JEE Type Solved Examples :
Single Option Correct Type Questions

= This section contains 8 multiple choice examples. Each The pairs (a, b) are
example has four choices (a), (b), (c) and (d) out of which (3,3%), (4, 4%), (5,5%), (6, 6),..., (44, 44%) and (3,3°), (4, 4%)
ONLY ONE is correct. T e R
\ o 5,5%,..., (12,12%).
Ex. 1 The expressionlog, 5 — Zlog 2 (sin[j) reduces Hence, there are 42 + 10 = 52 pairs.
5
k=1
to P, where p and q are co-prime, the value of p> +q° is Ex. 3 The lengths of the sides of a triangle arelog, 12,
q log o 75 andlogy n, wheren e N. If a and b are the least
(a) 13 (b) 17 (c) 26 (d)29 and greatest values of n respectively, the value of b —a is
Sol. (b) Let p = log,5— Zlogz(sm(knj) divisible by
= 5 (a) 221 (b) 222 (c) 223 (d) 224
. - Sol. (¢) In a triangle,
=log,5- {logz(sm(SD + logz(Sin(SD logyy12 + log;( 75 > logyyn = n < 12 X 75 = 900
n < 900 (@)
+log, sin(b’n) +log, sin(mj and log;y12 + log,yn > log;, 75
> > 75 25

5

{ n>— ...(ii)
= log,5—log,{sin® -sin’ 2“ j 4
’ ’ 5 25

= n>—==
21 3n 4T 12 4
= log,5— log, sm— sm— sin—-sin—
5 25

From Eqs. (i) and (ii), we get N <n <900
~ log, 5 log, (1-cos72 )(1 —cos144 )}

s n=17728,9, 10, ..., 899
(1-sin18° )(1 + cos36° )} Hence, a=70b=899

= log,5— log, b—a=892=4x223

Hence, b — a is divisible by 223.

(1_\/5—1)[1+\/§+1]
4 4

= log,5-log, .

Ex. 4 If5log . (a® +b> +c*) =3\ 1+ log,(abc) and
log;(abc)

m . .
(abc)* P =1and A ==, where m and n are relative primes,

=log,5-1 = log,5-1 > !

= log, 082 = l0g; 082 16 the value of|m+n|+|m—n| is
-

q

{(5 J5)(5+/5)

(a) 8 (b) 10 () 12 (d) 14

10g2(5X5) logz = T [given] Sol. (b) (abc)a+b+c =1= (abC)O

p=4q=1 atb+c=0 = a’ +b* +c* =3abc
Hence, p® +¢° =4°+1° =17 Now, LHS = 5log,. (a® +b° +¢?) = 510g,.(3abc) (i)
1+1 b log;(3ab
Ex. 2 If3<a<2015,3<b <2015 such that and RHS = 3| 17108s(abe) | _ 45 [ logs (Sabe)
) logs(abc) logs(abc)
log, b +6log, a=>5, the number of ordered pairs (a, b) of B
integers is = 3Alog,.(3abe) ...(i1)
(a) 48 (b) 50 (c) 52 (d) 54 From Eqgs. (i) and (ii), we get
Sol. (¢) Let x = log, b (i) 5 logape(3abe) = 3hlog,y(3abe)
m .
= x+8 o595 %% 5x46=0 = x=23 b= [given]
x n
= m=5n=3

From Eq. (i), we get log,b=23

2 3 Hence, |[m+n|+|m—-n|=8+2=10
= b=a"ora



logs 3 Also, b—a =36—ais a square for a = 35, 32, 27, 20, 11

Ex. 5 Ifalogbc -3. 3Iog43 . 3Iog43|0g4 3 . 3Iog43]°g43 oo , ,

) o b 36",
where a, b, c € Q, the value of abc is Now, c¢= . = Y is an integer for a = 27

(a)9 (b) 12 @1 (@2 e 27 b6 e a8
Sol. (C) alogbc — 31+log4 3+ (logg 3)° + (logg 3)°+... Hence, a+ b—c =27 +36—48 = 15

_ 31/(1—log4 3) _ 31/log4 (4/3) _ 3log4/3 4
bcd acd
a=3,b=ic=4 Ex. 8 Ifx=log2a(j,y=|0g3b( j’
3 2 3
bd b
Hence, abc =3-§-4 =16 z= Iog4c(a4) andw =log 54 (CISC) and
i 1 1 1 1 .
Ex. 6 Number of real roots of equation " " n =log g N +1, the value of N is
3loB3(x*=ax+3) _ (3 ¢ X+1 y+1 z+1 wHi
(@) 0 (b) 1 (©) 2 (d) infinite (a) 40 (b) 80
onix? (c) 120 (d) 160

Sol. (a) - 3 4xEd) _ (4 _3) 6 bed

Eq. (i) is defined, if x* —4x +3 >0 Sol. (q) - *= logz{zj

= (x—1)(x-3)>0 2abed

= x<lorx>3 ...(ii) = x+1= logZa(z) = log,,(abed)

Eq. (i) reduces to x* —4x +3=x-3 = x*—5x+6=0 1

x=23 ...(iii) il log,ped 2a

From Egs. (ii) and (iii), use get x € ¢ 1 1
Similarly, —— = log,j.s 3b, —— = logpeq 4¢
+1 z+1

.. Number of real roots =0 y

Ex. 7 Iflogga+logeb+loge c=6, wherea, b,c€ N and

a, b, c are in GP and b — a is a square of an integer, then the and wrl l0gases 5d
value ofa+b —c is RS SN S S (28-3b-40 -5d)
(a) 21 (b) 15 (c)9 (d)3 x4+l y+1 z+1 wt+l OBabed ¢
Sol. (b) '+ logga+logsb +logsc =6
- ¢ 610g6 (abf:) 6 = logapea(120abed)
- abc — 66 = logabcd 120+1
- b= 6° [ b? = ac) =log.peq N +1 [given]
N b=36 Hence, N =120
JEE Type Solved Examples :
More than One Correct Option Type Questions
= This section contains 4 multiple choice examples. Each = 3ab(a+b)=0 = a=0orb=0o0ora+b=0
example has four choices (a), (b), (c) and (d) out of which N log;o x +2= 0 or logo x—1=0
more than one may be correct.
or 2logyx+1=0
Ex. 9 The equation = x=10"orx=100r x =10""?
(log 1o x+2)* + (log 1o x-1)3 =(2log x +1)° has Hence, x=$0rx=100rx=ﬁ
(a) no natural solution  (b) two rational solutions
(c) no prime solution (d) one irrational solution log-9-1l0g-5-log7 1
_ 1 Ex. 10 The value of CE 87 83/ is
Sol. (b, c, d) Let logyx+2=aandlogyx—-1=0 log J6 log . J6

. a+b=2log;, x +1, then given equation reduces to

&b = (0 b co-prime with

(a)1 (b) 3 (c)4 (d)5



logs9-log;5-logs7 N 1

Sol. (a, b, d) Let P=
( 9 log; NG log, NG

log;9

=—22"_+1]o 4=1log -9+1Io 4
log; /6 B/ 0 0

= log ;(36) = log 5(V6)' =4 = P =14

which is co-prime with 1, 3, 4 and 5.

Ex. 11 Which of the following quantities are irrational
for the quadratic equation
(log o 8)x* —(logqo 5)x = 2(log,10) ' —x ?
(b) Product of roots
(d) Discriminant

(a) Sum of roots

(c) Sum of coefficients
Sol. (¢, d) "+ (logy,8)x* —(log;,5)x = 2(log,10) " — x

= (3log;p2)x” +(1—1log;y5)x —2log;p2=0

= (3log;p2)x? +(logy 2)x —2log;p2 =0
Now, Sum of roots = —% = Rational
2 .
Product of roots = —5 = Rational

Sum of coefficients = 3log;( 2 + log;, 2 —2log;, 2
= 2logy 2 = Irrational
Discriminant = (log;, 2)* +24(log;, 2)*
=25 (logy 2)? = Irrational

Ex. 12 The system of equations

log1,(2000xy) —logy x - logo y =4

log10(2yz) —logq y - logyp z =1

andlog,(zx) —logy z - logy x =0

has two solutions (xq, y1, z1) and (x5, y 5, z,), then

JEE Type Solved Examples :
Passage Based Questions

= This section contains 2 solved passages based upon each 15,
of the passage 3 multiple choice examples have to be
answered. Each of these examples has four choices (a), (b),

(c) and (d) out of which ONLY ONE is correct. Sol.

Passage 1
(Ex. Nos. 13 to 15)

Suppose that logo(x —2) +log,, y =0 and

Vx +4fly =2) = f(x+y).
13. The value of x is
@2++2 b)1+2 (@242 (d)a-+2
14. The value of yis
(a) 2 b)2+/2  (1++2  (d)2+242

Sol.

(a) x; + x, =101 (b) y;+y, =25
(c) x1x, =100 (d) z,z, =100
(a, b, ¢, d) Let log;o x = a, log;gy = b and log;yz =¢

Then, given equations reduces to

a+b—ab=4-1log2000 = log;,5 (1)
b+c—bc=1-logy2=1log,5 ...(ii)
and c+ta—-ca=0 ...(1i1)
From Eqgs. (i) and (ii), we get
a+b—ab=b+c—bc
= (c—a)—-blc—a)=0
= (c—a)(1-b)=0
1-b#0,c—a=0= c=a
From Eq. (iii), we get
2a—a*=0 = a=0,2
Then, c=a = c¢c=0,2
and b=1log;;52-1log;,5
logypx =0,2 = x =10°,10°
= x =1,100
= x;= 1, x5 =100
and log,yy = logy 5, 2—1og;y 5
= logy, 5, log;, 20
= y =520
= Y1=5Y,=20
and logiyz=0,2 = z= 10°, 10°
= z=1,100
= z;=1,z, =100
Finally, x; + x, =1+100 =101, y; + y, =5+20 = 25,
X1x5 =1X100= 100 and z;z, = 1Xx 100 =100
2t2 -6 6-2t2 .
If x +y =6,the value of t; t, t5 t, is
(@1 (b) 2 (c) 4 (d) 8
(Ex. Nos. 13-15)
logyo(x —2) + logyyy =0
x=2>0,y>0
= x>2y>0 ..()
and logo{(x —2)y} =0
= (x—2)y=100=1
(x=2)y=1 ...(ii)

Also, given that Jx + \/(y -2)= \/(x +y)

x20y—-220x+y=20



= x20y22
On squaring both sides, we get

x+y-2+20x[(y-2)=x+y
= Jry-2=1

= x(y—-2)=1

From Egs. (i) and (iii),we get
xX>2,y22

and from Egs. (ii) and (iv), we get y = x

(x=2)x=1

= x?=2x-1=0

2t J1+4

X =
2

...(iii)

(iv)

From Eq. (ii),

[neglect —ve sign, since x > 2]

13.
14.

15.

(b) x=(2 +1).

(0 y=x=41+1
- 20y =6
= x2t276 +(x71)2t276 =6

2 2
= (x2)t -3 +(x—2)t -3 =6

= B2 T rBo242) =6

Now, we get t2-3=+1
= t2=4,2
t=+2+2

tityts ty =(2)(-2)(¥2)(—2) =8

JEE Type Solved Examples :
Single Integer Answer Type Questions

= This section contains 2 examples. The answer to each

example is a single digit integer ranging from 0 to 9
(both inclusive).

Ex. 19 If x, and x, are the solutions of the equation
x'°810X =100x such that x, >1and x, <1, the value o XX
Sol. (5) - x"°810% =100x 2
Taking logarithm on both sides on base 10, then we get

log x -log;y x = log;( 100 + log;y x
= (logy x)% - logijpx —2=0
= (logjo x —2)(logpx +1)=0
logox=2-1= x=10%10"

1
x; =100, x4 =1—

X1X2
2

=5

Passage II
(Ex. Nos. 16 to 18)

1£ 107 "8 ©8 ) _ 1 and log , {log, (log,, x)} =0.

16. The value of x is

@q" (b) rf (©r° (d)rq
Sol. (b) - 10°8p logaloer Il _ g _ 440
= logp {logq(log, x)}=0
= log,(log, x)=1 = log, x =¢q
= x=ri ()
and log, {log,(log, x)} =0
= log,(log, x)=1 = log,x=r
x=p (i)
From Egs. (i) and (i), we get x=r%=p"
17. The value of p is
@r""  (brg (c) 1 (d)r
Sol. (a) e ..(iii)
- p=rilr
18. The value of g is
(a)rP'" (b) plog,r (c)rlog, p (d)r" '

Sol. (¢) From Eq. (iii),

qlogr=rlogp = q = r(logp) =rlog, p
logr

Ex. 20 If(31.6) = (0.0000316)” = 100, the value of

1T 1.
———s

a b
Sol. (3) - (31.6)* = (0.0000316)" = 100
= alog;,(31.6) = blog;,(0.0000316) = log;,100
= alog;o(31.6)= blog,((31.6x 10°)= 2
= alog,((31.6) = blog,,(31.6) — 6b = 2
= 2~ logyy(31.6)
a
2
and ) =log;(31.6)— 6
2 2
—_—_ = 6
a b
a b



JEE Type Solved Examples :
Matching Type Questions

= This section contains 2 examples. Examples 24 and 25
have three statements (A, B and C) given in Column I and
four statements (p, q, r and s) in Column II. Any given
statement in Column I can have correct matching with
one or more statement(s) given in Column II.

Ex. 21

Column | Column Il
(A) If x; and x; satisfy the equation
(x + 1)log10&+1) =100(x + 1), then | (p) | irrational
the value of(x; + 1) (x, + 1) + 51is
(B) The product of all values of x
which make the following (q) | rational
statement true (t) | prime
(log, x) (logs9) — log 25 + log,2 P
=log;54, is
©) If log, a = -3, log, ¢ = 4 and if the (s) | composite
value of x satisfying the equation
a** = ¢*is expressed in the form
p/ g, where p and g are relatively
prime, then g is
(t) | twin prime

Sol. A - (q,s,1t),B—=(p),C—(qr)
(A) (x +1)°80E D =100 (x +1)
Taking logarithm on both sides on base 10, then we get
logo(x +1)-log;o(x + 1) = log;, 100 + log;o(x + 1)
= {logyo(x + 1)}* =2 + log;o(x + 1)
= {log; (x +1)}* —logyy (x +1)—2=0
= {logyo(x +1) — 2} {logyo(x + 1) + 1} =0
: logp(x +1)=2-1
= (x+1)=10% 107"

(x;+1)(xy, +1)=10* x 10" =10

= (x;+1)(x, +1)+5=10+5
=15=3X5
(B) " (logs x) (logs9) — log, 25 + log; 2 = log; 54
= 2logs x — 2log, 5 =logs54 — logs2
=logs(27)=3
Let logs x = A, then
L3
A
= 20 =30 -2=0
= 2N — 4L+ A -2=0

2AMA=2)+1(Ah-2)=0 = A=--,2

1
2

1
logs x =—-,2
gs 5
_ 1
= x=51/2,5Z or x=—,25
\5
Product of the values of x = ! X 25 = 54/5
V5
©) - logya=—-3 andlog,c =4
3 .
log.a=- " (i)
and a* =t
= 3xloga=(x —1)logc
= 3xlog.a=x-1
= 3xX —% =x-1 [from Eq. ()]
4
= -9x=4x—-4 or x = —
13
q=13 [prime and rational]
Ex. 22
Column 1 Column Il
(A) | If ccand B are the roots of (p) | divisible by 2

ax® + bx + ¢ = 0, where

a= 210g2 3 _ 3lc»g3 2’

b=1+ z,llogz 3 _ 31 logs 2

(q) | divisible by 4

T,

and ¢ = log, log,

then HM of ocand P is

(B) | The sum of the solutions of the (r) | divisible by 6
equation
|x_1‘log2 xzleogx4 :(x_1)7 is (S) divisible bys

(C) | If5(logy x + log,y) =26, xy =64, (t)
then the value of | x — y| is

divisible by 10

Sol.A—(p,qr1),B—>(p1,C—({rt
(A) v a=3-2=1b=1c=log,log,2*
=log,(2°)=-6
The equation reduces to x* + x —6=0
oa+B=-1, afp=-6
208 2(-6)
Ca+B (-1
(B) Obviously, x = 2is a solution. Since, LHS is positive,
x — 1> 0. The equation reduces to

12

log, x* —2log, 4 =7

= 2?»—%27,Where7»=log2x



1
= 27»2—77»—4=0:>)»=4,—5

1 _
log2x=4,—5 = x=2%271?
1
V2

1
= x =16 x # —

N

= x =16,

[ x>1]

.. Solutions are x = 2,16
. Sum of solutions =2 + 16 = 18
(C) If o =logx,p =logy

o, P
log,x +log,y=—+—
Sy 8xY B o
5(log, x + log, y) = 26
= o B _2
B «

JEE Type Solved Examples :
Statement | and Il Type Questions

= Directions Example numbers 23 to 24 are
Assertion-Reason type examples. Each of these examples
contains two statements:
Statement-1 (Assertion) and Statement-2 (Reason)
Each of these examples also has four alternative choices,
only one of which is the correct answer. You have to select
the correct choice as given below.
(a) Statement-1 is true, Statement-2 is true; Statement-2

is a correct explanation for Statement-1

(b) Statement-1 is true, Statement-2 is true; Statement-2
is not a correct explanation for Statement-1

(c) Statement-1 is true, Statement-2 is false
(d) Statement-1 is false, Statement-2 is true

20
Ex. 23 Statement-1 [fN = (]) ,then N contains
7 digits before decimal. 0.4

Statement-2 Characteristic of the logarithm of N to the
base 10 is 7.

- B Lzo: E20
Sol. (d) - N_(O_J (zj

= log;p N =20(1 — 2log;,2) = 20 (1 — 2 X 0.3010)
= 20% 0.3980 = 7.9660

Since, characteristic of log;y N is 7, therefore the number of
digits in N willbe 7 + 1, i.e. 8.

Hence, Statement-1 is false and Statement-2 is true.

Let g=7»,then7»+l=26
B A 5

= 507 =261 +5=0
= S5A-25A—A+5=0
= (A=56A-1)=0
= ?»=5,1
5

g:s,l = g:S

p 5 B
= o =53 ...(i)
and o + P =logx + logy = log(xy) = log(64)
: o + B =6log2 ...(ii)

From Egs. (i) and (ii), we get
B =log2and o =5log2

= y=2x=320ry=32,x=2
|x = y[=30

Ex. 24 Statement-1 If p,q € N satisfy the equation
xVx = (x)* and q > p, then q is a perfect number.
Statement-2 If a number is equal to the sum of its factor,
then number is known as perfect number.

Sol. (d) = (Jx)

Taking logarithm on both sides on base e, then

In(x)"* = In(vx)*

= Jxlnx =xln'x = \/?lnnglnx
= lnx(\/;—x)zo
- mx.&.(l_f]:o
= lnx=0,\/;=0,l—g=0
x=104
xeN

x=1,4 = p=1landg=4
4=1X2X2 = 4#1+2+2
.. q is not a perfect number.

Hence, Statement-1 is false and Statement-2 is true.



Subjective Type Questions

= In this section, there are 21 subjective solved examples.

Ex. 25 Prove thatlog, 5 is an irrational.
Sol. Let logs5 is rational.

logs5 = B, where p and g are co-prime numbers.

= 5=3"1 = 3P =5

which is not possible, hence our assumption is wrong.
Hence, logs 5 is an irrational.

Ex. 26 Find the value of the expression
(log 2)® +log8-log5 +(log5)°.
Sol. - log2+ log5=log(2-5) = log10 =1 (1)
= (log2 + log5)* =1

= (log2)’ + (log5)’ + 3log2log 5(log2 + log5) = 1°

= (log2)’ + (log5)* + log2®log5(1) = 1 [from Eq. (i)]

= (log2)® + log8log5 + (log5)* =1

2
Ex. 27 [f\°%3° =81, find the value of \1°¢3°)"
Sol. - Aogss — g1
(}\’log3 5 )log3 5 _ (81)10g3 5

=  Uogs 5)% _ 34logs5 _ glogs 54 _ 54— 625

Ex. 28 Find the product of the positive roots of the
equation /(2009)(x)'*¢2%° * = x?.

Sol. Given, W(X)logzoow — 52
Taking logarithm both sides on base 2009, then

log 2000 4/(2009) + log 009 X - 10832000 X = 10g 2009 x*

= é + (log 000 x)* = 2l0g 5000 X [for x >0]

1
= (logzae x)° — 2logse0 X + 5= 0

If roots are x; and x,, then logyg X; + 10gsg09 X5 = 2

= 10g2000(%1%5) =2 Or  x3x; = (2009)?

Ex. 29 Prove thatlog, 11is greater thanlog g 5.
Sol. - 11>5
= log11 > log5 ..(i)

8§>7
= log8 > log7

and
...(if)
From Egs. (i) and (ii), we get
log11-log8 > log7 - log5

log11 S log5

= log;11 > logg5

log7  log8

Ex. 30 Given,a® +b* =c?. Prove that
logy,.a+log,_pa=2log. . pa-log._,a Va>0a#1
c—b>0,c+b>0
c—b#1lc+b#1
Sol. LHS = logy, . a+ log._,a
1 1
" Togy(c + ) | logy(c — b)
_log,(c +b) + log,(c — b)
N log,(c + b)log,(c — b)
_ logy(c? = bY)
* log,(c + b)-log,(c — b)

= log, a* et —b? =4a%)
log,(c + b)-log,(c — D)

B 2log,a

~ log,(c + b)-log,(c — b)

_ 2

- log,(c + b)-log,(c — b)

=2log,,,a-log._,a=RHS

Ex. 31 Leta>0,c>0,b=./ac,a,c andac#1,N >0.
log, N log, N—log, N

Prove that
logc N log, N —log, N
11
Sol. RHS = 108N ~logy N _ logya logyb
logyN ~log. N 1 1

logn b - logy ¢

_ (logy b —logy a) ) logy ¢
(logyc — logn b) logya

IOgN(
IOgN(

j ] log,N log,N
j log. N log.N

=LHS

S0 |

{'.'b:\/gzbz:aczb:;]}
a



Ex. 32 Ifa*=bb” =c,c* =a, x =log,a"',y =log, b*?,
z =log, ck3,find the minimum value of 3k, + 6k, +12k;.
Sol. - a=c*=(b")* [vc=0"]
=b¥ =(a")*=a"" [b=a"]
xyz =1
Also, xyz = log, d* -log, b*? -log, c**
=ky-ky-ks-logya-log.b-log,c
1= kikyks
AM= GM
3k, + 6k§ + 12k, > (3k,
=(3-6-12-kjk,ks)"?
=(3-6-12)"/°
=(2*3%) % =6
or 3k, + 6k, +12k; > 18
.. Minimum value of 3k, + 6k, + 12k; is 18.

-6ky -12k4) 3

[ kikoks =1]

Ex. 33 Ifx=1+log, bc,y =1+log, ca,z =1+log, ab,
prove that xyz = xy +yz + zx.

Sol.© x=1+log,bc=1+ logbe —14+ logb + logc
loga loga
_ loga +logb + logc
loga
or = o8 ()
x loga+ logh + logc
Similarly, 1 logb (i)
y loga+ logh + logc
and ~= oge )
z loga+ logh + logc
On adding Eqs. (i), (i) and (iii), we get
1 1 1
X y z
or xXyz = xy +yz +zx
1 1 1
Ex. 34 If LA nb -_2¢ , prove that
(b=c) (c—a) (a-b)
ab+c . peta, Ca+b =1

Also, prove that a4 0t >3,

Sol. Since,a>0,b>0,c >0
Ina _ Inb _ Inc
(b—c)_(c—a)_(a—b)
_(b+c)lna+(c+a)lnb+(a+b)lnc
0

[using ratio and proportion]

(b+c)lna+(c+a)lnb+(a+b)lnc=0

= Ina’* + Inb*"® + Inc*t =0
— In {ab+c.bc+a_ca+b}=0
— ab+c .bc+a_ca+b — 60 =1 (1)

Again, AM = GM

- alte 4 peta 4 path 2(alﬁ-c.bc+a.ca+b)1/3
3
=(1)? =1 [from Eq. (i)]
or a4 >3
e clogay5(1/2) 4
Ex. 35 Simplify 57 """ +log 3| ==
A OV

+logq/,

1

1 -
Sol. sogl/S(Z) =518 =

lo (4) =lo 4(\/7 — \/g)
B 3T B (T B (VT - 4B)
= log\/g(\F - \/g)
= lf’gzl/z(\/7 -3

1
=1 loe7 =3)
= log,(+/7 = +/3)° = log,(10 - 2+/21)
and log, | 2[10+12\/EJ — log,(10 + 2421)

Hence,
logi/5(1/2) 4 1
5 + lo ——F |+ 1o _—
gﬁ[ﬁ + \/5)) gm(lo +2421
=2+ log,(10 — 24/21) + log,(10 + 24/21)
=2+ log, {(10 — 24/21) (10 + 24/21)}
=2+ log,(100 — 84)=2 + log,(2)* =2+ 4 =6

Ex. 36 Find the square of the sum of the roots of the
equationlog, x -log; x -logs x =log, x-log; x
+log; x-logs x +logs x - log, x.

Sol. Let log, x = A, logs x = B and log; x = C, then the given
equation can be written as

ABC=AB+BC+CA=ABc| L+ 141
c A B

= ABC i+l+i—1 =0
A B C

0rA=0,B=0,C=0,i+l+i—1=0
A B C



log, x =0, logs x =0, logs x =0, log, 2+ log, 3+ log,5=0

x>0

x>0, x#1
or x=2°x=3% x=5"1og,(2:3:5 =0

or x=Lx=1,x=1x=30

.. Roots are 1 and 30.

Hence, the required value

=(1+30)* =(31)* =961

Ex. 37 Given thatlog, a=\,log, b=A* and
2.5

b ] as a function of ‘A’

2 a
log ,(8) = , writelog
¢ X +1 ’

c
(a,b,c>0,c#1).

Sol. " log,a=A =a=2"
= log, b=\
= b=a* =22
and logcz(S) = a1
3 2
= =“log.2 =
2 5T
P B
3007 +1)
{3(}»3“)}
3
or logzc=w orc=2 "

215
log, [“f) = log,(ab’c™)
c
-1 2% 51002 33+ 1)
= log, 22" 21 23010y
_ log2{2n+1ox2—3(x3+1>}

=2 + 1007 = 3(A* +1)

Ex. 38 Given thatlog, 3=a,log;5=b,log; 2 =c,
express the logarithm of the number 63 to the base 140 in
terms of a, b and c.

Sol. ' log,3=a (1)
_log,5 log,5

= b=logs5 [from Eq. (i)]
log,3 a
log,5=ab (i)
and log,2=c
= =c or log,7 = ! ...(iii)
log,7 c
2
Now. l0g4063 = log,63  log,(3° xX7)

log;140  log,(22 X 5% 7)

1
2log,3 + log,7 2a+ c

"2+ log,5+ log,7

1
2+ab+—
c

[from Eqgs. (i), (ii) and (iii)]
_ 2ac +1
2c + abc +1
Ex. 39 Show that the sum of the roots of the equation
x+1=2log,(2* +3) —2log ,(1980 —27) islog, 11.
Sol. Given,
x +1=2log,(2" +3) — 2log,(1980 — 277)
= 2log,(2" +3) - 2log,, (1980 - 27)'
= 2log, (2% +3) zélogz(wso _o

= log,(2* +3)* — log,(1980 —27%)

2" +3)?
~ log,| & 3
1980 — 27*
orar il (23
1980 — 27~
= 1980(2° ") —2=2%" + 9 +6-2F
=  2%¥ -3954.2* +11=0 ()

If x,, x, are the roots of Eq. (i), then
2M.2"2 =11 or 2"17*2 =11
= X, + x, = log, 11

Ex. 40 Solve the following equations for x and y

]
log 10| X +y | :Ealogw y —logqe| x| =logq 4.

Sol.w: loglx +y|= %

= |x +y| =(100)"* =10
= |x+y|=10 ..(d)
and logygy — logyo| x| = logygo 4,y >0

Y 2 _ 2
= logyy| — | =log, ,2° = —log;,2

glo[li 802 5 810

= loglo(y) =log,p2 = Y _y

| x| | x|
= y =2|x| ..(ii)
From Egs. (i) and (ii),we get

|x +2|x]|=10 ...(iif)

Casel If x > 0, then | x| = x
From Eq. (iii),
|x +2x| =10



10
= 3|x[=10 = |x|=— = log(x — 1){2logs x — T gl
3 log, x

x=20,-2 [from Eq. (i)} = log(x ~ 1){2(logs x)’ ~7logy x ~ 4} =0
3 3 = log(x — 1) (logs x — 4) (2logs x +1) =0
Casell If x <0, then |x|=—-x ) ) 1 1
From Eq. (iii), = og(x —1)=0,logs x = 4,logs x = —5
|x — 2x| =10 = x —1=(10)°, x =3* x =372
= |=x|=10 = |x|=10 R x-1=1x=8Lx=
-x =10 3
= x=-10 x =281 I:'.'XZZ,.'.x;é\/l,}
From Eq. (ii), =20 3
. 10 20
Hence, solutions are {3, 3}’ {-10,20}. Ex. 43 Find all real numbers x which satisfy the
equation 2log, log, x +log 1/2log2(2\5x) =1
Ex. 41 Solve the following equation for x Sol. Given,
E aloga xlogigalogg5 _ 3[0g10(x/10) — 9|0g100 x +logg 2 210g2 logz x+ 1Ogl/z logz(Z\/Ex) =1
5 = 2log,log, x — log, log,(24/2x) = 1
Sol. - E_aloga xlogroaloga5 _ glogig(x/10) _ glogioo x + logy 2 = 2log,log, x — log, {logz(zﬁ) + log, x}=1
5
1 = 2log, log, x — log, 3 +log, x; =1
6 logio5 4l -1 2(51°g1°x+5) 2
= 2. xlogo5 _ gllogiox—1) — 3 [by property] 5
Let log, x = A, then 2log, A — log,| =+ A |=1
6 . 3log10x ) 2
= —.5080x 2 —3lo80 X+ [hy property] 3
= log, \* — logz( + 7») =1
Let log;y x = A, then 2
A
6 . 37 A 2 2
= 5-5 _?_3'3 = log, LS PRPRN 3}” =2
6 . 10 =+ A S+ A
= -5X=3”(+3)=-3X 2 2
5 3 3 = M=3+20 = A -2L-3=0
= 5*~2 = 3*~2 which is possible only, where A = 2. = (A=3)(A+1)=0
: A=3-1
= log;o x =2 or log, x =3,—-1
x =10% =100 = x=2%271
1 .
Ex. 42 Find the value of x satisfying the equation = *=8 2 -
2
|x -1 ||°g3 X" -2logx 9 — (y —7)7, But the given equation is valid only when,
Sol. The given equation is, x > 0,2+2x >0, log, x > 0, log,(2+/2x) > 0
2_ R
|x_1|10g3x Zlogx9=(x_l)7 (1) = x>0,x>0,x>1,x>L

22

This equation is defined for

) Hence,x > 1
x“>0,x>0x#1and x—12>1
From Eq. (i), the solution of the given equation is x = 8.

= x 22, then Eq. (i) reduces to
(x - 1)logax27210gx9 =(x -1 Ex. 44 Solve for x,
Taking log on both sides, then log 3,4 logs(x* +7) +log 1,5 logy/4(x* +7) 7 =—2.
(logs x* — 2log, 9)log(x — 1) = 7log(x — 1) Sol. Given,

= log(x — 1){log; x* — 2log, 9 -7} =0 logs 4 logs (x° +7) + logy, logy, (x* +7)7 = =2



= logs, 10g23 (x2+7)+ logz_1 logz_z (x2+7)"' =

= log3/4{;log2(x2 + 7)}— 1ogz{;1ogz(x2 + 7)} -

Let log,(x® +7)=6A (1)
Then, logs 4(2A) — log,(3A) = —2
= 10g27(2}\')_10g2(3}\’)=_
log,(3/4)

N Yy

log,3 - log, 4
- % (log3 + logy A) = —

log,3 -

Again, let log, A = A and log,3 = B, then

1+A—(B+A)=—2
= 1+A—-B* -~ AB+2B+2A=-2B+4
= A(B-B)=B*-4B+3=(B-1)(B-3)
= A=-(B-1)

[ B-3+#0,ie. log,3#3]

= A+B=1 = log, A +log,3=1
= log,(3A) =1
= 3L=2
= 3%logz(x2+7)=2 [from Eq. (i)]
= log,(x* +7)=4

x2+7=2"=16 orx* =9

x=%3

Ex. 45 Prove that

9 (\/Ioga%Hogb Yab - | logg 4/b/a +logp 4a/b)Jlogab
| 2,bza>1
2logab 1op<q

Sol. Since, \/loga% + logb% = \/lloga(ab) + ilogb(ab)

- \/i(l +log,b + logya + 1)

2
log, b + +2) J[log, b + 11

_ og.b Jz |log, b

1 1
= Jlog. bl + ——
5| Ve +\/|logab|J

and \[log, 4/(b/a) + log,4(a/b)

= llo (b)+llo (a)
4 8a a 4 4 b

= \/i(logab -1+ logya—1)

\/loga% + logb% - \/loga i/b/a + log,4/(a/ b)
P (say)

Jlog,b] - —

|log, b|

|

1

- Jlog, b
2P«/log,,lb — 21 =9

CasellIf1 < b < a, then

P:;{1/|logab|+ L4 Jlog, b - —

|log, b| |log, b

|log, b

. 2P logg b — 2log(,lb




