APPLICATIONS  [Esmeme
OF THE After studying the material of this chapter, you

INTEG RALS should be able to :

. e Understand to find the area under simple

curve.

Understand to find the area of the region

bounded by the curve and line.

One should study Mathematics Understand to find the area between two

because it is only through

_ curves.
Mathematics that nature can be

conceived in harmonious ﬁ.*rm

—Birkhoff

The formulae, which we learnt 1n [ =¥ | m?@:* lance 1

elementary geometry, were used Lo calculate Y A PAGES_
the areas of many simple curves like triangles.
: e e . ; * CONCEPTS 1-3,9

rectangles. circles and many simple plane - y=b \R
figures. But these are imadequate for \ * ILLUSTRATIVE EXAMPLES
calculating the areas, which are enclosed by dy x = f(y) 3-6, 10-18
curves. o /q

The area enclosed by simple curves like = S TRV
circles, parabolas and ellipses in their standard * P Ex. 8(a) 7-8
Iurlm_; are calculated by EIHI'ﬁg.IhC concept of | Ex. 8(b) 18-20
definite integral. The definite integral acts as vy e _
a practical tool for Science and Engineering. Revision Exercise 28-29

[n this chapter we will study the following concepts : * HINTS TO SELECTED QUESTIONS

. Area under Simple Curves Ex. 8(a) 8

™ TE T - ey " ] -y F e

Area between Two Curves. Ex. 8(b) 20
AREA UNDER SIMPLE CURVE gl

Ser—w—— e ———— — T

(Higher Order Thinking Skills)

(a) To find the area, bounded by the curve v = f (x), x-axis and the
13-15, 17, 19, 28-29

ordinates x=2a and x = bh.

The required area is composed of a Y4 y = f(x) * NYTRA 2,9, 14-16
nul.nh-::r u-i"_[hin x-'i.:rti‘cul strips. L'_ut the \ - -8B * NCERT-FILE
arbitrary strip be of height v and width dx. K _
Then dA, area of elementary strip Question from NCERT Book 21-27
= v dx, where y = f (x). b — =t Question from NCERT Exemplar
This area 1s known as elementary area. 28
A. total area of the region ALMB < 5 >y
; X' L dx M * CHECK YOUR UNDERSTANDING
] V"f"ll
= I dA . Fig. 30
Y=a * CHAPTER SUMMARY 30
b . * MCQ 31-35
Hence. - J' ydx = J' £ (30 dix. * CHAPTER TEST-8 36
X=a a

8/1



(b) To find the area, bounded by the curve x = g (y), v-axis and the linesy =c¢ and y = d.
The required area 1s composed of a number of thin horizontal strips.
Let the arbitrary strip be of length x and width dy.

Then dA, area of elementary strip = x dy, where x = g (v).

d
A, total area of the region ABML = J. dA.

y=c y=c
- g
d d x O
Hence, A= I xdy = J. o (v)dy. WiyP Fig.
y=¢ ¢
: s : Y4
Remarks : 1. When the curve, under consideration, is below x-axis.
Here f (x) < 0 from x = a to x = b as n the adjoining figure.
. The area bounded by the curve, x-axis and the ordinates x = a, x = b will
be negative.
So we consider the numerical value in this case. /
X'€ o1 | > X
b X=a X=b
Thus reqd. area = J‘ I (x)dx |, taking absolute value.
a y = f(x)
\ A%

2. When the curve, under consideration, lies above as well as below x-axis.
Fig.

Here AI < () and A: > ().
Then A, area of the region, 1s given by :
A= | A, | + f‘kz.

Fig.

I ¥ N AREA OF THE REGION BOUNDED BY A CURVE AND A LINE

Here we shall find the area of the region bounded by a line and a circle (or a parabola or an ellipse). The equations of the
circle, parabola and ellipse will be in their standard forms only. The other forms of the curves are beyond the scope of this
ext.

BN CURVE SKETCHING

Here we find some points (x, v), which satisfy the equation of the given curve. Then we plot these points and join them
with a free hand so as to obtain the rough sketch of the given curve.

For symmetry, we remember the following points :

SYMMETRY

(I) Symmetry about x-axis. /f on changing v to — v, there is no change in the equation, then the curve is symmetrical
| about x-axis.

g, . . .
For Ex. y= = 4ax is symmetrical about x-axis.

(IT) Symmetry about y-axis. If on changing x to —x, there is no change in the equation, then the curve is symmetrical
about y-axis.

g . . P
For Ex. x= = 4ay 1s symmetrical about y-axis.

—
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(III) Symmetry about both axes. /f on changing x to — x and v to — v, there is no change in the equation, then the
curve is symmetrical about both axes.

2 7 Y . .
For Ex. x~ + y= = r= 1s symmetrical about both axes.

(IV) Symmetry about the line y = x. If on interchanging x and v, there is no change in the equation, then the curve is
svimmetrical about the line y = x.

9 2 2. . .
For Ex. x< + v= = r<1s symmetrical about the line vy = x.

Frequently Asked Questions = FAQs g

Example 1. Find the area enclosed by the circle : Example 2. Find the area of the parabola y? = 4ax,
X% + y2 = a2, (N.C.E.R.T.; Jammu B. 2018; bounded by the latus-rectum.

(H.P.B. 2017; H.B. 2017, 16, 13)

Kashmir B. 2011) .
Solution. v= = 4ax is a parabola with focus S(a, 0).

~ . . . . 5, i, i,
Solution. The given circle 1s x= + v= = a- (1]

Here L L' (x = @) 1s the latus-rectum.

This 18 a circle whose centre 1s (0, 0) and radius ‘a’. B

:u::l.

Fig. Fig.

Read. area = 2 (area OSL
Area of the circle =4 (area of the region OABO, bounded cqd. dred (e )

by the curve, x-axis and ordinates x = 0, x = a) a a

2[ Jdax dx = NEJ o7 dx

) 0

[ 312 }“

| .- Circle is symmetrical about both the axes)|

al
4-[ v dx |Taking vertical strips|
(0

%JE[(;”E —{]] =-§a: S units.

Example 3. Find the area of the region bounded by :
yZ =4x, x = 1, x = 4 and x-axis in the first quadrant.

a
5 5 -
4J. \/u" - x° dx [: (1) =v=% Jﬂz — x= .
()

But region OABQ lies in Ist quadrant, .. v is + ve| Solution. y= = 4x is right-handed parabola.
| YA
¥ 2 el C
X [ S ST
= | Sfd® = 52 —in " = D
2 2 a
L ()
o — Y=
- - n <€ 7 >X
| O A ax B
a a- . - X
= 4|1=(0) +—=sin™ " (1); ={0 +0}
2
| ol "} 4 1 i V.YH
= 4 ?? = Jra“ 8. units.

Fig.




4
. Reqd. area, ABCD = _I.J' dx [Taking vertical strips) w(1)
|
4
— JE X dx
l
W=dr= yv=¢ 7\/; . But region ABCD lies in
Ist quadrant, ... v is +ve]
4 RTE Nk
) X 2 vY
=2J._1'”" dr =2 =—[47 -1 :
342 3 Fig.
| - - Area of the ellipse = 4 (area of the region OABO,
4 28 l | bounded by the curve, x-axis and the ordinates x =0, x = a)
=—=[8—1]=—= 9= gq. units. o |
3 3 3 |0 Ellipse is symmetrical about both the axes|
Example 4. Find the area of the region bounded by
the curve y = x* and the line y = 4. g
- - 2016 Ke ) =4 | vdx oL - :
*. . | l_ﬂmrﬂnuiiff B. -a‘zf 6, Kerala B. J){J ) =4 J-} dx [Taking vertical strips)
Solution. The given curve i1s v = x- sl 1) 0
and the given line is v=4 s i)
(1) 1s an upward parabola. which 1s symmetrical about T 5
—axis b
y-axis only. :4J'_ \/al _ 2 dx
a
AY .
L | Y =4
< ‘q\ 1B > b 2 2
7 | [': (/) = Y=X—yda” —x"  Butregion
dlyr ﬁ; (l
X | OABO lies in Ist quadrant, .. v is +ve]
X'€ > X |
O 4b r J B 5
o J a~ —x" dx
a <
vY'
Fig e " ald
, aren — e s reag 4b | x [ H > aT . | X
Reqd. area = area of the region OBAO = | 2] g®— x* sin” ! =
1 a |2 2 a
;: ()
= '2-[ X dy |Taking horizontal strips] i )
.
0 4b | | a a . l
|-.. Parabola is symmetrical about y-axis| T4 | 9 (0) + B3 sin~ (1) [ = {0+0}
) L 4
= 2| vy i [a® 7] |
= w—| —— = Tlab sq. units.
0 al| 2 2
[« From (1), x = .JT , because x lies in first quadrant] s .
) o ALTERNATIVELY :
3/2
= &) 2 ) b
R _ _ Xy
/9 . The given ellipse is —.2'*' P | ol
4 [ 2 0] 4 n 32 _ @«
= —|4 " —U| = —|[6] = — sq. units. A
3 g n g e ¥
Note. The above example can also be calculated by taking B (0, b)
vertical strips.
Example 5. Find the area enclosed by the ellipse : %
- : € > X
2 2 X' O A (a, 0)
X ¥
—+-—=1,a>bh.
a’ b?
(N.C.E.R.T.; H.P.B. Model
Question Paper 2018; Mizoram B. 2016; vy
HPFEB. 201385, 10; Jammu B. 2013 ; J. & K.B. 2011) Fig.



Area of the ellipse = 4 (area of the region OABO, bounded
by the curve, v-axis and y = 0. y = b)
[ Ellipse is symmetrical about both the axes)|

b
4j v dy | Taking horizontal strips]
()

b
4-[ 2 J!JE - _\:3 dy
b
()

a

[0 (1) =2x= = !_ he — 2 . But region OABO lies
-} -
in Ist quadrant, .. x is + ve]
A b
l 3 3
= —-I Jh” — ¥ d}*
b
U
B - b
4a|v [ 2
= — /b — y* +—sIn " =
b |2 2 b 0

rY

cicd B LT PR (1)} —(0+0)

b |2 2

e 2 -
4a 7T -
— | — . —| = mab sq. units.
bl 2 2

Example 6. Find the area bounded by the ellipse

. . v
az I:|2

b2=a2(1-e¢?)ande<1.

= 1and the ordinates x = ae and x = (), where

i £,

= : . . e X o §
Solution. The given ellipse IS — + —=1 (1)

a~ b°

The reqd. area of the region BOB'QPB is enclosed by
the ellipse (1) and the limes x = 0 and x = «e.

Reqd. area

ae
=2\ v dx g . ;
"L dx | Taking vertical strips|
()

e

b [2 >
:2J.— a- —x° dx
a
()

; =
[ From(1), v= 2 u‘? — .rz J[

a
» - > “ae
< : 2
2b | x Jﬂ —Z" W X
= +—sin  — |
a 2 2 a |
g 20
b > 22 2 . —qjael
=—|ylaelyja=—ate” +a sm ~—r—({U+{)
a a

I 2 .
=ab el —e” +sin  ¢]sq. units.

Example 7. Find the area bounded by the region
given by :

2 2 Xy

A—*(x }’}'(K y)-x_+y_-=::]-=: + .
B 28 9 T T 53
(P.B. 2016)
2 g
Solution. We have : 5—+;L- = | (D)
25 9
d I+'T = ] 2
an 5Ty T I 0.

Reqd. area i1s the shaded area, as shown in the
figure :

Shaded area
5 5
-3 3
= l ;JES — '{2 dx — [ _'5'(5"_ X) dx

-

i"} E]



3 5
=1J i B EJ (5 =) di Draw BM perp. to x-axis.
S 3 ! Reqd. area = area of the region OMBO
+ area of the region BMAB ....(3)
3| % > O5 o 2 ik Now, area of the region OMBO
= —JES*—J:“ =g —— Jxt—
d] 2 2 S 2 4
ol
) i = I v dx | Taking vertical strips]|
3 25 . 25| . :
=§ {U+?{5m (1) —3 )+ EJ 0
. ) 4
_i §£_15+E = J._rd.r
51272 2 | 0
~3[25m 25 oo
504 2 = |2
i 2
157 15 -
42 1
| - ?Uﬁ—ﬂ)z&
=(7—2) sq. uni “
=T — £
4 WML Again, area of the region BMAB
Example 8. Find the area of the region in the first

quadrant enclosed by the x-axis, the line y = x and the | W2
circle x? + y2 = 32. J. ydx | Taking vertical strips|
(N.C.E.R.T.; C.B.S.E. 2018, 14, Type : Kerala B. 2018 ; | 4
Assam B. 2016)

Solution. We have :

42
7
y = X (1) = J. \/32—.1'“ (x
and X+ = 32 el 2) 4
(1) 1s a st. line, passing thro™ (0, 0) and (2) 1s a circle with
centre (0, 0) and radius 4./2 . [(c V¥V =32-Y =2y= J_g;_;_ 2, taking +ve sign, as
Solving (1) and (2) : it lies in Ist quadrant|
Putting the value of v from (1) in (2), we get :
2 ) 3 | 4\[5
xXc+x¢ = 32 = 2% =32 2 5
. | o = J. (4\5 ) — Xx° dx
= - = 16 = x =4, because region lies in
first quadrant. ?
Also y = 4. - - 2442
Thus the line (1) and the circle (2) meet each other at R \/33 —X 32 o X
B (4. 4). in the first quadrant. 2 2 NG
’ A4

I

Y A | %o,
5 P
y=x {;4\/3_.Xﬂ+—j SIN (])}

i

B (4,4)

{4 32 . }
- —J32—16+—5m —
2 2 2

< A
©

(0.0) M JA(4,/2,0) i

0+]6(£) —(2><4+16><£]
> 4
= 87T —-(8+471) = 4 - 8.

vy s From (3), Reqd. area = 8 + (41 — 8) = 401 sq. units.
Fig.




EXERCISE 8 (a)

Short Answer Type Questions

1.

2.

Using integration,
(1) find the area of the quadrant of the circle :
X+ =4 (H.B. 2015)
(i1) find the area of the circle :
2 +yi=4 (Kerala B. 2016)
Find the area of the region bounded by the curve
_vl = 4x and the line x = 3. (H.B. 2016, I1)
Using integration, find the area bounded between
the parabola 1% = 4y and the line v = 4.
(Uttrakhand B. 2015; Kashmir B. 2011)

Find the area bounded by the curve y2 =2y — x and
the v—axis. (H.B. 2011)

(i) Find the area bounded by y = 2x + 3, the x-axis
and the ordinates x=-2 and x = 2. (H.B. 2014)
(i1) Find the area bounded by v = x, the x-axis and
the lines x =- 1 and x = 2. (H.B. 2011)

Find the area of the region bounded by (6 - 8) :

6.

Ts

8.

9.

10.

11.

12.

x=1,x=35and x-axis

(N.C.E.R.T. ;: Kashmir B. 2012)
(ii) yv=x%,x=0,x=2and x-axis  (H.B. 2016)
(rit) y=x—-4,x=0, x=3 and x-axis (H.B. 2016)
(iv) y=x3, x=2,x=4and x-axis. (H.B. 2016)
y2 = 9x, x = 2, x = 4 and the x-axis in the first
quadrant.

(N.C.E.R.T. ; Jammu B. 2014;: H.P.B. 2012)

y=4x2, x=0, y=1, y =4 in the first quadrant.
(N.C.E.R.T.)

(1) v .1‘4:_

~

Calculate the area under the curve :
(1) }*=2~/; between the ordinates x = 0 and
k=
(i) v=(x* + 2)* 4+ 2x between the ordinates x = 0
and x = 2.
Prove that the area of the region in the first quadrant

enclosed by x-axis and x = ﬁx by the circle

T

X+ =4is 3 Q. units. (N.C.E.R.T.)

Prove that area of the smaller part of the circle
. 5

o

x? + y2 =a? cut off by the line x = T 15 T(:ﬂ: — <)
"J. !

(N.C.E.R.T.)
the area under the

. units.

(1) Determine

) 2
y=4/a° —x

A = .

curve

included between the lines x = 0 and

13.

14.

16.

17.

18.

19.

20).

FUSATO o

L OAIQ

e

(ii) Using definite integrals, find the area of the circle
(x— 1) +y2=

Determine the area enclosed between the curve

L8 .
y=cos 2x, 0 £x £ — and the co-ordinate axes.

4

Calculate the area bounded by the curve :

. . 3 X ; :
f(x) =sin- —, axis of x and the ordinates :
: o)
Tt
K=h) e,
2

Draw a rough sketch of the curve y = cos? x in
(), ] and find the area enclosed by the curve, the
ines x =0, x = w and the x-axis.

(/) Make a rough sketch of the graph of the function

+ It :
v =sinx,() < x £ — and determine the area enclosed
9

—

: ; I
between the curve, the x-axis and the line x =—.

i

(ii) Find the area bounded by the curve :
(Dyv=smx (1) y=cosx
betweenx =0 and x = 2. (N.C.E.R.T.; H.B. 2014)

Make a rough sketch of the graph of the function
. T | ;
yv=2smn x, 0<x<— and determine the area

enclosed between the curve, the x—axis and the line

T
X ==,
2
(7) Draw a rough sketch of y = sin 2x and determine
the area enclosed by the curve. x— axis and the lines

T | 3n
ryr=— and x =—.

T
(ii) Draw the graph of y =cos 3x,0 < x 5’; and find

the area between the curve and the axes.

Make a rough sketch of the graph of

-

y=005 X, U= x< and find the area enclosed

to | 3

between the curve and the axes.

Find the area bounded by the circle x* + y2 = 16

and the line y = x in the first quadrant.



Long Answer Type Questions

21.

22,

24.

_ Answers |
l 16.
1. () 7 (ii) 4. 2. gJ3. 321
| 17.
4 255
4. ? 5. (i) ? (11) E
@ 20.
6. (i) 6248 (i) < (iii) 3 (iv) 60.
7. 16=442. -
7 4
8. ; 9. {r’}; (11) 29-07.
: ~ 24,
e 7
12 @) (i) T i
4 25.
o |
13, —. 4. -2 15 T
p 4 P 5
. & ]
—" Hints to Selected Questions
27.

9.

Find the area of the smaller part of the circle
) > ) = . a

X<+ y- = a- cut off by the line I:ﬁ'
(N.C.E.R.T.)

Find the area under the given curve and the given

les :

(N.C.E.R.T.)

Draw a rough sketch of the curve v* + 1 = x, x < 2.

Find the area enclosed by the curve and the line x = 2.

. _
y=x-,x= |, x=2 and x-axis.

Find the area of the region bounded by the
ellipse :
b, 2
X~ Vv
(a) +—=]
9 4

(b) (i) 16x% + 9y% = 144 (if) 4x* + 25y =

(N.C.E.R.T.; H.B. 2011, 10)

26.

27.

28.

l
(1) Reqd. area :J. 2Jx dx.
0

‘., I AT ‘
N I If‘ -':! ( WY
'L\ l"-u_l'; ': '.-l_ ';':i = '..f

.y

o

B 2

o - g -

. X )
. Find the area between the curve —+—=1 and

i

a b~
the x-axis between x = 0 and x = a. Draw a rough
sketch of the curve also.
Sketch the region of the ellipse and find 1ts area. using
Integration :

i | 35
T y*

5 + : =
b (

Sketch the region {(x, v): 4x% + 9v* = 36} and find
IS area, using integration,
Find the area bounded by the circle x* + y* = 16 and

the line \ﬁ_\-:_y in the first quadrant, using

Integration. (C.B.S.E. 2017)
(1) 1 (i1) (1) —(1I) 4.
2. 18. (ih1Gh~ 19 %
3 4
o 21 L(E_ 1)
2 A2
7 ’s 4
3 T3
g
(@) 61 (b) (1) 127 (11) —.
10
Hﬂbl ¥ i
4
4 .
61 28. > Squnits.
2 2
Given region is ellipse : - +L:1_
. 3 9 4

3
Its area =4I %(J‘J—.rlz)d_r.
0



T 8l AREA BETWEEN TWO CURVES

To find the area enclosed by the curves : YA
y =f(x),y =g (x), where f (x) 2 g (x) in [a, b].
The given curves are : y = f(x) wikd)
and yv= g(x) ei{2),
where f (x) = g(x). X=a
(1) and (2) intersect at x = a and x = b. § O
VY

Taking vertical strips, elementary strip has height (f (x) — ¢ (x)) and width dx.

dA = [f(x) — g (x)] dx.

Total area. A

b
J. [f (x)— ¢ Lt'}]d_t.

e

ALTERNATIVELY :

A = [Area bounded by v = f (x) between x = ¢ and x = b]

— | Area bounded by v = g (x) between x = a and x = b]

a d

a

b b
f J (J:}d.t—_l. g (x)dx

b
J‘ [ f(x)—g {',1')]d,1; . where f(x) = g (x) in [a, b].

Remark. When f (x) 2 g (x)in [a, ¢] and [ (xX) € g (x) in |[¢, b], where a < ¢ < b.

Y

VY
Fig.

Here area of the regions bounded by curves can be written as :

Total area = Area of the region AIL. BMA + Area of the region BQCPR

¢

_ J [ f ()= g (x)]dx +

(l

|

{-'I'

[¢ ()= f ()] dx .



Frequently Asked Questions

Example 1. Using integration, find the area of the
region bounded by :

(- 1, 1), (0, 5) and (3, 2). (P.B. 2010)

Solution. Let A (- 1, 1), B (0. 5) and C (3. 2) be the
vertices of the triangle as shown in the following figure :

Y4
B(0, 5)
C(3, 2)
{—1,1}Af
-+ >
X' L O M X
g
Fig.
Equation of AB 1s :
=
i b s x+1
¥-1 = ﬂ—(—l)( )
Y9 — ¥ |
Using y — y| = “'2 ‘"l (.1‘—.1’1)
. A3 T8 i
= yv—1l=4(x+1)
= vy =4x + 5 il )
Equation of BC 1s :
2.~3) |
= 5. — -1'-“
o5 = 22 (-0)
=  3yv—-15 =-3x
= 3y = 15 - 3x
> Yy =ih—x sk Z)
Equation of AC 1s :
2—1
| o — ]
} 1 = 3_(_ l)( )
| L (x+1)
= y — —_ =R X
4
- dy -4 = x + |
> 4y = x + 5
x " D 3
=N y = -
' 4 4

Now ar (AABC) = ar (trap ALOB) + ar (trap OMCB)
— ar (trap ALMC)

A FAQOS ,A
0 3 3 s
— J. (4,x‘+5)d.r+-|‘ (5—.1‘)d.r—J. (—1+:] dx
-1 0 -1
r 0 I S 13
4x° X" =~ 5
- IO (T [ P e M
2 2 4
i -1 L Jo L 3-
. 13T o, 3
0 X -5
= [212+51] ] Spait] =]y
-1 7 8 4
! o L d-1
. . _
= [(0+0)-(2-5)]+ (15—; -(0-0)
(9 15\ (1 5)
— _I_ M S i
g a) AR Al
. - | :
=3+"—l— 9+ 30 1+10)= 21 48
2 8 2 8
21 21 15
= 3+?—6 = ?—3=? = 7-5 sq. units.

Example 2. Using the method of integration, find
the area of the triangular region whose vertices are
(2,-2), (4, 3) and (1, 2). (A.L.C.B.S.E. 2016)

Solution. Let A(2, -2), B(4, 3) and C(I1, 2) be
the vertices of the triangle as shown 1n the following

figure :
VA
B (4,3)
= EL >
X S = 714, X
(<2-.0) -
=
A (2,-2)
Yy
Fig.



. . . 3+2
Now equationof AB1s v+ 2= 5 (x—2)
" D S
=5 1+_=5.1—5:>1=51—7
2y + 14
= = ikl
h
3—2
Equation of BC 1s vy -2 = e (x—1)
Foa=sJu-L=S =Ty
= x=3y-15 ..(2)
: . —2—=2
Equation of CA 1sy—-2= | (x—1)
= v=2=—4x+4=>y=—4x+6
” -6—_*.-' 3
— X =— D)

Now Area of AABC

I2v+ 14 3 26-v
== :ﬁ—LGyﬁMy—L}ifﬁ
75 5 24 300-50-120
=5 2 4 ° 20
130 13 |
- TU — ?Hq units.

Example 3. Using the method of integration, find the

area of the region bounded by the lines :
Ix=-2y+1=0,2x+3y-21=0and x-35y +9 =0.
(C.B.S.E. 2012)
Solution. Let the sides AB, BC and CA of AABC be :

3x-2y+1 =0 (1)
2x+3vy-21 =0 i)
and x—-5+9=0 ...(3) respectuively.

Solving (3) and (1), we get Aas (1, 2).

Solving (1) and (2), we get B as (3, 5).

Solving (2) and (3), we get C as (6, 3).

Now ar (AABC) = ar (trap ALMB) + ar (trap BMNC)
—ar (trap ALNC)

6 6

3
¢ 3x+1 21 —2x 1+9
o _[ : dx +I : dx — I—d_r
2 3
| 3 |
= - _.h
if3s TP 1 o X2
_ =] =x"+nx +—|:?.I.r—.r“] ——| —+9
- 212 | 3 3 5| 2
: Ji

B(3, 5)
C(6, 3)
A1, 2)
» 0 L M N >2
vy
Fig.

+%[{126—36)—{63—9}]

—— (13+54;—(%+9)

5| 2 i
1 1 I 19
~ —[12+2]+=[90-54]-— T2——
p 3 5 3)
o T 125 " 125
=/4+1lL——= e
10 10
190-125
- 10
65 13 |
= : = = 6-5 sq. units.
10 2

Example 4. Find the smaller area enclosed by the

circle x2 + y2 = 4 and the line x + y = 2. (H.P.B. 2016)

- . . . . 7 g
Solution. The given circle 1s x= + y- =4 (1)

and the given line 1s x + v =2 k)

4 v

< <

. Reqd. area = Shaded area



Put x - 2 = t] so that dx = d&.

I
—

\[4—1 :h—J (2—x)dx
()

Wh 1 1. WI : E 2 1
1 — = — 1en — B — el —
[} cn X BTl X 1 1 1
-1/4
" 72 2 . _ a2
= 'I‘J4_'1‘2+4~;in_l“_r _[*‘lr—i} N = .[ i
- 2 2 2_” 2 () — |
_ - = 1-1/4
4 (1 —1t~ | — 1
= [{_D+ Es;in_t(l}):l—[(-“l—i)—(0—0_}] _ 5 +Es|n t
- =l

I
ro | —
| e
lll.‘,‘
I
P,
)
+
7
—
b
—
| FR———
=y
4

o 4 :
2(?)—[2} = (mr—2) sq. units.

Example 5. Draw a rough sketch of the region P ~
i l l ;=] l
enclosed between the circles : & ]-E + sin _I

T

|
b | =

1+#2~4dnd{x—2}2+v2— .

Using integration, find the area of the enclosed
region.

—10 + sin~ —1)}}

Solution. The given circles are x* + j_.“ — | k] I '5 l
- i —sin I +

and (F 292 ‘1' = l2)

16 2

(1) 1s a circle with centre (0, 0) and radius 2. | | 15 | |

(2) 1s a circle with centre (2, 0) and radius 1. 32 2 4 4°
The region 1s shown shaded i the following tigure : ) 5

And |

-
Il
.'_'I
-
i 8
I
-
[
=
-
1
"_'l
<
)
I
-
&
e
o, Y
o

174 7/4
- 12
.1'\/4_ | 4 - X
X' < ."x = > +EHII'I E
- 1714
_ {(}+25in_| (1)}

7\] 8 o<1
i —1—4[4——+2smm " —
Fig. s\ 16 3

Solving (1) and (2) : | g

Subtracting (1) from (2), s T 9 cin-| 7
= Blenl =3 & clpdd =0 = ATy MaTasn T
7
- dr=1 =wx= T = .?I—i l‘i—.’lsin_!z.
32 8
"7/4 T
C Rerd aren — 2 /1 - RN
7. Reqd. area = 2 J. \/1—{1—2} dx . From (1), Reqd. area= 2 J———hil] —+Z
[ 32 2 4 4
5 . 7 ] o
T > A -z VIS —2sin =
+ J. J“:i'_l’h {f.f (1] 3‘" 8 -
714 | |
- 5 = [ s ysl] &
=5 —Jl_—ﬁin [l+£+lﬂ? —“—\/E—451ﬂ 7
7/4 16 4 2 16 8

—

S J15 P i =1 (]
= — 4 sin E — sin 711 sq. units.

Il
Sy
|

——
-
I
b
—
td
=8
e

Now 11

Il
2

.




Example 6. Make a rough sketch of the region given
below and find its area, using integration :

(X, ¥) : 2 < 4x, 4x?% + 4y% < 9},

Or
Using integration, find the area of the region bounded
by the parabola y? = 4x and the circle :
4x% + 4y% = 9,
Solution. We have :

‘1-'3 = 4% sl L)

which 1s a right-handed parabola.

»X

I

O
=

U=

And 4x2 + 4y?

Il
—
to | o

§
b2

= X2+ }‘2
3
which 1s a circle with centre (0, 0) and radius i
Solving (1) and (2) : -
p [) n
-+ 4x = I = 4y + 16 -9 =10
— 162564144 —16%20
= X = —
8 8
36 4 3 9 1
78’8 272
1 9 :
= x= o TX=— 5 is not possible

‘-.}

Y
Pultmgm{lL}'::«i( )=2==-}-'=ixE.

| . |
Thus (1) and (2) intersect at P(lﬁ] and Q(;,—\E).

2

". Reqd. area = 2 (ar OPAO)

(1/2 3/2 \j &
O—-4x~
=2 I 2% di+ I ——— s
0 1/2 - J
[ 172 3/2 i
.1"”2 2 3 : I
= 212 + — —| —x° dx
3/2 2 2
|k -0 1/2 I

. 5327
il 1/2 Jg 2
4{(1)"° a7 94 1
= |- oy — 4 r— _l —
2 3[(2] ﬂ]+ 5 5 SIn .
| : | Juz )
4 ] 9  _ 1/2’9 1 9 . 1)
=: ——+({]+-5in 1(_1_}]— 2 e i
32 18 > V4 4 87 3

/

2 9 a1 g . _o1
= 2 += ——=~2—==sln -
3 82 4 8 3
22 9 l 9 . _ 1
= \/_+ T——=+2——sin""! =
38 2 4 3
or 9 . _,1 2
= |5 ~Zm ;+T S¢. units.

Example 7. Find the area lying above the x-axis and
included between the circle x2 + yz = 8x and the parabola
(N.C.E.R.T.; H.B. 2017, 14;
Asssam B.2017, 13; HPB. 2012, 11)
Solution. The given circle is x* + yv* — 8x =0
i.e. x—4)2+vi=16  ..(1)
It has centre (4, 0) and radius 4.

y2 = 4x.

The given parabola is v = 4x (2

Yy

Fig.
Solving (1) and (2) .
v-8x+4x=0 =

vt —4x=0
=3 t(x—-4)=0 = x=0,4.
Whenx=0,y=0.Whenx=4,y’=16 = y==+4.
Thus (1) mtersects (2) at O (0. 0) and P (4, 4) above
the x-axis.
. Area of the region OCAPQO
= Area of the region OCPQQ)
+ Area of the region CAPC
4 8
- j}-‘. dx + J vy dx, where y,, v, are ordinates of
() -
points on (2) and (1) respectively



4 8
= _[«M-r dx + N43 —(x—4)° dx
() 4

[ Taking +ve values as region lies above x-axis|

4

= J 172 de'Jr-n-w dx

0

b2

“ 4
X 7, )
+JJ4" —1- dt
” 0

[Putting x —4 =t in 2nd integral so that dx = dt.

u,/he” B 4 [ = 0 H"h‘ﬁ’” X = {?, [ = 4]
4

4 3 [ > -
=— 47" -0]+ 4° — _-‘-—Hlll
el | \/

i
4
] o
—— 4 {ix0+85‘in_l (lll— {0+ 0}

2 -

3 ) 32
=—+8|—|==+4n
3 2173

A
e

4
= (8 + 31) sq. units.

-

Example 8. Find the area included between the

curves y* = 4ax and x* = 4ay, a > 0.
(H.B. 2018; P.B. 2010, ; A.1.C.B.S.E. 2009)
Solution. The given curves viz. parabolas are :
y* = 4ax ..(l) and x*=4ay  ..(2)

These two ntersect at O (0, 0) and B (4a, 4a).
[Solve !|
. Reqd. area = Shaded area OABCO
= area OABL - area OCBL
= (area under parabola y* = 4ax) -

(area under parabola x* = 4ay)

x2=4ay

y2=4ax

X'

F
>
.
ja ¥
XY

YyY

Fig.

4a da )

J. Jaax ::h—J. 4—4:11

0

i “da = =14a
_3{2 I 3

. A
3/2 da| 3
i Jn L T o

. l
YL -{}]—E[mu _ 0]

32 5, 16 - 16a°
=g ——a =

3 3 3

a Example 9. Draw the rough sketch of }’2 =x+1and

y= ==X + 1 and determine the area enclosed by the two
curves.

(. units.

Solution. The given curves are :

“

y =(x+1) il L)
and 2:—{1— 1) il &)
These two parabolas meet at A (0, 1) and B (0, - 1).

|Solve : (1) and (2)]

T (=1, 0) O} 5(1.0) 7
3 5
B
(0,1)
vy
Fig.

. Reqd. area =2 [ar. (CAQO) + ar. (OAD)]

I
1o

i () | ﬁ
J..,{.r + | dx + J.ﬁ/l —x dx !
= 0 |

- 5 10
(X + 1}3/*..

3/2 3

|l
P
%




Example 10. Find the area of the region bounded by

: : . 5, g .4}’

the curves : Solution. The given parabola is 4y = 3x° f.e. x* = Y

y = 6x — x? and y = x% - 2x. L{“

Solution. The given curves are y = 6x — x2 a1 which 1s an upward parabola.

and y = = 2 0 The given lineis 3x -2 y+ 12 =0 .(2)

Solving (1) and (2) : 6x — x> = x2 — 2x Solving (1) and (2) :

> 22 _8x=0=x_—dx=0 Ax2

% xE—4=0x=0% From (1), I=g +(3)

When x = 0, from (1), y =6 (0) — (0) = 0.
When x = 4, from (1), y =6 (4) — (4)> =24 — 16 = 8.

.. 3x2
Putting 1n (2),3x-2 (—]HZ = ()
Thus (1) and (2) intersect at O (0, 0) and A (4, 8). +

Also (1) meets x-axis, where 0 = 6x — ©¥=2>x=0,6. ' )

. X
Thus (1) meets x-axis at O (0, 0) and B (6, 0). = .x—T+4 =) >x2_2x—-8=0
Similarly (2) meets x-axis at O (0, 0) and C (2, 0). -

e = & 2) = = - _
From (1), y-9=-(x%*-6x+9) x-4)(x+2)=0 . x=-2, 4.

=5 y-9=-(x-3)?
> x-3¥=-(y-9),
which is downward parabola with vertex P (3, 9).

3
When x = =2, then from (3), y = 5(4) =%

3
b1 — i b 1 - ] P o — : f')
From (2). y + 1= 2 —2x+ 1 When x = 4, then from (3), y = 4(16} 12.

Si—1)% =y 1, Thus parabola (1) and line (2) meet each other at

which 1s upward parabola with vertex Q (1, — 1). A(=2, 3) and B(4, 12).

Y
A

B (4, 12)

\ f/ H1 ry :
/ v
s =
| BY6O)

£ — » X
(1.~1)
VY v
Yr
Fig.
Reqd. arca = R; N R, Fig.

T4 4 1 12 ". Reqd. area = area ALMB — (area ALO + area OMB)

- .[ (6x—x2)dr—-|‘ (xz—ﬂx)dx + j (.rz—lr)dr 4 (0 4 \
3x+12 3 A 3 5

0 2 | 0 — J. dx — -[ e § d,l."l'J' — x“dx

' | 2 . 2 ' 0 '

! g 3 4 3 2 ) . ’

7 X X ) X ¥, :

= {31 —Tr —{T—x} + {?_I} Ix+12

- = 1 : > 0 s From (2), y= >

f 64 64 8 8 |
= 48——)— (——16)—(——4 +|——4 = = 0 47

k 3 3 3 3 | 3x2 B4 3|+

: - : = = ——4]12x | s Y 3 el Tipun

80 20 4 4 64 2L 2 lg (4L3) g 4L3J)g
T mp— . — 20 +_ — i —

3 3 3 3 3 Il g o §rad =

1 - = —[(24+48)-(6-24)]-| ={ 0+= |+=| —=0

= o 3 9. units. 7 4 3.} 4l 3

Example 11. Find the area enclosed between the -
parabola 4y = 3xZ and the straight line 3x - 2y + 12 = 0. l[72+ 18]-[2+16]=45-18
(H.PB. 2018; A.L.C.B.S.E. 2017) Z

= 27 sq. units,




Example 12. Find the area bounded by the curves :

y =/x , 2y + 3 = x and x-axis.
(C.B.S.E. Sample Paper 2019)

Solution. The given curves are :

y = Jx (1)

and 2y+ 3 =x i)

Solving (1) and (2), we get :

2y + 3 = y? > y2_2y-3=0
= v+ 1)(yv-3)=0 => y==1L3
Thus, y=3, [ v> 0]

Putingin(2), 2(3)+3=x=>x=9.

Thus, (1) and (2) intersect at (9, 3).

YA

Fig.

. Reqd. area

==f8" +3f31]-|:—:| =(9+9)-(9)=9 sq. units.

Example 13. Find the area of the region bounded by
thecurvesy=x2+2,y=x,x=0and x=3. (N.C.ER.T)

. 2 . “3
Solution. y=x“+2ie x*=y— 2,
which 1s an upward parabola.

For tracing, we have the table :

x=]..]0] 3
y=1..]2]1l]

y = x1s a line, passing through the ongin.
This lies below the parabola. [++ x% + 2 > x for all x]

The region 1s shown shaded in the following figure :

(3, 11)

(3, 3)

X<

>V

(0,000 1 2 3
v’
Fig.
" Reqd. area = Area under the parabola — Area under
the line y = x

3
3 3 3 P ore
=J. (12+2)dx—‘[xdr= T+2x — T
0 0 . - = h-[}

' 9) 21 .
=(9+6)—|—|=—=10-55q. units.
2 2

Example 14. Using integration, find the area of the
region :
(X, y):Ix-11=<y 5\/5_12 }. (C.B.S.E. 2010)

Or
Sketch the region bounded by the curves :

y= JS—xz and y=Ix-1l
and find its area, using integration.
(A.L.C.B.S.E.2015)

Solution. The given curves are :
.j
x*+y2 =5

I'*'}'=J5—x2 >y =5-x=>x+)" =]
- r=xifx<]
Y = Ix=1Lifx>1.

The reqd. region 1s shown as shaded 1n the following
figure : AY

and

y=x-1

2 . .9
x — | meets x° + y°“ =5

y = at B (2, 1).
y = | — x meets X%+ yz =5 aaC(-1,2)
y =x—-landy=1-xmeet at A (1, 0).
Reqd. area = ar (MCBLM) — ar (CMAC) — ar (ALBA)
% l 2
= | J5- 12 dx- [ a-xae-[ x-nax
= —] 1



The equation of the normal at P 1s :

- 12
5—x* 5 - -
IJ : X + ‘iiﬂ_li y \/:- 'JE(I 1)

=

~
B Vs y = \3x.

e ] =

This meets x-axis i.e. y =0, where x = 0.

= W Fa Thus O is (0, 0).
o x_x_ ui I——x Now ar (AOPT)
A T = ar (OPL) + ar (PLT)

ST §

VRN

_.(]_%)-(_]_%] -la'—z]_(-;_]] =- 3[; de_%f xdx+

- | - 1 - 54
5 . 1 2 8 . <if 0 1 . 1|2 [ 3+1
l+;51n l = sIn (——] -2 - — \/5 ?L——— ? +—[x]

Vil2h 43

1 4
= J ﬁxdx+J
0 |

Il
s e
4
o | a
£
=]

|
&.ltq
e ——
I
I
9 |
X
)
+
12 | wn
v
=
|
|
o
e ——

J§+%)L4 l.dx

Il
t
S
£
t

L 31 2L g un - V32 -0) (st ka-
> EHH E—sm (—E)'hq. units. \/_ 3 \ﬁ 5 ﬁ{ )

— R
Example 15. Using integration, find the area of the ﬁ 3 ]
triangle fi iti ' . B T WP W,
gle formed by positive x-axis and tangent and normal 5 ﬁ WE
to the circle x* + y* = 4 at (I,JS). (C.B.S.E. 2015) 9 —16+1
Solution. The given circle is x* + y* = 4 (1) ‘\/_ >3 \/_
- ' dy
Dilf. w.rt. x, ex v iy —=0

_dx | = —J' -—J' _(—-—)Ji = 2/3 sq units.

e

Example 16. Sketch the graph of :

%
| x — <
f(x)=<lx 2|+2,.2 x<2
-2. %> 2,
i Evaluate J f (x)dx. What does the value of this
integral represent on the graph ?
Solution. Graph : For x < 2, f(x)=|x -2 | + 2
= —(x-2)+2 [ x—2 < 0]
v Fig. = 4-x
. 4 o Forx = 2, f()= 2 [+ 2= O
g .
Slope of tangent at P (1,4/3)= ——. Forx > 2, f(x)= x* - 2.
d - V3 V3 TABLE :
Slope of normal at P {LJE) = \6 x |3 4] 5]....
.. The equation of the tangent at P1s : |y :|7]14]123].....
y—3 = —%(I—U The graph 1‘; shown as below :
. 14 E (4, 14)
1 1 12
= y = ——=x+V3+— 10
V3 V3 g (3,7)D
1 044 22
This meets x-axis, where 0 = ——I+\/_+— 2
\{_ 3 X'e AmmeF , > X
000] 1 2 3 4 5
= O=—x+3+1 = X = L,,

Thus T 1s (4, 0). Fig.



4
Reqd. area = _[ f(x)dx
0

—

- 5)-0-o {55

+ﬂ — E - 203 S(. units.
3 3 3

[
)
+
e
iy | il
m\ﬂ
| &
 I——
Il
-

J. f (x) dx represents the sum of the area of trapezium

0
OABC and the arca ABDEF.

Short Answer Type Questions

1. Draw a rough sketch of the curves y = sin x and

It

y = cos x as x varies from 0 to 5 and find the area of the

region enclosed by them and the x-axis.
2. Using integration, prove that the area bounded by :
|x|+]y|=11s 2 sq. units. (N.C.E.R.T.)
3. Using integration, find the area of the region bounded

by :
(1) (2, 0), (4,5) and (6, 3)
(NC.E.R.T. ; HFEB. 2016, I4, 13; P.B. 2013, 10)
(1) (1,0),(2,2) and(3,1)

(NNC.E.R.I. : Jammu B. 2017: H PB. 2016, 14: 2014;
A LC.B.S.E. Kashmir B. 2011; P.B. 2010)
(1ii) (=1, 2), (1, 5) and (3, 4) (A.I.C.B.S.E. 2014)
(iv) (3,0),(4,5) and (5. 1) (PB. 2013)
(v) (= 1,0), (1, 3) and (3, 2)
(N.C.E.R.T.; HFPB. 2018, 16, I4; Kashmir B. 2017;
Jammu B, 2016, I15: Assam B. 2013)
(vi) (1,.3), (2, 3) :and(3,4) (Bihar B. 2014)
(vii)(4, 1), (6, 6) and (8,4) (A.LC.B.S.E. 2017, 10)
(viit) (2, 5), (4, 7) and (6, 2) (H.B. 2010)
(ix) (=2, 1), (0, 4) and (2, 3) (C.B.S.E. 2017)
(x) (2. 1). (3.4) and (5; 2) (Mizoram B. 2017)

Long Answer Type Questions

7. Consider the functions :
fix)y=|x|-land gx)=1-]|x].
(a) Sketch their graphs and shade the closed region
between them
(b) Find the area of their shaded region.
(Kerala B. 2015)
8. Using integration, find the area of the region bounded
between :
(i) the linex=2 and the parabola y* = 8x
(i) the line x = 3 and the parabola y* = 4x.
(N.C.E.R.T")
9. Find the area of the region bounded by :
(i) the parabola y = x? and the line y = x
(N.C.E.R.T. ; HP.B. 2010)
(i) the parabola y* = x and the line x + y = 2
(A.L.C.B.S.E. 2009)

4. (a) Using integration, find the arca of the region
bounded by the triangle whose sides are :
D3x-y=3=0, 2x+y=-=12=0, x-2y-1=0
(i) Sx-2y-10=0, x+y-9=0, 2x-5y-4=0
(C.B.S.E. 2012)
(@) y=2x+1,y=3x+1,x=4
(N.C.E.R.T.; HF.B. 2018; Kernataka B. 2017;
C.B.S.E. 2011; H.B. 2010)
(iv) 2x+y=4,3x-2y=6andx-3y+5=0
(H.PB. 2018, 13 ; H.B. 2014; C.B.S.E. (F) 2011,
C.B.S.E. 2009)
(V)3 =28+ |, p=38x%],x=6. (P.B. 2017)
(b) If a tnnangular field is bounded by the lines x +
2y=2,y—x=land2x + y=7.
Using integration, compute the area of the hield.
If 1n each square unit area 4 trees may be planted. Find
the number of trees which can be planted in the field.
S. Find the area of the region bounded by the line
y = 3x + 2, the x-axis and the ordinates x = — | and x = 1.
(N.C.E.R.T))
6. Find the arca ol the region :
(i) {(x,y): x¥* <y < x}
(i) {(x, y): x2 <y < | x]|).

(H.P.B. 2013)
(H.B. 2011)

(iii) the curve x* = 4y and the straight line x = 4y — 2
(N.C.E.R.T.; Nagaland B. 2018; H.P.B. 2017,
H.B. 2016)
(iv) the parabola y* = 4ax and the chord y = mx
(NNC.E.R.T. ; HF.B. 2013 §)
(v) the parabola y* = 4ax and its latus-rectum
(N.C.E.R.T.; HFP.B. 2010 §)
(vi) the parabola (1) y% = 8x (IT) y? = 6x and the latus-
rectum. (H.B. 2013)
10. Find the area of the region bounded by the parabola
x2 =y, the line y = x + 2 and the x-axis.
(N.C.E.R.T.; HPB. 2018, 10)
11. The area between x = y? and x = 4 is divided into
two equal parts by the line x = a, find the value of ‘a’.
(N.C.E.R.T.)



12. Draw a rough sketch of the region enclosed between
the curve y* = 4x and the line y = 2x. Also determine the area
of the region. (H.P.B. 2017)

13. Find the area of the region bounded by the curve
y = x2 and the line y = 4. (N.C.E.R.T.)
14. (i) Find the area enclosed between the straight
line y = x + 2 and the curve x* = y.

(Assam B. 2018; H.B. 2013 S ; Rajasthan B. 2013)
(71) Using integration, find the area of the region bounded

by the curve x* = 4y and the line x = 4y — 2.
(C.B.S.E. 2013, 10)

15. (i) Find the area of the smaller region bounded by

2 2
the (1) ellipse x_2+y_= ] and the straight line = +l= ]

a b2 a
(N.C.E.R.T. ; H.B. 2016; Nagaland B. 2015; H.P.B. 2010 S)
x2 2

> y
(11) -+
-

=1 and the straight line 3x + 4y = [ 2.

(Meghalayva B. 2016)
16. Draw the rough sketch and find the area of the
region :
(1) {lx,y}:4x2+y2 <4, x+y=2
(1) {(x, y): 1622 +y2 < 16, 4x + y = 4).
(P.B. 2011)
17. (a) Draw the rough sketch and find the area of the
region included between the parabolas :
(/) y* = 4x and x* = 4y
(W. Bengal B. 2017; Mizoram B. 2017;
H.B. 2015, 11; P.B. 2014, 11)
(if) ¥* = 9x and x* = 9y (P.B. 2014 S, 11)
(iii) y2 = 16x and x% = 16y.
(P.B. 2014, 11, ; H.B. 2011)
(b) Find the ratio in which the area bounded by the
curves v2 = 12x and x* = 2y 1s divided by the line x = 3.
(Assam B. 2015)
18. Calculate the area between the parabolas :
and x = y?

-

(N.C.E.R.T.; H.P.B. 2017, 10; P.B. 2014, 10;
Kerala B. 2014; Meghalaya B. 2014)

() y= x°

{fi)yz = ax and x? =ay,a>(
(iii) 4y* = 9x and 3x% = 16y.
19. Calculate the area of the region enclosed between
the circles :
Hx2+y* =1 and(x— 12+ =1
(N.C.E.R.T.; Nagaland B. 2018 ; Assam B. 2016 ;
Jammu B. 2015 ; H.P.B. 2013, 10 S, 10 ; H.B. 2010)
(x> +y*=4 and (x-2)° +y? =4
(NC.E.R.T.; HPB. 2013 S ; C.B.S.E. 2013)

(i) 2 +y2 =9, (x-3)2+y*=9
(iv) (x — 6)* + y* = 36 and x* + y* = 36.

(C.B.S.E. 2009 ()
2

(H.B. 2013)

20. (i) Show that the areas under the curves f(x) = cos“ x
and f(x) = sin® x betweenx=0and x=mare 1 : 1.
(if) Compare the areas under the curves y = cos® x and

y = sin® x between x =0 and x = TT.
21. (a) (i) Find the area of the circle x* + y* = 16, which
is exterior to the parabola y* = 6x.
(Type : Meghalaya B. 2017; H.P.B. 2011)
(if) Find the area of the circle 4x2 + 4y? = 9, which is
interior to the parabola y> =4x. (N.C.E.R.T.; H.P.B. 2011)
(b) Find the area of the region bounded by the circle
x> + y* = 16 and the parabola x* = 6y.
(Meghalava B. 2018; Nagaland B. 2016)
(c) Using integration, find the area in the first quadrant
bounded by the curve y = xlxl, the circle x* + y* = 2 and
the y-axis. (C.B.S.E. Sample Paper 2018)
22. Calculate the area enclosed in the region :
M) {(xy):x2+y*<1 <x+y)
(Meghalaya B. 2015; C.B.S.E. 2010 ()
(i) {(x, ¥): y* < 4x, 4x% + 4y*> < 9)
(H.P.B. 2015, 11 ; A.I.C.B.S.E. 2013; Nagaland B. 2016)
(i) {(x, y) : x2 + y2 < 16, 22 < 6y)
(Mizoram B. 2015; C.B.S.E. 2010 ()
(1v) {(x, v) :y2 < 6 ar. ¥ +y2 < 16a°)
(A.I.C.B.S.E. 2013)
(v) {(x,y) :;':2+}?:2 <8 x< 2y}.
(C.B.S.E. Sample Paper 2019)
23. Draw the rough sketch and find the area of the
region :
(1) {(x, V) :.1‘2'5:}’{.1'+ 2}
(ir) {(x,y) :Jlr2+y2 <4 x+y=2)}
(A.ILC.B.S.E. 2012 ; PB. 2010 §)
i) ((x,y):0<y=<x2+1, 0sy<x+]l,
H=x<2)
(H.B. 2016, 15, 11; H.P.B. 2015)
(iv) {(x,y): x>+ ¥y =< 2ax, y* = ax, x,y = 0}.
(C.B.S.E. 2016)
24. (i) Find the area of the region given by :
(x,y):x®<y<|x|}). (ALC.B.S.E. 2009 C)
(it) Find the area bounded by the curves :
(X y):y=2 x*andy =] x|}
(NNC.E.R.T.: Assam B. 2015;: H.P.B. 2011)

(ii1) Find the area of the region bounded by the parabola
y=x*andy=|x]|. (A.1.C.B.S.E. 2013)

25. Using integration, find the area of the region
bounded by the following curves, afSter making a rough
sketch :

(Kashmur B. 2013)

(i) y=1 +|x+1]|;x=-3,x=3,y=0

() y=1 #|x+1];x=-2,x=3,y=0.



_Answers |

i, 3=af2. 2. 2.
3. )7 (if) 2 (iif) 4 (iv) bl
2 2
3 ) 1l
(v) 4 (vi) E (vit) 7 (viii) ?
(ix) 4 (x) 4.
;
4. (a) () 10 (i) 10-5 (i) 8 (1v) 5
(v) 54
(b) Area of the field = 6 sq. units
24 trees.
13 | |
5. —. 6. (i) L. (i) l_
3 6 3
| .33
7. (b) 2. 8. (i) 5 8/3 .
1.9 9 . 8 B 5
9.() — (i) = (ifi) —  (iv) 7 —u
6 - 8 3m 3
3
(vi) (I) — (II) 6.
3
0. 2. 11. a=4%.
2
3 9 9
12 1 13. 22 14.6) = Gi) —.
5 3 2 3

ab
15. (i) - (®-2) (i) 3 (x-2).

1
16. (i) 5(::—1) (i) — 2.

—" Hints to Selected Questions

2. Reqd. region is bounded by the lines :

x+y=l,x-y=1l,-x+y=land—-x-y=1.

9. (if) The parabola y2 = x meets the line x +y =2 in
the points A (1, 1) and B (4, — 2).

Y

>4

7 iy 38 07 256
. (a) (1) 3 (11) 2 (111) 3
(b) 15 : 49,
- 2
18, i 2 a2 i a4
3 3
21 ﬁ 8T
19. (1) - (1) — =2 33
L] ek
Vg
(i |3 (iv) 6(47—3/3) -
20. (i) 1 : 1.
4
21 {ﬂ)(:}§(3n+3\/3_—3\/€}
0 9 .1 4
(i1) —E*——sin l—+-‘J—_.
8§ 4 36
o W_... (ml]
e (242 1 om 9. ]
22.{”(4 2] (n}( 3 -ﬁ+?azsm 3

4 4a?
ity 7 (47 ++3) (v % (4m +3)

| 4
(V) [ZJT +*§)

-9 '23 T 2\ »
23. ”}E (i) T =2 {iii}? (iv) —=—la-.

4 3
i
24. (1) — (111) 3“ 25. (1) 16 (1) 13-5.
| 2
Area above x-axis =J. \/;dx-l-J. (Z—I)ﬂix
0 l

4 4
Area below x-axis = J. \G dx —J. (2-x)dx].
0 2




=] NCERT-FILE

(For each unsolved question, refer : “Solution of Modern’s abc of Mathematics”’)

Exercise 8.1

1. Find the area of the region bounded by the curve }_12 =X
and the hines x = 1, x = 4 and the x-axis 1n the first
quadrant. (Kerala B. 2018)
Solution : y? = x is right-handed parabola.
4
Reqd. area, ABCD = ( y dx

1

[Taking vertical strips]

> A

D>y = \/; , taking + ve sign_

4 -

[Iﬂ vy =xwy=tdx
X

1

_4%_]_

—_t—
-
<
&
i
e
AN
S
w | o

= %[8—1] = %sq.unils_

2. Find the area of the region bounded by y* = 9x, x = 2.
x =4 and the x-axis 1n the first quadrant.

[Solution. Refer Q. 7; Ex. 8(a)]

3. Find the area of the region bounded by X = 4y, y =2,
y =4 and the y-axis 1n the first quadrant. (H.F.B. 2017)
Solution : x% = 4y is an upward parabola.

4
. Reqd. areca ABCD = J x dy

2
| Taking horizontal strips]

4
=J ?.\/;d}‘ [xl =4y =2x== EJ;.
2

But region ABCD lies in
Ist. quadrant, .. x is + ve]

3/2 3
! 1

4 - 4
3f2
,.,[ v”zdy _ Y _ 1[43!2_23!2]
2

4 2_82 |
—~ 3[8— 2\5] = - Sq . units.

4. Find the area of the region bounded by the ellipse

2 2
i + Y =] (Kashmir B. 2016)
16 9
'Iz 2
Solution : The given ellipse 1s E-l-% =1 (1)

Since (1) 1s symmetrical about both axes,
. area of the ellipse = 4 (Shaded area).

Fig.
= 4 (arca OAB) ik 2



But area OAB = | Taking vertical strips]

Qo Y———
"
B

2 2 2 2
| I_+L — 0 A L = }_I_
16 9 9 16
3
PR EJ:’(S—IZ Cry > 0)]
- 4
2
=i x\llfj-x +Esin_li
4 2 2 4
L 20

3
3 [12 (0) + 8 sin™! (1)] = [0 - 0]]

E[BE} = 3L
41 2

. From (2), area of the ellipse

Il

=4 (37) = 1271 sq. units.

5. Find the area of the region bounded by the ellipse

(H.EB. 2016, 10;: Jammu B. 20I15W)

22
Solution. The given ellipse 1s LY IS sl 1)

4 9

Since (1) 1s symmetrical about both the axes,
arca of the ellipse = 4 (Shaded area)
=4 (arca OAB) wil2)

3
But areca OAB = [ x dy
0

| Taking horizontal strips]

3
2 2 & Z
[ . =I=‘I—=}'—y—
4 9 4 9
2
:I=EJ9—v (v x> 0)]
- 3
2
. }?'Jg_y +2~;in_Il
3 2 2 3
_ J0

Il
| 1o

Il
W | 1o
|
9 | O
R
o |
o "

Il
ra“g_‘.‘l“

 (3a
“.From (2), area of the ellipse = 4 {—HJ
=

i

= 07T sq. units.

6. Find the area of the region 1n the first quadrant enclosed

9.

= . . 9.
. Find the area of the smaller part of the circle ] y'=a

e B . 2. g
by x-axis, line x = \Ey and the circle x* + y" =4.

Solution. Refer Q. 10; Ex. 8(a)]
2

a

cut off by the line I=E-

[Solution. Refer Q. 21; Ex. 8(a)]

P, . e .
. The area between x = y~ and x = 4 1s divided nto two

equal parts by the hine x = a. find the value of ‘a’.
[Solution. Refer Q. 11; Ex. 8(b)]

Find the area of the region bounded by the parabola
y=xand y = |x].

Solution :

Fig.

The given parabola is x* = y (L)



This 1s an upward parabola with vertex (0, 0).

y = | x| represents the st. lines :

y=xand y=—x n )
y= xmeets (1)at O (0, 0) and A (1, 1)

y= —xmeets (1)at O (0, 0) and A" (- 1, 1).

. Reqd. area = 2 (Shaded area in first quadrant)

(1 ] A
=2 dex—J x? dx
\ O 0 J
(F 2l [ a7l
2 3
L[ 2] A
2 3
V= 0 B S

1 Il
() (R
| - prer
N ¥ I'ﬂl—

I
||
- -
|
e
| —
|
=
R
M——
1

L

10. Find the area bounded by the curve x° = 4y and the line
x=4y- 2.
[Solution. Refer Q. 9(iii); Ex. 8(b)]

11. Find the arca of the region bounded by the curve 2= 4x
and the line x = 3.

[Solution. Refer Q. 2; Ex. 8(a)]

Choose the correct answer in the following Exercises 12
and 13.

12. Arealying in the first quadrant and bounded by the circle
2 2 . ;
x“+ vy =4 and the lines x =0 and x = 218

7T
(A) @ (B) E

bl 1 7T
(C) EY (D) E [Ans. (A)]

13.

i ; ) ;
Area of the region bounded by the curve y= = 4x, y-axis
and theline y=31s:

Exercise 8.2

1. Find the area of the circle 4x% + -lv2 =9 which 1s intenor
o the parabola x> = 4y.
Solution : The given circle is 4x* + 4y* = 9

9
. 2.2
L. X+ y = — sl Ay
lLe. X° +y P (1)

‘3
which has centre (0, 0) and radius E

The given parabola is x* = 4y

which 1s an upward parabola with vertex (0, 0).
The reqd. area 1s shown shaded 1n the figure.
Solving (1) and (2) :

Putting the value of x% from (2) in (1), we get :

9
4y + y* = F =>4y + 16y -9 =0

- |
22y +9) 2y-1)=0=>y= 5o

(A) 2 (B) 2
4
9 9
(C) 3 (D) 5 [Ans. (B)]
4 9
Thus P [ 3]
. Reqd. area = ar (OABC)

= ar (OAC) + ar (ACB)
2 [ar (OAD) + ar (DAB)]

Il

| /
2
94
= 2[ J}dx+J J 2y
L 0 1/2
9 R
x2+y2=—=:= =\/9 t
4 2
1/2 3/2
9
:4J y”zdx+zj Jz—yzdv
0 1/2
- 2 3/2
3/2
s e +2 -'?—JE-—}’E +E—5in_] =8
3/2 2 V4 8 3/2
! Jo & 1/2
| ifs L NP2
=§ L +2 l‘jg—v +25in" ke
32 2 ¥4 8 3 "




' | (1 9 1
= %XE\]E +2[(U+§5in_l (1))— [Eﬁ+§5in ];]]
oL 7

"f—£+2(sin_l l—sin_I%J

2 4

+ sin_l[(l) LI 1—1]

9 3

[ 2. 9 .12 2} .
‘ $¢. Units.

2_ 1 and

2. Find the area bounded by curves (x — )24 y
.

X+ ¥y= L

[Solution. Refer Q. 19(i) Ex. 8(b)]

3. Find the area of the region bounded by the curves
y=x:+l}*=x,x=0und r=3.
[Solution. Refer Ex. 13: Page 8/16]

6. Smaller area enclosed by the circle x

4. Using integration find the area of region bounded by the

tnangle whose vertices are (-1, 0), (1, 3) and (3, 2).
[Solution. Refer Q. 3(v) Ex. 8(b)]

. Using integration find the area of the tnangular region

whose sides have the equations y=2x+ |, y=3x + |
and x = 4.

[Solution. Refer Q. 4(a)(iii) Ex. 8(b)]

Choose the correct answer in the following exercises 6 to 7.

2+}=2:4und the

linex+y=21s:

(A) 2(1 -2) (B) m -2

(C) 2o -1 (D) 2(x +2). [Ans. (B)]
. Area lying between the curves V?‘ =4xand y=2x1s .
A 2 B 1

(A) 3 (B) 3

g : D : A B
€ 7 D) 7. [Ans. (B)]

Miscellaneous Exercise on Chapter 8

1. Find the area under the given curves and given lines :
(i) »= 2. v = 1. x = 2 and x-axis.

[Solution. Refer Q. 22: Ex. 8(a)]

(i) y=x* x=1,x=35 and x-axis.

Solution. Refer Q. 6(1); Ex. 8(a)]

. Find the area between the curves y=xand y = 22,
Solution. Refer Q. 9(1); Ex. 8(b)]

. Find the area of the region lying in the first quadrant and
hounded by y=4x>, x=0,y=1and y=4.

Solution. Refer Q. 8; Ex. 8(a)]

4. Sketch the graph of y = Ix + 3| and evaluate

0
[ ‘x + S‘dx.
-6

Solution : Graph : We have :
y=lx+3]|
= x+3 dfxz=-3

= X3 s -3

When x = -3 When x < -3
x =32 x=-4F 5
y=[ of 1 y= 1] 2
Plot the points A (- 3, 0), B (- 2, 1) and

C(—4.1), D (-3, 2)and portion of the graph 1s as shown :

I
9

I
F |
2| o
+
O
R
|
|
M"&"i
+
0
I
+
p—
s
+
e
S
|
—
| ©
|
N
N




S. Find the area bounded by the curve y = sin x between 8. Find the area of the smaller region bounded by the ellipse
x=0and x = 2. -
ion. Ref . ¥ .
[Solution. Refer Q. 16(ii) (I); Ex. 8(a)] - + - =1 and the line ?+E= l.
6. Find the area enclosed between the parabola V* = dax )
and the hne y = mx. (H.P.B. 2016, 14, 13)
Solution. Refer Q. 9(iv); Ex. 8(b)] Solution : The B clhpse 1s
7. Find the area enclosed by the parabola 4y = 3x% and the x2 yz
ine 2y = 3x + 12. ?4‘7 =1 )

(Mizoram B. 2016; Nagaland B. 2016)

Solution : The given parabola is 4y = 3x? . Xy
= P > and the st. line 18 ?+? =] ik 2)
| 3 302
ie. y=—x2 aof-1) _ + .
4 Reqd. area 1s the shaded area, as shown in the figure.
and the given line1s 3x—-2y+12=0 l2)

Putting the value of y from (1) in (2), we get :

3
3x—2{1x2)+12={] =4 3,1;—%;;24-]2:0
—S6x-3x2+24=0 = x2-2x-8=0
=siix¥ =4y rx 2)y=0 =ixi=4.—L
3 9

3
Putting in (1), y=1{4)2 =12 and y=z{— 2)

AY

Fig.
3 3
g
Shaded area = J %\/9—12 dx-J %(3—x)dx
0 h 0
vy’ 3 3
2 2
Fig. . ;J N dx-—J (3- x)dx
Hence, the line (2) intersects parabola (1) 1n the points 0 0
A(-=2,3) and B (4, 12).
. Reqd. area = area ALMB — (area ALO + area OMB) - » 3
21 x 9 [ ¥ X
A [ o 4 ‘w = — —\/Q—x +—sm = —=3x4+—
35+ 12 3 > 3 5 3|2 2 3 2
= | ax-| [ =xPav+ [=xlax - Jo
4. ’ 2 ’ 04 |
B T / 2l 9. _ 9 ]
5, - - Jl{]+—(51n l)—3(3)+—}—0
[ From(2),y= = ] 30 2 ]
2
- 14 [ 410 (a4
| [ 3x2 3 (% 3 (a3 :2[9”—%3}
= +£12x| =—9—¢ F=5—7 322 2
21 2 413 4| 3
! =g | Tk k3 "o
! - & 2% 2
=—[(24+48) — (6 - 24)] 34 2
(3(_ 8) 3(64
- —{0+~—)+ ( —0) 37
4 3/ 413 ) e N
_ : 2
=?[72+18]—[2+]6]=45—18 3
i _ = —(7- 2) (. units
= 27 sq. units. 2




9. Find the area of the smaller region bounded by the ellipse

2 2

= I X v
+—=1 and the line —+=—=1.

HZ bz SRS a b

[Solution. Refer Q. 15 (i); Ex. 8(b)]

10. Find the area of the region enclosed by the parabola
x° = y. the line y = x + 2 and the x-axis.

[Solution. Refer Q. 10: Ex. 8(b)]

11. Using the method of integration find the area bounded
by the curve Ixl + Iyl = 1. { Hint : The required region is
bounded by linesx+vyv=1l.x-y=land-x+vy=1and
-x—-y=1].

[Solution : Refer Q. 2; Ex. 8(b)]

12. Find the area bounded by curves {(x, y) 1 y = x> and
y = Ix}.

Solution : Let us first sketch the region whose area 1s
to be found out. The required area 1s the area included
between the curves x* = yand y = | x |.

=
O
S
L.

>

The graph of x?

= y 1s parabola with vertex (0, 0) and
AX1S as y-axis.
The graph of y =1 x | 1s the union of lines y = x,

x=z0and y=-x,x<0.

: 2 : 2
Solving, x* = y and y = x, we get the points of

intersection as : O (0, 0) and A (1, 1).

Solving, x* = y and y = — x, we get the points of

imtersection as O (0, 0)and B (- 1. 1).
Required area = area OAL + area OBM
= 2Ziarea OAL

[l

b9
—

e

=
i,

HH

=

Il
b

) | o
I

I
()
pr—
b | —
I
-

N —
|
e
W |
I
-

g e———

Il

Y
1
o | —
|
oo | —
e

1
o
Y R s )
O | -
) SRR
I
| -
”
1
[
=

13. Using the method of integration find the area of the
tnangle ABC, coordinates of whose vertices are A(2, 0),
B(4. 5) and C(6, 3).

[Solution : Refer Q. 3(i); Ex. 8(b)]

14. Using the method of integration find the area of the
region bounded by lines :
2x+y=4,3x-2y=6and x—-3y+5=0.

[Solution. Refer Q. 4(iv); Ex. 8(b)]

15. Find the area of the region {(x, y) : yz < 4x,

4x° + 4y* < 9)

Solution : y* = 4x ...(1) is a parabola with vertex (0, 0)

4% + 4y = 9 ...(2) is a circle with centre (0, 0) and
radius E i

2

Solving (1) and (2) :
42 + 16x = 9
=> 42 +16x-9= 0

2(2x-1)2x+9)= 0

= X =

1
2 ¥

Putting in (1), y* = 4(%)



1
Thus (1) and (2) intersect at P (;\6) and

—

. Reqd. area = Shaded area

Il

w | o0

2 (ar OAPO)

2 [ar (OLPO) + ar (LAPL)]

i 3
2
9
2 E\Ed‘.r+ —
4
1 1
B 2
S
312 |
2
2| gl —| | 422
3 2
L 2, o _

—.rzdx

N
9 2
\/E—xz + 4 Gn 12
4 2 3
EAL
2

p—

2 91 9

+— ——sin~ (-l—]
6 8§ 4 k.

3 =l

0 9 (L), L)
2 2 SIN 2 3\{5 S(. units.

Choose the correct answer in the following Exercises from

16 to 19.
16. Area bounded by the curve y = x>, the x-axis and the
ordimates x=-2andx=11s:
A) -9 B =1
(A) — (B) 1
C) 13 D L A D
€) 3 (D) —. [Ans. (D)]
17. The area bounded by the curve y = xlxl, x-axis and the
ordinatesx=—1and x =1 1s given by :
A) 0O B 1
(A) (B) 3
2 4
i) = (D) =
) 3 D) 3
Hint: y=x*ifx>0and y=- x> if x< 0].
[Ans. (C)]
18. The area of the circle x> + yg = 16 exterior to the parabola

19.

. .
yr=06x18 !

4

(A) ;(4:1'-&)
4

(B) 5(4:r+~ﬁ)
4

(C) 318::—\/5}

4
(D) ;{Bmﬁ).

[Ans. (C)]
The area bounded by the y-axis, y =cos xand y = sin x

b
when OEIE; IS :

fraa—

(B) <2
(D) 2.

(&) 2602—D

(C) 2 +1 [Ans. (B)]



Questions From NCERT Exemplar

Example 1. Find the area of the region bounded by
the curve ay? = x7, the y-axis and the lines y = a and
y=28.

Solution. The given curve is ay* = x° (1)

The region 1s shown as shaded in the figure :

X'=

vy

Fig.

. Reqd. area, ALMB

o 2 53
J xdy =J a "y " dy

a

’V5r3"2“ 3
/3] ;
AL B _ﬂua[(zﬂ)m_ﬂm]

3/3 5

L=

Il

Jda

3 1/3 _5/3 2/3

E EH a [2.2 —l]:
Example 2. Find the area of the region bounded by

the parabola y2 = 2x and the straight line x - y = 4.

2(2.22”

wn|lw

a —1) sq. units.

Solving (1) and (2) :
From(2),x=4+y 3)

Puttingin (1), 2 =8 +2y = y?*-2y-8=0
> (yv=-4)(y+2)=0 > y=4,-2.

When y = 4, then from (3), x=4+4=8.
When y = - 2, then from (3), x=4-2=2.

Thus the line (2) cuts parabola (2) in the points
A (2,—2)and B (8, 4).
| AY

B(8, 4)

(2,-2)

A%
Fig.
The region 1s shown as shaded 1n the above figure.
Reqd. area

| 4 2 T 2 374
_[ [4+J"y—]dY= 4y+y 2

2

4{4>+E_ﬂ]_(-s+i+§)
2 6

(
ST SE

Solution. The given parabola is y* = 2x (1) 8 7
and the given st. lineisx —y =4 2y (14__) (6_3)—30"?=30-]3=13h% units.
Exercise

1. Find the area of the region bounded by the parabolas
y* = 6x and x% = 6y.

2 Find the area of the region bounded by the curves
x = at* and y = 2at between the ordinates L{}I'I'U-.p(}lldlnﬂ to

t=landr=2.
3. Find the arca enclosed by the curve :
x=3cost,y=2snt.

Answers

56

: = g5
1. 12 sq. units. 2. ?a $q. units.

3. 6 sq. units.

Revision Exercise

1. Find the area enclosed by the parabola 4y = 3x% and
the line 2y = 3x + 12. (N.C.E.R.T.)

2. Find the arca of the region bounded by the curve
y* = 4x and the line x = 3.

3. Prove that the curves y? = 4x and x? = 4y divide
the area of the square bounded by x=0,x=4,y =0 and
y = 4 into three equal parts.

(NC.E.RT.: HB. 2018 : Assam B. 2017 :
H.PB. 2015: C.B.S.E. 2009)

Solution. The linesx=0,x=4,y=4
the square OACB.

and y = 0 represent

vy

Fig.



The given parabolas y* = 4x and x% = 4y meet at O (0, 0)
and C (4, 4).

Now area of the region OPCQO, bounded by y* = 4x
and x% = 4y

4 2 302 58
:J' E\E—x— | B ;
312 4 3
0 - )
4 32 1
=|—(4 ——(64)|—=(0-=0
L o]-0-0
== 16 18 (1)
3 3 3

Again area of the region OACPO, bounded by x*= 4y,
x =0, x =4 and x-axis

e ol

4

» Jidx ~ 1 ﬁ
4 41 3

0 - Jo
O 16
=—[64 — (0] =— AR

12 3

4 4 ,
y
= xdv=I—dv
[a=]%
0 0
[y 16
s | 2] =g g =— (3)
41 3 ‘ 12 3

From (1), (2) and (3). the required result follows.

4. Draw the diagram to show the area enclosed by
the curves :

y2=16x and x? = 16y.

The straight line x =4 divides the area into two parts.
Find the area of the larger portion by integration.

(Tripura B. 2016)

5. AOBA is the part of the ellipse 9x2 + y2 = 36 in the
first quadrant such that OA = 2 and OB = 6. Find the
area between the arc AB and the chord AB.

(N.C.E.R.T.)

Solution. The given equation of the ellipse can be written as

AY
B (0,6)
7 Q A0 X
vy’
x* y2 5 }’2
—ip— = | _2+‘_1' =
4 36 2 6~
S A 1S (2, 0) and B s (0, 6).
. The equation of chord AB 1s :
6=0
ey y = — 3x + 6.
".Reqd. area (shown shaded)
2 2
— -[ 3\’4—.1*2 dx—j (6—3x)dr
0 0
G 12 '_ -2
x\/4—12 4  _ | x 3x?
=l +—=sin —| =|6x——
2 2 2 2
= J(0) = -0
I e 3 (4
= 3[;{0}+25in 1(1)]—[6(2)— L )]

3[2:-:%]—[]2—6]

= (3 — 6) sq. units.

6. Sketch the region enclosed between the circles

x> +y2=1and (x - 1) + y* = 1, which lies in the first

quadrant. Also. find the area of the region.

7. Draw a rough sketch of the following region and find
the area enclosed by the region, using method of integration :

((x, ¥) : y* < 5x, 5x% + 5y° < 36).
8. Find the arca bounded by :

y prs i) ;
y=1+2sin“x, x-axis, x=0and x = 7.

~ Answers |
1. 27. _ \/3 I
| 7. == AT
2. 843, 7. 3 £(1.17)3’3+9_“_ >
| 3 10 4
196
o 9 gt 117
6. T V3 6/
3 4 8.2m




4% CHECK YOUR UNDERSTANDING

1. Is the parabola y* = 4x symmetrical about x-axis ? 4. Find the area of the semi-portion of the circle
Ans. Yes. 2 +y:=4.

2. Is the circle x* + y* = r? symmetrical about the line Ans. 277 sq. units.
y=x1 5. Find the area of the region bounded by y = x4,
Ans. Yes. x= I,x=5 and x-axis.

3. Find the area enclosed by the circle x* + y* = 9. Ans. 624-8 sq. units.

Ans. 97 sq. units.

SUMMARY APPLICATIONS OF THE INTEGRALS

DEFINITIONS AND IMPORTANT RESULTS

Application of Integral

Area UNAer e
simple curves

Area between
two curves

Area under simple curves
* Area of the region bounded by the curve y = f(x), x-axis and the lines x =a and x = b (b > a) 1s given by the formula :

b b
=J‘ydx=.[f{x)dx.
a d

® Area of the region bounded by the curve x = f(y), y-axis and the lines y = ¢, y = d 1s given by the formula :

d

d
=[xav=[r »av

c

Area between two curves

b
* Area of the region enclosed between two curves y = f(x), y=g (x) and the ines x=a, x=b 1s J [g(x) — f(x)] dx,
a

where g (x) 2 f(x) In [a, b].
* Iff(x)=2g(x)inla,cland f(x) < g(x)1in [c, b], a < ¢ < b, then we write the area as :

c b
Area =_[[f(x)-— g(x)]dx + j[g(x)— £(x)] dx.
c C



&% MULTIPLE CHOICE QUESTIONS

' For Board Examinations

1.

The area bounded by the curve y = f(x), above the
x-axis. betweenx=aandx=5b1s:

b [(b)
(A) J y dy (B) J x dx
f(a) a
b b
(C) J x dy (D) J y dx. (Kerala B. 2016)
a a
The area of the cicle x* + y* = a? is :
(A) ma’ (B) 27a
(C) 271a? (D) None of these.

(P.B. 2012)
3 .
The area between the curve y = x=, x-axis and the
linesx=0andx=21s:
g

(A) ? S¢. units (B) 4 sq. units
E | 4 |
(C) 3 % units (D) 3 %4 units. (H.B. 2011)

The area of the region bounded by the parabola
y% = 9x and the line y = 3x is :

| ]
(A}Z SQ. units {B)_3 S(. units
v , 2 .
(C) 7 34 units (D) 3 sq. units. (H.B. 2011)

The area bounded by the curve y = 4 sin x, x-axis
from x =0 tox = 1s equal to :

(A) 1 sq. units
(C) 4 sq. units

(B) 2 sq. units
(D)8 sq. units. (H.B. 2011)

> RCQ Pocket

(Single Correct Answer Type)

(JEE-Main and Advanced)

6. The arca of the plane region bounded by the curves :

x+2y*=0and x + 3y* = 1 is equal 1o :

A . B 2
(A) 3 ( )_3
o] 2 |
(C) 3 (D) 3 (A.LE.E.E. 2008)

The area of the region bounded by the parabola
(y — 2)?> = x — 1, the tangent to the parabola at the
point (2, 3) and the x-axis 1s :
(A) 6 (B)9

(C) 12 (D) 3. (A.LE.E.E. 2009)

8.

10.

.

12.

13.

14.

The arca bounded by the curves y = cos x and y = sin x

3
between the ordinates x =0 and x = 5 s

(B) 4J§+2

{DM\EH.

(A.LE.E.E. 2010)
The area ol the region enclosed by the curves :

(A) 42 -2
(C) 42 -1

1
prma=gg = and the positive x-axis 1s :
1 . .
(A) 5 Square units  (B) I square umts
3 . LD .
(C) = square units (D) 7= square units.

il i

(A.LE.E.E. 2011)
The area bounded by the curves y* = 4x and x* = 4y

15 .

. 32 " 16
(A) 3 (B) =
8 L
© 3 (D) 0. (A.LE.E.E. 2011 S)

The area bounded between the parabolas :

y . . .
x* =3 and x> =9y and the straight line y =2 is :

1042

) 20 B) _};F
2002

(C) (D) 1042

3
(A.LE.E.E. 2012)
The area (in square units) bounded by the curves :
y= J; 2y —x+ 3=0,
x-axis, and lying in the first quadrant 1s :

(A) 36 (B) 18
27
(C) ? (D) 9. (J.E.E. (Main) 2013))

The area enclosed by the curves :
y=sinx+cosx and y=|cosx—sinx|

a
over the interval [0-_] 1S :

7
B) 2V2(2-1)
(D) 222 +1).

(J.E.E. (Advanced) 2013))
The area of the region described by :
A={x,y):x*+y <landy* <1 -x}is:

(A) 4(J5—1J
(C) 2(\2+1)

T 4 T 2
(A) 5"'; (B) E_E
©) 42 D) S+=

2 3 2 3

(J.E.E. (Main) 2014)



15.

16.

1.
11.

The area (in sqg. units) of the region described by :
((x, V) : ¥ < 2xand y = 4x -1} 1s:

A - B E
(}32 (B) o1
(C}.IS {D}-g

64 32

(J.E.E. (Main) 2015)
The area (in sq. units) of the region :
((x,y):y* = 2xand x>+ y* < 4x, x =0,y = 0} is :
8 42

(B)

-.':T Z\E | 4
73 () =3

(J.E.E. (Main) 2016)

2
3

H’—_

17.

18.

The area (in sqg. units) of the region :

(. y):x=0,x+y<3.x2<dyandy < 1+Jx }is:

Ay L (B) 2
3 2
c 22 D) >.
12 7

(J.E.E. (Main) 2017)

Let g(x) = x% f(x) = Vx : and &, 8 (& < fB) be the roots
of the quadratic equation 18x* — 97x + #* = 0. Then
the area (1s sq. units) bounded by curve y = (gof ) (x)
and the linesx=a, x=Band y =0, is :

(A) %{«ﬁ—l)

(C) %{ﬁ—ﬁ)

(B) %(JEH)

i
(D) ;(\E -
(J.E.E. (Main) 2018)

I‘; . Aﬂs we_r§ >

(D)
(C)

2. (A) 3
12. (D) 13.

(C) 4.
(B) 14.

(A) 5
(D)

—= Hints/Solutions

’ RCQ Pocket

6.

TN .
-

-
+
N
o
I

(A)

(Left-handed parabola)
I

(Left—-handed parabola)
1 -3y = -2y =3y=1=y==+1.
When y =1, then x = - 2.
Wheny=- 1, thenx = - 2.
Thus the given parabolas meet at P (- 2, 1) and
Q (-2, -1).

Y 4
P (-2,1)
X
« 0 Ao
Q (-2,-1)

Y'v

1
- Reqd. area =2 f [(l -3y ) = (— 2y* )] dy
- 0

| : 251
=2'[ (l—yz)dyzi y—yT
: ;

. J0

(D)
15. (D)

6. (A) T
16. (A)

T

o
i

(B)
17. (B)

8. (A)
18. (A).

9..(C) 10. (B)

| ! 2] 4
~ 2[1 ——]=2 —]=—sq. units.
3 3] 3

(C) The given parabola is (y — 2)? = x — 1 ill)
[ts vertex 1s (1, 2).
This meets x-axis at (5, 0).
(1)isy?—-4y—-x-5=0.
Tangent at (2, 3) 1s :

l
y=-3-2(y+3) —;(x+2)+5 = ()

= x-2y+4 =
This meets x-axis at (— 4. 0).
Reqd. arca = ar (BOA) + ar (OPCD)

l
2

3
e
0

3
(4)(2)+I x dy
0

[(y—2)* +1]dy



8.

9,

=3+6=9 $(. units.
(A) Reqd. area =

o= T
=3+ }Th*+yL:

3

] 8
+[-—+3+—~]
3 3

Shaded Area

L s
4 4

g J. (cos x —sin x) dx +J (sin x —cos x) dx +
0 ad
4

= [sin x +cos x]g + |- cos x —sin x]""'

Il

|

+

””--.._‘__.-"’

|
—

-

+
o

 (VE=1)= (VT E)+ (<14 )

3n

2
J‘ (cos x — sin x)dx
5n
4

h

Lt

4
in

+ [t‘-:in X + cos x]g

= 2 = 1422 =142 = 42 -3,

(C) Reqd. area VA

X'

‘/ g

» X

10.

11.

ar (OAB) + ar (ABDC)

I

Il

| —
+
=
-
[—

I'h
Il

3

l :
= 3 ¥ [l = 0] = E squarc units.

(B) The given curves are :
y2 = 4x and x% = 4y.
These meet at P (4, 4).

C 372 Jﬁ,zﬁ""L
=123 T
1 A —Jo
4, 1
e 4 2 —— 6‘4 e
! (4% -L (64)
(C) YA
0

Reqd. area, A

Il
2
S — b
P e ™Y
Z
I
e ——
B

3|

(" Ais (1, 1)
16 16
3
1.2
y=2
X

o OF
- 12
3/2
0 202
= 5|2 —232_p) =
| 3/2 3 3
S 40
12. (D) The givencurveisy = \fx (1)
and the given lineis 2y —x+ 3 =10 +{2)

Putting the value of yin (1), we get :

2\/;__1:+3=ﬂ::> 2\/; =x— 3.



13.

Squaring, 4x = x* — 6x + 9

> x*-10x+9=0

=2 (x-9x-1)=0 =2 x=9_ 1.
. Reqd. area

Il

+9 9 9 sq. units.

xY

(B) The given curves are :

7T
y=sinx +cosx, XE [U- :]

cCosx—sinx, xE [{L

and y =

)
SIN X —COS X xE(E

O

. Reqd. area

rﬁ4
0

|

3
J 2y+3)—y 2]4:1!’;); = y2+3y—“—'
0
9

[{sin X+ cos x) —(cos x — sin I)] dx

14. (D) We have : x2 +y% =
and V=—(x-1)
Y
B
O A(1,0) X
C

¥-x+l=12x2-x=0
2> x(x-1)=0 =2x=0,1.
Whenx=0,y==% 1.
When x=1,y=0.
Bis (0, 1)and s (0, - 1).

2(£)+2“1 ﬂdx]

Required area =

4 0
i 3727
T (1—x)
= =+2|—
0 :
= —(—1)
. 2 do
7 4 n 4
:——'— U_l_ +—
: [ ] 7.
15. (D)
Y"
e
O X

o

nl/2
+J [(sin X+ €os x) — (Sin x — COS x)]dx
x/4
nl4 /2
ZJ sinxdx+2[ cos x dx
0 nl4

:— COS .ancl:'.;M + 2 [Sil‘l x];;i

T Y 1 R
21— cos —+ cos [}]+2[5m——5m —:l
4 2 4

—J

[ I
i N e
[-ei]eofi-]
—2 424242
4-22 =222 -1).

We have : y* < 2; "
y=4x -1 <2)
Solving, y* =2x

and

we gety=1, -

Reqd. area =

and y =4x — 1,

1o | —

4 i
~1/2
~ B 3
AT
) 4 6 J=1/2



(1 1 1) (1 l 1]
8 4 6] \32 8 48

3+6-4 3-1242 5 7

Il

I
I
|
e
|

24 96 24 96
2047 _27_9
9% 96 32
16. (A)
2 ]
y“ = 2x 1s a parabola.
X2+}?2 =4x = (.1—2}2+}‘2=4.
[t1s a circle having centre (2, () and radius 2.
~.Reqd. arca = Shaded arca
Y 4
: fo
0 X
_ l :
_ —((2)* )-J V2x dx
2 0
2 e P2
3/2
X
== -.‘T._JE
L 3/2 §y
22 8
=7 —7[23!2 —0] =a—-.
17. (B) Solving X = 4y and x + y = 3, we get :
x2
—X =
4
= “+4x—-12 =0
= (x+6)(x-2) =0
= o =
_‘V — 7& — 2 — ]
Ya
X > X

Thus P 1s (2, 1).
Solving, y = 1+\[; and x + y = 3, we get :

]+s/_;+x =3

= Jx+x =2
=5 x =1
2. Qiusi(l,.2).
. Requied area

N 2 2

. 2

:J (l+\/;}dx+J (3—x)dx-J —dx

0 1 0

Il
e
+
w |2
ll“"‘—."‘I“‘.
+
F e
—
o)

I
19
il
|
7 ———
o
|
b+ | —
T
e —
I

i
mlm

Here, 18X —Orx + 12 =0
2> (x-a1)3x-m1)=0

18. (A)

Here, y =(gof ) (x) = cos x.

/3

. Reqd. area = J cos x dx

/6

: R/ S,
= [sin x]ﬁ% = s-_:m?Lsmg

B .
=i _?=E(ﬁ_]) Sq. units.

il F

XY




CHAPTER TEST [ 8

Time Allowed : 1 Hour
Notes : l. All questions are compulsory.

2. Marks have been indicated against each question.

4.

Max. Marks :

tab sq. units.

2T

1. Using integration, find the area of the quadrant of the circle X+ yz =4,
2. Find the area bounded by y = x, the x-axis and the lines x=-1 and x = 2.
3. Calculate the area under the curve :
y = /2x between the ordinates x =0 and x = 1.
4. Find the area enclosed by the ellipse :
22
X
% Lo iamd
a~ b
5. Find the area of the region bounded by :
y2 =9x, x =2, x = 4 and the x-axis in the first quadrant.
6. Using integration, find the areca of the region bounded by :
(— 1, 1), (0,5)and (3, 2).
7. Find the area lying above the x-axis and included between the circle x* +y* = 8xand the parabola y> = 4x.
8. Calculate the area of the region enclosed between the circles x4 y‘? =land (x— 1)2+y*=1.
9. Find the area of the region in the first quadrant enclosed by the x-axis, the line y = x and the circle oy }*2 =32,
; . . : ? 2 : . a
10. Find the area of the smaller part of the circle x* + y~ = a” cut off by the line x = J—;- .
(
~ Answers |
_ . 3 .
1. 7 sq. unilts. 2. —Sq.units. A S'SQ-UHHS-
5, (]6—4ﬁ)sq.units_ 6. 7-5 sq. units.

2 (7
9. 47 sq. units. 10. —(E'l) Sq.units

4
7. E('E{+3:far) S(]. units. 8. (

3

- unit
— Q. S.
5 q

34

(1)
(1)

(2)

(2)

(4)

(4)
(4)

(4)

(6)

(6)



