT _ [ _,
| adj =C —D4 6 2[]
2 -3 10
02 -3 10060 00
. L _, 04, Q0
then (adJA)B—D4 6 2D54D %D o
B2 -3 103038 A0

Hence, both conditions ‘ A ‘ =0and(adj A) B=0 are
satisfied, then the system of equations is consistent and has
an infinite number of solutions.

Proceed as follows :

o 11 60
[A:Bl=H 2 3 i 145
A 47 30@
Applying R, - R, =R, and R; - R; —R,, then
o1 1 : 60
— : o0
[A:B] -§ 12 iosp
M 2 4 : 160
Applying R; — R; — 2R, ,then
o1 1 : 60
— : ol
[A B]—% 12} 8g
M 0 0 : 0f
Then, Eq (i) reduces to
1 100 60 DC+y+z[I 60

40 o

Mooz @ g 0

07*% o~ do
B ©g



On comparing x +y +z =6andy +2z =8
Taking z =k OR, theny=8-2kandx =k -2

Since, k is arbitrary, hence the number of solutions is
infinite.

Example 47. Solve the system of equations
Xx+3y =2z =0,2x —y +4z =0and x =11y +14z =0.
Sol. We have, x +3y -2z =0
2x —y +4z =0
x —11y +14z =0
The given system of equations in the matrix form are
written as below.

0 3 -2050 OO0
_ 00.0_ 00
271 agdee g
g -11 14gEH0 [@0
AX =0

o 3 =20 0 o0

_ _ 0, -0Q0 _ oo

where A = % 1 4 07 X %/Dand (0] %I]

g -11 14pg 20 o8

O | A|=1(-14 +44) -3(28 —4) —2( -22 +1)
=30-72+42 =0

and therefore the system has a non-trivial solution. Now,
we may write first two of the given equations

x+3y =2zand2x -y = -4z

Solving these equations in terms of z, we get

10 8
x=—-—zandy=-z
7 7

10 8
Putting x = - 5 zandy = - z in third equation of the
given system,
1
we get, LHS = —702 —87—82 +14z =0=RHS

Now, if z = 7k, then x = — 10k and y =8k.

Hence, x = — 10k, y = 8k and z =7k (where k is arbitrary)

are the required solutions.

Example 48. Solve the system of equations

2x+3y =23z =0,

3x—-3y+z=0

and 3x =2y =3z =Q
Sol. We have, 2x +3y =3z =0
3x =3y +z =0

3x =2y =3z =0
The given system of equations in the matrix form are
written as below.
2 3 =300 OO
_ 00,0 [o
S ks

B -2 -30B0 MO0

AX =0 (@)
2 3 -30 [xOJ g
where A :% -3 lg,X = %gandO: %g
B —2 30 &8 L
o | A|=29 +2) =3(=9 =3) =3( =6 +9)
=22+36-9=49 #0

Hence, the equations have a unique trivial solution x =0,
y =0and z =0 only.

Echelon Form of a Matrix

A matrix A is said to be in echelon form, if
(i) The first non-zero element in each row is 1.
(ii) Every non-zero row in A preceds every zero-row.

(iii) The number of zeroes before the first non-zero
element in 1st, 2nd, 3rd, ... rows should be in
increasing order.

For example,

q g 3n B 2340

0

' D"%)145D

0>%14D(H)ED019D

0 1

o 5 B oo 1
0 2 3 4 50
O
12 4 3
(iii)g g
m o 1 2 50
B oo o of

Rank of Matrix

The rank of a matrix is said to be r, if
(i) It has atleast minors of order r is different from zero.
(i) All minors of A of order higher than r are zero.
The rank of A is denoted by p(A).

Note

1. The rank of a zero matrix is zero and the rank of an identity
matrix of order nis n.

2. The rank of a matrix in echelon form is equal to the number
of non-zero rows of the matrix.

3. The rank of a non-singular matrix (| Al #0) of order nis n.

Properties of Rank of Matrices
(D) If A=[a; ],y <, and B=[b; ], «,, then
p(A+B) <p(A) +p(B)
(i) f A =[a; ],y <, and B=[b; ], . then
P(AB) <p(A) and p(AB) <p(B)
(iif) If A =[a; ], «,» then p(A4) =p(A")



o3 -1 20
Example 49. Find the rank of 5—3 1 Zg
g6 2 43
Sol. We have,
03 -1 20
Let A=33 1 27
F6 2 4
Applying R, - R, + R and R; — R; +2R,, we get
B -1 20
- O
A=d 0 4g
@ 0 33
Applying R; — Ry — 2R, , we get
B -1 20
- O
A=d 0 4g
@ o0 og
Applying R, - %@Rl and R, — %@Rz , then
5 _1 20
3 3%
A=
3 0 1g
3 o o

This is Echelon form of matrix A.

a Rank = Number of non-zero rows [p (A)=2

3 -1 2
Aliter \A\: -3 1 2
-6 2 4

=3(4 —4) +1(-12 +12) +2( =6 +6)=0

[0 Rank of A # 3 but less than 3.

There will be *C, x *C, =9 square minors of order 2. Now,

we consider of there minors.

N
(1)24

2
=0 (ii) =24 #£0

Hence, all minors are not zero.
Hence, rank of Ais 2. Op (A)=2

Solutions of Linear Simultaneous
Equations Using Rank Method

Let us consider a system of n linear equations in n

unknowns say x;, x,, X5, ..., X, given as below.
ay Xy *ag, x, tags xy o ta,x, =b,
Ay Xy Fay X, tay xg tta,,x, =b,

Az X1 tas X, *as x5+ tag,x, =b,

Am1Xq +am2 Xy +am3x3 +"'+amn Xn _bm

I

()

We write the above system of Eq. (i) in the matrix form as

hy,  ay,  ag

. O
(a1 G Ay e e Aoy 2 %]2 .
@31 a32 a33 a3n DDC:;)D_ Eb3 D
. oo Oo-og o
0 00°0 O 0
i .00..0 0..0
H a0 g H) 0
@1 Qe A3 oo oo A X, 0 o
’ AX=8 ...(ii)
[ull aqs aqs a,, E
(fa1 Gn Gy a O
) a a e O
where A = 31 32 33 an 0
0 e
a... s
L O
Elml amz am?’ amnD
Ok, O b, O
0 0 0
Oz %z g
k4,0 b, O
X=pg’gad B=Q
o0 O 0
a..0 0..0
0 0 Hy 0
O¥n O o
The matrix A is called the coefficient matrix and the matrix
Lhy, ap O/ P bl E
[foi G Gy o e Gy C b, .
C=[A:B]:Ea31 Azy A3z ... ... Qgp b3g
0 e
O... .0
i : [l
@1 Az Az e e Gt b [0

is called the augmented matrix of the given system of
equations.

Types of Equations

1. Consistent Equation If p(A) =p(C)
(i) Unique Solution If p(A) =p(C) =n, where n =
number of knowns.
(ii) Infinite Solution Ifp(A) =p(C) =r, where
r<n.
2. Inconsistent Equation If p(A) #Z p(C), then no
solution.

Example 50. Determine for what values of A and p
the following system of equations
X+y+z=6
x+2y+3z =10



and X+2y +Az =p
have (i) no solution? (ii) a unique solution?
(iii) an infinite number of solutions?

Sol. We can write the above system of equations in the matrix

form
o 1 100 bO
ogo_g,d
B 2 355’5‘ BOD
B 2 AMEEQ @O
O AX =B
o 1 10 xO b0O
_ 0 - 0o a0
where A—a 2 3D, X—S{DandB—BOE|
B 2 Ag &0 gg

U The augmented matrix

o111 60
—r4.R]= PPN
C =[A:B] 5 23 10
B2 AP ug
Applying R, — R, =R, and R; - R; =R, we get
o1 1 : 60
- : 0
C—% 1 2 : 4 0
M1 A-1: -6
Applying R, - R, — R, , we get
a1 1 : 6 O
- O
c= 1 2 4 3

(i) No solution p(A) # p(C)

ie. A=3=0andpd —10 Z0
O A= 3and L #10

(ii) A unique solution p(A) =p(C) =3
ie., A-3#0andp OR
0 A# 3andu OR

(iii) Infinite number of solutions

p(A) =p(C) (03)

ie. A=3=0andl —10=0
O A= 3andp =10

Reflection Matrix

(i) Reflection in the X-axis

Let P(x,y) be any point and P'(x,, y,) be its image after
reflection in the X-axis, then
Y

v P (X, %)

Ox, =x
OY.=7Y

These may be rewritten as
Ox, =1& +003
Oy =05 +(-) B

These system of equations in the matrix form are written
as below.

[O' is the mid-point of Pand P’ ]

;0 O 00 &XxO

3.8 B0

a onQo
Thus, the matrix B’ 1 Hdescribes the reflection of a

point P (x,y) in the X-axis.

(i) Reflection in the Y-axis

Let P(x,y) be any point and P’ (x,, y,) be its image after
reflection in the Y-axis, then

k, =—x

o _

W =Yy
These may be written as

O, =(-) & +o by
D= 0k +1Dy

[O' is the mid-point of P and P']

Y
(XW yW)P"' --------------- P (X y)
OY
X’ O X
YI

These system of equations in the matrix form are written
as below.

k0 OH 000

3,5 Ho 1H3H

. 1 o0 ] .
Thus, the matrix H o 1 Hdescrlbes the reflection of a

point P (x,y) in the Y-axis.

(iii) Reflection through the origin

Let P(x,y) be any point and P’ (x,, y,) be its image after
reflection through the origin, then
k; =—x
O

V=7

[O" is the mid-point of P and P']



These may be written as

Y
P y)
N i
X’ T a X
r 0 M
P (x;, %) yr

x, =(-)x +0 0y
v, =0 +(-) 0

These system of equations in the matrix form are written
as below.
k.0 31 o0OxO

3,5 Ho -0

0]
Bdescribes the reflection of

+1
Thus, the matrix H 0

a point P (x,y) through the origin.

(iv) Reflection in the line y=x

Let P(x,y) be any point and P’ (x,, y,) be its image after
reflection in the line y = x , then
P‘gx, y)
20
¢ Py

X 4 ,x

YY
[k, =
il _ Y [O'" is the mid-point of P and P’]
=X
These may be written as
Oc, =0k +10
By =15 05
These system of equations in the matrix form are written

as below.
O, 0 [0 100

3,58 o3

o 10

Thus, the matrix Edescribes the reflection of a
H o

point P (x,y) in the line y = x.

(v) Reflection in the line y =xtan0

Let P (x,y) be any point and P'(x,, y, ) be its image after
reflection in the line y = x tan 6, then

Y, \
QX0
JP\'&“ AN
2 N
Y5 Piay)

v
Ok, =xcos20 +ysin20
Eyl =xsin26 —ycos206
[O' is the mid-point of P and P']
These may be written as
Ok, =x[dos20 +y [3in206
Eyl =x [€in20 +y [{—cos286)

These system of equations in the matrix form are written
as below.

Oc, 0 [¢os20  sin20 OOk
B/l B_ EinZG —cos20 HB/H
[dos20 sin20(0

Thus, the matrix Bﬁ ’0 0 Hdescrlbes the
in —Ccos

reflection of a point P (x, y) in the line y = x tan®.

Note

By putting8 =0, g ; ., we can get the reflection matrices in the

X-axis, Y-axis and the line y = x, respectively.

Example 51. The point P (3,4) undergoes a reflection

in the X-axis followed by a reflection in the Y-axis. Show
that their combined effect is the same as the single
reflection of P (3,4) in the origin.
Sol. Let P, (x,, y,) be the image of P (3, 4) after reflection in the
X-axis. Then,

OO_0O o00B0_030
BH B -6 B

Therefore, the image of P (3, 4) after reflection in the
X-axis is P (3, — 4).

Y
P(3.4)
X o X
A S J
P2 (-3-4) P1(3-4)
v

Now, let P, (x,, y,) be the image of P, (3,
tion in the Y-axis, then

— 4) after reflec-



,0_ 1 00030 O30
B.H Ho H3«H B4

Therefore, the image of P, (3, — 4) after reflection in the
Y-axis is P, (— 3, — 4).

Further, let Py (x5, y5) be the image of P (3, 4) in the
origin O. Then,

&,0 31 003030
B,H Ho -1HBH B4

Therefore, the image of P (3, 4) after reflection in the
origin is P, (—3, — 4) . It is clear that P, = P,

Hence, the image of P, of P often successive reflections in
their X-axis and Y-axis is the same as P;, which is single
reflection of P in the origin.

Example 52. Find the image of the point (=2, -7)
under the transformations (x, y) - (x =2y, =3x +y).
Sol. Let (x,, y,) be the image of the point (x, y) under the
given transormations, then
Ok, =x -2y =1 +(-2) O
3y =-3x +y =(-3) [ +IIY
. nO_01 -2050
3.H B 1HBH
01 —20020_0-2+140_ 020
= Hﬁ'

10875 He-7 H H1H

Therefore, the required image is (12, — 1).

Example 53. The image of the point A(2, 3) by the

line mirror y = x is the point B and the image of B by
the line mirror y =0 is the point (a,B). Find a and .
Sol. Let B(x,,y,) be the image of the point A(23) about the
line y = x, then
G0 0 1020 60
HH B offisH B
Therefore, the image of A (2, 3) by the line mirror y = x is B
(3,2).

Given, image of B by the line mirror y = 0 (X-axis) is (01, B),
then

@0 0 0030030
By B -1H85 H24

On comparing, we getd =3 andf3 = -2
Example 54. Find the image of the point (-+/2,+2)
by the line mirror y = x tan %@

Sol. Let (x,, y,) be the image of (- \/5,\/5 about the line

y=enfZf

On comparing y = x tan %@byy = xtan®

0 0 :g
N OO0 [@0s20  sin26 OG-/20
ow, =
B’lH Einze - cos2 GHE\/E E
01 1.0
_ E@ V2 BEL V20_ 0o O
O _LDD\E 0 H‘ZH
32 V20
On comparing x; =0 and y; = — 2.

Therefore, the required image is (0, — 2).

Rotation Through an Angle 6

Y

Py (% y)
/) Py
r A
S
o 1o
o) N M X

Let P (x, y) be any point such that OP = r and DPOX= @

Let OP rotate through an angle 0 in the anti-clockwise

direction such that P’ (x,, y;) is the new position.

O OP'=r, [-OP = OP']

Ox, = xcosB —ysinB

then
[x; = xsinB + ycosO

These system of equations in the matrix form are written as

below.
0 [@osO® —sinBOX0
H.H Bine cose HHH
[¢0os® —sinO]

Thus, the matrix B 5
in cos

Hdescribes a rotation of a

line segment through an angle 6.
Remember Use of complex number
OP'=0Pe®i=-1
(x; +iy;) =(x +iy)(cos B +isin 6
=(x cosB—ysinB) +i(x sinB+ycos 6)
0 x; = xcosB—ysinB

and ¥y, = xsin@ + ycosO

Example 55. Find the matrices of transformation
T,T, and T,T, when T, is rotation through an angle 60°
and T, is the reflection in the Y-axis. Also, verify that
LT, #T,T,.



01 30
60° —-sine0°] 05 ~ o0 101 =30
SoIT—EOS sin D:DZ ZD:l[ll \ED
H;1n60° c0s60° E 3 10 233 10
By 28
1 0
and T, .y -
"o 4
. ya [D F1 00 1D1+0 0-+/30
v 2%/5 D Ho 1H 2[1-\@+0 0+1B
5 gl V30
10-1 30075 50 .
=-0 FO0 % 20 (i)
23V 19V 1g
B2 28
d <01 00 101 —@%lﬂ1+o V3 +00
*THo H 285 15 z@+5 0+1(
5 01 430
1031 B0 O, —0 ..
=-0 =0 2 2 O ...(11)
2R3 10 @3 1Q
g, 208
It is clear from Eqs.(i) and (ii), then
T,T, 2 T,T,

Example 56. Write down 2 x 2 matrix A which

corresponds to a counterclockwise rotation of 60° about
the origin. In the diagram the square OABC has its
diagonal OB of 2+/2 units in length. The square is
rotated counterclockwise about O through 60°. Find the
coordiates of the vertices of the square after rotating.

Sol. The matrix describes a rotation through an angle 60° in
counterclockwise direction is

Y
c : B
X @\)&@ X
o) X A X
¥
01 J30
[¢0s60° —sin60°[]_ D _7[| 101 -30
Hineo®  cose0° H- Df 1o 285 18
By 28
Since, each side of the square be x,
then xi+x? :(2\6)2
O 2x*=8 0O x*=4
g X =2 units

Therefore, the coordinates of the vertices O,A,B and C are
(0, 0), (2, 0),

(2, 2) and (0, 2), respectively. Let after rotation A map into
A',B map into B', C map into C' but the O map into
itself.

If coordinates of A’,B" and C'are (x ', y"),(x",y") and

(x"", y" ), respectively.
0 DcD:1D1 -+30R0_102 O0_010
HH 2 1 96H 2 BvsH B
o =1y—fD A(2,0) - A'(1,3)
1D1 IDBD 13-2430_ H 30
B’ B ZDf EH 5\/5+2|:| 3+1E
U X":l—\/g,y"=\/§+l
O B(22) - B(1-+3,43+1)
O 0101 [Dmm 1 G230 -430
G0 285 1 HE 282 § H:i
0 x”':—\/g,y”’:
0 C(0.2) - C'(=+3,1)

Eigen Values or Characteristic roots
and Characteristic Vectors of a
square matrix

Let X be any non-zero vector satisfying
AX =X ..(1)
where A is any scalar, then A is said to be eigen value or
characteristic root of square matrix A and the vector X is
called eigen vector or characteristic vector of matrix A.
Now, from Eq. (i), we have
(A-N)X =0

Since, X # O, we deduce that the matrix (A — AI) is
singular, so that its determinant is 0
ie.

|A—=AI| =0 ...(i1)
is called characteristic equation of matrix A.

If A be n X n matrix, then equation| A — AIl =0 reduces to
polynomial equation of nth from degree in A, which given
nvalues of A i.e., matrix A will have n characteristic roots
or eigen values.

Important Properties of Eigen Values

(i) Any square matrix A and its transpose A” have the
same eigen values.

(ii) The sum of the eigen values of a matrix is equal to the
trace of the matrix.



(iii) The product the eigen values of a matrix A is equal to

the determinant of A.

(iv) FA LA, A 5 A 4, ... ,A , are the eigen values of A, then

the eigen values of
(a) kAare kA, kA, kN 5 /A 4, .. R\ .
(b) A™ are AT N AT NN
1 1

(c) A7 aref,i,i,i,...,
A Ay, Ay A, A

n

Remark

1. All the eigen values of a real symmetric matrix are real and
the eigen vectors corresponding to two distinct eigen values
are orthogonal.

2. All the eigen values of a real skew-symmetric matrix are
purely imaginary or zero. An odd order skew-symmetric
matrix is singular and hence has zero as an eigen value.

04 6 60
Example 57. Let matrix A= 91 3 2 ofind the
Bl -4 -39
non-zero column vector X such that AX = AX for some
scalar A.
Sol. The characteristic equation is |[A — AI| =0
@-A 6 6 O
O B 13-\ 2 B:O
g -1 -4 3-AQ
O ANP-XiX +4=0
or A+1D)A-1DA-4)=0

The eigen values are A = - 1,1, 4
IfA = -1 wegetsx +6y +6z =0, x +4y +2z =0

and -x —4y -2z =0
gen
. XxX_y_z 0,0
Givin —===—,X=22
& 6 2 -7 g o
578
If\ =1, we get3x +6y +6z =0, x +2y +2z =0
and -x —4y —4z =0
god
. X_y_2z 0.0
Giving, —===—,X="1
& 0 1 -1 o 0
B8

IfA =4, weget0k +6y +6z =0, x -y +2z =0
and —x —4y -7z =0
s 2
Giving, §:% :_—1,x = |]1 0
618
geoooooso

_ b, 00,00,0
Hence, vector are X = DZ I__’IDll__’IDlD

B78818810

Example 58. If A and P are the square matrices of
the same order and if P be invertible, show that the
matrices A and P ™' AP have the same characteristic
roots.

Sol.Let P'AP=B
N |B— AI| =|PT'AP - I
=|PT'AP - PT'AP| [-P'P=1]
=|P7Y(A - \I)P|
=|P7[|A = AI||P|
1

= —|A = M||P|=|A - Al
| P|

Example 59. Show that the characteristic roots of an
idempotent matrix are either zero or unity.
Sol. Let A be an idempotent matrix, then
A*=A ()
If A be an eigen value of the matrix A corresponding to
eigen vector X, so that
AX = AX ...(i)
where X #0
From Eq. (i), A (AX)=A(AX)

O (AA) X = A (AX)

g A%X = N (AX) [from Eq. (ii)]
O AX = N°X [from Eq. (i)]
g AN XA X [from Eq. (ii)]
0 A=-AHX=0

0 A-N 2 0 [ X #£0]
O A= 0

or A=1

Example 60. If 3,—2 are the eigen values of a

non-singular matrix A and | A| =4, find the eigen values
of adj (A).
Sol.- a7 =244
| Al
value of A7

Thus, for adj (A)X =(A7'X)|A| =|A|AT'T

, if A is eigen value of A, then A s eigen

4
Thus, eigen value corresponding to A = 3is 3 and
4

corresponding to A = — 21is > =-2

Cayley-Hamilton Theorem

Every square matrix A satisfies its characteristic equation
|A=AIl=0

ie., a\"+ aN" T+ a,\ TP+ +a, =0



0 By Cayley-Hamilton theorem O (2-A)*-3=0

agA" +a, A" +a,A" 7% +... +a,] =0 0 A PN +1=0
_ Lk _, a ., a _ a,_, O 0 By Cayley-hamilton theorem,
OA =-Foar !t +2bgn72 422 gn-3 4 41705 , - i ,
Pn a, a, a, 0 A" —4A+1=0or [=4A-A

Multiplying by A™, we get

Example 61. Find the characteristic equation of the A7 = 4474 - ATAA

2 10
matrix A = @ 2Hand hence find its inverse using =4l -JA=4I-A
: _ .00 3 10
Cayley-hamilton theorem. =4 B 0B A

Sol. Characteristic equation is
2-A 10 02 -10
A-AN|=00 =0

| | O3 2-af Hs 2

Exercise for Session 4

1 Ifthe system of equationsax + y =1 x +2y =3,2x +3y =5 are consistent, then a is given by
(@) 0 (b) 1 (c)2 (d) None of these
2 The system of equations x + y +z =2,2x +y -z =3,3x +2y +Az =4 has unique solution if
(@Arz0 (b)-1<A <1 (c)A=0 (d)-2<r<2
3 The value of a for which the following system of equationsa®x + (a + 1)3y +(a +2)°z =0,

ax +(a+1)y +(a +2)z =0,x +y +z =0 has a non-trivial solution is equal to
(a)2 (b) 1 (c)0 (d) -1

4 The number of solutions of the set of equations

2 2 2 2 2 2 2 2 2
a b c a b c a“ b c
(a)6 (b) 7 (c)8 (d)9
0 10 . Lo .
5 The matrix E‘ 0 is the matrix reflection in the line
(@)x=1 (b)x +y =1 (c)y=1 (d)x=y
6 The matrix S is rotation through an angle 45° and G is the reflection about the line y =2x, then (SG)? is equal to
(a) 7 (b) 5/ (c)3 (d)/

2 3
7 IfA= é: 1@, then A% is equal to

(a) 2A (b) A (c) 2. (d)/
2 2 10
8 IfA= gl 3 1Band the sum of eigen values of Ais m and product of eigen values of Ais n, thenm + n is equal
B 2 2§
to
(a) 10 (b) 12 (c)14 (d) 16
9 IfA= E:1 igand 6 be the angle between the two non-zero column vectors X such that AX = AX for some

scalar A, then 9sec? 8 is equal to
(a) 13 (b) 12 (c) 11 (d) 10



Answers

Exercise for Session 4
1. (a) 2. (a) 3.(@d) 4.d) 5@ 6@
7. (d) 8. (b) 9. (d)
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