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Binomial Theorem



Session 1

Binomial Theorem for Positive Integral Index,

Pascal’s Triangle

An algebraic expression consisting of two dissimilar terms
with positive or negative sign between them is called a
binomial expressions.

a
For example, x + a, xla-= L—i,S - X,

x x? x*

1 . .
(x2 + 1)1/3 ——— etc., are called binomial
(x* +1)
expressions.
Remarks

1. An algebraic expression consisting of three dissimilar terms
is called atrinomial. e.g. a+ 2b+ ¢, x =2y + 37,20 — 3 + v,

etc. are called the trinomials.

2. In general, expressions consisting more than two dissimilar
terms are known as multinomial expressions.

Binomial Theorem for
Positive Integral Index

If x,ae Cand ne N, then

(x+a)"="Cyx" "a’ +"C; x"a' +"C, x" P a% +...
+ncr xn—r ar
n—1 n 0 n :
+"C, x"a" ..(Q)
n
no_ chr xn—r ar

r=0

n n n n
Co, Cl’ Cz,...,

+..4+"C,_y x'a
or (x+a)

Hence, C, are called binomial coefficients.

Remark

1. In each term, the degree is nand the coefficient of x” " & is

equal to the number of ways X, X, X, . X, aaa..,a
can be arranged, which 7 Dimes rtmes
|
is given byL ="C
n-=r)lrl
I 5 0 51 4 5/ 3 o
Forexample, (x + a)® = —_ x> a" + 2 —x7a
510! 4111 312!
[ [ [
PRIV I S L PRI
213l 141 015!

=5GP+t a+ G A+ 0GP %G xd +°G @

2, letS=(x+a)" zn:

Replacing r byn - r,we have
(n— f n-—r n roan
2 G x" a = G x"a
r=0
PP+ "G X"

Thus, replacing r by n — r, we are infact writing the binomial
expansion in reverse order.

S=(x+a" -

M=

="C,ad" + Cn_wa 'x+C,_,a"

Some Important Points
1. Replacing a by (- a) in Eq. (i), we get
(x—a)" ="Cy x" " a® ="C, x"' @'
+C, x" Tt d -+ (-1 "C x" T a"
+o+(=D""C, x%a™ . (i)

n
2(_1)7‘ ncr xn—r ar

r=0

or (x—a)"=

2. On adding Egs. (i) and (ii), we get
(x+a)" +(x—a)" =2{"Cy x" " °a°

+nC2xn 4 4 }

2at+rc, x" Y at +
=2 {Sum of terms at odd places}
The last term is "C, a" or "C,_; x a" ",
according as n is even or odd, respectively.
3. On subtracting Eq. (ii) from Eq. (i), we get
(x+a)" —(x—a)" =2{"C, x" "' a'
+'C, x" PP+ "Csx" P ad +.)
=2 {Sum of terms at even places}
The last term is "C,_; x a" ' or "C, a",
according as n is even or odd, respectively.
4. Replacing x by 1 and a by x in Eq. (i), we get

(1+x)"="Cy x°+"C, x" +"C, x*
Fo+"C, x . +"Cyy x™ T
+1C, x" (i)
n
or (1+x)"=2"C, x"

r=0



5. Replacing x by (- x) in Eq. (iii), we get

(1-x)"="Cy x" ="C, x' +"C, x*
- 4E=D" "G T+ (- ) X"
n
or (1-x)"= 2(— H""C, x"
r=0

5
Example 1. Expand (20—2) by binomial theorem.

Sol. Using binomial theorem, we get
5 0 1
3 5 5-0(_3 5 s-1(_3
2a——| =7Cy(2a ——1| +°Cy(2a -
(2a=3) = cu @ (=2 + ey -2
5 s-2(_3 ’ 5 s-3(_3 ’
+ C2 (Za) —; + C3 (2a) _Z

4 5
+ ¢, (2a)5_4(— Zj 43¢, (za)f"s(— ZJ

_s a7 5 o34 ) §2
="Cy (2a) Cy (2a) (b]"' C, (2a) (b)

3 4 5
— 3¢, (2a)? (Z) +5C, (2a)" (2) _ s, (Z)

s 240a* 7204 1080a® 810a 243
- T

=32a

Example 2. Simplify
(X+~/(x2 =18+ (x=/(x* =1)8.

Sol. Let /(x> -1)=a
Then, (x +a)® +(x —a)® =2{°Cy x* "% a’ + °C, x* "2 4*
+6C, x4 at + 5C, x5 a%)
=2{x® + 15x*a* + 15x%a* + a°®} [from point (2)]
=2{x® +15x* (x* = 1) + 15x% (x% = 1)* + (x? = 1)*}

[ra=qx*—-1]

=2(32x°% — 48x* +18x % — 1)

Example 3. In the expansion of (x+ a)", if sum of
odd terms is P and sum of even terms is Q, prove that
() P*-Q* =(x* —a*)"
(i) 4PQ = (x+a)* —(x —a)™
Sol. s (x+a)' ="Cy x" %" +"C, x" " 'd' +"C, x" T 4P
+C, x" TP+ +"C, x T "
=("Cyx" +"Cyx" PP+ Cyx"at ¥ L)

+("Cx" T A A Cy k" O x T A+ )

= P+ Q (given) ..(1)
and (x —a)" ="Co x"  %a" ="Cyx" " 'd' +" Cy x" "2 4P
— ", X"+ L+ "C, X" A"

=("Co x"+"Cyx" " EdP+"Cyx" " a1+ )
—("Cx" a4 "Gy x" TP A Gy x" T A + )

=P — Q (given) (i)

(i) P*-Q*=(P+Q)(P-0Q)
=(x+a) (x—a)
_aZ)n

= (x? [from Egs. (i) and (ii)]

(i) (x + @) = (x —a)"" =[(x +a)" " = [(x —a)' ]’

=(P+Q)*-(P-0Q)°
=4PQ [from Egs. (i) and (ii)]

Example 4. Show that (101)*° > (100)*° +(99)°°.
Sol. Since, (101)*° - (99)*° = (100 + 1)** — (100 — 1)*
=2{°C, (100)* + *°C, (100)" + *°Cs (100)* + ...}
=2x%°C, (100)* +2{°°C5 (100)* + *°C5 (100)* +...}
=(100)*° + (a positive number) > (100)*°

(101)*°= (99)*° > (100)*°

n

Hence,
= (101)*° > (100)*° + (99)*
Lo
Example 5. Ifa, = ) ——, find the
r=0 Cr
5or
value of ), —-
r=0 Cr
Sol. Let P = }n: d ()
r=20

r

Replacing r by (n — r) in Eq. (i), we get

S (n—-r L (n—-r . . .
P:Z(n )=2(n ) [ "C, ="C,_,]..(ii)
r=0 Cn—r r=20 Cr
On adding Eqgs. (i) and (ii), we get
2P=2 " =n2 ! = na, [given]
r=0ncr r=0ncr
P=—aq,
Hence, %=Ean
r=0 Cr 2



Properties of Binomial
Expansion (x + a)”
(i) This expansion has (n + 1) terms.

(i) Since, "C, = "C,_,, we have

nC0=nCn=1
nC1=nCn_1:n
"C,="C,_y = n(n=1) and so on.

(iii) In any term, the suffix of C is equal to the index of a
and the index of x = n — (suffix of C).
(iv) In each term, sum of the indices of x and a is equal to n.

Properties of Binomial Coefficient
(i) "C, can also be represented by C (n, r) or (nj
r
(ii) "Cy = "C,,then either x =y orn=x +y.
So,"C, ="C,_, =— "
ri(n-r)!
(iii) "C, + "C,_, ="*'C,
()t =T

r—1

r

v "c,=2-""e,
r

Pascal's Triangle

Coefficients of binomial expansion can also be easily
determined by Pascal’s triangle.

(x+a) 1

(x+a)t 1 1

v 1\/\2/\/1
(x+a)3 1\/3 \/3\/1
(x+a)t 1 4 6 4 1
crar 1 % 3% 3% % 4

Pascal triangle gives the direct binomial coefficients.
For example,
(x+a)*=1-x*+4-x-a+6-x%d*
+4-xa’ +1-a*

=x*+4x’a+6x%a* +4xa’+at

How to Construct a Pascal's Triangle

Binomial coefficients in the expansion of (x +a)> are
1 3 3 1
1 ~o_ 3 ~_— \3/ ~_ 1
1 (1+3) B3+3) B+1 1
Then, 1 4 6 4 1

are the binomial coefficients in the expansion of (x +a)*.

Example 6. Find the number of dissimilar terms
in the expansion of (1— 3x+ 3x* — x °)*.
Sol.(1-3x+3x* - x*)* =[1-x)*T* =(1 - x)”

Therefore, number of dissimilar terms in the expansion of
(1-3x +3x% — x*)* is 100.

. - "C
Example 7. Find the value of )’ L.
r=1 nCr—]
Sol. -- G _n-r+1
ncr—l r
r¢ =(n-r+1)
ncr—l

o Cr i(n—r+l)= i(n+1)— ir
r=1 r=1 r=1

n
r=1 Cr—l

=(n+1) il—(1+2+3+...+n)
_n(n+l)=n(n+l)

=(n+1)-n 5

Example 8. Let C, stands for "C,, prove that
(Co+C)(C+Cy)(Cy+C5)...(Cry +Cp)
(n+1)"
= (CoCiCs - Cpmy)
n!
Sol. LHS=(Cy+C))(C;+Cy)(Cy +C3)...(Ch_1+Cp)

n n

=H(Cr—l +Cr): H(n+lcr) [ ncr + ncr—l = n+lcr]
r=1 r=1

:H(n-l—lj ncr71
r=1 r
n n_q n

S8 (RS0 ) §
r=1 r=1 r=1

1
=(n 1" (CoCCy Gy

_ (n+1)

(€ €1 Cy . Cy )= RHS



Example 9. Find the sum of the series 1y 3) 7Y 15)'
=) ) ) )

d 1 3 7" 15
2 (-1 "C, {r + + +——+..uptom terms}
2 2

2 3
Y=o 2027 + ... upto m terms

Sol. -+ (1 _ x)n — rgo(_ 1)r "Cr x" (l) — (1jn + (1) ! + (l) ' + (1j ' + ... upto m terms
e (EA B EA BN A
o r= e cr{@ (2] +() TR
] 1)
+| = +... upto m terms 2 2
16 =

n lr n 3r n
=Yy c[j + Y1, ) 1_@
r=0 nf:0 7r 4n 15 2
+ -1 "C || + - "C | = i
Forefezera e
+ ... upto m terms 2m(2" -1)

Exercise for Session 1

10
1. Thevalue of ¥ r-'°C,-3"-(-2)""" is
r=0

(@) 10 (b) 20 () 30 (d) 300

15
2. The number of dissimilar terms in the expansion of(x + 1 +x% 4 izj are
X

(a) 61 (b) 121 (c) 255 (d) 16
3. The expansion {x + (x> = 1)"2%}% + {x — (x® = 1)'?5 is a polynomial of degree
(@) 5 (b) 6 (c) 7 (d) 8
4. (V2 +1°-(¥2 - 1P is equal to
(@) 101 (b) 7042 (c) 1402 (d) 12042
5. The total number of dissimilar terms in the expansion of (x + a)'% + (x —a)'® after simplification will be
(a) 202 (b) 51
(c) 50 (d) 101
6. The number of non-zero terms in the expansion of (1+ 3v2x ) + (1-3+/2x)°, is
(@) O (b) 5
(c) 9 (d) 10
n
7. f(1+x)" =Y C x", (1+C1)(1+C2)... 14 Cn is equal to
r=0 CO C1 Cn—1
(@) "’ (b) @+
(n-1) (n-1)!
(n+1)" (n+1)y*"
(c) T (d) R

8. 1f"*'c,,,:"C, :""'C,_4=11:6:3,nris equal to

(a) 20 (b) 30
() 0 (d) 50



Answers

Exercise for Session 1

1.¢)  2.(a) 3. (c) 4.(c)  5.(b)  6.(b)
7.(c)  8.(d)
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