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In Mathematics alone each generation
builds a new story to the old structure

Objectives

Aft

er studying the material of this chapter, you should be

able to :

Understand Representation of vectors and their types.
Understand Addition of Vectors and its properties.

Understand Multiplication of a vector by a scalar and its
properties.
Understand Position Vector, Distance Formula, Section

Formula and Centroid & Incentre.

Understand Product of two Vectors — Scalar and Vector and
their properties.

Understand Scalar Triple Product and its properties.
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(i) Since a vector has both magnitude and direction,
therefore, 1t can be conveniently represented by a directed line

segment.

Let P be an arbitrary point in space and Q any other
point. Then the st. hne PQ has both magnitude and direction.

& & ﬁ
Then the directed line PQ represents a vector.

Fig.
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Here P is called the origin or initial point while Q, the terminal point or
end point.

Note. The two end points P and Q are not interchangeable.

—
To every directed line PQ, the following are associated :

Its (I) length (11) support and (II1) sense.

(I) Length. The length of the directed line segment ll’_Q} is the distance between P and Q.

(II) Support. The line of an unlimited length of which a directed line segment is a part is called the support.
(III) Sense. The sense of the directed line segment is from its initial point to its terminal point.
Notations. We denote the vector by claredone (bold) letters or by single letter with an arrow or bar over its head.

- _ —
Thus @, a., a may denote the vector PQ .
(i1) The non-negative number, which measures the magnitude of a vector, is called its module or modulus.

- . —
The module of vector a 1s denoted by a or | a|.

TYPES OF VECTORS

(i) Zero Vector. A vector whose length or magnitude or modulus is zero but direction indeterminate is called a zero
vector.

This 1s also known as null vector.

This is denoted by 0 .

In thas case, the imual and terminal pomnts comcide.

Thus AA. OQ ; etc. are zero veclors.

(ii) Proper Vector. Any non-zero vector is called a proper vector.
(iii) Unit Vector. A unit vector is that whose length or magnitude or modulus is unity.
The sign A stands for unit vector.

M a . i 5
Thus a denotes a unit vector and 1s read as ‘a cap.

.—.. n
a = |ala = a =

sy|sy

Thus, 1f we divide a vector by 1ts magnitude, we get a umt vector in the onginal direction.
(iv) Co-initial Vectors. All vectors, having the same initial point, are called co-initial vectors.

¥ I : ]
Thus AA. AB.AD : etc. are all co-immtial vectors.

(v) Like and Unlike Vectors. Vecrors are said to be like if they have the same direction and unlike if they have opposite
directions irrespective of their magnitudes.

(vi) Collinear or Parallel Vectors. Vectors are said to be collinear or parallel if they have the same line of action or
have the lines of action parallel to one another irrespective of their magnitudes. (Karnataka B. 2017)

(vii) Coplanar Vectors. Vectors are said to be coplanar if they are parallel to the same plane or they lie in the same
plane.

(viii) Free and Localised Vectors. When there is no restriction to choose the origin of a vector, then it is called
a free vector. When there is restriction to choose a certain specified point, then it is called a localised vector or sliding vector.

L] L] ] L ﬁ' L .
(ix) Negative of a Vector. The vector, which has the same magnitude as that of the vector a but has the direction
. =R ; —¥ : ==

opposite to that of a , is called the negative of a and is denoted as — a .

-3 —1

Thus. if @'= AR ,tes =g = BA .

—>

(x) Reciprocal Vector. The vector, which has the same direction as that of @ but has magnitude reciprocal to that of

—

— = f

. : -3 :
a , is called the reciprocal of a and is denoted as a



(xi) Equal Vectors.

Two vectors are said to be equal if they have : S
(I) the same length,

(II) the same or parallel supports and

M R
(IIl) the same sense.
—_ — — L Q
Thus LM = PQ = RS. and as such these are equal vectors.
=
Fig.

. KEY POINT

1. Two vectors are not equal if they (I) have different magnitudes (II) do not have the same or parallel supports
(IIT) have the same magnitudes and parallel supports but have different senses.

2. Vectors, defined above, are such that each of them is subject to its parallel displacement without changing its
magnitude and direction.

\ 5

Such vectors are called free vectors.
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Example 1. Classify the following measures as scalar
and vector quantities :

(i) 40°
(i1) 50 watt
(iii) 10 gm/cm?
(iv) 20 m/sec towards north
(v) 5 seconds. (N.C.E.R.T)
Solution. (i) Angle-scalar

(i1) Power-scalar

(i1i) Density-scalar
(iv) Velocity-vector Fig.
(v) Time-scalar. =

_}
Solution. (i) a, ¢ and d are collinear vectors.
Example 2. In the figure, which of the vectors are :

_}
(i) Collinear (if) a and ? are equal vectors.
(i) Equal i -

@ (i1r1) b, ¢ and d are co-imual vectors.
(iii) Co-initial. (N.C.E.R.T.)

EXERCISE 10 (a)
Fast Track Answer Type Questions m FTATQ g

1. Represent the following graphically a displacement of - 2. Classity the following measures as scalars and
(i) 40 km, 30" west of south vectors :
(i1) 40 km, 30° east of south (1) 10 kg

(i11) 40 km, 307 west of north. (N.C.E.R.T)) (i1) 40°



(i11) 2 metres north-west
(iv) 40 watt

(v) 10719 coulomb

(vi) 20 m/s?

(vii) 1000 ¢cm?

(viii) 10 Newton

(ix) 30 km/h.

(N.C.E.R.T")

3. Classily the following as scalar and vector quantities :

(1) time-period
(11) distance
(i1ti) force

(iv) velocity

(v) work done.

(N.C.E.R.T.)

4. In the figure, identfy the following vectors :

(i) Co-imtal (1i1) Equal.

1. (i)
AN
O
W
30
40km/ A
B
A 4
. S
(11)
AN
O
w
30
AN40 km
B
A 4 =
S

I (8 ADDITION OF VECTORS

o
* -
Let @ and b be two given vectors.

Take any point O.

— -

Let ES;; =a. AB =

d

Then the vector OB 1s defined as the vector sum (resultant) of a and b .

(N.C.E.R.T.)

._}
a
b
P b
Y A 4
—
C
Fig.

5. A girl walks 4 km westward. then she walks 3 km in a
direction 307 east of north and stops. Determine the girl’s
displacement from her imtial point of departure. (N.C.E R T

6. Answer the following as true or false :

— s _
(1) a and — a are collinear

(i1) Two colhinear vectors are always equal in magnitude
(i11) Two vectors having same magnitude are collinear

(iv) Two collinear vectors having the same magnitude

are equal. (N.C.E.R.T)
e N
_Answers |
(it1)

-

b , so that the terminal point of g 1s the imual point of b .

2. (i) Mass-scalar (i1) Angle-scalar

(111) Distance-vector (iv) Power-scalar
(v) Charge-scalar (vi) Acceleration-vector
(vii) Volume-scalar (viti) Force-vector
(ix) Speed-scalar.

3. (i) Scalar (i1) Scalar (z11) Vector (iv) Vector (v) Scalar.
4. (i) E, 3; 3 E"; c, 3 H, a

5 3434
S. —E'I-I-Tj.

6. (1) True

=

G @i B 3

(11) False (1i1) False (1v) False.

—

- -

Fig.



Thus OB= OA+ AB = a+b .

This 1s known as the Triangle Law of vector addition, which is stated as :

If two vectors are represented by the two sides of a triangle, taken in order, their sum is represented by the third side of
the triangle, taken in the opposite order.

Theorem. Vector addition is independent of the choice of the point O.

Proof. Let O and O’ be any two points.

q

Further. let OA =

— -
e - —

r r

a., AB= b and OFA'z ia. AB = b

Since OA = O’A” and OA || O’A” in the same sense,

L OO'A’Ads a|| gm.
(R) =
Similarly, AA" =

From (1) and (2).

O =
- O0B'B is a || gm.

OB =
Thus OB =

Hence, vector addition i1s independent of the choice of the point O.

AA’ and OO’ || AA’
BB’ and AA’ || BB’

BB’ and OO’ || BB".

O’B” and OB || O'B’.

————r e -

0) - a+b.

B UXE¥ POLYGON LAW OF VECTOR ADDITION

- - - .
Let qq, as,........ ,a, be n given vectors.

Take any pomt O.
Let OAI =

Then ::;; +-E.'2+ ........ +a,

-p T - R -
ﬂl.. AIAQ —_ Hz, ......... AH*IAH —- ﬂn :
— —_— ——

OA[+AjAr+......+ A,

——r _—'

OAs+ArAz+... + A,

—_.-.- _-l—-.

OA3+AzA + .. + A, A

iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii

Hence, the required sum is represented by OA,,.

This 1s known as Polygon Law of vector addition.

(1)
sl 2)

a4
Aj
.—..}
ajz
As
_:'.
dp
—
vt g A-|
a4
Fig.

If n vectors are represented by n sides of a polygon, taken in order, their sum is represented by the closing side of the
polygon, taken in the opposite order.



B [ XA PROPERTIES OF VECTOR ADDITION

Property I. Commutative Law. [If a and b be any two vectors,

then E+3 = E+;.

-q q

- —
Proof. Let a and b be two vectors represented by OA and AB respectively, so that

OB - OA+ AB = a+b 1}
Complete the || gm OABC.

Then OC = AB =b and CB = OA =a.

Hence, 34—3 = E+E.

Property II. Associative Law. [f a.b and ¢ be any three vectors, then a+(b+c)=(a+b)+c.

Proof. With any point O as origin, let

—_— - — — = C
OA = . AB=5band BC = B
a dn C *\H\c
- - — — —_— ‘\\. - ‘_.\-B
Then b+c = AB+BC=AC TR
a+(b+c) = OA+AC=0C (1) ! AN
A ry b
}:off H'\
- - — — — ﬂr&;" \\.
Again, a+b = OA+AB=O0B Rl A
0; 8
(@a+b)+c = OB+BC=0C (2) Fig.
— - = - -» —e —
Hence, a+(b+c) = (a+b)+c. [ each = OC ]

.. KEY POINT

Property IIl. Zero vector is an additive identity. If E} be any vector and H is a zero vector, then g + 0 = E = 5 + .:-; ;

Proof. Let O :;andA :H s a+0 = 0A+AA = QA= a .

—r

Similarly, 0 +a=a -

- - -

e I -
Hence, g4 0 = a=0+a forevery vector a .



-

Property 1V. Additive Inverse. If a be any vector, then there exists a vector — a s.t. a+(—a)=

a) = OA+AO0=00=

-

a .

= -

Proof. Let OA:a.Thcnm:— . a+(— 6

=

Similarly, (—a)+ a =

Hence, a+ (—a)=0 = (—a)+a

X} SUBTRACTION OF VECTORS

2]
=¥

H Definition

0

10/7

- -

=(—;)+a.

- —- - -
If a and b be any two vectors, then the subtraction of b from a is defined as the addition of —

—

)

. —
written as a + (—

, 4

_}
b .

—
=da —

)

b to a and is

/

IS U X} MULTIPLICATION OF A VECTOR BY A SCALAR (REAL NUMBER)

ii Definition

s —
Let m be any scalar (a + ve real number) and a be any vector, then the product m a

_}
vector a and the scalar m is a vector whose :

—
(i) magnitude is | m | times that of a ,

(i) support is the same or parallel to that of E} and

- Y # % L] *
(iii) sense is the same or opposite to that of a according as m is + ve or — ve.

_}
or a m of the

AN IMPORTANT RESULT

— > - -
If a and b are collinear or parallel vectors, then b = k a , where ‘k’ is some scalar.

| Remember

IR [ XA PROPERTIES OF MULTIPLICATION OF A VECTOR BY A SCALAR (REAL NUMBER)

Property 1. Associative Law.

- = —
If a be any vector and m, n are any scalars, then m (n a ) = mn ( a ).

— - = -
Proof. Letn g b.Thusm(n a)=m b .

- —
b represents a  vector having  modulus | n | times that of a
— x . -
= m b represents  a vector  having  modulus | m | tmes that of b
- . . —
= m b represents  a  vector having  modulus | m || n | times that of a
— * ) —
=mb represents  a  vector having  modulus | mn | imes that of a

1)



- —=
Also, mn (a) represents a vector having modulus | mn | tmes that of a v A D)

— —
S (l)and (2) = m(n a ) and mn ( a ) represent the same vector.

5 —
Hence. m(na )=mn( a ).

Property II. Distributive Law.

-
If a is any vector and m, n are any scalars, then :

— o —>
im+n) a =ma +n a.

Or

To prove that the scalar multiplication of vectors distributes the addition of vectors.
Proof. When m and n are both + ve.

—> —
Let OA = g

— — —

_..}
Take two points A”, A” on OA (produced) such that OA" = ma and A'A”" = na .

_},r,.r _}r T} r
Then OA” = OA +A’A o
w
— — — - r &
m+n)a = ma+na. a A A A
Similarly, we can prove other cases. Fig.

St ah P P ‘ - - - —
Property III. Distributive Law. If a and b be any two vectors and m is any scalar, then m(a + b) = ma +mb

— 3 S W
Proof. Let OA = a and AB= b so that

—

— —  — —
OB = OA+AB=a + b vou CL)
Case 1. When m > 0.

—

—3
Produce OA to A" and OB to B’ so that QOA' = ma .

Through A’, draw a st. line parallel to AB so as to meet OB
(produced) in B”.

As OAB and OA’B’ are similar. Fig.
— —
E' = mAB = mb
" iy - =
and OB = mOB =m(a+b) ..(2)  [Using (1)]
— — " P
Also OB = OA’+A'B’ =ma+mb (3)
— — -
From (2) and (3). m(a+b) = ma+mb .
Case II. When m < 0. »
. k‘g -
o b
— —
Produce AO to A" and BO to B’ so that OA' = ma and fﬁ_f _______ .
#2710 x R
_}1 —> .\‘; .-""H a
OB — mb 2 ! #'_*""
I -
Through A’, draw a st. line parallel to AB so as to meet BO 'B'f

(produced) in B'. Fig.



= As OAB and OA'B’ are similar.

== — —
AB'" = mAB=mb
— — - -
and OB = mOB=m(a+ b) )
—4 —3 —3 - —3 -3 —5
Also. OB = OA'"+AB'=mOA+mAB=ma+mb s (D)

5. — —
From (4) and (5). m(a+b)=ma+mb .

Property IV. Existence of Identity.

— — -
If a is any vector, then 1. a = a , where I is the identity scalar.

_}
Proof. |. a

— —
a

Hence, 1. =@ .

v = Il_. 1
AYA R

- |

Example 1. Find the sum of the vectors :

a=i—2j+k,b=—2i+4j+5k and ¢ = i—6j—7k.
(C.B.S.E. 2012)

Solution. Sum of the vectors = a+b+c

= (i—2j +k)+(=2i+4] +5k)+(i—6] — Tk)

= (i—=2i+1)+(=2j +4j —6j)+(k+ 5k —Tk)

= —4j —k.

Example 2. Prove that the resultant of the vectors

represented by the sides A_ﬁ and E of a triangle ABC

_}

is 2 AD, where D is the mid-point of [BC].
Solution. Complete the || gm. ABEC.
Since BE 1s equal and parallel to AC,

—

— — — —
AB+ AC = AB+BE=AE s L1

C E

o

/2 EXAMPLES |

RAAS /

—

represents a vector having modulus | time that of @ and which has the same support and the same sense.

B i —

Again, since the diagonals of a || gm. bisect each other,
AE = 2AD.

Ll _' _' - -
Since AE and AD have the same direction

and IAE| = 2|AD| .. AE = 2AD.

From (1), AB + AC=2AD, which proves the result.

Example 3. Show that the sum of three vectors
determined by the medians of a triangle directed from
the vertices Is zero.

Solution. Let ABC be the given triangle and AD, BE,
CF be the medians.

A
7 =
B D C
Fig.
Now AB+AC = 2AD [Ex. 2]
- T P
— AD = 3 + E i)



Similarly, BE = :BC +?BA vos K2)
and CF = ;CA+:CB .. (3)

i

Adding (1). (2) and (3), AD + BE + CF

~ 135+ 82) + 1(5¢ + B) + LR + A

| =

- ] -» -

] -
(U)+E{0}+5(0)—0-

1
2
Hence, the result.
Example 4. In the figure, M is the mid-point of [AB]
and N is the mid-point of [CD] and O is the mid-point of
[MN]. Prove that :

-

(1) &'+5§+&5+ﬁi=0

(i) BC + AD =2MN -
Solution.

1
A M B

Fig.
(i) Since M 1s the mid-point of [AB].

— —

OA + OB 20M

Similarly, OC+0OD = 20N - )
where N 1s the mid-point of [CD].
Adding (1) and (2), we gelt :

—h.-

OA +0OB+0C+0D = 2(OM +ON)

= 2(0)
[ O is the mid-point of [MN]]

= 0.
(ii) In quad. MNCB, BM+MN +NC=BC ..(3)

In quad. ADNM, AM+MN+ND=AD ..4)

Adding (3) and (4), we get :

BC + AD =(BM + AM) + 2MN + (NC + ND)

q -|+

=0+2MN+0 .

Hence, B_(E+AT)= ZP»?N.
Example 5. ABCD is a parallelogram and P the

intersection of the diagonals; O is any point. Show that :
OA + OB + OC + OD =40P.

Solution. Since the diagonals of a || gm bisect each other,
- P 1s the mid-point of [AC] and [BD] both.

OA+0C = 20P (D) [Ex. 2]
sificd OB+0OD = 20 . (2) [Ex. 2]
D C
=)
A B
0
Fig.

Adding, OA + 0B + OC + OD =40P,

which proves the result.

Example 6. (a) What is the geometric significance of

- = - =

the relation |a +b|=|a—-b]| ?
(b) Prove geometrically that |[a+b|<|a|+|b]|.

Solution. (a) Let fi_é = E and BC = b .
Complete the || gm ABCD.
Join AC and BD.

D C

oy

=
iy
@

Fig.



Now f;é = A_é+B_(E=;+g
AC| = la+b]
Since AD = BC=b
AD+DB = AB
= DB = AB—AD=a-b
IDB| = la—b|
From |;+g| =|E—b|.wc see that the two diagonals

AC and BD of the || gm ABCD are equal and || gm reduces to
rectangle, by geometry.

-

Hence, ABCD 1s rectangle and a L ; :
(b) In AABC, AC < AB + BC

- - —

= la+b|<|al|+|b| (1)

This result always holds 1f A, B, C are not collinear.
They will form a triangle and the sum of any two sides
of a tnangle 1s greater than the third side.
When A, B, C are collinear, then
AC = AB + BC

= |AC| = |AB|+|BC|

= latb| = |la|+|b] e (2)
Combining (1) and (2), we get :

la+b|<|a|+|b].
Example 7. If the sum of two unit vectors is a unit

vector, show that the magnitude of their difference is J3.
(Mizoram B. 2018; Karnataka B. 2013)
Solution. We have :

— —> e
la| =|b|=1.]a+b|=1

— — —_—
By the question,|AB| = |BC|=|AC|=1
— AABC is equilateral, each of its angles being 60°

— ZDAB =2 x 60° = 120° and ZADB = 30°.

- .
b
=
A > B
Fig.
In AADB. by Sine Formula, we have :
" DB ~ AB
sin Z/ZDAB  sin ZADB
DB | AB|
:> o] = ]
sin 120 sin 30
— sin 120° —
= IDB| = ————|AB|
sin 30
V3
R
P

EXERCISE 10 (b)

Fast Track Answer Type Questions

1. Find the sum of the fulluwing vectors :
A A -.p. A — A A

(i) a=i—3k, b —'U—k c—7:—3}+’?k
(C.B.S.E. 2012)

- A iy - M A = M

(1) a=i—2j, b=—2i—-3j,c=2i + 3k.
(C.B.S.E. 2012)
2. (a) Give an example of vectors a and b such that

lal = lplbuta # b. (C.B.S.E. Sample Paper 2018)

‘ e .
'r--—-| _lll!.._ -J |"|I'L

e -~ _

(b) For what value of ‘a’ the vectors :
Fa

fal A A A A

2i—3j+4k and a1 +6j—8k are collincar ?
(C.B.S.E. 2011)

- - — -
(c) () Ifa==>b, isittrue that |a|=|b]| ?
- — —
(11} 1t |ﬂ|—|b| 1s 1t true that a= = b ?
- -
(zir) If Iﬂl*—lbl iIsit true that a=5 ?
- —
(iv) ka=0 gives nse to what alternatives for
-

kand a ?



— -

(d) If a=2i+3j and b=3i+4j. find the | > 2\ _121+1b! holds.

magnitude of a +b . ‘ o _
4. Vectors drawn from the ongin to the points A, B and C are

* *

] - —» - - —_— —
3. For two non-zero vectors a and b, write when | respectively @, b and 4a—3b . Find AC and BC.

Very Short Answer Type Questions m VSATQ 4

- =» -> ] i s s, )
5. Give a condition that the three vectors g, b and ¢ torces represented by OA, OB, OC 1s equivalent to the system

form the three sides of a triangle. What are other represented by OD, OE. OF .
possibilities ?

6. D, E, F are mid-points of the sides of the triangle
ABC. Show that for any point O, the system of concurrent A_B' +B_(E " C_I')+]I)_]§ + E_}{ ='("} |

7. In pentagon ABCDE, prove that :

Short Answer Type Questions 4 A

8. ABCD is a parallelogram and AC, BD are its
diagonals. Show that :

e

10. Prove that |a|—=|b|=|a—b].
AC+BD= 2BC;AC—-BD=2AB-
9. ABCDEF 1s a regular hexagon. Show that :

- —

11.If a+5b=cand a —7b=2c¢ . then show that g

(1) OA+OB+0OC+0OD+OE+OF = 0 e ¥ -
has the same direction as that of ¢ and opposite direction to
v —_ — — — — _ —_— -
(1) AB+ AC + AD + AE + AF=3AD Wiitot B

(1) AB+ AC+ AD + AE + AF = 6A0 .

where O 1s the centre of the hexagon.

¥ .

. Answers |

A A M A

1. () 3i— j—2k (i) i —5j + 3k.

—_ =i

- =
3. When a,b and a+ b are collinear.

—a A "H} A —> A AA — - e — - —
2.a=2i+J+kand b=i+2j +k. 4. AC=3(a—b):BC=4(a—-b).
() p=—4 L 5. 2+ b+ ¢ =0. Other possibilities are :
(c) (i) Yes (ii) Yes (i1i) No (iv) Eitherk=0ora =0 P - - - - -

a=b+c,b=a+candc=a+5>b.

) \Ta.
“_ Hints to Selected Questions 900 —

— —

11. (i) Eliminate b (i1) Ellminate c¢ .

B UYN (A) DEFINITIONS

- = =

=3
(/) Linear Combination (L.C.). A vector p 1s said to be a linear combination of the vectors a. ay.as, .... 1l there exist

— - o -

scalars Xps X9y Xy weeneeniny suchthat ¥ = xjay +x,a2 +x3a3 + ...



- > -

(ii) Linearly Dependent (L.D.). A system of vectors ay, az , ..., ap 1s said to be linearly dependent if there exist scalars

— —- — -

X|s X5, ..., X, (not all zero) such that ¥ a1 +x a2 +..+x,an = 0.

(iti) Linearly Independent (L.L.). If the system of vectors is not linearly dependent, then it is said to be linearly
independent and 1n that case x; = 0, x, =0, ... i.e. all the scalars are zero. Thus :

- - —-

A system of vectors aj, a2, ...,an 1s said to be linearly independent 1f there exist scalars xq, x5, ..., x,, (all zero) such

- -

- -
that xa) + xaz +...+ x,a, =0.

. KEY POINT

* *

1. rand xr are collinear vectors, where x is a scalar.

- - = -
e 2. xa+ yb represents a vector coplanar with vectors a and b , where x, y are scalars.

(B) THEOREMS

—- - - - -

Theorem 1. If a, b be two non-zero, non-collinear vectors and x, y are two scalars such that xa + yb =0, then
r=0y=0
- -3 -3 - :
Proof. Given: xa+ yb=0 we(d)
Suppose that X2
- -
Then (1) can be wnittenas  xa = —yb
- ==
= g = b i)
. X
Since = is a scalar, " x and y are scalars]
X
- - -5 — s
" (2) expresses a as a product of b by a scalar = agand b are collinear,

- —

which 1s a contradiction because a and b are given to be non-collinear.
Thus our supposition i.e. x # 0 1S wrong.
Hence, x = 0. Similarly, y = 0.

- -»
Theorem I1. If a. b, ¢ be three non-zero, non-coplanar vectors and x, y, z are three scalars such that xa+ yb+ zc =0,
thenx =0, y=0, z=0.

e o ] — —p
Proof. Given : xa+yb+zc =0 (1)
. - =i —

Suppose that x # 0. Then (1) can be written as xg = —¥b—ge¢
54 pE

) a = —=bh——c (2]

X X
T T i conlarc "
Since = and — are scalars, " x, vy and 7 are scalars]
X X

- —- - - - =

S (2) expresses @ as a linear combination of band ¢ = @ 1s coplanar with b and c .



-

- = -

which 1s a contradiction because a, b and ¢ are given o be non-coplanar.
Thus our supposition i.e. x # 0 1s wrong.

Hence, x = 0.

Similarly, y = 0 and z = 0.

Theorem III. Resolution of a vector in terms of coplanar vectors.

If a,b be two given non-collinear vectors, then every vector r can be expressed uniquely as a linear combination

- | B

xa+yb ; x, y being scalars.

in L.

-

xda

>4

*

Proof. Let OA = a. OB = b . where O is any point.

~n

Also, let (_)-f" = e
Clearly, OA, OB and OP, being intersecting at O, are coplanar.
Through P, draw lines parallel to OB and OA meeting OA and OB r

M respectively.
-

. . e O L 2 A

We have : OP = OL + LP Fig.
= OL + OM (1) LP=OM and LP || OM |

Now 61 and (_)Ta. are collinear vectors. s. OL = xOA = xa . where x 1s a scalar.
Similarly, OM = y b . where y 18 a scalar.
me{]},(_)-f’:,rg +y.-E;. Hence, -J::IE +y3.

. - . e i g - O -
Uniqueness. If possible, let r=xqg +y b and r =x g +Y b be two different ways of representing r .

- —> -

-
Then xa +yb=x"a +y'p
- - ’ - —
= x-—x)a +(-yY)b =20.
- - _

Now a and b are non-collinear vectors.

x—-x =0 and y—-y =0 [Th. I
— s and y =y

Hence, the uniqueness 1s established.

Theorem IV. Non-coplanar Vectors.
_’ _. -* - * - L] = ]
If a, b, c be three given non-coplanar vectors, then any vector r can be expressed uniquely as a linear combination
—» -> :
+vb +zC;x vy, zbeing scalars.

-
a

—
¢ , where O 1s any point.

O
we)
Il

b
o
=S
=|
|

Proof, Let OA

*

—

Also, let OP = r .
Here the lines OA, OB, OC are not coplanar.



On OP as diagonal, construct a parallelopiped whose three coterminous edges OA’, OB’, OC” are along OA, OB, OC
respectively.

" W . - _'_'-.l
Since OA' 1s collinear with OA |

e — Fos: '
SOA =x OA =x g . where x 1s a scalar.

. ) —-—--'Il"I — —
Similarly, OB' =y b and OC' =z c, where y, z are scalars.

Now 5?3’ = aﬁ +ﬁ =(E)E‘+E'Kd)+ﬁ
= O_5+a+6ﬁ
['.'ﬂl=a' andﬁzmzﬂ_ﬂ"']
E EE+6§+0—E
F samip et

Hence, r can be expressed as a linear combination of a,b and ¢ .

b

Uniqueness. If possible, let r = xa+yb+zc and r = x'a+y' b+z7'c

e
be two different ways of representing r .

- - - - - - - - - -
Then xatyb+zc = Xa+yb+7c =>2x-xX)a +y-y)b +(iz-7)c =0,
— - - ) 5 »
Now a, b and c¢ are non-coplanar vectors, .. x—x =0, y—-y =0andz-2 =0 |Th. IT]

=X =X, Y =y aid g =Z
Hence, the uniqueness 1s established.

. — o — —
Note. In the relation r = xat+yb+zc

b b

- i - - —- -
r is called the resultant of the three vectors xa,yb,zcand xa,y b,z ¢ are called the components of the vector 7 .

UNIT VECTORS

(a) (i) The unit vectors {, j .

b

- " == - . - = = . >
We know that if the sum of two vectors @ and p 1s a third vector ¢ . then g and b are called components of ¢ .
; ; : ; ' A
A given vector can be resolved into components in various ways. .
In general, we resolve a given vector along the co-ordinate axes.
. A P(x.y)
Let ¢ and j be the unit vectors along OX and OY respectively. :
I
I
Let P (x, y) be any point in the XOY plane. A
I
I
i —_— —_— |
Then OP = OL+LP et LS :
- >
O L X
where PL. 1 OX. :
Fig.



Since the magnitude of OL 1s x and direction 1s along x-axis, which 1s given by ;. similarly, magnitude of LP 15

A
y and direction 1s along y-axis, which 1s given by J .

- A A — e Y A
From (1), r =xi +y j, where OP = r.
(ii) Distance Formula. Q(x;,¥,)
It P (x;,y)and Q (x,. y,) be two points, we have : (X4, ¥;)P i"
A R
| &
PQ = PR+RQ
={x—x}*+{}’—}’)} . " X
2~ %)) i 2~ 0o L i M X
[*]| PRI =x,-x;and |RQ| =y, -yl Fig.

= J 2 2
IPQl = {J(xo—=x) " +(y2— )",
which 1s the required distance formula.

(b) The unit vectors ?, }j .

(1) Consider three mutually perpendicular st. lines OX, OY, OZ with the nght-handed rotation.
Take these hines as co-ordinate axes with O as the origin,

m— —
Through O, draw a vector QP = r.

On OP as diagonal, construct a rectangular parallelopiped whose three coterminous edges OA, OB, OC are along OX,

0OY, OZ respectively.

Let ?.? . k be the unit vectors along OX, OY, OZ respectively.

If DA = x0B=y.0C=2
then OA = xi,0B = y j and OC= zk
(1)
Now OP = OM+ MP = (OC+CM)+ MP
= OC+OA+ OB [+ CM = OA and MP = AN = OB |
= 0OA+ OB+ OC.
- A Y £ : .
r = Xi+yjtz ... (2) [Using (1)]

_— . o . : . A N
This 1s called rectangular resolution of r ., (x, y, z) are called co-ordinates of P referred to OX, OY, OZ and x1,y J, zk are

A A

- T ool B :
called resolved parts of r 1n the directions of 1 .,J . k respectively.
(ii) Further, if o, B, ¥ be the angles which OP makes with OX, OY, OZ respectively,

then cos O, cos B, cos Y are called the direction-cosines of OP, which are generally denoted by [, m, n respectively.



fOP=r,thenx=Ilry=mr, z=nr (3)

From (2).r =lIlri+ mrj] + nrk
—'.
r A A A _ A A A A

=3 — =l1+mJ] +nk le. r=1lt+mJ] +nk ..(4)
r

A

i ; ; i : o & o i . A
Hence, the direction-cosines of r are the co-efficients of 1, J . k in the rectangular resolution of unit vector r.

(iii) Also, OP? = OM? + MP? = (OC? + CM?) + MP?

= OC? + OA? + OB? [+ CM = OA and MP = OB]

= OA?+ OB? + OC?
Le. rP=x+y+7 = |;|2=.1‘2+y1+22 +{3)
Hence, the square of the modulus of a vector is equal to the sum of the squares of its rectangular components.
(iv) Also, from r? = x* +y? + 22, on dividing both sides by 2, we get :

2 . 2
X <
| e gt s 8 [Using (3)]

r2 rE r2

Hence, the sum of the squares of the direction-cosines is unity.
(v) Distance between two points.
If P,, P, be two points such that :

A e !

—_— - A A — A A
OP, = fi— X i+y j+zk and OP, = » =x i+ y; j+ 22 k,

where O 1s the origin,

then PP, = PO+ OP,= OP,— OP,

P

A N A A A A
(Xof + Vo j*+ k) - vy j+2k)

A

A
(Xy—X) T+ =¥ j + (-2 k-

ﬁ

| PP, |2

2 . N2 N
— + — + — Za1 ) .
{Il Il) [}’2 :}’l ) {ZE 1 ) s

Hence, | ﬁ’z [ = J(xz -x) 2 + (¥, - ¥1)? +(z, - 29)%. C Fig.

A A
Notation. The vector of the form xi + y J + 2k is denoted by (x, y, 2).

IR UF T POSITION VECTOR

(a) Def. Assume any point O, called the origin of reference.

Mark an arbitrary point P in space. Then (_}::D is called the position - =
vector of the point P referred to the point O.

(b) To represent a vector in terms of the position vectors of its
end points.
Let A and B be two points whose position vectors w.r.t. O as origin
O (ORIGIN)

= — %
arec a and p respectively. Fig



Then OA = a and a-ﬁ - b.

— R —— —— B
From AOAB, DA + AB = OB
- AB = OB - OA = b-a.
which 1s the reqd. representation. A

N)
: ORIG!
Aid to Memory O { Fig.

ﬁ

AB = (Position vector of B) — (Position vector of A).

I ETH SECTION FORMULAE

To find the position vector of a point, which divides the line joining two points in a given ratio m : n.
Case 1. Internal Division.

* -!*

Let the position vectors of A and B referred to O as origin be a and b respectively.

— — B
OA =a and OB = b.
Let OP = 7. Let P divide [AB] intermally in the ratio m : n. 'y
| | P
Th . AP PB
cn A = — p— —
DR - n m
= n (OP —OA) = m (OB — OP) —  n(r—a) = m(p—r1) Q(ORIGIN) 3~
Fig.
= {m+n.)_; = mb +HE
-» mg+nz
=3 P o= .where m + n #0.
m+n
Case Il. External Division.
g [ = i
Cre PR = P = n AP = m
— n (OP—0A) = —m (OB - 0OP)
- n(r—a) = —m(b—r)
—= {m_n}; — mb—na
i — -
- mp—na -
=3 i — . , where m—n # (. O(ORIGIN) a
m-—n .
Fig.
Cor. Mid-point Formula. If P is the mid-point of [AB].thenm :n =1 : 1.
. The position vector of P 1s given by :
>l +1@ .+ a+b
T 1+ = E= T 0



I [ B VB COLLINEARITY OF POINTS

- = =
The necessary and sufficient condition for three points having position vectors @, b, C to be collinear is that there exist

- . -

three scalars x, v, z (not all zero) such that xa+yp +zc = 0, wherex +y + z = 0.

The condition is necessary.

-

- —-»
Let A, B. C represent the position vectors a, p. ¢ respectively referred to the origin O.

Since A, B, C are distinct collinear points,
s C divides [AB] 1n a certain ratio ; say m : L

—
. The position vector ¢ of the point C 1s given by :

. 5 o
& = = (l+m)c = la+mp
I +m
—= —> — -
= la+mp -U+m)c =0.
- - - -
Take I=xm =y, —-(l+m)=1z soxa+yp +zc =0,
where x+y + z=1+ m— (I + m) =0, which 1s the reqd. necessary condition.
The condition is sufficient.
Here xatyp+zc = 0 ol
where x+y+z = 0 ...(2) [Given]
Since x, y, z are not given to be all zero; let x # 0.
From (1), yb+zc = —xa
y_f; - Z_E _ X - X = — .
= = a=-—a =aq Using (2
» b ok = [Using (2)]

-
Thus the point A having position vector a divides the join of B and C in the ratio z : y internally.

Thus A, B, C are collinear.
Hence, the condition 1s sufficient.

I [ K &8 COPLANARITY OF POINTS

- = 3 >
The necessary and sufficient condition for four points having position vectors a, b, ¢, d to be coplanar is that there

exist four scalars I, m, n and p (not all zero) such that :

IE+mb+n:+pE=ﬂ,wherfz'+m+n+p=0.
The condition is necessary.

- = - =
Let A, B, C, D be four given points with position vectors a, b, ¢, d respectively referred to the ongin O.

Any plane through A (@), B (b) and C (¢) is :

; =(1-s-1t) ;+sb+tz ..(1) (Note this step)
Since A, B, C, D are coplanar,
D (d ) lies on (1). r L.
d = (l—-s—ta+sb+tc
= (1—3—1}3+53+:?—E = { .(2)



—- - o — -
. (2) becomes : la+mb+nc+pd = 0,
whee [l+m+n+p=l-s—-t+s+t-1= 0.
Hence, the condition 1s necessary.
The condition is sufficient.
Let us assume that there exists a relation
la+mb+nc+pd = 0 _qB3y
where [+m+n+p = 0 ..(4) [Given]

and the scalars [, m, n, p are not all zero.

Suppose p # 0. Then dividing (3) and (4) by p, we get :

;'—a- m- n- -3
—aF b+—c+d = 0
p P p
ie. d = ——a—- —p— —¢ i)
P P P
1 m n
and =& =] =
P P P
A —-— = T ...(6)
' P p P |
: [ ;
Putting the value of — — from (6) 1n (35), we get :
P
- —- n—- n—
d = [1+Z2+2) a——p——c
P P g K
e - — n | n
= = (l=-s-t)a+sb+tc. wheres= ——_t = ——.
P

This shows that D( E) lies on the plane through A, B and C.
Thus the four points A, B, C and D are coplanar.

Hence, the condition is sufficient.

I TRV CENTROID

=}l Definition

- = - -:-\
- n!

If there be n points whose position vectors relative to any origin O be given by ay, a, as,........., a

then the point G whose position vector is :

= a+a +ay+...+a
n
b is called the centroid or centre or mean position of the given points. /

Theorem. The centroid of the given points is independent of the origin of the vectors.

= T . =

Proof. Let A, A,, ..., A, be n given points whose position vectors are @y, @y, .......,a, respectively relative to the ongin O.



Then the centroid 1s given by :

O_E] o oma tmay + ... + m, a, 1
e e +m,
[Def.]
—p
Let O be the new origin whose position vector is b relative to O.
—
Let g be the position vector of A relative to O so that :
- - -
a; = ai—p R
The centroid G’ relative to the new origin O i1s given by :
—- — —-
0_'(?‘:' . may +may + ... +m, a,
m +m +..... .1,
- - s A - - > - -
But from (2). a = ar—b. a4 =42~ b, Gy = 4p — b
— - — - — —
OTE}' _ m(ay — p)+ my(ar — p) + .......... +m,(an—>5b)
m +m +.... +m,
—- - —*
iy a1 ¥ a3 ¥ +m,a, -
- My Ty T +m,
— — )
= OG-0 [Using (1)]
—— — —

Thus G’ and G coincide.

Hence, the centroid 1s independent of the ongin of vectors.

SR LN INCENTRE

If A (E), B (B) and C (7 )are the vertices of a triangle ABC, then the position vector of its incentre is

aa +bP+cY where |BC|=a,|CA|=band|AB |=c.
a+b +c
Proof. Let the intermal bisector of ZA meet [BC] in D. Then D divides [BC] in the ratio [AB] : [AC] i.e..c : b
IBD| ¢ ' A@)
e B N of Dax ;
cy +bp _ b-ﬁ + c:;
c+b ) b+c

Let the mternal bisector of ZB meet [AD] 1n L
Then [ divides [AD] 1n the ratio
| BA|: |BD| ie c¢: | BD|
1Al ¢
— —_— =
| ID| | BD|

)



| BD|

. 1 P, | BD| @
- IDCl = b = IBC|—| BD| ~ b
1BD | c b | BD | | BD |
= — o p— — s
a—|BD| b “a-c
| ca
= (b+c¢)|BD| = ca = BB = "5
C -b'i-{.‘
— — )
| BD | a
F 2) and ’{) ﬂ = -b‘l'f'
rom (2) and (3). 11D | = =
= [ divides [AD] in the ratio (b + ¢) : c.
Hence,
| (b+¢)(P.V.of D)+a(P.V. of A)
EVall =
b+c+a
-+ --\
bp + -
(b +C) B Y +aa - - -
B b+e | _aa+bB+cy
- (b+c)+a - a+b+c
The symmetry of the P.V. of I indicates that the internal bisectors of ZB and ZC also meet at I, which 1s called the
incentre.
Hence, the internal bisectors of the angles of a tnangle are concurrent at the point I, the incentre.

Frequently Asked Questions

Example 1. Find the position vector of a point, which
divides the join of the points with position vectors a —2b
and 2a +b externally in theratio2 : 1. (C.B.5.E. 2016)

Solution. Here @ —2b and 2g +b are position veclors

of two points.

2(2a +b)—1.(a —2b)

&—]

. Required position vector =

_3a+4b - >

l 3a+4b. Fig.

A A A A A * L th f d-l AD — IAD

Example 2. The two vectors j+kand 3i—- j+4k eng_ OF SEmish |
represent the two sides AB and AC respectively of a 3 : yr 2
AABC. Find the length of the median through A. > (‘: - 0) +(0-0) +(5—0)

(C.B.S.E. 2016)
Solution. Take A as the origin (0, 0, 0).
.. The co-ordinates of B and C are (0, 1, 1) and

9 2 34
J—-|-—5 — —_— l 34 unitﬂ.
4 4 4 2

(3, =1, 4) respectively. Example 3. If a=4i-j+k and b=2i-2j+k,
Now D, the mid-point of |BC], = =
- - i +b
043 1-1 144 3 ; 5 then find a unit vector parallel to the vector a ;
B g gt g BE gy (A.I.C.B.S.E. 2016)




Solution. a+b = 4i—j+k)+(2i-2j+k)

= i =4 j+2k

Hence, unit vector parallel to the vector a + b

6i—3j+2k 1 & A
= e (6i-3j+2k).
V364944 7

Example 4. If a = 2; +f—2ﬂ, then evaluate |a|.

(Uttarakhand. B. 2015)

A

A A
2i + j—2k.

S
I

Solution. We have :

a1 = (22 +(1)% +(=2)?

= Va+1+4=9=3
Example 5. Find the vector joining the points P (2, 3, 0)
and Q (-1, -2, —4) directed from P to Q. (N.C.E.R.T.)
Solution. Since the vector 1s directed from P to Q.

" P 1s the mitial point and Q 1s the terminal point.

—
" Reqd. vector = PQ

A A A

=(—i—-2j—-4k)-2i+3j+0k)
:(—]—2);4—(—2—3)}4‘(_4_0);

=—3i-5j-4k.

A A A A A A

Example6.If a =xi+2 j—zk andb=3i—yJ+Kk

are two equal vectors, then write the value of x + y + z.

(C.B.SE. 2013)

- - A A A A A A
Solution. Here g=p 2 xi+2j—zk=3i—yj+k.

Comparing, x=3,2=-y ie.y=-2,—-z=1lie. z2=-1.
Hence,x+y+z=3-2-1=0.

Example 7. Write the direction-ratios of the vector

S A A A

=i + j - 2k, and hence calculate its direction-cosines.

(N.C.E.R.T))

—> A A A
Solution. We have : r =1+ j—2k.

B & = L] _*
Direcionratiosof r are< 1,1, -2 >.
Direction-cosines of p are given by :

a l

1: — —

l
I;l 1“+1+4 JE’

L S

71 N1+1+4 Ve
Cpefo_z2 2
o 7 i+i+d e

2

=

__._}.

l l
AN A3

. " % ﬁ.
Hence, the direction-cosines of 7 are

Example 8. Write a unit vector in the direction of the
sum of the vectors :

— A A A - AN A
a = 2ij+2j-5k and b = 2i+ j—7k.

(C.B.S.E. 2014)

- - A A A AA A

Solution. a+b = (2i+2j-5k)+2i+ j—Tk)

A A A
_ 4i+3j-12k .

—»

—3
Hence, the unit vector in the direction of a + b

A A A
4i+3j-12k 1 A A A
= =—(4i+3;—-12k).

J16+9+144 13

Example 9. Find the unit vector in the direction of

the sum of the vectors :
—3= A A A =3 A A A
a=2i—j+2kand b=—1+j+3k. (NCERT)

—-

Solution. We have :a=2i— j+ 2k

| - AA A

and b=—i+j+3k:
e
c=a+b



A A A A A A

=Q2i—j+2k) +(—i+j+ 3k

A A

=i+0.j+ 5k.

i | =N 4+0? #52 =JI+0+25 = J26.

_}
Reqd. unit vector =c¢ = -
—
lc |
M A A A A
_i+0j+5k i+5k

%6 26

Example 10. Find a vector of magnitude 5 units, and
parallel to the resultant of the vectors :

a=2i+3j-kandb=i-2j+k. (C.HSE 2011)

- A A A
Solution. We have : a = 2i+3j—k
- A A A
and b=1-2j+k
: —-> — - -
Resultant of vectors aand b = a+ b

A A A A A

= Ri+3j=k)+(i—27+k)

A A

= 3i4j.

" Reqd. vector of magnitude 5 units and parallel to

Caied)

(@ +b)

5
la+ bl
3i+
JO+1+0

5

A A

- (31 + j)
—=(31
V10 ¢

> 2 J @

ﬁl-l-ﬁj

-

Example 11. Prove that if u=u1€+uzfand

— e

A A
v =v, i + Vv, j are non-zero vectors, then they are parallel
if and only if u,v, — u,v, = 0.

+ *

Solution. We know that u is parallel to v if and only

- -
if there exists a non-zero scalar k such that u = kv

i.e. if and only if ?-f—uz f = k(v ?+v2 :}]
ie. ifandonlyif (y—kv)i+@w,—kvy) ] = 0

i.e. 1if and only 1f Uy — Iarl =0 and Uy — kv, =

e

: \ . u u
e. itfandonlyil k = =i and k = —=
Vl V2

. . - W
i.e. ifand onlyif - = —=
Vi Vs

i.e. 1t and only if u v, — uyv, =0,
which 1s true.

Example 12. Find the value of ‘p’ for which the

vectors :

A A A A A A
3i+2j+9k and i—2p j+3k are parallel.

(A.LLC.B.S.E. 2014)

A A A
Solution. The given vectors 3i+2j+9k and
A A A

i—2p j+3k are parallel

» 2 9 ; 1 _ 13
1f g 3 i —p- |Ex. 11]
" 1
1 p = =4
Example 13. Show that the points :
ARi-j+k),B(i-3j-5k),C(3i-4)-4Kk

are the vertices of a right-angled triangle. (N.C.ER.T)

Solution. Let O be the origin of reference.

AB= OB — OA
—_— A A N A A M
= AB =(i—3j-5k)—(2i — j+k
=—i-2j-6k.
BC =OC — OB



. ¥ A A A A A A
= BC=3i—-4j—-4k)— (i —3j—5k
=21 —jJ+k
and  CA=0A-0C
—_— A N A A A A
= CA=QRi-j+k)—-Bi—-4j—-4k
=—i+3j+5k

Now  |AB|=q/(= )’ + (= 2)* + (- 6)

=J1+4+36=441,

IBC|=(2)? + (= 1) + (1)

=Jar1+1=V6

and |C_£|= J(— 1) +(3) +(5)°

=149+ 25 =435,

Thus AB?=BC? + CAZ (- 4] = 6 + 35]

Hence, the tnangle 1s a nght-angled tnangle.

Example 14. The position vectors of A, B, C are

A A A

2i+J-k, 3i-2j+k and i +4j -3k respectively.
Show that A, B and C are collinear.

_}
Solution. AB =PV. of B-PV. of A

A T A A A A

= (=053 k) =0+ =k

A A A

=i—-3j+2k (1)

=y
and BC =PV. of C-PV.ofB

A A M A A M

=(i+4j-3k)-(3i-2j+k

A A A A

=204 6] — 8k ==2(i = T j+ Ik

—
—2AB.

[Using (1)]

Thus, either AB || BC or A, B, C are collinear.
But B 1s the common point.

Hence., A.B. C are collinear.

Example 15. Show that the following vectors are
coplanar :

A A A A A A A A

2i - j+k, i —3j-5k, 3i—4j - 4k.

oy A AN A A A
Solution. Let a = 21— j+k, b=1i-3j-5k
i A A A

and c=3i-4j -4k

The three vectors are coplanar if we can express any

one vector in terms of the other two veclors.

- —
Let b =xa + yc, where x, y are scalars.

Then

A A A A A A A A A

i—3j—5k=x(2i—j+k)+y3i-4j—4k

= (2x+3y)i +(—-x-4y) j+(x—4y)k.

Comparing coefficients of hike vectors, we have :

2x %3y = 1 L)
- x—-4y=-3 (2)
and x—-4y=-95 e

Solving (2) and (3), we get :
x=-1,y= 1.
Putting 1n (1),
201D+ 3(1)=1 = 1=1, which s true.
Hence, the given vectors are coplanar.
Example 16. Show that the four points A, B, C, D
- 5 2 >
with position vectors a, b, ¢, d respectively, such that

3:— ZF + 5?— 63: ﬁ} are coplanar. Also find the

position vector of the point of intersection of the lines AC
and BD.

- 3 - =y _i%
Solution. Wec have : 3a —-2b+5¢c —-6d = 0
=3 T T ! iy

= Ja-3b+ b-c+6c-6d=0
(Note this step)

- o - o - o —

— (a-b)+(b—=-c)+6(c—-d) = 0

to25)



— —> — —
= 3BA+CB+6DC = 0

— — — Oy
=% 3JAB+1.BC+6CD =0,

which shows that the vectors AB, BC, CD are linearly

dependent and hence, the four points A, B, C, D are

coplanar.
Now 3 : +5 E} = F + 6 E}
— — —
3a +5¢ 2T +6d
= 2 = - [Dividing by 8]

- -
3a+5c

3+5

— -
}b+6d
246

=  The point P, which divides [AC] in the ratio 5 : 3,
also divides [BD] in the ratio 6 : 2

—  The lines AC and BD intersect in P whose position

Vector 1s .

— — — -

Ja +3¢ 2b +6d

or

Fast Track Answer Type Questions

; ; A A A

1. The direction-ratios of the vector @ =67 —3 J+2k

are o . (Fill in the Blank) (Jammu B. 2017)
2. Write two different vectors having same :

(1) magnmtude  (71) direction. (N.C.E.R.T")

3. Find the sum of the vectors :

A A A

- A A A
a=i—2j+k, b=-2i+4j+5k

—> A A A
and ¢ =i—6j—Tk. (N.C.E.R.T.)

4. Find a unit vector in the direction from :
(i) P(3, 2) towards Q(5, 6)
(i1) P(1, 2) towards Q(4, 5).
S. (a) Find the magnitude of the vector
| | ~ |
() —mi¥+—=j] ——=k

3B 3

(N.C.E.R.T.)

A A

A
(it) i—3 j+4k. (Bihar B. 2014)

A A A

(b) Find the values of x for which x(i + j+ k) 1s a unit
(N.C.E.R.T.; Kashmir B. 2017 ; Jammu B. 2012)

6. Find the unit vector in the direction of the vector :

veclor.

> N A A

(@) a=i+j+2k (N.C.E.R.T.; Kashmir B. 2016)

A A

— A
(b)(1)) a=2i+3j+k (N.C.E.R.T.; H.B. 2016)

A A

- A
(i) a=3i+2j+6k (Jammu B. 2013)

A A A

—
(ifi) b = 2i + j+2k
(AL.C.B.S.E. 2011; C.B.S.E. 2009)

(V) g =27 -3 +6k. (Assam B. 2016)

7. Find the unit vector 1n the direction of vector PQ

where P and Q are the points (1, 2, 3) and (4, 5. 6)
respectively. (N.C.E.R.T. : Jammu B. 2013)

8. (i) Find the values of x and y so that the vectors

A A A A

2i+3j and xi + yj are equal. (N.C.E.R.T.)

(i1) Find the values of x, y and z so that the vectors :

- A A A - A A A
a=xi+2j+zk and y=2i+yj+k arc equal

(N.C.E.R.T.)

— A A - A A - -
9.(a) Let a=i+2j and b=2i+j.Is lal=1b1l?

3 —
Are the vectors a and b equal ? (N.C.E.R.T))

R T S o T~ R S
(b)If a=b+ c,thenisittrue that lal=I1bl+lcl ?

Justify your answer. (N.C.E.R.T))

10. Find the direction-cosines of the vector

A A A
i +2j+3k. (N.C.E.R.T.; Jammu B. 2015)
11. (i) Show that the direction-cosines of a vector equally

inchined to the axes OX. OY and OZ are <

Lo
V3 V33

(N.C.E.R.T))



A A A

(i) Show that the vector i +j+k is equally inclined to

the axes OX, OY, OZ. (N.C.E.R.T.)
— A A A
12. For given vectors, a=2i-j+2k and
— A A A
b=—i+j—k. find the unit vector 1in the direction of the
-5 >

vector a + b . (NC.E.R.T.: Assam B. 2018)

13. (i) A and B are two points with position vectors

- - - >

2a—3b and 6 b —a respectuvely. Write the position vector
of a point, which divides the line segment AB internally 1n the
ratio 1 : 2. (A.LLC.B.S.E. 2013)

(z1) P and Q are two points with position vectors

- - - =

3a—2b and a+ b respectively. Write the position vector of

a point R, which divides the line segment PQ in the ratio 2 : |
(A.I.LC.B.S.E. 2013)

(zi1) L and M are two points with position vectors

externally.

- - - -

2a—>b and a+2b respectively. Write the position vector of

a pomnt N, which divides the line segment LM 1n the ratio 2 : 1

externally. (AILC.B.S.E. 2013)

14. (i) Find the position vector of the mid-point of the
veclor joining points :

P (2.3, 4)and Q (4. 1, — 2). (N.C.E.R.T.)

(i) Find the position vector of the mid-point of the line-
segment AB, where A is the point (3, 4, — 2) and B is the

pomnt (1, 2, 4). (C.B.S.E. 2010 C)

Very Short Answer Type Questions

_} El s ® & kS s

19. Let a be a given vector whose mitial point 1s
P(x, y;) and terminal point 1s Q(x,. y,). Find the magnitude
and components of the vector along x and y directions :

P (2.3):Q (4. 6).

20. In the following, find the components of the vector

—
PQ along x and y directions whose magnitude 1s M, and

makes an angle 6 with the x-axis :
M= 15 8=30°
21. If the position vectors of the points A and B are :

A AA A AA
Ti+3j—k and 2i —5j +4k respectively, find the
magnitude and direction-cosines of the vector ﬁ :

22. Find the position vector of the centroid of the AABC
when the position vectors of its vertices are A (1. 3, 0),

B (2,1, 1)and C (0, - 1, 0).

15. Find a vector in the direction of :

- A A A

(i) a = 5i—j+2k. which has magnitude 8 units

(Kashmir B. 2017)

= A A Al

(it) a = 2i— j+ 2k . which has magnitude 6 units

(C.B.SE. 2010 C)

— A A
(i1i) @ =i—2j+ 2k, which has magnitude 15 units.

(C.B.S.E. 2010)

—> A A

Fa
(iv) a = —2i+ j+ 2k . which has magnitude 9 units.
(A.I.C.B.S.E. 2010)
16. Find the scalar components and magnitude of the
vector joining the points P (x, y, 2y) and Q (x5, ¥,, Z,).

(N.C.E.R.T.)

17. (@) If |a|=23, what is :

(1) |5al (ii) |- 2 a| (iii) | 0a | ?

AA A A A E} -

A
{b}ll‘§=3f_2j+k, b=2i—-4j-3k find |a—-2b]|.
- A A - A A
18. If two vectors are a=i+2jand b=2i+j;

-
{l —

-

b

— —

? Are the vectors g and b equal ?

Is

(Uttarakhand B. 2013)

A A

23. Show that the E}=2i+3j and

vectors

— A A
b =4i+ 6j are parallel.

24. (i) Find a unit vector in the direction of (a + b).

— A A

A A A
+2j—-5k and b =21+ j + 3k.
(N.C.E.R.T.)

— M
where : a = 2i

- A A A > A A A
(i) If @ = 2i—j+2k and b= 6i+2 j+3k, find a

—

—
unit vector parallel to a+b.. (Kerala B. 2014)

&
(iti) Find the unit vector in the direction of a — b |

where :
3 A AOA A A A
a=1+3j-k, b=3i+2j+k.
(Kerala B. 2016)

war|



+ A ANA 5 AN A s A A A
28.1f a = i+ j+k, b = 2i— j+3k, ¢ = i—2 j+k,

then find a unit vector parallel to the vector 2a—b+3c .
(P.B. 2014)

Short Answer Type Questions
27. (a) Find the position vector of R, which divides the
L - - - - ,
line joining P(3a —2b) and Q(a + b) intheratio 2 : 1
(1) internally and (11) externally. (N.C.E.R.T)
(b) Find the position vector of R, which divides the line

- 5 — —
joming twopoints P (2a + b) and Q (a -3 b) externally

in the ratio 1 : 2. Also, show that P 1s the middle point of the
segment RQ. (N.C.E.R.T.; C.B.S.E. 2010)
28. Show that the following points are collinear :
(i) A-2,1),B(-5,-1),C(l,3)
(i) A(l,2,7),B(2,6,3),C (3 10,-1)
(N.C.E.R.T.; Kerala B. 2018; H PB. 2016)
(@) A(2,0, 3).B 03, 2= C(,—2,=3)
(Megha hf_x a B. 2018)

A A — A A

29. If a=-2i+3j+5k b=i+2j+3k and

— A A s , )
¢ = 7i — k are position vectors of three points A, B, C

respectively, prove that A, B, C are collinear.
(N.C.E.R.T.; C.B.S.E. 2009 ()

Long Answer Type Questions

34. Show that the four points A, B, C, D with position

e _ |
vectors a, b, ¢, d respectively, are coplanar if and only

— —3: =) T
if 3a-2b+c¢c-2d =0.
35. Show that the four points P, Q. R, S with position

] = _» % h A
26. (a) Find the condition that the vectors g = ki +1j
— A A

and b =1li+kj (k [#0)are parallel.

(b) Show that the vectors 2

A

A A
—=4i+6j—8k are collinear.
I‘: .:"i-.mf"l “‘:'-.f'.—| I"; _."._h :L

30. Show that the following vectors are coplanar :
A A A A A A A

(i) i—jJ+k, 01 -k and4: +2j -3k
A A A A A A
(tr) 3i—-2j+4k,6i+3j+ 2k,
A A A A A A
Si+7j+3k and2i+2j+5k-
31. Show that the points A(3, — 2, 1), B (1, — 3, 5),
C (2, I, —4) do not form a nght-angled trnangle.
32. If the position vectors of the vertices of a triangle
are :
—> A A A — A A A ) A A A
A=i+2j+3k, B=2i+3j+k, C=3i+j+2k,
show that the tnangle is an quLllLI'd] mlc

—> A A A A
33. If a = f+j+k. b = 4f—2j+3k and
c = i—2j+k, find a vector of magnitude 6 units, which

1s parallel to the vector 2ga—-—b +3 ¢ .

(A.LC.B.S.E. 2010)

- =

+6r —9s = E are coplanar. Also find the position vector

of the point of ntersection of the lines PR and QS.
36. Prove that the necessary and sufficient condition for

- - - | ,
three vectors a, b and ¢ 1o be coplanar is that there exist
scalars I, m, n (not all zero simultancously) such that

b — - -
la+mb+nc =10.

e e -
vectors  p g, r, s respectively such that Sp— 2q
1. <6, -3, 2>

AL A A A A A N B i e

2.(D) i+ Jj+ki—g+k () i+ j+k2i+2)+2k

A

3 ~Af-k

A A A A

I
— (i+2j) (i)—=C(>+ )
NG 72
(i) \J26 (b)+ J_

4. (i)

S.(a) (i) 1

| ] »~ ] » 7 A
6. (a) —i+—j+—k

NN
{bllr}j—f"'f.f Jl—

+ —=k

] A "': A | A A A
{ff);(3i+21 +6k] (iii) ;(2£+j+2k]

=

o s
(iv) "_;[Zi -3 +6k).



7. L{_‘:F'.'+jar‘~-1- k).

VE]

S(a=2 y= 3= Ly=2 p=l

9. (a) Yes and No (b) No.

I 2 3
< ; % >
V14 14 14
] & =
12. f{l + k).

13. (i) a (ii) —a +4b (iii) 5b.

14. (i) 3i+2 j+k (ii) 2i+3j+k.

8 o G
15. (1) #T{]-(S;—j+?k} (11) *{’H—;+2k}

M A A A

() 5(i—=2j+2k) (v) 3(=2i+j+2k).
16..1'2

=MD B <8y |

\/(Iz — X )2 +(y, ‘}’1)2 +(z; ‘Zl)2 '

(i) 6 (iii) 0 (b) /86 .

17. (a) (1) 15
18. Yes : No.

19. Jﬁ 2.3

——|—"‘— Hints to Selected Questions -

23. p=2a
26. Given vectors are parallel = T= ;# ks =1

28. (i) BC=-2AB:elc -

. 1555

'“'-’la.n

21 '{.——5 . G
> W Ji14- 1147 114

22. 1, 1, 3 :

3

2 A
k

3 M
+—=j -
J20 7 29

.4 ,
H.{EIIE'

A

8 A | 5
i) ——= it —— jt——
W 370 3310 3410

A
k

i

i, 2n 1A ?-;
(111) —3 3}—3

A A

) : A 7, .
(3i—3j+2k). 26.(a)k”=I"

®) 3a+5D.

29. AB=2BC(C:elc.

—

30. (i) Let p= xa+yc. Then etc.
31. Here BC? # AB2 + CAZ.
32. Prove that AB = BC = CA.

APPLICATION OF VECTORS

Example 1. D, E, F are the middle points of the sides
[BC], [CA], [AB] respectively of a triangle ABC. Show
that :

(i) FE is parallel to BC and half of its length,

— > >
(ii) the sum of the vectors AD, BE, CF is zero,

(iii) the medians have a common point of
trisection i.e. they are concurrent. (H.B. 2010)

J" t.il__

 1ICTD £
@MEM RALIVE

| EXAMPLES

Solution. Lect a. b and ¢ be the position vector of A,
B and C respecuvely.

(1) Since D 1s the mud-point of [BC],
= =

. i P C
" position vector of D 1s
2 | —}+ —
- - . c+a
Similarly, the position vector of E 15
5

T — S ]
a+ b
—

and that of F 1s



Let O be the ongin of reference (not shown in fig.)

— —s —
Now BC = OC-0OB= ~—p

- = 5 - -
— —5  —3 c+a a+b c—b
and FE = OE-OF = —m™———— =
2 2 2
FE:?BC.

Hence, FE || BC and FE = %BC.

i’

— —
(i) AD = OD — OA = g = R YT A
2 2
— T+ a =7 —  a+b-2¢
Similarly, BE = £+9 =20 =2 —
7 2
—_ —

_ —
Adding, AD + BE + C

[:+;_ 3] [;+§_::J
+ -
2 2

—
G

b

—
—

—- = -
b+c—2a
2

B o o B =B . B =3
b+c-2a+c+a-2b+a+b-2

.+.
0

[

(111) Let G be the point, which divides |AD] 1n the
ratio 2 : 1.

. The position vector of G

" b+ ¢
(@) +2 [ - “']
= = [Section Formulal
[+2
_ feded
3

The symmetry of this result shows that G also hes on
|IBE] and [CF] at their point of trisection.

Hence, the medians are concurrent at G, which divides
each median in the rato 2 : 1.

Example 2. Show, by vector method, that the angular

bisectors of a triangle are concurrent and find an
expression for the position vector of the point of
concurrency in terms of the position vectors of the vertices.

- =

-
Solution. Let a;, by, ¢; be the position vectors of the
vertices of AABC.

Ot

B(b,) cic)

Fig.

Let the bisectors of angles A, B and C meet the opposite
sides BC, CA and AB at D, E and F respectively.
Let I be the point, where AD and BE meet.

-( — — )
o i ) bbl +CC1
. Position vector of D 1s . where
b+ c
\ )
CA =b and AB =c.
Also lBA BD ‘. = s
SO, —m—— —:
Al DI Al (b+c¢)DI
Al b+c
= —= ;
DI a
a +b? + e
Hence, the position vector of T is ——— 4 =L
a+b+c

The symmetry of the result shows that the point I also
lies on the intersection of the bisectors of angles B and C.

Hence, the three bisectors are concurrent.

Example 3. Prove, by vector method, that the
diagonals of a parallelogram bisect each other ; conversely,
if the diagonals of a quadrilateral bisect each other, it is a
parallelogram.

Solution. Let ABCD be a || gm.

— —

_}
Let a, b, c, 2 be the position vectors of A, B, C, D

respectively referred to O as ongin.



Since ABCD is a || em.,
AB = DC and AB || DC

—

—

_}
AB =DC

— —
OB-0A

S

Q)

o
....I..
8
|l

—3
a

.l

—
OC-0D

P

Sl
+

—

-d

o

b+d

|+

tJ

[Dividing by 2]

= Mid-points of [AC] and [BD] coincide.

Hence, diagonals of a || gm. bisect each other.

Conversely. Since the diagonals [AC] and [BD] have
the same mid-point,

=

=

Similarly,

E}+F ~ b+3
I
dsc = b+d
B2 = il

— ’ >
OB -OA= OC-0D

— —
AB = DC

AB = DC and AB
AD=BC and AD |

| DC
BC

suf 1)
..(2)

Combining (1) and (2), ABCD 1s a || gm.

Example 4. Show that the diagonals of quadrilateral
bisect each other if and only if it is a parallelogram, by

using vector method.

(H.B. 2010)

Solution. Let ABCD be the quadrilateral whose vertices

have position vectors a.b.c.d respectively.
Now [AC] and |BD] bisect each other,

—

—

=)

&l

AB

_}
DC
DC. AB || DC

= ABCD 1s a || gm.
Conversely. If ABCD is a parallelogram,

—>

then AB
- =
— b —a
- -
— a1 €
N
a—+ c
= 2

—>

D

C
_}
C_

Ll

Ll

=5
b +

I——-} —>
b+d
2

>
B(b)

= diagonals [AC] and [BD] bisect each other.
Example 5. Show that the st. line joining the mid-

points of two non-parallel sides of a trapezium is parallel
to the bases and is equal to half of the sum of their lengths.

Solution. Let ABCD be a trapezium whose sides AB
and DC are parallel.

Let A be the ongin of reference.

— -
Let b and d be the position vectors of B and D

respectively.

Since DC || AB,

— —
. DC and AB are parallel

[Given]



=§ —5 *
=3 DC = m AB. where ‘m’ 1s some scalar
— —
= DC = mb.
+
D(d) C
Ef---mmmmmm— - F
—
A(ORIGIN) B(b)
Fig.

— —_ v =0
Now AC = AD+DC =d+mb.

I E 15 the mid-pomnt of [AD], then 1ts position vector 1s
_}
d

2

i.e.

-—} —
0+ d
2

If F is the mid-pt. of [BC], then its position vector 1s

- - — — —
b+(d+mb) d+(m+l')b
2 2 7

— — —
EF = AF-AE
- e | —
B d+{m+l}b_d_(m+l}b
2 7) 2 2
1

Hence, EF || AB and hence || DC.

m+l —

ﬁ.
Also. EF = ——AB,
EF m+]1
AB 2
m+1 i
— EF = TAB = ;(AB-I-I‘HAB)
_}
But [T(:}f = mAB.
DC = m AB.

Hence, EF

1
~(AB +DC).

EXERCISE 10 (d)

Short Answer Type Questions

—_ b -
1. It a.b,c.d respectively, are position vectors
representing the vertices A, B, C, D of a parallelogram, then

—

) . .- - " -
write 4 mterms of a.bandc. (Kerala B. 2015)

2. If Q1s the point of intersection of the medians of
— = = D

a trangle ABC, prove that QA+ QB+ QC=0 .
3. G 1s the centroid of a tnangle ABC, show that :

—_ s = o

GA+GB+GC=0.

Long Answer Type Questions

8. Show that if P, A, B are any three points,

—> — —
then A PA+ 4 PB=(A+ u)PC.

e e . _
4. Let a, b, c,d be the position vectors of the four

o | | e T
distuinct points, P, Q, R, S respectively. It b—a=¢c-4d .

show that PQRS 1s a parallelogram.

5. Show that the line joining any vertex of a
parallelogram to the mid-point of an opposite side divides
the opposite diagonal in the ratio 2 : 1.

6. Show that the lines joining the mid-points of the
consecutive sides ol a quadnlateral form a parallelogram.

AR TN
- I s a il'q_l' 1 "j’.' 0
-‘. - i 1 b
—

_Ea m = W .
v =

where C divides [AB] in the ratio 1 : A.

4 ) )
_ Answers |

1. E=a+c—b.

— " Hints to Selected Questions

- - -5 S5 o o —  —>
C

—d @ a-b=d-c = QP=RS; elc.



SUB CHAPTER
102 Product of Vectors

B (5] INTRODUCTION

In the previous sub-chapter, we have done elementary topics and definitions of vectors. We shall deal with the product
of vectors in the present course of study.

IIECEYA PRODUCT OF TWO VECTORS

The product of two vectors can be defined 1in two ways : (1) Scalar product (i7) Vector product.

(i) Scalar product of two vectors 1s always a scalar quantity.

(i) Vector product of two vectors is always a vector quantity.

BT TN SCALAR PRODUCT

{=i Definition

N

- — — —
Let a and b be any two vectors. The scalar product of a and b is defined as :

e
(i) a.b=la

vectors

- — e
1 b lcos ©, where ‘0’ is the angle (0 < 0 < 1) between a and b ; a, b being non-zero

. —F =5 _ - — — i
(ii) a . b =0 if either a or b is a zero vector.

. .

- - - —
Notation. The scalar product of two vectors is writtenas a . b or (a . b).

- - — —
(a .bisread as a dot b)

Because of this, the scalar product 1s sometimes called the dot product.

Geometrical Interpretation. The scalar product of two vectors is the product of the modulus of either vector and the
scalar component of the other in its direction.

— o - o
Let OA=a.=0B=b5
and Z BOA =0.

By def.. a.b=|al|b|cosé,
where |a|=a=0A

and | b|=b=O0B.

From B, draw BL 1 OA.

From A. draw AM 1 OB.



=y =

OL = Projection of OB on OA =0OB cos0=b cos 6

—y =)

and OM = Projection of OA on OB = OA cos 8 =a cos 6.
- - - >
a.b =abcosO=a(bcosB)=0A (Projection of OB on OA)

- %‘l [ B 4 ' ® Ll *
= | a |(PI'{}_]ECII{)I] of b in the direction of a).

- = — —
Again, a . b = ab cos 0 =b (a cos 8) = OB (Projection of OA on OB)

=‘ b ‘ (Projection of a in the direction of b).

“. KEY POINT

/‘

5 o PR TP X |
If a and b are two vectors, then the projection of & in the direction of a = =
la l
%
I [ XT'8 CONDITION OF PERPENDICULARITY
5 s - —
Theorem. If a and b are perpendicular vectors, then a . b =0.
- = . .. —
Proof. We have : a . b =|a ||b |cos© i
— s
where ‘0’ is the angle between the vectors a and b .
—> o
Since the vectors a and b are perpendicular, |Given]|
- _
0=— = cusE}:cns(E):D.
2 2

- 5
From (1), a.b =0.

- —

Conversely. If a . b =0, then either at least one of the two vectors is a zero vector or two vectors are perpendicular.

— 2 . T . = —>
a.b=0 ie |a Hb |cusﬁ={}, where *07 1s the angle between the vectors @ and b .
_}

Proof. Here

: — _ . L - L ' T
Either a =0 or b =0 orcos 8=0 i.e. Either |a ‘={) or Ib |=0 or f=—
2
_ _ - = =y —F: =) _
I.e. Either a =0 or b =0 or g, b arc perpendicular vectors.

Hence, the result.

I ] IMPORTANT RESULTS

(I) When the two vectors are like parallel.

- 5 .o -
Here 0=0° .. cosBO=cos0°=1. a.b=|a”b‘cus@=ub(l}=ab.
(IT) When the two vectors are unlike parallel.

e T
Here =180" . cosB=cos 180 =~—1. i ﬂ.b=‘H‘Ib‘{:ﬂ!‘iﬁ:ﬂb(—l}:—ﬂb.



- -
a =ﬂ’2.

(II) a . a
- e e
Putting b =a,wehave: a .a

A A A
(IV) Since i, j. k are unit vectors perpendicular to each other,

A A M A A !:.2 AZ nz

i j=j.k=k.i=0 and i’=j=k%=1

—3

—
=l|a llal cos (angle between g and a ) =a

These results can be remembered with the help of the following table :

2

cos 0° =a (1) = a*.

TABLE
A "'?“ A
© I J k
i 1 0 0
A

] 0 | 0
k 0 0 1

I T ¥ I8 PROPERTIES OF SCALAR OR DOT PRODUCT
- — — —
Property I. Commutative Law. If a. b be any two vectors, then a . b =b . a

— —
Proof. Let 07 be the angle between the two vectors @ and b.

=
c. By def.. a . b-=‘ﬂ ”h IE{]HB=ﬂbEnHB =ha cos 6

W - 5
=|b||a|cos6=b.a

i e

Hence, a.b=>b.a

Property II. Associative law does not hold.

- - - 3ol o 5 o3 4
If a, b, c be any three vectors, then (a .b).c #a .(b . c)

- - - = =
Proof. Since a . b i1s ascalar. ... (a . b). c cannot be defined.

e A - R I

e
Similarly, a .(b . ¢) cannot be defined. Hence, (a.b).c#a.(b.c).

- > —
Property IIl. If m is any non-zero scalar, then (ima).b =m(a .

Proof. Case I. When m > 0.

. %
Here m a has the same direction as that of a .

— o — —

. The angle between m a and b = the angle between a and b = 6 (say)

s T T - — 3 5
(ma).bzlma”b‘cusé(mmb)zmabmaé(u,b)

=m(abcos0)=m||a H b |cos 6]

g
b)=

a.m

" a, b, being numbers, are commutative|

1y
b).

[Def ]

204

[Using (1)]



Case Il. When m < 0.

—) —
Here m a has the opposite direction to that ot a .

_ — — — —
If the angle between a and b = 6, then the angle between m a and b =n - 6.

e T =, =
{ma).b=|ma”b|cuaé{ma.b)

e
=—mabcos (n—0)=mabcos®O=m(|a||b |cosH) [*c m < 0]
- —
=mi(a .b)
- - - —
Thus in both cases, (ma). b =m(a . b) ..(2)
— — - >
Similarly, a.imb)=m(a .b) .(3)
ey T -

Hence, (2) and (3) = (ma).b =m(a .b)=a .(mb), which proves the result.

Property IV. Distributive Laws.

- > -
If a, b, c are three vectors, then :

=¥ ¥ By =y =3y
(i)a.(b+c)=a.b+a.c (Left Law)

(Right law)
Proof. Let O be the origin.

S T S e . BT
let OA=a.0B=b.BC=csothat OC=0B+BC=5b + c. O (ORIGIN) & L M A
Draw BL 1 OA and CM 1 OA. Fig.

— — —— —

OL = Projection of OB on OA, OM = Projection of OC on OA

_ -

LM = Projection of BC on OA.

— = e

_}.
(i) a.(b+c)=a .0C

— — —
= (Modulus of a) (Scalar component of OC along a)

=a(OM)=a(OL +LM)=a (OL) + a (LM)

> =¥ - o= L= —>
= (Modulus of a ) (Scalar component of OB along a ) + (Modulus of a ) (Scalar component of BC along aq )

- o 9 > _
=a . b + a . c, which proves the result.

e e e e
(1) O+ &) @ = (h%¢E) [Commutative Law|
- 2 5 - .
=a.b+a.c |Part (1)]
e e T e T S
Hence, (b+c).a=b .a+c.a [Commutative Law]
I 5 o o o N
Corr. a.(b-c)=a.[b+(-c)l=a.b+a.(—c)=a.b-a.c



- - -
Property V. a . a >0, where a is any vector.
Proof a.a=‘a|la‘um~:0ﬂ=ﬂ (Li=a",

This, being a perfect square, 1s never negative. Hence,

— =

- -
a.da

Property VL. If a. b are any two vectors, then :

— =

|a+bf=|af+|bF+2a.b

—3

iy (a+b).(a - b) ='\E}'|2 -—'\E}'lz

2 ().

(if) |a — b'\z ='| a ‘2 +'| .*!;:'|2 —2a.b

Y - U B
Proof. (i) |a+b|"=(a+b).(a+b)
e e e T
=(a+b).a+(a+b).b
T T e e e e |
=a.a+b.a+a.b+b.b
_—},2 — — _-—}_2
=|a‘ +2a.b+|b‘
. . - -
=|a|’ +|b | +2a.b
iy s
(if) la-b|"=(a-b).(a-b)
- = = — = =
=(g—b).a—(a—-b).b
e e e T T S e
=a.a-b.a-a.b+b.b
> e
=|la*-2a.b+|b]|
.=, = - -
=la|*+|b|*-2a.b
e e —3 =k ¥ —% % =3
(iii) (a+b).(a—-b)=(a+b).a—(a+b).b
e e T T T TR
=a.a+b.a—-a.b-b.b
=la|*~| b

(zv) Using (1) and (1),

a4 B =d=BP=(af +|8 F 2.5 - (af +[5f -2

Hence.

sl
a

If a=(ay,ay,ay)and b=(by,b,,by), then(a.b)=(ab,ayb,,a3by).

A A A

3 s
Proof. Here a =a; i +a, j+ajzkand b =b

A A A

I +by j+Dy k.

- = >
[‘ra.a =Iﬂ Iz]
|Left Distributive Law]
|Right Distributive Law |
sy gy oy
I>ca .b=h.al
- = . —
.. _ 2
[va.a=|al]
|Left Distributive Law]

|Right Distributive Law |

e e
[va.b=b.a]
[Left Distributive Law]
|Right Distributive Law]
= - Er
[‘a.b=b.a]



— — A A A A A A
a.b :{ﬂl f+ﬂ2 j+ﬂ3 k]{bl f+bz j+b3 k)
=abji.i+abyi.j+abyi . k+ayb j.i +arb, j.j+arby j. k+ahyk.i+azhy k.j+abyk .k
[Applying Distributive Law]
=a;b, (1) +a\b, (0) + a by (0) + ayb, (0) + ab, (1) + a,b; (0) + asb, (0) + ayb, (0) + azby (1)
=ab, + a,b, + a3b;.
3
a

. b = {ﬂlbl, ﬂ2b2 . ﬂ3b3).

Hence.

Cor. To prove that a = \/HIZ + sz + ﬂ32 ‘

- -

Proof. If b = a. then bl =ay, b2 = a,, b3 = a;. the above result becomes :
R Bl e Blo
a.a=aya +aya;+ayay =a“=a;"+a," +ay".

Hence, a= &'12 3 azz ¥ af ,

IR [ FX] ANGLE BETWEEN TWO VECTORS

- y
If ‘0’ be the angle between two vectors a =(ay,a,,a3)and b =(by.by,b3). 1o prove that :

ﬂlbl 3 ﬂzbz + ﬂ3b3

cos 9= :
Jalz +¢r.;\-22 +::::32 \/blz +1!:v22 +.!-,~32
e e

Proof. a . b =|a ||b |cos©® =ab cos 6 (1)

=hl 2k W 2 2
But a.b=ab +arby +azb;:a —\/ﬂl +a,” +aj [Proved above]
— | _ 2 2 2
dﬂd b_'Jbl +b2 +b3 ;

- (1) becomes :

ﬂlbl +ﬂ2b2 +ﬂ3b3 :\/ﬂlz +ﬂ22 + ﬂ32 'Jblz +b22 +b32 cos 0.

albl + ﬂzbz + ﬂ3b3

\/alz +a2?‘ +a32 \/3’12 +b22 +l;i3"2

cos @ =

Hence,

. KEY POINT

- -
Angle between two vectors a and b 1s given by :

b
D=cos =

13

—
d

=)

a



Cor. 1. Condition of Parallelism.

— —
The vectors @ and b are parallel if there exists a scalar ‘t” such that

- —3
a=tb If (aj.ay,a3y)=t(by.by,by)
if (ay, a,, a3) = (tb|, tb,, thy)
if a, =rb],a?_=rb2_. ﬂ3=fb3
if o..%2.9 [+ each = 1]
by by bs

which 1s the required condition.

Cor. 2. Condition of Perpendicularity.

I—} % X | I
Here 6 = angle between a and b = cos 8 = cos = = ().
a,b; + a,b, + a;b
" (2) becomes : Ll Ml Ml s =()
{I12 + ﬂzz + ﬂ32 Jblz + b22 +b32
=3 a,b, + a,b, + a;b; = 0, which 1s the reqd. condition.

I (¥7] COMPONENTS OF A VECTOR

o —
To find the components of a vector b along and perpendicular to vector a .

—_

— —
Let g and p be two vectors, represented by OA and OB respectively. Let *0° be angle between them.
Draw BL L OA. B
_— =) = -
In AOBL, OB=0OL + LB b A
-5 - —
=  b=OL+LB (1) S - 1
O - L A
— —? > - _ — ,
Thus OL and LB are the components of p along g and perpendicular 1o g respectively. Fig.
— A A . A
Now OL=0OLa=(OBcos0)a=(1blcos0)a
x E; | - -
- a. A E
= a.b
15| + o B rcosB= 5 .5
lallb] lallb]
(> —) (> =) > (> =)
a.b | a.b | a a.b |—
— a = — a .
al ) Ulal)la] \]a[,
[(— =)
—_— = =3 =) a.bl—
From (1), LB=b -0OL=5b - a.
=" 2
\ I al,
(> — ) [(— —)
= ; — a.b |- =3 a.b |2 ,
Hence, the components of b along and perpendicular to a are a and b — a respectively.




Frequently Asked Questions

Example 1. Find the magnitude of each of two vectors

a and b having the same magnitude such that the angle

9

between them is 60° and their scalar product is 5

(C.B.SE. 2018)

Solution. By the question, la| = | 5] K1)
Now, ;:; E; = IEI Iglcmﬁ

= % = |;| |—5|Cm 60° [Using (1)]
" B _jaf 3]

> lal? =9

Hence, IEI = |3|=3.

Example 2. If a and b are perpendicular vectors,

- =P

- —»
|]a+b| =13 and |a| =5, find the value of |b|.
(A.LC_.BR.NE. 2014)

Solution. We have : |a+b]| = 3.
Squaring, (Z+E;)2 = 169
" laP+|bP +2a.b = 169
5 (5)2+1B [ +200) = 169

' a and b are perpendicular = E.g=0]

" 1b]* =169 - 25 = 144,
—
Hence, b = L2

Example 3. Find the projection of the vector

A A A A A

A
i+3j+7k on the vector 2i—3j+6k. (C.E.S5.E 2014)

s K K& _A > A A A
Solution. Let a= i+3j+7k and b =2i—-3 j+6k.

a.b
i % : = - a.
". Projection of @ on p = —
‘ —
16|
A A A A A A

(i+3j+7k).(2i—3 j+6k)

A A A
12i—3 j+6k

n

Py P

(M2)+(3)=3)+(7)(6)
V4+9+36

2-9442 35

w7

Example 4. If a and b are two unit vectors such

that a+b is also a unit vector, then find the angle between

—%

. —
where ‘6’ is the angle between g and b

(x-

a and b. (Mizoram B. 2016: Kerala B. 2014: C.B.S.E. 2014)

Solution. We have : |a| =1 =|b]| and |a+b|=1.

Squaring, la+b? =1 = (@+b)? =1

T lal? +|b> +2a.b

> )2+ +2al||b|cos® = 1.

—

= 1< 1<+2(1)({])cos8 =]

|

= cos @ = ——.
3

Hence, 6 = 120°.

—

Example 5. Find le , if for a unit vector a,
a).(x +a)= 15.

Solution. We have : (.r—r:.' ).(.x+a ) = 15

(A.LC.B.S.E. 2013)

= == — — - —

= x\x+al]—a\x+a] =15
=> X.X+tx.a—a.x—a.a =15

HZ Hz : i
Ty —

x| —la 1 | [-.'x.a=a.x]

up N

= |_x‘ —l :IS =\|X :]6
Hence, ‘x‘ = 4.

Example 6. Find ‘A’ when the projection of :
a= i?+}+4lt onb=2?+ 63+3E is 4 units.
(C.B.S.E. 2012)
., - ab
Solution. The projection of aon b = —
| b1

(it j+4k)2i+6j+3k) _,

By the question,
|2i+6 j+3k|



(DQ2)+1)(6)+(4)(3)

J4436+49
2A+6+12
—=
21418 = 28 24 = 10.
Hence. A=8.

Example 7. Cauchy-Schwarz Inequality.

-

For any two vectors a and b,
we always have :

- — - -
la.b|<[a[|b].
(N.C.E.R.T))

Solution. The equality holds trivially when either

- > - o
a=0or b=20.
| — — - >
Inthiscase. la.b1=0=lallbl.
5 —
[etusassumethat lal#0 and | b 1£0.
— =
la.b |
Then S =]cos 0]
Iallbl l
- > — o
— | a . bl*’ilallbl which is true.

Example 8. Triangular Inequality.

==y
For any two vectors a and l_; , we always have :

— = — — e
la+bl<lal+Ibl. (N.C.E.R.T.)

Solution. The equality holds trivially when either
- -5 5 -

a=0or b=1(.

—

— — —
Inthiscase. la + b 1=0=lal+I1b].

- -
Letusassumethat lal20 and | b 1£0).

= R T O e T
Thulla-i-bl =(a+b)"=(a+b)(a+b)

=2 2 D 2o
=a.a+a.b+b.a+b.b
—|:| +’Tz b+l§| [Commutative Law]|
= 5 — = —
“la P 320a Bl b P lexfix]Y xeR]
- -
<la B+21a1B 14+1p B [Ex. 6]
=dal%iBiE
- = —> —>

la+bl<lal+lbl.

Geometrically. The sum of any two sides of a triangle
is always greater than or equal to the third side.

C

Hence,

- =
a+b

o gl

W

Fig.

Example 9. If two vectors a and b are such that :

- >

Ial =2 |b|-1 and a.b=1,
then find the value of (32 — 5b).(2a +7b).

(C.B.S.E. 2011)
Solution. We have : |;|= 2,|b|=1
and E _E;= (1)
Now (3a—5b).(2a+ 7b)
= 3&.(2a+7b)—5b.(2a+7b}
= 6aq. a+“]a b 10b.a—35b.b
— 6|a|2+2]a.b—10a.b—35|b|2

e i
[-a.b=b.a]

6lalP +11a.b—35|b|

= 6(2)2 +11(1)—35(1)?
= Sl [T — =0

[Using (1)]

Example 10.If a and b are two vectors such that

then prove that the vector 2a+b is

a-l-.!:‘

-

d

b

a+b ‘ =
perpendicular to vector b (C.B.S.E. 2013)

Solution. We have :
.+ L
a+g‘ =

e - - —1-2
:"'"(a +b).(a +b)= a
> > > > > —> _,.2

>a.ata.b+b.a+b.b =
2 2 2

—» e A —» —» —»

=>a +a.b+ﬂ.b+b =0

Z
[ b.a=a.b and a.a=a }

Squaring,

- - -an-2
= 2a.b+b =0 (1)
Now (2a45)5= 2a.5+ b.b
> 2
- b = (). [Using (7)]

=i =l —»
Hence, vector (2a+b) 1s perpendicular to vector p .

—

- - —
Example 11. Find | a — b |, if two vectors 3 and b are

— — - -
suchthat |a |[=2,|b|=3 and a.b =4.
(N.C.ER.T. ; HPB. 2012)



- - 5 S S
Solution. Here la — b l=y(a - b).(a - b)

| e e e e e e T

=Ya.a—-—-a.b—-b.a+b.b

= 5 - - — 5
=ylal"=2(a .b)+I|b |

=J2)2 24 +(3)

=J4-8+9=J§.

- = e

Example 12. Let a,band ¢ be three vectors of

magnitude 3, 2, 5 respectively. If each one is perpendicular
to the sum of other two vectors, prove that :

=J§_

a+b+c

—r—r—r‘

Solution. We have : =95,

lbl ._;lnd

A]m,ﬂ.(b+c] 0. b. ( ]—U,C-(ﬂ+b) =1
|-+ Each is perp. to the sum of the other two|

e T = =P - - = = = e .

>a.b+a.c =0.p c+b.a=0.c.a+c.b =0

> a.b+c.a = 0 [(ca.c=c.al
el 1)
b.cta.b =0 b b =d <B]
i 2)
and c.a+b.c =0 [ ;;=g:1
sevl 3)

Adding (1), (2) and (3), we get :

2(a.b+b.c+c.a] =0

=a.b+b.c+c.a =0 ...(4)
Subtracting (1) from (4), b.c = 0. el )
Similarly,c.a = a.b =0 ..(6)

Now |a+b+c| = g +b +c +E(a.b+b.c+c.ﬂ]

-

c| +2(0+0+0)

1
S
4
SR
4

[Using (5) and (6)]

angle between them, then prove that cos — = a+b|,

| 2
Q 1 | A A
= LEIHZ’—* — —|la+b
4
‘ ﬁﬂ T | A
Hence, Lﬂhz = E a+b]|.

= B 4 5
= 9+4+2

- = -

Hence, |a+b+c |= /38 -

A

Example 13. If a and l; are unit vectors and ‘@’ is the

elnn

2 2
(J. & K.B. 2011)

' 2
Solution. |a+b| = (a+b].[a +b]
I E > 2-
a.a=|a
2
N A A A A A
= a+b| = a.a+a. b+b a+b
2 A 2 Fat Fal M 2
= a+b| =lal|l +2a.b+|b
i A A MNA
[ a b=b.a
2 2 ’)
A A " " & 3
=> a+b| = lal|l +2|lallblcos@+]|b
M Fal 2
= a+b| =1+2{1)(1)cosB + 1
P ) N
al=|b|=1

i wlf 0 0
> |a+b =2(l+cmﬁ}=2(2ﬂﬂhz;]=4L‘ﬂ52?

Example 14. If a is any vector in space, show that :

— A A — A A — A A

a =(a.i)i+(a.j))+(a.k)k.



— A A
Solution. Let  a =a;i +a, _F+ﬂ3 k.
oA A A ALA
a.i=(ai+ay, jtayk).i
=a, (1) +a,(0) + a;(0) = aq,
—2 A A A

(a .i)i=ayl.

— A A — A A

Similarly, (a . j) j=a» jﬂl’ld(ﬂ k). k az k.

¥ N A =
Adding, (a .1)i+(a . hixia B

N n )
=ﬂ] i +ﬂ2 J+ﬂ3k

4 - -
= a. which is true.

= =3 =

Example 15. If a,b,c are three vectors such that :

1 (=5, 1h [=12and] ¢ [=13a0d n+-be = 0. fd thevalic

- >

of a.b+b.c+c.a. (C.B.S.E. 2012)

-

Solution. We have : | @ |=5.|5 |=12and| ¢ = 13.

Now a+b+c=0. |Given]

- = = = - -

Squ::umg,| " +|b| +|c| +2(a.b+b.c+c.a)=0

Example 16. If ;+;+: = E and ; =3, |b| =5,

- - -

and | ¢ | =7, find the angle between a and b .
(C.B.S.WE. 2014)

- =3 > >

Solution. Since g+ b+c¢ = 0,

- -3 —
{I+b = = .
2
_ - —x —
Squaring, (a+b = g*

—r-z —» -» > -!'"2
> a +b"+2a.b = c
R
-!-2 -!-2 = ™
=lal +|b| +2]lal|lb|cosf =|C

- -
where ‘60" is the angle between a and b

232 +(5)%2+2 (3)(5) cos 0 = (7)2
= 94+254+30cos 8 = 49

= 30{3}59249—34*&}59:1
2
= 8 = 60°.
- -

Hence, the angle between a and b 1s 60°.
Example 17. Prove that the vectors :

—3

A A A = A A A
b=i-3j-5k,¢c=3i-4j-4k
form the sides of a right-angled triangle.

(H.B. 2017, 14; Kashmir B. 2016; Jammu B. 2013)
Also find the remaining angles of the triangle.

— A A A
a=2i-j+Kk,

Solution. (a) To prove that the three given vectors are
coplanar.

e
For this, if a, b, ¢ are co-planar, then any one can be

expressed in terms of the other two.

A
B X
C -5- B
Fig.
= =P A A A A A A
Now, a+b=Q2i-j+k)+(-3j-5k)

e

AC+ CB=AB.

_:..

Hence, the vect(}rx s lﬂml the sides of a triangle.

- >

Since a . b = (Eh—j+k} (1—31 Sk)

=2)D)+(=-D(=3)+ (1) =-5)
=243—-35=0,

_}

—>
alb.

Hence, the given vectors form a nght-angled triangle.



-

(b) (i) Angle between b and c.

L s -
If *6," is the angle between b and c . then

bic + bycy + byey

5.0 =
B Jb2+ 2 .2 [ 2., 2. 2
| % +b3 Cl +C’2 +C3
(WA + =N =D+ (=5 (=4
JI+9+25/9+16+16
3412420 [35
J35 41 41
HﬂnL'ﬂ.. 91 —_ CDH_I E.
41
— -

(ii) Angle between ¢ and a.

- —

[f °8," is the angle between ¢ and a . then :

C1a; + CrdH + C3dj

Jei? +,2 +c? g +ay? +a52

COs 0, =

3)2)+(=4) (=D +(=4)()
JO+16+16 \J4+1+1

_6+4-4 |6

C Varde V41

-1 |6

Hence, 85 = cos b —
41

— — —

Example 18. If a, b, ¢ are mutually perpendicular

- — =
vectors of equal magnitude, show that a + b + ¢ is

— — —
equally inclined to a, b and c¢. Also, find the angle,

N = —s —
which a + b + ¢ makes with a orb or c .

(C.B.S.E. 2017)

— =¥ —>
Solution. Given: lal=1bl=]c| il
— = —H —
And a.b=0 b.c=0and c.a=0 sk Z)

- = =
Let @,  and y be the angles which a + b + ¢ makes

- - —
with a, b, and ¢ respectively.

5§ S -5 5
(a+ b+c). a

e
la+b+cllal

COs L =

e TS T
a.a+b.a+c.a

- 9 5 5
la+b+cllal

_.}

lal?+0+0 _
= [Using (2)]

- 9 5 >
la+b+cllal

_}.
lal
=" 5 «{3)
la+ b+ c |
sy
o | | b |
Similarly,  cos fi= ——— ..(4)
la+ b+ c |
_}
| ¢
and COSY= "S55 5 )
la+ b+ c |
From (1), (3), (4) and (5),
cosa=cosf=cosy = a=p=y.
e —b — -
Hence, a+ b+ ¢ 1s equally inclined to a, b, and ¢ .
(5 ) o s
w1 lal o ] | bl
Also,a = €08 | ——— |, f=008 | ——F—
Ja+b+cl Ja+b+e¢l)
( 5 A
| | c|

and y = Ccos” -

\Ja +b+el)

Example 19. Find a vector a of magnitude S\E,

T T

making an angle ) with x-axis, > with y-axis and an

angle ‘0’ with z-axis. (A.I.C.B.S.E. 2014)
— A A A

Solution. Let a =ay i +ay j+ajk.

— A A A A A
T a.i (i +a>r jt+ak).i
Then cos—= - 2 2J 3
4 2 A (5v2) (1)
lall il
— . . 5 (1)
—— d, = _
J2 52 ‘
o ' 7T
Similarly, @, =cos —=0 42

dll—

_}
Since a 1s of magnitude 5v2 .

] 2 2 2 _
. a +.*:‘.'2 +a3 =3

= 25+0+a; =50 [Using (1) and (2)]

iﬂ§=5{}—25=25 = a, =%5 A

_}
Since @ makes an angle ‘0 with z-axis.

— A

a.k
cos 0 =

- A

lall k|



A

(qi+ayjtayk).k

— cos0=
(542) (1)
. 9 ) .
cosfP=a, == :
= a, 52 [Using (3)]
. N !
ie., a, = _J_
— A 1 A
Hence, a= 31z Tk

A A A - A A

Example 20. Let a=4i+5j—- k,b—1—43+5k

—> A A A

and ¢c=3i+j—k. Find a vector d, which is

perpendicular to both cand bandd.a=21.

(C.B.SWE. 2018)

Solution. We have :

— A A A

a =4i+5j -k

— A A A

b - i-4j+5k

— A A A
and ¢ =3i+j-k.

— A A A
Le[ d :Il'+yj+?_,k.

— — -

Since 4 1is perpendicularto ¢ and b

- -

0

d.c
- -
and 4 bk =0

g A A A A

Fa¥
=N (xi+yj+zk).Bi+j—-k)=0

A A Fal Fal Fa Fal
and (xi+yj+zk).(i-4j+5k) =0
= Ix+y—-z =0 (1)
and x—4y+5z =0 sald)
- >
Also, d.a =72l
Fal Fal Fal Fal Fa A
=> (xt+yj+zk).(4i+5)-k) =
= 4x + 5y —z =21 .(3)
Muluplying (1) by 35,
15x +5y-5z =0 sy
Adding (2) and (4),
l6x+y =0 ..(d)
Subtracting (1) from (3),
x+4y =21 ...(6)
From (35), y =-—l6x ..(7)
Putting in (6), x—64x =21
> - 63x =21
I
= Y = —=—
3

| l
Putting in (7). Yy = - 16(-—)

3
16
= Y = —
‘ 3
Putting in (1), 3 l+£ Z =1
utting 1n 1 2 3 =
13
— T i—
3
2 | & 46 13>
l.{:. e, d — —_f:"l"—.‘l'_k.
cnce 3 ]J 3

Example 21. If with reference to a right-handed
system of mutually perpendicular unit vectors
A K™

A A A i A A

i,5,k,a=31—-7], where =21+ j— 3k , then express
-> . —> —-> —» - -
f in the form =g + f,, where B, Iis parallel to ¢

4 L] L] %
and 3, is perpendicular to o .
(NC.E.R.T. ; C.B.S.E. (F) 2013)

= —
Solution. Since B is parallel to a . [Given]
— —
B; = A o for some scalar A A1)
a A A A
Let By =ayi+ayj+azk w2}
- el — =
Since 5 La. S PBr.a=0
A A AL A A
— (aji+ay j+azk).(3i—j)=0
- - -
Now [.” =B] +ﬁ2
— - o
s B=Aoa+p, |Using (1)]

= 2?+}—3£=l{_3?—})+(a,?+a2}+a3ﬂ)
A A A . M M M
= 2i+j—-3k=0C3A+a)i+(—A+ay)j+azk.
Comparing co-effs., 2 = 3A + ay,
1——}.'{"{1#} —‘1—ﬂ3

—_ a; =2-3A, aj_l+k a;=-13 ..(4)
Puttingin (3), 3(2-3A)-(1+A)=0
= —10A+5=0 = l:%.
1 3 1
=V =3 == ==
From (4). ay = < 3[2) ST 5T
¥ +1_3
and ar = s
la 3 a _a
Putting in (2), Bz =—j+4+—j-3k.
2 2
- A A
From (1), By == (3i — j).
7
_:" l A A — | A A
Hence, Bl—? ?i-j}and[iiz:?(f+3j-6k).



EXERCISE 10 (e)

Fast Track Answer Type Questions

% —

1. Two vectors a and b are perpendicular to each other

if @a.b=0.(True/False) (Kerala B. 2017)

2. (a) Obtain the dot product of the vectors :

b A -
i

- : -"_"t - A
a=1—j+k and b=1 —k.

(Meghalaya B. 2015)

(b) Wrnite the magnitude of a vector a in terms of dot

product. (Kerala B. 2015)

3.(a)()If a=7i+ j—4kand b=2i+ 6] + 3k.

find the projection of @ on b.

- A A A - A A A
(i) Let a=2i+3j+2k and b=i+2 j+k . Find the

(Meghalaya B. 2014)

i it

(b) Find the projection of the vector § — j on the vector

i i —= —»
projection of b on a.

A A

i (A.LC.B.S.E. 2011)

- >

4. Find a.b if :

> A A A - A A

A
() a =3i—j+2k and p = 2i+3j+3k
(C.B.S.E. 2009 ()

(i) a=2i—j+k and b=2j—k.
(J. & K.B. 2011)

- - - -
S. (a) Evaluate the product (3a -5b).(2a+7b)-

(N.C.E.R.T.)

_}
(b) (i) If a 1s a unit vector and

- > S > —

(x—a) .(x+a)=8, then find | x |.

(N.C.E.R.T. ;: Karnataka B. 2014; Kashmir B. 2011)

—

(i1) If a 1s a unit vector and

(;— E)(;+ ;) = &0, then find | xl. (Rajasthan B. 2012)

" - 2| [ >
6. If P 1s a unit vector and (x - p].(x + p] = 80,

then find | x|, (A.L.C.B.SE. 2009)

L] _“_} B = L] ‘_}
7. Find | x | if for unit vector aq,

e

(x—a).(x+a)=12. (N.C.ERT ; HFPB. 2010)

8. (a) Find the angle between the vectors :

(i) i—j and j—k (A.L.C.B.S.E. 2015)

A

A A A A A
(i) i+ j+kand j+ j—k (Uttarakhand B. 2015)

4 AL A = A g8
(i) @ =1—~2j+3k and b=3i—-27+k
(N.C.E.R.T.; Kashmir B. 2016)
{fv);=?+}-—i: and b=?-}+£
(N.C.E.R.T.; C.B.S.E. Sample Paper 2019,
Kerala B. 2016; Kashmur B. 2012)

— — o - - — —
(vya=3i -2j+k andb=1i-2j -3k

(Meghalaya B. 2013)
—» A A A - A A A
(vi) @a =2i—j+2k and b =6i+2j+3k.
(Kerala B. 2014)
(b) Find the cosine of the acute angle which the
vector :

J2i + j + k makes with y-axis. (C.B.S.E. 2010)

— —
9. Find the angle between two vectors a and b such

that :

- - — =2

i) |a|l=3.|bp|=2and a.b = J6
(A.LC.B.S.E. 2011 HP.B. 2010)

(i) lal=~2.1b1=2 and a.b =~/6.

(Meghalava B. 2016)

— —
10. Find the angle between two vectors a and b with :

magnitudes 1 and 2 respectively and such that a . b = |
(N.C.E.R.T. : Uttarakhand B. 2013)

— -
11. Find the magnitude of two vectors @ and b having

the same magnitude and such that angle between them 1s 60°

1
and their scalar product 1s 3

| - - - -
12. (a) If a.a=0and g .b =0, what can you

i
conclude about the vector p 7 (N.C.E.R.T.: C.B.S.E. (F) 2011)

(V.C.E.R.1.)

=¥ =P =y = =3

(b i difhisr & =0 oF b =0, then a.b=0 Butihe

converse need not be true. Justify your answer with an
example. (N.C.E.R.T)



Very Short Answer Type Questions  VSATCQ

13. (a) Find the scalar projection of :
(i) a=T7i+j—4k on b=2i+6j+3k
(C.B.S.E. 2015)

~2 53k
{Jh ghalaya B. 2016)
=7 A A A g A A M
(iii) a =2i+3j+2k on b=i+2j+k

-

Giya=31-2]+k onp=

(NC.E.R.T. ;F.B. 2015; Jammu B. 2013 ; Rajasthan
B. 2012 ; Kashmur B. 2011 ; H.B. 2010)
— A A — A A

(iv) a=1-—] onb=i+j
(N.C.E.R.T.; Kashmir B. 2016; Jammu B. 2013 ;
H.B. 2010)

—2 A A A — A A

(v) a=i+3j+7k onb=7i—- j+8k
(N.C.E.R.T. : Kashmir B. 2017, 11 :
Jharkhand B. 2016;)

- -

(b) Find the scalar prujccliun of b on a, when:

{llﬂ=’?1+7;—k dnd}; 2i—j—4k
(P.B. 2011)
(iil) a=2i+j+2k and b=i+2j+k.

(Kerala B. 2015)
14. Find the vector prujt,uliun of the vector :

(a) 7:+; knn 2!+f}j+3k
A A A

(b) 2! -J +k on j -2j+k.
(C.B.S.E. Sample Paper 2018)
15. Find ‘A” when the scalar projection of :

A A - ) )

- A N
a =Ai+j+4kon p =2i+6j+3k is4 units.
(Nagaland B. 2018)
16. Prove that :

%(2?+3}+6E),%(3?—6}+21’2)%(6? +2j-3k)

are mutually perpendicular unit vectors.  (Jammu B. 2015)

Short Answer Type Questions

23. Find a unit vector perpendicular to each of the
vectors g +p and g —b. where :
— A A A — M i A
a =3i+2j+2kand p =i+2j—2k.
(Kashmur B. 2015)

- A A A —»

A A A
4. If g =2i+2j+3k. b = —i+2j+k and
- A A - — —
¢ = 3i+j are such that a + A b 1s perpendicular to ¢,
find the value of “A’.

(Karnataka B. 2014 ; A.LC.B.S.E. 2009 ()

|

‘ e r. !  — ‘
hy » .'II | J? W 5 I F
'.|'.|. Ay
i | | '1',-

4
. T = : -
g ol e el T E .

—

: = = A A A — A A
17. () It @a=5i—-j—-3k and b =i + 3; —5k. then
- =
show that the vectors (a +b) and (a s b) are
perpendicular. (N.C.E.R.T))
— A A A
(@ If a =1i+2j-3k and
3 A A A
b = 3i—j+2k, then
- = 5

show that (a + b) is perpendicular to (a — b}

(Meghalaya B. 2017)
18. Write the value of *p’ for which :

- A A A —> A A

a =3i+2j+9 and b =i+ pj+3k

are parallel. (A.LLC.B.S.E. 2009)

—3

19. Find the value of *A’ such that the vectors a and
_}
b are perpendicular (orthogonal), where :

. ALA T A A A

(1) a=2i+4j—-k, b=3i-2j+Ak

— A
iiya=21+A]+k.b=1-27+3k

A B K B i
20. 1f 2i+j—3k and mi+3

to each other, then find ‘m’.
Also find the area of the rectangle having these two
vectors as sides. ( é;rrm'_:; B. 2015)

21. Show that the projectionof bona #0 1s:

—k are perpendicular

fsi )

dxh |
5| a-

_}.
] 4] )

5 5 33

22. Show that lalb+lbla
- = —_ —
la|b—|b|a,

1s perpendicular to

-3 —
for any two non-zero vectors a and b .

(N.C.E.R.T.)

o A A A - AA A
25. () If a=i—j+7k and b=5i—j+ Ak, then find

- = -

so that a+b and a— b are perpendicular
(A.LC.B.S.E. 2013)

A A A - A A A

(i) If p=5Si+Aj=3k and g=i+3j—5k, then find

the value of ‘A’

vectlors.

so that ;+¢; und;—.; are perpendicular
(A.LC.B.S.E. 2013)

(a2) If ﬂ—S!‘j‘I‘?k and b= '—Aiz. find the

the value of *A .

veclors.

value of A for which (a + b} and (g — b) are orthogonal.
(Mizoram B. 2016)



10/48

; . i A e &R A A .

(v If a=3i+j+9k and p =i +A j +3k, then find
the value of A for which the vectors (a +¢_’;} and (a -3) are
perpendicular to each other. (W. Bengal B. 2017)

26. Find the scalar product of the following pairs of
vectors and the angle between them :
2i-3j-5k

A A A

-3i-=-5j+4k.

(i) 2;—-3f+6£ and
A A A

(11) i +3j -8k and

27. Show that the vectors :
A A A A A A -"'} i".'li A
2i —j+k,i—3j—5k and 3i —4j—4k
form the vertices of a nght angled tnangle.

28. The position vectors of the vertices of AABC are :

A A A A A A A A A _
3i—4j—4k. 2i— j+k and i—3j—5k respectively.

(a) Find AB"BG and (_'E .

(b) Prove that AABC 1s a right angled triangle.
(Kerala B. 2013)

- - - - - 5

29. If |a+ b|=|a-b]|, prove that g and b are

perpendicular. (Assam B. 2016)
— — _
30. If g and b are perpendicular vectors, show that :
- - & 3,

(a+ b)) =(a->b)>.

2

-

a

—&

2
_|.| b‘ 1 and

31. Prove that (;+;) (;.1_;) =

- = - - - —

only if a.b are perpendicular, given a#0 | b# 0.
(N.C.E.R.T.; Assam B. 2018 ;: H.P.B. 2010 §)

- = —

32. (a) If q.b. ¢ are unit vectors such that

oy w3 R
a+b+c=0. then find the valueof a .b+b .c+c.a.

(Jammu B. 2017)

=3 = > _
(b) Three vectors g, p and ¢ sausly :
- =2 = = o A R BEE B 2N
a+b+c=0.Evaluate p=a.b+b.c+c.a,if

oy —

—
lal=1, 1bl=4 and | c |=2.
(INNC.E.R.T.: Karnataka B. 2017: H.PB. 2012)

= ._’ _’ * & = & &
(c) If the vectors a,b and ¢ sausty the condition

E . -

a+b+c = 0 and lal =3, 15l =4 and lcl = 5, then

e e B T

show that a.b+b.c+c.a=-25. (W. Bengal B. 2018)

" A A A

33. The scalar product of the vector @ = j+ j+k

; . - A A A
with a unit vector along the sum of vectors b = 2i +4 j—5k

- A

A A ) r
and ¢ = Ai+2j+ 3k is equal to one. Find the value of *4

— —
and hence find the unmit vector along b + ¢ .

(H.B. 2017; Jharkhand B. 2016;: H.B. 2017:
AI.C.B.S.E. 2014, 09;: Kashmir B. 2013)

—
a

—

=3 | b

—
C

34. It

=4 and =5, such that each 1s

perpendicular to the sum of other two, prove that

- 5 S

a+b+c|=5J2.
(N.C.E.R.T.; W. Bengal B. 2018; Uttarakhand B.
2013 ; H.FP.B. 2012, 1)

—

5. It | a | =aand ; ‘ — p. prove that :
(> =\ (= =)?
a b a—b
at p*| T | ab
\ / \ /

36.1f a=3i+j—4k, b=6i +5j—2k and|c|=3,find

- -
the vector ¢, which 1s perpendicular to both a and b.
(Nagaland B. 2015)

A A i

— A A A A
37. (@) Let a=i+4j+2k, b=3i-2j+7k and

A A A —
I

—> — s e
toboth a and b and (1) ¢ .d =15
(N.C.E.R.I.: Jammu B. 2017, I5: H.B. 2015)

- -
(it) ¢.d =18
(W. Bengal B. 2018: A.L.C.B.S.E. 2010)
- =
(1) d.c =18. (ALLC.B.S.E. 2012)

A

- . X =¥ X — A A A
(b) Vectors a=i+j+k.b=j+3k and c=i-2j+k

J
‘ = = -
are given. Find vector dif d 1s perpendicular to ¢ and

- - - -

d.8=04d.b =1k (PB. 2017)

(¢) Let a=(i—j),b=Q3j—k) and ¢=(Ti—k)

s * . Ll ] _'
Find a vector d such that 1t 1s perpendicular to both g and

b. and -E.d =1]. (Mizoram B. 2015)



Long Answer Type Questions

38. Consider A (2.3, 4),B (4. 3,2)and C (5.2
any three points.

o—i1) b

(a) Find the projection of BC on AB.
(b) Find the area of tnangle ABC. (Kerala B. 2017)

39. Dot—products of a vector with vectors

~5k . 2?+7} and ?+f+ﬂ

are respectively —1, 6 and 5. Find the vector.

(Type : Mizoram B. 2017; J. & K.B. 2011)

N M A

40. It i+ j+k, g?+5j’. 3?+2}—3fé and

.ﬁ. A

.ﬁ & 8 s = ®
— 6 — k respectively are the position vectors of the points
A, B, C and D, then find the angle between the straight lines
B and CD. Deduce that AB and CD are parallel.

(N.C.E.R.T.)
— .ﬂ ) — N | A N
41.1f q = —j—2k and b=7i+2j-3k, then
- - -
express p 1n the form p = where b, 1s parallel to

- —

- -
b,+b,,
. ® %
a and p, 1s perpendicular to g

(A.L.C.B.S.E. 2017)

_ Answers |

1. True. 2.(a)0 (b) Va.a

3. (a) (i) -:!- (ii) — (b) 0.

Jﬁ

4. (19 () - 3.

. - -
S, (e 6|E)‘ +1la.b -

2
355
6. 9. 7. J13.

—1(1 5
(if) cos 1(3) (ifi) cos™! (?)
| | | : |
(i) cos™ | == | () ‘3”5_1(— (vi) cos™] »
- 7 21

(b) (1) 3 (1) 9.

8. (a) (1) 120°

)
(B
| 7
9. (1) 45 () 30°.  10. B
11 1; 1 12. (a) b=a
(b) Take any two non-zero perpendicular vectors
aand b .

| 5 30
13. (a) () —(u}—\/_{m}—\/_{w}ﬂ[v}

{b}{i}EIH)E.

A

17 A A A 5 A A
14. (a) — 2i+6j+3k) (b)) =(i=-27i+k)
49 4 g oA

f:
18. P73

20. m=-—3:4/266 sq. units.

15. 1=35

5
19.()-2 (ii) 5

Nl::-,_
1

l A A A
23. —(2i-2j-h. 24. 1 =8
25. (i) + 5 (i) + 1 (ii)) +J73 (iv) £ 9.

26. (i) =17 : T — cos™}

&

q
{ii}—SU:R—curl(;].
37
— A A A
28. (a) AB = —i+3j+5k
s A A A
BC = —j-2j—-6k
— A A A
CA =2i—-j+k-
3 21
32. (a) —= (b) ——
2 2
-Eif:L 6h’ '?E
3% ) 2R e
J7
36. ¢=2i—2j+k OR ¢=—2i+2j—k
5 .ﬁ.
Al {a}{z}g(?’?r— —14k}

(i) — (iii) 2 32i — j —14k

A A A - [ A A
(b) ¥ #L T+ IK (g} d=1{i+j+3k).

38. (a) 242 units (b) J6 sq. units.

39. 3?+2E’. 40. 1.

— A A A A A A
41. b =3i+4j+k)+(4i =2 —4k).



___ s
— " Hints to Selected Questions ——————————@-©- - -

= iz = ¥ 2
5. (b) (i) (x—a).(x+a)=8 > x —a =8

% 2
> X -Lj =8 = x —(1)*=8

. |
=‘-*|j =9 = IJ: =3.

8 — 10. Use cos 0 =
Bl

12(11].-:1:1 Uanda b 0

= ¢
tr¢

- > > > U (R
a.a—a.b=0 = al\a—b]=0

- -

=either g=0 or a—b=0 or ﬂ_L(a—b)

= b -_— a -
18. Vectors are parallel 1f :
3 2 9 2

2 (HmH )(Hb—\.?»\ )
= la b.b-HE'b ~elalla -
E;r‘EF—H b|a b+ *"Q‘a sl fal -

= =3
a->b

I e o T T

—=(a+b)-(a+b)=(a—b) - (a—->b)

|—l-—1r

29. |a+ b

—
a

_}
-b =0,

5) -l if
1 olif

—

31. (;+ b) (

e e e i

= a.a+a. b+bﬂ+bb
= 2a.b=0=>a.b=0.
A A A
(2+4) i+6j-2k
33. Unit vector along the sum = > :
J(2+A) +36+4
| - — B
35. [i_i]
a® b*
_a b 2a.b 1 1 2a.b
Cat bt a2 b &P
N a2+b2—2a.b_[a—b]
azbz ab
— A A A
- -
and c_d=15=='2dl—d2+4d3=18;eu,

BT ¥ GEOMETRICAL AND TRIGONOMETRICAL PROBLEMS

Now we shall discuss some geometrical and tngonometrical problems in which the 1dea of dot product 1s very much

used.
Frequently Asked Questions

Example 1. Prove that in a right-angled triangle, the
square of the hypotenuse is equal to the sum of the squares
of the other two sides.

Solution. Let AOB be a triangle, right-angled at O.
Take O as the ongin.
A

1 -
O (Origin) B

Fig.

5 —
Let the position vectors of A and B be a and b
respectively.

—> — — =
OA = a and OB= p so that:
—— — - = —
AB = OB-0OA=b —-a.
— =¥ o=k
Now OA LOB —=a-b=0 (1)
5 —}2 e A T S I
AB =‘AB‘ =AB-AB=(b—-a)-(b—-a)
e B R e e
=b-b—b-a—a-b+a-a



2 — -
=lb| —2a-b +

a2 2
= ‘z‘ + :‘ [Using (1)]

= OB? + OA?
Hence, AOB 1s a tnangle, rnight angled at O.
Example 2. Prove that in an isosceles triangle, the
median to the base is perpendicular to the base.

Solution. Let ABC be an isosceles triangle in which
BA = CA.

Let O be the mid-point of BC so that AO 1s the median.
To prove : AO 1 BC.
Take O as the ongin.

2 - =2 = 5
;" “b-a=a-b

A
\a
B - 0 = C
(ORIGIN)
Fig.

- o
Let the position vectors of C, Band Abe ¢,— ¢ and

—

a respectively.

—>

Then BA = (PV.ol A) - (PV. of B)

— =y =
—a—-(—c)=a+c
=y —> —
and CA =(PV.of A)—=(PV.ofC)= a —-—c¢
Now BA = CA

— — = —>

- BAZ =CA? = BA-BA=CA.CA

e - =2 2 S
= (a+c)(a+c)=(a—c)-(a—rc)

— = — =

5 - -
— a2+c2+2a-c =a2+c2—2a-c‘

=3 =2 - —
) Fasf =0 = a-c = [
= OA-OC =0
=5 OA. 1 OEC = 0OA 1 BC.

Hence, AO L BC.
Example 3. Prove that the perpendiculars from the
vertices to the opposite sides (i.e. altitudes) of a triangle

are concurrent.
Solution. Let ABC be the triangle.

Draw AD 1 BC and BE L CA and let them meet 1in O.

Join CO and produce 1t to meet AB in F.
- - -

With O as ongin, let a, b, ¢ be the position vectors
of A, B, C respecuively.

—  — —  —
since: DAL BC, o OA L BC
- — -
=(@a-0)- (c=b)=0
5 5 3 S T e
— a.(c-b)=0=4g.¢c —a.b =0

i e

—  a.c=a.b (1)
— = - —
Since EB 1 CA, . OB LCA

S e

=>(b—-0)-(a—c) =0

& E 2 -5 =2 2>
— b-(a—c) =0= pb.a=»b-c
5= — e T
=3 g = g L A2) b.a=a.b
e
(Dand (2) > a-c=b-c
- > - 5 -

s (a—b) - cA=(0)> c-(a—b) =0

i e

=(c—-0)-(a—-5b) =0

— — —  —

= OC1LBA = CF_LAB.

Hence, the perpendiculars from the vertices to the
opposite sides are concurrent.

Example 4. Prove that, in any triangle ABC,

T p— a’ +b% -c?

- 2ab
(ii) c = a cos B + b cos A.
(J. & K.B. 2011; P.B. 2011)

Solution. (i) Let BC, CA. AB represent the vectors
- - -

a, b, ¢ respectuively.

S b
p a—C
-
B a C

Fig



—F = —3 —
Now AB+BC+CA = 0
— — —#
=% BC+CA = —AB.
S - —y
Squaring, (BC+ CA}2 = {ALB)2
o — —> — = 2
— (BC} + 2BC. CA+(CA)" = (AB)~
> 4 - = = —
= (a)* +2a-b+(b)* = (c)?

= a?® + 2ab cos (T — C) + b% = 2
= c2=a? + b* - 2ab cos C.

g 4% 2
Hence, cos C = i il =t
2ab
—% —3 —3 -
(i1) Again, AB+BC+CA = ()
—> —_— -
= AB = —(BC+CA)
—_ —> _— — —
=% AB-AB = —(BC+CA)- AB
_D > ) > —
— AF = — BC-AB-CA- AB
S 3 —2 2 = =
= (C)E:—ﬂ*f—b'ﬂ'
— c2 = —ac cos (T — B) — be cos (T —-A)
=24 c? = ac cos B + bc cos A.
Hence c =acos B + b cos A.

Example 5. Show that the diagonals of a rhombus are

perpendicular to each other.

Solution. Let ABCD be the rhombus.
Take A as the ongin.

D(d) C

A(ORIGIN) E(E
Fig.
o 4

Let band d be the position vectors of B and D

respectively.

Now AC=AB+BC=AB+AD=b+ d .
- -

Thus the position vectorof Cis b + d.
— o -

Similarly BD = d - b.

Since AB = AD. .. AB?=AD?
— 2 — 2
- b = d = b?=d? (1)
—_— —3 - — =¥ —)
Now AC = b+dand BD=d - b .
—_— - e e T - = - =
AC.BD=(b+d).(d-b)=(d+b).(d - b)
3 =a.2
d

Thus AC L BD.

Hence, the result.

Tetrahedron. A tetrahedron is a three-dimensional

figure formed by four triangular faces.

A tetrahedron with all edges equal, 1s called a regular

tetrahedron.

Example 6. In a tetrahedron, if two pairs of opposite

edges are perpendicular to each other, prove that the third
pair is also perpendicular and that the sum of the squares

on the two opposite edges is same for each pair.

Solution. Let ABCD be the tetrahedron.
Take D as the ongin.

- 2 >
Let the position vectors of A, B, C be a, b, c

respectively.

D(ORIGIN)

B
Fig.

T e e T e e S T

Then AB=b—-a.  BC=c-b,.CA=a-—c.

Let DA L BC and DB L CA.
(i) To prove : DC 1L AB.
Since DA 1 BC,
_— — e T

DA .BC =0 1e.(a—-0).(c —b) =0
= 2 9
= a.c—a.b =0 (1)

SinucDBLCA
. .
DB C‘A_[]re (b-0).(a-c) =0

e e T
= b.a-b.c =0 il 2)
- 2 5 5
Adding (l)and(2), @ .¢c —b .c =0
e
['»a.b=b_.a]
- -5 -
== (@a—Db).c =0
e
= ¢ .ka—by =0
e e
= (c-=0). (a—b) 0
—F 3
= DC.BA =0 :}DC AB =0 .. DC 1L AB.
Hence, the first part.
- - - -

(ii) Now (DA)?+(BC)%= (a — [}) +(c — b)

-2 52 52 S5 -5
=a +c¢c +b —-2c.b

- - #  Hy

(DB)2+(CA2 = (b—-0) +(a-c)?

52 527 32 —% —3
=b +a +c —-2a.c
- - -

and (DCY +(AB)?2 = (¢ =0) +(b —a)?

»2 22 22 > -

=c +b +a —2a.c



T |
But b.c=c.a [From (1) and (2)] B!_—l; = E}_} 6‘6 (A—B)

, u JOQ = cos (A —
. (DA +(BC)2 =(DB)? +( CA)?

:{DC}E'{'{AB}E.

Hence, the second part. =(1)(I)cos(A-B)=cos(A-B).
Example 7. Prove, by vector method, that : Hence, cos (A —B) = cos A cos B + sin A sin B.
cos (A —B) = cos A cos B + sin A sin B. S—— (——)—; 55]
(Assam B. 2015) ' B '
Solution. Let OX and OY be the co-ordinate axes and Example 8. Prove that an angle subtended at the
R A circumference of a circle by any diameter is a right-angle.
let i and J be unit vectors along OX and OY respectively. Solution. Let O be the centre of the circle and AB the

— — | ‘ diameter.
Let QP and OQ be unit vectors, which make angles A and B

. : : Let P be any point on the circumference of the circle.
respectively with x-axis.

Take O as the ongin.

YA
P
4
B O -.: A
(ORIGIN)  ©
'i Fig.
— — —> =

Let OA = . ThenOB=-—a.

— —
. Angle between QP and OQ 1s (A - B). _ .
i = 8 A " Let G =
Now QP =OM + MP =(OM) i + (MP) j 5 5
— —

h . Since OP = OA, .. OP2=0A%?= OP =0A
=(OPcosA) i +(OPsinA) j

I
&
"!1

I
S

Il
-

A A = r
=COSAi +smAj [P =1]
- 2 =2 S

—3 = =3 A A =(r-a)(r+a) =0
and OQ=ON+ NQ=(ON)i +(NQ) j o

. R = (OP-0A)- (OP-0B) =0
=(0QcosB) i +(0QsinB) J

B P
A A — AP-BP = 0= AP 1 BP
=cosBi +sinBJ ) Hence, ZAPB = 90°.
OPOQ St d - dnk 5. CocelB t +snB i Another Form. Prove, by vectors, that the angle in a

, _ semi-circle is a right-angle. (Assam B. 2015; P.B. 2010 §)
=cos A cos B + sin A sin B.

Short Answer Type Questions

1. Prove that the nght-bisectors of the sides of a triangle 4.
are concurrent,

If the diagonals of a parallelogram are equal in length,
prove that it 1s a rectangle.
2. Prove that in a nght-angled triangle, the mid-point of

. e , . . 5. Prove that the sum of the squares of the diagonals of a
the hypotenuse 1s equidistant from its vertices.

parallelogram 1s equal to the sum of the squares of 1ts
3. If two medians of a triangle are equal, prove that the sides.
triangle 1s 1sosceles.




In any triangle ABC, then by vectors, prove that (6-8) :

6. (i) a* = b + ¢ — 2bc cos A

-~ a2 9
(ir) b =c* + a* — 2ca cos B

(iii) ¢* = a®* + b% = 2ab cos C. (Bihar B. 2013)

1r:'2+4|:12—.*b2
2ca

Long Answer Type Questions

eftycos B= (P.B. 2013)

9. Prove, by vector method, that :

cos (A+B)=cos Acos B —sin A sin B.

—IL Hints to Selected Questions

— —
3. Take A as origin. B(b),C(c¢) are two vertices.

o - A (ORIGIN)
P.V. of E, mid-point of [CA]1s —.
2
5 F E
P.V. of F, mid-point of [AB] is 2.
2
L2, .=
Now | BE| = | CF| - D =
- —
— p
= B | = et | Square ; etc.
2 2

—y - -

4. AC = c —a.

e e e e T

OB =0A+AB=0A+0C=a +c .
Now AC = OB = AC?= OB?

ol
a

Fig.

— AC.AC=0B.OB

L8 WORK DONE BY A FORCE

bk~
2bc
8.(i)a=bcosC+ccosB (PB. 2011, 10 S)
(i) b=ccos A+acos C.APB. 2011; J. & K.B. 2011)

(P.B. 2013)

(if) cos A =

4 A
-\._;h_‘-. . 4

i T iy

p— =

10. If D is the mid-point of the side [BC] of a triangle
ABC., prove that ABZ + AC? =2 (AD? + BD?).

11. Prove that any two edges 1n a regular tetrahedron are

perpendicular.

- 25 o = -5 o5 =5 -
= (c-a).(c—a)=(a+c).(a+rc)

- -
=5 8 € =U=20A 1. O

= OABC 1s a rectangle.

i e T T

S.OB=a+c-AC=c¢ —a

— - >

AB=0C=c

—3 — - — —

BC=—-0A=-4q.CO=-—¢.

C B

Fig.

- - - -

;. OB%+AC?= (a + 0)2 +{€ —a)2 =2(a*+c?)

= 0A? + AB? + BC? + CO-2.
7-8.Asin Ex. 4.
9. Asin Ex. 6.

A force acting on a particle 1s said to do work when the particle 1s displaced 1n a direction, which 1s not perpendicular to
the direction of the force. The work done 1s a scalar quantity and 1ts measure 1s defined to be the product of force and

- -

displacement. Thus if F,d be vector representing the force and the displacement respectively, inchined at angle ‘9°, the

— =
measure of the work doneis Fdcos 9= F.d



©.. KEY POINT

—3 —

/4

The work done is zero if d is perpendicular to F because in this case cos 0 = cos — =

2

S ST e WA R S il -
TE ' IICETDOATI\IE

JI u .\_:l'm. _.!.:"‘ 'I..-'I 1 I-::: ] I_ F'- r...: p '_I . | |II-I l| | |_.I_ ] 1
ILLUDIRALIVE )

Example 1. Find the work done by the force
¥ A A A
F = 2i + j + k acting on a particle, if the particle is displaced
from the point with position vector 2 + 2 + 2k to the point

with position vector 3i +4j+ 5k.

A M Fat

_}
Solution. Here F=2i+ j+k

M A M A Fa

— A
and d =(3i+4j+5k)—(2i +2j+2k

AL A A
=i+2j+3k.

M A A A N

- = A
c.Workdone= F . d=Q2i+j+k).(i+2j+3k
=)D+ (D) +(1)3) =2+2+ 3 =7 units.

A A

Example 2. Constant forces 2i - 53 + 6k i —;+2j—k
and 2?+7,;actnnaparﬁde,whid1isdisplacedﬁnmpmiﬁm

4i - 3j— 2k toposition 6i + j — 3k . Find the work done.

=y -
Solution. Let R be the resultant force and d the

displacement vector.

—> A A ” A A A A A
Then R=Q2i-5j+6k)+(—-i+2j-k)+(2i+7))

A A

=3i+4j+5k

A

—=3 A A A A A A A A
and d =(6i+j—-3k)—(4i-3j-2k)=2i+4j—k.
", Work done

—%, T8

=R.d=@i+4j+5k).2i+4j-k)

=32+ D+ (1)
=6+ 16-5=17 unts.

Example 3. Forces of magnitudes 5, 3, 1 units acting in

the directions 6i+2j+3k, 3i—2j + 6k, 21 - 3] 6k
respectively act on a particle, which is displaced from the

point (2, -1, -3) to (5, -1, 1). Find the work done by the
forces.

- -
Solution. Let R be the resultant force and d the

displacement vector.

. i o
Thc“R=5'6I+_t}+3k+3-3I 2j+ 6k
V36 +4+9 JO+4+36
F ol
+1_2: 3j—-6k
J4+9+36

A A A A

e 3 2
:?(6:‘+2j+3k)+?(3r?—2j+6k}

A fat

#mel B~ 3] ~6K)

I
&

] A A A
== (4li+j+27k)

-
s. Workdone= R.d

A A

] A A A
=?(4li + j+27k).(3i +4k

]
=?[(4n(3} +(1)(0)+ (27)(4)]

231

I
=?(123+D+l{}8)— = 33 units.



EXERCISE 10 (g

Very Short Answer Type Questions

ﬁ

1. In each problem, find the work done by a force F

acting on a particle such that the particle 1s displaced from a
point A to a point B :

— A A A
) A:(1,2,0);:B(2,-1.3): F=4i+2j+3k
(H.B. 2011)

(i) A& (), 2,088 {0 2.3);

Short Answer Type Questions

. A A A
4. A particle acted on by constant forces 47+ j—3k

A A

and 37 + j—k 1s displaced from the point i +2f+3£ to

the point 5i+ 4f+ k. Find the total work done by the forces.
5. Constant forces 2?- 5;+6£and —F+ zf—i act on

a particle. Determine the work done when the particle 1s

: - : i & LA oA
displaced from a point A with position vector 47 -3 j -2k

. . ‘e oo B #
to a point B with position vector 67 + j—3k.

I
|'I:'-.,:\-_1 i ll|J
N W

—_— 1-..' i lr"" .E_':_"-;:'l'-'.- R [ -
‘ -I I::'I 1 e"l !r:p £ IL:'-:‘. F-lr r':-:'.l w\F L
' MINS

—_—

. —2 A A A
2. Find the work done by the force F=i+2j+k
acting on a particle, 1if the particle 1s displaced from the point

- 5 M A A 4 i T
with position vectors 2; + j+k O the point with position

vector 3?+ 2_;+ 4£_ (H.B. 2011)

3. Find the work done in moving an object along the

= A A A
vector d = 3i+2j-5k, if the applied force 1is
A B
F=2i-j-k.

6. Constant forces of magnitudes 5 and 3 units acting

; . 2 A A A A A A -

in the directions 67 +2 j+3k and 3 -2 j+6k respectively
act on a particle, which is displaced from the point (2,2, - 1)
to (4, 3, 1). Find the work done by the forces.

- o - | _
7. Forces Fyp, Fa., F3 of magnitude 5, 3, 1 units

respectively, act in the direction :

6i+2j+3k, 3i-2j+6kand  2i-3j-6k
respectively on a particle, which is displaced from the point
(2, — 1, = 3) to the point (5. — 1. 1). Find the work done by
- -5 o e

Fi.F2.F3 and F= F;+ F2+ F3.

_ Answers |

- _r— —

) |

=t

1. (i) 7 units
2. 6 units.
3. O units.

(i1) =13 units.

—

3 Here d = (3i+2j+4k) =i+ j+k)

A a:ln A
=i+ j+3k.

—_ —> A A A A A A
. Workdone= F.d = (i+2j+k).(i+ j+3k)

=(DH((+2)(H+(1)(3)
=1+2+ 3 =06 units.

= Hints to Selected Questions

4. 40 units. 5. — 15 units. 6. —118 units.
150 . 99 . 18 . 231
7.—units | —units | — unils | — unils

i 7 7 7

4. Here R = (4i+]-3R)+Gi+j—k)=Ti+2] -4k
— M {"h A e:'i. I:I: A
and d=(5f+4}+k)—(l+?.j+3k)

:4:+2;‘~2£

—_ =P
. Work done =R -d .



I (¥} VECTOR PRODUCT

Here in this system, when the positive x-axis 1s rotated anti-clockwise. then the positive y-axis, a nght-handed screw will

¢o 1n the direction of the positive z-axis.

il

Definition

Z

\\

— 3 . =
The vector product of two vectors a and b is a vector whose magnitude is |a| 1blsin 6,

. . i . - A
where ‘0’ is the angle between two vectors and whose direction is that of a unit vector pn

_ - -
perpendicular to both a and b . .
N
Notation. The vector product of two vectors is written as : i
o N e T
axp YT axp =
- ] . . R

- -5 - - 6 b

axb isrcad as a cross b . =
Because of this, the vector product 1s sometimes called the cross product.

Fig.
(1f) Geometrical Interpretation.
Let OACB be a ll gm.
— - — =
With O as onigin, let OA = a and OB= b . Let LZAOB = 6. C
Areaof Il gm. OACB =2 AOAB N
e _ # "
=2 ?absmﬂ = ab sin 0. N
a— —> y I HM\‘
laXp| =absino R .
O (Origin) = A
Fig.

= area of the '|||_,_t;:m.



—y = —> =é
Hence, a x b 1s a vector perpendicular to both ¢ and b and whose magnitude 1s equal to the area of the parallelogram

Ny —>
of which g and b are adjacent sides.

) - -
Note : Arca of || gm OBCA= bXa .

.. KEY POINT

- -

a X b represents a vector area.

iy 8 IMPORTANT RESULTS

(I) When the two vectors are parallel.

R R A —
Here ®=0orm ... sin®=0. .‘.ax.{lzlﬂ“blsinﬂnzil.

e e T i Gt G
Particular Cases. a xa=0., bxb=0.
— — = - - — —

_}
Cor. When a x b =0, theneither a=0 or b =0 or a and b are parallel vectors.

(II) When the two vectors are perpendicular.
— e N S ] P O S |
Here 6=mw2, . sin8=1. ".axb=|a||b|sinbn=|al|b|n.

(II1) (@) When : and l_; are unit vectors.

=2 =9 A s >
Here a x b =(1)(1)sinOn .. la x b |=sin0.
— -

(b)) When a and b are not unit vectors.

- g
Here a X b =l|a |||b |sin®n .| a x b |=|a||b|sin® =>sind=—7—
la|lb|

A A A

(IV) Vector products of orthonormal triad of unit vectors, i, jand k.

A A A
Since 1, j and k form a nght-handed system of mutually perpendicular vectors,

A A A

. 1 X j 1s a vector having modulus unity and direction parallel to k.

A A A

i X j=k=—jxi . Smilarly, jxk=i=—kxj and kxi=j=—ixk.

A A A A A A v
Also, IXIi=]JXJ=kXk= 0.
Z Fa
; K
i

~ SO - Y
i |

X T



These results can be remembered with the help of following table :

s LI:N PROPERTIES OF VECTOR (OR CROSS) PRODUCT

Property I. Commutative Law. [t does not hold.

- — i
If a, p areanytwovectors,then g x b # b X a -

s
Proof. Since the direction of translation of a right-handed screw due to rotation from b to a 1is opposite to that due to

5 al)
arotation from g to b .

— — g _> —- 5 A A ; ; , , ;
b X a =| b “ a |:~un 0 (= n), where n 1s a unit vector, taken in the +ve direction

T e . A —> —>
=—|a||b|:~:-m9n=—a}<bl
5 B =¥ 5
Hence, a x b #b x a.
— — - - — —

Property IL. (a) (ma)x b =m( a x b )= a x(m b ). where m is any non-zero scalar.

Proof. When m > 0.

— — e R i A e T A — -

Ht’tl'ﬂ(ma}xb=m|a ||b |sinﬁn=m(|a Hblsinﬁn}=m(a X b) aokil)
- > W > A > Ly A 3

And {ma)xb=m|a” blsin9n=|a‘(m|b|)sin9n=a X(mb) wikill)

(1) and (2) prove the result.

Similarly, when m < 0.

e e e
a.,

— >
(b) a x(bxc)#(axb)x c,wherea, b, c are any three vectors.

—_ = = = =

—3 — =
Verification. Whena = b. LHS =a X(a X ¢c)# 0. RHS =(a X a) X
Property II1. Vector Product in terms of Rectangular components of vectors.

—
C

_}
= (. Hence, LHS # RHS.

—3 A A

A — A
Solution. Let @ =ayi+ay j+azk and b =byi+byj+byk.

- = A A A A A A
aXb=(@i+a; jtayk)X(bji+b j+byk)

M A A M A A A A A A A A
=abpiXi+abyi X jrabyi Xk +azby jXi+arby jX j+asrby jXk

A A A M

+ﬂ3b|k><i+ﬂ3bzk>(j+ﬂ3b3k><k



— A A A - A B " —
=ﬂ1b| (0]+ﬂlb2 (k)+ﬂ1b3 (-"j]+ﬂ2b| (—k.}'l'ﬂgbz (0}+H2b3(1] +ﬂ3b1 {j]+ﬂ3fb (—f}+ﬂ3b3 (0)

=(f12b3 = ﬂ3b2 ) ? = 2 [ﬂ3b1 = H1b3] _?+ (ﬂ1b2 — asby) EC

= o i J k
Hence, a x b =|ay a, ajz|.
by b; b;
Property IV. Distributive Law.
— 5 — e e e T e .
If a.b. c are any three vectors, then a X(b+c)=a X b +a X c. (N.C.E.R.T))
— A A A =P A A A — A A A
Proof.lct a =ayi +a, j+azk.b=bji+by, j+bykand c =cji +cy j+c3k.
— —> A A A
b+c=((b+c))i+(by+cy)j+(by+c3)k.
oL i ] k T T 2 I
LHS = a K(b +c)= a, a, aj = | a, as + ay a- aj
bl ) bz + Cp b3 T€3 bl bz b3 C) CH C3
—_ o J — —
=a X b+ a X c =RHS, which is true.
Frequently Asked Questions ~ FAQs |
Example 1. If vectors ;and i; are such that Example 3. If ‘0’ is the angle between the vectors :
. | - A A A - A A A
- > 2 - > _ a=i-2j+3kandb=3i-2j+k, find sin 6.
a|l=3and |b| = ; and axb is a unit vector, (C.B.S.E. 2018)
write the angle between a and b, e s A H]
(C.B.S.E. 2014; A.L.C.B.S.E. 2010) DINHON; e kow Iha smgi= —=—=
Ty T lallb |
Solution. We know that |a X b|= |a||b|sinB | “
s A A A A A A
) ot . sy
& | = 3%Zging = i B (1 =2j+3k)X3i-2j+k)l
| A A A A A A
I T li -2 +3kl131-2j +kl
= sin 6 = 5 > 0 = ra (1)
- - A A A A A A
Hence, the angle between a and b 1S 5 g ) Now, (i —2j+3k)X3i-2j+k)
Example 2. Find the value of : Th & &
i) (ixj)k+i.j (A.L.C.B.S.E. 2012) . ; = i
(i) (kx j).i+j.k (A.L.C.B.S.E. 2012) g5 2 1
iii) (kxi).j+i.K. A.LC.B.S.E. 2012 A A A
(iii) ( ). ] . hth i ) = i(=24+6)— j(1-9) + k(-2 +6)
Solution. (i) (iX j).k+i.j =k.k+i.] A R K
=1+0=1. =4i+8j+4k.
(ii)y (kX j)i+j.k =(—i).i+ j.k A A A
BEYRY S 14i+8j+4kl = V16+64+16 =96 = 4+/6 .
:—II.IO‘F_]. & = A
LR Eh AR BB And.li-2j+3kl= JT+4+9 =114
(iti) (kXi).j+i.k = j.j+i.k A A A
—1+0=1. |3f—ﬂj+k|=\{9+4+l='\/ﬁ.



SoFrom (1), sin @ = =

Hence, sin @ =

Example 4. Find ‘A’ if (2i+6j+l4k]x(i—l j+7k] = 0.
(A.I.LC.B.SE. 2010)

Solution. We have :(Zf +6j+l4k)><(1' —lj+?k)= 0

I Jj Kk "~
n 2 6 14| = O
1 =12 7

:?(42+ 141)—;(14—14)+E(— 24 —6) = o
>14i(A+3)-2(1+3)k = 0

= A+3 = 0.
Hence, A = —3
Example 5. Find A and u if :

-

(i+3j+9Kk) X(3i —1j+uk) =0
(A.L.C.B.S.E. 2016)

Solution. We have : (? +3} +9?<)><(3? —2_?+ﬁ?c) ()

i ]k )
= 1 3 9|=0
3 =4

= 1G3u+92) = j(u—27)+k(=1-9) = 0
=  3u+94=0,u—-27=0,-4-9=0

=  u+3A=0,u=27,A=-
Hence, A =—9and u =27.

- -

Example 6. If aand b are two vectors such that

a.b

a Xb |, then what is the angle between

=l
aandb * (A.1.C.B.S.E. 2010)
- > - >
Solution. We have -l a.b| =|aXb

—->

= —>
> |lallb|lcos® =all b|lsin@® = cosB =sinb

] = A = 45°,

= tan @ =
—» -

Hence, the angle between a and b = 45°.

o A A

Example 7.If a = i+ j+k and b = j-k, find a

- e - - -

vector ¢ suchthat axc¢c = b and g .¢ =3.

- A A A
Solution. Let c = cii+cyjtcyk (1)
> I J k
Now axXc =11 1 1
GG € (3
..I":. A A
=‘(CS_CZ)_J(CS_C1)+k(CZ_CI)
= - —
g Xe=5

Cumpunng, C3 — G

8 ~C4 1 (3)
and C, —¢;p = -1 (4)
Also, = B [Given]

A M A A

A A
= (i+j+k).(qi+crj+ck)=3
==-(1}C|+(l}c2+{l}c3:3

_-f Cy+Cy+cy = 3 ..(5)
From (2), CHy = C3.
From (3), c, = |l +c5
Putting in (5), 1 + c3 + ¢35 +¢c3=3
2
= 3 = 2= — e
3¢y . C3 = 3 |
2 2 5
Also Cy = ; and ¢, = | + ; 3
2 5
These also satisfy (4). —ep= E—E: o |
-
Putting 1n (1), ¢ = _, + c '+:*k
- i TgiT g
| A A A
= E 5i+2j+2k|.

Examples.lf—l: =xi+yj+zk, find:

g KL e uk
(rxi).(rxj)+xy. (C.B.S.E. 2015)
A A

- A A A
Solution. Here rXi=(xi +yj+zk)Xi

A A A A A A

= x(i Xi)+y(j Xi)+z(kX1i)

= x(0)+ y(—k)+ z(j)

st

A
= —yk+2zj (1)

. o o 2 e
and rx}:(1!+}’j+2k})(j

x(i X))+ y(j X j)+z(k X j)

= x(k)+ y(0)+ z(—1)

= Ik —Zl. {2}



o (FXi).(F X j)+xy
=(—yk+zj).(xk—zi)+xy [Using (1) and (2)]

= —yx(k . k) + yz(k i)+ z2x(j . k)= 27 (. i)+ xy

=—yx( 1)+ yz(0) + zx(0) — z2(0) + Xy

= —Xy+ Xy
=1
e e e e e T
Example 9. If axb=c¢xd,aXc¢=bxd, show

— = =e T . -
that (a — d)is parallel to (b — ¢), provided a #
s -
b # c. (C.B.S.E. 2009)

- - - -

Solution. (a —d)x(b — ¢)

A T e T T
=axXb-axXc—-dXxXxb+dXc
e T T e T S S S
=cXd-bXxd-dxb+dXc

s A Yy =y 5
' aXb=cXdand aXc=bXxXd]
e A B SR A s e T T
=cXd-bXxXd+bxd-cxd=0.

- - - 5
Hence. (a = d) is parallel to (b — ¢).

Example 10. Find a vector of magnitude 7 units, which
is perpendicular to two vectors :

2i-j+kandi+j-k. (PB.2012)

; — A A A —% A A A
Solution. Let a =2i—-j+kand b =i+ j—k
axb
) — —> HX
s Unit vector perp. toa and b = g
la X bl
A .ﬂ. A
R j k
But axb=(2 -1 1
]

== =J(=2-D+kQ2+1)
=3j+3k-

e
laxbl=0+9+9 =18 =3/2.

- o

A A A A
: 33k Jrk
o Unit vector perp.to a to b = 2 =2 :

N

Hence, a unit vector of magnitude 7 units perp. to

— —
aand b

A

f A
E(”—k)'

Example 11. Determine the area of a parallelogram
whose adjacent sides are represented by the vectors :

a=i—j+3kand b=2i-7j+Kk.
(Kashmir B. 2017, 12: HPB. 2015:

Jammu B. 2015, 14)
— —

Solution. If @ and b are the vectors representing the

adjacent sides of the parallelogram, then the magnitude of the
- =
area = la X b I.

- A A A - A A

Here a=i—j+3kand b=2i—-7j+k.

A
[
— -

L aXb=

—_— 2

1
2, ==

k
3
I

=i(—=1+21)— j(1—6) + k(=7 +2)

A

A A
=20i +5j—5k.
~. Magnitude of the area of the || gm.

A A

=120i +5j—5k

= /400 +25+25 =+/450 = 152 sq. units.

Example 12. Find the area of the triangle whose
adjacent sides are made by the vectors :

— A A A — A A A
a=3i+j+4kand b =i1-j+Kk.

(PB. 2014: Karnataka B. 2014)

" l — —
Solution. Reqd. urcu:;l axbl.
A A A
Now a X b=|3 1 4
P =1 1]

=1 (1+8)-JCB=-H+k(=3-1)

=5?+}—4£.

la X b I1=4(5)% +(1)? + (- 4)2

=25+ 1+16=+42.

J2

9

i

Example 13. Find the area of the triangle having the
points :
A(,1,1),B(1,2,3)and C(2,3,1) as its vertices.
(N.C.E.R.T. ; PB. 2015; H.P.B. 2015, 13;
Rerala B. 2014)

Hence, the required area of the tnangle = Sq. units.

Solution. Here :



— A A A A A A A A
AB=(+2j+3k)-(i+j+k)=j7+2k . ;X;
. Thus. reqd. unit vector n = (1)
and AC-(71+3_;+k)—(i+j+k)= +2 . I;;Xgl
i
. Area of AABC = —IAB x AC|. '
: A A a o l J k
ut ABxXAC=|0 1 2
L 2 o 3 4 5
=i (0=-4)=FO0=2)+k (0= A A A |
H-R-J Q-2+ 10— 1 =i (10—12)— j (=35—9)+ k (28 +6)
=—4i+2]-k . %W B
B . = —2i+44j+34k.
~. Reqd. area of AABC :?1—41' +2j-kl
1 J21 Also, lexdl= J4+1936+1156 = /3096 .
== 16 +4+1= S units.
A A > A A A ) A _2i+44 434k
Example 14, If #=21—3j+4kandb=5i+ j—k Hence, from (1), n = =
represent sides of a parallelogram, then find both
diagonals and a unit vector perpendicular to both . -
Example 15. If a, b, ¢ are the position vectors of the
diagonals of parallelogram. (£.5. 2015) vertices A, B, C of a AABC respectively, find an expression
o 2 o for the area of AABC and hence deduce the condition for

Solution. Let a and b represent AB and BC

. : W
respectively. the points A, B, C to be collinear. (/7.5. 20/6)

Solution. (i) Let the position vectors of A, B, C

Then, ;E = a+b - = - |
be a., b, ¢ respectively.
= (2i—=3j+4k)+Si+j—k) Complete the || gm ABCD.
=Ti—2j+3k = c (say)
and ﬁ = _5-{-3
= —(2i—=3j+4k)+(Si+j—k)
= 3i+4j—5k=c?(say)

- . - -
¢ Xd is perpendicular to ¢ and d

Dy —y© Fig.
. . Area of AABC
P =—area of llgm. ABCD
P A -
b=5i+j—k -
=4 (B —aYK{e — b))

|bx(c —b)—a x(c —b)|

E
l - - -» -2 -2
2




B e T e T T
=?|b><c—b><b—a><c+a><b|
] 2 =2 =2 2 S5 5 -5
==[bxc-0|axc+axbl
l—s- — - — - —
=E|axb+bxc+cxa|

T e T B e R
I axXb+bXc+cxa=0.
Example 16. Lagrange’s Identity.
Prove that

(axb)® =1a2Ib P - (a.b)?,
(Rajasthan B. 2013)

_ = D, = . A 9
Solution. (a x b) " =(all b lsinOn)

- . > A - .
=lalP1bPFsin?0On®=lal*1bPsin®0
[ n?=n.n=()I)cos0°=1]
- . =
=laP1b P (1-cos?0)

- . - . >
.
—lalP1bF —=lalP1bPcos’0

= . - —
=1a? P 1% 1* —(a .b)>.

Other Forms: () (a. b)2 =[a[>|b |> = (a x b)?

- =, =, D D,
) (axb) +(a.b) =|a]||b]|".

- oS 2 -5
Example17.If a + b + ¢ = 0,
e e e e
showthat a xb=b Xc¢c=¢ X a.
- S5 o > - - —

Solution.Herca + b+ c=0 = a+b=—c ..(])

i — =

aX(a+b)=—a Xc

~—)
[Multiplying (1) vectorially by a on the left]

e e - =
= aXa+axXb=—aXc

—

b

«A2)

_ e - -
Again, b Xx(a+b)=—b Xc

|[Multiplying (1) vectorially by ; on the left]

- -

- -
= bXxa+bxb=—-bXc

—%
—  —-a

X D +

al] o <

—
b
s - -
0
—
b

— .A3)

X

Combining (2) and (3),

Example 18. Show that

_}
= ¢. Illustrate geometrically.

‘_ 5 o 3 -
Solution. a Xb=a X c > a

e ey oy
= aX(b-c)=0.

This 1s possible 1f :

=
(1) a=10

() b—-—c =0 Le.
— — =
(iii) @ is parallelto (b — c).

e e e _ - -5
Hence,a X b = a X ¢ doesnotimply b = ¢ .

| -+ Any one of above three conditions can give the
result]

- -
Then a x b represents the area of the || gm. OAB'B

- =
and a x ¢ represents the area of the || gm. OAC'C .

Now ar (OABB) = ar (OACC)
[-.- Both || gms. are on the same base OA
and have same height]

— -
But OB # OC.
[ .- They have different magnitudes and directions]

R
Hence, b # c.

Example 19. Prove, by vector method, that :

sin (A + B)=sin A cos B + cos A sin B.



Solution. Lcl?andf be unit vectors along two
mutually perpendicular lines OX and OY 1n the plane of the
paper. Let OR and OS be any two lines in the same plane
making angles A and B respectively with OX, so that
/ZROS=A+B.

—> — _
Let OP and OQ represent unit vectors along OR and OS

respectively.

a . : A A
Let k be the unit vector perpendicular to (i, j) plane

AA A
such that 1, j, k form a nght-handed system.

=) M A
Now  OP=cosAi+sinAj

== T3 [
and OQ=cosBi-sinBj.

. - — fa A M A
- 0OQXOP=(cosBi—sinBj) X(cosAi+sinA j)

A A A A

= cosBcosAiXi+cosBsinAi X
. h A . . %) )
—sinBcosA jXi—=sinBsinA jXj
— ) A
=cosBcosA 0 +cosBsin Ak
- ﬂ L L] ﬁ
—sinBcosA(=k)=smnBsinA 0

=(sm A cos B +cos Asin B) E 1)

" —4 H -
Since OQ and OP are unit vectors,

— S 4 _ A y
OQxOP=sin(A+B)k (2)
From (1) and (2),

sin (A + B) Ihc = (sin Acos B + cos A sin B) Eé .

Hence, sin (A + B) = sin A cos B + cos A sin B.

Example 20. If D, E, F are the mid-points of the sides of
triangle ABC, prove that :

ar (A DEF) =:1'- ar (AABC).
Solution. Take A as origin.
Let  position vectors of B and C

— — .
be b and ¢ respectively.

_ 1.9 1
. P.V. of D, E, F are —(b + c),—
2 2
respectively.

ey
DE =(PV.of E)—(PV. of D)

1= 1 » —
C—?(b-i-ﬁ‘]:—

2

1> 1 =2 = | —
=—b'=—=(b+ y==—€:

2 2 2
.. Vector area of ADEF=?D X DF

1 ;
= - (vector area of AABC).

Hence. the result.

Example 21. Show that the points A, B, C with position

vectors 2?-}4-?:,?-—3}-5]:: and 3?—4}—43

respectively, are the vertices of a right angled triangle. Hence,
find the area of the triangle. (A.L.C.B.S.E. 2017)
Solution. Let (27— +k). (i=3]—5k)and

A A A . 2 :
(3i —4 j —4k) be the position vectors of the vertices A, B
and C respectively.

— A A A A A A A A A
AB =i 3] =5k)=(2i = j+k)=—i =2} -6k
7 A A A A A A A AA
BC =3i—-4j—-4k)—(i -3j—-5k)=2i—j+k

—

and CA = (2i —j+k)—(3i =4 ] —4k)y=—i +3] +5k.



? > A A A A A A
Now. BC.CA=QRi—-j+k).(—i+3j+5k)

= (2)(=D+(=D3)+ (1))
=23 45 =0

—x =

Thus  BC L CA = <£C=90"
Hence, AABC is rt. angled.

B

C A
Fig.
| | =3 =
And area of triangle = ;l CAx CB |
1)

) ) ? -; E
But CAXCB =}-1 3 5
= T

i (=3=5)=j (1+10)+k(=1+6)

—8i —117 +5k.

‘Cﬁix CB}‘ = J64+121+25 =4/210.

l
Hence, area of tnangle = o 210 sq. units

—2 P =P
Example 22. (a) Let a, b, ¢ represent the vectors

— — - .
BC, CA and AB respectively. Show that :

:XF:F x§=‘§x'§ (PB. 2010)

and deduce the rule of sines of the triangle.

e T T T
showthat a Xxb=b X¢c=c¢ X a.

(C.B.S.E. Sample Paper 2018; P.B. 2010)

. ' _— 2 — = — =
Solution. (a) (i) Here BC=aga.CA=b and AB= c.
i e — = = 2
Then a+b +c =0. [+ BC+CA+ AB=0]
C
res a
A o B
Fig.
= A e s -
Consider aX(a+b+c)=10

- 5 s s 3
= aXa+axXb+axc=»0
S T L O YR -
— O+axb—-—cxa=»0
e
— axXb=cXa (1)
o - = = =
Similarly, bxc=aXxb (2)
Combining (1) and (2),
S 5 S S 3
daXb=bXec=¢cXaqa.
- - - -
(MYFrom(1). la xbl=lc¢c X al

= absmC=casinB =bsinC=csmB

b C
—_ . Z .
sinB sinC
C a
Similarly. = — -
MY sinC  sin A
. a b c
Combining, =

sin A B sinB  sinC’
which 1s the Sine Rule.

Another Form. Using the vector method, prove that :

a b C

sinA sinB sinC’

(b) This 1s a part of part (a).



EXERCISE 10 (h)

Very Short Answer Type Questions “~

- =

1. Find aXb, 1t :

) a=—it3k and b =d%3j—2k
(J. & K. B. 2010)
i) a=i—3j+4k and b=2i+j+k.

(Bihar B. 2014)
2. (a) Write the value of :

(:‘1?(“x£] “(zx?]+ .(;x?]
(t’il?(n Xk |+ “(?xf{] iz(“x}].

(b) Find the value of ‘p"1f :

T

(2f+ﬁ;+z?z]x(f+3;+pz] <,

(A.L.C.B.S.E. 2009)

_}
3.Ifa=1-7+2kand b =27+ } -k find
- - - -
2a-b)x(a+2b).
- = — AA A
4. Find laxbl, if a=2i+j+3k and
— A A A
b=3i+5j-2k.
(N.C.E.R.T.; ALLC.B.S.E. 2015; H.B. 2015)
— A A A —2 A A _
3. It a=4i+3j+kand b =i -2k, then find
- -
12b X al. (Meghalaya B. 2017)

' & = ﬁ ﬁ.ll|.
6. Find the magnitude of the vector g x b 1f :
— AA A — A A
(1) a=2i+j+kand b =i - 2 + k
. A A = A A R
(1) g=2i+kand b =i+ j+k.

- > -

7. Let the vectors a, b, c be given as :

A A A A A

al?+a2;+a3£.bl?+b2} + by k, aqitcyjtey k-

Then show that a X| b +¢

—= e

axb+axCi\(fRT1

+
| —

- —
8. Provethata x b #b x a if:

— A A 2 A A A
ﬂ=21—3j—2ﬂndb=f+4_f—2k

=

=
1
]

RY ;f",;; . .'
5-}« «s Eli -3 % l

— ._._:'

£
iE’

S—
y

I.JRI_"“T,J

9. Find a vector perpendicular to both :

- A A A e B e o
(Ya =3i—2j+k and b = i+4 j—k (Bihar B.2014)
= A AA —> A AA
(i) a=4i+2j-k and b = i+4j—k.

(Mizoram B. 2017)
=

10.1f a = ?—2}’+3E and b = 2?+3f—5f3. find

aXb and verify that a and g X b are perpendicular to
cach other. (P.B. 2010)

11. Find the unit vector perpendicular to the vectors :

B i-2j43k, i 42—k (Meghalaya B. 2015)

A AA

(i1) 31 =2 Fedl T — 2} - 3k (Meghalava B. 2013)

12. Find a unit vector perpendicular to the plane
containing the vectors :

=2 A A A = A A A
a=2i+j)+k and b=i+2)+k.

13. Find a unit vector in the plane of vectors :
—> A A — A A
a=i+2jand b = j+ 2k,

] —2 A A A

perpendicular to the vector ¢ =21 + j+ 2k .

_}

AA A - A A A
14.1f a=31-)+2kand b=—1-25+4k, find a

_ =
unit vector along the vector (g x b).
15. (a) Find a unit vector perpendicular to each of the

—> — —> —
vectors (a + b)and (a — b), where :
= A A A - A A A
a=i+j+k and pb=i+2;j+3k
(N.C.E.R.T. ; Kashmir B. 2011)
(b) Find a vector of magnitude 5 units, perpendicular to

T = - >
each of the vectors |a+ b| and | g — p |, where :

‘ —> A A A —> A A A

(1) a = i+ j+k and p = i+2j+3k
(Nagaland B. 2018)

- A A A e A A A
(i) @ =3it+t2j+2k and b =1+2j-2%.
(Kerala B. 2018 ; Kashmir B. 2017)
16. Find a vector of magnitude 9, which 1s perpendicular
to both the vectors :

47— j+3kand =27 +j-2k.
(PB. 2012 ; ]. & K.B. 2010)
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— —
17. If @ and b are unit vectors and ‘0’ i1s the angle

. B 1% =
between them, show that sin 5: EI a—»bl.

(Rajasthan B. 2013 ; H.P.B. 2013)
18. Determine the area of the parallelogram whose
adjacent sides are :

(i) 2iand 3] (C.B.S.E. (F) 2013)

- .:"u. .IIHI: A M A - -
(1) 2i+jand 3i+ j+4k (Kerala B. 2015)
(i) 3i+ j+4kandi—j+k

(N.C.E.R.T: Kashmir B. 2017; Jammu B. 2016;
H.PB. 2015)

(iv) ?—j‘+3£ and 2?-?:i+£
(NC.E.R.T.: Karnataka B. 2017; Kashmir B. 2016;
H.PB. 2013, 11 S: H.B. 2013)
M M A A M A
(v) i+j+3k and 3i+2j+k.
(Uttarakhand B. 2015)

19. Find the area of the parallelogram whose diagonals
are :
() a=i—2j+3kand b=3i+2j+k
(P.B. 2011)

(i1) a=3i+j-2kandb=1—-3j+4k
(Assam B. 2016; Kashmir B. 2011)
(i) q=2i-3j+4kandb=2i— j+2k.
(C.B.S.E. (F) 2013)

Short Answer Type Questions
24. Find scalars 4 and e 1f :

(2? +6}: +2?§}x(? +lf+,u£')=a (Jammu B. 2016)

- A A A - A A A
25.1 a = 2i +3j+3k and b =3i +2j —2/3k.
then :
(1) find the direction cosines of E
(if) find a vector in the direction of @ that has magnitude
7 umts

(iii) find the angle between a and b

(iv) evaluate (3a — 53) X(2a — 3}. (Jharkhand B. 2016)

. : — T . K ;
26. If a unit vector g makes angles — with j , — with
3 4

A

A
j and an acute angle ‘6" with [, then find ‘0" and hence

_}
components of g . (N.C.E.R.T.)
27. Prove that the unit vector perpendicular to each

A A A A A

of the vectors 2?—j+kand Ji+4j—k 15

20. Show that the area of the parallelogram with diagonals

1 5
- -
a and b. is —|a X b].

EAF
> (H.B. 2016)

X
- = - =
(if) Prove that la x b 1=(a . b) tan 0, where ‘9’ is the
— —y
angle between a and b.
5 b — =) -y =
(iti) Show that (¢ = b)x(a+ b)=2(a x b).
(N.C.E.R.T.; H.B. 2016)
- = - = —
(iv) Given that a . b =0 and a x b = (0. What can

- —»
you conclude about the vectors a and b 7 (N.C.ER.T)

._.}

- > —
22. (hEndla.bl,lal=5161=13

.
and la X b |=25.

—3

s o —
(i) If lal=13.1b1=5and a . b =60, then

i)

—3
find la X b .

= - - = - 2 -
23. Ifeither a =0 or p=0, then a x b = 0.

Is the converse true ? Tustify your answer with an

example. (N.C.E.R.T\)

—3i+57+11k

V155

and that the sine ol the angle

between them 1s E
156
28. Show that the three points having position vectors
(a—=2b+3c).(-2a+3b+2c).(-8a+13b) are collinear,

(Mizoram B. 2018)
29. Find, with the help of vectors, the area of the tnangle
with vertices :
(I)A(2,.3,5).B(3,5,8),C(2,7.8) (C.B.S.E. 2010 C)
(ii)A(1,2,3),B(2,-1,4),C(4,5,-1)
(A.LC.B.S.E. 2013)
() A(1,2,4),B(3,1,-2),C4.3,1)
(H.B. 2018, 13 ; PB. 2012)
(v) A(1,-1,2),B(2,1,1),C(3,-1,2)
(Nagaland B. 2018)
(v) (1,1,2),(2.3.5)and (1, 5,5). (Assam B. 2018)

with reference to a rectangular system of axes.

whatever be g. b, c .



30. Find the value of ‘x* if the area of triangle 1s
35 square cm. with vertices (x, 4), (2, — 6) and (5, 4).
31. Find the area of the triangle OAB, where :

= T e A A
OA=3i-j+kand OB=2i + j - 3k.
32. Prove that :
— - = — - = — - = —
axX(b+c)+bXx(c+a)+tcX(a+b)=1.
e e
33. If a.b.,c are three vectors such that
e T e - = —
axb=c,bxc=a, provethata, b, ¢ arec mutually at
— — —
richtanglesand | b I=1L1cl=lal

- a - — - :
M.1If a, b and ¢ are mutually perpendicular unit vectors

— ) — — - S —3 = —
and a X b=c,showthat b=cxaand g =p % c.

-2 A A A =P A A A
35. Let a=i+4j+2k. b=3i-2j+7k
— A A A —
and ¢ =2i-j+4k. Find a vector 4 . which 1s
_._}

_}
perpendicular to both @ and b and

—% =

c.d=15.

36. If a=i+j+kand b=j—k, find a vector ¢

- - —

such that a Xec =b and a .c = 3.

**

(H.B. 2018)

e R S T NN
J7. It axb=>bxc#0,.show that a + ¢ = mb,

m being a scalar.

-

= - —!2 — -+2
38. Prove that |ax b| =|a| |b| —(a.b)

- — - -
a.da a.b
B %, 5
a.b b.b

39. Adjacent sides of a parallelogram are given by

-I"} !‘: A A A A 5 i .
vectors 2i + j+k and § +5 j +k. Find a unit vector in the

direction of 1ts diagonal. Also, find the area of parallelogram.
(P.B. 2017)
e o ‘ _
40. If a. b, c are position vectors of non-collinear
points A, B and C respectively, show that :
e e e T T
axXb+bXc+cXa

1s perpendicular to the plane ABC. (Mizoram B. 2018)

41. (a) Prove that the normal to the plane containing
" & & ﬁ‘ _} % L] "
three points whose position vectors are g, b, ¢ lie in the

_ _ e T T T T
directionof b X c+cXa+aXxhb.

(b) Find the unit vector perpendicular to the plane ABC,
where the position vectors of A, B and C are :

,-: A A A A A

2i—j+k, i+ j+2k

42. Establish, using vectors :

sin (A — B) =sin A cos B — cos A sin B.

A A
and 2 + k respectively.

_ Answers |

. Ao y A_A A
L) =-9i+j-3k () =T7i+7j+7k.

7
2.(@) (-1 (b) p=—

A A

. 5l—i +5 ] 43k).
L6414 . .
(i) 35 (i) V6.

() =20 +4j+ 14k

e & un A W

(i) 27 + 5] + 18k.

10. 74 117 +'Tk.

A fal

l A | A A A
11. (i) —=(—i + j+k (i) =—=(4i + 5 j —2k).
N 35

] A A A
12. — (—i—]+3k).
J11
a A
13. — (=51 -6 +8k)
545
w4 7
245" 245

A

6 A A
lS.(ﬂ)?[f—3j+k)

®) () Je-i+2j=k) i) —Q2i-2j-k

16. 3(—i + 2 j+2k).

18. ()6 (i) 9 (iii) V42  (iv) 152 (v) /90 .

19. (i) 43 (i) 543 (i) 3.

T T T S
2. iv) a=0or b =0.

22, (i) 60 (i) 25.

23. No. Take any two non-zero collinear vectors.

27
A= s =—,
2.4 =3, u j

-3 7
3

3 Fa M M
> (i) —(2 +4f3 7 +3 k)

2
25. (i) <—.,—,
5

5
3—3@]

-1
) COS
(111 ( 10

(iv) (=36 +6:3) i +(1243-28) j + (28—123) k.



T 1 1

. N I
26. (1) 3 (1) 2,‘5.2.

|
29. (i) —w/a S(. units

(i11) —"J_ S(. units
(V) —?Jﬁl Q. units

—EI'— Hints to Selected Questions

- —1-\
16. Find 9| 222 |
‘ﬂ”b‘

2

1
(1) :JZ'M (. units

(iv) Jg Sq. units

2 - -

17. |a - bl —(ﬂ—b} =a +b -2a.b

=]14+1-2 cosO9=2(]l -cosB)

.L

19. Arcaof || gm=—la x b |.

2

21. (ii)

= II-: E:‘lauﬁ-

22. (i) Use (g x )2 = a bz—(a b y*.

—

aXxXb

Nowabsinf = |lgxp

axXb _ J155

= sinf =

;xg‘ = absinf = abcosBO.tan 6

- -

A

A
—3i+ 3 jHllk

" -
2l.Here n = o —
= JISS
aXb|

V155

“J6v26 156

31. %SJE S(J. units.

w-l x':_z-.

A

- A A A | A A
35.%(1601:_5;-70;:). 36. < (5i+2j+2k).

] A A A
39. ?(3;' + 6 j +2k); 742 sq. units.

—(3i +2j - k}

41. (b) :J_

| > - -
28. If the given vectors are A, B, C. then :

e A e e e e

AXB+BXC+CxA=0

— area of trnangle, the position vectors of whose
- = —

vertices are A, B, C 1s zero

= given points are collinear.

] -3 -
29. Area of A ABC = ElhB X B(].

'l—+~—}

31. Reqd. area = EIOA X OB I.

A A —

34. axb=C01D SaoPr=n=¢.

exXa=(1)(1) sin 90°b=b.

38. ;x E;r = ‘jz ‘;'2 sin® 0 = ‘;‘2 ‘le (1—cos? 6‘)
[ -

42. Asin Ex. 19.

S 4
S
S 4
S |

S 4
S
> ¢
o> ¢

I [ &) MOMENT OF A FORCE ABOUT A POINT (VECTOR MOMENT OR TORQUE)

=}l Definition

_}

Let a force F act at P whose position vector is r w.r.t. the origin O such that OP =

—

Then the Vector Moment or Torque of the force F about the point

O 1s defined as the vector :

¥ & =3
m—er—rFalnEln



. A & 5 . ; AF
=rsin 0 F n, where n 1s a unit vector perpendicular to the plane

— —
of r and F and its direction 1s towards the reader
Fi)

—_—
=p F n, where p = OL = Length of perpendicular from O on the line of action of F

1L
_}
. Im1 = Magnitude of the vector moment of pF = Fp
p
Fig.

Convention of Signs. The moment is positive or negative according as the rotation of the force about the point 1s
anticlockwise or clockwise.

Note : Moment of a force about a point is a vector.

R [ XM MOMENT OF A FORCE ABOUT A LINE

%.
The moment of a force F, acting at a point A, about a line 1s a scalar, given by :

—> — A
(r XxF).a,
_'—} ‘_F} A L] - L] L L - [ L] L] L]
where OA = r,a 1s aunit vector in the direction of the line and O 1s any point on the line.

- —
The moment of a force F about a line = Resolved part of the moment of F about any point on the line along this line.

. KEY POINT

C Moment of a force about a point 1s vector while moment of a force about a line 1s scalar quantity. _)

I TEFA MOMENT OF A COUPLE ABOUT A POINT

— —
Let two unlike parallel forces F and F form a couple®. Let A be the given point. -
. Mt. of the couple about A P g
il —
= Mt. of F about A+ Mt of (- F) about A
—_— 5 — — _ | _ A
= AP X F + AQ X (- F), where P and Q are any points on the lines of action of forces
_— — - — = . 0
=(AP + QA)x F= QP x F, F
which is known as moment of the couple, which is independent of A. Fig.
= A= "x.;
mﬁ 1100002 EXAMPLES |
Example 1. Find the moment (torque) about the point - N B

Then OP=(-2i+3j+k)-(i+2j+3k

A A

i+2j+3k of a force represented by ;+ j+k acting

5 K =—3?+j‘—2£,
through the point - 2j + 3j + k.

—> A A A
A A A . The moment about O of the force F (=i + j + k)
Solution. Let O be the point i +2j+ 3k and P the

_ — o
A A A acting throughP =0P X F.
point —2i+3j+k.

* Two unlike equal forces, not acting at the same point, form a couple.



— A A A
M=(-3i+ -2k }X(i+_;+k}
.H.. A
S G| [
=[-3 1 -2|=3i+j-4k.
1 1 |

—
IM1=,/9 +1+16 =26 units.
Example 2. Nﬂ unlike forces of equal magmmdes
3i+k and - 31 -

A A

2i—-j + 3k respectively. Find the moment of the couple
formed by these forces.

k acting at the points |+2_| k and

_ ‘ - = —
Solution. Moment of the couple =(n —») X F, where
% % L = L] s = L] L]

n and r, are position vectors of the points of application
= —

F and - F.

-y =y A A A A A A

Here rp —rp = (i +2j—k)— (2i — j + 3k)

of the forces

=—i+3j-4k.

== A A
Also F=3i+k.

. Vector moment of the couple = M

=(—i+3j—4k)X3i + k)

J": .l"l.l A
sl : J k A A A
- M=|-1 3 -4|=3i-11;-9k.
3 0 1
Hence, the moment of the couple

_}
=|M|=1/9 + 121+ 81 =211 units.
Example 3. Find the moment of the couple consisting
_...}

of the force F

A

= 3; + 23 - l: acting through the point

_}

- J+Kk and - F acting through the point 2; - 33 — l:

A

A A
Solution. Let A and B be the points i — j+k and

2i —3j -k respectively.

— —> A A A A A A
Then r=BA=(-j+k)-Q2i-3j-k).
A A A
=—i+2j+2k.
ﬁ.
[f M be the vector moment of the couple, then :
A Fal A
i J Kk
- 5 - ALA A
M=rXxF=|-1 2 2|=-6i+5j-8k.
3 2 -1

.. Moment of the couple

=|§4|=J36+25+64=5\/§unirs.

Example 4. Find the moment about a line through

(0, 0, 0) having the direction 2i - 2j+k due to a 20 kg
force acting at (- 4, 2, 5) in the direction of 12i — 4 j - 3k.
Solution. Let F be the force.

= 7 Vgl
—

JA2)2 + (- )% +(= 3)2

20(12i —4j—3k) 2 A
_2002i-4j-3k) _20 5 .5 ap)
J144+16+9 13

_}
et B agtat Bl=4.2.5)%

_}
. Momentof F acting at P about a line in the direction

A A
] +k
- &3 % L]
= Resolved part of the moment of F about a point on
the line.
Since the line passes thro™ (0, 0, 0), [Given]
. we select O as a point on the hne.
—
Let OP= r.
- — A
Then r =0P = (- 41+7_;+'3k}—
A A A
=—4i+2j+5k.
= -
If M be the moment of F about O,
- -5 o
then M=r X F
| A fa A 'j- ) A A

-{—41+7_;+‘ik)><-]—-{l”:—41 3))

’0) i j k
== 4 3 5

31 10 _4 _3

20
—E{l4f+43‘) Sk)

A

h [ ® ] L] w ] A- n
Let a be the unit vector in the direction of 2i — 2 j + k.

A Dg BPEE T A bk @
Then a=——=2 -~ - —(2i -2 j+k).
Jé+4+1 3

_}
Hence, the moment of F about the given line

- -

=M.a

20 A A ) A A A
=140 + 48— 8Kk) 20 -2j+k).

9 .
——0{’?8 96 — 8)——0(—76}——15'20
39 39 39

units.
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EXERCISE 10 (i)

Very Short Answer Type Questions

1. Find the moment about (1, =1, =1) of the force

A A A
3i +4j -5k actingat (1, 0, -

2. The force represented by 3? + 2; 1s acting through

A A

the point 5i +4 j - 3}:_ Find the moment about the point

A A

i+3j+ E
Short Answer Type Questions

A

S. A force E=4i + k acts through point A (0, 2, 0).
—» —
Find the moment m of F about the point B (4, 0, 4).
(H.B. 2011)
— A A A
6. Let F=2i+4j+ 3k at the point P with position

A A A ST
vector [ — j+ 3k. Find the moment of F about the line

through the origin O in the direction of the vector

—> A A A
a=i+2j+2k.
_}

1. A force F =3; +2;’-4Er 1s apphied at the point

_}
(I, -1, 2). Find the moment of F about the point (2, — 1, 3).

A

8. Two unlike forces of equal magnitudes j+ 2k and

A A
— J— 2k are acting at the points whose position vectors are

A A

A A
agiven by ? 4 ; +k and [ + 2j + 3k respectuively. Find the

moment of the couple formed by these forces.

_.F _.,:T.I_;_.' . — %,
1 =
1 ..|. ‘ L= ._,l .1- ‘l T, _.-': . I.

— ]

A A A
3. Find the moment about the point i +2j—k of a
A A A

force represented by i +2j+ k acting through the point
J'":. A. A
21 +3 k.

A A
4. The force represented by 5§ + k 1s acting through the

point 9i — j+ 2k . Find the moment about the point

3i—2j+2k.

9. A force of 3 units acts through the point (4, — 1, 7) in

A A

the direction of the vector 97 +6j - 2};_ Find the moment
of the force about the point (1, — 3, 2) and the moment about
the axes, parallel to the co-ordinate axes, which pass through
(1, -3, 2).

10. Find the moment about the point (3, 4, 5) of the
force through the point (1, 2, -3) having components
cqual to -2, 3, —4. What 1s the moment of the same force
about the line through the origin having direction—
ratios <4, -2, 5 > 7

11. Find the moment of the couple formed by the forces

A

A A A
5i+k and —-5i -k acting at the points (9, -1, 2) and
(3. =2, 1) respectively.
12. Find the vector moment of the forces :

P4+ 27—=3k; 2i +3j+4k WA iy
acting on a particle at a point P (0, 1, 2) about the point
A (1, -2,0).

Answegs_jl
| A A A | A A A A —-102 1
1. —i-3j-3k:419. 2.2i-20j-3k;413. 9. ]—31{ 347 +51)): B ,1513 0.
3.—3?+}+£::Jﬁ. A 19

A

- A A
S. m=—2i+12 j+8k.

e —i & 1458 27,

6. 1.

7. 3i~Tj=3k ys/57. B

=

, 0.

—" Hints to Selected Questions -

8. Here F _;+2k and

= A A A A A
n —rz—(l+j+k}—(l+2_j+3k]——j 2k.

10. 327 +8j — 10k ; ——

| Va5’
1. i — j—5k:J27.

A A

12. —2i +6j— 10k.

- =2 o
. Moment of the couple = (; —rp) X F.



SUB CHAPTER

Product of Three and Four Vectors

- =p =5 - - -
( If a,b,c are three vectors, then the scalar product of a x b with ¢ is called scalar triple product. )

(KRashmir B. 2013)

- =]l = - - —» - = 2
axbl.c " labc|"|a.b,cl|-

Note. Since the scalar triple product involves both the signs of ‘cross™ and ‘dot’. therefore, 1t 1s also called mixed product.

- - >
Notation. The scalar triple product of a, b, ¢ 1s written as : (

Geometrical Interpretation. (Kashmir B. 2011)
- = =»
Consider a parallelopiped whose coterminous edges OA, OB, OC have the lengths and directions of the vectors, @, b, ¢
respectively.
Let V be its volume.
- =

.—'
Now a x b represents a vector p whose magnitude is the arca of the || gm OADB.

- - - i
If *6° be the angle between (f.e.. @ % b) and ¢ .

- >\ > - -5
then \a x b). ¢ = n.c = (arca OADB) (¢) cos ¢ G &
n=axb
= (area OADB) (¢ cos 0) c .
= V. which is + ve or — ve according as ‘6" is N
acute or obtuse. G e
3 E
->» -» —-»
Hence, (a X b) . ¢ represents numerically the volume of the parallelopiped \
0O =3 B
- > > ﬁ b
having a , b, ¢ as coterminous edges. x 4
BV X 8B CO-PLANARITY OF THREE VECTORS Fig.
—» —» - - — — i

Theorem. Three vectors a, b and ¢ are coplanar if and only if a.(b X¢)=0 ie. [a b c]=0.

- > —-

Proof. Suppose that a, b and ¢ arc coplanar.

- -

When b and ¢ are parallel vectors, then

- - - > —in

bxc =0 = a.(bxc)=0.

- —
When b and ¢ are not parallel vectors.

S— -
Since a, b and ¢ are coplanar,
- — —
b X ¢ 1is perpendicular to a .
- > >

a.(bXxc) =0.

Hence, [a b c]= 0.
Conversely. Suppose that a.(b X ¢)=0.

When a and b X ¢ are both non-zero, then a and b X ¢ are perpendicular vectors.



- > -

-
But p X ¢ 1s perpendicular to both p and ¢.
- - — - - —
a, b and ¢ must he in the plane i.e. a, b and ¢ are coplanar.
— — —& - -
When a = 0, then g 1s coplanar with b and c.

- - — — -
When b X ¢ =0, then b and ¢ are parallel vectors.
- —» -

Thus a, b and ¢ are coplanar.

Cor. Coplanarity of Four Points

> > —_—

Four points A, B, C and D are coplanar if the vectors AB, AC and AD are coplanar.
U S PROPERTIES

Property 1. Condition for three vectors to be coplanar. If a, b, ¢ are all coplanar vectors, then [a b c] = 0.

- -3
) represents a vector, which 1s perpendicular to the plane containing g and b 1n which also hes the

Proof. Since (H /B
-> - —
vector ¢ , therefore, a x b 1s perpendicular to ¢ .

Hence, \ax b).c =0 ie. [a b C:| = 1),

- - -

Conversely. If [: }: :} =0, then a, b, c are all coplanar vectors.

EXE - =\ > | -
Since |la b c¢| =01ie |axb|.c=0, .. | gxb]| 18 perpendicular to . .
- - - - - -
But g x b 18 perpendicular to the plane containing @ and b . . ¢ hes in the plane of g and p .

- = =

Hence, a, b, ¢ are coplanar.

e e

Property IL. If any two of the three vectors a , b, c are equal, then |@ b ¢ | =0,

- -
Proof. Without any loss of generality, let p = g . Then :

- = > —i—h—}- -ty lp| = — =i
abe|l=|aagacl=laxal.¢c =0:.¢ =0.
. —> —>

.—:’

Similarly we can also prove when ¢ b or a = ¢.
.—’.
C

— = =i = =Dp
Property IIL. If any two of the three vectors a , b, ¢ are parallel, then |[a b ¢ | = 0.
- -
Proof. Without any loss of generality, let b || a .
— —>
Then b = ka., where k 1s some scalar.
(> > =] - =\ -
Now ab c| = laxbl.c
- >\ - - =2\ - - >

= laXkal.c =klaxal.c = k|0 .¢e|=k0)=0.

- = - >
Similarly, we can also prove when b, ¢ are parallel and a . ¢ are parallel.



- =5 =»

CONCLUSION

a b ¢| =0 when either a_b. ¢ are all coplanar or any two of the three vectors are equal or parallel.

Property IV. In the scalar triple product, the position of dot and cross can be interchanged at pleasure provided the cyclic

order of the vectors is maintained.

- == =>

Proof. Let a. b, ¢ be a right-handed triad.

- = = e e A

Then b, ¢c,a and c.a, b are also nght-handed tnads.

- >\ -»
We know that axbl.c

Also

and (cxa].b

As we know that a.b

(bx ).ﬂ

—> —> ->
(cxa).b

and each

IR

From (1) and (2), (axb).c

- 3\ >
Similarly, (b X c) . a

Hence. the result 1s estabhished.

. KEY POINT

- > >

- > >
Volume of the parallelopiped having a, b, ¢ as coterminous edges.

- e
, €, a as coterminous edges

~

Volume of the parallelopiped having

IR

- >
Volume of the parallelopiped having ¢ , a ., b as coterminous edges.

(axb].c':(bxc].a (c‘xa).b

= =
b .a so as such :

> [ =
C.(axb) i)
a . (b X c) sk Z)

—> —> -
b.(cxa) il )

Volume V.
a .(b X C)

b.(cxa) and (cxa).b = c.(axb).

- - -> - -» >

[a b c]= [b ¢ a]l]=]|c a b]

i.e.Cyclic permutable of three vectors does not change the value of the scalar triple product.

Property V. In the scalar triple product, the change in the cyclic order of the vectors changes the sign of the product.

Proof. As in (IV), ¥ = (axb)_c:(be)_a:(cxa).b

- -5 -

- > —»

When the cyclic order of a, b, ¢ be changed, then a, ¢, b becomes a left-handed triad.,



As we know that

Thus by changing the cyclic order, a sign of sca

b | ¥

o A
axb
V

B

- >
b . g are left-handed trads.

— b X a so as such

- =\ = - =\ = —
ﬂXb i b}(ﬂ_ﬂ = =
-» =2\ - - (> =
—|lcxb .a:-a.cxb]
- —I‘\ -> ->» - - -
(cxa .b=—(axc].b=-—b.(
/
ar triple product 1s changed.

Property VI. Scalar triple product is distributive

l.€.

Proof.

- > - - P

a.b+c.d—e

LHS

-»> > -5

a b d

- ->

axXb+

> —>» > >

a.b+c.d—e

-

;"x;’-']_(

- >

d—e

4

-

a X

|

—
a

|

(b+f:

(

- - -5

{

- >
axc|.

- - >

L - -
bxa]— b xc

a c el

I®

- >

— i
aXb+aXc

i

Xbhb.e—aXc.e

e

- > =

a ¢ d

EE
a b e|—

(> >
a Cc &€

- > -

a ¢ €

To express | a
Lét
Now

—

a
— —l
aXxXb

A

aita,jtazk, b =

A

(al 1+ ay

A A

A A

M A

A

—

A

-
in terms of rectangular components of a, b,

iy
C.

A A

byi+byj+bik.

—
C

j+a3k)x(bli+b2j+b3k]

A A

= RHS.

A A

A

A A

abpiXit+abiXjtabyi Xk+ab jXi+ab, jXj

ﬂlbl ({]] +ﬂlb2 k + ﬂlb3 (_j

(ayb3 — azb, ) i + (asby — abs );"' (ajby — ayby)

A

A

A

A

A

tayby i +azby j + azb

+ﬂ3b1k>(

A A A

+ ay b, (— k) + ayb, (E]

A A

-

A

k .

-
.

- - 2> >3 >3\ ->

d—laXb+aXc)|.e

= CII+C2J+C3IC

A

oo

—->

0

X k

|



MODERN'S abc + OF MATHEMATICS (XII)

> = > - =S\ >
a b c| =]laxbl.c

—

— (azb‘-_,’ —ﬂ3b2)§+(ﬂ3bl —ﬂlbj).;'l'(ﬂle _azbl)i] (cl f +Czj+{:3k)

AA A

A
= (ﬂ2b3 —'ﬂ3b2)£‘1 f.f"*'(ﬂzb:; —ﬂ3b2)£'2 Ij

AA AA AA A

+(azby — azby) 3 i .k +(azby —aybs) ¢ j.i +(ashy —ayby)cy j. j+(azhy —abs)cy j .k
+(ayby —ayby ) ey ki +(ajby —ayby )y k. j +(ayby — aghy) c3 k .k

(ayby — asb,) ¢y + (a3 — aby) ¢4 + (a;b, — asb)) 3

€ G C3 4 a; a;
a a a3 by by by

b b, b ¢ € €3

Il
Il

|By Properties of Determinants]

I YSIRECIPROCAL SYSTEM OF VECTORS

- > - = =% =

Let a, b, ¢ be three non-coplanar vectors, such that [@ b ¢ | # 0. Then the vectors :

- = - -5 - >

* b X c = c Xa g aXhb
a - —!—i—!‘b_--h—}—l--r_‘c—-ﬁ—!—l—l-__
a b c abcl la b ¢

- > >
are said to form a reciprocal system of vectors for the vectors g, b, c .
Properties :
A A A

Property 1. The system of orthonormal triad of unit vectors i, j,k is self orthogonal

A A A A A

i.e. =i =l K=k
A . - [ A

Proof. Here o= JXK —T=f.

Similarly, j = Jj and k' = k.

A A A

Hence, the system i, j, k 1s self-orthogonal.

- = - - =

Property II. If a, b ,c and a' .b .c' form a reciprocal system of vectors, then :

- e - > - =
(1) g =3 P = g =1
- > - > - > - > il - >
(1) a.b =ag.c =0;:b.c’ =b.d =0; c.d =c.b =0
(> > 3| [ = =
(if) a b cl|d b | =1
- > - - > -

(iv) a,b,c are non-coplanar iff so are a' , b’ ,c .



Proof. We have :

(1)

Similarly,

(i)

Similarly,

(111)

- > >
! ! r
o a,b,c are non-coplanar.

are non-coplanar <

- I -
s b X c i c Xa - aXxXbhb
P r . Fo_
a = ) == =.and ¢ = =
e e A e e e o =l =N =3
a b c a b c a b c
— — -l '--I--!l-—l--'
R e a.lbXc a b c
e bXc oy g _
a.4 a.-l-l—!r_ R a (> & = |
a b c a b c a b c
- > - >
b.b = ¢c.¢c" =]
- [ (s = =]
= g e < a.lecXa a ¢ a
"'"; c Xa
= U = = e = —
a.b - - > - = — - > >
labc a b c a b c
- > - —> - > - > - >
a.c = b.c' =b.d=c.d=c.b =0
r(—!—! \
et ma] be:‘ - > -
ﬂrbrcr_ c X da v be
| - > > S el
) B a b c a b c a b c
I-.\ - -" = J
l —_- - T — L —_ =
= — || b Xc|.|cXa|[X|aXb
—u-—-!-—:-?’
a b c
] -—I g e e —I-
= ‘= —|bXc cXa aXb|
-'l'—i'—i"?,
a b c
"_,_!_,'2
a b c
i
- _!_!*-3:'-;—9--;-
a b o a b c
-—l'-l-l'-
a?bffl'zll
——I—}—l
a b c| #0
l - > -
=#Z s la b ¢ #0

(> > —»
a b

= ol

|Part (iii)]



Frequently Asked Questions

Example 1.If a xb =1 ¢ for a non-zero scalar ‘A’ and

non-zero vectors ;, b and c¢, then find a.c.
(Meghalaya B. 2015)

Solution. We have : aXb = Ac.

Multiplying scalarly by @ on the left, we get :

s [@aa bl = 5G.0)
= 0= Ala.c)
Hence, EF =() .4 # 0]
Example 2. Find a.(bXc¢),if:
a8 AA A S A A
a =2i+j+3k, b = i+2J+k and
- A A ;
€ = 31+]+2k (AL.C.B.S.LE. 2014)
Solution. We have :
= A A A —- A A A
a =2i+j+3k, b = —i+2j+k and
- A A A
c = 3itg2k.

= =p = —»

S a.bXc) =|a 3 c]

2 1 3
_ -1 2
i 18

=24 -1H-(H(2-3)+3(-1-6)
=060+5-21=11-21=-10.
Example 3. Find the value of ‘A’ such that the vectors :

A A A A A A A A A
Ji+Aj+5k,i+2j-3k and 2i- j+Kk
are coplanar. (Mizoram B. 2017; P.B. 2014 §S)
Solution. The given vectors are coplanar if their scalar
tnple product 18 zero

A 5
2 =31 =0
—] l

e if3(2-3)—A(1l+6)+5

i.e. 1l

b o

(—1-4)=

[Expandmg by R,]
if —3-T74A-25 =
1f 1A

|
o

-281f A = -

Example 4. Fmd the value of ‘A’ if fnur pomts w1th

A A A A

position vectors 31 +6J+9k, l+2_|+3k 21+3]+k

A A A

and 4i +6j+ Ak are coplanar. (A.I.C.B.S.E. 2017)

Solution. LLl A, B, C and D be lhe points with pmllum

A A fal A A

vectors 31+6_;+9k 1+'?_,r+3k 7I+3J+k and

4i+6j+ Ak respectively.

AB = (i+2j+3k)—(3f+6j+9k)

A A

—2i—4j —6k,

BC (2:‘+3j+k)—(i+2j+3k)

= i+ j—2k
and CD = (4f+6j+/1k)-(2f+3j+k)

A

A A
2i4+3j+(A—=1)k.

Il

- - >
The four points are coplanar if AB, BC,CD are

coplanar

» —

if [AB BC.CD]=0

|-2 -4 -6

1f 1 | =21=0

2 3 A-1
if—"(i—l+6}+4{1—l+4]—6{3—2}:0
-2 -10+44+12-6=0
if 24 -4 =014 =2
Hence, A= 2

Example 5. Let a=i+j +k, b=1i and

=i A A

c=c¢;itc,j +c,k. Then:

— —»

(a) Let ¢; = 1 and ¢, = 2, find c,, which makes a, b
and ¢ coplanar.
(b) If ¢, = -1 and ¢4 = 1, show that no value of ¢, can

- — —

make a,b and c¢ coplanar. (C.B.S.E. 2017)



A A A — A

—
Solution. We have : a = i+ j+k, b= and

C =8 1 ¥, fhogk.
(@) Here ¢, =1 and ¢, = 2.
- A A A
Since a, b and ¢ are coplanar, [Given]
11 1
I 0 0 |-
1 2
= {—1}[(3—2:{]=:"'C3—2:{]=’f3:2
(b) Here ¢, = -1, ¢5 = 1.
Since a. b and ¢ are coplanar, |Given]

= - [1+1]=0 = =2=0, which 1s false.

- —» —

Hence, no value of ¢, can make a, b and ¢ coplanar.

Example 6. Find the volume of the parallelopiped
whose sides are given by vectors :

A A A A A A A
L]

2i-3j +4k,i+2j-kand3i-j+2k

Solution. Let

-> A A A —» A A A
a =2i-3j+4k. b = i+2j-k
- A A A

and ¢ = Jp— JH2k:

"o Volume of the parallelopiped = [; }; :]

2 -3 4
2 =
s =1 2
=2M@4-1)+3R2+3)+4(-1-6)

[Expanding by R,]
6+ 15-28 =—7 =7 cub. units.
|Rejecting — ve sign]

Example 7. Prove that :

i.(jxk] = j‘(kxi] = k.(ixj] = 1.

Y B 1 0 O
Solution. f.( jxk] g 1 @
0O 0 1

(1 =-0)-0+0=1.

Similarly, j.(ka] = E[:x;) = 1.

Hence. i.(ij]=j_(kXi)=k.[i><j]=l.

e AR —3

Example 8. Show that the vectors a,b and c are

— — — - —

-—’
coplanar if a+ b, b+ ¢ and c + a are coplanar.

(N.C.E.R.T. (Supplement); C.B.S.E. 2016,
Nagaland 2016)

— - — — - -

Solution. Since a+ b, b+ ¢ and ¢ + a are coplanar,

~(a+ b)|(b+ c)x(c+a)] =0

e e T T S e T T S

= (a+ b)|bx c+bx a+cxc+cxal =0

—» — — - — e e |

= (a+ b).(bx c+bx a+0+cxa) =0
e o T T - = = - =2 =
= a.lbxc)+a.(bxa)+a.(cxa)+b.(bXc)

o —

+3.(gxa)+;.{cxa} =)

=3 2albxc)] =0 = albxec) =0
= Fa boa] = 0.

Hence, a, b and c are coplanar.

- A A - A A

Example 9. If p=i+j+kandq=i-2j+Kk, then

find a vector of magnitude 5./3 units perpendicular to

— - —

the vector q and coplanar with pand q.
(C.B.S.E. Sample Paper 2019)

M M,

Solution. Here, p=i+j +kandg=i—2j+k.

—

M M A
Let r=ai+bj +ck be the required vector.

Since r1Lgq,
. r.q —
> (ai+bj+ck).(i-2j+k) =0
=> all) + b(— 2) + c(1) =0

= a-2b+c =0 1)



- —>

-

And, p,qand r are coplanar,

—

-

—=

lp g r] =0
1 1 1
= 1 =2 1| =0
a b c
] 0 0
= ] =5 3 =0
a b-a c-b
2> (Dh)[3c-b)—-(b-a) (3)] =0
= 3[-c+b-b+a]l =0
= —c+a =1
= a—c =1\
=5 a+0.b—-—c =0 W
Solve (I)and (2), _ @ _ b __¢
2-0 141 042
a b c ;
— —_— T —
11 1 A2)
Thus. = LB E
edsk
lrl = J1+1+1=4/3 .
A 44k
S Unit vector, : i— . J .
I:I ﬁ

Hence, the required vector

Solution. a.

-
=da

-(

-

|

- >

b+c

-

Example 10. Prove that g .

i

- - - - - —-»

—
bXa+bXb+bXc +c><a+c><b+c'>(c]

A
53 (r)

53

i+j+k

S(i+j+k).

54|
’

- 2> 3> > -

- >

a+b+c

NE

- - -

a+b+c

)=0.

- - - o - - - - o - -
=a.l—aXb+0+bXc+cXa—bXc+(

- [=> - [ > - [ = s [
= —ﬂ.(HXb]-f'ﬂ.(bXE +ﬂ.(c‘><a]—a.(b)<c]
Er et ik o - ] [ = =

=—\la a +abcl+acah—abc
e s iy ErE
:—{H-qabc +0—=|a b c|=0.
Example 11. It is given that :
-> - - - >
- b x ¢ = cxa - axb
x='_,_,_,“’y=-—b—r—r-andZ:'-:--!--:--"
la b ¢ abc ab c
- —» -
where a,b,c are non-coplanar vectors.
- [ - - [ = - [
Find the valueof x.|a+b|+y.|b+c|+Z.|c+a].

Solution. x.

a+b

—!(—I -

)+}L(b+c

]J.(LZ)

—

b X c

—

=l =i =

a b c

*(

mn

-

a+b)+

_(b+c

] i -y =5 - =) —» -y =l =
T bXcl.a+|bXcl|.b+|lcXal.b
a b c|*
— -\ — - -\ - — e (R
+leXal.c+|laXbl|l.c+|laXb]|.a
1 _-—I—l —!'- _—I - —!- _—I—l —l-
= =||b ¢ al+|b ¢c b|+|c a b
- > >
a b c|* - " - = -
——!--!-!-— _-!-—!--!-- ——!--!-—l*q
+|lc a c|l+|la b cl|+|la b a




1 > > >
— = bfﬂ
> > —>
i g &1

3[& b n:']_z

[abc}

Example 12. Prove that :

a+b,b+c,c+a| =

(N.C.E.R.I. (Supplement); Kerala B. 2018 ;
C.B.S.E. 2014)

- -5
+0+4+|c a b|+0+|a b c
- | s & =%

. Ziabc_

(> > >

Solution. LHS = I.*::ar+}_‘.v,i!:a+¢r:
- (ﬂ+b]>((b+r.‘] .(c+a

Very Short Answer Type Questions

1. Classify the following quantities as vector or scalar :

- 2> | > > - > -
a.b.la b ¢cl|l.3a.aXb -
—; -> —;
2. Find a.(b)(c if :
- A A A - A A M
a =2i+j+3k, b =—i+2j+k and
—= A A Fa
c =3i+j+2k. (N.C.E.R.T. (Supplement))

3. Show that if a+b, b+ ¢, c+a are coplanar, then

4.

- - -

aXb+aXc+0+bXc .(L‘

- - -

aXb+aXc+bXc

e R R

- 2> > -5

-

—»

-» > > >

axXb+aXc+bXb+bXc|.

- =

- >

i

- -

c +a

- - > - = =»

a, b, ¢ are also coplanar.

- A

A

A >

A

A

+a]

+0

1083
- =2\ - - =3\ > - =\ >
aXbl.a+|laXc|l.c+|laXc)|.a
=l = =2 — =2 o
+|bXcecl.c+|bXcl|.a
P . g — 3>
abcecl+|labal+|laccl|+|laca

|y g gy | S gy |
+\bccl|+|bca

b o

(axb].c-!-

- > > - 3> = > - > >

=lag & e+0+0+0+0+|E ¢ 7

=la b c|+|la b c|=2la b ¢c| = RHS.

Example 13. Prove that :

ahc+d]= abc]+[abd.

(V.C.E.R.T. (Supplement); Karnataka B. 2014)

-—I—I—I - — - — —>
Sﬂlllﬁl]ll:lﬂ b c+ d| = a. bX(c+d

= a.I:bxc+bxd = a.(ch]+a.(bxd]

a b .al.

— — — —

I
~
o
~
+

EXERCISE 10 (j)

(Kerala B. 2018)

A =

A

A

Ifa=7i-2j+3k,b=i—j+2k,c=2i+8],

then find H.(bXC] and (b X c).a .
S. Show that the following vectors are coplanar :
i) a=i1-2]+3k b=—21+3] -4k

and ¢=1-3]+5k
(N.C.E.R.T. (Supplement); H.F.B. 2016)

o A A A A A A A A
()—=2i—-2j+4k,-2i+4j—2k,4i-2k
and | — j+k.

6. For what value of ‘A’ are the following vectors

coplanar ? (C.B.S.E. 2015)



(1)
(i1)

(ii1)

(1v)

E=i+3'+k*b=2: o kdnd c—ﬂ. +3k
a=i—j+k,b=3i +_)+7km1dc—1+l_; 3k

(H.P.B. 2018, 16, 14, 13 §)

&_} +k and c—31+’_}—5k
(Kerala B. 2016)

2i—7—k and ¢=11+7 ) +3k.

(N.C.E.R.T. (Supplement)
(/) Show that the four points A, B, C and D with

i
Il
()
~.
l
&
>
+
)
>
II
.

M M M M A A A M
position vectors 4i +5j+k, — (j+k) , 3i+9j+4k

A A M
and 4(— i+ j +k) respectively are coplanar.
(N.C.E.R.T. (Supplement); H.P.B. Model Paper
2018; H.P.B. 2017; P.B. 2016;
AILC.B.S.E. 2014)

(i1) ThL pmllmn vr.,Ltun of !uur pmnh A, B . dnd D

are 4:1—8;tl’2k,-1+4;+6k, 3:+5;+4k and

5i +8 j+5 k respectively. Prove that the four points
A, B, C and D are coplanar.

(N.C.E.R.T. (Supplement); W. Bangal B. 2017)

Short Answer Type Questions

13.

14.

15.

16.

-3 - - [ =
Prove that for any two vectors gand b . a.laXb| =

[s b.(ﬂxb] =0?

- > -

It a.,b and ¢ are perpendicular to each other, show

=l =l —P-Z
a.(b)(c] =

—

that a’b?c?.

What can you conclude about four non-zero vectors

- > > >
a,b,c and d, given that :

(axb].c A+ [bX{:‘].d

(i) Simplify [b + c].{(c + a

(ii) Prove that :

- > Fe
(b+c].*(c + a

=0 7?

x[a+b]}
X(a-&-b]‘ =2la b c]-

Long Answer Type Questions

21.

- = =» - — -

If a.b. c are three vectors such that a4+ b+ ¢ =0.

the prove that :

10.

11.

12.

17.

18.

19.

20.

-

Find “x° such that the four points :
AB,2,1),B(4,x,5,C4, 2,-2)and D (6,5,-1)
are coplanar.
(N.C.E.R.T. (Supplement); H.P.B. 2018, 17;
A.LC.B.S.E. 2017; Karnataka B. 2017;
Nagaland B. 2015)
Show that the four points having position vectors
M M A A A A A A A A
6i—7j,16i—19j—4k,3j—-6k,2i+5j+10k
are not coplanar.

Find the volume of the parallelopiped whose sides are
given by the vectors :

(1) 11i,2j,13k i) 3i+4j.2i+3j+4k.5k.
i A A A = A
Leta =i+ j+k. p = and
> A A A
= cyi+cyj+ecy k. Then:
It c, = 1 and Cy = 2. find C3 which makes
e A =l

a.band ¢ coplanar.

Find the volume of the parallelopiped with
coterminous edges AB, AC and AD, where A = (3.2, 1),
B=@4.2,1),C=(0,1,4and D = (0, 0, 7).

Prove that :

(b+c)><(c+a)}.(a+b) =2la b o]
(11) {(b—c]x({'—ﬂ]}.(a—b]=ﬂ.

Simplity : [a—b,b—c.c—a}
a,b,c,

e

(1)

For any three vectors show that

— - -
a—b,b—c,c—a are coplanar.

T

- >
- > > —=
. i b Xc
If a.bXe =0and a = .
- = -
a.bXc
- > - >
i c Xa i aXhb
B = oo o =5 = =, show that :
a.bxe a.bXc
- = -t = - =
(i) a ﬂ’+b.b'-l-_c'.r:'=3
- [ - ]
@) @ .lbXe']l =
- - —
ﬂ.(b)(c]
= =2 -t - - -
(iii) a.d+bXb+cXxXc =0.
- — e — = =

aXb=bXc=cXa and hence, show that [a b c]=0.

(C.B.S.E. Sample Paper 2018)



[:_Answers J

1. Scalar, scalar, vector, vector. 11. cy = 2. 12. 0. 13. Yes.
2. —10. 4. - 90, - 90. 15. Vectors are coplanar.

. 26 bl
6. (i) A=7 i) A =15 (iii) i=E (iv) A = 0. 16. ) 2la b c|. 18. O
8 =5 10. (i) 286 (i) 5. . -

—"_ Hints to Selected Questions ———————————@-0- - - —

5. Show that |[@ b c| =0. 16. (1) LHS = (3+E)-[(:+E)X(;+E)]
‘1 =3 =(b+c)'c><a+cxb+a><a+a xb:]
6. (ii) Given vectors are coplanar if |3 1 2|=0. __ [ = _--" iR
“\b+c).[cXatcXb+aXb
7. Asin Ex. 4. =B, (c)(a +b. (c){b)+b (aXb)+
9. It A, B, C, D, are four given points, then show that . 4
e == - _bca_+[bcb]+[bab]+ .....
AB, BC,CD y ”
= _bca_+[cab]=2[abc].
10. Volume = [a b c]- - - =| bpxc a.(bXn:')
20. (i) a.a=a. = | e—e— =]
a.bXc) a.(b)(c)
B KN VECTOR TRIPLE PRODUCT
Zj| Definition

If a, b and c¢ are any three vectors, then the vector product of a X b with ¢ is called the vector triple product.

Notation. The vector triple product is written as (a X b) X c .
PROPERTIES

Property. If a, b, ¢ be any three vectors, then () (axb)x{? = (a.c)b—=(b.c)a.

- - = - = =

(1) a)((bx ::-)--(a c)b—(a. b)c

Aid to Memory
(I) (First x Second) x Third = (First . Third) Second — (Second . Third) First
(IT) First x (Second x Third) = (First . Third) Second - (First . Second) Third

B [ IR VECTOR PRODUCT OF FOUR VECTORS
=} Definition

/r - = - —- —
If a.b, c and d be any four vectors, then the vector product of (a X b) and (¢ X d) is called
_ the vector product of four vectors and is written as (; X };) X (:: X E) ;

N

o

—- — — — —- — - — —- = = -3 — — — — e e A e e

Theorem. (i) (a X b)X(c Xd) = |abd|c—|abcld (ii) (aXb)X(cXd) =|lacdl|b—|bcd]a.



NCERT-FILE
Questions from NCERT Book

(For each unsolved question, refer : “Solution of Modern’s abc of Mathematics”)

Exercise 10.1

1. Represent graphically a displacement of 40 km, 30~ east

of north.
Solution : The graphical representation of 40 km, 30°
cast of north 1s as below :

. Classity the following measures as scalars and vectors :
(i) 10kg (i1) 2 meters north-west
(7ir) 40° (iv) 40 watt

(v) 107! coulomb (vi) 20 m/s?.

[Solution. Refer Q. 2 ; Ex. 10(a)]

. Classify the following as scalar and vector quantities :

(i) ume pernod (i1) distance

(1i1) force (iv) velocity
(v) work done.
[Solution : Refer Q. 3 ; Ex. 10(a)]

In the Fig., identify the following vectors :

d
_'}
& b
Ye
_}
C

(1) Comual

(i1) Equal

(711) Collinear but not equal
[Solution. Refer Q. 4 ; Ex. 10(a)]
Answer the following as true or false.

—

(i) a and —a are collinear.

(1) Two collinear vectors are always equal 1n
magnitude.

(7i1) Two vectors having same magnitude are collinear.
(iv) Two collinear vectors having the same magnitude
are equal.

[Solution. Refer Q. 6 ; Ex. 10(a)]

Exercise 10.2

. Compute the magnitude of the following vectors :
- A M A = A .ﬂ M
a=1+j+k, b=21-7j—3k;

] A

- 1 A |

R R T

A Sl -
Solution : We have :

=ay A A A —3 A A

a=i+j+k and b=2i-7j-3k.

A A A

_-} ® "
lal=li+j+k

=J? + W2 +)® = J1+1+1=43

A A

— A '
and 15 1=12i =7 —3k1=4/4+49+9 =62

2.
3.

A
. Find the values of ‘x” and ‘y’ so that the vectors 21 +3

and |ﬂ‘|—J§!+\/§J NE

Write two different vectors having same magnitude.
Write two different vectors having same direction.
[Solutions :1 (2-3) Refer Q. 2 ; Ex. 10(¢)]

A

A A

and xi +yj are equal.

[Solution. Refer Q. 8(7) ; Ex. 10(¢)]



10.

Find the scalar and vector components of the vector with
iitial point (2, 1) and terminal point (=5, 7).

Solution : Let A (2, 1) and B (- 5, 7) be the mitial and
terminal points respectively.

—_
AB =P.V.of B— P.V.of A
(=5 + 7 —@i )

=—7i+6].

A
Hence, — 7 and 6 are scalar components and — 7§ and

A )
6 j are vector components of AB .

Find the sum of the vectors

A A A

- —> A A A
a=i—2j+k,b=-2i+4j+5k, and

[Solution. Refer Q. 3 ; Ex. 10(¢)]
Find the umit vector in the direction of the vector

A

a=i+j+2k.
[Solution. Refer Q. 6(a) ; Ex. 10(¢)]

Y
Find the umt vector in the direction of vector PQ, where

Pand Q are the points (1, 2, 3) and (4, 5, 6), respectively.
[Solution. Refer Q. 7 ; Ex. 10(¢)]

A

" * h
For given vectors a = 2i

A M - A .i":.
—j+2kand b=—i + j—k,
find the umit vector in the direction of the vector E +b.
[Solution. Refer Q. 12 : Ex. 10(¢)]

A A A
Find a vector in the direction of vector 5i —j +2k ,

which has magnitude 8 units.

Solution. The given vector is :

- A A
a = 5i—j+2k.
o al = J52+(—|)2+23

V25+1+4

NEIR

Unit vector in the direction of given vector a

Il

‘m#

A A A
i~ 5245,

o
— —(5
121 30

Q4

11.

12. |

13. |

14.

15.

~.Vector of magnitude 8 1n the direction of vector g

a | AA A
= 8— =8 . —(5i—j+2k
|;| m
_ 40 ;:__ 8 ,..._+ 16 .E'

S0 o’ JRo

A

A A
Show that the vectors 2i =3 +4k and
AL N A
—4i +6j—8k are collinear.
[Solution. Refer Q. 26(b) ; Ex. 10(¢)]

A A M
Find the direction cosines of the vector { +2 j +3k.

[Solution. Refer Q. 10 ; Ex. 10(c)]

Find the direction cosines of the vector joining the points
A (1, 2,-3) and B(-1, -2, 1), directed from A to B.
Solution : Vector joining the points A and B

—_—

= AB =P.V.of B-P.V. of A

(—i—2j+k)—(i+2j—3k)

2 o fould Ao

—_—
.. Direcuion—cosines of AB are :

—3 —4 4
< . ,
JA+164+16 J4+16+16 J4+16+16

>

e

-2 —4 4 _
o g W >

_] —_—F
6 6 6 737373

L, =

A A A

Show that the vector { 4 j +k 1s equally inclined to

the axes OX, OY and OZ.

[Solution. Refer Q. 11(ii) ; Ex. 10(c)]

Find the position vector of a point R, which divides the

line joming two points P and Q whose position vectors
A A A A A A a 5 =

are i +2j—k and —; 4 j + k respectively, in the ratio

2]

(/) nternally (i) externally.

Solution : (i) The position vector of a point R, which
divides the line joining internally intheratio 2 : 11s given
by :

A A A A A

= 2(-i+j+k)+1.(i+2]-k
RiF) = J o J




_i+4j+k
3

A
- 4~ 17
=—t—j+—=k.
3 B .
(ii) The position vector of a pomt S, which divides the
line joining P and Q externally in the ratio 2 : 1 1s given by :

*  H—i i+ k=1 +2]—k
S(r)= 51
— —3i 4+ 3k

16. Find the position vector of the mid-point of the veclor
joming the points P(2, 3, 4) and Q(4, 1, -2).

[Solution : Refer Q. 14(i) ; Ex. 10(¢)]
17. Show that the points A, B and C with position vectors,

- A A A A A A - A A A
a=3i—4j—-4k.b=2i—j+k and c =i —-3j—5k,
respectively form the vertices a nght angled tnangle.
Solution : Here

—_—

AB = & <u
= Qi-j+k)—(3i—4j—4k)
= _i+3j+5k.
BC = p—b = (1=31 =%k =i~ 4k
= —i-2j—6k
and E-:\ = ;—:
= Gi—4j—4k)—(i—3j—5k)
= 2i—j+k

|AB| = J(—l)2+32+52
= I 8425 = oJ85 »
|BC| = J(-1)2+(—2)3+(-6)2
= J1+4+36 = Ja1
and  |CA| = \/22+(—])E+l2

= Ja4+1+1=46.

Clearly |[BC|* = |[ABF +|CA[. [-41=35+6]
Hence. AABC is a rnight-angled triangle.
18. Intnangle ABC. which of the following is not true :

(A) AB+BC+CA=0 5
(B) AB+BC—AC=0
(C) AB+BC—CA=0 A B
(D) AB—CB+CA=0.
[Ans. (C)]

- * + - 8 =]
19. If ¢ and b are two collinear vectors, then which of the
following are incorrect :
e -
(A) b=4a, for some scalar A
. — -
(B) a==b
» u e -
(C) the respective components of @ and b are not
proportional

i -

(D) both the vectors g and b have same direction,
but different magnitudes.

[Ans. (D)]

Exercise 10.3

] _' * L]
1. Find the angle between two vectors g and b with

—
magnitudes ﬁ and 2, respectively having a.b =\/6-

Solution : If ‘6" be the angle between a and b . then

cos 0 = ;g =I Jf_) = (ﬁ)(ﬁ)
1711 32y (V3)@)
- E = COS—.

H 9 = =
ENce. T =,
4

A A A

2. Find the angle between the vectors i —2j+3k and
A A A
3i—2j+k.
[Solution. Refer Q. 8(iii); Ex. 10(e)]

A

N
3. Find the projection of the vector j — j on the vector

i g,
[Solution. Refer Q. 3(b) ; Ex. 10(e)]



and

A

A A
4. Find the projection of the vector i +3j +7k on the

A

veclor 7? — _; +3£_

=" A A A
Solution: Let a= {+3j+ 7k and

S
Il

7i—j+8k.

15] = J'ﬂ +(~1)* +82

JA49+1+64 = 114

Il

Gi+3j+7k).(Ti— j+8k)
(D) (7)) +3) (= 1)+ (7) ()
= 7-3+56 = 60.

SR
o4
Il

-

—i
. Projection of @ on b =

60
W14

—

. Show that each of the given three vectors 1s a unit vector :

A

] A A A ] A A A | A dy
7(2:‘ +3j+6k). ?{Si ~&j+2k), ;(61' +2j—3k)

Also, show that they are mutually perpendicular to each

other. (Jammu B. 2015 W)
. - ] A A A

Solution : Let a = 7(2f+3j+6k]
.y A A A
b = —=(3i—6j+2k)and

Leie)-3h,

- TR
EEL B

e

S I R O

i B

4
|

|

36 4 9 [49
85

+—+
V49 49 49 Y49

—_—r
L

- - —>»

Hence g . b . ¢ are umt vectors.

Il

E
- (2)(3)+(3) (=6)+(6) (2)]

- -
Now g.b

N
49[6 18+12] =0

4

Then a 1s perp. to b.

e %[(3)(6)+(- 6)(2)+(2) (-3)]

- L[}S—lz—ﬁ] =0,
49

Thus b 1s perp. Lo c.

- —>

Lil:illy C.d

= 6)(2)+(2)(3)+ (=3)(6)]
]
= E[12+6—18] =)

e -
Thus ¢ 1s perp. to a.

- —

Hence, a. b and c¢ are three mutually perpendicular
unit vectors.

. B 127 and (Bl 4 48 B =by=8 and

1a1=81b1.
3 oy =y
Solution : We have : (a + b).(a—-b)=8
T T T e S S i
- a.a—-a.b+b.a-b.b=8
e e - 5 S5 >
— a.a—-b.b=8 |a.bh=6.a]
= Jaf-|b[=8
e T ¥
= 64|b[F-|b]* =8 [~|a]|=8]b]
2 > Q
=3 63‘b| = = |b|F=—
| 63
iy R
—3 | b ‘= o3 | Taking +ve value]
e R
and |ﬂ‘:3|b|=3 T



10.

- =" — P
. Evaluate the product (3a—=5b).(2a+7b).

[Solution. Refer Q. 5(a) : Ex. 10(e)]

: : . - = :
. Find the magnitude of two vectors g and b, having the

same magnitude and such that the angle between them
. * -
1s 60" and therr scalar product1s -

[Solution. Refer Q. 11 ; Ex. 10(e)]

—-

. Find | x|, if foraumtvector g, (x —a).(x+a)=12.

[Solution. Refer Q. 7 ; Ex. 10(¢e)]

= A A L A A

Ifa=2i+2j+3k.b=—i+2j+k and =37 + ]

i —
are such that @ +4b is perpendicular to ¢, then find

the value of A.
Solution : Here g = 2?+2}+3£ ,

A A A "

b = —i+2j+k and ¢ = 3?4.;'.
Now a+ Ab

= Qi+2j+3k)+A(=i+2j+k)

(2-A)i+2+24) j+(3+ )k .

- — —

Since (a + A b) 1s perpendicular to ¢,

- - —»

(a+Ab).c =0
~— A+ 2+2HDMH+B+AHO)=0
= 6 -3 +2+24=0.

Hence, A=8.

11. Show that |E‘ b+| b'lz is perpendicular to
'|E|b—'|b'|5, for any two non-zero vectors g and b.
[Solution. Refer Q. 22 ; Ex. 10(e)]

12. If a.a=0and a.b= 0, then what can be concluded
about the vector b ?
[Solution. Refer Q. 12 (a) ; Ex. 10(e)]

13. If E, b, _r; are unit vectors such that @ + b + _r;:-[;

. - T =+ S - >
find the valueof a.b+b .c +c.a.

14.

13.

Solution : We have : |a| = |b|=]c| =1 A1)
Now a+b+c =0 ...(2) [Given]
Squaring, (a+ b+ )’ =

‘ | +|b| +|c| +')(a b+b c+c.a) =0

— - =

= (1)° +(1)* + (1)° +’?(a b c+c.a)=N0.

- = - - s
Hence a.b+b.c+c.a = —

o | wo

then a. b . But

the converse need not be true. Justuly your answer with
an example.

[Solution. Refer Q. 12 (b) ; Ex. 10(e)]

If the veruces A, B, C of a triangle ABC are (1, 2, 3),
(—1, 0, 0), (0, 1, 2), respectuively, then find /_ABC.

- - _h * _. -'
If either vector a=(0 or p=0.

—_— —
| £ABC is the angle between the vectors BA and BCJ.
(Kashmir B. 2017)

Solution : If O be the origin, then :

BC = OC-0OB

(] +2&)—{—1)

A A

i+ j+2k

—_— e

and BA = OA—-0OB

(i 42 +3k)— (= i)

A

2i+2j+3k.

Il

. cos LABC = DL BA

lscllBAl

A

(Gi% JE2EY A2 +2 143k)
VIZ 412422 22 422 432
(1) (2)+(1)(2)+(2)(3)

JI+14+4+J444+9
242+6 10

JoN17 102

I

Hence, £ZABC =

cm_l( il )
W02 )



16. Show that the points A(I, 2, 7), B(2, 6, 3) and
C (3. 10, —1) are collinear.
Solution : If O be the origin,

then QA = 1+2]+7k.
OB = 2}+6}+3k
and OC = 3i+107-%.
AB = OB-O0A
= (Qi+6j+3k)—(i+2j+7k)
= i+4j—4k-
BC - 0C-OB
= Bi+10j—k)—(Q2i+6]+3k)
= j+4j—4k
and A—{E = CT(;—CT;\
= @i+10j=B=0+3j+7k)
= 24878k
= (i 44 ]—Ak).
AB = '|EE'| = \/12+42+(—4)2
= J1+16+16 = \33.
BC = |BC| = JI2+42 4 (-4
= J1+16+16 = 33
and AC = |E| = J22+32+(—3)1

V4+64+64
V132
= 2./33.

Clearly AB + BC = AC.

Hence, A, B, C are collinear.

Il

A A A A

17. Show that the vectors 2i—j+k,i —3j—5k and

A A A
3i —4 j—4k form the vertices of a right angled

triangle.

18.

s |

Solution : Let the position vectors of vertices A, B and

A

M M A M A A A A
C be 2i—j+k.,i—=3j—5k and 3i—4; -4k

respectively.
AB = OB-0A

= T =BT = 0

- _i-2j-6k.
AB = | AB|

JED +(=2) + (—6)
Ji+4+36 = Jal.

" —  —

BC = 0C-0B

3i—4j—ak)—(i—3]—5k)

= 9i— j+k
BC = |BC| = y22+(—1)2 +12
= Ja+1+1 = J6
andAC = OC—0A

Bi—4j—dk)—(Q2i— j+k)

= =3 j—5k

AC = |AC| = i+ (=37 + (=57

= J1+9+425 = /35.
Now BC? + AC? =6 + 35 = 41 = AB.
Hence. AABC 1s a nght angled triangle.

. =B, - . o
If @ 1s a non-zero vector of magnitude ‘a’ and 4 a

nonzero scalar, then Ag is unit vector if :
(A) A=1 (B) A =-1
(C) a :-[A-l (D) a=1 !'| All.
[Ans. (D).]



Exercise 10.4

1. Find |axb) if a=i-7j+7k  and

A A A
T A
=11 =7 7
3 =2 2

=i CHA+ )= ] (@ =21) + k(=2+30)

=19 +19k .

i
2 axb|=y0% +(19)2 +(19)% = 1942 .
2. Find a unit vector perpendicular to each of the vector

- i

a+b and a-b.

A A

- A
where a=3i+2j+2k and

-

A M M
b=i+2j—2k.
Solution : We have :
— A A A A A

a=3i+2j+2k and b=i+2j-2k.

A A A A A A

a+b = Bi+2j+2k)+(i+2j-2k

A

= 4i+4j

A A A A A A

and a—b = Qi+2j+2k)—((+2j-2k

= 2i+4k -
I ] k
s - = 14 4 0
S (a+b)X(a—b) T 5 0 4

(16 —0)i — (16 —0) j + (0 — 8)k

A

16i —16j —8k -

—> —>
~Unit vector perpendicular to both (g + p) and

-

(a—b) is given by :

(a+b)X(a—>b)

N
n ==X

|(a+b)x(a—b)

161 —16j — 8k

1+

(16)> + (= 16)* + (— 8)°

Y o A A A
8(21—-2j—k 2i—-2j—k
T — =
8 J4+4+1 - 3
C2a 2 ¥
= E={F—]F=
3 By dFy
S & EEE
3. If a unit vector g make angles — with I.‘I with J

A
and an acute angle 6 with k, then find *6" and hence,

the components of a.
[Solution. Refer Q. 26 ; Ex. 10(h)]

4. Show that

i~ b iele 4 By HE R,

[Solution. Refer Q. 21(iii) ; Ex. 10(h)]
S. Find ‘A" and ‘1’ if (2;: +6}+27£) X(? +ﬁ.} +‘u£) =0.

—> A A A — A A A
Solution : Leta =2i+6j+27kand b =i+ A j+ pk.

- ik
axb=|2 6 27
1 A U

=7 (60 —270) — J 2 = 27) + k (21 - 6)

= (6 —27A) i+ (27 = 2u) j+ (2A —6) k.

| - 2 S5
By the question, a x b = 0

— (6L =27M) i+ (27 =20) j+ (2L —6) k=0

=60 -27A=0 ...(1) 27-2u=0 A 2)

and (2A-6)=0 ..(3)
27

From (3), A = 3. From (2), u=?.

These satisty (1). I+~ B (%) -27(3)=01

27
2

Hence, A=3 and u =



. Let the

. a ™ — = =»
. Given that a.b=0 and a X b=0. What can you

conclude about the vectors E and b 7
[Solution. Refer Q. 21(iv) ; Ex. 10(h)]
E. b. ¢ be

vectors given  as:

A A A A A A

a i +H2j+ﬂ3k.,blf +b2j +b3k,{l‘1f +E‘2j +C3k.

Then show that _f_; X (b +F}=E X b +E X;.
[Solution. Refer Q. 7 ; Ex. 10(h)]

. If cither =0 or b=0, then 3 xb=0. Is the
converse true ? Justily your answer with an example.
[Solution. Refer Q. 23 ; Ex. 10(h)]

. Find the area of the tnangle with vertices A(I, 1, 2),
B(2, 3, 5) and C(1, 3, 5).

Solution : Here :

BC = (i +5j+5k)—(2i +3j+5k
= —i+2]
| A(1,1,2)
C(1,5,5)
B(2,3,5)

A M A A

BA= (i +j+2k)—(2i+3j+5k

= =24 —3k,
i J k
" BCXBA = |—1 2 0
-] -2 =13

Exercise 10.5 (Sup

10.

11.

12.

= (—6+0)i—3+0)j+2+Dk

A

~6i—3j+4k-

. IBCXBAI = 36 +9+16 = fg].

s

Hence, area of AABC = —| BC X ﬁl

l
2

(\61) Q. units.

1
-2
Find the area of the parallelogram whose adjacent sides

* oo T A R s
are determined by the vectors a=i—j+3k and

- A

b=21i-=Tj¥k.
[Solution. Refer Q. 18(iv) ; Ex. 10(Ah)]

=i s
Let the vectors g and b be such that lal=3 and

- F; -> =

Ib]=T, then a Xb 1s a unit vector, if the angle
between @ and b is ;

(A) /6 (B) /4

(C) =/3 (D) &/2.

[Ans. (B)]
Area of a rectangle having vertices A, B, C and D with
position vectors :

A A A ] A A Al A A

—i+—j+4k, i+—j+4k, i—j+4k and
2 2 2

A ] A A

—1i _Ej +4k. respectively is :

]
A) — B) 1
(A) 3 (B)
(C) 2 (D) 4.
[Ans. (O)]
lement)

- = o A A A A A M
1. Find[a b clif a=i—-2j+3k, b=2i—-3j+k and
— A A A
c=3i+j—2k.
e A A A - A AA
Solution. We have: a=i =2 j+3k, b=2i-3j+k
and ?=3i+jf2k_

I

[a b ¢ =

d B
Y o 2

-3
]

=]l(6-D+2(—-4-3)+3(2+9)
=5=14433=24,
Show that the vectors :

it A A A A

a=i—2j+3k b=—2i+3j—4k and

A N M

c=i—3 j+5k are coplanar.

] =2 3
Solution. Here [a b ¢] = |-2 3 —4
I, —3 3




=1(15=-12)+2(-10+4)+3(6-3)
=3-1249=1).

Hence, the given vectors are coplanar.

. Find ‘A7 1if the vectors :

A A A A A A A A A

i—j+k, 3i+j+2k and i + A j—3k are coplanar.

A A

Solution. Let a =i — j+k, b=3i+ j+2k and

A
-
[

+1j—3k.

—»
C =

- .

" o -
The given vectors are coplanar it [a b ¢]=0

 —

if |3
I

o

I
) B e
1

=

if 132+ 19-3)+143-1}=0
iF 324 <« 11 % 3% —] =0 if A =i15

A A A A A

; Leét E=i+j+k. b=i and E=cli+czj+c3k.
Then :

(a)Ifc,=1 and Cy= 2. find Cy, which makes E, :!: and ¢
[Refer Q. 11; Ex. 10 (j)]

(b) If Cy = —1 and Cy = 1, show that no value of ¢, can

coplanar

- 7 e
make a, b and ¢ coplanar.

l 1 1
Solution. Here [a b ¢l =l 0 0
by €3 Q

=€y —Cy.
(a) When c,=1 and C, =2, then

CZ—C3={] = 2-{:3:() = 4':3:2
(b) When ¢, = —] and Cy = .
lhﬂlli‘z—t‘}:—l—lz—zin.

. - -
Here no value of ¢, can make a, b and ¢ coplanar.
Show that four points with position vectors :

A A A A

3i+5j+4k and

A A

A
4i +8j+12k,

A A

2i+4j+6k.

A A A

5i+8j+5 k are coplanar.

[Solution. Refer Q. 7 (ii) ; Ex. 10 ( j)].

Find “x’ such that the four points :

A(3, 2, 1), B(4, x, 5), C(4, 2, -2) and D(6, 5, —1) are
coplanar.

[Solution. Refer Q. 8; Ex. 10 ( j)].

- -» .
Show that the vectors a, b and ¢ are coplanar 1f

- T - -
a+b.b+ ¢ and ¢ + g are coplanar.

[Solution. Refer Ex. 8; Page 10/81].

Miscellaneous Exercise on Chapter (10

. Write down a unit vector in XY-plane, making an angle
of 30° with the positive direction of x-axis.

[Solution. Refer Q. 2 ; Rev. Ex.]

. Find the scalar components and magnitude of the vector
jomning the points P(x,, y,, z,) and Q(x,, ¥, 2,).
[Solution. Refer Q. 16 ; Ex. 10(¢)]

. A girl walks 4 km towards west, then she walks 3 km in
a direction 30° east of north and stops. Determine the
girl’s displacement from her mitial point of departure.
[Solution. Refer Q. 5 ; Ex. 10(a)]

- - - .. - - - .
. Ifa=b+c, thenisittruethat lal=1b1+1c?Justify

your answer.

Solution : We have : a=b+ ¢

>

— -

lal =1p + ¢l

—ar_} - —:-2

Squaring, lal* = |lb+el

-

(b+c}.{b+;)

- > - —p - >

g.g+b.c+c.b+c.c

- - —»

bR +2b.c+lcP [ g =0 )

Il

= 1P +lclP+21bllclcosh.

-

—
where ‘6" is the angle between b and ¢ .
When 6 = 0°, then

al®> = 1bP+1cP+21bllc
2% lal = |pl+lcl.

—> —3 -
When @ # 0° then lal # I1bl+l1c).



M A N
. Find the value of ‘x’ for which x(i + 7 +k) 1s a unit

veclor.

—> A A

Solution : Let a = xi+xj+ xk.

—

By the question, |a| =1

=> -\/.1'2+.1'2+.1'2 = ]

]
= 3x=%x] =>2x=Xx—/.
\/_I \[3_'

. Find a vector of magnitude 5 units, and parallel to the
2 ..... A A A

resultant of the vectors a=2i+3j—k and

- P

b=i—-2j+k.

[Solution. Refer Q. 3 ; Rev. Ex.]

Fal A

—j+3k and T=j -2 +k,

A A A
l

e 2
. Wa=i+j+k b=2i

—

find a unit vector parallel to the vector 24 — b +3¢.

[Solution. Refer Q. 4 ; Rev. Ex.]

. Show that the points A(l, -2, -8), B (5, 0, -2) and
C(11, 3. 7) are collnear, and hnd the ratio in which B
divides AC.

Solution. Refer Q. 6 ; Rev. Ex.]

Find the position vector of a point R, which divides the
e jomning two points P and Q whose position vectors

- > > : :
ar¢ (2a +b) and (E-—3b) externally in the ratio 1 : 2.

Also, show that P 1s the mid-point of the line segment
RQ.

Solution : The position vector of R is given by :

-  1(@-3b)-2Q2a+b)
1—2

_Bi-BF .
=0 = 3a+5b-

(i1) Mid-point of [RQ] 15

o \

— —

3a+5b)+(a—3b
P

Al

e

= 2a+ b, whichis P.
Hence P 1s the middle point of [RQ].

10.

11.

12.

The two adjacent sides of a parallelogram are

A A A A A A
2i =4 j+5k and i —2j—3k. Find the unit vector
parallel to its diagonal. Also, find 1ts area.

[Solution. Refer Q. 7 ; Rev. Ex.|

Show that the direction cosines of a vector equally

11

T — "
4

a3

1
inclined to the axes OX, OY and OZ are ﬁ

[Solution. Refer Q. 11(i) ; Ex. 10(¢)]

Let a=i+4j+2k,b=3i—2j+7k and

-

e A A A
c=2i—j+4k.Find a vector 4 which 1is

perpendicular to both g and b, and ¢.d=15.

Solution : Let d =xi+yj+zk 1)

— -
Nowd is perp. to a .

d.a=10
>(xi+yj+zk).(i+4;+2k) =0
= x+4y+2z =0 wA2)

and d is perp mE,
d.b=0

A A A A Fat A

S @i+ yj+ek).Gi—=2j4+7k) =0

=> Ix-2y+7z = 0 5
Also ¢t =15

A A A A A A
=>2i—j+4k).(xi+yj+zk) = 15
= 2x—y+4z =15 (4)
(3) — 3(2) gives : — 14y + z = i)
(4) — 2(2) gives . —9y =15 ..(6)

5

From (6), y = —3‘.

-5
Putting in (5), — I4(T)+ z:= )

70
= I = ——

3
RO I_EU_M{J . 160
utting 1n (2), 3 3 " =>.1:——3.

Putting in (1),

R ]
= Z(32i — j—14k)



A A o

13. The scalar product of the vector i + j +k with a unit

A A A
vector along the sum of vectors 2i +4j—5k and

A A A
Ai+ 2 j+3k is equal to one. Find the value of ‘4.

[Solution. Refer Q. 8 ; Rev. Ex.]
o )
14. If a, b,c are mutually perpendicular vectors of equal
" _. * _i =
magnitudes, show that the vector a + b + ¢ is equally
) ) - -
inclined to a, b and c.
—= — —
Solution : Here lal=1bl=lc]
- —»

and b= b = ega=0 sl 4 Y

Let «, B, v be the angles, which a + b + ¢ makes with

- = =
a, b, c respectively.

a.(a+b+c)
. Cos¢a =
— —> —> —
lalla+ b+ |
a.at+a.b+a.c
lalla+ b+ cl
a2 +0+0 |
= [Using (1)]
lalla+ b+ ¢l
lal
S 23
la+ b+ ¢
Similarly cos f§ = 8 ) ..(3)
la+ b+ cl
| ¢ |
andcos y = —/— ..(4)
la+ b+ ¢l

From (2), (3) and (4), cos @ = cos § = cos ¥

Folal=1bl=lc]

- - —

Hence, the vector (g 4 p 4 ¢) 18 equally mnchned to

—

- -»
a,b and c.

15. Provethat (@ +b).(a +b)=1al* +1b 1>, ifand only

-

— . . — —> —»
il q. p are perpendicular, given g # 0. b # 0.

- - o A - - - - - @ —

Solution : (¢ +b).(a+b)=a(a+b)+b.(a+b

- = == =» = =

a.a+a.b+b.a+g.g

- - —

LaP 4-a.b %b.atlbP

- -

= lalP +1bP +2a.b ()

" a.b=b.a |

- —»

When g, p are perpendicular = a.b =0

-

~From (1), (a+b).(a+b) =lal® +1bI*.
Conversely.

— - -

(a0 da 2b) = ia P +ib

- -» - -

= a.b = (0 = a, b are perpendicular.

Choose the correct answer in Exercises 16 to 19.
16. If ‘0" is the angle between the vectors @ and b, then

a.b=0 only when :

(A) 0-::9-::% (B) 0565%
(C) O<B<m (D) O0<f@ <o

[Ans. (B)]
17. Let @ and b be two unit vectors and ‘0” is the angle

between them. Then a + b 15 a unit vector 1if :

JT T
iy Bl G2
(A) - (B) 3
7T 27
lC)H—E' wnﬂ—j;.

[Ans. (D)]



18. The valueof i .(jXk)+j.(i Xk)+k.(i Xk) is:
(A) 0 (B) -1
(C) 1 (D) 3.

[Ans. (C)]

; - i
19. If "6 is the angle between any two vectors g and b,

- - 7 i
then: la.bl=la Xbl when '0 is equal to :

JT

(A) 0 (B) r
i
(C) 5 (D)

|[AnS. (B)]

Questions From NCERT Exemplar

Example 1. Find a vector of magnitude 11 in the

—_}
direction opposite to that of PQ, where P and Q are the
points (1, 3, 2) and (-1 ,0, 8) respectively.

Solution. Here PQ =P.V.ofQ —P.V.of P

A A A A A A

= (—i+0j+8k)—(i+3j+2k)

A A A
= j= 3 FH Gk,
o g — A A A
© QP =—PQ=2i+3—6k.

IQP‘ = 22 + 3 4 (—6)°

=J4+9+36 =49 =7.

_ﬂ

. Unit vector in the direction of QP 1s given by :

- A A A
A TS
QP =1£=_I+37j 6k.

QP

Hence, the reqd. vector of magnitude 11 in the direction

of QF 18

AA A

2i+3j-6k 224 337 664
=—i+t—j——Kk.

7 7 7

11QP =11

Example 2. Find a vector r of magnitude 3V2 units,

which makes an angle of % and% with y and z-axes

respectively.

Solution. m = cos—=—= and n = cos—=1() .
T

l
Now 2+ m?+n? =1 gives: 5 +-;+0 =]

=

= ]2 = = ]

:+L

)
2

- A A A
Hence, the reqd. vectoris r = W2 i+ m Jtnk

— 1 A 1 A A = AA
Le. r = 3\[2_(i—i+—ﬂj+0k le.r=*3i14+3;.

V2O 2

Example 3. Find all vectors of magnitude 1043

that are perpendicular to the plane of

A AA A A A
i+2j+k and — i+ 3 j+4k.

> A A A - A A A
Solution. Let @ = i+2 j+k and b=—i+3j+4k.

A AA

.= |F ¥ K

Then axXb = 1 7 ]
-1 3 4

= ?(3-3)-—}(4+1)+£(3+2)

A A

A
= 5i—5j+5k -

o la x E‘ = J(5)2 +(=5)* +(5)* =43(5)* = 53.

—=

.. The unit vector perpendicular to the plane of @ and b

1s given by :

A
axb  5i—5j+5k

axi|

Hence, the vectors of magnitude 1{]\@ that are

—

perpendicular to the plane of a@ and b are

(A A A

S 1+ A A A
+ 1043 M] i o :1(}(i-j+k)_
L 543




Exercise

1. Using vectors, find the value of *k’ such that the points
(k,— 10, 3), (1. =1, 3) and (3, 5, 3) are collinear.
2. If A, B, C, D are the points with position vectors :

A A A A A

A A A .
i —j+3k,2i—3k,3i—2 j+ k respectively,

A A
+j—k,2

find the projection of AB along CD.

3. Using vectors, prove that parallelograms on the same
base and between the same parallels are equal in area.

_ Answers

L b=—2.

AR i 1

Revision Exercise

1. Write all the unit vectors in XY-plane.
(N.C.E.R.1.)

A A

Solution. Let r =xi + yj be a unit vector in XY-

lane.
plane S
N P(cos 6, sin 0)
<
x’ Of x M :
vy

In the figure, x=cos 6, y=sm 06 [= | ¥ |=1]
- —
r = OP

A A
=cos0i+sin0 j (1)

Here I;}\z JE{JE.Z 0 +sin® 0 = JT= ).

As 8 varies from 0 to 27, the point P traces x* + y* = |
in the counter-clockwise direction and covers each possible
direction.

Hence, (1) represents each unit vector in the XY-plane.

2. Write down a unit vector in XY-plane, making an
angle of 30°with the positive direction of x-axis.

(N.C.E.R.T))

3. Find a vector of magnitude 5 units, and parallel to

the resultant of the vectors :

— A AA

Fat M A —
a=2i+3j—k,and b=i-2j+k. (NCERT)

— A A n

A A
1f a=i+j+k, b=2i- ]+3k

— A A A
and c =i—-2j+k,

=y wly iy
vector 2a — b +3c.

find a unit vector parallel to the

(N.C.E.R.T.)

=3 A A K =+ KA A A
5.1 a=2i—j+k, b=i+3j—k,
> A A P P DY
c=—-’»"r+_;—1k and d=3i+2j+5k, find the

i T
scalars o, Band Yysuchthat d =0ta +Bb + 7y c.

6. Shuw that the points A (1, — 2, — 8), B (5, 0, - 2)
and C (11, 3. 7) are collinear and find the ratio in which

B divides AC. (N.C.E.R.T))
7. The two adjacent sides of a parallelogram are :

A A A A A A

2i —4j+5k and i -2 j-3k.
Find the unit vector parallel to 1ts diagonal. Also, find
(N.C.E.R.T.; Jammu B. 2012)

al A

A
8. The scalar product of the vector i + j + &k with a unit

Its area.

vector along the sum of the vectors :

A A M A

A A

3i44j—-5k and Ni#2j+3k

is equal to one. Find the value of ‘A’.
(NNC.E.R.T.: Jammu B. 2012)

- 2 >

9.1t a, b, ¢ are mutually perpendicular vectors of

_ > =
equal magnitudes, show that the vector a + b + ¢ 1s equally

- = s

inchnedto a. b and c . (NNC.E.R.T. ; Jammu B. 2012)

—

10. If ;, _h} ¢ are three non—coplanar vectors and

b

e e e T
C

d.a=d.b=4d.

vector.

—3
=0, then show thatd is a zero

e e e e
Solution. d .a=d .b=d.c =0
e e T e
X .d la d 1l b d.1 ¢
— -
— d 1 plane containing g b c.
- =2 >
But a. b, ¢ are coplanar.
- >

~. The only possibility 1s that d = 0.



— — - =
11. If ¢ 1s normal to g and b . show that ¢ 1s normal to

- > - -
a+band a-b.

- 2> S 5
12. Prove that lalb +1bla 1s orthogonal to
= il —J — —

lalb —-1b|a, forany vectors g and b. (N.C.E.R.T.)

13. Find the area of the parallelogram having diagonals
- - - -
a+b and b + ¢, where:

— A A A A A — A
a .

—3 A
=2i-3j+k, b=-i+k, c =2j—k.

14. Prove that the quadnlateral obtained by joining mid-
points of adjacent sides of a rectangle 1s a rhombus.

-1-—} -

15. Prove that > AC x BD represents the vector area

of the plane quadrilateral ABCD.

Solution. Vector area of quad. ABCD = Vector area of

AABC + Vector area of AACD

Fig.
l e — 1 —> -
:—?ACXAB+EACXAD
| — _— —
=—;ACX(AB—AD)

| — ) S 1 — —
=;AC><[AD+BA}=:-AC><(BA+
] — —
=; AC x BD .
I—} 1 A A A .—3‘* ] A A A
16. Given a =?(2f+3j+6k']* b 27(3.!' -6+ 2k),

— 1 A A A A A A
&

=?{ﬁi+2j_3k);f,j.,k being a right handed

orthogonal system of unit vectors in space. Show that
e

a, b, c 1s also another such system.

- > —»

17. Show that a.b,c are non-coplanar if and only if

— —

- = = =
a+b,b+c, ¢ + a are non-coplanar.

i
18. Prove that the vector f—|——a/| is perpendicular

to the vector «. (W. Bengal B. 2017)

19. Show that the vector of magnitude /51, which

. - % s
makes equal angles with the vectors a =§{1 —-2j+2k),

A A

I_,, 1 A A - . A A
b=<(=4i=3k) and € =] is —Si+j+5k.

(Assam B. 2017)

__Answers |
2.£1+l} S.E{S?+}) | A A A
2 2 2 6. 2:3. 1. ;(3f-6j+2k);11£sq. units.
l A A A
4. - (3i—=3j+2k) 1
22 8. A= 1 13. --\/i Sq. units.
. —13 8 9 - 19 2
B e T
7 TR




10/100

- —

11. Here ¢ .a =0 k1)
- >

and ¢.b =0 W

=% =¥ =) - = = —
(i) c.(a+b)=c.a+c.b=0+0=0

o - -
= ¢ isnormalto a + b.

e —
13. Area of parallelogram =5I(a +b)X(b+ c)l.

= Hints to Selected Questions

i e e T
16. Here g .b=b.c=c.qa =0.
—> — -
And lal=lg =l e =1

- - -
17. a.b,c are non-coplanar = labc |#0

e

— 2labc|#0

- = = = = =

= |la+b,b+c,c +a|#0, elc.

&% CHECK YOUR UNDERSTANDING

—- -

1. Are vectors a and —a collinear ?
Amns. Yes.
2. Write two different vectors having same magnitude.

A A A A A A
Ans. i+ j+k and i — j+k.

3. What 1s the unit vector 1n the direction of

a=i+j+2k?
'1 A A A
Ans. 7—5(!'+f+3k)_

4. What is the position vector of the mid-point of the line
segment joining the points A(2, 3. 4) and B4, 1, - 2).

- A A
Ans. 3i+2j+k.

—> e

5. The scalar product of two given vectors a and b

> —»

having angle ‘6’ between themis defined as a.b = .......

—>

- - -
Ans. a.b =lal.lblcosf

10.

. For mutually orthogonal unit vectors

A AN A
i, j.k, we
havce :

ANAN A A A A

iXi=jXj=kxk. (True/False)

Ans. True.

. What 1s the value of :

A A A ANA A A A A
P-(JXk)+ jkXi)+kX(jXi).

Ans. 1.

CIf1a.b1x12. bl find the angle between g and b

JT
(Tripura B. 2016) [Ans. E]

. Classity the following as vector or scalar :

- = = - —» -

a.b,labc),3a,aXb.
Ans. Scalar, scalar, vector, vector.

—- - >

What is [a b ¢] when a. b, ¢ are coplanar ?
Ans. 0.

- - -



Properties of Vectors 1
Under Addition

Vector Product

onor)
SUMMARY VECTO Rs

Scalar Product

Scalar Triple Product

-5 -1 05 0 05 1 15 2

DEFINITIONS AND IMPORTANT RESULTS

1. PROPERTIES OF VECTORS UNDER ADDITION

(i) Commutative Law.
; + }; =b+a.
(ii) Associative Law.

-

a+(g+-¢;) =(a+b)+c.
(ii1) Additive Identity.

-

- - - -
a+(0) =a =0+a.

(iv) Additive Inverse.

— - —=

;+(—a) = -6= (—a)+a.

ki
2. AB = (Posiuon vector of B) — (Position vector of A).

3. SCALAR PRODUCT

—* —
(i) Def. The scalar product of a@ and b 1s defined as

—3
a .

- - -
b =lallbl cos 68, where ‘0" is the angle

— -
between a and p .

=
(ii) Condition of Perpendicularity. If a and E} are

_ - -
perpendicular, then g . b =0.

_— A A A - . .

(i) It j, k are umt vectors, which are perpendicular to

cach other, then ;

A A A A AA 3 A A

i.j=j.k=k.i=0 and i*=j*=k*=1

- = -
a

(iv) Properties. (I) Commutative Law.j_ b=>b.
(IT) Associative Law does not hold.

—
c

- -
(IIT) Distributive Laws. g .(b + ¢) =



4. VECTOR PRODUCT.

— —
(i) Definition. The vector product of g and b 1s given

by :

- o5 2 2 _
a X b =lallbl sin 6, where *6 1s the angle between

=7 — A ) _
aand b and ni1s a unit vector perpendicular to the

- =3
plane of a and p .

y - S5 O
(ii) When two vectors are parallel, then a x b =0 .

LA B : . ;
(i) If i, j, k are unit vectors, which are perpendicular to

J:i. .ﬁ.. A ﬁ‘
cach other, then i X j=k=—j Xi;elc.

. 4
! f

= kxk=0.

s

% i = 3 X
(iv) Properties. (I) Commutative Law docs not hold.

— — — — — —
(IMy(ma)x b=m(axb)y=ax(mb)m

being a
scalar.
— A A A A A A
(IIHIf a =ayi+ay j+azk, b =byi +by, j+b3k , then
i 7k
- =
aXxXb = |4 dy dasz|.
by by, by
. - e T T S e A A <
(IV) Distribution Law. a Xx(b+c)=a X b+ a X c.

MODERN'S abc + OF MATHEMATICS (XII)

S. SCALAR TRIPLE PRODUCT

- — —
(iYDef. If a.b.c are three vectors, then the scalar

T — —>

productof g x b with ¢ 1s called scalar tniple product.

(ii) Properties. (I) Condition for three vectors to be

- = =
coplanar. If a.b,c are all coplanar vectors, then

- = >

(IT) If any two of the three vectors a, b, ¢ are equal,

- -5 |
then [ﬂ b c| =0.

-» = -b

(IIT) If any two of the three vectors g, b, ¢ are parallel,

then [a b c| =0.

(IV) In the scalar tnple product, the position of dot and
cross can be interchanged at pleasure provided the

cychic order of the vectors 1s maintained.

(V) In the scalar triple product, the change in the cyclic
order of the vectors changes the sign of the product.



&% MULTIPLE CHOICE QUESTIONS

’ For Board Examinations 8. If aand b are unlike vectors, then the angle between
them is :
1. The inequality la.bI1<lallbl is called : o
¢ mequahty la a 1s calle A) 0 (B) T
(A) Cauchy-Schwartz 2
(B) Tnangle Inequality (C) -m (D) . (Mizoram B. 2018)
(C) Rolle’s Theorem AN A A
(D) Lagrange's Mean Value Theorem. (8. 20/18) 9. The angle between the vectors i —j and j +k is :
2. The vectors aand b are perpendicular 1f : (&) = (B) €
6 4
(A) E.;=ﬂ (B) a.b#(0 'ﬂ. 'gﬂ- |
(C) = (D) i (Nagaland B. 2018)
(C) axb=0 (D) axb#0. (HPB. 2018) ‘ h

g — b
- Gy 10. If a.b=laXbl, then angle between vector
3. Angle between two vectors aand b with

magnitudes : -
5 a and vector b is:

(1) 1 and 2 respectively and when g. b =1 :

aT -ﬂf
» (A) ? (B) P
(A) 3 (B) = | |
2 C) = D) = PB. 2017
| | | = (PB. 2017)
(C) % o = (H.P.B. 2018) 4 3
4

11. The projection of the vector i 3;+7E on the vector
4. Find |ga—b|, if |a|=2,|b|=3 and a.b=4 :

71 —j +8k is
A BB B) 2 J |
(€) 5 (D) 7. (H.P.B. 2018) iy i
5. The angle between the vectors : ~il4 114
66
> A A A > A A A A s of the .
a=i+2j—3kandb=3i—j+2k is: (C) T (D) None of the above
| | (H.P.B. 2017)
A -1 2 ) B cm_l( 2 )
_ cos | — S |— - -
e 14 (8) 14 12. 1If the angle between two vectors g and b 18 zero,

then :

(C) u{}s_l(—%) (D) None of these.(H.B. 2018)

- -

Ay B b=lEngum 2 . b=0

6. The D.C.’s of the vector ?+ g‘;}+3£ are (C) 1allbi=1 (D) None of the above.
. . (H.F.B. 2017)
(A) Y e 2 (B) : - -
J6 6 6 J147 V147 V14 13. The projection of vector a=21+3j+2k on
WOy L 2, 5 (D) None of these. - A AW
(Jammu B. 2018) b=i+2j+k 15:
L A A A J5 )
7. If a=2i+2j+3k, then its magnitude is : (A) o (B) ?\/E
(A) 17 B) V17 3 5
(C) 34 (D) None of these. (L) 5 D) 3Ve. URh. 0L Y]

(Kashmir B. 2018)




14.

15.

16.

17.

18.

19.

A

It the vectors 5?+2}—k and 1?—}+52 are

orthogonal vectors, then the value of A 1s :

(A) (B)

(C) (D) (H.B. 2017)

il ] w
wmlo |w

—
Let the vectors E and b be such that |E|=3 and

V2

- -
|5 =T. Then @ X b is a unit vector, if the angle

—» L
between g and b 18 :

(B)

m_l-.“-:l | 4==-|?-1'

(D) (Jammu B. 2017)

If a=2i—j+k and b=-2i+ j+2k, then the
vector in the direction of @ +b with magnitude 9 is :

(A) 9k (B) 3k
(C) % (D) 6k.

- _. _' & &
It 4 and b are two collinear vectors. then which
of the following is incorrect ?

(PB. 2016)

—» — g
(A) b=Aa for some scalar A

—

(B) a=+b

. -5 e
(C) The respective components of g and b are
proportional

—

(D) Both E and p have same direction but

different magnitude. (H.P.B. 2016)

A

. —=ip =i — — y , :
If aXxb=Ilallblsin@n, which one is correct ?

A -»

(A) n 1s a unt vector perpendicular to both a
—
and b

A —

—
(B) pn i1s a unit vector parallel to both a and b
A
(C) n 1s a unit vector neither perpendicular nor

parallel to both @ and b

(D) None of these. (H.P.B. 2016)

The projection of the vector ; = 2? +3 ;+ 2£ on

—
the vector b =

(D) Eﬁ‘ (H.P.B. 2016. 14)

MODERN'S abc + OF MATHEMATICS (XII)

20. The magnitude of :

—

¢ Sl
a=3i+2j is:

(A) 5
C) 7

(B) 13

(D) None of these.
(H.B. 2016)

A A A A A A A A A

21. The value of i.(j Xk)+j.(i Xk)+k.(i Xj)is:
(A) O (B) -1

(L) | (D) 3. (Jammu B. 2015)

> RCQ Pocket

(Single Correct Answer Type)

(JEE-Main and Advanced)

- =

-
22, The non-zero vectors a,b and ¢ are related by

E:gg and }":_73_ Then the angle between ;
and : IS :
(A) =« (B) 0
7 7
(C) 1 (D) 5

(A.LE.E.E. 2008)

- = -5
23. If u, v,w are non-coplanar vectors and p, g are real
numbers, then the equality.

- = >

[3u py pwl—[pvwqul-[2wqvqu]=0

holds for :

(A) exactly two values of (p, g)

(B) more than two but not all values (p, g)

(C) all values of (p, g)

(D) exactly one value of (p, q). (A.LE.E.E. 2009)

A A - A M A

24. let g = j—k and ¢ = i— j—k.Then the vector

B7= - - -

b satisftying aXb+c =0 and a.b =3 1s:

A A A A A A

(A) —i+j-2k

A A A A

A A
(L) d—j—2k (D) i+ j-2k.
(A.LE.E.E. 2010)



25. If the vectors g =

—> N A A
and ¢ = Ai+ j+ uk are mutually orthogonal,
then (A, ) =
(A) (-3, 2) (B) (2, -3)
(C) (-2,3) (D) (3,-

A LE.E.E. 2010)

-
26. The vectors aand b are not perpendicular and

=5 =3 — e —

—
c and d are two vectors satisfying bX c=bXd

and E.f? = (. Then the vector c? 1s equal to :
| — b C | | - a.cl—
R} =k (B) c¢c+|—|b
L&Dy \a.b,
= b.{,‘ - -» a.cl=>
(C) b"'—_i___f? (D) c¢-— b .
L. \a.b

(A.LE.E.E. 2011)

A A AA A A

27. If the vectors pi + j +k, :+q;+k and I+J‘+rk
(p # g # r # 1) are coplanar, then the value of
pgr —(p +q + r)is:

(A) 2 (B) 0O
)y -1 (D) —72.
(A.LLE.E.E. 2011 S)

- - 3
28. Let a, b, ¢ be three non-zero vectors, which are pair—
e - —

wise non-collinear. If @ +3b is collinear with ¢ and

— -5 - — — —

b+ 2c 1s collinear with aq, then a+3b+6¢ 1s:

(A) g (B) b
(@ D) a+c.
(A.LE.E.E. 2011 S)

29. Let g and p he two unit vectors. If the vectors :

- - - - pas

c =a+2b and d =5a—4b are perpendicular to each

-* ._‘

other, then the angle between g and p 18

T

T

(A}IE {B}E
T T
(C) 2 (D) 1

(A.LE.E.E. 2012)

31.

32.

33.

_ — A A —s A A A
It the vectors AB=3i+4k and AC=5i-2j+4k

are the sides of a trangle ABC, then the length of the
median through A 1s

(A) ,/72 (B) 33

(C) 45 (D) 18-

(J. E. E. (Main) 2013)

A A A A A

Let PR 3i+j—2k and SQ-:—S; 4k deter-
mine diagonals ol a parallelogram PQRS and

— A A A
PR =i+2 j+3k be another vector. Then the volume

of the parallelopiped determined by the vectors

I_’E. P—(S and [_’E 1S :
(A) 3 (B) 20
(C) 10 (D) 30.
(J. E. E. (Advanced) 2013)

If [axh bxe oxal=4la b cP. theni is
equal to :
(A) 3 (B) 0
) i (D) 2.
(J.E.E. (Main) 2014)

Let a.b and ¢ be three non-zero vectors such that no

two of them are collinear and

(Ex'ﬁ)xﬁégl_ﬁua;.

— —

If “6" is the angle between the vectors band ¢ , then a

value of sin # 1s :

22 2
22 B Y2

A
A) = :

. 23
© 3 (D) T

(J.E.E. (Main) 2015)

—

Let E, b and 3 be three unit vectors such that :

J3 -

EX(EXE]_ _(b+(;)

If b is not parallel to ¢, then the angle between @ and

3 1S

-.TI,' '2:41
(A) > (B) 3
@ St B 3
(C) o (D) 1

(J.E.E. (Main) 2016)
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35. Leta=2 +_;-"k and b“-1+j Let ¢ beavector OP 0Q+0R OS = OR. OP""OQ OS
such that 12 —@1=3 and 1(2 Xb)XZ1=3 and the = 0Q.OR +OP . OS.
- - - 5 Then the trangle POR has S as its :
angle between ¢ and a X b 1s30°. Then a . ¢ i1sequal (A) orthocentre (B) centroid
(C) circumcentre (D) incentre.
o (J.E.E. (Advanced) 2017)
(A) 5 (B) —é 37. Let u be a vector coplanar with the vectors :
25 —r_jh h A ,..;.._A A
(C) ? (D) 2. a=2i+3j-kand b=j +k.
B () L) If u 1s perpendicular to a and a—b=24 then lul
36. Let O be the origin and let PQR be an arbitrary triangle. _
1s equal to :
The point S is such that : (A) 336 (B) 315
(C) 256 (D) 84.
(J.E.E. (Main) 2018)
. Answers |
1. (A) 2. (A) 3 1) 4. (O) 5. (C) 6. (B) 7 (B) 8. (D) 9. (D) 10. (B)
11. (A) 12. (A) 13. (D) 14. (C) 15. (B) 16. (A) 17. (D) 18. (A) 19. (A) 20. (B)
21. (C) 22, (A) 23. (D) 24. (A) 25. (A) 26. (D) 27. (D) 28. (A) 29. (C) 30. (B)
31. (C) 32. (C) 33. (A) 4. (C) 35 (D) 36. (A) Xl (A
—;l!- Hints/Solutions oo - - —
— - ! j k
' RCQ Pocket 24. (A) Here axc =[0 1 =1
L =) =]
— = = —
22- {A} a = Sb ﬂ]]d [ :_7b . A A A
5 _ g 5 = i (1=~ j =04+ k{—0-~1)
Clearly @ and b are parallel and b and ¢ are antu- N
parallel. ==20— =k
— —
. a and ¢ are anti—parallel. . = A A A A
3 5 Also (a.a) = (j—k).(j—k)
Hence, angle between g and ¢ 1s 7. == =2
23. (A) ['%u pv pw] [p:;q;] —["’w qv qu] ={ Given: aXb+c = 6
::-3;? [uvw]—pq[ku]+1q [u, v.,w] =0 - EX(;X3)+;X;=6
= (a.b)a—(a.a)b+aXc = (
:=-3p2—pq+ qu =0
[ u, v,w are non-coplanar = [u, v, w]# 0] = Jda=2bt(-2i=Jj—r =10
= 3p* —pg +2¢* =0.p, q €ER. - AA AR A
Since this is quad. in p, roots are real = 2b =3(-b+(=2i—j—k
L 2 A
S P -2 20>-=0 I
- s oo g sl = —=2i+2j—4k.
Consequently, p = 0. A
Hence, (p, g) = (0, 0) 1s the only possibility. Hence, 3 = —i+j—2k.




23.

26.

27,

(A) E,E and ¢ are mutually orthogonal
= b.c =0and a.c=0

A A A A

> Qi+dj+k).(Ai+ j+ uk) =0

= 2Z+4+u =0=>22UL+u=-4 ..(1)

and (i —j+2k) . (Ai+ j+uk) =0
= A-142u =0=>4A+2u=1 sl 2)

Solving (1) and (2),4A = -3 and u = 2.

(D) @ and b are not perpendicular =

- =

i 2 0

Also

- =

a
and bXc = bXd = bx(c—d] = [}

> bic-d)= emd - i i

—» - = - = - >
Taking dot product with g, a.c—a.d = Aa.b
" -—r —=
- - =>
> a.c—0=4da.b >i=25
-» -
a.b
(= =)
- - a.c -
From (1), d = ¢ —=|——|b.
\a-b,
(D) The given vectors are coplanar 1if :
p 1 1

| 1 r
= plgr-1)-(r-1+(1-¢g)=0
=> pgr—-p-r+1+1-g=0
= pgr—(p+qg+7r) =-2.

- = -
(C) Since a +3b 1s collinear with ¢ .

~® — >

a+3b = Ac

—= — -
Again since p + 2 ¢ 1s collinear with g .

i)

b+2c = pua (2)
(1)-3(2)gives: a—6¢c = Ac-3ua
> (1+3u)a-(A+6)c =0

- —>
Since a and ¢ are non-collinear.
]

| +3u=0andA+6=0=>u= ~3 and A = - 6.

— - e - - —

Putting (1), a +3b = —6¢c = a+3b+6¢c =0 .

29,

30.

31.

and

(C) We have :

Fat

- —-

Since ¢ and d are perpendicular, ..

> (a+2b).(5

A A

5+6a.b—8 =0=>

(1) (1) cos 60

Jq

Hence, 0 = —.

3

(B) Here AL = AB +

(C) We

C

c=a+2b

L

M A

and ;=5a—4b

A

c.d=0

a—4b) =0

= = = cos @ =
9.

-

AC

"

(Ji+4k

B
)+ (5i—2 j+4k)

~

4i—j+4ak .

14VCe .

ALl = V16+1+16 =4/33.

-
®
I
I

ﬂ
W
[

Q

V =I[P_(3 PS l:’_lill

b
4

b | —

[PR

S-S O P SO g —

I[PQ + SQ PS—SQ PR]!

SQ PR



1 3 1 -2
=1 -3 —4
7
] 2 3
-1[3{-—1)—1 (7)=2(5)]
2
9 I 20

= = 1-3-7-101==1-20I=
2

-2

32. (C) Asusual, we will have :
[Axb bX¢ exal=lab ¢l
Given: [aXb bx¢ ¢xal=lab ¢
Hence, 4 =
- l B
33. (A) (ﬂXb)XE:EIbllflﬂ
L —- = 1 P S B
=:r{ﬂ E)b—(b.f}ﬂzglb”‘:la
g gy, W % b l Tuz 2
$(E.ﬂ)b—(c.b}ﬂ :Elb"ﬂ'lﬂ
Comparing, —(c . b) = Elbllcl
- T ] i
=>—|cllblcos O =-§'Ibllcl
o 1 -
:-—Icllblcuﬂ?:;lbllcl
==*cm;9:—§-
V0?2
Hence. sin 6 = J]_m,;ﬁg - _l = "J:_
Y 3
34. (C) Wehave: g x (b x¢) = T{b +€)
Lo i
Z(a.c)b—(a.b)c :T +—
R Ji
Comparing, a.b = - = cos 0
NE S
e
2 6
35. (D) Here a= 2i+j—2k and Z:h}‘
oo
axXb=1 1 -2
1 | 0]
= i (0+2)— j(O+2)+k(2-1)

|
)
I
)
e
"
>

= 10.

36.

7

la Xbl=J4+4+1=9=3
NUW. I{Exb)XFI =3

> la Xbllclqu{}“ =

|Using (2)]

= 3cl =6
= Icl =2
Now. lc —al=3
Squaring, el +lalP=2a.¢ =9
> 4+(f4+1+4)2-2a.¢c =9
>449-2a.¢=9=>2a.c=4
Hence., a.c =2.

- = —»

(A) Let p, g, r and s be the position vector of P, Q, R
and S respectively w.rt. O.
Now 6?’(36+5ﬁ 55
_ OR.OP +0Q. OS
P (p)

Q @) R (1
>p.g+r.s=r.p+q.s
>(p—5).(q=7r) =0 (1)
Similarly (r —s). (p—q) =0 (2)
und(;ﬂ;—;)-{;—?) =0 A03)
Hence, tnangle PQR has S as 1ts orthocentre.

(B) Here. U= Alax(axb)
= H_A({; Ejz—lal xb)



- - - A A A A A
= u=AR2a-14 b) ;. 2A2i-4j-8k).(j+k) =24
% A A A A A > _81-16A =24=> A=-1.
= u=2A(2i+3j-k)-7(j +k)) v o w
& A VR —U= —4(1i-2j-4k)
Lo Hence, lul = (\/16+64+256)
Since, u.b :24, = {"336)2 — 336

UNIT TEST 710

Time Allowed : 1 Hour Max. Marks : 34
Notes : 1. All questions are compulsory.

10.

2. Marks have been indicated against each question.

A AA

Find the values of “x” for which x(i+ j+ k) 1s a unit vector. (1)
A A AA
Find the angle between the vectors § — j and j—k. (1)
- == — AA A —- A Fu A
Find laXbl, it a=2i+ j+3kandb=3i+5j—2k. (2)
Show that the following vectors are collinear :
A A A A A A
21—3)+4k and—41+6 j—38k. (2)
AA AN A A A A A
Show that the vectors : 2i— j+k,i—3j—5k and 31 —4 j—4k.
form the vertices of a right angled triangle. 4)
—= - \2 - == ~
If lal=a and | b I= b, prove that { a_ b =[ﬂ_b] _ (4)
a* b*, ab
> A A A A A A A
If r=xi+yj+zk.find: (rXi).(rX j)+xy. (4)
Find the value of *A” such that the vectors :
AN A AN A A A A A
3i+Aj+5k, i+2j—3k and 2i— j+k are coplanar. 4)
If lal=3,1b1=4 and | ¢ |=35, such that each is perpendicular to the sum of the other two, prove that | a+ b+ ¢ I= 542.
(6)
Establish, using vectors :
sin (A—B)=smn Acos B-cos AsinB. (6)
. Answers |
1
e 2. 120° 3. J507. T 0. 8. 1=—-4.



