Session 3

Definition of Functions, Domain, Codomain and Range,
Composition of Mapping, Equivalence Classes,

Partition of Set, Congruences

Functions

Introduction

If two variable quantities x and y according to some law
are so related that corresponding to each value of x
(considered only real), which belongs to set E, there
corresponds one and only one finite value of the quantity
y (i.e., unique value of y). Then, y is said to be a function
(single valued) of x, defined by y = f(x), where x is the
argument or independent variable and y is the
dependent variable defined on the set E.
For example, If r is the radius of the circle and A its area,
then r and A are related by A =7r? or A= f(r). Then,

we say that the area A of the circle is the function of
the radius r. Graphically,
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Where, y is the image of x and x is the pre-image of y
under f.

Remark

1. If to each value of x, which belongs to set £ there
corresponds one or more than one values of the quantity .
Then, y is called the multiple valued function of x defined on
the set £.

2. The word ‘FUNCTION' is used only for single valued function.
Forexample, y = «/x is single valued functions but y° = x is a
multiple valued function.

. y> =x=y == Jx for one value of x, y gives two values.

Definition of Functions

If A and B be two non-empty sets, then a function from A
to B associates to each element x in A, a unique element
f(x) in B and is written as

f:A—>B orAL>B

which is read as f is a mapping from A to B.

The other terms used for functions are operators or

transformations.
A B

Remark

1.fx e A y=[fx)] eB then(x, y) ef.
2. 1f(xq, yy) €f and (xo, ¥o) €f,then y; = yo.

Domain, Codomain and Range

Domain The set of A is called the domain of f (denoted
Codomain The set of B is called the codomain of f
(denoted by Cy).

Range The range of f denoted by Ry is the set consisting
of all the images of the elements of the domain A.

Range of f =[f(x):x € A]

The range of f is always a subset of codomain B.

Onto and Into Mappings

In the mapping f: A — B such
f(A)=B

ie., Range = Codomain

Then, the function is Onto and if f(A) C B, i.e. Range C
Codomain, then the function is Into.

Remark
Onto functions is also known as sutrjective.

Method to Test Onto or Into Mapping

Let f: A — Bbe a mapping. Let y be an arbitrary element
in B and then y = f(x), where x € A. Then, express x in
terms of y.



Now, if x € A,V y e B, then f is onto
and if x ¢ A,V y € B, then f is into.

For into mapping Find an element of B which is not
f-image of any element of A.

One-one and Many-one Mapping

(i) The mapping f : A — B is called one-one mapping, if
no two different elements of A have the same image
in B. Such a mapping is also known as injective
mapping or an injection or monomorphism.
Method to Test One-one If x, x, € A,

then flx1) = flxz)
= x; =x, and x; # x,
= flx1) # flxz)

(ii) The mapping f: A — B is called many-one mapping,
if two or more than two different elements in A have
the same image in B.

Method to Test Many-one
If x;, x, € A, then f(x;) = f(x,)
= X1 # Xy
From above classification, we conclude that
function is of four types
(i) One-one onto (bijective)
(ii) One-one into
(iii) Many-one onto
(iv) Many-one into

Number of Functions (Mappings) at
One Place in a Table

Let f : A— B be a mapping such that A and B are finite
sets having m and n elements respectively, then

Description of mappings

(i) Total number of mappings from A to B

(if) Total number of one-one mappings from A to B

(iii) Total number of many-one mappings from A to B

(iv) Total number of onto (surjective) mappings from A to B

(v) Total number of one-one onto (bijective) mappings from A to B

(vi) Total number of into mappings from A to B

Example 21. Let N be the set of all natural numbers.
Consider f:N — N : f(x)=2x,V x€ N. Show that f is
one-one into.

Sol. Let x;,x, € N,then
f(x) = f(xz)
= 2X1 =2X, = X=X,
-~ f is one-one.

Let y =2x, then x = %

Now, if we put y =5, thenx=§€N.

This show that 5 € N has no pre-image in N. So, f is into.

Hence, f is one-one and into.

Example 22. Show that the mapping
f:R—R:f(x)=cos x,V x €R is neither one-one nor
onto.

Sol. Let x;, x, € R
Then, flx) = f(x2)

= x;=2nmt x, = x;# X,

= COSX; = COS X,

. f is not one-one.
Let y=cosx,but—1<cosx <1
ye[-11]
[-L1]c R
So, f is into (not onto).

Hence, f is neither one-one nor onto.

Constant Mapping

The mapping f: A — Bis known as a constant mapping,
if the range of B has only one element.

For all x € A, f(x)=a, where asa e B.

Identity Mapping
The mapping f: A — Bis known as an identity mapping,
if f(a)=a,V ae Aanditis denoted by I,.

Remark
1, is bijective or bijection.

Equal Mapping

Let A and B be two mappings are f: A— Band g: A — B
such that

flx)=g(x).Vxe A
Then, the mappings f and g are equal and written as
f=g
Inclusion Mapping
The mapping f: A — B is known as inclusion mapping.
If AC B, then f(a)=a,Vae A

Equivalent or Equipotent
or Equinumerous Set
The mapping f: A — Bis known as equivalent sets, if A

and B are both one-one and onto and written as A ~ B
which is read as ‘A wiggle B’.



Inverse Mapping

If f: A— Bbe one-one and onto mapping, let b € B, then
there exist exactly one element a € A such that f(a) =b, so
we may define

f1:B>A:f'(b)=a
= fla)y=b
The function f ' is called the inverse of f. A functions is

invertible iff f is one-one onto.

Remark
1. /(b cA

2. Iff: A= Bandg:B— Athenfandgare said to be
invertible.

Example 23. Let f:R — R be defined by
f(x)=cos(5x+2). Is finvertible? Justify your answer.

Sol. For invertible of f, f must be bijective (i.e., one-one onto).

If X1,X; ER

then flx) = f(x2)

= cos(5x; +2) = cos(5x, +2)
= 5x; +2=2nm £ (5x, +2)
= X1 % Xy

.. f is not one-one.
But 1< cos(5x +2)<1
-1< f(x)<1
Range=[-1,1]C R
. f is into mapping.
Hence, the function f(x)is no bijective and so it is not
invertible.

Composition of Mapping

Let A, B and C be three non-empty sets. Let f: A — B and
g : B — Cbe two mappings, then gof : A — C. This
function is called the product or composite of f and g,

given by (gof)x =g{f (x)},V x € A
g:B-C

gof:A - C

Important Remarks

1. () (fog)x = f{g ()} (i) (fof )x = f{f(x)}
(ifii) (gog)x = g{g(x)} (iv) (fg)x = f(x)g(x)
W (fEgx=fx)£g(x) (i) (EJX = m: glx) =0
g (x)

2. lethi:A—>Bg:B—Candf.C—D
be any three functions. Then, (fog)oh = fo(goh).

3. letf: A— B, g B— Cbe two functions, then
(i) f and g are injective = gof is injective.
(i) f and g are surjective = gof is surjective.
(iii) f and g are bijective = gof is bijective.

4. An injective mapping from a finite set to itself in bijective.
Example 24. If f:R—R and g:R —R be two
mapping such that f(x)=sinx and g(x) = x?, then

(i) prove that fog # gof.

(i) find the values of (fog)‘/f and (gof)(gj.

Sol. (i) LetxeR
(fog)x = fig(x)} [ g(x)=x"]
= f{x®}=sinx* (1)
[ f(x)=sinx]
and (gof )x = g{f (x)}

= g(sinx) [ f(x)=sinx]
=sin’x ...(ii)
[ g(x)=x’]

From Egs. (i) and (ii), we get (fog)x # (gof)x,V x€ R
Hence, fog # gof
(ii) From Eq. (i), (fog)x = sin x*

-

(fog)% =sin" =

and from Eq. (ii), (gof ) x = sin® x

2
(gof) % =sin” 2 = (ﬁ] -2
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Example 25. If the mapping f and g are given by
f=10,2, G 5), (@ 1}
and g=1(2 3),51), (1, 3)},
write down pairs in the mapping fog and gof.
Sol. Domain f ={1,3, 4}, Range f ={2,5,1}
Domain g = {2,5, 1}, Range g = {1, 3}
Range f =Dom g = {(2,5,1)}
. gof mapping is defined.
Then, gof mapping defined following way

W3 a0l ©s513f (1,3

gof
We see that, f(1)=2 f(3)=5 f(4)=1
and 8(2)=3g(5)=1g(1)=3

(gof )(1) = g{f(1)} = g(2)=3
(gof)(3) = g{f3)} = g(5) =1



(gof)(4) = g{f(4)} = g(1) =3

Hence, gof ={(1,3), (3, 1), (4, 3)}
Now, since Range of f € Dom f
- fog is defined.

Then, fog mapping defined following way
251 0° 1,347 25

fog
We see that, g(2)=3,g(5=1g(1)=3
F)=2,f3)=5f(4)=1
(fog)(2) = f{g(2)} = f(3) =5
(fog)(5) = g} = f(1)=2
(fog)(1) = flg()} = f(3)=5
Hence, fog ={(25).(52),(1,5)}

Equivalence Classes

If R be an equivalence relation on a set A, then[a]is
equivalence class of a with respect to R.

Symbolically, X, or[a]={x:x € X, x Ra}.
Remark

. aelalandac[b] =[al =[b]

. Either[a] =[b]orlal N [b] = ¢

. Equivalence class of aalso denoted by £(a) or a.
(a-b)

. [fa~b, ~——= =k, the total number of equivalence class is m.
m

g AW N -

Example 26. Let /={0,£1,+2,+3, +4,...} and

R={(a,b):(a=b)/4 =k kel} is an equivalence
relation, find equivalence class.

Sol. Given, a =k

= a=4k + b,where0<b< 4
It is clear b has only value in 0, 1, 2, 3.

(i) Equivalence class of [0] ={x:x € [ and x ~ 0}
={x:x-0=4k}={0,£4,£8£12..)
where, k=0, +1,+2 +3, ..

(ii) Equivalence class of [1]={x:x € Tand x ~ 1}
={x:x—-1=4k}={x:x=4k+1}
={.,—11,-7,-3,1,5,9,..}

(iii) Equivalence class of [2]={x:x € and x ~ 2}
={x:x-2=4k} ={x:x=4k + 2}
={.,—10,-6,-2,2,6,10,...}

(iv) Equivalence class of [3]={x:x € [ and x ~ 3}
={x:x-3=4k}={x:x =4k +3}

={.,—-9,-5-1,509,13,..}

. Square brackets[ ] are used to denote the equivalence classes.

Continue this process, we see that the equivalence class

[4]=[0] [5]= (1] [6]=[2] [7]=[3] [8] = [0]
Hence, total equivalence relations are [0], [1], [2], [3] and
also clear
@) I=[Jui]ulz]u[3]
(ii) every equivalence is a non-empty.
(iii) for any two equivalence classes [a] N [b] = ¢.

Partition of a Set

If A be a non-empty set, then a partition of A, if
(i) Ais a collection of non-empty disjoint subsets of A.
(ii) union of collection of non-empty sets is A.
ie, If Abe a non-empty setand A, A,, As;, A, are
subsets of A, then the set {A, A,, A, A,} is called
partition, if
(1)A1UA2UA3UA4 =A
(il)Al ﬁAzﬁA3ﬁA4 =q)
For example,
IfA={0,1,2,3,4}and A, ={0}, A, ={1}, A; ={4} and
A4 ={2,3}, then we see thatfor P={A,, A,, A, A4}
(i) all A;, Ay, A5, A, are non-empty subset of A
(ii) Al \ Az |\ A3 v A4 2{0,1,2,3,4} =Aa1’1d
(iil) A, M A; £,V i#j(i,j=1234)
Hence, from definition P ={A, A,, A3, A }is
partition of A.

Congruences

Let m be a positive integer, then two integers a and b are
said to be congruent modulo m, if a — b is divisible by m.

ie., m)a—-b (A

a—->b
-+
0

". a—b=m, where A is a positive integer.

The congruent modulo ‘m’ is defined on allabe Ibya=b
(modm),ifa—b=m\ AeI,.

Example 27. Find congruent solutions of 155=7

(mod 4).
155 — 148
Sol. Since,( 7 ==37)
4
and a=155b=7,m=4
}\’za—b=155—7=g
4 4 4

[here,a = 155,b = 7]
= 37 (integer)



Example 28. Find all congruent solutions of 8x =6 N Lo A3

4
(mod 14).
4A+3(A+1
Sol. Given, 8x =6 (mod 14) = %
8x -6
A= » where A € I, x=k+%(k+l),whereke]+
8x=14A +6 and here greatest common divisor of 8 and 14 is 2, so there
N x = 147 +6 are two required solutions.

8 For A =3and7, x =6and 13.

Exercise for Session 3

1. The values of b and ¢ for which the identity f(x + 1) - f(x) = 8x + 3 is satisfied, where f(x)=bx? + cx + d, are
(@)b=2c=1 (b)b=4c=-1 (c)b=-1c=4 (db=-1c=1

2. Iff(x)=2= 1 then f(ax ) in terms of f(x ) is equal to
X +

a f(x)+a (b)(a—1)f(x)+a+1 (C)(a+1)f(x)+a—1
1+ af (x) @+ Hx)+a-1 @-Nfx)+a+1

(d) None of these

3. Iff be a function satisfying f (x + y)=f(x)+f(y),V x, y €R. Iff(1) =k, thenf (n), n € N is equal to
(a) k" (b) nk (c)k (d) None of these
4. 1fg={(11),(23),(35),(4,7)}is afunction described by the formula g (x) = ox + , what values should be

assigned to o and §?
(@a=1p=1 (b)a=2p=-1 (©a=1p=-2 (da=-2B=-1

5. The values of the parameter o for which the function f(x) =1+ ox, o # 0 is the inverse of itself, is
(a)-2 (b) -1 (c) 1 (d)2

6. Iff(x)=(a-x")"", wherea >0andn €N, then fof (x)is equal to

(a)a (b) x (c) x" (d)a"

7. Iff(x)=(ax?+b)?, the function g such thatf (g(x)) = g (f(x)), is given by
b X3 )2 1 X3 _p V2
(@) g(x)= b)gxX)=—5—3 () g(x) = (ax* + b)"° (d)g(x) =
a (@x“ +b) a

8. Which of the following functions from/ to itself are bijections?

(a)f(x)=x3 (b)F(x)=x+ 2 (c)F(x)=2x + 1 () F(x)=x2+ x
9. Letf:R - {n} — R be a function defined by f(x)= > —"" wherem #n. Then,

X-n
(a) f is one-one onto (b) f is one-one into (c) f is many-one onto (d) f is many-one into

10. 1ff(x +2y,x —2y)=xy, thenf(x, y)equals

X2 — )2 X2 y?
(a) T (b) T (c) 7 T




Answers

Exercise for Session 3
L)  2.() 3.(b) 4.(b)  5.(b)  6.(b)
7.(d)  8.(b) 9. (b) 10. (a)
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