Session 3

amp(z) — amp (—2z) = + 1; According as amp (z) is Positive or
Negative, Square Root of a Complex Number, Solution of
Complex Equations, De-Moivre’s Theorem, Cube Roots of Unity

amp(z)—amp(- z)==m,

According as amp (z) is Positive
or Negative

Casel amp (z)is positive.
If amp (z) =0, we have

Y
P=z
,
@)
A g
P=-z
amp (—z) =—( £LP’ 0X) =—(m —0)

amp (z) —amp (—z) =7 [here, OP = OP’]

Casell amp (z) is negative.
If amp (z) =-6
We have, amp (—z) = ZP'OX=m -0

. amp (z) —amp (-z)=—-= [here, OP = OP’]

P=-z

Example 47.1f |z, |=|z, |and arg (z, /z,) =, then
find the value of z, +z, .
Sol. -+ arg (Zl) =T
Z2
= arg (zy) —arg(z,)=m ...(Q)
z, = ‘ zl‘ (cos ( arg z;) + i sin (arg z,)) ...(ii)
and z, = ‘ Z, ‘ (cos (arg zy) + i sin (arg z,)) ...(iif)

From Eq. (ii), we get
z; = ‘ Z, ‘(cos (m + arg (z,)) + isin (T + arg (z,)))
[from Eq. (i) and‘ z ‘ = ‘ Zy ‘]
= ‘ Z, ‘(— cos (arg z,) — i sin (arg z,)) = — z,
[from Eq. (iii)]
Szt 2z, =0

Example 48.Let z and w be two non-zero complex
numbers, such that |z |=|w | and
amp (z)+amp (w)=m, then find the relation between
z and w.
Sol. Given, amp (z) + amp(w) =T
= amp(z) — amp(w)=m=

Here, ‘z‘=‘w‘=‘w‘ [given |z| =|w]]
and amp (z) >0
Then, z+w=0

Square Root of a Complex Number

Let z=x+1iy,
where x,y€ R andi=,/-1.
Suppose +f(x+iy) =a+ib (1)

On squaring both sides, we get
(x +iy) =(a® - b*) +2iab

On comparing the real and imaginary parts, we get

a* —b*=x (i)
and 2ab=y ...(1ii)
Q> +b% =4 (@ —b*)? +4a°b? = (x* +1°)
a’® +b* =‘ z ‘ ...(iv)
From Egs. (ii) and (iv) we get
‘+ X ‘ z ‘ x}
f ,b=1%
[Z+Re(z) (z Re(z)



Now, from Eq. (i), the required square roots,

i[\/HRe (2) +i\/z_Re (2) } if Im (2) > 0
2 2

ie.z=

i[\/z+Re (2) _i\/z—Re (2) J’ if Tm (2) < 0
2 2

Aliter
If \/(x +1iy), where x,y € Rand i =,/—1, then

(i) If y is not even, then multiply and divide in y by 2,
then (x+ ly) convert in

1/x+y x+2

(ii) Factorise: — 7 say o, B (o0 <B).

Take that possible factor which satisfy
x =(ai)? +P%,if x>0 or x =a® +(iP)%,if x <0
(iii) Finally, write x + iy = (oti)® +B* + 2io3
or o* +(iB)* +2i0f

and take their square root.

<w>M={i<"”+B> andmz{ﬂﬁ—m

or + (ot + if) or * (o.—if3)

Remark
1. The square root of / is + where / = J/-1.
’ ( 7z j

(1=
2. The square root of (= /) \s( )
° N

Example 49. Find the square roots of the following
(i) 4+ 3i (i) = 5+12i
(iii) —8 —15i (iv) 7 24i (where, i = \/-1)
Sol. (i) Letz=4+3i
|z|=5Re(z) =4,Im (z) =3>0

N \/2+Re(z) +l_\/z—Re(z)

2 2

e G e

m—m—,/“zf

S

(ii) Let z=—-5+12i
|z|=13,Re(z) ==5,Im (z)=12>0

'\/Z_RG(Z)J
+i
2

Aliter

(iii) Let

‘z‘zl7,Re(z)—

. JCETTy =t (\/(17

ﬁzi[J

m:i(\/(m

i

%

2
) r2.

3
V2

‘z‘+Re(z)

2

2

=+(2+3i)

3o

=J(=5+2./(~36)

2

= J(=5+2./(-9x4))

= J(9+4+2 /(-9 x4)

=\/(3i)2+22+2-3i-2

=(2430)* =+(2 +3i)

z=—-8—-15i

8,Im(z)=-15<0

=)

2

-
3

i(gﬁ

17 +8
2

Aliter \/(—8 —15i) =/( =8 =15 /- 1)

)

3)



(iv) Letz =7 — 24i
~|z|=25TRe(z) =7,Im (z) =—24 <0

...\/;:i(\/z+Re(z)_i\/z—Re(z)}
2 2

=277

=+ (4 —3i)
Aliter
J7=240) = /(7 - 24-1) =[7 -2 (- 144)
=J7-2 J16 x-9)

=J16-9-2./ (16 x-9)

=J(4)? +(3i)* —2-4-3i

= (4-3i)" =+(4-3i)

Example 50. Find the square root of

X+4/(=x* =x2=1).

Sol. Let z=x+m
=x+iy(x*+x%+1) [o/-1
‘z‘=\/xz+(x4+x2+l)
= J(xtrax? )= (x 2+ 1)
‘z‘=(xz+1)
Re(z)=x

Im(z)=+(x* +x%+1)>0

\/;:i(\/z+Re(z)+i\/z—Re(z)j
2 2

" \/x+\/(—x4—x2—1)
zi[\/(x2+l+x)+i\/(xz+l—xn
2 2
Aliter

\/x+w/(—x4—x2—l) z\/x+2 [—x—x—l]

_ \/x+2 \/(—(xz+x+1)(x2—x+l))
4

J(x2+zx+1szzx+1]
+2JKXZ+Z,C+1JX_(XZ_2,C+1
| Jl{ = ()
+2J(x2+2x+1J J( _2x+1]
|

)]
)

I

Solution of Complex Equations

Putting z = x + iy, where x,y € Rand i = /— 1 in the given

equation and equating the real and imaginary parts, we
get x and y, then required solution is z = x +iy.

Example 51. Solve the equation z* +| z |=0.
Sol. Let z = x + iy, where x,yeRandiz\/TI
= 22 =(x+iy)? =x% -y +2ixy
and ‘ z ‘ =(x* +y%)

Then, given equation reduces to

xz—y2+2ixy+wl(x2+y2)=0

On comparing the real and imaginary parts, we get

xP =yt (x?+y?) =0 (i)

and 2xy =0
From Eq. (iii), let x = 0 and from Eq. (ii),

—y2+\/y720

= |y [ +|y[=0
[y|=01
= y=0=*1
From Eq. (iii), let y = 0 and from Eq. (ii),
x2+\/x72=0
= x2+‘x‘=0
= ‘x‘2+‘x‘=0:>x=0

o x+iyare0+0-i, 0+, 0—1
ie.z =0, i, — i are the solutions of the given equation.

...(iii)



Example 52. Flnd the number of solutions of the
equation z° +|z \ =0.

Sol. - z +‘z‘ =0 or 22 +2z=0
= z(z+;)=0
z=0 ..(1)
and z+;=O:>2Re(z)=0
Re(z)=0
If z=x+1iy [ x =Re(z)]
=0+iy,y€R
and i=+-1 ..(i)

On combining Egs. (i) and (ii), then we can say that the
given equation has infinite solutions.

Example 53. Find aII complex numbers satisfying
the equation 2[z|* + 2% = 5+i+/3 =0, where i = /- 1.

Sol. Let z = x + iy, where x,y€ Rand i = /- 1

= 2% = (x +iy)? = x* — y® + 2ixy
and ‘ z ‘ = 4/(x? +y2)

Then, given equation reduces to
2(x* + )+ x% =y  +2ixy =5+ i/3=0

= (3x% +y2 =5)+i(2xy +~/3)=0=0+i-0
On comparing the real and imaginary parts, we get

3x +y% -5=0 ()
and 2xy +/3=0 ...(>i1)

On substituting the value of x from Eq. (ii) in Eq. (i), we get

2
9 2 _
4y
or 4y* —20y* +9=0
= 2y° -9)(2y*-1)=0
s 9 5, 1 3 1
=—, =_ or =+ — =+
yoEyy Ty oY 27 2
o yo 33 11

From Eq. (ii), we get
x=Lt L B_P
Vo' e N2t N2

z=xt1iy

}fff\f \f

are the solutions of the given equation.

De-Moivre's Theorem

Statements
(i) If6,,0,,05,...,06, € R and i =,/— 1, then

(cosB; +isinB,) (cosO, +isinB,)
(cosO4 +isinB5)...(cosH, +isinB,)

=cos (0, +6, +05 +...40,)
+isin(0; +0, +05; +...+0,)
(ii) If0 € R,ne I (set of integers) and i =,/— 1, then

(cos® + isinB)" =cosnb + isinnd

(iii) If6 € R, ne Q (set of rational numbers)
andi= \/Tl, then cosn O + isinn0 is one of the values
of (cos® +isin0)".
Proof
(i) By Euler’s formula, e =cosO +isin®
LHS =(cos0; +isin0;) (cosO, +isin0O,)
(cosO4 +isinB3)...(cosO, +isinBh,)

‘ei63 ) i0, :ei(61+92+e3+.4.+9,,)

.e
=cos(0; +0, +65 +...4+0,)
+isin(®; +0, +05 +... +0,)=RHS
(ii) If0, =06, =04 =...=0, =6, then from the above
result (i), (cosO +isinB) (cosO +isin0)
(cos® +isin®) ... upton factors

=cos(0+6+60+...
+isin(0+6+0 +...

upton times)
upton times)

ie., (cosO +isin®)" =cos nb +isin nd

(iii) Letn = B, where p, g € I and g # 0, from above result (ii),
q

q
we have (COS ([J 6) +isin (p ij
q q
=cos ((p 6) qj + isin ((p 6) qj =cos pO +isinp0O
q q

= cos (p@) +isin (peJ is one of the values of
q q

(cosp O +isin p0) "4

= cos (pe) +isin [pej is one of the values of
q q

[(cos O + isin 0)7 ]/



= cos (pej +isin [1)6) is one of the values of
q q

(cosO + isin0)? '

Other Forms of De-Moivre's Theorem
1. (cos®—/sinB)” =cosnO—isinnBY nel
Proof (cos® —/sinB)” =(cos (- 0) + / sin(-0))"”
=co0s (—nB) + / sin(—nB)=cos nO —/sinnd
2. (sin@+ /cosB)’ =(/)" (cosn®—isinnB),Y nel
Proof (sinf + / cos0)” = (/ (cos® —/ sinB))”
=" (cos® —/sinB)" = (/)" (cosnB —/sinn0)
[from remark (1)]
3. (sin@—=/cosB)” =(=/)" (cos n® + isinnB),¥Y nel
Proof (sin — / cos0)” = (- / (cos® + / sing))”
(=) (cosO + / sinB)”
(= /)" (cos nB + /sin nB)
4. (cosO+ /i sing)” #cos nO+ /sinng, ¥V nel

[here, 6 # ¢.". De-Moivre's theorem is not applicable]
5. % =(cosB+ /sing)’
cos0+ /sin®

=co0s (—0) + /sin(—0)=cosO —/sind
TU .. T
Example 54.1f z, =cos () +isin (} where
3" 3"

i =./—1, prove that z, z, z5 ... upto infinity =1.
Sol. We have, z, = cos (’ﬂ:j + isin (nj
3 3

T T T
S 212y 230 =C0S | —+ —+ — 4. oo
3 3 3

mT T
+isin| —+— +— +..+
( 3 3’ )
T T
T T
= cos 3 + isin 3 =cos|— |+isin|—
2 2
1-- 1--
3 3
=0+i-1=i

0+isinB)"
Example 55. Express (cos® + 1 sin )5 ina+ib

(sin® +icos0)
form, where i = /- 1.

Sol. " (sin® + icos®)’ = (i)’ (cos® — isinh)’
=i(cos® +isin®) °
(cos® + isinB)* _ (cos® +isin 0)*

B (sin® + i cos0)’ - i(cosB +isinB) °

_ (cosO +i sin0)°
i
90 +isin96 .
- cosTU TSIy _ i cos90 +sin90

i
=5sin90 — i cos90

To Find the Roots of (a +ib)P/q, wherea,be R;

p,qE I,inandin:
Let a+ib=r(cosB + isinB)
s(a+ib) 7 ={r (cos (2nm +0)
+isin(2nn +0))Y 9 nel

= r?'9 (cos (2nm + 0) + i sin (2n7 + )P4

=rP/a [cos (p (2nm + e)j + isin (p (2nm + e)]j’
q q

where,n =0,1,2,3,...,qg — 1

[polar form]

Example 56. Find all roots of x* —1=0.
Sol..: x°-1=0 = x°=1
x = (1)"'° = (cos0 + i sin0)"'°,
where i = /-1

= [cos (2nT + 0) + i sin (2n7 + 0)]

2nm L. 2nm
=cos|— |+isin|—|
(5) (5)

where, n=0,12734
.. Roots are

21 .. [(2m 4T .. [4m
1,cos| — |+isin|— |, cos| — |+ isin|— |
(5j (5) (5) (5)
6T .. [6m 8T .. [8m
cos|— |+isin|— | cos|— |+isin|—
5 5 5 5
6T 6T
Now, cos | — |+ isin| —
5 5
4T 41
=cos|2m—— |+ isin|2T — —
5 5
4T .. 4T
=cos|— |—isin| —
5 5
8T .. (8m
and cos|— |+isin|—
5 5
2T 27T
=cos|2m—— |+isin|2T — —
5 5
27 .. [(2m
=cos|— |—isin|—
5 5
2 2
Hence, roots are 1, cos (Tt) *isin (TC)
5 5

4T 4T
and cos () +isin (j
5 5

Remark

Five roots are 1, z;, zp, Z;, Z, (one real, two complex and two
conjugate of complex roots).

1/5



Example 57. Find all roots of the equation
X0 = x>+ x" = x>+ x? = x+1=0.

Sol. - 1—x+x?2—x +x*—x>+x%=0
1—(=x)

= PP e G 210 B P
1-(-x)

or 1+x7=0,x¢—l or x ' =-1

x=(-1)""=(cosm +isinm) 7, i=~-1

=[cos 2n + 1) T + i sin (2n + 1)m]"'’

~ cos ((Zn + 1)7:) ¢ isin ((Zn + 1)11)
7 7

forn=0,1,2 4,5,6.

Remark
*Forn=3 x=-1butherex # -1
g n#3

Cube Roots of Unity

Let z=(1)"? = z2°=1= z*-1=0
=z-1)(z"+z+1)=0= z-1=0or z° +z+1=0

12 J1-4) 143
2 2
_1+l£, -1 _l\/g,whereizx/—l.
2 2
If second root is represented by @ (omega), third root will
be w?.

z=1lor z=

Therefore, z =1,

.. Cube roots of unity are 1, », o® and o, w* are called
non-real complex cube roots of unity.

Remark
o.Jo =+ 0’ Vo’ =+ o

1. 0=0 (0=

3.‘0)‘:‘(»2‘:1

Aliter
Let z=(1)1/3=(coso+isin0)1/3,i=w/—1

=[cos (2 nm +0) +isin (2 nm +0)]">

=cos (Zrm) +isin (Znn} where, n=0,1,2
3 3

Therefore, roots are

2T .. (2T 4T . 4T
L,cos| — |+isin| — |,cos| — |+isin| —
(3j (3) (3) (3)

1, eZT[i/3 e41'r,i/3

5

or

If second root is represented by w, then third root will be m?

or if third root is represented by m, then second root will be w?.

Properties of Cube Roots of Unity
A 1+ow+w? =0 andow® =1
(ii) To find the value of ®" (n >3).
First divide n by 3. Let g be the quotient and r be the

remainder. 3)n(q
s
ie. n=3q+r,where0<r <2

(Dn =(D3q+r =(w3)q 'wr =(Dr

3n+1

3n+2 2
=0, 0"

In general, 0" =1,0 =

- o |3, whennisa multiple of 3
(ii) 1+ 0" + 07 =
0, when n is not a multiple of 3
(iv) Cube roots of —1are — 1, — w and — ®°.
v) a+bo+cw?=0 = a=b=c,ifa,b,ce R.
(vi) If a, b, ¢ are non-zero numbers such that
a+b+c=0=a*+b>+c% thena:b:c=1:0: 0%
(vii) A complex number a + ib (where i =+/—1), for which
‘ a:b ‘ =1:4/30r~/3:1 can always be expressed in
terms of @ or w.

For example,

@) 1+iv3 =—(-1-i4/3) [ [1:4/3 | =1:4/3]
:_2(—1—1'\/5J:_2m2

2

0 V34 i= OB FD _(14iN3)
i i

=)

=-2i®

[o]4f3 :1]=~/3:1]

i

(viii) The cube roots of unity when represented on complex
plane lie on vertices of an equilateral triangle
inscribed in a unit circle, having centre at origin. One
vertex being on positive real axis.

i
o 2 E2rv:a
X X
-1 ® 1
w2 2173
—i




Important Relations in Terms
of Cube Root of Unity
(i) a® +ab +b* =(a - bw) (a — bo?)
(ii) a* — ab +b* =(a + bw) (a + bn?)
(iii) a® +b° =(a +b) (a + bw) (a + bw?)
(iv) a® —b* =(a - b) (a — bw) (a — bw?)
(v) a®* +b* +¢* —ab—bc—ca
=(a + bo + cw?) (a + bo® + cw)
(vi) a® +b% +¢* —3abe
=(a+b+c)(a+bw+a?)(a+bow? +a)

Example 58. If w is a non-real complex cube root of
unity, find the values of the following.
(|) (,01999
(”) o 998
3n+2
—1 i
(iii) [-I-ZI\EJ ,neNandi= /-1

(iv) 1+ 0)(1+ %) 1+ 0") (1+ 0® )...upto 2n factors

2 8 2
V) OH_BQH;Y(D o0 ,where a,3,v,5€R
B+ oo +yw+ dw

Vi) 12— ) 2-0?)+2-(3-®) (3- ®?)+ 3-
B-o)t-0)+...+...4+(=1)(-0)h-o?)

Sol. (i) 0" =w )

=(1)"- 0’ =0
(iv) (1+ 0)(1+ ©?)(1+ ') (1 + 0®)... upto 2n factors
=(1+ ) (1+ 0°)(1+ o)1+ o’)... upto 2n factors
= (- 0*) (- 0) (- o) (- W) ... upto 2n factors
= () (*)... upto n factors = 1-1-1-...upto n factors

=(1) =1

@) a+Bo+yo’ +30’ | o@+Bo+yo’ +30°)
B+row® +yw+dw | (Po+aw’ +y0® +dw?)
_o@+Bo+ye’ +80°)

Bo+o +yo*+dn?)

W) ZXZ(n-Dm-0)(n-)=2nm-1)=2n’-21

2

Example 59.1f o, 8 and y are the roots of
x> = 3x%2+3x+7=0, find the value of

o—1 =1 =1

+B L

B-1 yv-1 a-1
Sol. We have, x® =3x%+3x+7=0
= (x=-1)°+8=0

= (x-1°+2°=0
= (x—1+2)(x—1+20)(x-1+20°)=0
= (x+1)(x-1+20)(x —1+20°)=0

x=—-11-201-20

= o=—1p=1-2my=1-20"
o -1 -1 -1 -2 -20 -20°
Then, +B + ¥ = +
B-1 y-1 oa-1 -20 -200° -2

1 1
=+ -+ =0+ + =30
0 o

Example 60. If z = \/§2+1 where i = /-1, find the

value of (20" +'93)10>,

. . -2
Sol. - ﬁl(ﬁj

2 i 2
(-1+i3 )
=—i|—— | =—-io
2
‘_‘Zlolz(_ iw)ml:_ilOl. W0 = —jofand P =i3=—j
Then, z'" +i"® =—io0’ —i=—i(0* +1)
=—i(-w =i
Hence, (ZIOI + i103)105 =(i(0)105 =105 105 =

3 iv3)"
Example 61. |f(2+2) =3 (x —iy), where

X,y €Rand i=./—1, find the ordered pair of (x, y).
Sol. - 3+if:\@(\@+i] =\@[i\/§+i2J

2 2 i 2

:_i@(‘”"ﬂ:_im

2

5 i3 50
-'-(+l j = (i3 ) =% .35 . ¢

2 2
=—1-38 . :_325.(_1_i\/§)

2



. — = — 2 =
_ g5 (1+ i 3]=325 G iy) (given] Then, f(—0)=0 and f(-’)=0
2 2 = -70 —aw+b=0 and —70° - aw’ +b=0
1 3 or -7—an+b=0
x=7’y=_7 2
2 2 and —7—aw’ +b=0
= Ordered pair is 1,—\/5} On adding, we get
22 ~l4-a(o+0*)+2b=0
. . or —14+4+a+2b=0 or a+2b=14 (1
Example 62.If the polynomial 7x* + ax +b is . g
o 5 . and on subtracting, we get
divisible by x* — x+1, find the value of 2a+b. —a(o-a?)=0
Sol. Let f(x)=7x>+ax +b N a=0 [ 0— o £0]
and x* — x +1=(x + 0) (x + ?) From Eq. (i), we getb=7
"+ f (x) is divisible by x* — x + 1 2a+b=7

Exercise for Session 3

1 The real part of (1-i)”/, wherei = /- 1is

(a)e™™* cos [51 log, 2) (b)—e ™" sin G log, 2]
(c)e™* cos Gloge 2) (d)e ™% sin (51 loge 2)

2 The amplitude ofee_m, where6 e Randi =,/-1is
(a) sin6 (b) — sin®
(C) eCOSG (d) e sin®

3 Ifz =ilog, (2 —~/3),wherei = /-1, then the cos z is equal to

(@i (b) 2 (c)1 (d)2
4 Ifz=i", wherei =/~ 1, then| z | is equal to
(a)1 (b)e ™2 (c)e™ ™ (d)e”™
5 J(-8-6i) is equal to (where, i =/-1)
(@) 1+ 3 (b) £ (1- 3) (©)+ (1+ 3i) (d)+ (3-1)

6 6+ 120) + 5-12])
JE+12i) - (5-12i)

3. . . 3
(a) - 5/ (b) Zl (c) - Z/ (d)- 2

is equal to (where, i =+/— 1)

7 1f0<amp(z)<m, then amp (z) —amp (- z)is equal to
(@0 (b) 2amp (z) (c)m (d)-mn
8 If | zy|=|z2|and amp (z;) + amp (z2) =0, then
(@)z =2 (b)Z =2, (©)2+2, =0 Dz=2

9 The solution of the equation| z | -z =1+ 2/, wherei =/~ 1, is

(a)2—gi (b)g+2i (c)g—2i -2+ 3



10

11

12

13

14

15

The number of solutions of the equationz? + z =0, is

(a1 (b) 2
(c)3 (d)4

If z, =cos (r%cj + 1 sin (r%cj,whererz‘l,ZB,...,n andi =,/—1, then lim z,z,z5...z,is equal to
n n n— o

(a)ei(x (b)e— io/2
(C)eialz (d)3e/0c

1+sin0+/ cos 6
1+sinB®—jcos6

(a) cos (nj - ne) +i sin (nj - nej (b) cos (nj + nej +1i sin (nj + nej
2 2 2 2

(c) sin (’%ﬁ - ne) + i cos (%t - ne) (d) cos (n(g + ZGD +i sin[n(g + ZSD

Ifi z* + 1=0, wherei = /- 1,then z can take the value

n
lfeeRandi =,/-1, then( ] is equal to

1+ b4 .. (T
a) — b)cos|= |+ sin| =
@ (o) cos T |+ sin( |
1 .
c) — d)i
( )4/' (d)
If w (= 1)is a cube root of unity, then (1- 0 + ©?)(1- 0 + &*) (1- * + w®) ... upto 2n factors, is
(@)2" (b) 2"

(c)0 (d) 1
xo+yB+zy
XB+yy+zo

(= 1=i ¥3)i = V=1 (b)%(1+iﬁ),i=ﬁ1

If o, § and vy are the cube roots of p (p <0), then for any x, y and z, is equal to

(@)

(€)= (1=i +/3),i =~/-1 (d) None of these

NI~ Nl



Answers

Exercise for Session 3
1.(a)  2.(b) 3.(d) 4. (a) 5. (b) 6. (a)
7.(c)  8.(b) 9.c)  10.(d) 1L.(c) 12.(a)
13.(b)  14.(b) 15. (a)
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