JEE Type Solved Examples :
Single Option Correct Type Questions

= This section contains 5 multiple choice examples. Each
example has four choices (a), (b), (¢) and (d), out of which
ONLY ONE is correct.

Ex. 1 When P is a natural number, then
P"* '+ (P+1)*" " is divisible by
(@) P (byP> +P (P> +P+1
Sol. (c) For n =1, we get
PPy P+ )" =P+ (P+1)' =P +P+1,

d)P? -1

which is divisible by P? + P + 1, so result is true for n = 1.
Let us assume that the given result is true for n = me N.

ie,P™*! +(P+1)*™ !is divisible by P* +P + 1.
e, P 4 (P+1)P" ' =k(PP+P+1),VkeN ..
Now, P+ D+l 4 (p41)? m+D-1

—pm+? +(P+1)2m+l

=P"tZ L (P+1)*(P+1)Pm!

=P"" 2 4 (P+1)P?* k(PP +P+1)—-P™*]

[by using Eq. (i)]
=P"" 2 4 (P+1)* k(PP +P+1)-(P+1)*(P)"*!
=P"* P —(P+1)?*]+(P+1)°-k(P*+P+1)
=pmtlp—pP? 2P -1]+(P+1)* k(PP +P+1)
=—P"" PP+ P+1]+(P+1)* k(PP +P+1)
=(P*+P+1)[k-(P+1)*-P™*]

which is divisible by P? + P + 1, so the result is true for

n = m + 1. Therefore, the given result is true for alln e N
by induction.

Ex. 2 Let P(n) denote the statement that n®> + n is odd. It
is seen that P(n) = P(n +1), P(n) is true for all
(an>1 (b) n
(c)n>2 (d) None of these
Sol. (d) P(n) = n?® + n. It is always odd (statement) but square

of any odd number is always odd and also, sum of two
odd numbers is always even. So, for no any ‘n’ for which
this statement is true.

Ex. 3 For a positive integer n,

1T 1

1
letaln)=1+—+—-+—+...+ . Then
2 3 4

2" —1
(a) a(100) > 100
(b) a(100) < 200
(c) a(200) < 100
(d) a(200) > 100

Sol. (d) It can be proved with the help of mathematical
induction that

n
—<a(n)<n
) (n)
2
= 200 < a(200)
2
= a(200) > 100

Ex. 4 Let S(k)=1+3+5+...+(2k —1) =3 + k*. Which of
the following is true?

(a) Principle of mathematical induction can be used to
prove the formula

(b) S(k) = S(k + 1)
(c) S(k) = S(k +1)
(d) S(1) is correct
Sol. (¢) We have, S(k)=1+3+5+ ... +(2k —1) =3 + k?,
S(1) = 1 = 4, which is not true
and S(2) = 4 =7, which is not true.
Hence, induction cannot be applied and S(k) # S(k + 1).

Ex. 510" +3(4" %) +5 is divisible by (ne€ N)

(@7 (b)5
(99 (d) 17
Sol. () 10" +3(4"*?) +5
Taking n =2,

10% +3x 4* +5=100 + 768 + 5 = 873
Therefore, this is divisible by 9.



JEE Type Solved Examples :
Statement | and Il Type Questions

= Directions Example numbers 6 and 7 are
Assertion-Reason type Examples. Each of these Examples
contains two statements :
Statement-1 (Assertion) and
Statement-2 (Reason)
Each of these examples also has four alternative choices,
only one of which is the correct answer. You have to select
the correct choice as given below:

(a) Statement-1 is true, Statement-2 is true Statement-2 is
correct explanation for Statement-1

(b) Statement-1 is true, Statement-2 is true, Statement-2
is not the correct explanation for Statement-1

(c) Statement-1 is true, Statement-2 is false
(d) Statement-1 is false, Statement-2 is true

Ex. 6 Statement-1 For all natural number n,
1+2+...+n<(2n+1)?

Statement-2 For all natural numbers, (2n +3)* <7(n +1)

Sol. (b) Let P(n):1+2+3+...+n <(2n +1)*

Stepl Forn=1,
P1):1<(2+1)*=1<9
which is true.

StepII  Assume P(n)is true for n = k, then
P(k):1+2+..+k <@k +1)*

Step III For n = k + 1, we shall prove that
Plk+1):1+2+3+...+k+(k+1)<(2k +3)°
From assumption step

1+243+. +k+(k+1)<Ck+1)>°*+k+1

= 4k® + 5k +2

=2k +3)°-7(k +1)<(2k +3)* [ 7(k +1)>0]
. P(k +1)is true.

Here, both Statements are true but Statement-2 is not
correct explanation of Statement-1.

Ex. 7 Statement-1 For all natural numbers n,

7+77+777 +...777...7=81(10”+1 —9n—-10)
1

%,—/
n digits

Statement-2 For all natural numbers,
777...7=7+7%x10+7 x10> +...+7 x10"

%{__/
n digits

Sol. (0)

777..7 =7(111...1)
177..7

n digits

n digits
=7(1+10+10* +..+10" 1)
=7 +7x10+7 x10° + ... +7 x 10" !

#7+7X10+7 X10% + ... +7 X 10"

.. Statement-2 is false.

7
Now, let P(n):7 +77 + 777 + ...+ 777 ... 7 = —

n digits

(10" "' —9n —10)

Step 1

Step 11

Step IIT

Forn=1,
LHS =7 andRHS=87—1(102 -9-10)=7

LHS = RHS
which is true forn = 1.
Assume P(n)is true for n = k, then
P(k):7+77+777 +...+777 .7
(S—)
k digits
7
= (10" - 9k — 10)
81

Forn=k +1,

Pk+1):7+77+777 + ...+ 777 .7 + 777 .7
k digits (k +1) digits
7
= [10F7% —9(k +1) - 10]
81
LHS=7+77+777+ ... +777..7T+ 777 ...7
—— —— —
k digits (k +1) digits

7
= (10F "' =9k —10) + 7(1 + 10 + 10* + ...+ 10)
81

[from assumption step]
k+1 _
=l(10"+1 —9k—10)+M
81 10 -1

7
=8—1(10"“—9k—1o+9-10"“—9)

_7 k+1 _ _
o [10° 7 (1+9)=9(k + 1) —10]

=;—1[10’”2—9(k+1)—10]

=RHS

Therefore, P(k + 1) is true. Hence, by mathematical
induction P(n)is true for all natural numbers.

Hence, Statement-1 is true and Statement-2 is false.



Subjective Type Examples

= In this section, there are 8 subjective solved examples.

EXx. 8 Prove by induction that the integer next greater
than (3 ++/5)" is divisible by 2" foralln€ N.

Sol.Let o =3+~5andP=3-+5
0<p"<1,VneN
= a+p=60p=4 ..(i)
Then, o and P are the roots of
x*—6x+4=0

- =60 - 4} (i)
B*=6p-4
o +B%=6(c +B) —8=28 ..(iii)

oa" +B" =(3+5) +(3-5)
=2[3" + "C,3" 254+ "C,3" 5t 4]
= Even integer.

As,0<B" <1, + B" is the even integer next greater than

n

o
Stepl  For n=1,
a+P=6 [from Eq. (i)]
divisible by 2'
and for n=20%+p*=28 [from Eq. (iii)]
divisible by 2
which is true for n=12
StepII Assume it is true for n = k.

ie., of +B* is divisible by 2*.

StepIII Forn=k+1,
the integer next greater than of Flisok T4 gkt
—ol.of 4 p2prt
= (600 — 4)-0F "1+ (6P — 4)-pF !
=6(0f +pF)— 4@ T +pFY
=3 (divisible by 2 *!) — (divisible by 2" ")
= Divisible by 2¢ *!

This shows that the result is true for n = k + 1. Hence, the
integer next greater than of *' is divisible by 2° *'.

[from Eq. (ii)]

Ex. 9 Using mathematical induction, show that

[ TR e

+
- n+2 ,VneN.

S 2(n+1)

sot. et (s (1- 1 )(1- 1 (j(j
2 3 4 (n+1)

n+2

= (G
2(n+1) ®
StepI For n=1,
LHS of Eq (i)=1—i2=%andRHS of Eq. (i)
2
_3._3
2:2 4

Therefore, P(1) is true.

Assume it is true for n = k, then

p(k)[)()()(J
2 3 4 (k+1)

_ k+2
2(k +1)
StepIIl Forn=k+1,

P(k+1):(1—12)(1—12)(1—12)...
2 3 4

1 1 - 1 _ k+3
(k +1)° (k+2)?%) 2(k+2)

e e
1- 1-
(k +1)° (k +2)*

] [by assumption step]

Step 11

T2k + 0l (k+2)?
C(k+2) [(k+2°-1)]  k*+4k+3
2k +1)  (k+2)? 2(k +1)(k +2)
_(k+1)(k+3) _ (k+3) — RHS
2k +1)(k+2) 2(k+2)
This shows that the result is true for n = k + 1. Hence, by

the principle of mathematical induction, the result is true
foralln eN.

k+2 ( 1
- 1

Ex. 10 Using the principle of mathematical induction to
show that

-1 X -1 X
tan — |+ tan _ | ...
1+1-2- x2 1+2-3-x2

ttan | — X
1+n(n+1) x?

=tan '(n+1) x—tan ' x,V xe N.



Sol. Let P(n):tan” ! % + tan~ ! %
1+1-2-x 1+2-3-x

-1 pe
+ ..+ tan -
1+n(n+1)x
=tan '(n+1)x—tan ' x (1)
For

Step 1 n=1,

LHS of Eq. (i) = tan ™' | ————
1+1-2-x

_ 2x — x _ _
= tan 1(12)=tan lox —tan™'x
+2x-x

= RHS of Eq. (i)
Therefore, P(1) is true.
Assume it is true for n = k.

Py stant [ — Vo ant [ — 2|+
1+1-2x 1+2-3x

1 X

[1+k(k +1) x°]

Step 11

+tan~

=tan '(k+1)x —tan 'x
StepIIl Forn=k+1,

P(k +1):tan” | % +tan” ! %
1+1-2-x 1+2-3-x

+ottan | — X
1+ k(k +1) x*

+tan_l[ X ]
14 (k+1)(k +2) x*

=tan '(k+2)x —tan ' x

~LHS = tan™! %
1+1-2-x

+tan”! % +..+tan"! ;2
1+2-3-x 1+ k(k+1)x

+tan_1[ X J
1+ (k +1)(k +2) x*

=tan "(k+1)x —tan ' x

+tan~! X 5
1+(k+1)(k+2)x
[by assumption step]
=tan '(k+1)x—tan 'x

21 (k+2)x —(k+1)x
+ ta
1+(k+2)x(k+1)x
=tan '"(k+1)x—tan 'x+tan ' (k +2) x
—tan '(k+1) x
=tan" '(k +2)x — tan~ ' x = RHS
This shows that the result is true for n = k + 1. Hence, by

the principle of mathematical induction, the result is true
foralln e N.

Ex. 11 Use the principle of mathematical induction to
prove that for allne N.

\/2+\/2 +\/2+...+...+\E =2cos(nj
2n+1

when the LHS contains n radical sign.

Sol. Let P(n)=\/2+\/2+w/2+...+... +2

b .
=2cos (2”“) ..(1)
Stepl Forn=1,
LHS of Eq. (i) = +/2 and RHS Eq. (i) = 2 cos (T;)
2
T 1
=2cos| = |=2-—=2
(4) V2
Therefore, P(1) is true.
StepII Assume it is true for n = k,
P(k)= \/2 + \/2 +424+ ..+ +A2 = 2COS(:EH)
2
k radical sign
StepIIl Forn=k+1,

. P(k+1)=\/2+\/2+w/2+‘..+...+\5
(k + 1) radical sign
= Je+ P (k)

= m [by assumption step]
= \/2 (1 + cos (2;31)]

= \/2 (1 + 2C0$2(2k7f—2j - IJ

= \/W =2cos (2]:12)

This shows that the result is true for n = k + 1. Hence, by
the principle of mathematical induction, the result is true
foralln e N.

Ex. 12 Prove by mathematical induction that

1 2 4 2"
+ -+ St -
T+x 14+4x° 1+4+x 1+ x2
1 2n+1
- + +1
X=T 142
where, | x ‘ #1and n is non-negative integer.
1 2 4 2"
Sol. Let P(n): + S+ Tt -
1+x 1+x 1+ x 14 x2
1 2n+l
- P ()
x_l 2n+l

1-x



Stepl Forn=1,
2

1+ x°

LHS of Eq. (i) =
1+x

I
=
| =
—
+
VY
—
[ S
=
+
—_
+ |~
=
N~
+
—_
+l\7
=
oo

2 1 2*
+2 P 3 = + 5
x—1 1-x7)1+x7) x—-1 1-x
= RHS of Eq. (i)
Assume it is true for n = k, then
2 4 2k

1
P(k): + ;+ Tt T
1+x 1+x 1+ x

Step 11

1 2k-¢—1
= +
x—1

k+1
2
1-x

StepIIl Forn=k+1,
1 2 4

P(k+1): + S+ Tt
1+x 1+« 1+ x

2k 2k+1

k 2k+1
1+x

2k 2k+1

k k+1
1+x? 2

2k+1

1+x

2k+1
1-x 1+ x

[by assumption step]
_ 1 k+1 2
T 1 +2 gk+1 gk+1
X 1-x" )Q+x" )

k+ 2
1 2
x—1 42

This shows that the result is true for n = k + 1. Hence, by
the principle of mathematical induction, the result is true
forallne N.

Ex. 13 Using the principle of mathematical induction to

/
prove that_l?:

2sin? 11 1
SN X gy =1+~ 4~ 4.+
3 5 2n—1

sin x

/2 sin? nx 1 1 1

Sol. Let P(n):f” dx=1+=+-+..+ ()
0 sin x 3 5 2n—1
Stepl Forn=1,
/2sin? /2
LHS of Eq. (i)=_|.71 s xdx=.rT sin x dx
0 sin x 0
=—Jcosx JF*=-(0-1)=1
and RHS of Eq. (i) =1
Therefore, P(1) is true.
Step Il  Assume it is true for n = k, then
/2sin?
P(k):J.nZSln kxdx:1+l+l+...+ !
0 sinx 3 5 2k —1
StepIIl Forn=k+1,
/2sin?
Pk+1):[" RLGREVEJF NP S S
0 sin x
1 1
+ +
2k -1 2k +1

.2
LHS = n/28in (k+1)xdx

0 sin x

dx

J-n/zsin2 (k +1) x —sin? kx +sin® kx

0 sin x

dx + dx

J-rt/zsin2 (k +1) x—sin® kx J-ﬂ/zsin2 kx

0 sin x 0 sin x

= dx + P(k)
[by assumption step]

T/ 2
=j0 sin (2k + 1) x dx + P (k)

J‘n/ 2sin (2k + 1) x sin x

0 sin x

_|—cos (2k +l)x—|n/2

el B
1 T ) ]
= (2k+1)tcos(nk+2) 1J+P(k)
1 .
——(2k+l)[—51nnk—l]+P(k)
1
__ﬂ[_0_1]+P(k)
1 1 1 1
= S+
(2k +1) 3 5 (2k — 1)
[by assumption step]
1 1 1 1
=1+-+-+..+ +
3 5 (2k-1)  (2k +1)

=RHS

This shows that the result is true for n = k + 1. Hence, by
the principle of mathematical induction, the result is true
foralln e N.




Ex. 14 Use induction to show that for alln€ N.

\/a+\/a+w/a+...+\/g <1+7 “(:a-ﬂ)

where ‘a’ is fixed positive number and n radical signs are
taken on LHS.

Sol. Let P(n):\/a+,/a+w/a+ o tAa <1+

1+ ./(4a+1
StepI For n=1, then\/a<%

= 2va <1+ f(4a+1)

= da<l+4a+1+2.(4a+1)

= 2 m +2>0 which is true.
Therefore, P (1) is true.

Assume it is true forn =

P(k): \/a+1/a+ a+ ot+a < 1+“(4a+1

k radical signs

StepIIl Forn=k+1,

Plk+0:far o v s <rA0ED

(k +1) radical signs

(4a+1)

Step 11

From assumption step

\/ 1++/4a+1
a+ la+ a+..++a D e—

k radical signs

k radical signs

(k+1) radical signs

:\/2a+1+,/(4a+1) :\/4a+2+21/(4a+1)

2 4
_ \/(,/(4a +1))2+1+2(4a+1)
4

[1+ Jaa+1) J 1+ 1/(4a+ 1)

2

(k + 1) radical signs

which is true forn = k + 1.

Hence, by the principle of mathematical induction, the
result is true for all n € N.

Ex. 15 Prove by induction that

{H fr<x>} =3

Y AAK) L0 f (%) fa (),
where dash denotes derivative with respect to x.

Sol. Let P(n): {rlz_lof,(x)} = i{fl(X)fz(X)...ﬁ’(x)...fn(x)}

i=1

Stepl For n=1,
1 ’
LHS of Eq. (i) ={ I fr(x)} ={i(x)} = fi"(x)
RHS of Eq. (i) = Z{fl(x)fz(x) S () i)}
= fl (x)
which is true for n = 1.
StepII Assume it is true for n = k, then

’

k
P(k): {Hf, (x)}
k

r=1

2 Si(x) fa(x) .. fir(x) .. fr(x)}
Step III For n=k+1,
k+1 !
P(k +1): {Hfrm}
Z 1) fo(x) oo fir(x) oo fr(x)}

(k+1) ’ k ’
LHS = { Hf,(x)} = {Hfr(x)- fe+ 1(90}

r=1

k 7
Hf(x) f () + fk+1(X){Hfr(X)}

r=1

k
Hf x)- fk+1(x)+fk+1(x)
-Z{fl(xyfz(x)...fl-/(x)..'fk(x)}

=t [by assumption step]

={fi(x) fa(x) .-;ka(X)} FleaX)+ fioin(x)
Z{fl(X) fa(x) o fir(x) o fi(0)}

k+1
= Z{fl(x) Ja(x) oo fir(X) o fiesa(x)}

This shows that the result is true for n = k + 1. Hence, by
the principle of mathematical induction, the result is true
foralln eN.



