Session 4

Differentiation of Determinant, Integration of a
Determinant, Walli's Formula, Use of > in Determinant

Differentiation of Determinant

Let A(x) be a determinant of order n. If we write
A(x)=[C, C, Cs...C,, | where C;, C,, Cs,...,C, denotes
1st, 2nd, 3rd, ..., nth columns respectively, then

A (x)=[C{C, Cy---C,1+[C, C", Cy---C,]
+[C, C, Ch -+ Cyl+---+[C, C, Cy--- C1 ]

=2[C1/C2 Cs "‘Cn]

where C/ denotes the column which contains the
derivative of all the functions in the ith column C;. Also, if

A(x) =| R,

where R, R,, R5,..., R, denote 1st, 2nd, 3rd, ..., nth rows
respectively, then

R{] [R,/] [R, R, R]
R, R; R, R, R,
A'(x)=| Ry |+| Ry |+|R5 |+---+| R; |=2| Rs
Rl’l RYL Rn _Rr,l_ Rl’l

where R’ denotes the row which contains the derivative of
all the functions in the ith row R;.

CorollaryIForn=2,
A(x) =[C; C,], then A'(x) =[C] C;]+[C, C; ]

Also, if A(x) =[§1}, then A’(x) :ﬁi; } +[R1 }

2 R}
For example, Let A(x) = ar(x) bi(x) , then
ay(x) by(x)
ay | B farx) b
ay(x) by(x)| |az(x) by(x)

[derivative according to rowwise]

Corollary Il For n =3, A(x) =[C; C, C5 ], then
A'(x) =[C] C; C3]+[C, C; C5]+[C; C, C3]

R,y R} R, R,
Also, if A(x) =| R, |, then A(x)=| R, |+| R} |+| R,
R, R; R; R’
ay(x) ax(x) as(x)
For example, Let A(x) =|b,(x) by(x) b 3(x)|, then
ci(x) cy(x) c3(x)
aj(x) az(x) a’(x)
A'(x) =|by(x) by(x) bs(x)
ci(x) cax)  cs(x)
a;(x) ay(x) as(x)| |ai(x) ax(x) as(x)
+b{(x) by(x) bi(x)|+|bi(x) by(x) bs(x)
c1(x) ca(x) es(x)| [ef(x) cz(x) c5(x)
[derivative according to rowwise]
Remark

1. In a third order determinant, if two rows (columns) consist
functions of x and third row (column) is constant, let

a(x) alx) ax)
Alx) =|b(x) by(x) b4x)| then
G Co Cs
a(x) alx) ax)| lax) alx) ax)
A (X) =|b(x) bo(x)  bgx)|+ |b{(x) bix) bs(x)
G Co C3 G Co C3

2. In athird order determinant, if only one row (column)
consists functions of x and other rows (columns) are
constant, let

a(x) a(x) ax) a(x)  aj(x)  ax)
AX)=| b b by |thenAl)=|b b by
G Co Cs Cy Co C3
and in general
T a0y Tfamr L (a0}
q" ax ax dx
N{A(X”’: b1 bQ b3
ax
G Co C3



Important Derivatives
(Committed to Memory)

If a and b are constants and n € N, then

. d"
1. 1fy=(ax+b)",then—y=n!a”
dx"
. . d" . (nm
2. if y =sin(ax + b), then Y —sin| ™ tax +b|-a"
dx" 2
. d" nm
3. if y =cos(ax + b), then Y —cos| ™ +ax +b |- a"
x" 2
sinx cosx sinx
Example 35. If f(x)=|cosx -sinx cosx|,
X 1 1
find the value of 27% +{f"(1)}°.
CosSX —sSinx cosx sin x cos x sin x
Sol. f’(x)=|cosx —sinx cosx|+|-sinx —cosx —sinx
x 1 1 x 1 1
sinx cosx sinx
+|cosx —sinx cosx|[derivative according to rowwise]
1 0 0
cosx sinx 2 9
=0+0+1| =cos"x +sin“x =1
—sinx cosx

A fix)=1= f(0)=1and f/(1)=1
= 2V apapy =241t =3

COS X  sinx COS X
Example 36. Let f(x)=|cos2x sin2x 2cos2x |,

COS 3X sin3x 3cos 3X
then find the value of f ’(7;)

cosx sinx Ccos X
Sol. Given, f(x)=|cos2x sin2x 2cos2x
cos3x sin3x 3cos3x
—sinx sinx cos X
f’(x)=|-2sin2x sin2x 2cos2x
—3sin3x sin3x 3cos3x
Ccos X CcOos X Ccos X cosx sinx —sin x
+|cos2x 2cos2x 2cos2x|+|cos2x sin2x —4sin2x
cos3x 3cos3x 3cos3x cos3x sin3x —9sin3x

[derivative according to columnwise]

-1 1 0 R
s
:}f’(): 0 —2/+0+|-1 0 0
2
3 -1 0 0 -1 9

['- C, = C4 in second determinant]
=2(1-3)+109-1)=-4+8=14

Example 37. Let o be a repeated root of a
quadratic equation f(x)=0and A(x), B(x) and C(x) be
polynomials of degree 3, 4, and 5 respectively, show

A(x) B(x) C(x)
that Al®) Bla) Cla) is divisible by f(x), where
A’(a) B’(a) C’(o)

prime (”) denotes the derivatives.

Sol. Since, o is a repeated root of the quadratic equation
f(x) =0, then f(x) can be written as f(x)=a(x — o),
where a is some non-zero constant.

A(x) B(x) C(x)
Let g(x)=|A(a) Bo) C(o)
A'(o) B(a) C(a)

g(x)is divisible by f(x), if it is divisible by (x — a)’ i.e.,
g(or)=0and g’(ot) =0. As A(x), B(x) and C(x) are
polynomials of degree 3, 4 and 5, respectively.
.. Degree of g(x) =2

A(a)  Bla) C(a)
Now, g(o)=|A(a) Bla) C(a)[=0

Af(a) B(a) C(ar)
[ R, and R, are identical]
C'(x)
C(a)
C'(a)
C'(a)
C(a)|=0
C'(a)

A’(x)
g'(x)=|A(a)
Al(a)
A'()
g'(o)=]A(x)
A'(a)

B’(x)
B(at)
B’(a)
B'(a)
B(o)
B'(a)

Also,

[ R, and R, are identical]

This implies that f(x) divides g(x).

Example 38. Find the coefficient of x in the
determinant

(14 X)P (14 x)9P2 (14 x) 0P
(14 x)20 (14 x)%2P2 (14 x)%2bs
1+ X)% P2 1+ x)530 (14 x)%bs

Sol. We know that, if f(x) be a polynomial, then coefficient of
n . 1 n
£ in f(x) = f"(0)

T+ )" 1+ %)% (14 x)*
Let  f(x)=|(1+x)%" (1+x)%" (1+x)"
1+ )50 1+ %)% (1+ x)sb

ab(1+ x)"~ 1 aby(1+ x)4 ~laby (1 + x)4bs 1
(1+ x)h (1+ x)2P (1+ x)e™
(1+ x)“bh (1+ x)sb (1+ x)bs

o f(x) =



(1+ x)4h 1+ x)" (1+ x)4bs
+lay by(1+ x)22 70 ayb, (14 x)%% " Lay by (14 x)20 7!
(1+ x)b (1+ x)sb (1+ x)sbs
(1+ x)h (1+ x)b (1+ x)b
+ 1+ x)eh (1+x)%" (1 +x)%"

asb (1+ )% 71 b, (14 x)%2 71 agby (14 x)®% 71

ab, ab, abs 1 1 1
S f’(O) = 1 1 1 + a, bl day bz as b3
1 1 1 1 1 1
1 1 1
+| 1 1 1
asby asb, asbs
=0+0+0=0

". Coefficient of x in f(x)= f1,0)= 0

Aliter
(T+x) (14 x) (14 %)

Let|(1+x)%% (1+x)%% (1+x)25|= A+Bx+Cx? +--
(1+x)" (1+x)%" (14 x)sP

On differentiating both sides w.r.t. x and then put x =01in
both sides, we get

ab, ab, abs 1 1 1 1 1 1
B=|1 1 1 |+|agh, ayby, aybs|+| 1 1 1
1 1 1 1 1 1 asb, asb, asbs

=0+0+0=0

Hence, coefficient of x in given determinant is 0.
O+XxX 0+Xx A+x
Example 39. If A(x)=|B+ x
Y+X Y+Xx y+X

show that A”(x)=0 and A(x)= A(0)+ Sx, where S
denotes the sum of all the cofactors of all elements in
A(0) and dash denotes the derivative.

O+Xx Wn+x|

1 6+x A+x| |o+x 1 A+x
Sol. We have, A'(x)=]1 ¢+x U+x|[+|f+x 1 wu+x
1 y+x v+x Y+x 1 v+x

a+x O6+x 1
+B+x o+x 1
Y+x Y+x 1

Applying C, — C, — xCy and C3 — C3 — xC in first,
C, > C, - xC,and C3 — C5 — xC, in second and
C, > C, - xCyand C, — C, — xC5 in third, then

106 Al | 1 A o 6 1
A(x)=[1 o u[+|B 1 u+|B o 1
1y v| [y 1 v y v 1

o 6 A
sum of all cofactors in A(0), whereA(0)=|B ¢ u

Y v v

A’(x)=0 [ Sis constant]

Since, AN(x)=S
On integrating A(x)=Sx +C
: A0)=0+C
Hence, A(x) = Sx + A(0)

x"  sinx oS X

. nT nT
Example 40. If f(x)=|n! sm(zJ cos (2),
T 752 T 3

n

then find the value of:n{f(x)} at x=0,nel.
X

d" d" d"
(x™) (sin x) (cos x)
dx" dx" "
d" nm nm
Sol. = ! in| — —
o {f(x)} n sm( ) ) cos( ) j
n n? n’

(5] o
I Fopat(x =0)= |t sm(’”‘] cos(”z"j

dx

=0 [ R, and R, are identical]

Integration of a Determinant

f(x) g(x) h(x)
Ax)=| p q r

I m n

Let

where p, q,r,[,m and n are constants, then

Lb f(x)dx J;b g(x)dx Lbh(x)dx
Lb A(x) dx = p q .

[ m n

Remark

If in a determinant, the elements of more than one columns or
rows are functions of x , then the integration can be done only
after evaluation or expansion of the determinant.



Important Integrals (Committed to Memory)

L (1) Jﬂ/z

Sll’l X T

dx =—

sin” x +cos” x 4

Jﬂ/z
sm x+cos X

(11) Jﬂ/z tan” x _7_-‘:)1/2 dx

% 1+tan" x 1+ tan” x

(iii) Jﬂ ———Jﬂ/2 C()tixdx VneR

% 1+4cot" x
. /2 . /2 T

2. (1)J‘0n lnsmxdx:_l‘: Incosxdx =——1n2
2

T 1
or —In| =

(ii) JZ/Z In tan x dx =J?:/2 Incotxdx =0

cos” x — = dx,VYn€eR

,Vne R

1+cot" x

/2 /2 T
(iii) J?: Insec x dx =J:: Incosec x dx =—1In2
2

Walli's Formula

2o
(An easy way to evaluate J?: sin™ x cos" x dx, where

2
m,n€ W) We have, J: sin™ x cos” x dx

:{(m—l)(m—3)...20r1} {n-1)(n-3)...20r 1}
{m+n)(m+n-2)(m+n—-4)...20r 1}

where, pis T /2, if m and n are both even, otherwise p =1.
The last factor in each of three products is either 1 or 2. In
case any of m or nis 1, we simply write 1 as the only factor to
replace its product. If any of m or n is zero provided, we put 1
as the only factor in its product and we regard 0 as even.
For example,
[5-3-1[3-1] ©n_3m
[10-8-6-4-2] 2 512
[5-3-1[2] _2
[9-7-5-3-1] 63
[4-2][6-4-2]  _ 1

/2
1r sin® xcos* xdx =
/2
2.[}
/2
3.J"
)

sin® xcos® x dx =

.5 7
sin’ xcos’ xdx =

[12-10-8-6-4-2] 120
2. -5-3-1 3
4.Jﬂ smgxdx:u-E:ﬂ
0 [8-6-4-2] 2 256
/2 -4 -
5'r Cos7xdx:M.1:§
0 [7-5-3-1 35

©-7-5-3-101] | _1
[11-9-7-5-3-1] 11

.10
sin" xcosxdx =

/2
6. r
0

a
Example 41. IfA(x)=16 3 |, then
oA x x* x°
find .[o A(x) dx
a b c
1
Sol. [ A(x)dx=| 6 4 3
’ J xdx Jl x 2dx Jlxs
0 0
a b c a b ¢
I 4 5 |_|6 4 3
BRI
- — - 2 3 4
2 3 4
0 0
a b ¢
Applying R, — R, —12R3,thenJ.1 A(x)dx = 0.0 0 =0
0 111
2 3 4
Example 42. |
P. 5 f. vsin x
sin” x  Insinx ,
Sin X + +/CoS X
n
f(x)=| n Yk Hk ,
k=1 k=1
8 i1 (1) T
2 Ihnl2 i
15 2 2 4
, /2
then find the value ofJ:: fix)d
Sol. [ f(x)dx
/2 | s /2 . /2 A/sin x
d | d —_—_—
J.O sin- xax J.O nsin xax J.O Sinx +m
- n Yk [1k :
k=1 k=1
8 T [1) T
2 Znl 2 ad
15 2 |2 4
42 e, T
53 2 4
=l n Zk T1k [by Walli’s formula]
k=1 k=1
8 m (1) m
I Y ad
15 2 (2 4

=0

[since R, and R; are identical]



Example 43. Let f(x)
sec X COS X  seC 2 X+ cot x cosec X

=|cos?x cos?x cosec’x

, then find
1 cos? x cos’x

the value of J:/z f(x)dx.

Sol. Applying C, — C, — cos® x Cj,then

sec x 0 sec” x + cot x cosec x
f(x)=|cos’x cos?x—cos*x cosec’x
1 0 cos? x
[expanding along C, ]
sec x sec? x + cot x cosec x

=(cos® x — cos* x)

COS2 X

=(cos® x — cos* x) (cos x —sec? x — cot x cosec x)

9 9 1 CcoS X
=cos“x(1—cos”x)| cos x — R
cos“x sin“x

1 CcOS X
cos’x sin’x

= cos® xsin® x —sin® x — cos® x

2 s 2
= CO0S X sin X(COSX—

=—cos’ x (1 -sin® x) —sin’ x

f(x)=—cos’ x —sin® x
T/ 2 /2 5 n2
J.O f(x)dxz—J.0 cos xdx—_[0 sin® x dx

A HNG

[ by Walli’s formula]

Use of X in Determinant

f(r) g(r) h(r)
If A(r)=| a b c

a; by €1

where a, b, c,a,, b; and ¢, are constants, independent of r,
then

r%l f(r) rgl g(r) rél h(r)
z, A(r) = a b c

r=1

a; b, C1

Remark

If in a determinant, the elements of more than one columns or
rows are function of r, then the X can be done only after
evaluation or expansion of the determinant.

Important Summation
(Committed to Memory)

1.

r=Zn=1+2+3+...+n=n(n+1)
1 2

PP =Sn? =1t 42?43t 4 4 pt= D E@TY
! 6

I M=

r

I M=

r

rP=Xnd=13 423 +3% + .. +n?
1

|—n(n+l)—| — (27’!)2
2 |

il

"M==

r

Ya=2a=a+a+a+...+a=an
r=1 —
n times
SA-DN '=A"-1VA#land A>1

1

sin {Oc + L -1 B}sin (11[3)
sin[on+(r —1) B] = 2 2

sin E
2
Particular For o =3 =6.

sin{(n+1)6}-sin(rle)
2 sinr0= 2 2
3)
sin| —
2
cos {oc + (n—1) B} sin (nﬁ)
cos{a+(r—-1)p} = 2 2
' sin(Bj
2
Particular For o =3 =6.
{(n+1) } (nﬂj
cos O;sin| —
cosrf = 2 2
! sin 9
)

I

T;M:

M=

r

- S S+ = f0) = fn+1) - Q)

. n 1 1 1
Particular Y =Y |=-
r=1r(r+1) r=1\r r+1

1 1 n

1 n+1 n+l




Remark
Capital pie I'T is not direct applicable in determint i.e.,
n n n
I/ Ilgtn IIAr
n r=1 r=1 r=1
3 A(r) # a b c
s
il b G

Explanation 127[1 A(r) = A(1) x A(2) X ... x A(n)

(g A f2) g@ h@) fn g(n
= b c | x b c [X..x| a b
a b ¢ a booo a b
,lilwﬂr) ,12:[19(’) ,li[whm
# a b c
g by G

Example 44. Let n be a positive integer and

r-1 ", 1
A= nt-1 2" n+1 |, prove that
cos?n? cos’n cos’(n+1)
n
Y A, =0.
r=0
2r —1 "C, 1
Sol. We have, A, =| n* -1 2" n+1

cos’(n?) cos’n cos®’(n+1)

n n n
Y (er—-1) X "C, 1
n r=0 r=0 r=0
A =| n®-1 2" n+1
r=0 2,2 2 2
cos“(n”) cos“n  cos” (n+1)

n n n

Now, > (2r—-1)=2 X r— X 1
r=0 r=0 r=0
=20+14+2+3+...+n)—-(1+1+1+...+1)

(n + 1) times

2D = () (n - 1) =~ 1

h(n)

G

n? -1 o
n? -1 2"

cos®(n?) cos’n cos?(n+1)

n+1
n+1 =0

[since R, and R, are identical]

Example 45. Let nbe a positive integer and

rl4r r+1 r=2
A, =|2r’+3r-1 3 3r-3|and
r’+2r+3 2r—1 2r—1

n
> A, =an’ +bn+c, find the value of a+b +c.
r=1

r—2
3r =3
2r —1

ri+1r r+1
Sol. We have, A, =|2r* +3r—-1 3r
rP2r+3 2r—1
Applying R, — R, — (R, + R3), then
r+1

r’+or+3 2r—1 2r—1

Expanding along R,, we get
r+1 r—2
2r—=1 2r—-1

=4[(r+1)@2r—-1)—(r-2)(2r —-1)]
=24r — 12

Now, i A, =24 i r—12 i 1
r=1 r=1 r=1

n(n+1)

=24 —-12n=12n(n+1-1)

=12n*=an’* +bn+c
For n = 1, we have

at+tb+c =12



10.

Exercise for Session 4

X3

x x?
Iff(x)=|1 2 3 | f(1)isequal to
0 1 x

(@)- 1 (b) 0 ©) 1 (d) 2
secx X2
Letf(x)=|2sinx x® 2x2| lim L)‘i)is equal to
tan3x x2 XX
(@) 0 (b) - 1 (©) 2 (d)3
X 2 x
Let| x> x 6 |=Ax*+Bx %+ Cx 2+ Dx +E, the value of 5A + 4B + 3C + 2D + E is equal to
X x 6
(a)- 16 (b) - 11 (©)0 (d) 16

x2 sinx cos x s

Letf(x)=] 6 -1 0 | where p is a constant. Then % {f(x)}atx =0is
X

p p* p°
(@p (b) p + p? ©p+p°
. . Yy Y1 Y2 dny
If y =sin mx, the value of the determinant| y3 vy, ys| wherey,=—"is
Ye Y7 Vs o
(a) m? (o) m® (c)ym®

2cos?x sin2x —sinx ,
Letf(x)=| sin2x 2sin?x cos x |, the value ofJ.;I {f(x)+f(x)}dx,is
sin x —C0Ss X 0
(b) ©

(a) >

N a

2 X
cosx e* 2xcos? (5)

(d) independent of p

(d) None of these

(d) 2n

/
Iff(x)=| x? secx sinx+x3 ,thevalueoffnfz (x2 + )[f(x)+ F(x)]dx , is
-7

1 2 X + tan x
(a)-1 (b)0 (c) 1
.2 4 1
sin® x+ cos®xIncos x ————
1+ (tan x) .
T
lff(x)=| = n? nt , the value of [ F(x) dx is
7 1 1 0
— -—-In2 —
16 2 4
(a)2 (b) -1 ()0
1 n n .
fAc=| 2k n?+n+1 n?+n |and Y A, =56, thennis equal to
2k —1 n? n%+n+1 =t
(a)4 (b) 6 (c)8
. n-2 Cr—2 I772Cr71 I772Cr
The value of Y, (-2) -3 1 1 |(n>2)is
r=2
2 -1 0

@n-1+ (1" o)y2n+ 1+ (-1 c)2n -3+ (-1

(d)2

(d) None of these

(d) None of these

(d) None of these



Answers

Exercise for Session 4

1.(c) 2.(b) 3. (b) 4.d) 5 6.(b)
7.()  8.(c) 9.(d)  10.(a)
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